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Abstract

We prove the existence of new extremal domains for the first eigenvalue of the Laplace—Beltrami operator in some compact
Riemannian manifolds of dimension n > 2. The volume of such domains is close to the volume of the manifold. If the first
eigenfunction ¢q of the Laplace—Beltrami operator over the manifold is a nonconstant function, these domains are close to the
complement of geodesic balls centered at a nondegenerate critical point of ¢. If ¢ is a constant function and n > 4, these domains
are close to the complement of geodesic balls centered at a nondegenerate critical point of the scalar curvature.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction and statement of the main result

Let (M, g) be an n-dimensional Riemannian manifold, §2 a (connected and open) domain in M with smooth bound-
ary, and A the first eigenvalue of —A, (the Laplace-Beltrami operator) in §2 with 0 Dirichlet boundary condition.
The domain 29 C M is said to be extremal if £2 — A is critical at £29 with respect to variations of the domain £2¢
which preserve its volume.

P.R. Garabedian and M. Schiffer proved in [9] that a domain £2y is extremal in the Euclidean space R” if and only if
its first eigenfunction of the Laplacian with O Dirichlet boundary condition has a constant Neumann data at the bound-
ary. In the Euclidean space, extremal domains are then characterized as the domains for which the over-determined
system

Au+iu=0 in $2,

u=>0 on 052, (1)

ou
— =constant on 052
ov

has a positive solution (here v is the outward unit normal vector field along 9£2). By a classical result due to J. Serrin
the only domains for which the system (1) has a positive solution are round balls, see [20]. In the Euclidean space,
round balls are in fact not only extremal domains, but also minimizers for the first eigenvalue of the Laplacian with
0 Dirichlet boundary condition. This follows from the Faber—Krahn inequality,
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AQ = Apn() )

where B"(£2) is a round ball of R” with the same volume as £2, because equality holds in (2) if and only if
£2 = B"(£2), see [8] and [10]. The result of J. Serrin, based on the moving plane argument introduced by A.D. Alexan-
drov in [1], use strongly the symmetry of the Euclidean space, and naturally it fails in other geometries. The
classification of extremal domains is then achieved in the Euclidean space R", but it is completely open in a gen-
eral Riemannian manifold.

Some new examples of extremal domains for the first eigenvalue of the Laplace—Beltrami operator in some Rie-
mannian manifolds have been obtained in [ 16] by F. Pacard and P. Sicbaldi. Such new domains have small volume and
are close to geodesic balls centered at a nondegenerate critical point of the scalar curvature of the manifold (the exis-
tence of at least a nondegenerate critical point of the scalar curvature is required in order to build such domains). Such
result has been generalized to a general compact Riemannian manifold by E. Delay and P. Sicbaldi [4], by eliminating
the assumption of the existence of a nondegenerate critical point of the scalar curvature of the manifold. In fact, it
was quite natural to expect that a small domain close to a geodesic ball could be an extremal domain in a Riemannian
manifold, because a Riemannian metric is locally close to the Euclidean one. The real difficulty was to find the point
of the manifold where such small topological ball had to be centered in order to be an extremal domain, and this point
is a nondegenerate critical point of the scalar curvature if it exists (see [16]) or the critical point of an other special
function depending on curvatures (see [4]).

The previous results have been inspired by some parallel results on the isoperimetric problem. The solutions of the
isoperimetric problem

I. = min Vol 052
$2CM: Vol 2=«

are (where they are smooth enough) constant mean curvature hypersurfaces. O. Druet proved in [5] that for small
volumes (i.e. k > 0 small), the solutions of the isoperimetric problem are close to geodesic spheres of small radius
centered at a point where the scalar curvature is maximal. Independently, R. Ye built in [24] constant mean curvature
topological spheres which are close to geodesic spheres of small radius centered at a nondegenerate critical point
of the scalar curvature, and F. Pacard and X. Xu generalized such a construction in compact manifolds that do not
have any nondegenerate critical point of the scalar curvature, see [17]. Now, it is well known (see [8,10,11]) that the
determination of the isoperimetric profile /I is related to Faber—Krahn minimizers, where one looks for the least value
of the first eigenvalue of the Laplace—Beltrami operator amongst domains with prescribed volume

FK, := mi

= n Ao,
2CM: Vol 2=«

Observe that a solution to this minimizing problem (when it is smooth) is an extremal domain. The result of F. Pacard
and P. Sicbaldi can be considered the parallel of the result of R. Ye in the context of extremal domains, as the result
of E. Delay and P. Sicbaldi is in some sense the parallel of the result of F. Pacard and X. Xu. Moreover, paralleling
his result about the isoperimetric problem, O. Druet obtained in [6] that for small volumes (i.e. « > 0 small), the
Faber—Krahn minimizers are close to geodesic balls of small radius centered at a point where the scalar curvature is
maximal.

For arbitrary volume, the situation is much more complex and very few results are known (see for example the proof
of the existence of new nontrivial extremal domains in flat tori in [22], the study of the shape of such domains in [21],
and the concavity condition for extremal domains in flat tori obtained in [18]). In this paper we give an existence
result for extremal domains of big volume in a compact Riemannian manifold. We build new examples of extremal
domains, that cannot be topological balls because of the condition on the volume. In fact, the examples of extremal
domains we build are the complement of small topological balls. In particular, the novelty is that the geometry and
the topology of such domains can be arbitrary.

We will present now the main result of this paper. The manifold M is supposed to be compact and can be a manifold
with or without boundary. If 9M # J, then dM is supposed to be an (n — 1)-dimensional Riemannian manifold with
the induced metric. Let £2 be a domain in the interior M of M and let us consider the domain M \£20, where 2
denotes the closure of £2.
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Definition 1.1. We say that {M\2,};e(—1.0)> 2« C M, is a deformation of M\ if there exists a vector field Z

(such that Z(dM) C T(dM), where T(dM) is the tangent bundle of dM) for which M\ 2, = &(t, M\ £2() where
&(t, ) is the flow associated to &, namely

d
d—f(r,mzs(é(r,p)) and £0, p) = p.

The deformation is said to be volume preserving if the volume of M\ £2; does not depend on ¢.

Let us denote by A, the first eigenvalue of —A, on M \£2, with 0 Dirichlet boundary condition on 8£2;. If dM # @,
we ask also one of the following boundary conditions:

(1) 0 Dirichlet boundary condition on d M, or
(2) 0 Neumann boundary condition on d M.

We will suppose the regularity of dM. Observe that both 7 — A, and the associated eigenfunction = u, (normalized
to have L2(M\£2,)-norm equal to 1) are continuously differentiable, and we can give the following:

Definition 1.2. The domain M \ R0 is an extremal domain for the first eigenvalue of —A, if for any volume preserving
deformation {M\$2,};e(—1y.1) Of M\S$29, we have

di;
dt |,—o

Let ¢ be the first eigenfunction of the Laplace—Beltrami operator over the manifold M, i.e. the positive solution
in M of

Agpo + Aopo =0

for a nonnegative constant Ag, normalized to have L2-norm equal to 1. If 9M = @, then we take the same boundary
condition on d M considered in the definition of extremal domains. Here A is the first eigenvalue of —A, on M under
the boundary condition that has been chosen. If the volume of §2 is very small, it is natural to expect that the first
eigenfunction of the Laplace—Beltrami operator over M \ £2 is close to ¢p. We remark that we have to distinguish
two cases of behavior of ¢ (and then also of the first eigenfunction over M \ £2), according with the condition at the
boundary:

e CASE 1.1f 9M # 0 and ¢ satisfies the 0 Dirichlet condition on d M then ¢y is a positive nonconstant function.
Moreover Ag > 0.
e CASE2.IfOM =0, orif dM # ¥ and ¢ satisfies the 0 Neumann condition on d M, then ¢y is a constant function

1

=" /Nol (M)

and A9 =0.

As we said previously, for the first eigenfunction of the Laplace—Beltrami operator over M \ £2, where 2 C M, we
take the same boundary condition of ¢g at 9 M, and we will distinguish the two cases above, CASE 1 and CASE 2.

For all € > 0 small enough, we denote by B.(p) C M the geodesic ball of center p € M and radius €. We denote
by B. C R” the Euclidean ball of radius € centered at the origin.

We can state the main result of our paper:

Theorem 1.3. In CASE 1 assume that pg is a nondegenerate critical point of the first eigenfunction ¢g of the Laplace—
Beltrami operator over M, and in CASE 2 assume that py is a nondegenerate critical point of Scal, the scalar
curvature function of (M, g). In CASE 2 we assume also n > 4. Then, for all € > 0 small enough, say € € (0, €p),
there exists a smooth domain 2. C M such that:
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(i) The volume of $2c is equal to the Euclidean volume of Be.
(i) The domain M\S2. is extremal in the sense of Definition 1.2.

Moreover there exists a constant ¢ > 0 and for all € € (0, €o) there exists a point p. € M such that the boundary of
$2¢ is a normal graph over d B¢ (p¢) for some function we, with

dist(pe, po) < ce
and
<ce? inCASElandn >3,
lwellcze B, (po)) < ce’loge in CASE 1 andn =2,
lwellcze @B, (po)) < ce> in CASE2 andn > 5,
<

ce’ loge in CASE?2 andn =A4.

lwelle2. (o . (pe))

lwellc2.e B (peyy

Let us digress slightly. Firstly, with respect to the result of F. Pacard and P. Sicbaldi in [16], a new phenomena
appears: there are two types of extremal domains, those that are the complement of a small perturbed geodesic ball
centered at a nondegenerate critical point of the function ¢ and those that are the complement of a small perturbed
geodesic ball centered at a nondegenerate critical point of the scalar curvature. It is important to remark that the
construction of the first type of domains depends on a global condition (the existence of a nondegenerate critical
point of ¢g) while the construction of the second type of domains depends on a local condition (the existence of a
nondegenerate critical point of the scalar curvature of the manifold). Although the statement of the result in CASE 2
appears very similar to the result of F. Pacard and P. Sicbaldi in [16], it is quite surprising the fact that the global
geometry of the manifold does not have a rdle in the construction of such last domains. Moreover, for CASE 2
the construction of extremal domains is different with respect to that of [16] and technically much more difficult.
The technique used in [16] is based on the fact that the first eigenfunction of the Laplace—Beltrami operator on the
perturbation of a small geodesic ball is a perturbation of the first eigenfunction of the Euclidean Laplacian on a small
ball, and such a function is very well known. But these facts fail when the domain is the complement of a small ball
in a Riemannian manifold, and an other approach is needed. We remark also that the construction of the second type
of domains requires the existence of the nondegenerate critical point of the scalar curvature function. For example,
our result in CASE 2 cannot be applied when the manifold M is a bounded region of R”. For this last case, the global
geometry of the domain appears.

To complete this section, we present two open problems, linked to the previous result.

Open problem 1. Theorem 1.3 does not give any information in CASE 2 for the dimensions 2 and 3. In fact, in order
to prove the main theorem for CASE 2, we need some local estimations of a Green function on the manifold M. When
the dimension of M is at least 4, we are able to compute the first coefficients of the local expansion of such Green
function, but for the dimensions 2 and 3, other terms (depending on the global geometry of the manifold) appear (see
Section 6). It will be interesting to adapt the proof of Theorem 1.3 to CASE 2 for the dimensions 2 and 3, and we
suspect that the global geometry of the manifold plays an important rdle in such cases.

Open problem 2. It will be interesting to know if the obtained extremal domains are or not Faber—Krahn minimizers,
in the class of domains with the same volume. We recall that the existence of minimizers for the first eigenvalue of
the Laplace—Beltrami operator was proved by G. Buttazzo and G. Dal Maso in [3] when the manifold is a bounded
domain of the Euclidean space R”, and the proof of this result should be working also for a compact Riemannian
manifold.

2. Characterization of the problem

In order to prove our theorem we need the following result that characterizes extremal domains of the form M\ £2,
where §2 is a bounded domain in a Riemannian manifold M. The following result gives a formula for the first variation
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of the first eigenvalue for some mixed problems under variations of the domain. A similar result is obtained in [7].
Our proof is based on some arguments of D.Z. Zanger contained in [25].
Keeping in mind the notation of the previous section, we have

Proposition 2.1. The derivative of t +— A; at t =0 is given by

dAs
dt

2 =
=—/(8(VMO,VO)) g(&, vp) dvolg,
4820

t=0
where dvol, is the volume element on 0§2¢ for the metric induced by g and vy is the normal vector field about 9 52y.

Proof. We denote by & the flow associated to &. By definition, we have

u (§(t, p)) =0 3)

for all p € 0£29. Moreover, if we take a O Dirichlet boundary condition on d M, then Eq. (3) holds also on d M. On the
other hand, if we take a 0 Neumann condition on o M, then we have

g(Vus (£, p)), v) =0 )

for all p € M, where v, is the unit normal vector about oM.
Differentiating (3) with respect to ¢ and evaluating the result at r = 0 we obtain

orup = —g(Vuo, &)

on d829. Now, ug = 0 on 952¢, and hence only the normal component of = plays a role in this formula. Therefore, we
have

diug = —g(Vug, v)g(&, vp) @)

on 9£2¢. The same reasoning holds on d M if we take a 0 Dirichlet boundary condition on d M. In this case, by the fact
that Z(0M) C T(0M), we have

duo =0 (6)

on dM. On the other hand, if we take a 0 Neumann condition on dM, then it is possible to choose a system of
coordinates x = (x!, ..., xn) such that v, = —0d,1 on 0M and differentiating (4) with respect to ¢ and evaluating the
result at # = 0 we obtain

0= _8x1 3[140 — g(vaxluo, E) = —3x| 8,u0 = g(V8,u0, Uo) (7)

on dM, where we used the fact that v; does not depend on ¢t on 0 M together with the facts that 9,149 =0 on dM and
that g(Z, vg) =0 on M because E (M) C T(IM).
Now, we differentiate with respect to ¢ the identity

Agut+)»tu,=O (8)
and we evaluate the result at = 0. We obtain
Agdsug + Aodrug = —0; Aoto 9
in £20. We multiply (9) by ug, and (8), evaluated at r = 0, by 9,10, subtract the results and integrate it over £2¢ to get
0r Ao f u% dvolg = / (0o Agup — ugAgdsug) dvolg
20 M\$2

= / (atuog(Vu(), vo) — uog(Vorug, vo)) dvol,
aMU 2,
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_ f (311108 (V1o v0) — 108 (V0. vo)) dvol

982
+ /(311408(%!0,1)0)—Mog(VZ)tuo,vo)) dvol,
M
2 o
=—/(8(VM0, l)o)) g(&, vp)dvolg,
3820

where we have used (5), (6) or (7), the fact that ug = 0 on 952y, and the fact that ug =0 or g(Vug, vp) =0 on oM.
The result follows at once from the fact that uq is normalized to have LZ(§2p)-norm equal to 1. Observe that in the
previous argument d M can be empty. O

This result allows us to characterize extremal domains for the first eigenvalue of the Laplace—Beltrami operator
under our particular 0 mixed boundary conditions, and states the problem of finding extremal domains into the solv-
ability of an over-determined elliptic problem. The proof of the following proposition is a direct consequence of the
previous result and we do not report it (see also Proposition 2.2 in [16]).

Proposition 2.2. Given a smooth domain 2 contained in the interior of M, the domain M\ is extremal if and only
if there exists a constant Ly and a positive function uo (if 9M #~ @ we take a 0 Dirichlet (CASE 1) or a O Neumann
(CASE 2) boundary condition on dM ) such that

Agug + roug =0 in M\,
ugp=20 on 352, (10)
g(Vuog, vg) = constant on 382y,

where vy is the normal vector field about 352 pointing into $2y.

Therefore, in order to find extremal domains, it is enough to find a domain M\£2( (regular enough) for which
the over-determined problem (10) has a nontrivial positive solution. In this paper we will solve this problem to find
domains M\ §2( whose volume is close to the volume of the compact manifold M.

3. Rephrasing the problem

Given a point p € M we denote by E, ..., E, an orthonormal basis of the tangent plane to M at p. Geodesic
normal coordinates x := (x!,..., x") € R" at p are defined by

X (x) :=Exp§,< ijEj).

j=1

We recall the Taylor expansion of the coefficients g;; of the metric X*g in these coordinates.

Proposition 3.1. At the point of coordinate x, the following expansion holds
1 1
gij =20+ 3 Z Rigjex*xt + ‘ Z Rikj1mx*xtx™ + O(IX|4)- (1T)
ke k,¢,m

Here R is the curvature tensor of g and

Rirje = g(R(Ei, EX)E;, E¢),
Ritje.n = 8(VE, R(Ei, EX)E;, Ep)

m

are evaluated at the point p.
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The proof of this proposition can be found in [23] or also in [19].
It will be convenient to identify R" with T}, M (the tangent space at p) and §"=1 with the unit sphere in TyM. If
X = (xl, ..., x™M) eR”, we set

n
OW) =Y x'E eT,M.

i=1
Given a continuous function f : §"~ 1 (0, 00) whose L>®-norm is small (say less than the cut locus of p) we define
B]’%(p) = {Exp,(O)): x eR", 0< |x| < f(x/Ix])}.

The superscript g is meant to remind the reader that this definition depends on the metric.
Our aim is to show that, for all € > 0 small enough, we can find a point p € M and a function v : s"=1 5 R such
that

Vol BY |, (p) = €" Vol By
where él is the unit (closed) Euclidean ball, and the over-determined problem
Agp+ 2 =0 in M\ B, (P),
$=0 on dBY ., (p), (12)
g(V¢,v) =constant on 8Bf(1+v)(p)

with O Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition on dM if dM # (J, has a positive solution,
where v is the normal vector about 3BY |, (p) pointing into Bf |, (P).

Observe that, considering the dilated metric g := ¢ g, the above problem is equivalent to finding a point p € M
and a function v : $"~! — R such that

Vol B?

f(p) = Vol By

and for which the over-determined problem

Azp+2rp=0 in M\BY, ,(p),
$=0 on 3B, (p),

g(vé, V) = constant on BBﬂ_v (p)
with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition on dM if dM # @, has a positive solution,
where v is the normal vector field about 8B1g o
p=¢

(naturally it will not have the norm equal to 1, but depending on €) and

(p) in the metric g. We can simply consider

A=€2h.
In what it follows we will consider sometimes the metric g and sometimes the metric g, in order to simplify the
computations we will meet.

4. The first eigenfunction outside a small ball

The positive solution of the problem
{Ag¢e +Xepe =0 inM\Bf(P),
P =0 on dBE(p)

with O Dirichlet (CASE 1) or 0 Neumann (CASE 2) condition on dM if M # , normalized to have L*(M \
B¢ (p))-norm equal to 1, a priori is not known.

13)
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Let p € M, let ¢, be a constant, and let I', be a Green function over M with respect to the point p defined by

—(Ag +20)Tp =ca(8p — Po(p)po) in M (14)

with 0 Dirichlet boundary condition (for CASE 1) or 0 Neumann boundary condition (for CASE 2) at oM if oM # @,
and normalization

/Fp¢0 dvolg =0,
M
where §, is the Dirac distribution for the manifold M with metric g at the point p. We remark that I, exists because

/[517 — d0(p)po ] dvolg = 0.
M

It is easy to check that for each dimension 7 of the manifold it is possible to choose the constant ¢, in order to have
the following expansions of I, in a neighborhood of the point p in the geodesic normal coordinates x (see [2]):

forn=2: I,(x)=logl|x|+o(log|x|),
forn>3: Ip(x)= x> +o(xI*™). (15)

For our problem it will be very useful to consider weighted Holder spaces Cé"“(M \ {p}), 8 € R, defined as the
spaces of functions in C%(M \ {p}) such that, in the normal geodesic coordinates x around p,

el gtan gy = SUP 112 lul + sup x| =2 V] 4 sup e 272V 4 -

Ry BRO BRO
_ _s| VRu@x) — Viu(y)
+sup [x[* 70 |VFu| +  sup sup ~ RkFTe? — 4
Br, 0<R<Ro x yeitg\Br)2 lx — yl

where Ry is a small positive constant chosen in order to have the existence of the local coordinates in B1ge0( p). For a
clear exposition of the basic facts and properties of such weighted Holder spaces and the theory of elliptic operator
between weighted Holder spaces we remind to Chapter 2 of [15] (see also [13,12,14]).

Let us consider ¢ € C,%{“ ("1, where m is meant to point out that functions have 0 (Euclidean) average over sn—1

and let H, be a bounded harmonic extension of ¢ to R" \ Bi:
AgH,=0 inR"\ By,
o A (16)
Hy,=¢ on 0B

where ¢ is the Euclidean metric and we identified dB; with $"~!. We have

Lemma 4.1. The following estimate holds
” H(p(x) ||clzfn(Rn\él) < C||§0||czya(snfl)
for some positive constant c. In particular

lim Hy(x)=0.

|x|—>—+o00

Proof. Let us consider
o0
o= ¢
j=1

the eigenfunction decomposition of ¢, i.e.

Ag-19j=—jn =2+ jo;. 17
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It is easy to check that

o0

Hy(x) =) 1xP" g (x/1x])

j=1
is the solution of (16). Let us fix |x|. We have
o o0
|Hy ()] <Y 1P oo (x/1x0) | = b or (/1 1) [ + D 1P o (/11 | (18)
j=1 j=2
Now, we estimate ||¢; || ;oo (gn—1y. From (17) we have
lojllwaagsnty < i =24+ PFllgjll 21y

and by the Sobolev Embedding Theorem we have that w2k2(gn=1y ¢ [°°(§7~1) when 4k > n — 1. We conclude that
there exists a positive number P (n) depending only on the dimension n such that

il oo gsn-1y < i PPNl L2¢sn-1)-
Moreover
2 2 -1 2
||§0] ”LZ(Sn—l) g ||¢||L2(S"_]) < V01§ (Sn )”(p”LOC(S)‘l—])
and we can conclude that there exists a constant ¢ such that

Il oocsn-1y < i PPNl oo (gn1y.-
From (18) we get

o0
|Hy ()] < C|x|1_"||(ﬂ||Loo(snl)<1 +) |x|1-ij<">>.
j=2
It is easy to check that for |x| > 2
o0
Z |x|17ij(ﬂ) < 00
j=2
and this allows us to conclude that for |x| > 2 there exists a constant ¢ such that
|Hy ()| < clx "™ 1l oo 51 (19)
By the maximum principle this inequality is valid also for 1 < |x| < 2. Standard elliptic estimates apply to give also
|VH,(x)| < clx| ™ @]l oo sn-1)- (20)
Finally, (19) and (20) give the following estimate
” H(p (X) ||clzfn(Rn\§1) < C||<P||02,a(snfl)
for some constant ¢. From (19) it is clear that

lim Hy(x)=0.

|x]—+o00
This completes the proof of the lemma. O
Let us define a continuous extension of H, to R" in this way:
0 for |x| < %,

Hy(x) = Qlx| = DH, (&) for } <|x

<1

’

Hy(x) for R" \ B;
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and let us denote

X
H(p,e(x) = H(/; (;)

~ ~ (X
Hw,e(x) = H(p (;) .

Let x be a cutoff function defined in M, identically equal to 1 for |x| < Rop (where x are the normal geodesic
coordinates at p) and identically equal to 0 in M \ Bzg Ro (p).
The main result of this section is the following:

and

Proposition 4.2. Let n > 3 and § € (2 — n,min{4 — n, 0}). For all € small enough there exists (Ac, Pe, We) in a
neighborhood of (0,0, 0) in R x C,%{“ ($" 1y x C{?’a (M \ {p}) such that the function

b =0 — €" X (po(p) + Ac) T +we + x iy, e @1
(considered in M \ BE(p)), is a positive solution of (13) where
h=1ho+cndo(p)’e" 2+ O(" ). (22)
Moreover the following estimations hold:
e If ¢g is not a constant function (CASE 1) then there exists a positive constant ¢ such that
m—4 3-8
|Ae| + ||§05||L00(5n—1) <ce and ||w5||C§a(M\{p}) <C(6 "t et +e )
e If ¢g is a constant function (CASE 2) then there exists a positive constant ¢ such that

|Ae|+”(ﬂe||Lo<>(Sn—l) < ce lfl’l=3,
cef, VB <2ifn=4,

ce? ifn>5

|[Ae| + ”‘pe”LOO(sn*l) <
| Ael + ”(Pe”LOO(sn*l) <

and

2
||w€||c§,a(M\{p}) <ce® ifn=3,
4 e
lwellgze ppgppy S €€ =4,

”wEHC(?’Q(M\{p}) g C(€1+n + 64_8) lf‘n 2 5

Proof. First we prove that

A —2g=0("2). (23)
By definition
¢, [V8u|*dvol
A= min Jisi o il (24)

ueHy (M\BE (p)) fM\Bf(p) u* dvol,

Let us consider a sequence of functions u; € H& (M \ B (p)) converging to the function

0

E = Do) in BS.(p) \ BE(p),
Uy (x) =
¢o in M\ B} (p).
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It is easy to check that

/ u? dvoly = / ¢2 dvol, + O(e")
M\BE (p) M

while
f |Vaus|* dvolg =/|V¢0|2dvolg +0(e" ).
M

M\BE (p)

From the last two relations and (24) we have

A=ho+€"2u (25)
where i = O(1), and then (23).
Define

pe =0 — "> (¢o(p) + A)Tp +w+ x Hy e
for some (A, ¢, w) € R x C,%{“(S"’l) x C2%(M \ {p}). Then ¢, satisfies the first equation of (13) in M \ B (p), with
A asin (25), if and only if
(Ag+ 20 +€" 2 u)w + " [ = cago(p) (G0(P) + A)Jdo + Hype Agx + xAgHy.e
+2VEH, VEx — e u(po(p) + A) Ty + (o + €2 w) x Hpe =0 (26)
in M\ BE(p). This equation can be considered in M \ {p} if we replace Hy.c by ﬁ(p’e, and AgH, . by a continuous

extension A, H o of AgHy ¢ (such continuous extension can be defined in the same way of H, . as a continuous

extension of the function H (). Remark that the term V& H, (V¢ x is 0 in a neighborhood of dBE (p), then it can be
extended to 0 in BE (p).
We need the following:

Lemma 4.3. Let n > 3. The operator
(Mg +2r0+€"21) 1 G o (M\ {p}) = C3% | (M \ {p}).

where the subscript 1 is meant to point out that functions are L*-orthogonal to ¢o and the subscript 0 is meant to
point out that functions satisfy the O Dirichlet (in CASE 1) or 0 Neumann (in CASE 2) boundary condition on OM if
IM # 0, is an isomorphism for § € (2 — n, 0) and € small enough.

Proof. Let§ € (2—n,0)andn > 3.Forall f € Cgf‘z(él \ {0}) there exists one and only one solution u# € Cg’“ (1§1 \{0})
of

{ Agu=f inB1\(0) o
u=~0 on dBj.
The proof of this fact can be found in [15] or in [13]. Take the normal geodesic coordinates in Bl‘%o (p) (keep in mind

that R is small), and let f € Cg’_az (M \ {p}). Considering the dilated metric R, 2g, the parameterization of Bf;o (p)
given by

Y (y) := Bxpj (RonyE,)

and the ball B; endowed with the metric g=Y"(Ry 2g), the existence and the unicity of a solution of the problem

{ (Dg+rou=f inBg \{p}

u=0 on 3Blge0
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are equivalent to the existence and the unicity of a solution of the problem
(A + Rro)u=Y*f in By\ {0},
u=>0 on 8}§1.

Considering that the difference between the coefficients of the metric ¢ and the metric ¢ can be estimated by a
constant times R(z) (see Proposition 3.1), the operator Az + R%ko is a small perturbation of the operator A; when Ry
is small. We conclude that there exists a positive Rg (small enough) such that, when § € (2 —n,0) and n > 3, for all
fe Cgf;(M \ {p}) there exists a unique solution u € Cg’“(Blg;O \ {p}) of

(Ag+rou=f inBj \{p},
u=0 on 8B§0.
Now, consider the solution of
(Ag +Ar0)v=f — (Ag+ o) (Xu) (28)

with 0 Dirichlet boundary condition at d M, where x is a cutoff function equal to 1 for x| < Ro/2 and equal to O for
|x] > Ro. We remark that this equation is well defined in M, because f and (A, + Ao)(x ) have the same singularity
at p. Moreover, if f is Lz—orthogonal to ¢o, then f — (Ay 4+ Ao)(Ju) is L2—orthogonal to ¢o. Hence, there exists a

unique solution v € Ci’%(M) to (28), and we have
(Ag+20)(Xu+v)=f

in M \ {p}, with O Dirichlet condition at dM. Obviously w = xyu + v € Cgﬁ (M \ {p}). We conclude that for § €
(2—n,0)andn >3 and for all f € Cgle 1 (M \ {p}) there exists a unique solution w € C(Szi (M \ {p}) of

(Ag +A0)w = f

in M \ {p} with O Dirichlet condition at d M. This result is still true for the operator Ag + Ao + €' when € is
small enough. The proof does not change if we consider the 0 Neumann boundary condition on d M instead of the
0 Dirichlet boundary condition. This completes the proof of the lemma. O

In order to simplify the notation we define

A= e"2[11 = cugpo(p) (d0(p) + 4)]bo.
Bi=HpeAgx + xDgH,  +2VFHy V8,
Ci=—e""u(po(p) + A) ),

D:=(ho+ Gnizﬂ)xﬁw,e-

We remark that I, € Cg’_"‘z(M \ {p}) if 6 <4 —n. Eq. (26), extended to M \{p}, becomes
(Ag+ro+e"*n)w=—(A+B+C+D).

By Lemma 4.3, if we choose p in order to verify

/(A+B+C+D)¢o=0, (29)
M

there exists a solution w(e, A, @) € Caz’j‘_ oM\ {p}) to Eq. (26) with
8 € (2—n, min{0,4 — n}),
forall A e R, forall ¢ € C,%,’a (5”1, and for all € small enough, and then

b =do+€" " (po(p) + A) T+ w(e, A, 9) + x Hy.c (30)
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satisfies the first equation of (13) in M \Bgg (p). From (29) we get

" 2ca0(p)(Po(p) + A) — [3; Bdo — 20 [y x Hy.ebo
6”72(1 + fM XI:I¢,6¢0) ‘

It is easy to check that

-1
/B¢0 <ce” ol Loo(sn-1y
M

and

7 -1
/XHtp,e(pO <ce ||(P||Loc(sn71)
M

from which it follows that

1= cao(p)(¢0(p) + A) + O@©)ll@ll Loo(sn-1)- €29

Then, using Lemma 4.1, we have the following estimations:

o IAllgoe 4y < " @l Lo (5n-1y-

o I1Bllgoa 4y, (ppy < €71+ €210l oo (o).
* [Clca aaygpy S c€™ ™

o 1Dl g0 3y < €70+ D@l oo 51y

In particular we get

IA+B+C+ Dligoa iy ) < (€' + € Mgl sty + € lpll oo

and then
Il 2oy < (€ ™+ €@l (g1 + €710l (sio).

We have proved the following:

First intermediate result. Let § € (2 —n,4 —n). Forall A € R, forall p € C,%;O‘ (S"=1Y, for all € small enough, there
exists a function w(e, A, @) € Cg’jo(M \ {p}) such that ¢ defined in (30) is a positive solution of the first equation
of (13). Moreover there exists a positive constant ¢ such that

lwll 2oy < (€ ™+ €@l (g1 + €7 1@l (32)

We consider now the second equation of (13). Define

N(e, A, 9) = [do(ey) —€">(¢o(p) + A)T (ey) + (w(e, A, ) (€3) + W], gr1-
We remark that N represents the boundary value of ¢, is well defined in a neighborhood of (0, 0, 0) in [0, +00) X
R x C,%’a(S”_l), and takes its values in C>*(S"~!). It is easy to compute the differential of N with respect to A and
¢ at (0,0,0):

(04N(0,0,0))(A) = - A4,

(3,N(0,0,0))(@) = ¢.

From the estimation of the function w it follows that
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5
lwll oo B2 (py) < € ”wncf'“(M\{p})
2n—4+5 —148 2
(" 4+l pooggn-ty + €@l ooggn-t))-

Then we can estimate N (e, 0, 0):

[N(€.0.0)] ;s (gr1y < [[d0(ex) = €"2Po(P)T(€X) | o g1y + [ (W€, 0,0)) (€ | oo gn1)-

Here we have again to distinguish two cases, according to the behavior of the function ¢q. If ¢ is not a constant
function (CASE 1) we have (using the expansion (15) of I',)

|| N(G, 07 O) ||L°°(S”’1) < Ce.
The same estimate is obtained if ¢ is a constant function (CASE 2) and n = 3. In CASE 2 and n = 4 we get

||N(€» 07 O) ”L"O(S"’l) < Ceﬂ
VB <2 and whenn > 5:

2

||N(€v 07 O) ”Loo(sn—l) g ce .
The implicit function theorem applies to give
Second intermediate result. Ler § € (2 — n, min{4 — n, 0}), and € be small enough. Then there exists (Ac, ¢c) in

a neighborhood of (0,0) in R x C,%,’a (S"™YY such that N (e, Ac, pc) =0 (i.e. ¢ defined in (30), with A = A and
© = Qe, Is a positive solution of (13)). Moreover the following estimations hold:

e If ¢o is not a constant function (CASE 1) then

| Ael + 19el poogsn1) < ce.
e If ¢ is a constant function (CASE 2) then

|A€|+“¢E”L00(Sn71) éce lfn:3,
|Ae|+||(pe||L00(sn*1)<C€ﬁ, VB <2ifn=4,
| Ael + l@ell Loo(sn-1y <ce? ifn>5.
From the first and second intermediate results, we get the following existence result: for all € small enough there

exists (A¢, @, We) in a neighborhood of (0, 0, 0) in R x C,z,[a(S”_l) X Cg’“ (M \ {p}) such that (21), considered in
M \ BE(p), is a positive solution of (13). Expansion (22) follows from (25) and (31). Moreover:

e If ¢ is not a constant function (CASE 1) then there exists a positive constant ¢ such that

| Al + 9ell o sty < ce
and from (32)

”w€ ”C?’O{(M\{p}) g C(Ezn_4 + Gn + 63_8).

e If ¢ is a constant function (CASE 2) then there exists a positive constant ¢ such that
| Al + ll@ell poo(gn-1) < ce  ifn=3,
[Ael + ||(Pe||L00(Sn71) < Cfﬁ, VB <2ifn=4,
| Al + 1@l Loo(sn-1y < c€? ifn>5

and from (32)
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2 .
wellg2e g gpyy S €™ ifn =3,

||w€”C§‘a(M\{p}) < CE4 ifn=4,

lwell 2 appy < c(€"™ +e*%) ifn =S,

This completes the proof of the result. O
For the case n = 2 we can adapt the proof of the previous proposition, obtaining

Proposition 4.4. Let n =2 and § € (0, 1). For all € small enough there exists (A¢, ¢c, We) in a neighborhood of
(0,0,0)inR x C,%{a " Hx GR® Cg’a (M \{p})), where ¥ is some cutoff function equal to 1 in a neighborhood of
the point p, such that the function

e = o — (log &)™ (¢o(p) + Ae) Iy + we + x Ho, (33)
considered in M \ BE (p), is a positive solution of (13) where
A =20+ catpo(p)*(loge) ™! +o((loge)™H). (34)

Moreover the following estimations hold: there exists a positive constant c such that

—1 -2
|A€| + ”(pé "LOO(S"’I) < C(logf) and ”wE ”iR@Cga(M\{P}) g C(log E) .

Proof. We will follow the proof of the previous proposition, adapting it to the case of dimension 2. Take a sequence
of functions u j € HO1 (M \ BE(p)) converging to the function

(log 42) " log L g0 (") in BE(p) \ BE(p),
$o(x) in M\ B(p).
It is easy to check that

/ u? dvol, =/¢§ dvol, + O(e)
M

M\BE(p)

us(x) =

while
/ |V dvol, :f|V¢o|2dvolg +O((loge) ).
M\BZ (p) M
Using (24) we have
A—Ap= O((loge)fl).
Define
¢e =0 — (loge) ™ (¢o(p) + A) Ty +w + x Hy e
for some (A, ¢, w) € R x C,%,’“(S"_l) x C>*(M \ {p}). Then ¢, satisfies the first equation of (13), with A = Ao +
(log€e)~ !, if and only if
(Ag+ 2o+ (loge) ™ w)w + (loge) ™ [ — cacbo (p) (0 (p) + A) b0 + Hyp.e Agx + X AgHy e
+2V8 Hy V8 x — (loge) > u(¢o(p) + A) T + (ho + (loge) ™ ) x Hpe =0 (35)

in M \ B (p). This equation can be considered, after extension of functions as in Eq. (26), over M \ {p}.
Let x be some cutoff function on the manifold M identically equal to 1 in BI‘%O (p) and identically equal to O in

M\Bf;0 (p), and § € (0, 1). The operator
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(D¢ +10) :RE ®CY o(M\ (p) = €% | (M\ ().

where the subscript L is meant to point out that functions are L?-orthogonal to ¢ and the subscript 0 is meant to
point out that functions satisfy the O Dirichlet (in CASE 1) or 0 Neumann (in CASE 2) boundary condition on d M if
dM # (), is an isomorphism. The same result holds for the operator

(Ag+ o+ (oge) ™' 1) :RX ®C S o (M \ (p}) = C% L (M \ {p))

if € is small enough. The proof of these facts is very similar to the proof of Lemma 4.3 (for other details see [15]).
In order to simplify the notation we define

A= (loge) ™ [1t — cupo(p) (d0(p) + 4)] 0,
Bi=HyeAgx + xAgHy e +2V8 Hy V¥,
C:= —(loge)_zu(cbo(P) +A)T,
D= (Ao + (loge)_lu)xﬁw,e‘
We remark that I, € C?’_”’Z(M \ {p}) when § € (0, 1). Eq. (35) becomes

(Ag+ 1o+ (loge) ' n)w=—(A+ B+C+ D).
If we choose u in order to verify

/(A+B+C+D)¢o:0 (36)

M
there exists a solution w(e, A, ¢) =w® + w?® e yR® C;’j‘_’o(M \ {p}) of Eq. (35) for § € (0, 1), for all A € R, for
all p € C,%,’“(S”’l), and for all € small enough, and then

¢e =0 — (loge) ™ (¢o(p) + A) Ty + w(e, A, ) + x Hy,e (37)
satisfies the first equation of (13). From (36) we get

_ (oge) e, do(p)(po(p) + A) — [3; Bdo — Ao [y x Hy.cho
(log )1 (1 + [y, x Hy.e¢0)

It is easy to check that

/B¢>0 cell@ll oo (sn-1y
M

and
/XI:I¢7£¢0 < CE”‘P”LOO(Sn—l).
M
Hence
1= cndo(p)(d0(p) + A) + Oelog ) @ll oo (sn-1)- )

We want now to give some estimations on the function w. By the previous facts and Lemma 4.1 we have the
following estimations:

* NAllcow (ypypy < cEl@llLoo(snty-
® IBlicoa (yp\(py) < cEN@llLoo(sn1y-
o ||C||COQ(M\{p} <c(loge)™2.

o ||D||COa(M\{p} < cell@ll poo(sn-1y-
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In particular we get

|4+ B+ C 4 Dlicos ) < €(M0g) 7 +ellgll i)

where we used the fact that for e small enough and § € (0, 1) we have €29

function w:

< €. This gives us an estimation on the

|UJ(1)| + ||u)(2) ”C(?’O((M\{p}) g C((lOg 6)_2 —I— €||(p”Loo(S’171))-

We proved the following:

First intermediate result. Let n =2 and § € (0, 1). For all A € R, for all ¢ € C,%{a(S”_l), for all € small enough,
there exists a function w(e, A, ¢) = wD + w® e R C?jl_ oM \ {p}) such that (37) is a positive solution of the
first equation of (13). Moreover there exists a positive constant ¢ such that

WO [+ [0 [ 2040 ) < €(T0g) T+ €llll oo 5n-19)-
s (M\{p}H)

Now, consider to the second equation of (13), i.e. the boundary condition. Define

N(e, A, ) = [po(ey) — (loge) ™ (¢o(p) + A) I (ey) + (w(e, A, 9))(€¥) + 9], cgn1-

We remark that N represents the boundary value of ¢, it is well defined in a neighborhood of (0, 0, 0) in [0, +00) X
R x C,z,[“ (8”1, and takes its values in C2®(S"~!). The differential of N with respect to A and ¢ at (0, 0, 0) is

(34N(0,0,0))(A) = — A4,
(3,N(0,0,0))(@) = ¢.

The previous estimations give us

1wl L a5 (yy < ¢(A0g €)™ + €l oo (5n-1))-
For N (e, 0,0) we have

[N (e, 0,0)| oo gn-1y < [d0(€y) = Qog ) Go(P)T (€9 oo (o1, + [[(we. 0. 0) €0 | oo gn1)

and then
[N (€,0,0)| o g1, < clloge)™".

The implicit function theorem applies to give

Second intermediate result. Let n =2, § € (0, 1) and € be small enough. Then there exists (A, @) in a neighbor-
hood of (0,0) is R x C,%{Q(S"’l) such that N (e, Ac, ¢c) = 0. Moreover the following estimation holds

| Ael + 11l oo (o1 < elloge) ™.
The statement of the proposition follows immediately from the two intermediate results and (38). O

In order to simplify the next computations, in dimension 2 we will consider the following function as our positive
solution of (13):

¢e =loge[po — (loge) ™ (¢o(p) + Ae)Tp + we + x Hy, e -

Remark that this function, considered in the coordinates y = e€x, converges near p, in a sense to be made precise, to
the function —¢o(p) log |y| when € tends to O.
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5. Perturbing the complement of a ball
The following result follows from the implicit function theorem.

Proposition 5.1. Given a point p € M, there exists €g > 0 and for all € € (0, €y) and all function v € C>*(S"~1)
satisfying

||l_1||c2,a(sn71) < €0,

f vdvolg =0,

sn—1

and

8

there exists a unique positive function ¢ = ¢ (e, p, v) € C>* (M\Bé(l+v)

constant vo = vy (€, p, v) € R such that

Volg (B 1, (P)) = Vol (Bc)

where v := vo + v and ¢ is a solution of the problem

(p)), a constant .. = A(¢, p,v) € R and a

Agp+2rp=0 inM\ B, (p), 9
$=0 on dBE ) (P)
which is normalized by setting
/ ¢* dvol, = 1. (40)

M\Bf ., (P)

In addition ¢, A and v depend smoothly on the function v and the parameter €.

Proof. We begin by proving that given a point p € M, there exists g > 0 and for all € € (0, ¢9) and all function
v € C2%(5" 1) satisfying

||l_)||clm(sn—l) < €0,

/ ddvolg =0,

sn—1

and

there exists a unique constant vg = vg(€, p, v) € R such that
Vol, (Beg(1+u) (p)= VOlé(ée) =e" V"lﬁ(él) (41)

where v := vy + . Define the dilated metric § = ¢ ~2g. Instead of working on a domain depending on the function
v = vy + v, it will be more convenient to work on a fixed domain

By = {yeR”: Iyl < 1},

endowed with a metric depending on the function v. This can be achieved by considering the parameterization of
Bf(1+v) (p) = Bf] +v) (p) given by

Y(y) = Exp%((l +v0+ 2 () (v(ﬁ))) lZy"Ef)

where yx is a cutoff function identically equal to O when |y| < 1/2 and identically equal to 1 when |y| > 3/4.
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Hence (using the result of Proposition 3.1) the coordinates we consider from now on are y € B and in these
coordinates the metric g := Y*g can be written as

2=+’ (é +Y Cldy dyj>,
iJj

where the coefficients C i/ e C"(B,) are functions of y depending on €, v = vg 4 v and the first partial derivatives
of v. Moreover, C% = 0 when € =0 and v = 0. Observe that

(€. v0. D) > C" (€, v)
are smooth maps. Condition (41), when € is small enough and not zero, is equivalent to
Volz (By) = Volg (By)

that makes sense also for € = 0. When € = 0 and © = 0, the metric ¢ = (1 4+ v)?¢ is nothing but the Euclidean metric.
We define

N (e, b, vg) := Vol (By) — Volg (B).
Observe that N depends on the choice of the point p € M. We have
N(0,0,0)=0.

It should be clear that the mapping N is a smooth map from a neighborhood of (0, 0, 0) in [0, c0) x C,%,’O‘(S"_l) x R
into a neighborhood of 0 in R.
We claim that the partial differential of N with respect to vy, computed at (0, 0, 0, 0), is given by

s N (0,0,0) =n Volg(B)).

Indeed, this time we have ¢ = (1 + v0)2§ since v =0 and € =0 and hence
N(0,0,v0) = ((1 4 vp)" — 1) Volg (By).

So we get
31, N (0,0, 0) = n Volg (By)

and the claim follows at once.
Hence the partial differential of N with respect to vy, computed at (0, 0, 0) is precisely invertible from R into R and

the implicit function theorem ensures, for all (¢, v) in a neighborhood of (0, 0) in [0, co0) x C,%{”‘(S"_1 ), the existence
of a (unique) vp € R such that N (¢, v, v9) = 0. When vy = 0, we can estimate

8ij =38ij + 0(62),
hence
N(e,0,0) = O(€?).
The implicit function theorem immediately implies that the solution of
N(e,0,v9) =0
satisfies
lvo(e, p, 0)] < ce.

The fact that vy depends smoothly on the parameter € and the function v is standard.
We have now, for all 0 < € < € and all function v of mean 0, a function v = v(e, p, v) € C>*(5"~!) such that

Volg (B 14, (P)) = Vol (By).
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Then it is easy to find a solution (¢, A) to the problem (39) and to multiply it by a constant in order to verify (40). The
fact that ¢ and A depend smoothly on the parameter € and the function v is standard. O

We will denote the function ¢ = ¢ (€, p, V) as ¢e 5, without noting the dependence on the point p. The same for
eigenvalues: A =A¢ 5, and A = A¢ 5 = 62)»6,1;. When n =2, we take ¢,; =loge - ¢ (€, p, v). Denote
b =es=Y"0e.s
in a neighborhood of 3 B¢ (p). We will use such a notation through all the paper: for a general f considered in a
neighborhood of 3 BE (p) we denote
f=1f.
We define the operator F:
F(p,€, D) =§(V¢3,f))|aél - fg(vé,ﬁ)dvolg,

o

dB

Volz (3B1)

where  denotes the unit normal vector field about 9 B | with respect to the metric g, and (¢, vg) is the solution
of (39) provided by Proposition 5.1. Recall that v = vg + v. It is clear that F is well defined from a neighborhood
of M x (0,0) in M x (0, 00) x C,%,’“(S”_l) into C,l,;a(S”_l). But F can be defined also for ¢ = 0. In fact, from
Propositions 4.2 and 4.4 we have that the first eigenfunction ¢¢ o over M \ Bf(l o) (p) is given by

be0 =0 — " 2(1+v0)" 2 (po(p) + A) [ + we + x Hy e ifn >3,
¢e.0 =1og(e(1+ v0))[¢ho — (og(e(1 +v0))) ™ (do(p) + A) Ty + we + xHy. c] iftn=2

where vg = vo(p, €, 0) = O(€?), for some (A, we, ) € R x CZ*(M \ Bi_vo(p)) X C,Z,,’“(S”_l), where the estima-
tions of Propositions 4.2 and 4.4 hold because vy = O(€?). If we consider these expressions only in a neighborhood of

8B€g( 1 +U0)( p) and the parameterization Y given in the proof of Proposition 5.1 with coordinates y in a neighborhood

of 831, it is easy to see that the function <130 = Y*¢y is equal to the constant function d;o = ¢o(p) when € =0 and
then, by the expansion of the function I, and the estimations on (Ae, we, @), we have that when € = 0 the function

dgg,o(y) is equal to

do(p)(1 = Iy>™) ifn >3,

o1(y) =
l {(bo(p)loglyl ifn=2.

In a neighborhood of 81031 the metric ¢ converges, for € = 0, to the Euclidean metric, and then F(p, 0, 0) is the
normal derivative of ¢; at 9 B; minus its Euclidean mean, hence equal to 0. Similarly, we can define F(p, 0, v).
When v is small enough, ¢ ; is close to ¢¢ o, and if we consider it only in a neighborhood of 835( 1+v)(P) and the

parameterization Y given in the proof of Proposition 5.1 with coordinates y in a neighborhood of 9By, when € =0
the function qgé,g(y) converges to the harmonic function on R”\EHU which has 0 boundary condition on oB 1+v and
is asymptotic to ¢ (p) at infinity for n > 3 and to ¢o(p) log|y| for n = 2. The fact that F depends smoothly on the
function v is standard.

In summary, F' is well defined from a neighborhood of M x (0,0) in M x [0, co) X C,%;a(S"_l) into C,i,’a (s,
and can be differentiated with respect to v. Moreover F(p, 0,0) =0.

Our aim is to find (p, €, v) such that F(p, €, v) = 0. Observe that in this case ¢ will be the solution of problem (12).

6. Some estimates

Let us consider the normal geodesic coordinates x around p. Using the result of Proposition 3.1 it is easy to show
that
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k ¢ k ¢ 4
g" =dij — ER,'kjgx X" — ERikﬂ'mx x“x™ +O(|x| ),

1
log|g| = —ngx xt+ 6ng mxkxba™ (9(|x|4) (42)
where
n n
Rie=) Rixie and  Reem =Y  Rikitn-
i=1 i=1
A straightforward calculation allows us to obtain the expansion of I,. Recall that
. . 1 .
g =D 80y + ) 0580, + 5 )87 by loglgldy,. (43)
ij ij ij
The function I}, is defined by (14). Then locally I', = G1 + G2 where G is locally a solution of

_(Ag +Ar0)G1 = Cn8p

and G, is locally a solution of

—(Ag 4+ 10)G2 = —cpdo(p)do.

Clearly, in the normal geodesic coordinates near p we have that

Ga=ay + by -x +O(Ix|?)
where a, is a constant and b, is an n-dimensional vector. For the function G it is possible to obtain an expansion
near p starting from the solution G of

—AgG =27 forn =2,

—AgG=(n—2)wy—189 forn=3

where w,_1 is the Euclidean volume of $”~!, and recall that § is the Euclidean metric. It is well known that G (x) =
|x|27" forn >3 and G (x) = In|x| for n = 2. Considering formulas (11), (42) and (43), we obtain for n > 5:

2y Scal(p) — 6)¢ |x|4_">

12(4 — n)

2—n . . 1 .
Ip(x) = x| + <TR[kjgx’xkx1xz|x|_” — ERjgxfxglx

2—n X "y 1
+ 13 —— Rikje, x! K xd xtx x|~ 36Rk]l xFxdx |x|

. Scal
— g Rieaxxtxx = )x’|x|4-") +a,+0(1x1°7"). (44)

244 —n
When n =4 we have

1 : : 1 :
L) = x|+ (—§Rikjex’xkxfx‘f|x|‘4 — 5 Rjex x| 72 +

Scal(p) — 649 log [x|
_ X
12 g

12

1 1
+( % Rikje, i x Ik xtxl x| ™% + 36Rkﬂ kol x| 72

; Scal
- ﬂRjz,zxjxextlxlfz + T’Ix’ log |x|> + +ag + by - x + O(|x|%), (45)

for all ¢ < 2. In the above expressions we used the notation

n
Rje, == Z Rikje,i-
i=1
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To obtain such formulas, we used the symmetries of the Riemann tensor (—Ry;je = Rixj¢ = Rjsik, forevery i, k, j, £),
the facts that R;;j; =0, Rijji,r =0, Ri¢ = Ry;, Rigji,r = Rixij,« (because for geodesic normal coordinates the Christof-
fel symbols vanish at the origin), the definition of the scalar curvature ) ; R;; = Scal(p) and the second Bianchi
identity

Z R:jj = Z Rji ;= % Scal ;.
J J

Remark 6.1. If n > 6, the regular part of the Green function I, is completely included in the neglected term
O(|x|6~™), see formula (44). At order 2 — n the function looks like the standard Green function. From order 3 — n to
5 — n, terms depend only on the local geometry of the manifold near p, and global geometry appears only at terms of
order 6 — n or bigger, and we will see in the following sections that such terms can be neglected in ours computations.
If n =5, the situation is a little bit different. In fact the regular part of the Green function I'), is not completely included
in the neglected term O(|x 6=y = O(|x|), but the only term of the regular part of the Green function I, not included
in the term O(]x|) is a term of order 0, i.e. the constant as, see formula (44). As we will see, such a constant can be
neglected in ours computations. If n = 4 the regular part of the Green function I', also is not completely included in
the neglected term O(|x|%), @ < 2, but the only terms of such regular part not included are terms of order 0 and 1, i.e.
as + bs - x, see formula (45). As we will see, also in this case such terms can be neglected in ours computations.

The fact that in our next computations the regular part of the Green function I', can be neglected forn >4 is a
crucial ingredient, and by this fact we will obtain that in CASE 2 only the local geometry of the manifold plays a
role.

For n =2 and n = 3 we are not able to state a result in CASE 2 exactly because, following our approach,
in such dimensions the regular part of the Green function I', cannot be neglected. This is the reason for which
in this section we do not give the expansion of I, for the dimensions 2 and 3 (it would be completely unuse-
ful).

The main result of this section is

Proposition 6.2. In CASE 1 (i.e. when ¢y is not constant) there exists a constant ¢ > 0 such that, for all p € M and
all € > 0 small enough we have

|F(p.e.0)|pra <ce ifn>3,

||F(p, €,0) ”cl-a <celoge ifn=2.

Moreover there exists a constant C,, (depending only on n), such that for all a € R" the following estimates hold

/ g(a,)F(p,€,0)dvoly — Creg(Veo(p), O(a))
sn—1

‘ / g(a,)F(p.€,0)dvoly — Crelogeg(Veo(p). O(a))
sn—1

In CASE 2 (i.e. when ¢y is a constant function) there exists a constant ¢ > 0 such that, for all p € M and all € > 0
small enough we have

|F(p.e,0)|ora <c€® ifn=5,

||F(p, €,0) ”clﬂ < ce210g6 ifn=4.
Moreover there exists a constant Cy, (depending only on n), such that for all a € R" the following estimates hold
/ g¢@a, )F(p,e,0)dvoly — Cye’g(V Scal(p), O(a))

sn—1

’/g(a, ~)F(p,6,0)dvolg,—Cn6310geg(VScal(p),@(a))’<ce3||a|| ifn=4.
Sn—l

<celall ifn >3,

< cetlogellall ifn=2.

<cetlall ifn=s,
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Proof. Let € be small enough, and v = 0. We know that vg = 0O(€?), then from Proposition 4.2 it follows that for all
€ small enough there exists (Ae, ¢c, we) in a neighborhood of (0,0, 0) in R x C’,%{“ ("1 x C?>%(M \ BE(p)) such
that the first eigenfunction of —A, over the complement of Bf(l ) (p) with 0 Dirichlet condition at Z)Bf(l o) (p)is
given by

be.o =0 — € 2(1+v0)" *(po(p) + Ac) Ip + we + X Hy, c
if n > 3, and by

¢e.0 =log(e(1 +v0))[¢ho — (loge(1 +v0)) ™ (0(p) + Ac) Ty + we + x Hy, ]

if n = 2, where estimates given in Propositions 4.2 and 4.4 hold because vg = O(€?).
From the expression of ¢ ¢ it follows that in CASE 1 we have

° A n A o a b 3
f §(@, )8(Vabe,0, D)1y 5, dvoly = (1+ O(e)) / ga.) 8"|5€|°  dvol
sn—1 sn—1 Y 9B
0
=€(1+O(€)) / g(a,-) Pe. dvolg
alx| l5,
sn—1
d
:e(1+(9(e))|:/g(a,.)#’io| ) dvolg,+(9(€)i|
0 Be
sn—1

= Cacg(Véo(p). ©(@) + O (&)

forn > 3, and

/ £(a,)8(Vée 0, D)1,z dvolg = Caelogeg(Veo(p), (@) + O(e” loge)
Sn—]
for n =2, where

1
Cn= / (x")? dvoly = — Vol (8"71).
n
sn—1

All the estimates for CASE 1 follow at once from this computation together with the fact that, when v = 0, the unit

normal vector U about the boundary is given by (1 + vg)|y|(1 + O(€)) because the metric g near p is the Euclidean

metric multiplied by (1 + v9)? and perturbed by some O(€?) terms.

For CASE 2 the situation is much more complex. In fact, if ¢q is constant we have

/ go(av ')g(vqu()s ﬁ)|81§1 dVOlé =O'
sn—1
Let us compute now

"2 (1 4 v0)" 7 (¢o(p) + Ac) f 8(a,)8(V I, D), dvolg.
sn—1
We remark that the previous term is equal to

ar
(1+0@)e" Zpo(p) [ &(,a)—-+ dvol.
sn—1
For this reason we will compute

. ar,
€" 2o (p) / 8(',a)a—pdV01§-
,

Sn—l
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Recall that

Iy(y) = Tp(e(1 + v)y)

ina ne1ghborh00d of BB] , then from (44) and (45) (keeping i in mind that vy = O(e€2)) we obtain easily the expression
of I’ »(y) in power of €. Observe that, in the expansion of I, terms which contain an even number of coordinates,
such as y' y/ y¥yt or y/yt etc. do not contribute to the result since, once derived with respect to r they still contain
an even number of coordinates, and multiplied then by §(y, a), their average over S”~! is 0. Then, considering only

terms which contain an odd number of coordinates we have for n > 5:

"2 / 8@y, a) dvol

sn—1
3 o yr Gl 2—n n 1 -
— L2 R j
6a0|: /y ly ayr< 48 lkjftyyyy)’|y| 36 k]gyyy|y|
sn—1
Scal; , 4., 1 . . )
7’ __R J t n d 10 O
+ 64(4 — ) Iyl o YT YY [yl volg | +O(e)

2—n 1 .
3 k V4
=€ (5—n)aa[ / y"( 13 le,ety yEylytyt + 36R-kj£,<y 'y
Sn—l

Scal ; y—

1
24(4 — n) 24 Rje.ry’ 'V )dV01§i| +(9(€4).

We make use of the identities in Appendix A to conclude that there exists a constant C ,(,1) such that

B . ar

€"g0(p) / g0 )70 =G g(VSeal(p), 0(@) + O(*),
Sn—l

where we have

5—n 1 1

G = Vol (Sn_l)[_3(n+z) Ta—m

]¢o(17)-

For n =4 we have

T 9 (Scal
"2 / g0, a)—dvol 6310g6aa|:/y0'|);_|'ﬁ< CZZ[ t10g|y|>dV01 }4‘0(63)

sn—1 $3

—%Vol (Sg)e logeg(VScal(p) @(a))+(9( )

and then we set C(l) = 96 Vol; (S3)
The last term we have to compute is

[ #@ (Tt 0.9, vl
Sn—l

As before we have

S 0+ H,,
/g(a,.)g(V(u)e+H¢E’6),V)|aéldV01§:(1+O(6)) / g(a7)(w€T¢€)

sn—1 sn—1
In Proposition 4.2 we proved that in CASE 2

. dVOlg,.
0B

4
lwellgz« i py) < €€

(46)

(47)
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forn =4 and

||w€ ”Cga(M\{p}) g C(61+n + 64_8)

forn > 5. Hence

. 445
”vwenLoc(aél) < ce +

forn =4 and

”Vﬁ)gn SC(GH_'H_S +€4)

L®3B))

for n > 5 (keep in mind that we are estimating the gradient of the dilated function w,). Remember that § € (2 — n,
4 — n) because n > 4. It follows that we can choose § in order to have

. e
/ 8(@a,-) o

sn—1

~dvolg = O(Eﬂ)
9B

with B =4 forn > 5 and B =3 for n = 4. Let us consider now PAI%G. We do not know the expression of 1’:1%6 ina
neighborhood of 3By, but we can know its value on 3 B;. From the equality $e =0o0n 9By, using the estimate on the

function w,, we have that

~ _ 2—n : . 1 : Scal(p) — 6A9
0 . —=_ 1 n—2 A 2 Riviovivkyivt — —p.,yiyt 22207 P70
@€ do(p) + (1 4+ vp) (¢0(P) + e)[f ( 18 ikjey Y Y'Yy 12 ey’ y + 12(4—n)

2—n . : 1 : 1 . Scal
+e3< 15 Rty YTy S Ruje v Ty = Ry + W_"n)yt)} +0(e*),

on aél, forn > 5. For n = 4 we have

Scal(p) — 6A9

Hy.e =~go(p) + (1 +v0)" 2 (do(p) + AE)[ezloge B

1 ; Scal
ERj(ny£> + 6310g67’tyt1| +0(€%),

1 . .
+é <—§Rikazy’yky’y‘Z -

on 3B . Let us define a harmonic extension of $(y,a) to R" \ B;:

AgGa=0  inR"\ By,

G,=§(y.a) ondB.
It is easy to check that

GaM=IyI""8(y. a).

We observe that functions G, and I-}(pe,e converge by Lemma 4.1 to 0 when |y| — 4o00. Then

i dH,, .
/g(a,) 3

r

. 3G
dvoly = / Hy, e—
3B o ar

=(1—n) [ Hy &y, a)dvols.
—1

X dVOlé
0B

sn—1

Sn

Using the expansion of the value of I-AI%G on 3By, and the identities in Appendix A, we conclude that there exists a
2
constant C,,”’ such that

/ $(v,@)Hy, ¢ dvoly = CPg(V Scal(p), O (a)) + O(e*), (48)
sn—1
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where
1 1 1
CP = —Volg(s" )| -
n 4n Og( ) 3(7’l+2)+6(4—n) ¢0(P)
forn >5, and forn =4
f 80, @) Hy, c dvoly = C{7 ¥ logeg (V Scal(p), ©(@)) + O(€?), (49)
Sn—]
with
@ _ 1 3
€y = gg Vol (S?).

Summarizing, we conclude that in CASE 2

|F(p.e.0)] e =0O(¢?)

and from (46), (47), (48) and (49) we have that there exists a constant C,, depending only on 7, such that for all a € R”
the following estimates hold: for n > 5

’ / g(a,)F(p,€,0)dvol; — Cue’g(V Scal(p), @(a>)‘ < cellall
Sn—l
where
6—2
Co = — Vol (5" [—

n

1
30+2) T 6G—n

i|¢0(P)

and forn =4

‘ / g@a, )F(p,e,0)dvoly — Cse’logeg(V Scal(p), O(a))| < celal,

sn—1

where

1
Ca = =12 Volg (5%)do(p).

Remark that C,, # 0 for all n > 4. This completes the proof of the result. O

Remark 6.3. According to Remark 6.1, the regular part of the Green function I, does not play a role in our com-
putations. The proof of Proposition 6.2 shows that in CASE 2 when we compute the normal derivative of the first
eigenfunction of the Laplace—Beltrami operator on the complement of a small ball, the first term of the Green func-
tion I', playing a role is the term of order 5 — n if n > 5 and the term equivalent (up to a constant) to |x|log|x|
if n=4.1If n > 6 or n =4 such term comes totally from the local geometry of the manifold. For n = 5 such term
contains the constant as coming from the regular part of the Green function I',, but such a constant disappears when
we differentiate.

7. Linearizing the operator F

Our next task will be to understand the structure of L, the operator obtained by linearizing F with respect to v at
€ =0 and v = 0. We will see that this operator is a first order elliptic operator which does not depend on the point p.
Recall the definition of ¢; in R" \ {0}

do(p)(1 = Iy>™) ifn >3,

é1(y) =
l {rbo(p)loglyl ifn=2.
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Forall v € C,%,’“(S”_l) let ¥ be the (unique) bounded solution of
Ag¥y =0 inR"\ By,
Y =—0.¢10 ondB
where r = |y|. By Lemma 4.1, |¢(y)| — 0 when |y| — co. We define
H@) = (3,9 +3;,19) |5, - 5D

We will need the following result:

(50)

Proposition 7.1. The operator
H:Cro(s" ) — ey (sm)

defined in (51) is a self-adjoint, first order elliptic operator. The kernel of H is given by Vi, the eigenspace of —A gn-1
associated to the eigenvalue n — 1. Moreover there exists ¢ > 0 such that

”wllczv‘Y(S"—') < C“ H(U)) ||C1,01(Snfl)v

provided w is L>(S"~Y)-orthogonal to Vo @ Vi, where Vy is the eigenspace associated to constant functions.

Proof. The fact that H is a first order elliptic operator is standard since it is the sum of the Dirichlet-to-Neumann
operator for Ag and a constant times the identity. In particular, elliptic estimates yield

” H (w) ”Cl,a(sn—l) < cllwllgzesn-ty-

The fact that the operator H is (formally) self-adjoint is easy. Let yr; (resp. ¥») be the solution of (50) correspond-
ing to the function w; (resp. wz). We compute

or¢1(1) / (H(wl)wz - le(wg)) dvolg

Bél
=0,¢1(1) f (0rY1w2 — 0, Y2w1) dVOlg.
81§1
= /(wlaﬂ//z — Y20, Y1) dvolg
3&1
= Rli_>moo[ / (W1 Agdra — YaAgry) dvolg — / (U102 — Yr20r Y1) dvolg]
Br\B 9Bg
=0.

Let us consider
w = w;
izl
the eigenfunction decomposition of w, as in (17). Namely w; € V;, the eigenspace associated to the eigenvalue
J(m —2+ j). Let ; be the bounded solution of

Ag,l/fj =0 ian\él,

R (52)
Yj=—0,¢1w; ondB

ie.

Y ) ==y w,(y/1y1)3r iy,
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Then
Hw) =Y o+ 87|y w = [~Q—=n—)ddilys +3¢1]y5 Jw;.
J J
With this alternative formula, it is clear that H preserves the eigenspaces V; and in particular, H maps into the space
of functions whose mean over $"~! is 0. Moreover, it is easy to see that V| is the only kernel of the operator. In fact,

il Z{—(z—n)¢o(l7) ifn >3,
T L gop) if n=2

and
Pl . — { —2-m (1 —mgo(p) ifn=3,
TR —go(p) ifn=2

and then H(w;) = 0 if and only if j = 1. This completes the proof of the result. O
The main result of this section is the following:
Proposition 7.2. The operator Ly is equal to H.

Proof. By definition, the operator L is the linear operator obtained by linearizing F with respect to v at € =0 and
v = 0. In other words, we have

F(pvovsw)_F(pv()’O)
. .

Lo(w) = lim

We know that F(p,0,0) = 0. Our next step is to compute F(p,0, sw), and for this we have to study F(p, €, sw).
Writing v = sw, we can consider a parameterization Y of B§ . (p) given by the following expression:

Y(y) :=Expj ((1 + x1(»)vo +sx2(y) <w<|§_|>>) > yiEi>

where g is the dilated metric e “2g, y belongs to the Euclidean ball B> of radius 2 centered at 0, X1 1s a cutoff function
identically equal to 1 when 0 < |y| < 4/3 and identically equal to 0 when 5/3 < |y| < 2, x2 is a cutoff function
identically equal to 1 when 3/4 < |y| < 4/3 and identically equal to 0 when 0 < |y| < 1/2 and 5/3 < |y| <2, and
vo = vo(p, €, sw). We set

g§:=Y"g
over éz. Remark that g is an extension of the metric g defined on B 1 in Section 5. We remark that cﬁe,o =Y*¢eoisa
solution on E’z\él of

Agfl;e,o + he0e0 =0

where ):6,0 = )_»6,0 = ezke,o. If we set q_ﬁe,o(y) = ¢¢.0(€y) in a neighborhood of 3By, where x = €y are the normal
geodesic coordinates around p defined in Section 3, we have

be.0(y) = deo((1 4+ vo+50(y))y) (53)

on dB. Writing the first eigenfunction of —Aj; on M\Bﬂv (p) as ¢ = .o+ and A = A + 7, we find that

(Ag +re)V + ¥ +Theo=0 in M\ BS (),

V=00 on 3B, (p)

where we can normalize as

(54)
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f (¢e.0 +¥)* dvolz = f ¢Z o dvolg (55)
M\B{, ,(p) M\B{,., (p)
(the vg in the second integral is evaluated at v = 0) and we have the condition on the volume of the domain
Volg (By) = Volg (By). (56)

Obviously v, T and vy are smooth functions of s. When s = 0, we have ¢ = ¢ o, X = ):6,0 and vy = O(€2).
Therefore, ¥ and t vanish when s = 0. We set

Y = 05 |5=0, T=05T|s=0, and Vo= dsvo|s=0-

Differentiating (54) with respect to s and evaluating the result at s = 0, we obtain
(Mg +re0)¥ +ideo=0 inM\Bf,_ (p),

= —g(Vpeo. D)oo+ ) ondB,, (p)

where vy is evaluated at s = 0. Observe that the second equation of (57) follows from (53).
Differentiating (55) with respect to s and evaluating the result at s = 0, we obtain that ¥ is L?-orthogonal to Pe.0

on M\Bngrv0 (p). Hence

¢ = e o+ ¥ +O(s%)

where v is the solution of (57) L2-orthogonal to ¢e.0. Differentiating (56) with respect to s and evaluating the result
at s = 0, we obtain

(57)

/ (90 + W) dvolz =0
sn—1

where the metric g is evaluated at s = 0. Since the discrepancy between the metric ¢ and the Euclidean metric ¢ at
d B can be estimated by a constant times €> when s = 0, and the Euclidean average of w is 0, we get that

o = O(e?).
Moreover we know that for s = 0 we have vy = O(¢?). From the expansion of v with respect to s we get
w=0() +0(s?).
Now, in By/3 \ B, we have
$() = deo((1+v0+sw(y/1y1))y) + 59 () +O(s?)
=eo((1+20)y) +5(8(Véeo((1+v0®)y). (b0 +w(v/1y1))y) + ) + O(s*)

where we denoted vo(p, €, 0) = vols=0 = v9(0). To complete the proof of the result, it suffices to compute the normal
derivative of the function ¢ when the normal is computed with respect to the metric g. We use polar coordinates
y =rz where r > 0 and z € §"~!. Then the metric ¢ can be expanded in B4z \ B34 as

g = +vo+sw)dr* +2s(1 +vo + sw)r divdr +r*(1 +vo + s0)*h + s*r* di* + O(€?)

where £ is the metric on $”~! induced by the Euclidean metric. It follows from this expression, together with the
estimation of v, that the unit normal vector field to d By for the metric ¢ is given by

b= ((1+s0) 1 +0(s?)d + O(s)d;, + O(€2).
Using this, we conclude that

8(Vp. D) = 8,¢e.0(3) + O()d:,be.0(y) + s (W3} be 0(y) + 3, %) + O(s?) + O(e?) (58)
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on Bél. When € =0 we have q_ﬁg,o(y) = ¢1(y). It follows that F(p, 0, sw), up to terms of order O(s?), is given by
- 2 . H
O ¢1lyp, +swoP1 }351 +s 611_13}) O lyg,
minus its Euclidean mean. We need now the following:

Lemma 7.3. Evaluate vo at s =0. Let 6 € (2 —n,0) ifn >3 and 5 € (0,1) if n = 2. Let H, be the function defined
in Section 4. For all € small enough there exists a constant © and (K¢, ¢¢, ne) in a neighborhood of (0,0, 0) in
R x C5% (5" 1) x Cg’a(M \ {p)) such that the function

U =Ke+ x4+ Hy,) +1e (59)

deﬁned in M\ Bl+v0
Ro Je (p) and equal to 0 out of 132 Ro/e (p) and  is defined by (50). Moreover the following estimations hold

(p), is the solution of (57) L*-orthogonal to Pe,0, where x is a cutoff function equal to 1 in

—1 2 —1 2 —1
|KE|<C(6 +€" ) ||<p€||LOO(Sn_1)<c(e +€" ) and ||7’le||c§-a(M\{p})<C(€ +€" )

Proof. Define
Yo=K+ xW+Hy)+n (60)
for some (K, ¢, n) € R x C,%{Q(S”_l) x C>*(M \ {p}), where x is a cutoff function equal to 1 in Bf;o/e (p) and equal

to 0 out of BS (p). Then 1/f satisfies the first equation of (57), if and only if

2Rp/€
(Ag +he0)n ==V Azx — xAg¥ —2VEYVEx — HyAgx — xAgH, —2VEH,VEx
_)_hs OX(vf‘i‘Hga)_ie 0K — T¢e 0. (61)

We say that f € C2 (M Bl+v (p)) if f is the restriction to M \ Bl+v (p) of a function in Cg’a(M \ {p}).Forn >3
and § € (2 — n, 0), the operator

(Bg +7e0): G35 o(M\ BY,, (p)) = €% | (M\ Bf,, (p)).

where the subscript L is meant to point out that functions are L?-orthogonal to ¢ ¢, and the subscript 0 is meant to
point out that functions satisfy the 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) condition on d M and the O Dirichlet

g
condition on 9 By o

(p), is an isomorphism. For n =2 and § € (0, 1) the same result holds for the operator
(Bg +7e0): FROCS o (M\ Bf,, (p) = C5% | (M\ B, (p).

where y is a cutoff function equal to 1 in a neighborhood of the origin. See Section 4, or [15], for more details.
To simplify the notation define

A==y Agx —2VEYVEx — HyAgx —2VEH,VEx,
Bi=—xAgy — heox (¥ + Hy) — xAgHy — he oK,
C:=—1¢co.

Eq. (61) becomes
(Ag+reon=A+B+C.

By the last result, if we chose 7 in order to verify
f (A+B+C)pen=0 (62)
M\BY ., (P)

there exists a solution n =n(e, K, ) € Ca 1. oM\ Bl+v (p)) (or xR EBQ; j‘_ oM\ BH_U (p)) if n =2) of Eq. (61)
for all € small enough, for all constant K and all functlon ¢, and then
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Y =K+ x(W+Hy)+n
satisfies the first equation of (57).
We want now to give some estimations on the function n. By Lemma 4.1 we have the following estimations:

- n—1
° |IA||C?L&2(M\Bf+1;O(P)) S Cce (1 =+ ”@”LOO(Snfl)).

_ 2
o ”B||C§f2(M\Bf+v0(p)) g ce (1 + ||(p||L°°(S"71))'

In particular we get that

T < C(€2 + Gnil)(l + ||(P||Loo(5n—l))

and then

1A+ B+ Cllgva gt () < (€ +€" ) (1 lIgllL(sion))-

—! 1+vg

This gives an estimation on the function 7:
_ 2 n—1
”n”C?Q(M\BﬂUO(P)) Lc(e?+ ") (14 @l poosn-ty)-

Summarizing, we have proved the following: for all ¢ € C,%,")‘(S”_1 ), for all constant K, for all € small enough, there

exists a function n = n(e, K. ¢) € Cy° (M \ Bf , (p)) (or R @ Cy*(M \ B, (p)) if n =2) such that (60) is a

positive solution of the first equation of (57). Moreover there exists a positive constant ¢ such that
_ 2 n—1
”n”C(?Va(M\ny,uO(P)) < C(G + € )(1 + ||§0”L°°(S"—'))'
Now, consider the second equation of (57). Let us define

Z(e, K. )= [K + X0 (¥ ) + Hp(») + 106, )] ot

We remark that Z, that represents the boundary value of (60) with n = n(e, K, ¢), is well defined in a neighborhood
of (0,0,0) in [0, +00) x R x C,%’“(S”’l), and takes its values in C>%(S"~1). It is easy to compute the differential of
Z with respect to K and ¢ at (0, 0, 0):

(9,2(0,0,0))(K) =K,
(0,2(0,0,0))(@) = .
We can estimate Z (¢, 0, 0):
|Z(€,0,0) + 8,918 | o (gu1) S c(€* +€"7)
and then
| Z(€,0,0) + 8(Voe.0, ) (o + )| e (gu-1) S (€2 +€"7).

The implicit function theorem applies to give the following result: if € is small enough, there exists (K¢, ¢¢) in
a neighborhood of (0,0) in R x C,%{a (5"~ such that (60) is a positive solution of (57). Moreover the following
estimations hold

|Ke| <c(e*+€" ') and ||¢€||Loo(sn71)gc(ez—i—e”_l).

Summarizing, we get the following existence result: for all € small enough there exists a constant T and (Ke, ¢, 7¢)
in a neighborhood of (0,0,0) in R x Cx(s" 1y x C‘?’“(M \ BerUo(p)) (or R x C5%(S" 1) x ¥R @ Cf’“(M \
Bingvo (p)) if n = 2) such that the function

W =Ke+ x( + Hyp,) + e
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defined in M \ B‘f i, (p), is solution of (57). Moreover

|K€| <C(62+6n71), ||§05||L00(51171) <C(62+6n71)

and

" _ < 2 n—1 )
||77€||c§ (M\Blg+v0(p)) X C(E +€ )

The last norm is that of xR & Cg’“(M \ B{:’ 0 (p)) if n = 2. This completes the proof of the lemma. O

Using the previous lemma, we have that for € small enough
ar{b'aél = 8r1//|3§1 + O(Ez)
forn > 3, and
O lyp, = ¥lyp + O

for n = 2. The statement of Proposition 7.2 follows at once from the fact that d,¢; is constant while the term u‘)8r2¢1 +
d-¢ has mean 0 on the boundary Bél. O

Denote by L, the linearization of F with respect to v, computed at the point (p, €, 0). It is easy to check

Lemma 7.4. There exists a constant ¢ > 0 such that, for all € > 0 small enough we have the estimates
I(Le = Lo)?| 1o <cellillza  in CASE 1 andn >3,
I(Le = Lo)?| 1o < celogel|Dlicaa  in CASE 1 andn =2,
|(Le = Lo)0 | p1a < c€?Dllc2a  in CASE2 andn > 5,
<

I(Le = Lo)D| 1

Proof. L. and L are first order differential operators. We already know the expression of Ly. We have

Le(@) = lim Fp. e, sw) — Fp.¢,0)
§— A

F(p,€,sw) is given by (58) minus its mean, in the metric g. F(p, €, 0), up to terms of order 0(62), is given by
Bréeﬂo(y) at aél minus its the mean, in the metric g evaluated at s = 0. The proof of the lemma follows at once from
Proposition 6.2 and Lemma 7.3. O

8. Proof of the main result

We shall now prove that, for € > 0 small enough, it is possible to solve the equation

F(p,e, v)=0.

Unfortunately, we will not be able to solve this equation at once. Instead, we first prove

Proposition 8.1. There exists €9 > 0 such that, for all € € [0, €g] and for all p € M, there exists a unique function
v =v(p, €) and a vector a = a(p, €) € R" such that

F(p76vl_})+go(aa )=O

The function v and the vector a depend smoothly on p and € and we have
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<ce inCASElandn >3,
lal + [Ivll2e(gn-1y < celoge in CASE'1 andn =2,
lal + |5l c2a(sn-1) < c€*  in CASE2 andn =5,

< cezloge in CASE 2 and n = 4.

|Cl| + ||l7||c2,a(sn—1)

|Cl| + ||l_)||c2,oc(sn—l)
Proof. We fix p € M and define

F(p,e,v,a):=F(p,e,0)+ §a,-).

It is easy to check that F is a smooth map from a neighborhood of (p, 0,0, 0) in M x [0, c0) X C,%,’“(S”_l) x R" into
a neighborhood of 0 in C1-%(§"~1). Moreover

F(p,0,0,0)=0

and the differential of F with respect to v, computed at (p, 0, 0, 0) is given by H. Finally the image of the linear map
a > g(a,-) is just the vector space V. By Proposition 7.1, the implicit function theorem applies to get the existence
of v and a, smoothly depending on p and € such that F (p, €, v,a) =0. The estimates for v and a follow at once from
Proposition 6.2. O

Proof of Theorem 1.3. In view of the result of the previous proposition, it is enough to show that, provided that € is
small enough, it is possible to choose a good point p € M such that a(p, €) = 0. We claim that there exists a constant
C,, > 0 (only depending on n) such that

O(a(p,€)) =—€C,VE¢o(p) + O(*) inCASE landn >3,
O(a(p,€)) = —elogeC,VEo(p) + O(e) inCASE I andn =2,
O(a(p,€)) = —€C, V¥ Scal(p) + O(¢*) inCASE2andn >S5,
O(a(p,e)) = —€’logeC, V8 Scal(p) + O(e’) inCASE2andn =4.

For all » € R" we compute

/ g(a,)g(b,-)dvolg = — / F(p,e,0)§(b,-)dvolg

sn—1 sn—1
= [ (F.c.0+ Lb)i(o. ) avoly
sn—1
- / (F(psevl_))_F(paevo)_LGE)é(bv)dVOlg’
sn—1

— /(LG—LO)Dé(b,-)dvolg,.
sn—1

Now, we use the fact that v is L2(S”_1)-orth0g0nal to linear functions and hence so is Lov. Therefore,

f Loug(b, -) dvoly = 0.

sn—1

Using the fact that
v=0() inCASElandn >3,
v=0(eloge) inCASE1landn=2,
i=0(e?) inCASE2andn >S5,
V= O(ezloge) inCASE2andn =4
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we get

F(p,e,v) — F(p,e,0) — Lev = 0(62) inCASE 1 andn > 3,
F(p,e, ) — F(p,€,0) — Lo = O(e*(loge)?)  in CASE 1 and n =2,
F(p,e,v) — F(p,€,0) — Lev= (9(64) in CASE2andn > 5,
F(p,e, ) — F(p,e,0) — Lev = O(e*(loge)?)  in CASE2and n =4.

Similarly, from Proposition 7.4 we have

(Le — L) =0(e?) inCASElandn >3,
(Le — Lo)i = O(e*(loge)?) in CASE 1 and n =2,
(Le —Lo)o =0O(e*) inCASE2andn >S5,
(Le — Lo)v = O(e*(loge)*) in CASE2and n =4.

The claim then follows from Proposition 6.2 and the fact that

1
/§(a,«)§(b,-)dvol§:g(@(a),@(b)) /(xl)zdv01§=;Volé(s"—l)g(@(a),@(b)).
sn—1 sn—1

Now if we assume that pg is a nondegenerate critical point of the function ¢9 (CASE 1) or a nondegenerate critical
point of the scalar curvature (CASE 2), we can apply once more the implicit function theorem to solve the equations

G(e,p):=¢ 'O(a(p,e)) =0 inCASE landn >3,
G(e, p):=(eloge) '@ (a(p,e)) =0 inCASElandn =2,
G(e, p) = 6_3@((1(]), e)) =0 inCASE2andn >S5,
G(e,p):=€ (loge) 'O(a(p,e))=0 inCASE2andn =4.
It should be clear that G depends smoothly on € € [0, €p) and p € M. Moreover we have
G(0. p) =—C, V¥¢o(p)
in CASE 1 and
G(0, p) = —C, V¥ Scal(p)

in CASE 2. Hence, under the hypothesis on pg, we have G (0, pp) = 0 in both cases. By assumption the differential
of G with respect to p, computed at py is invertible. Therefore, for all € small enough there exists p, close to pg such
that

@(a(pe, E)) =0.
In addition we have

dist(po, pe) < ce.

This completes the proof of Theorem 1.3. O
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Appendix A
We recall here some geometrical formulas, used in Section 6, and its proofs.
Lemma A.l. Forall 0 =1, ..., n, we have the following equalities:

M > Y me" 1 Rikje, mXixd xkxtxmyo dvolz = 0.

) Z, klfS" 1 Rije, xIxkxtxo dvolg =0.

() Yiom Jsn-1 Rig.mx'x x™x7 dvoly = n(n 5 Volg (5"~ 1) Scal 4.
@ >, fsn—l Scal  x'x? dvolg = ;Volg(S" l)Scal,(r

Proof. For the proof of the first three equalities, see [16]. Let us prove the forth. We have that f gn-1 Scal ;x"x° dvolé =
0 unless the indices ¢ and o are equal. Then

1
Z / Scal ;x"x“ dvolg = Scal , / (x")2 dvoly = —Volg (8" ') Scal ,. O
n
t
sn—1

sn— 1
References

[1] A.D. Alexandrov, Uniqueness theorems for surfaces in the large, I, Vestn. Leningr. Univ., Math. 11 (1956) 5-17 (in Russian).
[2] T. Aubin, Nonlinear Analysis on Manifolds. Monge—Ampere Equations, Grundlehren Math. Wiss. (Fundamental Principles of Mathematical
Sciences), vol. 252, Springer-Verlag, New York, 1982.
[3] G. Buttazzo, G. Dal Maso, An existence result for a class of Shape Optimization Problems, Arch. Ration. Mech. Anal. 122 (1993) 183-195.
[4] E. Delay, P. Sicbaldi, Extremal domains for the first eigenvalue in a general compact Riemannian manifold, preprint.
[5] O. Druet, Sharp local isoperimetric inequalities involving the scalar curvature, Proc. Am. Math. Soc. 130 (8) (2002) 2351-2361.
[6] O. Druet, Asymptotic expansion of the Faber—Krahn profile of a compact Riemannian manifold, C. R. Acad. Sci. Paris, Ser. I 346 (2008)
1163-1167.
[7] A.El Soufi, S. Ilias, Domain deformations and eigenvalues of the Dirichlet Laplacian in Riemannian manifold, Ill. J. Math. 51 (2007) 645-666.
[8] G. Faber, Beweis, dass unter allen homogenen Membranen von gleicher Flidche und gleicher Spannung die kreisformige den tiefsten Grundton
gibt, Sitzungsber. - Bayer. Akad. Wiss. Miinchen, Math.-Phys. KI. (1923) 169-172.
[9] P.R. Garabedian, M. Schiffer, Variational problems in the theory of elliptic partial differential equations, J. Ration. Mech. Anal. 2 (1953)
137-171.
[10] E. Krahn, Uber eine von Raleigh formulierte Minimaleigenschaft der Kreise, Math. Ann. 94 (1924) 97-100.
[11] E. Krahn, Uber Minimaleigenschaften der Kugel in drei und mehr Dimensionen, Acta Comment. Univ. Tartu (Dorpat) A 9 (1926) 1-44.
[12] R. Mazzeo, F. Pacard, Constant scalar curvature metrics with isolated singularities, Duke Math. J. 99 (3) (1999) 353-418.
[13] E. Pacard, Lectures on Connected sum constructions in geometry and nonlinear analysis, preprint, http://www.math.polytechnique.fr/~pacard/
Publications/Lecture-Part-I.pdf.
[14] F. Pacard, F. Pimentel, Attaching handles to constant mean curvature one surfaces in hyperbolic 3-space, J. Inst. Math. Jussieu 3 (3) (2004)
421-459.
[15] F. Pacard, T. Riviere, Linear and Nonlinear Aspects of Vortices: The Ginzburg Landau Model, Prog. Nonlinear Differ. Equ. Appl., vol. 39,
Birkiuser, 2000.
[16] F. Pacard, P. Sicbaldi, Extremal domains for the first eigenvalue of the Laplace—Beltrami operator, Ann. Inst. Fourier 59 (2) (2009) 515-542.
[17] F. Pacard, X. Xu, Constant mean curvature sphere in Riemannian manifolds, Manuscr. Math. 128 (3) (2009) 275-295.
[18] A. Ros, P. Sicbaldi, Geometry and topology of some overdetermined elliptic problems, J. Differ. Equ. 255 (5) (2013) 951-977.
[19] R. Schoen, S.T. Yau, Lectures on Differential Geometry, International Press, 1994.
[20] J. Serrin, A symmetry theorem in potential theory, Arch. Ration. Mech. Anal. 43 (1971) 304-318.
[21] F. Schlenk, P. Sicbaldi, Bifurcating extremal domains for the first eigenvalue of the Laplacian, Adv. Math. 229 (2012) 602-632.
[22] P. Sicbaldi, New extremal domains for the Laplacian in flat tori, Calc. Var. Partial Differ. Equ. 37 (2010) 329-344.
[23] T.J. Willmore, Riemannian Geometry, Oxford Sci. Publ., 1996.
[24] R. Ye, Foliation by constant mean curvature spheres, Pac. J. Math. 147 (2) (1991) 381-396.
[25] D.Z. Zanger, Eigenvalue variation for the Neumann problem, Appl. Math. Lett. 14 (2001) 39—43.


http://refhub.elsevier.com/S0294-1449(13)00111-X/bib416C6578s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4B31s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4B31s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib42644Ds1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib447275s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib44727532s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib44727532s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib456C532D496Cs1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4661626572s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4661626572s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4753s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4753s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4B7261686Es1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4B72612D32s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib4D617A2D506163s1
http://www.math.polytechnique.fr/~pacard/Publications/Lecture-Part-I.pdf
http://www.math.polytechnique.fr/~pacard/Publications/Lecture-Part-I.pdf
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5061632D50696Ds1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5061632D50696Ds1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5061632D526976s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5061632D526976s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5061632D536963s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5061632D5875s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib526F732D536963s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib7363686F656Es1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib53657272696Es1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5363682D536963s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib53696362616C6469s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib77696C6C6D6F7265s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib5965s1
http://refhub.elsevier.com/S0294-1449(13)00111-X/bib7A616E676572s1

	Extremal domains of big volume for the ﬁrst eigenvalue of the Laplace-Beltrami operator in a compact manifold
	1 Introduction and statement of the main result
	2 Characterization of the problem
	3 Rephrasing the problem
	4 The ﬁrst eigenfunction outside a small ball
	5 Perturbing the complement of a ball
	6 Some estimates
	7 Linearizing the operator F
	8 Proof of the main result
	Acknowledgements
	References


