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Abstract
This paper is concerned with the parabolic Keller—Segel system
ur=V-(Vu—u"Vv) in2x(0,7),
T'vy=Av—Av+u in 2 x (0,T),
in a domain £2 of RN with N > 1, where m, I" > 0, A > 0 are constants and T > 0. When §2 # RV, we impose the Neumann
boundary conditions on the boundary. Under suitable assumptions, we prove the local nondegeneracy of blow-up points. This
seems new even for the classical Keller—Segel system (i = 1). Lower global blow-up estimates are also obtained. In the singular

case 0 <m < 1, as a prerequisite, local existence and regularity properties are established.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé
Dans cet article, nous étudions le systeme parabolique de Keller-Segel
ug=V-(Yu—u"Vv) dans 2 x (0,7),
TF'vyy=Av—XAv+u dans £2 x (0, T),

avec £2 un domaine de RV ,N>1,oum,I" >0, 2 >0 sont des constantes et T > 0. Lorsque 2 # RY , les conditions aux
limites de Neumann sont prescrites sur le bord. Sous des hypotheses convenables, nous prouvons la non-dégénérescence locale des
points d’explosion. Ce résultat semble nouveau méme dans le cas du systeme de Keller—Segel classique (m = 1). Des estimations
inférieures globales de la vitesse d’explosion sont également obtenues. Dans le cas singulier 0 < m < 1, nous établissons les
propriétés nécessaires d’existence locale et de régularité.
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1. Introduction
1.1. Problem and main results

This paper is concerned with the Keller—Segel type system

{u,:V.(Vu—uva), xeN, t>0, (1

'y, =Av—Av+u, xef2, t>0.

Throughout this paper, N is a positive integer, 2 is either the whole space £2 = R" or a bounded domain of RY
of class C317 for some n>0and m, I’ >0 and A > 0 are constants. System (1.1) is complemented with the initial
conditions

u(x,0) =uo(x), v(x,0) =vo(x), xe€£, (1.2)
and the Neumann boundary conditions

0 0

Pon=(,n=0, xed, >0, (1.3)

av av

where v is the outward normal vector. Condition (1.3) is of course understood to be empty in case £2 = R" (so that
the system (1.1)—(1.3) covers both the Cauchy—Neumann and the Cauchy problems).
Throughout this paper, the initial data are assumed to satisfy

uy € L*(2), vo € WhR(2),  ug, vo = 0. (1.4)

By a solution of (1.1)-(1.3) on [0, T'), we understand a nonnegative mild solution such that (u,v) € L}’;’C([O, T);
L%(£2) x Wh(£2)); see Section 2 for details. Problem (1.1)—(1.3) admits at least a maximal in time solution. For a
given maximal in time solution, we denote by T = Tax (1, v) € (0, oo] its existence time. For m > 1, it was already
known before that this solution exists and is unique and classical. For 0 < m < 1, the local existence and regularity
issues are nontrivial and require significant effort (see Section 2). We note that in that case the solution need not be
classical nor positive and, moreover, it is not known if it is unique. However, our main results below will apply to any
nonglobal, maximal solution.

The main goal of this paper is to prove a local nondegeneracy property for blow-up points. We recall that, for a
solution (u, v) of (1.1)—(1.3) such that T = Tax (4, v) < 00, a is a blow-up point if it belongs to the set

B= {a €£2; limsup (u(x,t)+ |Vo(x,1)|)= oo}.

t—T, 2>x—a
Fora € 2 and p > 0, we define
Ra.p=By(a)N 2.

Our main result is the following.

Theorem 1.1. Assume either | <m <2 and I' >0, or 0 <m < 1 and I = 1. Let ug, vg satisfy (1.4) and, in case
2 =RV,
Ug, Vo € L! (RN), (15)
VuoeL’(]RN) for somer €[1,00) ifm < 1. .
Let (u, v) be any solution of (1.1)—(1.3) such that T = Tpmax(u, v) < 00. Leta € 2,10 € (0, T) and p > 0. There exists
a constant e = e(N,m, I') > 0 such that, if
u(x, 1) <e(T —0)~Y™  forall (x,1) € 24, x (to, T), (1.6)

then a is not a blow-up point.
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Theorem 1.1 can be restated as the following local, lower estimate:

limsup (T —)Y"u(x,1) > e, (1.7)

t—T, 2>x—a

near any blow-up point a. It is an analogue of the classical result of Giga and Kohn [15] on the nondegeneracy
of blow-up points for the semilinear heat equations u; — Au = u”, p > 1. As a second motivation, we study the
global-in-space lower blow-up estimate and obtain the following.

Theorem 1.2. Let m, I’ > 0 and let (1, v) be any solution of (1.1)—(1.3) such that T = Tax(u, v) < 00. Then

Ju)|)” + |u@) |2V Vo) |2, = e(T =07 forallt €10, T), (1.8)

where ¢ = c(N,m, I") > 0. (Here, when m < 1, we make the convention co/0o = 00.)
If 1 <m <2, then we have in particular

lu)] .+ ||Vv(t)||é >c(T -0~ forallt €0, T). (1.9)

Unlike the local lower estimate (1.7) from Theorem 1.1, Theorem 1.2 provides information on the solution at each
time ¢ € (0, T'). However, it does not estimate the size of u alone, but of the couple (u, |[Vv|).

Remark 1.1.

(a) Theorems 1.1 and 1.2 seem new even for the classical Keller—Segel system (m = 1). On the other hand, unlike in
the case m > 1, there seems to have been almost no mathematical results on system (1.1) with 0 < m < 1. Indeed,
this range exhibits a number of additional difficulties, in the study of both local existence-regularity and of the
nondegeneracy of blow-up. Some of these difficulties are connected with the necessity to work with suitable weak
solutions.

The proofs of Theorem 1.1 for 1 < m < 2 and for m < 1 are rather different. In the former range, it is based on
multiplier arguments and on various heat kernel estimates. In the latter, due to our assumption of equal diffusivities
(I' = 1), it turns out that a very helpful auxiliary function is available (see formula (4.1)), which enables one to
rely on scalar maximum principle arguments which are not directly applicable to system (1.1) itself. On the other
hand, in both ranges, the proof of Theorem 1.1 uses an auxiliary result (Lemma 3.1), which provides a local upper
blow-up estimate on |Vv|, assuming a local upper blow-up estimate on u. Its proof relies on heat kernel estimates
and on the mass conservation property for system (1.1).

We stress that, although the assumption I” = 1 for m < 1 is rather restrictive, the question seems completely open
otherwise. The case m > 2 seems also open.

(b) When I' =1 and 0 < m < 1, Theorem 1.1 remains true if the nonlinearity #™ is replaced with a more general
function behaving like u™ for large u# and satisfying some mild technical assumptions. This can be achieved by
suitably modifying the second term in the auxiliary function H from (4.1) (see Lemma 4.1 below).

(c) As a consequence of properties of the auxiliary function H, we note that the global estimate (1.9) remains true
whenO0<m < 1land "' =1.

(d) Like in [15], our nondegeneracy criterion involves the blow-up rate of the local L* norm, and hence does not
relate to the space dimension. In connection with Theorem 1.1, but from a different point of view and for I" =0,
one could mention the so-called e-regularity property (see [46] and the references therein), which is dimension-
dependent and involves a suitable, local, critical norm. Namely, under suitable assumptions, it asserts that no
singularity occurs at a point x( provided the quantity || B, (x0) uN™(x,t)dx for some r > 0 remains small enough
for ¢ close to T'.

In the following subsection, in order to motivate our results, we summarize some known facts about blow-up for
system (1.1).
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1.2. Background on blow-up for Keller—Segel type systems

In the works described hereafter, for simplicity, we shall not be always specific about whether £2 is bounded
or 2 = RV. Although the two cases share many common features, some of the results have been proven only in
one of them — see the original references for details. System (1.1) with m = 1 was introduced by Keller and Segel
in [26] to describe the motion of cells which are diffusing and moving towards the gradient of a substance called
chemoattractant, the latter being produced by the cells themselves. The motivation of this model was to describe
the — experimentally observed — phenomenon of chemotactic collapse or aggregation, which refers to the spatial
concentration of the total population to a finite number of points. In mathematical terms this is expected to correspond
to the finite time blow-up of the cell density u near one or several points, along with the formation of one or several
Dirac measures (recall that the total cell mass M =: f o o dx is conserved in time). For the two-dimensional problem
with m = 1, the existence of a mass threshold was conjectured in [40,7,8]. Namely, on the basis of heuristic arguments
and numerical simulations, it has been predicted that chemotactic collapse should occur if and only if M is greater
than 8. This conjecture has since then been partially proven in a rigorous manner (see below).

In variants of the Keller—Segel model, the taxis term —V - (u Vv) is replaced by a more general term —V - (¢ (1) Vv),
where the chemosensitivity function ¢ may be nonlinear. Such a feature may be used to model the so-called volume
filling effect, see [20,21] for a detailed discussion. For simplicity, we shall mainly consider the class of pure power
chemosensitivity functions ¢ (s) = s™, m > 0. Beside the original parabolic—parabolic model (I" > 0), the corre-
sponding parabolic—elliptic system (I” = 0) was later proposed and studied in [23] as a simplified model in the limit
where the diffusion of the chemical is much faster than that of cells. However, it is worth pointing out that proving
the existence of blow-up solutions, not even to mention describing the blow-up singularity formation, has turned out
to be much more difficult for I" > 0 than for I" = 0. In a related direction, it is also worth mentioning that chemotaxis
systems involving nonlinear diffusion (replacing Vu by V(¥ (1)) with, e.g., ¥ (u) = u®) have recently attracted a lot
of interest (see, e.g., [20,29,21,12]).

For about the last fifteen years, the only existing result on finite time blow-up for I" > 0 had been that of Herrero
and Veldzquez in [19], where an example of a special blowing-up, radial solution was constructed in dimension N = 2.
Very recently, a breakthrough was made by M. Winkler [50], who obtained in dimensions N > 3 an explicit criterion
on (radial) initial data which guarantees finite time blow-up. His technique was subsequently generalized in [9,10] to
more general chemosensitivity functions ¢ behaving for large s like s”* with m > 2/N (plus an additional restriction
m > 1, which is probably technical). On the other hand, in dimension N = 2, global existence was proved to hold
for M < 4m in general bounded domains [1,14,38], and for M < 8x for radial solutions in a ball [38] or for general
solutions in the whole space [6]. And indeed, in the example from [19] the concentrated mass near the origin at
t =T is precisely equal to 87 and the total mass M is greater than 8. However, it seems to remain open whether
arbitrary values of M > 8m can be realized through the construction in [19], so as to fully confirm the mass threshold
conjecture for I" > 0. On the contrary, no mass threshold phenomenon occurs for dimensions N > 3, since the result
in [50] applies for arbitrary M > 0. As for the description of the blow-up singularity formation, the only known
result is again that of [19], which gives for N = 2 a very precise asymptotic description of u as t — T (see after
formula (1.10) below), but only for the above mentioned special solution.

Let us turn to the case I" = 0, where more is known. We will mention only a few results. For m =1 and N =2,
small mass global existence, as well as large mass blow-up in the radial case, was first established by Jager and
Luckhaus in [23]. The 87 mass threshold conjecture was later proved in [35] for radial solutions in a ball and in [5,11]
for general solutions in the whole space. In the nonradial bounded domain case, the threshold phenomenon was also
established, and it was shown that the critical mass is actually 4 instead of 8, due to the possibility of boundary
blow-up points (see [3,36,38]). As for the critical case M = 87, an infinite time aggregation phenomenon may occur
(see [2,4,25,44] and the references therein). When the chemosensitivity function ¢ (s) behaves for large s like s
with m > 2/N, blow-up in finite time occurs independently of the magnitude of initial mass provided the data are
concentrated enough, whereas all solutions exist globally if m < 2/N (see [12,29,35,45]). Moreover, critical mass
phenomena appear for m =2/N (see [33]).

For I' =0 and m = 1, the asymptotic blow-up behavior has been studied by several authors. When N = 2, it is
known (see [47] and the references therein) that blow-up points are isolated and that, near each blow-up point xo,
u(t,-) converges to a multiple Ky, of the Dirac mass as t — T, with K =8 if xg € £2 and K =4 if xo € 952.
Moreover, for radial solutions, the origin is the only possible blow-up point. Regarding the temporal blow-up rate, the
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central issue is that of type I vs. type II blow-up, defined by whether limsup,_, 7 (T — ) ||u(t)| o is finite or infinite.
Recall that this notion is motivated by the self-similar scale invariance of the problem, namely the fact that for any
solution of (1.1), the couple (uy, vy), defined by

Ug(x,1) :=au(al/2x, at), Vo (x,1) = v(otl/zx,ozt), a >0,

is also a solution (taking £2 = RV and discarding the term Av which is irrelevant for blow-up). The lower blow-up
rate estimate ||u(f)|loo = C(T — )~ was obtained for all solutions when m = 1 and N =2 in [27]. For N > 3, there
exist radial type I blow-up solutions which are backward self-similar [17,39,43], i.e. of the form

u(x,t)=(T —0)"'U(®y), v(x,1)=V(y), wherey=x(T —1)~ /2.

On the other hand, if N = 2, then any blow-up is type II (see [48, Theorem 8.19]) whereas, for N > 11, radial
type II blow-up solutions are known to exist [31]. For 3 < N < 9, a sufficient condition on the initial data ensuring
type I blow-up was found in [16] (revealing a situation different from the cases N =2 and N > 11). Moreover, it
was shown in [16] that any type I blow-up solution which blows up only at the origin behaves asymptotically like
a backward self-similar solution around 0 near the blow-up time. We note that, in this connection, our Theorem 1.1
gives a backward self-similar lower bound near any blow-up point for I" > 0. In [18], for N = 2, a special type 11
blow-up solution was constructed, whose blow-up rate was found to be faster than self-similar only by a logarithmic
correction. Its asymptotic behavior is given by

u(x, 1) ~ M@)i(xy/M@)), M) ~C(T -0 exp[(2[log(T —])"?], (1.10)

for x/M (t) bounded, where u(r) = 8(1 + r2)_2. We note that the couple (u, v) with v(r) = 2log(1 + rz) turns
out to be a stationary solution of system (1.1) with A = 0. It was later proved in [32] that, for N = 2, any radial
blow-up solution blows up with this rate and recently, in [42], the corresponding blow-up profile was shown to be
stable. The asymptotic behavior of the blow-up solutions constructed in [19] for I" > 0 is essentially similar to (1.10).
Finally, let us mention that the question of the continuation of solutions after blow-up for I" = 0, with persistence of
moving Dirac masses, has also been studied (see [13,30,49] and the references therein).

2. Local existence

Notation. Throughout this paper, G = G (x, y; t) and (S (¢));>0 respectively denote the kernel and the semigroup
associated with the operator I"~!' A, with Neumann boundary conditions (unless £2 = R"). Recall that for all ¢ €
L% (£2), we have (Sp(1)¢)(x) = fﬂ Gr(x,y;t)¢(y)dy, x € 2, t > 0. Also, we will write G = G1, S(t) = S1(¢) if
no confusion arises and we recall that G (x, y; 1) = G(x, y; I'"'t), Sp(t) = S(I' " '1).

The first result of this section asserts the local existence of a solution of problem (1.1)—(1.3). In the case m > 1
and £2 bounded, this is a special case of [22]. When m > 1 and £2 = R¥, the proof is completely similar to the case
£2 bounded (see also [45]) and we shall omit it. On the other hand, the case 0 < m < 1 seems new. In this case the
nonlinearity is non-Lipschitz and the solution if not expected to be unique, nor u to be positive or smooth at the level
u = 0. The proof of the regularity, of the nonnegativity and, even more, of the L' property of the solution is nontrivial.
The latter requires the use of the auxiliary function defined in (4.1) and of Lemma 4.1 below and is therefore restricted
tol"=1.

Since the nonnegativity of (u, v) is not a priori guaranteed (for 0 < m < 1), we need to redefine the nonlinearity, and
we choose to do so as u”} (here and in the rest of the paper, u, = max(u, 0) denotes the positive part). Of course, any
nonnegative solution will solve the original problem. By a mild solution of (1.1)—(1.3) on [0, T)) we thus understand a
couple (u, v) of functions satisfying

we L2 ([0,T); L¥(R)),  veLZ([0,T); Wi®()) @2.1)

and
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t
u(t) = Stug — f St —s)V - [u’} Vv](s)ds, 0<t<T,
0 (2.2)
t
v(t) =Sr(t)vo + r-! /Sp(t —$)[u—rvl(s)ds, O<t<T.
0
Here, for each ¢ > 0, the operator S(7)V-: (L®(£2))Y — L%(£2) is defined by
S(I)V~h:=—/VyG(x,y;t)oh(y)dy (2.3)

2

(see Remark 2.2 at the end of this section for the justification of the definition (2.3)). As for the integral in the first
equation of (2.2), it is understood as an absolutely convergent integral in L°°(£2). We note (see Remark 2.2) that if £2
is bounded, then, for any 2 € (L*°(£2))", we have

SV - h)(x)dx =0. (2.4)
[s9-1)

2

If2=RNandh e (L®NL'R")N, then S#)V - h € L' (RY) and (2.4) remains true.
We begin with the local existence of a mild solution and its continuation property.

Iheorem 2.1. Let m > 0 and let ug, v satisfy (1.4). Then there exist T = Tpax(u, v) € (0, 00] and functions u, v on
2 x [0, T) with the following properties:

(u, v) is a solution of (2.1)—(2.2) on [0, T); (2.5)
lu@)] , = oo. (2.6)

either T =00, or T < 0o and lim sup
t—T
If m > 1, then the solution of (2.1)—(2.2) is unique, locally in time.

Our next result is concerned with positivity and regularity of mild solutions, for which we need to separate the
casesm > 1and 0 <m < 1.

Proposition 2.1.

(1) Assume m > 1 and let (u, v) be the unique, maximal solution of (2.1)—(2.2), given by Theorem 2.1. Then u, v €
C(£2 %[0, THNCEL(2 x (0, T)) and (u, v) is a classical solution of (1.1)in 2 x (0, T). Furthermore, ifug #£0,
thenu,v>0in £2 % (0,T).

(i1) Assume 0 <m < 1 and let (u, v) be any maximal in time solution of (2.1)—(2.2). Then

ueC(2x0,7), veC(@xI[0,T), v,VveC>'(2x(0,T)), 2.7)
v is a classical solution of T'v; = Av +u — v in 2 x (0, T), (2.8)
u>0 in2x(0,T), (2.9)
ifvo#0, thenv>0in2 x (0,T) (2.10)

and
u is a classical solution of uy =V - (Vu — uva) on the (relatively open) set
{(x,1) € 2 x(0,T); u(x,1) >0}. (2.11)
Furthermore, we have

loc

u(-.t)e BC'(2) forallt €(0,T), ueLi2((0,T); BC'(2)) (2.12)
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and, when 2 is bounded,
u

— =0 ondf2x(0,T). (2.13)
ov

Finally, we give L' properties of mild solutions that will be useful in the sequel.

Proposition 2.2. Assume either §2 bounded or 2 = RY and ug, vy € L! RM). If 2 = RY and m < 1, assume in
addition that T’ = 1 and that Vvy € L1(RY) for some g € [1, 00). Then, for any maximal in time solution (u, v) of
(2.1)=(2.2), we have

lu®|, = lluolly forallte(0,T) (2.14)

and

lv@® |, < llvolli + I 'tlluolly  forall t € 0, T). (2.15)

Before giving the proofs, we recall the following Gaussian bounds for the Neumann heat kernel G and its deriva-
tives (see e.g. [28,34] and the references therein), which will be also used in the next section.

Proposition 2.3. There exist constants C, C > 0 such that
Clx — yP?

Ntla|+|8]
0f DYDIG(x, yi)| < Cthm72 exp< .

) forallx,y e 2 andt >0,

where k € {0, 1}, a, B € NV, D denotes the differentiation corresponding to o with respect to space variables, and
2k + la| + 18] < 3 with |a] = Y ;.

Proof of Theorem 2.1. As mentioned above, we need only consider the case 0 < m < 1. We may also assume ug % 0
since otherwise (u (), v(z)) = (0, S;(t)vo) is a solution and there is nothing to prove.

Step 1. Small time existence. Set f.(s) = (s_zir +e2ym/2 _ gm, By [22, Theorem 3.1], there exist a time 7, > 0 and a
nonnegative mild solution (u,, v.) of the regularized problem

t
ue(t) =SWuo +gl ), gl n=- / St — )V - [ fe(us) Ve ](s) ds,

0 (2.16)

1
ve (1) = Sp(t)vo + g2 (1), g (1) = F_I/SF(I—S)[us — Avel(s)ds,
0

forall ¢ € (0, 7). Since | f, (s)| < s'f, we deduce from the proof of [22, Theorem 3.1] (see formulae (9)—(10) in [22])
that there exist 79, C > 0 independent of ¢ such that 7, > 79 and

lue @] o, + [ve®]l o, + [|Vve@) |, <C  forallz e (0, 10l (2.17)
Now we claim that, foreach0 <o < 1,
(g!), is bounded in C**/*(Q)) and (g?), is bounded in C'+**/2(Qx), (2.18)

where O, = 2 x [0, r0]. To prove the claim, first observe that, owing to standard heat kernel bounds (cf. Proposi-
tion 2.3), for all ¢, h > 0 and x € §2, we have the estimate

S(x,t,h):= h*“/2/|vyG(x, yit+h) — VyG(x, y; )| dy < Ct~@tD/2, (2.19)
Q
Indeed, if h > ¢, then 8(x, 1, h) < Ch=%/2t=1/2 hence (2.19) and, on the other hand, if & < ¢, then
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5(x,t,h)<h1—“/2/ sup |8, VyG(x, y; 0)|dy, < Ch'~*/273/2
s t<o<t+h

hence again (2. 19).§etting Ve = fo(ug) Vg, it follows from (2.17), (2.19) and Proposition 2.3 that, for each 0 <t <
t+h<tpand x € 2,

h=2| gl e, r 4+ h) — gl (x, 1)
t+h

<h_“/2//|VyG(x,y;t+h—s)lpg(y,s)|dyds
2

t

t
+h_“/2//|(VyG(x,y;t+h—s)—VyG(x,y;t—s))t/fg(y,s)‘dyds
0 2

t+h t
< Ch™/? /(t—i—h—s)’l/zds—i—/(t—s)’("‘“)/zds
t 0

— — 1—a)/2
< ChI02 4 cr=a2 < ol

This gives the temporal part of the claimed Holder estimate in (2.18) for ggl. The spatial part follows similarly by
using the estimate

X1,X2€82, x17#x2

sup Ix; — x2|—“/|vyc(x1, yit) — VyG(xo; y, )| dy < Cr~@TD/2 forall > 0,
2

which also follows from Proposition 2.3. The proof of the Holder estimate in (2.18) for gg is completely similar. This
proves claim (2.18).

Going back to (2.16), by (2.18) and Ascoli’s theorem, we deduce the existence of a subsequence ¢ = ¢; and of
nonnegative functions u € BC(£2 x (0,79]) and v € BC10(£2 x (0, 79]), such that u,, ve, Vv, converge to u, v, Vv,
locally uniformly on £ x (0, 7p]. We may then pass to the limit, using the Gaussian heat kernel bound in Proposi-
tion 2.3 and dominated convergence, and we end up with a solution of (2.1)—(2.2) with T = 1.

Step 2. Continuation property. By Zorn’s lemma, (u, v) can be extended maximally in time as a (non-necessarily
unique) solution of (2.1)—(2.2), in such a way that (2.6) holds. Indeed, if (2.6) fails, it first easily follows from the
second equation in (2.2) that supy_, _7 [[v(£)|ly1.00 < 0c. Then by similar H6lder estimates as in Step 1, one can show
that (u(1), v(t), Vu(t)) converges as t — T, locally uniformly on £2, and that the limit (u(T), v(T)) € L*®(£2) x
Wl'oo(.Q). Moreover, (2.2) is satisfied at t = T. Taking this limit as new initial data, one can extend the solution
beyond T, contradicting the definition of 7. O

Proof of Proposition 2.1. Again we need only consider the case 0 < m < 1. Note that, at this stage, we do not know
if u, v > 0 on the whole maximal interval of existence (but only for small time).

Step 1. Regularity of maximal in time solutions. Fix 0 <ty <t < T. Since u, u"f Vv € L*°(Q:), by the argument
leading to (2.18), we obtain u € BC*%/*>(2 x [t9, T]) and v € BC'T®%/2(2 x [y, t]) for each 0 < &« < 1. By
standard parabolic regularity, we then deduce (2.7), (2.8), along with

u is a classical solution of u; =V - (Vu — uﬁVv) on the (relatively open) set
{(x,t)eﬁx 0,7); u(x,t);éO}. (2.20)

(Note that this will imply (2.11) once we have shown u > 0 at Step 2 below.)
Let us now check properties (2.12)—(2.13). We shall need the following smoothing estimate:

SOV 1] ek o) < CE@(1+ DY i h ooy, hE (BC® @)Y, 1 >0, (2.21)
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forany 0 <0 < 1,0< k<2 withk >0 — 1, and any ¢ > 0. We note that a similar estimate in Sobolev spaces is
proved in [22, Lemma 2.1]. Here, in the case 6 = 1, estimate (2.21) (actually true for ¢ = 0) is a consequence of
definition (2.3), formula (2.30) below and Proposition 2.3. In the case 8 = 0, estimate (2.21) (again true for ¢ = 0) is
a consequence of (2.3) and Proposition 2.3. The general case (with any ¢ > 0) then follows by interpolation.

Fix0 <t <t <T.Sinceu'f Vv € BC(£2 x [ty, T]), it follows from (2.21) with & = 0 and the first equation in (2.2)
(shifted in time) that u € L™ (ty, T; BCX(£2)) for all k € (0, 1). Consequently, u”" € L™ (19, T; BC"*(£2)), hence

u?Vve L®(to,7; BCY(£2)) forall 6 € (0, m).

Applying (2.21) again, this time with 6 € (0, m), we deduce that, for all ¢ € (¢, T), u(t) € BCk(.Q) for all k €
(0, 1 + m), hence in particular (2.12).

Moreover, when §2 is bounded, for each given ¢ € (0, T), the function z,(-) :== S(t — s)V - (u’} Vv)(s) belongs
to C1(£2) and satisfies %i‘j(x) =0 on d£2. Since the estimates in the previous paragraph guarantee that the integral

fot z(-, s)ds is absolutely convergent in C!(§2), property (2.13) follows.

Step 2. Nonnegativity of maximal in time solutions. Although u is not smooth at the level u = 0, one can use the
following maximum principle argument on alleged negative values of u.

Let us first show u > 0 in the case £2 bounded. Assume that the property u > 0 is not true. Set w = e~ 'u. Then
there exist 79 € (0, T) and xo € £2 such that w(x, fp) = ming, w < 0, where Qg = 2 x [0, 7o]. By continuity, the
exists &€ > 0 such that w < 0, hence u4 =0, in V := Qo N (B(xp, &) X [ty — &, tp]). In view of (2.20), we deduce that
w; — Aw = —w > 0 in V. This yields a direct contradiction at (x, #p) if xo € £2. If xo € 952, since %—"‘j(xo, tp) =0,
we get a contradiction with the Hopf lemma.

In the case £2 = R", one can modify the above proof by a using a perturbation argument from [24]. Namely, we
fix £ > 0 and set

W =u+e(2N + Dt +|x[?).

Fix T € (0, T) and assume that the property w > 0 is not true on Q; = RY x [0, z]. Since u is bou_nded in Q, there
exists R > 0 such that & > 0 in (RN \ Br) x [0, t]. Consequently, there exist 7y € (0, t] and x¢ € B such that

w(xp, %) = min w=minw <O0.
Brx[0,7] 0+

Observe that (3; — A)[(2N + 1)7 + |x|?] = 1. Due to (2.20), the function ¥ thus satisfies
b — A =u; — Au+e > V- [(b — (2N + Dt + [x]*)) ] Vo] (2.22)

at any point (x, 1) € RY x (0, T) where w(x,1) — e(2N + 1)t + |x|2) # 0. This is in particular true at (xg, #p) and,
since w(xg, o) < 0, the RHS of (2.22) vanishes at (xg, fy) and we get 0 > (w; — Aw)(xo, ty) > 0, a contradiction. We
deduce that @ > 0 in RN x [0, r] for each 7 € (0, T) and ¢ > 0. Letting T — T and then ¢ — 0, we conclude that
u>0inRY x [0, T).

The positivity of v (cf. (2.10)) then follows from the strong maximum principle. O

Proof of Proposition 2.2. If §2 is bounded, then (2.14) and (2.15) directly follow from the mass preserving property
of the Neumann heat semigroup, Fubini’s theorem and (2.4), by integrating each equation of (2.2) in space.

Let us thus assume §2 = RV . By our hypotheses, we have I" = 1, ug, vg € L' N L®(R") and Vg € LI N L>®(RY)
for some g € [1, 00). We may assume g > 2 without loss of generality. It suffices to show that

u(t), Vo(t) € L,.(10, T); L' (RM)). (2.23)

Indeed, once (2.23) is proved, (2.14) and (2.15) follow similarly as in the bounded domain case.
We shall prove (2.23) by a boostrap argument. Fix t € (0, 7). We have

u,v,|Vo| <C inRY x (0, 7). (2.24)
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Here and in what follows, C denotes a generic constant possibly depending on t. In order to initialize our bootstrap
argument, we shall first prove that

|u® | _ppygjp <€ forallz e (0, 0). (2.25)

In view of the proof of (2.25), we introduce the auxiliary function

2—m
~ m u
H:=e X[ =|vv? )
¢ <2| | +2—m

It follows from Lemma 4.1 below that for some constant K = K (t) > 0, the function H satisfies

&H—AH<0 inRY x(0,1)
in the weak sense (cf. Remark 4.1). Fix ¢ > 0. Then the function
He:=H — ¢(2Nt + |x|?)

also satisfies 8; H, — AH, <0in R x (0, 7) in the weak sense. Moreover, since H < CinRY x (0, 7) due to (2.24),
we have H, <0on dBg x (0, 7) for all R > Rp(e) > 1. We may then apply the weak maximum principle (in duality
form) in bounded domains (cf. [41, Proposition 52.13]) to deduce that, for all #y € (0, ) and all R > Ry(¢),

He (-, 1) <STR(r —10)He(t9) in Br x (fo, T), (2.26)

where (Tg(t));>0 denotes the Dirichlet heat semigroup on Bg. On the other hand, it follows from (2.2), (1.4) and
properties of the Cauchy heat semigroup that u, |[Vv| € C([0, T); L}OC(RN)), hence H, € C([0, T); L}OC(RN)). We
may thus let 1o — 0 in (2.26) to deduce that, for all R > Ry(¢),

Hy(-,t) <Tr(t)H:(0) in Bg x (0, 7),
hence
Ho(-,t) < Tr()H(©O) < S(t)H(0) in Bg x (0, 7).

Letting R — oo and then ¢ — 0, we deduce that H(-,t) < St)H(0)inRY x (0, 7). Therefore, SUP;c(0.7) ||ﬁ(t)||q,/2 <
|H(0)ll4/2 < 00, hence (2.25).
By (2.25) and the second equation in (2.2), we have

t
IV00)| (2 yg2 < €200l 2-myg /2 + / [ 2 yq 245
0

<Ct™% forallt e (0, 7). (2.27)
In view of a bootstrap argument, we now assume that
lu@ |, + 17| V@], <C forallz e (0,7), (2.28)

for some k € [1, 00). Interpolating with (2.24), we see that (2.28) is also true with k replaced by k= max(k,m + 1).
Letting r = max(1, k/(m + 1)), it follows from Holder’s inequality and (2.28) that

[u"ve®], = Ju" Vo gy
<[u" Oz [V [ < €712 forallr e (0, 0). (2.29)

By the first equation in (2.2), we have

t
Ju)], < ol + [[7e0% unvues) ], ds
0

t
< luollr + C/(t —s) 1271245 < C forallt e (0, 7).
0
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Arguing on the second equation as for (2.27), we see that (2.28) is true with k replaced by r = max(1,k/(m + 1)).
Since m + 1 > 1 and (2.28) is true with k = (2 — m)q/2 by (2.25) and (2.27), after a finite number of steps we
obtain (2.28) with k = 1. This in particular shows (2.23) and concludes the proof of (2.14) and (2.15). O

Remark 2.1.

(a) Whenm < 1, we point out that for the particular solution obtained by our approximation procedure, the additional
assumption that Vvg € L9 (RN) for some q € [1, 00) is not restrictive. Indeed, after a small time-shift, it is satisfied
along with ug, vg € L' N L®(R"). However it is not clear whether this is true for other — nonconstructive —
solutions.

(b) It follows from the proof of Proposition 2.1 that, when 0 <m < 1, for each 0 < 8 < 1 + m, we have u(-,t) €
CP(2) forallt € (0, T).

Remark 2.2. To see that the definition (2.3) is natural, observe that if £2 is bounded and 7 € (BC'(£2))"N then, by
integration by parts, we have

(S@OV - W) () = / G(x, y; (Vy - h)(y)dy

2
=—/VyG(x,y;t)-h(y)dy+/G(x,y;t)(h(y)~V(y))d0, (2.30)
2 a2

for alli> 0 and x € £2. Now, if (4, v) is a positive classical solution of (1.1)—(1.3), the function i := u"Vv €
(BC1(£2))V satisfies i - v =0 on 952, hence

(51V M) == [ 9,6 i) b . @31)
2

When 2 =RY and h € (BC'(RY))¥, (2.31) remains true due to the decay of the heat kernel at space infinity.
Let us next justify the property (2.4) of the operator S(¢)V-. First note that for all 2 € (C§° (£2))V, owing to (2.3),
(2.31) and the mass preserving property of the Neumann (or Cauchy) heat semigroup, we have

/(S(t)V-h)(x)dx :/(S(t)(V~h))(x)dx :/V-h(x)dx =0. (2.32)

2 2 2

On the other hand, by (2.3), Proposition 2.3 and Fubini’s theorem, for any #, he (L*® N LY(£2))N, we have

IS6V -h—SOV-h|, < //\vyG(x, i O)(h — ) ()| dydx < Ct™2|h — ;. (2.33)
2 2

Property (2.4) then follows from (2.32), (2.33) and the density of C(‘)’O(Q) in L1(£2).
3. Local nondegeneracy for 1 <m <2

We begin with the following lemma, a property of the inhomogeneous, linear heat equation, which will be used
again in Section 3. It gives an upper blow-up estimate of the gradient of the solution, assuming an upper blow-up
estimate of the RHS.

Lemma 3.1. Let v be a classical solution of

I'vi=Av—2v+f, xe€£2,0<t<T,

ov G.1)
8_(x5t)=07 x€32,0<t<T,
vV
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with f € LS ([0, T); L°°(£2)) (the boundary conditions being as usual understood to be empty in case 2 = RM). For

loc

any real number > 1/2, there exists a constant Cy = Co(2, w, I', A) > 0 such that the following holds. Let a € 2,
to€(0,T), p, e, c>0and assume that

|f. 0| <e(T—0)7" forall (x,1) € 24, x (10, T) (3.2)
and

v ”leu,,,) <c forallte(t,T). (3.3)
Then, for any p € (0, p), there exists a real number K > 0 such that the function v satisfies

|V(x, )| < Coe(T — DR 4 K forall (x,1) € Q4.5 % (t0,T). (3.4)

Proof. It suffices to show that (3.4) holds for some p € (0, p). Indeed, assume that this is true and fix any 6 € (0, p).

Then, forany b € 2, 5, we have | f(x,1)| <e(T —t)"* forall (x,t) € £ ,_; x (to, T) and consequently there exist

pp > 0and Kj > 0 such that
|Vu(x, 1)| < Coe(T — HTHFI 4Ky forall (x,1) € Qb0 X (t0, T).

Since the compact §2, ; can be covered by finitely many balls B(b;, pp,;), we then conclude that (3.4) is true with p
replaced by p.
To show that (3.4) holds for some p € (0, p), we consider the cases a € 2 and a € 352 separately.

Case 1: a € 2. Set § = min(p, dist(a, 3£2)). Take a function ¢ € C2(RV), 0 < ¢ < 1, such that ¢(x) = 1 for all
x € Bsja(a) and ¢(x) = 0 for all x € RN\ Bs(a). Put 9(x, 1) = e v(x, 1)g(x) for (x, 1) € 2 x (0, T). Multiplying the
second equation of (1.1) by ¢ yields

T)t:Aﬁ—}—eM(f(p—ZVv-V(p—vA(p) in 2 x (0, 7). 3.5

Now pick xo € Bsj4(a) and t € (to, T). Then Vv (xo, t) is represented as

Vi(xo, t) = Jo(xo,1) + Ji(x0, 1) — 2J2(x0, 1) — J3(x0, 1), (3.6)
where
Jo(xp, 1) =VV(xg,t) with V(- t)=S8t —ty)v(t), 3.7
and
t
Ji (0. 1) = / iz f VG (xo, yit — ) F (2 o) dyds, (3.8)
o 02
t
Ja(x0,1) =/e“ / V,G(xp, y; t — s)(Vv(y, s) - V(p(y)) dyds, 3.9
0] 2
t
Jg(xo,z)=/e“/va(xo,y;t—s)v(y,s)dyds. (3.10)
to 02

Here and below, we denote G = G and S(t) = Sp(¢) for brevity. Also, for i =1, 2, ..., we shall denote by C; a
constant depending only on £2, m, I', A and by K; a constant independent of xo € Bs/4(a) and t € (o, T). By standard
linear parabolic regularity properties, there exists K| such that

|Jo(x0, )| < K. @3.11)

Using Proposition 2.3 and assumption (3.2), there exist Cy, C2, C3 > 0 such that
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t
N C _—p
|J1(x0, )| < Cle“f(t—s)‘T+l f!f(y,S)lw(y)eXp<—%) dyds
fo 2

t
< C3e“ef(T )Rt —s)"2 ds.
0]
Recalling u > 1/2, for all ¢ € (tp, T'), we have

t
/(T—s)*“(r—s)*%dsz / (T — )Mt —5)"2 ds + / (T —$)""(t —s)" 2 ds
fo

to<s<2t—T 2t—T <s<t

< / (t—s) " 2ds+ (T —)~* / (t—s)"2ds

to<s<2t—T 2t—T <s<t
1\ /2 1 1
< (“_E) (T —t) "2 4 2(T — 1) #tz,
Therefore, there exists C4 > 0 such that
|1 (x0, )| < Cae'e(T — 1) +3. (3.12)

Integrating J>(xo, t) by parts in y, making use of g—f =0on 352, we obtain

t
Jo(x0,1) = —e“{ // v(y, ) Ap(Y)ViG(xg, y;t —s)dyds
Q

fo

t
+//v(y,s)vyvxc(xo,y;z—s)wp(y)dyds}.
t 2

Using Proposition 2.3 again, we deduce that

|2(x0, )| < Cre* {1 (x0. 1) + T2 (x0. 1)}, (3.13)
where

t

C 2
12,1<xo,r)=/<r—s)*%/lv@,s)l : |Aw(y>|exp(—%) dyds
2

fo

and

t
C _ul2
Raton = [t =97 F [po.s) |V¢<y)|exp(—%) dyds.
to 22

Since Vo (y) = Ap(y) =0forall y € Bs/4(xo) C Bsy2(a), there exists K> > 0 such that

C 42
T_NTH|A<p(y)|exp<—2|x+Ty|> <K, forallyef2andt >0 (3.14)
and
Calxo — yI?

N+2
f‘T!W(y)!eXP<— "

> <K, forallye £ andt > 0. (3.15)
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It follows from (3.3), (3.13)—(3.15) that

| J2(x0, )| < K3. (3.16)
We can similarly show that

|J3(x0, 1) < K. (3.17)
Consequently, from (3.6)—(3.12), (3.16) and (3.17), we obtain K5 > 0 such that

|Vi(xo, )| < Cae™e(T — Nm+Ks forallt e (o, T).
Since Vi(x, t) = e {Vu(x, He(x) + v(x, 1) Ve(x)}, we get

[Vu(xo, )| < C4e(T —1)n =2 + K5 forall £ € (19, T),
hence (3.4) with p = §/4.
Case 2: a € 952. Set § = min(p, pg), where pg is given by Lemma A.l. By that lemma, there exists a function

@ € C2(RV) such that ¢(x) = 1 for all x € Bsj2(a), $(x) = 0 for all x € RN\ Bs(a) and 32 (x) =0 for all x € 3<2.
Now, the above argument with ¢ replaced by ¢ gives a proof in this case with p =§/4. O

Pr0(£ of Theorem 1.1 with 1 < m < 2. Let (1, v) be a solution of (1.1)—(1.3) such that T = Ty (#, v) < 0. Let
ae$2,t0€(0,T), p> 0 and assume that

u(x,t) <e(T —1)~1/™ forall (x,1) € 2,4, X (t0, T). (3.18)
We first consider the case a € §£2. We put § = min(p, dist(a, §2)). We divide the proof into three steps.

Step 1. We claim that for each p > 1 there exist C1, K1 > 0 such that

uPHldx <K (T — 1)~ S forallt € [19, T). (3.19)
Bs2(a)
Here and hereafter, fori = 1,2, ..., we denote by C; a constant depending only on £2,m, I', A, p and by K; a constant
independent of ¢ € (#p, T') (and of xq in Steps 2 and 3).
Choose 1 — 1/p < k < 1. Take a function ¢ € Cz(RN), 0 < ¥ <1, such that ¥ (x) =1 for all x € Bs/2(x0),
¥ (x) =0 forall x € RN\ Bs(xq), and |V (x)| < Ay (x)**+D/2 for all x € RV, with some constant A > 0. Multiplying
the first equation of (1.1) by u”y?*! and integrating by parts yields

#% {ww}”“ dx =—11(t) + L(t), (3.20)
2
where
Il(t)=p/ul’*‘|w|2w+‘dx+(p+ 1)/uppru~V1pdx
2
and

Iz(z)zpful’+m—11/ﬂ’+1v14~de+(p+1)/ul’+’"¢1’w-v1/fdx.
2 22

p=1
Since V(u" b )— ’7+1u T Vu we have

— 4P / p+1 /
Il(t)_{(p+l)2 p+1} |v w dx + —— FEY |V (u )T |dx

2
_ uPt1
ey vy T \ dx.
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By the choice of p and yr, we get

2 1
L) > —— /|vw)%“ >dx — &/u“‘w”wwzdx
p+1 2
2

2
2 1
—1f|V(mp)"T“|2dx szr A2/ul’+1w’+’<dx
2 2
: 1
—1/’V(u1/f)%)|2dx— %Azf(uw)l’+ku1—kdx
2 2

1 P k
%/W(uw)pzfdx—pT—HAlek(/(mp)”“k dx) , (3.21)
22 2

where M = ||ug||;.
Since

12(z)=/um*1w.[pupwp+1Vu+(p+l)ul’“wvw]dx
2

- / W1y [LV(W)P“ + u"“xppvw} dx,
p+1
2

we have

- p
L) < ||Vv||Loo<Ba<xo>>||u||’;t>6338(xo)){m / |V @y)PHdx + / u"“wwwx}
2 2

_ 2p
=||Vv||Loo<Ba<x0)>||u||’£x§B5(xo)){m f W) T [Vay)'F | dx + / uf’“wwmdx}.
2 2
By the choice of i, we get

k+1

/”pH‘/f‘DWl/fldx<A/u”+11//‘”+ dx<A/(mp)P St
2 2
k+1

< AM% ( /(ulﬂ)“‘k% dx) ’ .
Q
Therefore we obtain

2 1)
L) < —f|V(M¢) | dx + —”Vv”LOO(Ba(XO))”u”L(ono,l(Ba(xO))/(uw)p+l dx

k+1

+AM 7 ||V g (uw)lﬂ% dx N (3.22)
L2 (Bs (x0)) W L0 (B (xp)) : :

2
It follows from (3.20), (3.21), (3.22) that

d (p+ 1)2A2
E/(Ml//)l’“dx p ||Vv||Loo(Bs(xO))||u||io'g(32(x()))/(m/,)l’-Hd 4+ T2 yl- / ul/j)l-i-k dx
2 2

P

ﬂ _ T

+(p+DHAM™ ”VUHLOC(B(g(xo))”u”r[’joong(xO))( f(uw) +k+1 dx) .
2
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By (2.15), (3.18) and Lemma 3.1, there exist C2, K> > 0 such that

_1 2 2 -2
D) oo gy SET =077 and  [Vo(O)] (g (1)) < C26"(T =)' 77 + K.

In particular (assuming & < 1 without loss of generality), we have

p=k)

W) < )T - )+ E < uy)PHN(T — 1)~ o

It follows that

2( 1)
& [ dx < IS W / )P+ dx

2 2
1)2A?
+7(”+2) MR — (/(W)”*ldx)
pU—k) ot =
4 DAM T V0l a0 15 g 1 T =075 [wmyrtiax)
2
Setting F(t) =1+ [, (uy)P*! dx and using p(1 —k)/m < 2(m — 1)/m < 1, we obtain
2 42 g1—k —2d=k) 2 20m—1)
F'(1) < [(P + DA™ M (T -~ + (P + )||Vv||L°°(Bg(x0))”“”LO’?(BB(XO))]F(I)
<[Ks((r (T ) 4 Cae? (T — 1 F ()
<[Ka(T — t)rz +C3e¥ (T =)' |F ().
After integration, recalling m < 2, we obtain
F(1) < Fto)exp[KsTn ' (T =)™ = ky (T — )=,
hence the claim.
Step 2. We claim that
|Vu(xo,1)| < Ks  forall xo € Bs/s(a) and 1 € [to, T). (3.23)

Take a function ¢ € C2(R"), 0 < ¢(x) < 1, such that p(x) = 1 for x € Bsja(a) and ¢(x) =0 for x € RN\ Bs 2 (a).
Put ¥(x, 1) = eMv(x, t)p(x) for x € 2 x (0, T). Pick xo € Bssg(a) and t € (t, T). Like in the proof of Lemma 3.1,
Vi (xg, t) is represented according to

Vi(xo, ) = Jo(xo, 1) + Ji(x0, 1) — 2J2(x0, 1) — J3(x0, 1), (3.24)

where the terms J; are defined by (3.7)—(3.10) with f = u. Similarly to the proof of Lemma 3.1, we get the bounded-
ness of Jo(xo, 1), J2(x0,1) and J3(xo, t) for xo € Bssg(a) and t € [t9, T).

To control the term Ji (xg, t), we proceed as follows. Take p,g > 1 with 1/p+1/g=1andg <1+ 1/(N —1).
Let ¢ > 0 such that

1 N 1 C
—_(1=2)= _152'” >0, (3.25)
2 2 q )4

where C| is the constant in (3.19). By Proposition 2.3 and (3.19), there exist C; > 0 for i =4, 5, 6 such that

Cslx — y|?

A —s) )dyds

t
|J1(x0, )| <C4/(t—s)‘NTH/u(y,s)w(y)GXP(—
fo 2

t
1 N
< 64/0 —5) 2N
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! Csqlx — yI* Va 1/
. {mfexp(—z(t—_s)> dy} ([{u(y,s)¢<y>}”dy>
2 2

Ny

t
1 m
<C6/(t—s)77(N+]7q {K1(T—t)7cl€2 }l/pds.
fo

By the choice of p, g, ¢, J1(x0, t) is bounded for xo € Bs/g(a) and ¢ € [t, T'). This proves the claim.

Step 3. We claim that u(xo, 1) < K¢ for xo € Bs/32(a) and t € [to, T).
Take a function ¢ € C*(RV), 0 < ¢(x) < 1, such that ¢(x) = 1 for x € Bs/16(x0) and ¢(x) =0 for x €
RN\ By (x0). Put @i (x, t) = u(x, t)¢ (x). Then i satisfies

il = Aii — ¢V (u"Vv) —2Vu -V —ulp.
Pick xo € Bs/32(a) and t € (to, T). We represent ii(xo, t) as

ii(xo, 1) =[St — 10) (i (t0)) ] (x0)
t
—//G(xo,y;t—s>{¢(y)v[u’"w](y,s)+2w<y,s>-V¢<y)+u(y,s)A¢(y)}dyds
1 2

= Ko(xo, 1) + Ki(x0, 1) + Ka(x0, 1) — 2K3(x0, 1) — K4(x0, 1), (3.26)

where

Ko(xo, 1) =[St — 10) (i (t0)) ] (x0),

t
Kl(xo,t)=//(VyG(xo,y;t—s)-Vv(y,S))um(y,SW(y)dyds,
o £2

t
Kz(xo,t)=//G(XO,y;t—s)u’”(y,S)(Vv(y,S)-Vcb(y))dyds,
o 2

t
K3(X0,l)=//G(XO,y;t—S)(Vu(y,S)'Vcb(y))dde
o 2
and

t
Ka(xo, 1) = / / G(xo, i 1 — $)u(y, $)Ap(y) dy ds.
1 2

By (3.23) in Step 2, we obtain the boundedness of K (xo, t) for xo € Bs/32(a) and ¢ € (fp, T') in the same way as for
J1(x0, t) in Step 2. Similar arguments to those in the proof of Lemma 3.1 imply that K(xo, ¢), K2(xo, t), K3(x0, 1),
K4(x0,t) are bounded for xo € Bs/32(a) and t € (fo, T). Consequently, i(xo, t) is bounded for xo € Bs/32(a) and
t € (ty, T). This proves the claim, hence the theorem in the case a € 2.

Finally, in the case of a € 92, set 6 = min(p, pg), where pg is given by Lemma A.1. Thanks to that lemma, we
w=a=
respectively. The above arguments give a proof in this case if ¥/, ¢, ¢ are replaced by ¥, @, ¢.

The Cauchy problem is similarly treated without Proposition 2.3. O

may find functions ¥, @, ¢ in Steps 1, 2, 3 satisfying 0 on 942 in addition to the properties of i, ¢, ¢,

Remark 3.1. A similar calculation for |, o ufu WP+ dx in Step 1 of the proof was done in the proof of Proposition 4.2
of [37]. However their method does not work well to prove Theorem 1.1 since they treated (1.1) with m = 1 when
limsup,_, 7 fBR(XO) u(t)logu(t) dx < oo for some R > 0, which yields limsup,_, 7 [[Vv(#) || Lo (B (xy)) < +00.
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4. Local nondegeneracy for 0 <m <1

The key to our proof of local nondegeneracy when 0 < m < 1 is the following auxiliary function:

2—m

m 2 u
H="21Vo +

T 4.1)

and the following lemma, which states that H satisfies a suitable, scalar parabolic inequality.

Lemma 4.1. Assume 0 <m < 1, I' = 1 and let p =2/(2 — m) > 1. Then the function H € L}, ((0,T); BCY(2))
satisfies

H—AH<CiH? in2x(0,T) 4.2)

in the weak sense (cf. Remark 4.1), where C1 = (2 — m)2/(2—m) % > 0.

Remark 4.1. If £2 is bounded, the weak formulation of (4.2) is understood as

T T
T
//(—H8,¢+VH~V(,0—Calgo)dxdt<—[/Hw(x,t)dx} +[/¢8UHdodt,
o 2 2 ‘o o 082

forall0<fp<t<Tandall 0 < p € CI'I(S_Z X [to, T]). When 2 = RV, we say that (4.2) is true if is satisfied in
w x (0, T) for each smooth compact subdomain w of RV .

Proof of Lemma 4.1. We only consider the case £ bounded, the case £2 = R" being completely similar. Let
(Gr)ren+ be a sequence of approximations of the positive sign function with the following properties:

GreC*(R), Gi(s)=0 foralls<1/k, 0<G<1, G{ >0,

lim Gg(s)=s and lim G;C(s) = X(0,00)(s) foreachs >0. 4.3)
k— 00 k—o00
Let
u2—m
T 2-m

and note that, for each k, Ji := G o J is smooth (since u is smooth on the set {# > 0}). We compute
(0 — M) Jg= (G o J)(atJ —AJ)— (GZ o J)|V]|2
= (Gl o N)[u" ™", — Au) — (1 —m)|VulPu™] — (G} 0 J)|VJ|?
< —(G}( o J)ulme . (uva),

hence

T

//(—J;ﬁ,(p + (G o J)IVJ - Vo +ulAv+mVu - Vvlp)dxdt
I 2

T
T
<—[/Jk<p(x,t)dxj| +//¢(G;OJ)adeodz, (4.4)
2 0k

for any 0 < ty) < 7 < T and any test-function 0 < ¢ € CL1(2 x [to, 7]). Also, we observe that, for a.e. t € (t9, T),
Vu(x,t) =VJ(x,t) =0 at each point x € §£2 such that u(x,t) =0 (due to ¥ > 0) and 9, J (x, ¢t) = 0 at each point
x € 052 such that u(x, t) = 0. Therefore, using (4.3), we deduce that, as k — oo:

klim (Gro)IVJ -Vo+uAv+mVu-Vvl=VJ - Vo +uAv+mVu- Vv
— 00
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in §2 for a.e. t € (fp, T) and

(Grod)aJ =0,J

lim

k—o00
on 052 for a.e. t € (ty, 7). Since also lim_, o Jxr = J uniformly in 2 x [to, 7], we may pass to the limit in (4.4) via
dominated convergence and we obtain, in the weak sense (cf. Remark 4.1),

(0 — A)J < —[uAv+mVu-Vv] in2 x (0,T). 4.5)
On the other hand, denoting | D?v|*> = Zij (3l.2j v)?, we have
Vl?

2

(This is satisfied in the classical sense in §2 x (0, T), recalling (2.7).) Combining (4.5), (4.6) and using I" = 1, we
obtain

(I's, — A)

= Vv V(v — Av) — |D?|* = Vo . Vu — [ D>]*, (4.6)

O H — AH < —uAv —m|D%|’.
Using the inequality |Av|2 < N|D2v|2, it follows that
N 2
ooH—AH < —u
4m
in the weak sense, hence (4.2). O

Next, to obtain suitable boundary conditions on the function H, we shall rely on the following simple, differential
geometric property. It is probably known but we give a proof in Appendix A for completeness.

Lemma 4.2. Assume that 2 is bounded and let w € C?(2) satisfy %—"‘j =0o0n 352. Then we have

d|Vwl|?
ov

where k = k(82) > 0 is an upper bound for the curvatures of 952.

<2|Vw|> onds$2, 4.7

With Lemmas 3.1, 4.1, 4.2 at hand, we can then reduce the proof of Theorem 1.1 for m < 1 to the following
nondegeneracy result for parabolic scalar equations. It was proved in [15] for classical subsolutions, in the case of
interior points or of boundary points under Dirichlet boundary conditions (see also [41, Section 25] for a simpler,
alternative proof in the interior case). In Appendix A, we give a proof for weak subsolutions in the boundary case
under our current Neumann boundary conditions, by adapting the arguments from [15] (the argument works for weak
subsolutions in the interior case as well).

Proposition 4.1. Let p > 1, M1, M, T > 0,19 €(0,T), p>0,a € 2. Let0<we L®

® ((0,T); BC'(£2)) satisfy
w; — Aw < Miw? in 2 x (9, T) (4.8)
in the weak sense. If a € 052, assume in addition that

9
a—w <Myw ondQ2 N Ba, p) forae. t € (15, T). (4.9)
v

There exists ey > 0 depending only on p, My, M, such that if
wir, ) <eoT =0~ "P70 (x1) € 2, x (10, T), (4.10)

then w is uniformly bounded in a neighborhood of (a, T).
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Proof of Theorem 1.1 for 0 < m < 1. (The proof is valid also for m = 1 but, unlike that in Section 3 for 1 <m < 2,
it requires I" = 1.) Assume that (1.6) holds. By Lemma 3.1, it follows that the function H, defined in (4.1), satisfies

H(x,1)<Ce(T —t)~Y™ forall (x,1) € (B(a, p)N .Q) x [t0, T), (4.11)
with C > 0 independent of ¢ and with some p > 0.
On the other hand, by Lemma 4.2 and (2.13), we have
OH md|Vv|?
v 2 Qv
The conclusion then follows from Lemma 4.1 and Proposition 4.1.

d
ul—ma_“ <mi|Vul* <2«H ond$2 x (0, 7).
v

5. Global lower estimate for all time: proof of Theorem 1.2

Let us first consider the case ug # 0 and set

to = min{t > 0;

u(10) | o, = 2luollo }-
Note that, due to (2.6), we have #y < oo. For # € (0, t9), we first use the second equation in (2.2) to estimate
t
[Vo@) ], < ClIVuolles + f Ct =) u()] o, ds < ClIVUolioo + C1'/[lugloo.
0
Next, plugging this into the first equation in (2.2), we obtain
fo
2fluolloc = [|u(t0) || o < llutolloo + / Cto — )'*(2lluollco) " [IIVvolloo + 52 lluolloc] ds,
0
hence
fo

luo]loo < / C(to — 5)~"*(2lluolloo) " [IIVvollcs + s/ *lluolloc | ds

0
to 0]
< C||uo||éfo||Vvo||oo/<ro — )72 ds + Clluol/s™ /(lo —5)" 12512 ds
0 0
< C1y Pl [V volloo + Crolluo 75!

1/2 1
< CT 2 uolI"S I Vvollso + CT llug 7.
Therefore, we have either
luol™ =T~ or fuol ' IVuolles =TV,
hence
2(m—1 2 —1
luollZ + lluoll 2"~V VugliZ, = T (5.1)

We note that, if ug =0 and m < 1, then (5.1) is still true in view of our convention co/0o = 0o. On the other hand,
we may exclude the case ug =0 and m > 1, since then (u, v) = (0, S(¢)vg) by local uniqueness, hence 7' = oo.
Next, shifting the time origin, with u(¢) considered as initial data at time ¢, we deduce from (5.1) that

Ju@[2 + [u) |2 Vo) |2, = e -7

Finally, assume 1 <m < 2.Foragivent € [0, T), if |[u(?)||% < (c¢/2)(T — 1)~!, then we infer that

2(m—1)/m|

/(T =~ < u) | 2"V Vo) |2, < [e/20(T =] Vo |2,
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hence

Vo), = &@ —pym=272m,
It follows that

lu@)] o, + Vo | L™ zer =7V 0
Acknowledgement
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Appendix A. Proof of Lemma 4.2 and Proposition 4.1

Proof of Lemma 4.2. We may assume N > 2 since otherwise the result is obvious (with the convention « = 0). Pick
a € 052 and assume a = 0 without loss of generality. Set x = (x{,...,xy—1), so that x = (X, xy), and denote by
(e1, ..., en) the canonical basis of vectors in RN . After a rotation, we may assume that, locally near 0, §2 and 052 are
respectively given by {xy < f(X)} and {xy = f(X)}, where f isa C 2_function such that £(0) =0 and V £(0) =0
At a point (X, f(x)) of 352 close to 0, the tangent vectors to 92 are given by

5(®) = (1+ |Vf(5c)|2)1/2<e,- + aa—)]:()?)e;v) i=1,...,N—1.

Since Vw)|yg, is tangential to 92 due to %—’5, setting o; (X) = Vw(X, (X)) - 7;(X), we have

(D)= Z ;i (9)7i (%)

n—1
=(1+|vr@[) ”2[( Za,(xm) + ( ;ai@)g—i(az))ezv},
hence

0 _
W r®) = (14| @) ”22 ,<x)—f<x) (A1)

0x
N i=1

On the other hand, using zf’){—“};(O, 0)= %—l]‘j(O) =0, we see that

N N-—1
19|Vw|? 1 d [ dw 3w dw
- 0)==Y — 0,0 —(0,0). A2
2 v © 2;8 (8x1>( )= ;axmx,ax,( ) (A-2)

Differentiating (A.1) and taking into account that V f(0) = 0 and «; (0) = a—)’é{(O, 0), we obtain, for j =1,...,N — 1,

92w N—-1 of N—-1 82f N— law f
Fovan, OO (Zal ><0> <;ai oo | 0= o 0070

i=1

Plugging this into (A.2) and denoting 'V = (3/0x1, ..., d/dxy_1), we obtain

2
;aw’”' ©0) = ['Vw (D2 f)Vw]

hence (4.7). O

We now turn to the proof of Proposition 4.1. We shall only consider the case a € 052, the interior case being easier.
We need a suitable Neumann cut-off function, given by the following lemma.
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Lemma A.1. Let M <0, 0 <y < 1 and a € 382. There exists po > 0 such that for each p € (0, pg), there exists a
function0 < ¢p € C 2(RNY such that

¢(x)=0 forallx € By)y(a), (A.3)

fM=0: ¢(x)=1 v

M0 $x) > 1} forall x e RV\By(a), (A4)

a9

5o =Mg ondg, (A.5)
and

IVo| < ApY  inRY for some A > 0. (A.6)

Proof. We assume N > 2, the case N = 1 being much easier. To construct ¢, we shall use local flow-coordinates
near 052.

For x € £, denote by §(x) = d(x, 3£2) the distance to the boundary and, for 1 > 0, set £2; = {x € 2; 5(x) <n}.
Due to the regularity of §2, there exists > 0 such that for all x € .Q,’], the projection p(x) of x onto 352 is unique.
Moreover, for all x € .Q,’], we have x = p(x) — 6 (x)v(p(x)), where v is the outer normal vector field on £2. We denote

the canonical basis of R by (eq, ..., ex) and the current point of RN by y = (¥, yn), where 5 = (y1, ..., ynv_1).
Assuming without loss of generahty that v(a) = ey and reducing 7 if necessary, there exists a local parametrization
of 02 near a, denoted by Xo = X¢(y), defined on B = {5 e RN1; |§| < n}, such that X¢(0) =a,

0Xo
ayi
and the map
X:By3y— X(y)=Xo() + ynv(Xo(3))
(the flow-coordinates) is a C2-diffeomorphism from B;; onto a neighborhood U of a. Moreover

UNKR=X(B,N{yx <0}) and UNIKR=X(B,N{yy=0}). (A.8)

O =e¢;, i=1,....,N—1, (A7)

Furthermore, owing to (A.7), by taking po € (0, ) sufficiently small, we have

B,2(a) C X(Bapy3) C X (B3spya) C By(a) CU  forall p € (0, pol. (A.9)

Now fix p € (0, po]. It is easy to check that there exists a C 2_function f :R— [0, 1] such that

P
along with

|f'(s)| < BfY(s) forsome B > 0. (A.11)
We then define the function ¢ = ¢ (x) by

$(X) = f(Iy))e™OV=".y € Bspya,
and we extend ¢ to be 0 on RN \ X (B3p/4). As a consequence of (A.8)—(A.10), we obtain properties (A.3)—(A.4),
whereas (A.11) implies (A.6). We compute

(f (Iy I)| |+Mf(lyl)> YN = (Vi) (X () - 8yX (V) (X () - v(Xo(3), v € By

Evaluating this expression at y = (¥, 0) and using f’(0) = 0, we obtain

~

Wp(Xo()) = (Vi) (Xo(3)) - v(Xo()) = Mf (3) f(0) = M$(Xo(3)), € By.
Therefore, 9, = M¢ on U N 3£2, hence (A.5). O
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Proof of Proposition 4.1. We treat only the case a € 042, the case a € £2 being similar (and slightly easier). We shall
adapt the arguments in [15, Theorem 2.1]. Consider the localization of w given by z = w¢, where ¢ is provided by
Lemma A.l with M = —M, (the choice of y is unimportant since property (A.6) is not used here). The function z
satisfies

zt— Az < MwPp+g in2x(t,T),
in the weak sense, where
g=-2V-(wVe)+wAgp. (A.12)

This computation, which is direct in the case of classical subsolutions, can be easily carried out in the case of weak
subsolutions by applying the integral formulation in Remark 4.1 with the test-function ¢ (x, t) replaced by ¢(x, t)¢ (x),
and using the divergence theorem. Moreover, owing to (A.5) with M = —M>, we have

0Z=wo¢+Ppdyw < —wMrp +dMryw =0 onads2 forae.rte (o, T).
Let now Z be the solution of the problem
Zi=AZ+MuwPp+g, xe€8,n0<t<T,

0Z
8—(x,t)=0, x€d2, toy<t<T, (A.13)
v

Z(x,t9) = z(x,t9), xef.

Since this is a linear problem and Mjw?¢ + g € L;’UOC(S_Z X [to, T')), it is clear that Z exists and is moreover a strong so-
lution in £2 x (ty9, T). We have z < Z in £2 X (tp, T) by the weak maximum principle (see e.g. [41, Proposition 52.13],
whose proof can be easily adapted to the case of Neumann boundary conditions).

By the variation-of-constants formula, we have

t t
Z(@t) =S8t —ty)Z(ty) + M, / St —s)owP(s)ds + / St —s)gls)ds, to<t<T.
Io fo
Denote w(t) = w(t)|B(a,p) and recall (A.12). Using formula (2.3), Proposition 2.3 and the estimate ||S(¢)h]c0 <
Ik |loo, we obtain, for all ¢t € (o, T),
t t
lz®] < |z@o)]|,, + Ml/”wp_lZ”OO(s)ds + C/(l +(t —s5)" )| w(s) | ds. (A.14)
1o T
Using assumption (4.10), it follows that,
t t
Iz < z@o)]|,, + Mie"™! /(T — ) NZlloo(s) ds + Csf(l +(t — )2\ —5)7V P gy,
) fo

Here and in what follows, C is a generic positive constant possibly depending on the solution u. If p > 3, we deduce
that

t
|z®)],, < C+ Mgl /(T — ) MNZllo(s)ds, 1o<t<T.
to

Taking & so small that M1e”?~! < 1/(p + 1) it follows from Gronwall’s lemma that, for all 7 € (o, T), [|z(t)]loo <
1Z() oo < C(T — 1)~V P+D hence w(x, 1) < C(T — 1)~/ @+D in 2 N B(a, p/2), due to (A.5). Now let ¢ be the
cut-off function given by Lemma A.1 with p/2 instead of p, and define 7.} correspondingly. We deduce from (A.14)
applied to 7 that

t t
1zo)| < Z@w)|, + C/(T —5)~ P/t g5 4 Ce/(l +(t—s5)"PNT —5)" VP s < .
) 0]

It follows that w is bounded near (a, T'), hence a is not a blow-up point.
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The case 1 < p < 3 follows by adding a bootstrap argument to the above procedure — see the proof of [15, Theo-
rem 2.1] for details. O
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