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Abstract

We study the boundary value problem for the — conformally invariant — super-Liouville functional
1
.y = / { EIVu|2 + Kgu+((P+ ")y v) — e } dz
M

that couples a function u and a spinor ¥ on a Riemann surface. The boundary condition that we identify (motivated by quantum
field theory) couples a Neumann condition for # with a chirality condition for . Associated to any solution of the super-Liouville
system is a holomorphic quadratic differential 7 (z), and when our boundary condition is satisfied, 7 becomes real on the boundary.
We provide a complete regularity and blow-up analysis for solutions of this boundary value problem.

© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

In [12], we have introduced the super-Liouville functional, a conformally invariant functional that couples a real-
valued function u and a spinor ¥ on a Riemann surface M with conformal metric g and a spin structure,

1
E(u,lﬂ)=/{§IVM|2+Kgu+<(¢+e“)1ﬂ, W)—ez"}dz. (1)
M

Here K is the Gaussian curvature of M. The Dirac operator ¢ is defined by pw = th: 1 €a - Ve, ¥, Where {eg, 2}
is an orthonormal basis on T M and V is the connection on the spinor bundle XM of M, which is induced from the
Levi-Civita connection on M with respect to g and - denotes the Clifford multiplication in the spinor bundle X'M.
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Finally, (-,-) is the natural Hermitian metric on X’ M induced by g. The system of Euler—Lagrange equations associated
to (1) is called the super-Liouville equation. For the geometric background, see [15] or [10].

In this paper, we wish to address the boundary value problem for the super-Liouville functional. We therefore first
of all need to identify the appropriate boundary condition for the spinor field . Since the super-Liouville functional
is inspired by quantum field theory, we likewise turn to the physics literature [2,6,16,17] to get some clue about a
natural boundary condition. This boundary condition then will be of chirality type. The main point of the paper then
is an analytical investigation of solutions of the boundary value problem. In particular, we shall show the regularity
of solutions and identify the blow-up behavior for limits of sequences of solutions. In other words, we analytically
understand the non-compactness of the solution space.

The key property of the functional is of course its conformal invariance. Therefore, the boundary conditions to
be imposed likewise need to be conformally invariant. Conformal invariance on one hand makes the solution space
non-compact, but on the other hand allows for a control of limits of solutions via a blow-up analysis. This is, of course,
a well-known scheme, but the details are technically somewhat tricky and interesting.

Conformal invariance, like any invariance, by Noether’s theorem leads to some conserved current. For two-
dimensional conformally invariant variational problems, this conserved quantity can be identified with a holomorphic
quadratic differential associated to a solution. From this perspective, our boundary condition is the natural one, because
it renders that holomorphic quadratic differential real on the boundary. At a more technical level, this is important for
the study of the asymptotic behavior of an entire solution on the upper half-plane with finite energy. Also, our bound-
ary condition allows for the reflection of solutions across the boundary, which, at least heuristically, reduces boundary
to interior regularity and which therefore, technically, is a useful device.

In [5], we have investigated the chirality boundary condition for Dirac-harmonic maps. Since in the present case,
the coupling between the two fields is different, so then necessarily is the boundary analysis. Since the Liouville field u
is scalar valued, in particular, here we can achieve a more precise blow-up analysis at the boundary. Since the chirality
boundary condition is of physical interest, its general mathematical understanding should be useful.

2. The boundary value problem for the super-Liouville equation

In this section, we shall derive the boundary condition to be imposed on solutions of the super-Liouville equation.
Thus, let M be a compact Riemann surface with smooth boundary d M and with a fixed spin structure. When 0 M # @,
we know that the Laplacian operator A is in general not formally self-adjoint, and neither is the Dirac operator ). In
fact, we have

[wporao= [wv.prav- [ -v.ora
M M aM
for all ¥, ¢ € C*°(X M). Here 7 is the outward unit normal vector field on 9 M.

As is well known, the natural boundary condition for the function u is of Neumann type. This condition is clearly
conformally invariant. We now shall derive a boundary conditions for the spinor field ¥ that is likewise conformally
invariant.

We recall the chirality boundary conditions for the Dirac operator l) first introduced in [7]. See also [9]. Let M be
a compact Riemann surface with 9 M # (J and with a fixed spin structure, admitting a chirality operator G, which is
an endomorphism of the spinor bundle X' M satisfying:

G*=1, (GY,Go)=(¥,0),
and
Vx(GY)=GVxy, X -Gy =-G(X- ),

forany X e TM, y, ¢ € I'(X¥’M). Here I denotes the identity endomorphism of X M.

We usually take G = y (w2), the Clifford multiplication by the complex volume form wy, = iejes, where e, e; is a
local orthonormal frame on M.

Let

S =XMl|ym
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denote the restricted spinor bundle with induced Hermitian product. The outward unit normal vector field 7 induces
an operator nG : I'(S) — I"(S), which is a self-adjoint endomorphism satisfying
(G =1.  (iGY.¢) = (V.iGy).

Hence, we can decompose S = V1 @ V ~, where V¥ is the eigensubbundle corresponding to the eigenvalue &1 of i G.
One can check that the orthogonal projection onto the eigensubbundle V=:

BF:L*(S) > L*(V¥)
V> %(1 +7iG)Y,

defines a local elliptic boundary condition for the Dirac operator J, see [9]. We say that a spinor ¥ € Wl’%(l“ (XM))
satisfies the chirality boundary conditions B¥ if

B*y |aM =0.
It is shown in [9] that if ¢, ¢ € Wl*% (I" (¥ M)) satisfy the chirality boundary conditions, resp., then

(n-v,0)=0, ondM.

In particular,

/(5-1%@20- 2)

oM

It follows that the Dirac operator J) is self-adjoint when we impose the chirality boundary conditions.
Let us note that on a surface the (usual) Dirac operator l) can be seen as the (doubled) Cauchy—Riemann operator.
Consider R? with the Euclidean metric ds? + dt2. Let e¢; = % and e; = % be the standard orthonormal frame.

A spinor field is simply a map ¥ : R — A, = CZ, and the Cliford multiplication of e; and e, acting on spinor fields
can be identified by the multiplication with matrices

(0 i (0 1
“a=\i o) 2T\ -1 o)

Here, without loss of generality, we keep e; and e, consistence with that in [5]. If exchanging e and e;, then e¢; and
e are consistent with that in [12] and this case can be handled analogously. If ¥ := (ch ) ‘R2> C?isa spinor field,

then the Dirac operator is
. af of ag
_ (0 i 3s 0 1 U\ A B2
po=(00) ()= (4 o) (5)-=(0)
ds ot 9z
where
ad 1/9 .0 a 19 .0
—=z\=—iz) —==|\=+i=)
dz 2\ 0s at 0z 2\ 0s ot

Therefore, the elliptic estimates developed for (anti-)holomorphic functions can be used to study the Dirac equation.
If M is the upper half Euclidean space R, then the chirality operator is simply G =ieje; = ((1) _01 ) Note that
n = —ey, we get that

1 - 11 =41
+_ - . _
B _2(I:l:n G)—2( 1 1).

By the standard chirality decomposition, we can write ¥ = (zf ), then the boundary condition becomes

Vi =TF¢_ ondR2.
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In this paper, we will consider the functional

EB(u,w)=/{%|Vu|2+Kgu+((¢+e”)1ﬂ,1ﬁ>—ezu}dv—}—/{hgu—ce”}da, (3)
M oM

where h; is geodesic curvature of 9M and c is a given constant.

Proposition 2.1. The Euler—Lagrange system for E g (u, ) with Neumann/chirality boundary conditions is

—Au=2e" — (Y, ) — Kg, in M,

Dy = —e"yr, in M°,
du . “4)
o =ce" — hyg, on oM,
Bigh:O, on oM.

Here A is the Laplacian with respect to g, and K is the Gaussian curvature in M, and hg is the geodesic curvature

of oM.

Proof. Let u; be a family of function with % lt=0 = 1, and let ¥, be a family of spinor with % l;=0 = &. Since

dEg(u,
% =/(Ibé,w)+<¢w,é>+e“<$,w>+e”<t/f,é>dv
t=0 i
=2 [ Rele. Py + 2¢" Rele y)dv — [ (.79 do
M M
and
dEp(us, )
dt t=0
:/Vu.Vn—l—Kgn—i-ne”(w,l//)—2@2”ndv+/hgn—ce”nda
M M
=—/77Audv+/Uz—:dU'F/KgTY"'ﬁeu(W,I//)—2€2undv+/hg77—ce”nda,
M M M M

one can easily obtain (4). O

For simplicity, we shall call (4) the Neumann boundary problem in the sequel.
Now we come to an important property of the Neumann boundary problem (4).

Proposition 2.2. Assume that (u, V) is a solution of (4). For any conformal diffeomorphism ¢ : M — M, if we set
U=uop—¢,
J=c Yoy 5)
where €? is the conformal factor of the conformal map ¢, i.e., p*(g) = €2®g, then (ii, ¥) is also a solution of (4).

Moreover, the functional Eg(u, V) is conformally invariant.

Proof. Let g = ¢*g, where g is the metric on M. Let ﬁ, B be the Dirac operator and the chirality boundary operator
with respect to the new metric g respectively. We identify the new and old spin bundles as in [8]. Since the relation
between the two Dirac operators ) and J) is

PO =273p(h2g) =27y
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for A = ¢?, and the relation between the two Gaussian curvatures and between the two geodesic curvatures are respec-
tively

— K20
—Agp=Kze® — K,
a9
Y pee? —
ro hge hg.

We can show by a direct computation that (i, ¥) satisfies

—Agii =2e% — " () — Kz, in M°,
ﬁl/?:—e’zlﬁ, in M°,
i .

— =ce" — hg, on oM,
on

By =0, on dM.

Similarly, one can also show that the functional is conformally invariant. The proof of the proposition is complete. O

In the sequel, we will only consider the case of BT and omit the symbol “+”. The case of B~ can, of course, be
handled analogously.
Let us recall that a Killing spinor is a spinor ¥ satisfying

Vx¢¥ =AX -y, forany vector field X

for some constant A. On the standard sphere, there are Killing spinors with the Killing constant A = %, see for in-
stance [3]. A Killing spinor is an eigenspinor, i.e.,

Py =—v, (6)

with constant |1/|2. Choose a Killing spinor ¢ with [y|*> = 1. If we identify S?\{north pole} by the stereographic
projection with the Euclidean plane R? with the metric

4 2
————ldx]|,
(11 + |x]9)
then any Killing spinor has the form
v+x-v
V1 x]?
for a constant v € C2, up to a translation or a dilation. See [3].

We can now construct some special solutions of (4).

Proposition 2.3. Let M = Ri. Then

2
<log%,0>
T+ I — ol

is a solution of (4), where xo = (sg, to) for so € R and ty = Y2 for any constant c. Furthermore, if c =0, then
v+ (x—x1)-v
log ,
14 ]x —x1? 14 |x —x1?
is also a solution of (4), where x1 = (s1,0) for s e R, and v = (5;) e{veC?||v| =1} and v; = —v,.

Proof. Set y = /2%tW—x)p U:r(‘); ); I)IZU' Since Py = —, according to the argument in [12], it is sufficient to show that

Bt/flmgr =0. Since
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v+ (x—xp)-v=v+(s—s1)e1-v+tey-v

[ wn 0 i vl 0 1 vl
=(a) e (o) () (o))
=<v1+i(s—s1)v2+tv2>

v +i(s —spvp — tvg

we have
v = V2 vy +i(s —s1)va + tv
14 |x —x1 2 \v2+i(s —sp)vy —tvy )
Hence we have by using v; = —v, on dRZ,
v = V2 vi —i(s —s1)vi on JR2
Tl x —x 2\ —v (s = spv *

This means that B¢|3Rz+ =0. O

3. Regularity of solutions for the Neumann boundary problem
In this section, we consider the regularity of solutions for the Neumann boundary problem (4) under the condition

that
2u 4 u
/(e + || dv+/e>d0<oo.
M

oM
First, we define weak solutions of (4). We say that (u, 1) is a weak solution of (4), if u € W12(M) and ¥ €
4
W3 (I'(Z M) satisfy

/wwdv:/(zeZ” —e"|y|* — Kg)pdv + /(ce“ — hg)¢do,

M M oM
/w,lﬁs)dv:—/e"(w,adv
M M

. 1,4
for ¢ € C°°(M) and any smooth spinor £ € C* N W, * (I'(¥M)). Here

4

Wy (M) ={y | v e WS (1(EM). BYlaw =0},

4
It is clear that (u,v) € WhH2(M) x Wll;'3 (I'(¥M)) is a weak solution if and only if (u, ¥) is a critical point of
4
Eg(u,¥)in Wh2(M) x Wé’ (' (X M)). A weak solution is a classical solution by the following.

Proposition 3.1. Let (u, ¥) be a weak solution of (4) with [,, e* + |[y|*dv+ [,,, " do < co. Then u € C**(M°) N
CL¥(M) and € C>*(I' (X M°)) N CH*(I" (X M)) for some o € (0, 1).

To prove this proposition, we need several lemmas.

Lemma 3.2. (See [4].) Assume §2 C R? is a bounded domain and let u be a solution of
—Au=f(x) inS$2,
{ u=0 on d52
with f € LY(2). Then for every § € (0, 41) we have
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_ 2
/exp{w}dx <M Giam2), )
J £l )

where || fll1 = [o 1 f(x)]dx.

Lemma 3.3. (See [13].) Assume that u is a solution of

— in B+
—Au =0, in By,

9
8—”; — f(x), on{r=0}NdB,
u=0, onaBngﬂB;{,

with f e L'({t =0} N BB;‘f)for any R > 0. Then for every 81 € (0, 4) we have

(A — 8 |u(x)| 1672R?
dx <
/e"p{ il } ST

+
By

and for every 87 € (0, 2m)

/ exp{(Zﬂ—Sz)lu(X)l}dsgﬂ
171 5

dBEN{r=0}

where || f|1 = f{t:O}maB; | flds.
By Lemma 3.2 and Lemma 3.3, we obtain the following

Lemma 3.4. If (u, V) is a weak solution to (4) with fM e 4 |yt dv+ faM e do < oo, then we have for 0 < a < 1

ut e L®M), ¢y eC*(r(ZM)).

Proof. By the conformal invariance of (4) and by the interior regularity Lemma 4.3 in [ 12], it suffices to show that, for
any xo € 9M, u is bounded from above in BM (xp) N M and v is continuous in I" (X (BM (xo) N M)), where BM (x¢)
is a geodesic ball at xg of M. Without loss of generality, we assume that xo = 0 and BrM (X)) "M ={x =(s,1) |
2412 <2 t}O}Cﬂii. Set Br‘":{x:(s,t)|s2+t2 <r% >0}, Br_:{(s,t)|s2—i—t2 <r% t <0} and
I =3B NIR%, I’ = 3B;F NIR2.. By using the conformality again, we may assume that

/62” + |y |*dv + / edo < %n.
M oM
First, we show the boundedness from above of u. Set
f=2e"—e"|y)?> and g=ce".
Then we consider
—Au=f, inB},
ou
o =g, on 7.
Itis clear that g € Ll(Fl). Set g = g1 + g2 with ||g; ||L1(F1) < and gp € L°°(I). Define uy, uy and uz by
—Auy=f, inBI,
oup
an

u; =0, on I,

=0, onl7,
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—Auy =0, inB},
ouy

—— =&, onli,
on

uy =0, on I,
—Au3z=0, inB,
ous

— =g, only,
on

u3z =0, on I>.

Extending u1 and f evenly we have
_AMI = fv in Brs
u; =0, on 0B,.

Since fo e + | [*dx < oo, we know that f € L' (B;") with || |1 <. By applying Lemma 3.2 we have

el e LY(B,).

For u>, by Lemma 3.3, we have

/exp(4luzl)dx <C, /exp(2|u2|)ds <C.
B I

For u3, it is obvious that
||u3||Loo(§1r) <C.
2

Let ug =u — u; — up — u3. Then we have
—Aug =0, in B;",
ouy _
P
Extending u4 evenly, us becomes a harmonic function in B,. Then the mean value theorem for harmonic functions
implies that

0, on 7.

e ”LOO(ED S CH“IHU(B#)'
2
Notice that

ug <ut+lug| + luol + [uzl,

1
/u+dx<§/e2”dx<oo.

Bt B;F
We get

and

||”I ||L<><>(1§p <C.
2

Altogether, we find that f € L>(B;") and g € L*(I7).
The standard elliptic estimates imply that

Ju <c.

- ” Lo°(BY)
1

Next we show the continuity of the spinor field . For this purpose, we extend (u, 1) to the lower half disk B,".
Assume x is the reflection point of x about 9R2 , and define
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u(x):=u(x), xebB ,
Y(x):=ie-¥(x), Xx€B, .

Since we have fora.e. x € I']
Y (x) =—nGy(x) =ier - (x),

it is clear that the extension for v is well defined.

Now assume that (u, y) is a weak solution of (4) and & is in Wl’%(l" (X' B;)) with compact support. Then we
obtain

/<w,¢s>=/<w,l/ﬁs>+/<w,¢s>

B, B B
=/<w,1/>s>+ /(W)Jbs@))
Bt xeB;T
=/<w,¢s>+ f(ie1~w<x>,¢s<i>>
B xeBt
=/<w,¢s>+ /(wx),lp(iel-s(i)))
B xeB
= /(Wx),l/)(s(x) +ier - £(X))).
B

By the definition of the chirality operator B, we have for a.e. x € I']

. - 1 . .
B(£(x) +ier - (X)) = FU —ie))- (5(x) +ie1-&(x)) =0.

Then by the definition of a weak solution we obtain

/ (W), PER) +ier - £()))

B

_ /(w(x>,s(x) +ier - £(D))

B

=—/e“(w(x),§<x)+ie1 -E(X))
B

—— [etveem) - [ efpw.ie-sm)
B;F xeB

=— f (Y (x), () — / "Iy (X). iey - £(x))
B xeB;

— [etpeem) - [ @D ew)
Bt X€B;

Therefore we obtain that

/ (¥, &) =— / (Y (x), E(x) — f "Dy (x), £(x)).

B, B, xeB;
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Set

™) x e BF,
A(x)={e“(’z), xeB:T

It follows that v satisfies
Dy =—A(x)y, inB,.
Since A(x) € L>(B:) and [, [¥|*dx < oo, we have ¥ € W1’4(1’(2B§)) and in particular ¢ € C*(I"(X BY)) for
r 8

someO<a<1. O

Proof of Proposition 3.1. Assume that (u, i) is a weak solution of (4). For any ¢ > 2,let2 > p = qu > 1. Then
we have

IVullLa <sup”/VuV(pdv ‘goer’p(M), /(pdv:O, ||¢||W|.,;(M)=1}.
M M

Since from Lemma 3.4

d
’/VuV(pdv :’/—Au(pdv—i—/a—u(pdo
n
M M aM

= ‘/(Zez" — ey — Kg)<pdv + /(ce” — hg)goda
M

oM
<c/|¢|dv+/|go|do
M oM
C

<

X El

we have [|Vu| pa(my < C for any ¢ > 2. Therefore we have u € W14 (M) for any g > 2. By W2+k.q estimates for the
Neumann boundary problem (see [1], see also [14])

ou

on

Nl waia () < C<||AM||W1<,<1(M) + ‘ + ||M||W1+k=q(M)>,

W1+k,q(3M)
we have u € W24 (M) for any g > 2. By the Sobolev embedding theorem we know u € cle (M) for some « € (0, 1).
Similarly we obtain that u € C>%(M?) for some « € (0, 1).

For 1, since (u, V) satisfies

Py =—Ax)Y

in the neighborhood of xog € dM after the reflection, see Lemma 3.4. By the well-know Lichnerowitz formula ¢21/f =
—AY + 1K,y (see e.g. [10]), we know

1
—AY =—dA() Y+ AP — K.

It follows that ¥ € W24 for any g > 1 in the neighborhood of xo € dM. Hence we have ¢ € C>*(I' (£ M?)) N
Cl""(F(Z‘M)) for some « € (0, 1). This concludes the proof. 0O

We call (u, V) a regular solution to (4) if u € C>*(M°)NCH*(M) and ¢ € C>*(I' (X M°))NCH¥(I" (X M)) for
some « € (0, 1).

Next we discuss the convergence of a sequence of regular solutions to (4), under a smallness condition for the
energy.
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Lemma 3.5. For €1 < m, and €3 < 7. If a sequence of regular solutions (u,, V) satisfy

—Auy =22 — e (Y, ), in B,

P, = —e" in B,
d
Un _ cetn, on 3B N {t =0},
on
By, =0, on dB N {t =0}
and
[62”" dx < ey, | / e do < e, f [Wal*dx < C.
B 3B N{t=0} B

Then ||uj,‘||Lm(§¢) and ”1//"”L°°(Et) are uniformly bounded.
1 ]

Proof. If ¢ =0, by extending (u,, ¥,,) to the lower half disk B~ as Lemma 3.4, we have

{ —Auy = 2% — " (Y, ), in By,
an =—e' Yns in B;.

From Lemma 4.4 of [12], we obtain the conclusions.
Next we assume that ¢ # 0. Let IT = 3B;f N {t =0} and I, = B, N {t > 0}. Define u; ,,, u2,, by

—Auy, =26 — " |y, ?, in B,

3141
1, onl7,

on
uy, =0, on >,

and
—Auz, =0, in B,

ouz iy

= = et
on

uz, =0, on I>.

on 7,

Extending u1 , evenly we have

—Auyp = 2¢%" . in By,

ui, =0, on JB,.
Since €] < m, we can choose §; > 0 such that 47 — &1 > (4e] +24/Ce1)(2 + 81). By Lemma 3.2 we get
/e<2+51>\u1,,,\ <c

B,

for some constant C. In particular we have
[e(2+61>|u1,n| <cC.
B
For uy ,, since &2 < 7, by Lemma 3.3 we also can choose 6, > 0, 63 > 0 such that

/e(2+32)luz,n| <cC. /e(1+33>|uz,n| <cC.

Bt I
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Now setting w, = u, — U1, — U2, it follows

Aw, = e"[Y,)> >0, in B,
owy,
an

Extending w,, evenly, we have w,, are subharmonic functions in B,. Then the mean value theorem for subharmonic
functions implies that

=0, onl].

+ -+
” Wy, “LOO(Et) < CH Wy, “LI(B,*)'
)
Notice that
/w:dx < /M,T + lugnl + uz,ldx
B B
<c / Q2 4 DNl . o4l g
B}
<C.

Therefore we have

i <C

L®(BT) S
3
Finally, we write
—Auy =26 — " |y |* = fp, in B,
ouy,

on
The standard elliptic estimates imply that

e <C

=ce' =g,, on I7.

”LOO(Ep

s

since ||fn||m(3t) < C and lgnllLaoptyng=0y < € for some ¢ > 1. Consequently, it follows that
3 3

2
”1//11 ”LOO(EJ;) <C. O
8

4. Blow-up behavior

When the energy [ Iy e?n dx and /: gy €' dx are large, the blow-up phenomenon may occur as in the case of the
Liouville equation. In this section we will analyze the asymptotic behavior of a sequence of regular solutions

—Aup = 2en — et (Y, ¥n) — Kg, in M°,

plﬁnz—eu"lﬁn, in MO,
9 ©)
n =ce'" — hg, on oM,
on
By, =0, on oM,
with
/62"" + Y|t dv + / e do < C. 9)
M oM

The blow-up analysis was first introduced in [4] for the Liouville-type equation on an open bounded domain.
Later, similar results for the Toda system and the super-Liouville equation, the natural generalization of the Liouville
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equation, were obtained in [11] and in [12] respectively. Here we will provide the blow-up analysis for the Neu-
mann boundary problem (8) under condition (9). The key point is a Harnack inequality for the non-homogeneous
Neumann-type boundary problem for second-order elliptic equations. See Lemma A.2 in Appendix A.

Theorem 4.1. Let (u,,, ¥,) be a sequence of regular solutions to (8) satisfying (9). Define

X = {x eM ! there is a sequence y, — x such that u, (y,) — +oo},

2h= {x eM | there is a sequence y, — x such that |1ﬁn (y,,)| — +oo}.

Then, we have X C X1. Moreover, (u,, ¥,,) admits a subsequence, denoted still by (u,, V¥,), satisfying that:

a) |Yy| is bounded in LS (M\ X5) .

loc
b) For u,, one of the following alternatives holds:

1) uy is bounded in L°°(M).
il) u, — —oo uniformly on M.
iii) X is finite, nonempty and either

uy is bounded in L°.(M\ X1) (10)

loc

or

u, — —oo uniformly on compact subsets of M\ X1 . (11)

Proof. First of all, if x € M\ X1, then it follows from the equation ﬁ)w,, = —e"f, that x € M\ X,. Therefore we
have X, C X. Itis clear that |y, | are bounded in Lf:c(M \X2).

Since ¢ is bounded in L!(M) and e"» is bounded in L1 (dM), we may extract a subsequence from u, (still
denoted u, ) such that

fezu”(pdv—>/<pd,u,

M M
/e””¢d0—> f(]bdl?
oM oM

for every ¢ € C(M) and ¢ € C(0M). Here v and ¥ are two nonnegative bounded measures. A point x € M is called
an g-regular point with respect to x and ¥ if there is a function ¢ € C(M), suppp C BM (x) C M with 0 < ¢ < 1 and
¢ =1 in a neighborhood of x such that

/god,u<5, ifx e M?,
M
or

/(pd,u<s, and /godz?<£, ifxeoM.
M oM

Here BrM (x) is a geodesic ball at center x.
We define
£2(¢) = {x € M | x is not an e-regular point with respect to u and 9}.
By fM e?n < C and faM e"" < C, we have that £2(¢) is finite. We divide the proof into three steps.

Step 1. X1 = £2(&p), where eg = min{eq, &2} and €1, &2 as in Lemma 3.5.
First we show that £2(g9) C X|. Suppose that xg € £2(g¢). If xg € M?, it is easy to show that xg € X1, see [12].
Next we assume that xo € dM. We claim that for any R > 0, and B?{I(xo) CM,lim,_ ||u,T||LOC(B;|€4(XO)) = 4o00.

We prove the claim by a contradiction. So we assume that there is some Ry > 0 and B 1’;’{) (x0) C M and a subsequence



698 J. Jost et al. / Ann. I. H. Poincaré — AN 31 (2014) 685-706

such that [Ju; ||LOO(BM o)) is bounded. In particular we have |2 ||LOO(BM (o)) S < C. Therefore fBM e?n dx < CR®

and deM(xo)naM e dx < CR? for all R < Ry and some § > 0. This 1mphes

/(pdu <e¢gg, and / @d?9 < gy for some suitable ¢.
M aM
Therefore x¢ is regular, contradicting xo € §2(&g). The claim is proved. Now we choose R > 0 small enough so that
B %I (x0) does not contain any other point of §2(eg). Let x, € B f{’ (x0) be such that
Ut (x,) = max u;” — +o0.
By (x0)

We claim that x,, — xo, i.e., xg € X. Otherwise there would be a subsequence
Xp, —> X #x0 and X ¢ 2(egp)

that is, x is a regular point. This is a contradiction. Therefore we have proved that £2(go) C X.

Next we show that X| C £2(gg). Let xo € X|. There are two cases. Case 1. xg € M° = xg € 2(gp).
Case 2. xg € OM = xq € $2(&9).

Here we only show Case 2, since Case 1 easily follows from the argument in [ 12]. So next we assume that xo € M.
We choose small R > 0 such that E% (x0) N X1 = xo. We assume by contradiction that xq ¢ £2(eg). Thus we have

/ 2 < gy, / el < gy

BM (xo) IBM (x0)NdM
for any small § < R. Since u, satisfies that
—Auy =2e* — "y, |* — K, in BY (x0) N M°,
ouy,
on

by Lemma 3.5, we also see that u; is uniformly bounded in L™ (BM (x0)). Thus we have a contradiction with xo € X.
Therefore xg € £2(&o).

=ce" —hg on BBéw(xo)ﬁaM,

Step 2. ¥ = () implies i) and ii) hold.

X1 = () means that u; is uniformly bounded in L°°(M). Consequently v, is bounded in L°>°(M). Thus, f" =
2e%n — etn |y, |2 — K, is bounded in L” (M) for any p > 1 and g" = ce"” — h, is bounded in L7 (3. M) for any p > 1.
Applying the Harnack inequality in Lemma A.2 in Appendix A, we have i) or ii).

Step 3. X1 # (@ implies iii).
In this case, we know that u; is bounded in L7 (M\X) and therefore f” is bounded in LZC(M \ Y1) for any
p > 1and g" is bounded in L? (3M\ X;) for any p > 1. Then as in Step 2 we know that either

loc
up is bounded in L, (M\ X1),

or
u, — —oo on any compact subset of M\ X

Thus we complete the proof of the theorem. O
5. Asymptotic behavior of entire solutions

In the rest of the paper we will analyze the asymptotic behavior of an entire solution on the upper half-plane ]Ri
with finite energy. Such an entire solution will be obtained after a suitable rescaling at a boundary blow-up point. We
will show that an entire solution on Rﬁ with finite energy can be extended to a spherical cap, i.e., the singularity at
infinity is removable.
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The considered equations are

—Au=2e" — "y, ¥), inRZ,

w2
pw=—eu1ﬁ» 1nR+s
0 (12)
o ce", on BRi,
on
2
By =0, on IR, .
The energy condition is
I(u,1/f)=/(62“+|1ﬂ|4)dx+ / e"ds < oo. (13)
R% aR%

First by a similar argument as Proposition 3.1 we have

Lemma 5.1. Let (u, ) be a solution of (12) and (13) withu € Hl1 2(R2 Yand y € W 3 (R2 ). Thenu™ e L"O(R2 ).

oc

Consequently it follows that u € Cloc RN Cllof(R )and ¥ € Clzog(F(Z‘R NN Cllog (I'(ZR)).

We call (u, ) a regular solution of (12) and (13) if u € Cloc (]R )N Cllof(]R ) and ¢ € Clzag(F(Z‘R )N
(F(ER )) for some o € (0, 1).

Ioc

Proposition 5.2. Let (u, ) be a regular solution of (12) and (13). Then the quadratic differential
T(z)dz?> = {(a u)2—82u+ 7 W dz o) + (dz 3., xp>}
is holomorphic in Ri and T (2) d7? is real on 8]1%1. Here 7 =35+ it € R

Proof. From Proposition 3.3 of [12], it is clear that T'(z) dz? is holomorphic in R%r. Next we show that T (z) dz?2 is
real on 8Ri. Let

Ti(z) = <a u)? — 2u,

I (2) = —(1/f dz-0zy) + (dZ oY, ¥).

Then we have

(7)) = 1(0%u  dudu
1) =35\G4s0r ~ s ot
Since %’f = —ceé' on S]Ri, we have

1
m(T] (Z))|8Ri = E(—Ceug —+ Ce"tg) = 0

On the other hand, by a computation we have

Iy(z) = %((w (e1+ie2) - (Ve ¥y +iVe, ) +((e1 —ie2) - (Ve, ¥ — iV, ), ¥))
=Re(y,e1- Ve, ) —Re(¥, e2- Ve, ) — 2i Re(Y, e1 - Ve, ¥)
=Re(y, e1- Ve, ) —Re(yr, e2- Ve, ) — 2iRe(Y, e2 - Ve, ¥r).
Here ey, ey constitute the standard orthonormal frame of R2. Notice that we can write Y= (gi’ ) then the chiral-

ity boundary condition becomes ¥y = —{_ on B]R%_. Since e; = E?_s’ it follows that V, vy = —V, _ on BRi.
Therefore we obtain
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(8 0 1 Ve ¥+ 2
(,e2-V, ¢)=<< , =0, ondR:.
“ —Vy -0 —Ve ¥t *
Consequently we have Im 75 (z)| IRE = 0. It follows that Im 7'(z) | IR: = 0. O

Next let (v, ¢) be the Kelvin transformation of (u, v), i.e.,

(x) = <i>—21 x|
V\X)=Uu |x|2 njxj,

TS TN
$(x) = x| w(|x|2).
Then (v, ¢) satisfies
—Av=2e" —e%(, §), inRi,

Do =—e"9, inR2,
9 (14)
8—” —ce’, on AR2\{0},
n
Bo =0, on aR2 \{0}.

And, by change of variable,

/eZdez / e dx,

lxI<ro |x\>%
/|¢|4dx= / [y |*dx,
[x|<ro m)%
/e”ds: / e'ds
Is|<ro |s|>%

can be made small if rg is small. Therefore, there is a small enough rg such that (v, ¢) satisfies

—Av=2¢" —e"($p, ), in B,

Do =—e"ep, in Br'g,

dv s (15)
o= ce’, on (3R NaB;H\{0},

B¢ =0, on (3R N B, H\{0}

with energy condition
/ e dx <e <27, f lp|*dx < C, lc| / e’ds <& <. (16)
[x|<ro [x|<ro Is|<ro

Since (15) and (16) are conformally invariant, in the sequel we may assume Br‘g to be the unit disk Bl+ . We have

Lemma 5.3. There are 0 < &1 <7 and 0 < &2 < 7 such that if (v, ) is a regular solution to (15) with energy
condition (16) (for ro = 1), then for any x € BT we have
2

1
1
|¢(X)|IXI%+|V¢(X)|IXI%<C</ |¢|4dx> . (17)

.
By,



J. Jost et al. / Ann. I. H. Poincaré — AN 31 (2014) 685-706 701

Furthermore, if we assume that e** = O(M‘]ﬁ), then, for any x € BT, we have
2
41_1
1 3 1
|00 Ix12 + [V (0| Ix]2 < Cla| e (f |¢|4dx> : (18)
B

for some positive constant C. Here ¢ is any sufficiently small positive number.

Proof. Firstly by the chirality boundary condition of ¢, we can extend (v, ¢) to the lower half disk B,". Assume x is
the reflection point of x about 9R2 , and define

v(x):=v(x), XeB,

o(x):=ie;-p(x), XxeB.
Then from the argument in Lemma 3.4 we obtain that

Py =—AXY, inBi.
Here

M x e B1+ ,

A(X)Z {eu(f)’ XEB;.

The conclusions follow from applying similar arguments as in the proof of Lemma 6.2 of [12]. O

From Lemma 5.3 and the Kelvin transformation, we obtain the asymptotic estimate of the spinor ¥ (x)

|w(x)| <C|x|_%_8O for |x| near oo (19)

for some positive number §y provided that e = O(M%).

Now let o = fRfi 2% — e r|2dx + faRi ce" ds and define a constant spinor £y = fR%r e“rdx. It will turn out
that the constant spinor &y is well defined. Then we have

Proposition 5.4. Let (u, ) be a regular solution of (12) and (13) and let ¢ be a nonnegative constant. Then we have

u(x):—%ln|x|+C+0(|x|7l) for |x| near oo, (20)
1
V(x) = ——LZ(I +ier) & +o(lx|™)  for |x| near oo, 1)
27 |x|

where - is the Clifford multiplication, C is a positive universal constant, and I is the identity spinor. In particular we
have

o =2m.

Proof. We prove Proposition 5.4 in several steps.

Step 1. lim|,| % =-2

g
Let
1 _ 2
w(x):g/(10g|x_y|+10g|x_y|_210g|y|)(2e2u<y>_eu<y>|¢(y)| )dy
R
1 _
+Z /(log|x—y|+log|x—y|—210g|y|)ce”(y)dy,
IR%

where x is the reflection point of x about BRi. It is easy to check that w(x) satisfies



702 J. Jost et al. / Ann. I. H. Poincaré — AN 31 (2014) 685-706

Aw =2e% — e”|1//|2, in Ri_,

B_w = —cé", on aRi,
on
and
wix) «o
|x]—00 In |x| - ;

Consider v(x) = u + w. Then v(x) satisfies

. 2
Av=0, in R+,
ov
— =0, on oR2 .
on +

We extend v(x) to R? by even reflection such that v(x) is harmonic in R%. From Lemma 5.1 we know v(x) <
C(1 4+ 1In(jx| + 1)) for some positive constant C. Thus v(x) is a constant. This completes the proof of Step 1.

Step2.a > 7.
Since fRz 2 dx < 0o, we get that o > 7. Next we show that & > . Assume by contradiction that « = . Let

(v, @) be the Kelvin transformation of (u, ). Then (v, ¢) satisfies

—Av=2e" —¢'|¢%, inR2,

: 2
Do =—e"9, in RZ,
3
% = ce’, on 9R2 \ {0},
B¢ =0, on dR2 \ {0},

with the energy conditions

f&” + |¢|* dx < o0,

2
]R+

/ e’ds < oo.

2
IR

and

Let DY be a small half disk centered at zero. Denote f (x) := 2" — ¢¥|¢|?. From the asymptotic estimate (19) we
know that f(x) > 0 in a small half disk DT. Define w(x) by

1
W =5 f(log =yl +log | — yI) £ () dy

D+
1
+2— / (log|x—y|~|—10g|)?—y|)cev(y)dy
b4
ID+N{1=0)

and define g(x) = v(x) + w(x). It is clear that
Ag=0, inDT,

% _ 0, on{aDT N{r=0}}\{0}.
on

Therefore by extending g(x) to D \ {0} evenly we obtain a harmonic g(x) in D \ {0}.
On the other hand, we can check that

Iim — =
[x|—-0 —log |x]|
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by Step 1 which implies

g(x) . v(x) +w(x)
— = lim ——— > =1
Ix|-0 —log|x| |x|-0 —log|x|
Since g(x) is harmonic in D\{0}, we have g(x) = —log |x| + go(x) with a smooth harmonic function gp in D. By the

definition, we have w(x) < 0 since c¢ is nonnegative and f(x) > 0in DT. Thus, we have
/ eVdx = / 7MW gy > / x| 7228 dx = oo,
D+ D+ D+
which is a contradiction with fRz ¢?¥ dx < co. Hence we have shown that & > 7. Thus we finish the proof of Step 2.
+

Step 3. The proof of (20) and o = 2.
From o > 7 we can improve the estimates for e* to

2 < Clx|™*¢  for |x| near oo.

Then by using the standard potential analysis we can obtain that
@ -1
ux)=——In|x|+C+ 0(|x| ) for |x| near oco.
b4

Furthermore, we can show that o = 2. Since the quadratic differential T'(z) dz? is holomorphic in ]Rz+ and is real
on E)Rﬁ_, we can extend T'(z) to a holomorphic function in R?. Then by using (19) and (20), we have the following
expansion of T (z) near infinity

1/a\?1 1"‘1+ 1 N 1 (1/a)\® « N 1 N
—| — - ol — e — —— | —1 — —_ ol —
A\x7) 2 272 Z2 222\ 2\ x T 72

o

- =0,ie.,a=27.

Hence, T (z) is a constant and %(%)2 —

Step 4. The proof of (21).
First from o = 277, we can improve the estimate for e to

2 < Clx|™*  for |x| near co. (22)

This implies that the constant spinor & is well defined.
Then by using the chirality boundary condition of spinor we have

Py =—AX)y, inR2
Here A(x) is defined as before. Define

a=/Amww.
RZ

The constant spinor & is also well defined. From the asymptotic estimates (19) and (22) and a similar argument in [12]
we obtain

w(x)z—gw'& +0(|x|_1) for |x| near oo. (23)
Since
a=fAmww+/Amwm
R% R2

:/ewdwr/e“@iel-w(f)dx

2 2
RZ R
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:/e”l//dx-i—fe"(y)ie] Y (y)dy

2 2
R2 R2

= +iep)- / e Ydx
R
= +iey) - &.
Hence we obtain from (23)
I x : 1
Y(x)=—-———=( +ier)-&+o(lx|™") for|x| near co.
27 |x|?

Thus we finish the proof of Step 4 and we complete the proof of the proposition. O

Consequently, from Proposition 5.2, we shall show that an infinite singularity of regular solutions for (12) and (13)
can be removed as in many other conformally invariant problems.

Theorem 5.5. Let (u, ) be a regular solution of (12) and (13). Then (u, ) extends to a regular solution on a
spherical cap Sg,, where ¢ is the geodesic curvature of 883,.

Proof. Let (v, ¢) be the Kelvin transformation of (u, y) as before. Then (v, ¢) satisfies the system (14). To prove the
theorem, by conformal invariance, it is sufficient to show that (v, ¢) is regular on Ri. Applying Proposition 5.4, we
get

v(x) = (% - 2) In|x]4+ O(1) for |x| near O. (24)

Since o = 27, it follows that v is bounded near the singularity 0. Recall that ¢ is also bounded near 0, we can apply
elliptic theory to obtain that (v, ¢) is regular on Ri. O
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Appendix A

We present a Harnack inequality for a non-homogeneous Neumann-type boundary problem for second-order ellip-
tic equations.

Lemma A.1. Let f € LP(B,) for some 1 < p < 400 and u satisfy
{ —Au=f inB,,
u<0 on dB,.

Then for any 0 < 0 < 1, there exists a constant 8 € (0, 1) depending on r,0 only, and a constant y > 0 depending
on r, p only, such that

supu < Binfu + (1 + ,B)VHfHL"(Br)‘
Bo, By,

Lemma A.2. Let f € LP(B}) for some 1 < p < 400, g € L1(dB;F N {t =0}) for some 1 < g < +00 and u satisfy
—~Au=f inB,
du dBF N {t =0}
—_— = on = .
ar ¢ g
u<0 onBBfﬂ{t>0}.
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705
Then for any 0 < 6 < 1, there exist a constant B € (0, 1) depending on r,0 only, and a constant y > 0 depending
onr, p,q only, such that

sup u <B g}_f“ +(1 +,3)V(||f||Lp(Bj') + ||g||Lq(aB,+m{t:0}))'
Bg—r or

Proof. Let w satisfy

—Aw=f inBrJr,
9
a—’f=g on 3B N {r =0},

w=0 on B N{t > 0}

and set v = w — u. Then v satisfies
—Av=0 inB,

ov _
ar
v>=0

0 ondBfN{t=0},

on 3B N{r>0}.

By the maximum principle and Hopf lemma, v > 0 in B,". By extending v evenly, v becomes a harmonic function
in B, with v > 0. Then from Harnack inequality of harmonic function we have

1.
supv<—£11+fv

(25
E;rr Bé)r
for any 6 € (0, 1) and for some B € (0, 1) depending on r, 6§ only.
Next, assume that w; satisfies
—Aw;=f inB},
owq
= on 3B N{r =0},
o ; N{r=0}
wi] = 0

on dB;" N {t > 0}
and that wy satisfies

—Awy; =0 in Br+,
ow
a—tz:g on B N {r =0},

wy =0 on dB N {t > 0}.

It is clear from extending evenly that

sup |wq| < )/”f”Lp(Bﬁ')'
Bf

For w;, we define

1 2r 2r
p(x)=— / <log +log —— >|g<y>|dy
27 ly — x| ly — x|

3B N{t=0}

where x is the reflection point of about {# = 0}. Then ¢ satisfies
—-A¢p=0  inB,
ad
% ——|g| ondBN{r=0).
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It is clear that ¢ > 0 and

supd < ¥ llgllzq (B N{r=0})"
B

Since
—Aw, —¢)=0 in B,

3 —
y=g+|g| on 3B} N {t =0},

wy — <0 on dB N{t > 0}.
It follows from the maximum principle and Hopf lemma that wy < ¢ in B;". By a similar argument we also have

~Awr+¢)=0  inB/,

d
wq—m on 9B, N {r =0},
wr+¢ =0 on dB;F N {t > 0}

which implies that wy > —¢ in E;”. Thus we have |wz| < |¢]| in E;". Since w = w; + wpy, it follows that

Sllf lw| < V||8||Lq(3,+m{z=o})~ (26)
B/

By (25), (26) and u = w — v, it follows that

supu < B gl*fu + 1+ ﬂ)V(||f||Lp(Br+) + ||g||Lq(3B,+m{t:o}))- o
B;r or
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