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Abstract

We consider the (KdV)/(KP-I) asymptotic regime for the nonlinear Schrodinger equation with a general nonlinearity. In a
previous work, we have proved the convergence to the Korteweg—de Vries equation (in dimension 1) and to the Kadomtsev—
Petviashvili equation (in higher dimensions) by a compactness argument. We propose a weakly transverse Boussinesq type system
formally equivalent to the (KdV)/(KP-I) equation in the spirit of the work of Lannes and Saut, and then prove a comparison result
with quantitative error estimates. For either suitable nonlinearities for (NLS) either a Landau-Lifshitz type equation, we derive a
(mKdV)/(mKP-I) equation involving cubic nonlinearity. We then give a partial result justifying this asymptotic limit.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we consider the Nonlinear Schrodinger equation in R?

v
i¥+AIII=lI/f(|W|2), (NLS)
with the condition at infinity

|@(t,x)| —ro, whererg>0 and f(rg):o,

This model appears in Nonlinear Optics (cf. [34]) and in Bose—Einstein condensation or superfluidity (cf. [46,1]).
A standard well-known case is the Gross—Pitaevskii equation (GP) for which f(0) = 0 — 1. However, for Bose
condensates, other models may be used (see [36]), such as the quintic (NLS) (f (o) = o2 or f(o) =0*— rg ) in one
space dimension and f (o) = %(Q2 /In(ap)) in two space dimension. The so-called cubic—quintic (NLS) is another
relevant model (cf. [5]), for which
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f(o) =a1 —a30 +as0%,

where o1, @3 and a5 are positive constants such that f has two positive roots. In Nonlinear Optics, several nonlinear-
ities can be found in [34]:

0? -0}
f©@) =p+ag’ +Bo”, f(Q)=OlQ(1+Vtanh( o2 O))
or (see [2]),

fl@=aln(e),  f(0)=p+ao+po*+yo’,

and when we take into account saturation effects, one may encounter (see [34,33]):

f(@)=a< L IQU), f<g>=1—exp(li)
(1+5)v (1+Q_o) 00

for some parameters v > 0, oo > 0. In the study of the motion of nearly parallel vortex filaments, the (NLS) equation
appears as a simplified model with f(0) = (0 — 1)/o (see [4] and the references cited therein). Therefore, we shall
assume f quite general and, without loss of generality, we normalize ry to 1. The energy associated with (NLS) is
given by

1
E(lI/)E/|VlI/|2+F(|lIf|2)dx, where F(Q)E/f.
R Y

If ¥ is a solution of (NLS) which does not vanish, we may use the Madelung transform
U = Aexp(ip)
and rewrite (NLS) as a hydrodynamical system with an additional quantum pressure

A+2Vp - VA+AAP =0 3p+2V-(pU)=0
AA or AJp
%+ Vo + f(A%) = == =0 QU +2U - VU +V(f(p)) - v(i) —o
A JP
with (p, U) = (A%, V¢). When neglecting the quantum pressure and linearizing this Euler type system around the
particular trivial solution ¥ =1 (or (A, U) = (1, 0)), we obtain the free wave equation

(D

{a,A+v-0:0
U +2f (1)VA=0

with associated speed of sound

=2 (1) >0

provided f/(1) > 0, that is the Euler system is hyperbolic in the region p =~ 1, which we will assume throughout
the paper. For the rigorous justification of the free wave regime when (NLS) is the Gross—Pitaevskii equation, that is
f(o) =0 — 1, see [23] for weak convergences and more recently [10] for strong convergences. In the sequel, we shall
always assume f as smooth as necessary near o = 1.

1.1. The (KdV)/(KP-I) asymptotic regime for (NLS)

The (KdV)/(KP-I) asymptotic regime for (NLS) gives a description, as for the water waves system, of a wave of
small amplitude which propagates at the speed of sound in the x; direction and (if d > 2) with a slow modulation in
the transverse variables x; = (x2, ..., xg). More precisely, we insert the ansatz

w(t,x) = (1+62A:(t,2)) exp(ige(t,2)) T=6 z1 =e(x1 — 1), 21 =&2x) )
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in (NLS), cancel the phase factor and separate real and imaginary parts to obtain the long wave rescaling of system

)

y 1
OcAe = =302y Ac + 205, §eey Ae +267 Ve, §c - Vi A+ —5 (14 87A4¢) (97,06 + 672, 6c) =0

07 Ac + 67N Ar ®)

1424,

In this section, we assume that f is of class C3 near o0 = 1. On the formal level, if A, and ¢, are indeed of order one
and converge to A and ¢, we must have, due to the singular terms in (3), for the first equation,

¢, 1 2
e — 8—;8m¢£ + (3, 0)* + €21V, pel? + 8—4.1‘((1 +e24,)7) -

—¢sd;, A+02,¢ =0,

and for the second one, using the Taylor expansion

2
f(+a)?)=cla+ (%+2f’/(1)>a2+f3(0t), “4)

with f3(a) = O(a?) as @ — 0, we obtain
50z + A =0.
These two constraints are actually a single one:
cA=0;0, (5)

and this comes from the fact that we are focusing on the wave propagating to the right. In order to cancel out the
singular terms, we add ¢! times the first equation of (3) to ¢; 2 times the z;-derivative of the second one:

1 9 50 9
—af<As+—Z‘¢8) Zld)gazlAs+(1+82A8)AZL<<§8> + A, azl< “d’s)

Cs Cs s Cs
0z, @e (02,9 4£"(1) 1 32 A+ €A, A,
2= : 1 Acdoy Ae — — 0,
+ . zl< o ) + ( + c% 71 Ae cs 21 I+ e24,
2¢2 g2 1 5
=——VZL¢€ VZLA C ZI(lVZL(ﬁF' ) 84—88Z][f3(8 AS)] (6)
s )

Passing to the limit ¢ — 0 formally in (6) and using the constraint (5) (so that ¢ /¢; = 8;1 'A), we obtain the Korteweg—
de Vries equation (KdV) in dimension d = 1, and the Kadomtsev—Petviashvili equation (KP-I) when d > 2

1
B A+A, 3 A=0, (KdV)/(KP-I)

2 21 Lz

2
Z0, A+ T Ad, A—

Cs
where the coefficient I is related to the nonlinearity f by the formula:
4
Fz6+—2f”(l).
CS
The (KdV)/(KP-I) flow (formally) preserves the momentum
M(A) = / A?dz

R4
and the energy

E(A) = / S (3, A2 + | V2, 0 A+ = A3 dz.
R4
In dimension d = 1, the formal derivation of the (KdV) equation from the (NLS) equation in this asymptotic regime
is well known in the physics literature (see, for example, [55] and [33]), and is useful in the stability analysis of dark
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solitons or travelling waves of small energy. We refer to [34,35] for the occurrence of the two dimensional (KP-I)
in Nonlinear Optics. In [9], this (KP-I) asymptotic regime for (NLS) is formally derived for the Gross—Pitaevskii
equation (i.e. (NLS) with f (o) = o — 1) in dimension d = 3, and is used to investigate the linear instability of the
solitary waves of speed ~~ ¢;.

Before turning to the mathematical justifications of this regime for (NLS), we would like to point out that the
(KdV)/(KP) equation has also been rigorously derived for hyperbolic systems by W. Ben Youssef and T. Colin [6] for
(KdV) and W. Ben Youssef and D. Lannes [7] for (KP). The first rigorous justifications of this long wave asymptotic
regime for (NLS) are given in the papers [13] and [14], which work on the Gross—Pitaevskii equation in dimension
d = 1. The point is that this equation is integrable, and these results rely on the higher order conservation laws of
(GP). For (GP) in dimension d = 1, the Cauchy problem is known (see [13]) to be globally well-posed (see also
[56,27,28]) in the Zhidkov space Z° (R) = {v € L®(R), d,v € H°~!(R)}, where o is a positive integer. We recall
the main results of [13] and [14]. In Theorems 1 and 2 below, the initial datum for (GP)

0 We + 020, = W (1> — 1)
is
Z3®) > 'I/Sin(x) = (1 + ngign(z))ei“b;"(Z), z=¢x,

and we denote ¥, € C(R4, Z3(R)) the associated solution. For the Gross—Pitaevskii nonlinearity, we have ¢, = V2
and I" = 6.

Theorem 1. (See [13].) We assume d =1, f(0) = ¢ — | and that the functions AiS“ and 4’};11 verify
| AL H® T |}az¢;“/ﬁ|| e SM-

Then, there exists eo(M) > 0 such that, if 0 < ¢ < eo(M), then Y, can be written
Wo(t,x) = (1 + 62 Ap(1,2))e"? D 1 =¢%, z=e(x —V20),

with Ag, ¢ : Ry x R — R continuous, (Ag, ¢¢)jr=0 = (Aig“, ¢;“), and we have, for any T > 0,

0,0 +8>eCM'L”

i¥e
V2

where ¢ stands for the solution of the (KdV) equation

||A£(7:) - §8(T)||L2(R) g CM(HAISH -

H3(R)

2V208:¢ + 1208, — 93¢ =0

with initial datum
(e)jr=0 = A}

The error in ¢ is not natural, since only &2 appears in (3) (for d = 1). This is in particular due to the fact that the
use, in [13], of the first three pairs of nontrivial conservation laws for (GP) yields

1Ae = 8:0e /v 2l 3y < C(|AY = 0.6 /Y2 s gy + )- ™

In [14] the authors improve this first result by replacing the & above by &2. The price to pay is the loss of more
derivatives.

Theorem 2. (See [14].) Let s e NU {0}, Ko > 0 and 0 < ¢ < 1 be given and assume that
. 46 Ai )
| A8 | prsesmy + €102 AL L2y + 10:86"| yos ) < Ko
Let A, and U, denote the solutions to the (KdV) equations

2V/20,L 4+ 1209, — 93¢ =0
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with initial data AE‘ and BZ@“/\/E respectively. Then, there exist eg = £0(Ko, s) € (0, 1) and K = K(Ky, s) > 0 such
that if e < e0(Ko, ), W, never vanishes and thus can be written

Wo(t,x) = (1 + 624, (1, )’ =¢% z=e(x —V20).
Furthermore, for any t > 0,
¢ —'LQ §£§éi )er.
\/z \/z HS(R)

9.
The improvement in their proof is due to the fact that they take into account waves going to the right and to the
left: see Theorem 1 in [14] for a precise statement. In this paper, we shall treat only the right-going wave.
In [20], we have investigated the (KdV)/(KP-I) limit in arbitrary dimension d and for a general nonlinearity f
satisfying f’(1) > 0. Here is one of our results (see also in [20] a result in the energy space when d = 1, and a result
for non-well-prepared data). Here, for Aig“, ;“, we consider the initial datum for (NLS)

lAs — Agllms ) + H

< K<82 + ”Aign —
H*(R)

WM (x) = (1+ 2 AP (2) exp(ieel (2)). 21 =ex)1, 21 =x1,

and denote ¥, € llfsi“ +C([0, T,), H*t1(R?)) the corresponding H**! maximal solution. Let us recall that for initial
data A™ in H® with s > 1+ d/2, the (KdV)/(KP-I) equation has a unique local in time weak solution (in the distribu-
tional sense) A € L®([0, 9], H® (R?)), as can be easily seen (for d > 2) by cutting off low frequencies and passing to
the limit. If moreover the antiderivative 9 L A" exists in the sense that (1 + |£])*& L ' Z (A") e L2(RY) (where .7 is the
Fourier transform), then, from the result of [32], we know that A actually belongs to C([0, o], H® (RN o, H*® (R?))
(for s > 1 +d/2). If, in addition, A_, 0" A™ € 9. H*~3(R), then A, 3_%A € L*([0, 7], H* > (RY)) (see [53] or
Lemma 3 in [42]).

Theorem 3. (See [20].) Let s € N be such that s > 1 + %. Assume that we have a family (Af,/“, ¢é“)o<g<1 such that

A= sup (AL 04,08, €V 80) | o1 ey < +00.
O<e<l

Then, there exist 0 < &9 <1, 70 > 0 and K > 0, depending only on s and A, such that, for 0 < ¢ < eo, T, > T0/€>

and there exist two real-valued functions A, € C([0, 7o), H*T'(R?)) and ¢ € C([0, 1], H*T' (R?)) N C([0, 70] x R?)

such that (Ag, ¢¢) =0 = (A}, ¢1") and satisfying

Wo(1,x) = (1+&°Ac(1,2)) expliee(t.2)), T=61, 21 =8(x] — 1), 2L =£°X] ®)
with 1 —i—szA,9 > % and
sup {11 Aell o1 ey + [ (32,82, Ve, be) | o ray ) < K- )
0<r<1o

We assume that there exists a function A™ € HSTY(R?) such that
(A, 8., 8", e V., ¢") — (A™, ¢, A™,0) in L*(R?)
and moreover that, if d > 2,

3, ¢

. =0() and |V ¢ 12 gay=OM).

H Al:n B
L2(R4)

Then, we have for e — 0 and every o <s + 1,
) in
Ae— ¢ inC([0, %1, H*(R?)), and == —¢ inC([0, wl, H* ' (RY)),
Cs
where ¢ € L®([0, t0], H* T (RY)) is the solution of the (KAV)/(KP-I) equation with initial datum' A™ e H*+1 (R?).
Furthermore,

L If d > 2, we actually have V, 19z 11 A" e L2(RY) and V, n Al ¢ {5 (R?), which is sufficient to guarantee the continuity in time for ¢.
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a
sup |4, — 2% =o(1), (10)
0<r<1 Cs Il L2(RY)
and ifd > 2,
0z, s
sup |Ag — —— < Ke and sup  [IVz, @ell2rey < K. (1
0<T<10 Gl 0<r <10

Remark 1.1. In [20], Lemma 1, the proof implicitly assumes that the potential function F is nonnegative. This is not
a problem for the study of the (KdV) limit since, in the end, we prove that || is uniformly close to 1. Therefore, since
F(o) ~ cf(g —1)?/4 as 0 — 1, one can modify F away from 1 in order to have “F > 0” and afterwards observe that
the solution for the modified nonlinearity is actually a solution for the original one for & small enough. However, for
a correct statement of Lemma 1 in [20], one needs to add that F is nonnegative.

Since the above result give a description of a wave propagating at the speed of sound, it is natural to investigate
the behaviour of the travelling waves of (NLS) in the transonic limit, that is for travelling waves of speed ¢ >~ ¢g, and
expect a convergence, up to similar rescalings, to the (KdV)/(KP-I) solitary wave. The (KdV)/(KP-I) equation does
have solitary waves provided I" # 0 (otherwise, (KdV)/(KP-I) is linear), and 1 < d < 3 (see [24] when d > 2). For
the Gross—Pitaevskii nonlinearity ( f (o) = o — 1), explicit integration of the travelling waves equation can be carried
out in dimension d = 1 (see [52,12]), and this convergence can be checked explicitely. Still for the Gross—Pitaevskii
nonlinearity, we refer to [11] for the proof of the transonic limit in the two dimensional case. For a more general
nonlinearity f, see [16] for the case d = 1, using ODE techniques, and [18] for the dimensions d =2 and d = 3.

In Theorem 3, the convergence was obtained through a compactness argument, which does not provide a quanti-
tative error estimate. The purpose of this paper is to provide a convergence result for this (KdV)/(KP-I) asymptotic
regime with an error bound comparable to the one obtained in Theorem 2 of [14] for a general nonlinearity f and any
dimension d > 1. As a first remark, note that the zero mass assumption fR A(z1,z1)dz; =0 for every z, € R4,
which allows to define the term 9 LA, is necessary in order to prove rigorously a consistency result of the (KP-I) ap-
proximation, as explained by D. Lannes in [40]. However, this zero mass assumption is not natural from the physical
point of view. This is the reason why D. Lannes and J.-C. Saut have proposed in [42] weakly transverse Boussinesq
type systems that are formally equivalent to the (KP) equation but for which no zero mass assumption is needed and
for which natural consistency error bounds can be proved. This is the point of view we shall adopt for our problem.

1.2. Comparing to a weakly transverse Boussinesq system

Working in the hydrodynamical variables (A, U = (U}, UL) = ¢ 1 (3;, ¢, V2, ¢e)), (3) becomes

1 1 1 2,1 1 2 1, .2 L
e = 0 A 2010, A+ 26°U; Vo As (14 €240) (0, U] + €7V, - UF) =0
1 1 1 2771 1 2 2
o 0eUe = 500 Us +2(Ug 82y + Uz - Ve, JUe + 530 [£((1+6%40)) ] (12)
S
~ 1V 92 Ac + XA, A, o
2 ¢ 14 ¢2A, ’

Notice that, when we neglect the quantum pressure, (12) is a symmetrizable hyperbolic system in the variables
(Ag, U, 51, SUgJ‘) (and not (Ag, Usl, Ugl) due to the weak transversality), for which the symmetrizers

¢2 ¢2

Dlag<l s ) or Diag(zf’((l-kng )2) 1 1) (13)
2f((1 482407 21((1+£24,)2) 2 e)). L.

S

can be used. Therefore, it is natural to propose, in the spirit of [42], the following Boussinesq type system



D. Chiron/Ann. I. H. Poincaré — AN 31 (2014) 1175-1230 1181

1 1 1
O = 0 A+ g—zaZIUg +200, A; + A0, Ul +2:2UL . v, A,
S

+(1+%A,)V,, - UL =0

1 1 1 270 1 (Bs)
—0Us = 50, Us +2U}0, Us + 267U} - Vo, Us + VoA + (I = HAV:A,
S
1.3
- C_Q.aZlUS :O
s

Here, we have used the Taylor expansion (4) for the nonlinearity f and the definition of I". Notice that in this
system, we have replaced A, by U, in the dispersive terms, which is justified by the fact that, by (5), we expect A, =~
¢;19;,¢. = U/ This allows to have the structure of a symmetrizable hyperbolic system in the variables (A;, UL, eUL}),
since the dispersive term is then a diagonal term with constant coefficients. Indeed, we can use the symmetrizer

1+ (I =5)e’A
> (e2A,) EDiag(%, ..., 1),
E°Ag

the first one of (13) having the disadvantage of making the dispersive term with nonconstant coefficients. We may
observe that if, in (B;), we replace 831 U; and 8131 U,SL by 8?1 Aé and 831 AgL respectively, we no longer have a sym-
metrizable hyperbolic system, and the local well-posedness of the resulting system would then be a delicate issue, see
[47] for a Boussinesq system (see also [54]). In view of this very nice structure of (B;), we prove the following local

well-posedness result.

Proposition 1. Let A > 0 and s € N be such that s > 3 + %. Assume that 0 < & < 1 and that (A", U™) is an initial
datum for (B.) such that

” (Ai:nv Ujsn’l’ SUi:n’l) “Hs(Rd) <A

Then, there exists T, > 0 and K depending only on A and s (and not on ¢ € (0, 1)) such that (Bg) has a unique
solution (Ag, Ué, sUf;) € L®([0, 7], H* (RY)), and this solution satisfies

sup [ (Ae, UL, eUY)

ST

|| H.Y(Rd) < K (14)
Moreover, if U‘isn is a gradient vector field, then for 0 < t < 14, U (7) is also a gradient vector field.

As it is the case in [42], let us emphasize that if d > 2, we do not control a priori Usl but only 8U£l, due to the
anistropy of the scaling. We now stress the link between the system (B;) and the (KdV) and the (KP-I) equations.

Proposition 2. Assume d =1, s € Nsuchthats > 5 andlet 0 < ¢ < 1 and A > 0 be given. Let (Aén, Ui:n) be such that

[(AZ U [ sy < 4

and let (Ag, Ug) € L°([0, ], H* (R)) be the solution of (Bg) for the initial datum (Aign, UL“) provided by Proposi-
tion 1. Then, for some constant K depending only on A, we have
wp, WAe = Vel S K(IAT = U2l yey +) 1s)
0<r <ty
Moreover, if £, € C(Ry, H*(R)) is the solution of the (KdV) equation
3 — l 3, _ __ 4in
c 078 + ngazé's 2 8Z =0, (fa)lr:O = Ag s
A

S

then for some constant K depending only on A,

sup | Ae — Zell gs-sry + Sup Us = Gell gs—s ) < K (JJAR — U @+ &?). (16)
[0,70] [0,70]
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Of course, the comparison (16) is meaningless if AL" — UL" is not small, which has to be related to the constraint (5).

Proposition 3. Assume d > 2, s € N such that s > 3+ % and let 0 < & < 1 and A > 0 be given. Let (A, U}, eUL) €
L®([0, 741, H*(R%)) be, as in Proposition 1, a solution of (B) for an initial datum (AL", UiS“) such that Uign is a
gradient vector field and

” (Aign’ Uien,l’ SULn,J_)

H HS(R4) <A

Then, for some constant K depending only on A, we have, for 0 < 1 < 1y,
)

92 (Ae = U | s gy < K (102, A8 = UD | s )+

5 (e = Uy < K (1 A = U g+ ), "
as well as
[Ae = Uell oy + 20z | 2y < K(1AF = U oy + 2 [0 | Loy + )- (18)
Moreover, if we have a family of initial data (A", U™ eUN-L),_. 1 such that UM is a gradient vector field
(A8 U ey < 40 A8 = U oy < A6 [USH] pagay < 4

and, for some {™ € H®(RY),

(Aien’Uien’l) N (Cin7 é.in) in Lz(Rd),
then we have, for any 0 < o <,

Ae—¢ and Ul —¢ inC([0, 7], H° (RY)),
where ¢ € L*®([0, t,.], H* (RY)) solves the (KP-1) equation

E _l 3 —1 =0 _ +in
S0+ TG00 = S0+ A0 =0, femo=¢"
s s

Remark 1. The estimates in (17) are very anisotropic due to the fact that the natural bound is on sUj- and not
on UL, but we can use that 8, U} = V,, U! since U, is a gradient to improve the bounds. Note that in [42], the
convergence of the weakly transverse Boussinesq system to uncoupled (KP) equations is shown (see Theorem 1
there) by a WKB expansion. Here, the wave propagating to the left is trivial. The hypothesis for Theorem 1 in [42]
are not exactly the same as in Proposition 3: for instance, we do not impose conditions like afzg in ¢ 812] H*(R?). The
proof of Proposition 3 relies on a compactness argument close to [20], and not a WKB expansion.

The link between the Boussinesq system (B;) and the (KdV) and the (KP-I) equations being clarified, we can state
our main result.

Theorem 4. Let A > 0,0 <¢e < 1ands € N be such that s >3 + %. Assume that (A‘ign, ¢én) is such that

[ (AF 32,0, Vo, 63) | s oy < A

Then, there exists 0 < &9 < 1 and K depending on A and s such that, for 0 < ¢ < eo, (NLS) has a unique solution
W, € WiN 4+ C([0, /€3], HS (RY)), with to > 1/(K A), that can be written

We(t,x) = (1 + 6% Ac(r,2)) expliede(r,2),  T=21, z1=e(x1 — 1), 21 =7x1
with 1 +82A3 > % and

I Aellc(o,7o1, 55 Ry + 102, Pe, €V Pelle 0,201, -1 Ry < K-

Denoting (Ag, UL, UL) € L*([0, 7,.], H* (RY)) the solution to (B;) for the initial datum (A", ¢ '8, 61", 71V, oM,
we have, for 0 < T < min(tp, Ty),
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0 Vv
H (Ag, SUAE ¢) ~(Ae UL eUD)
Cs Cs

< Ke3t.

Hs—l(]Rd)

This result is quite close to Theorem 1 in [14], where the functions (A; + U;)/2 and (A, — U,)/2 are shown to
be & close to the solutions of two (KdV) equation with appropriate initial data. Here, we compare directly to the
Boussinesq system (/3;) via an estimate of the t-derivative of (A., U.). The estimates of Proposition 2 and 3 can thus
be transposed to (A, U, ), leading in particular to the following corollary.

Corollary 1. If d = 1 and under the assumptions of Theorem 4 with s > 5, we have, for 0 < & < g9 and some constant
K depending only on A,

sup  {llAe — el @ + s — Gellm@ ) < K([AR = U ) + )

[0,min(7o, 7:)]

where ¢, € C(Ry, H*(R)) denotes the solution to the (KdV) equation

2 00t + TLdle — ~030, =0 (&e)jr=o = AP
¢ 293 $e0:8¢ 2 Z{s— H e [t=0 = Ag .

S

Proof of Corollary 1. Denoting (A, Ug) € L*°([0, 7,], H*(R)) the solution to (B;), we have

(As, 3i¢8> — (Ae, Up)

S

< K&?t < Ké?
HJ—I(R)

sup
[0,70]

by Theorem 4, since s > 5 > 3 + 1/2. Moreover, since s > 5, applying Proposition 2, there holds

sup [[Ae = Gl -5y + sup [Ue = Gell sy < K (AL = U ooy + %)
[0,70] [0,70]

where ¢, solves (KdV) with initial datum Ais“. As a consequence,

sup  {[lAe — Cellgs—s@ry + 1Us — g“glle—s(R)}

[0,min(zp,74)]

[1(+75)
<K sup Ae, — (Ag, Us)

[0,min(zg, T4)] Cs

+1Ae = Cell gs-sw) + I1Ue — §e||HS—5(R)}
Hs’l(]R)

<K(|Ar- UgnHHH(m +e%),

as desired. 0O

Notice that we obtain in this way in dimension d = 1 a comparison result with the (KdV) equation with an error
O(&?) as in Theorem 2, [14], with assumptions that are basically the same (note that we do not need the L? bound-
edness of the “58§+6Ai§"’ derivative). Of course, the convergence by compactness in Theorem 3 holds in a larger
space than the one where we prove quantitative error bounds. Our result holds for a general nonlinearity and does not
rely on the integrability of the one dimensional Gross—Pitaevskii equation but only on singular hyperbolic systems.
However, since we do not benefit of the a priori bounds deduced from the integrability (as in [13]), we do not have
an exponential bound on the error but work on a bounded interval in 7. Note that from our previous discussion, no
reasonable comparison result with the (KP-I) equation itself has to be expected.

1.3. Expanding in powers of €

One natural way to get error estimates would be to justify an expansion of A, and ¢, in powers of ¢. These
expansions are indeed justified for the WKB asymptotics: see, e.g., [29,31,19]. In the physical literature, this is actually
the way the (KP-I) equation is formally derived for (NLS) (see [9,34.45]). We would like to point out that, in view
of the fact that the limit is singular, this power expansion is not formally correct in the sense that this requires very
strong well-preparedness assumptions on the initial data and this expansion cannot be valid at arbitrary order.
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We consider the system (12), where 8;1 1 Ue1 stands for cs_1¢€:

1 1 1
A = 50z Ac + 20, 0; Ag +26%(V2,07'U) - Vo A + S+ e?Ag)[0, U} + %A, 01U ] =0

3 1Yz £
Cs !

&

l 1_i 1oyl 14 9.2 —1z71 1 i A
- 0cUp = =502, Uy +2U; 05U, +26 (V.p0'ud)- v, U, + 50z 4
s

1 2 2 22 1 82 A5+82AZLA€
" C%7azl[f([1+8 As] )—css AE]Z gam< N 1+ 624, .

We assume a formal expansion
Ag=Ag+eA| +e*Ay+--- Ul=u} +eU! +%U) + -
e = A0 1 2 s ¢ — Yy 1 2 ,
where the functions Ay and U, kl are localized, insert this into (12) and collect the terms of the same formal order in €.
We then consider initial data having the same expansions:
Ail’l _ Alﬂ + All’l 2A1H Uil’l,] _ in,l Uin,l 2U1n,1
e =Ag TEA] +E7A7 -, e =Ug  FeUpm +e7lUym 4o
At order £ =2, we obtain UOl = Ao (and this is natural in view of (5)). The terms of order ¢! provide
Ul = A,
and we point out that this is indeed a constraint of well-preparedness on the terms A and U ]1 at initial time, since we

must have

in,1 _ 4in
Uy =Ar,

and this condition is not natural, even though in [9], the expansion only involves even powers of €. We now turn to the
terms of order £°:

1 1
c—aru(} +2U3 8, U} — c—zagl Ao+ (I —5)A¢d; Ao + 8, Ar — 8, U} =0
s S

1
—0cdo + Aod Uy 42Uy 0z, Ao+ Az, 92Uy + 0, Uy — 32, Ay =0.
N

We can solve this equation in (A», Uzl) if and only if the two equations are compatible, that is if and only if Ag = Ud
is a solution of

2 1 5 _1

—0;Ag — 0. Ao+ 1T"Agd;; Ao+ Az, 0, Ag=0,

1
Cs ¢z 4 2

which is (KdV)/(KP-I). Then, using the (KdV)/(KP-I) equation for Ay, we are left with
1 -1 1.3 r 1 -1
0, A2 — 0, Uy = c—atAo +3A00;, Ao + Auam Ag = 2_c28Z'A0 +(3-— 5 A0z, Ag + EAZLam Ag,
S s
that is

1 1 Lo
Ay =Up + 5502 Ao+ 7(6 = AT+ 5 A, 9.7 Ao. (19)
N

Here again, we obtain a strong constraint on (As, Uzl) at the initial time:

. : 1 . 1 201 .

P =0+ o502 AT+ 16— D(A) — A, 0,247,
s

which is not natural since the rigorous results in Theorems 2, 3, 4 do not make such preparedness assumptions on

the initial data. Moreover, in dimensions d > 2, the term A, 8;1 2Ag‘ is not well defined in general: for instance, if

. 2 2 2 2 : 2 2 . . . .
Ay =0, (e %172} = —2z1e7 %17 %, then 832 82_11A3‘ = 2(2z% — 1)e~%17% has no z; antiderivative in L2.
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The terms of order ¢! give

1
—0 Ul - p; 8; Al + (I =5)A¢d,, Ay + (I' = 5)A19,, Ag +2Ug 8, U} +2U]8,,Us +8,,A3 — 9,,U3 =0
A

1
—OcAn+ Ao Ul + A19;,Uq +2U; 0, A1 +2U{ 9 Ag+ A, 02, Ul +9;,U3 — 3, A3 =0.
S

Here again, we have a compatibility condition between these two equations, which implies that A} = U ]1 must verify
the (KdV)/(KP-I) equation linearized around Ag

2 1
O AL+ T Agdey A1+ T A1d;, A — c—zaflA] +A,,0'A1 =0,
N

(AR 4]
)
and it remains (since Ag = UO1 and A| = Ull)

1
3. A3 — 3, U3 = —O AL+ Agdy Ul + A18,, U} +20L0; A1 +2U' 8, Ao + A, 82U}

21771
A

r 1 1
(3 — E)azl(A()Al) + — P 2 ZlAl + EAZLazl

In [9], the expansion is assumed even in €, hence A1 = U 11 =0, and then it is natural to choose A3 = U3l =0.
For the terms of order &2, we have, for some coefficient g3 coming from the Taylor expansion of f((1 + o)?):

| S G 1 ) 1
Uy — 50, A2+ 50, (AodZ, Ao) — 30282, Ag
s

2 21
S S
+ (I = 5)3, (A2 Ag) + (I' — 5) A1 d;, A + 3q3AG0:, Ag
+20;, (UgUy) +2U1 0., U] +2(V2,9;'Up) - Vo, Ug + 0 Ag — 8,,U4 =0
1
—8: Az + Agdy U} + Agdy, Ul + A19,, Ul +2U 8, Ay +2U3 8, Ag +2U] 8, A

Cs

+2(V2,02'Ug) - Vo Ao+ Az 97Uy + AgAz, 95 Ug + 0:,Uf — 92, Ag =0.

Compatibility of the second equation with the first one then implies

18 Ay + US a3A I —5)3,, (AoA2) + T'A10.. Ay + 9. (q3A2) + 29, (UL A
P r( 2+ 2) 2 2 2+ (I" = 5)9;, (ApA2) + 10z, 41 + z1(q3 ())+ Zl( 0 2)
)

1
+ = 2 50z, (A08 Ao) + 0z, (2A0U2) + Aod;, U2 + A0, Ag +2A00;, Az + 2U2 97, Ao

S

1
+4(V,, 02108 - Vo Ao+ AL 051 US + AgA,, 97 Ag — 08 Ap =0, (20)

s

Using the expression (19) of A in terms of U21 and the (KdV)/(KP-I) equation for Ag, we obtain

1 r 1
C—Sa,( A2)+ (6 Ao, 9 Ao+ — 5 A 0 (A2)+4A§l8713A0+821{ =0,

where the term {...} depends on Ay, Uzl, Ap. Here again, we observe that the term A2 8_3A0 is not well defined in
general, and that the expression Az, 9 (A ) is not in L? since A(z) > 0 (when Ay is nontr1v1a1) This means that if
d > 2, the expansion is not formally correct up to the cancellation of the terms of order 2.

We would like to point out another difficulty when we cancel the terms of order &2, and restrict ourselves to
the dimension d = 1. Under weak assumptions on the nonlinearity, the Cauchy problem for (NLS) is known to be
locally well-posed in W™ + H'!, see [28]. This implies in particular that when we lift ¥ = Ae’?, we must have,
by Sobolev imbedding, the existence of the limits ¢(¢, 00) as well as (¢, £oo) = <pi“(t, +o00) for any ¢ > 0.
Note that we consider here only solutions with |¥| ~ 1. As a consequence, the (generalized Riemann, say) inte-
gral [pUgdz = [pUpdz+¢ [Uidz + g2 Jg U2dz + --- must be independent of 7. Since Uy (resp. Uy) solves
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(KdV) (resp. linearized (KdV)), it is (formally) true that fR Uy dz (resp. fR U1 dz) is conserved. For U,, assuming the
conservation of fR U, dz, we deduce from (19) that

1
Br/Azdz=Z(6—F)8,fA%dz=O, 1)
R R

since the (KdV) flow conserves the L2 norm. On the other hand, (20) becomes
1

3 (As - U+ =45 (Ae(Ar + U 39.(Ao[Ar + U
¥ (A2 +Uz) + > . (Ao(Az + Ua)) +30;(AolA2 + Ual)
)

1
—0: (A + Up) —
Cs

1 3 1 2 1 2 1 2 1 2
=530 | 329 A0+ 76 = A )+ ( 559 A0 + 76 = 1 AG |- Ao
s s s

r—4/1 1 1
— T(Z—czaon +76- F)A%) — A3, Ay — c—zaZ(Aoaon) —3.(4343).
S

s
and since 2812A081A0 = 81[(81A0)2] and 3A(2)81A0 = BZ[AS], all the terms in the right-hand side are z-derivatives

except the term involving Aé in the before last line. Therefore, formal z integration of the above equation provides,
still assuming fR U, dz constant,

1 I —4)I -6
—af/Azdz=$/A%dz,
R

Cs

which contradicts (21) (when Ag is nontrivial), except in the particular cases I" = 6 which happens for the Gross—
Pitaevskii nonlinearity since f” = 0 everywhere, or I = 4. This second argument suggest that we may not in general
be able to cancel out the terms in 2 with an expansion in ¢.

We finally point out that in [42], the convergence of the weakly transverse Boussinesq system to the (KP) equation
was shown through an expansion in ¢ similar to the one discussed here, which leads, similarly to (19), to hypothesis
like Bzzzg“in € 3221 H* (R?). The results in Theorems 1, 2 and 3 do not rely on the justification of some expansion in ¢.

Actually, expanding in & with even powers so that the equations are solved up to the natural error O(g?) suggest that
we may compare the true solution (A., U,) to the approximate one (Ag + §2A,, U + 62U») up to an error O(&?).
The condition (19) appears then somehow unnatural because the terms (2 A3, 2U,) involved are of the order of the
error O(g?).

1.4. Formal derivation of (gKdV)/(gKP-I) equation in the degenerate case I' =0
When
I'=6+—=/"(1)=0,
cS

(KdV)/(KP-]) is a linear dispersive equation. In order to see nonlinear effects, it is thus natural to enlarge the size of
the data. It turns out that the natural scaling is now
W, x) = (1+eAc(r,2)) exp(ige(r,2) T=6"t, 21 =6(x1 — 1), 2L =% (22)

Plugging this into (NLS), we obtain the system

c 2 1
OcAe = 502 Ac + — 02 edz Ac +26Ve e - Vey A+ (14 £A:) (92 ¢ + 87 A ) =0

92 Ac +e2A; A, B (23)

1+8As

As e — Oandif A, — A and ¢, — ¢, we infer as above that at leading order, for both equations

¢, 1 1
Iede — 0ci0e + (02,00 +elVo 9o + 5 f((1+e40)?) -

A =0.,6. 24)



D. Chiron/Ann. I. H. Poincaré — AN 31 (2014) 1175-1230 1187

However, it has to be noticed that (23) has also singular terms of order ¢ ~!. Assuming that f is of class C* near o = 1
and using the Taylor expansion

A

4
F(1+a)?) =cla+ (5 + 2f”(1))a2 + <2f”(1) + gf’”(l))oﬁ + fa(a),
with fi(a) = O as @ — 0, the formally singular terms in system (23) give

1 1

8_2(331 Ge = €sdzy Ae) + = (202, 9edzy A + A2 ¢e) = O(1)
A} 1 "

:—‘z(csAg — 3, 0) + g(<azl¢s>2 + (/2 +2f£"(1))AZ) = O(1).

We recall that I" = 0 if and only if —2f"(1) = 3c§. Furthermore, since ¢;A; = 9;,¢. + O(¢), we infer for both
equations in the above system (formally)

3e
07,0 — 5 A; :_7C5A3+O(82). (25)

Adding c;l times the first equation of (23) to c;ZaZI times the second one, we get (using —2 1"/ (1) = 3cf,),

1 1 1 2 A, +e2A, A 1
~a, (As + c—am¢5> - 5%, < i’ L 8) +(1+eA)A,, e + c—2(6f”(1) +4f7(1))A20,, A,
)

Cs : 1+eA; :
1 5 1 2 5S¢ 5
+ —120;, 00z Ae + Acd b + — 0, [(9:,¢6)°] — =0z, (A7)
Cs€ Cs 2
2¢e £ 1
==V ¢ Vo, Ae — 505, [IVe, 6] — 550z, [ fa(eAo)]. (26)
Cg s g€

We have to pay attention to the second line in (26) due to the factor ¢ ~!. Using (25), the leading (quadratic) order
terms cancel out and the second line in (26) is

1 3¢, 3¢ 5\ 1 3¢ 5\?
— 120, Ac| cs Ay — — s AD | + A0y | ¢sAg — — AL | + —0, | | s As — = AL —5¢,A.0;, Ag
Cs& 2 2 Cg 2

+ Of(e)
= —15A29;, A; + O(e).
As a consequence, passing to the (formal) limit ¢ — 0 in (26) yields the modified (KdV)/(KP-I) equation

2 1

c—arA B AFTA%9, A+ A, 0 'A=0, (mKdV)/(mKP-I)
S

- 2% 719%;
CS

where the coefficient

1_,/ _ 4f///(1)

2
Cs

—24

involves a third order derivative of f at 1. The nature of (mKdV)/(mKP-I) strongly depends on the sign of I'’: it is
defocussing for I > 0 (without solitary waves) but focusing when I’ < 0 (with solitary waves). Indeed, in dimension
d =1, we have two solitons of speed —1/(2¢s)

v/ —6/(F/c§)
cosh(z)

(recall that (mKdV)/(mKP-I) is odd in A: if A is a solution, so is —A), and if d > 2, we have existence of (at least
two) nontrivial solitary waves to (mKP-I) if and only if d =2 and I"’ < 0 (¢f. [24]).

We can clearly go further and derive more generally (gKdV)/(gKP-I) equations from (NLS) when suitable coeffi-
cients like I" and I"” vanish. More precisely, for some given m € N, assume that f is of class C"+3 near o = 1 and
that we have

wi(z) ==+
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S
(J+ D!

2
:(_1)1“% for 1< j <m+2, 27)

the equality for j = 1 being always true by definition of ¢y, namely ¢ = /2 f/(1). If m = 1, this requires f”(1) =
—3cf /2, which holds true if I" = 0. Consider now ( f is supposed smooth enough) the Taylor expansion of f((1 +a)?)
near the origin:

1 2 = k m+2 m+3 ~ FOM27N m+3
éf((l'i‘a) )ZZQkOl +qm+20( +O(Ol )ZZ( Zw>a +O(O{ )
k=1 k=1 > 0<e<
j+£:k
The ansatz (2) and (22) are then changed for
2 . lom 3 2
U(t,x)=(14+emT Au(r,2))exp(ie T e (t,2)) T=61, z1=6(x] —51), 2L =&x]. (28)
Inserting this into (NLS) yields, with U, = c;lvqus,
1 1 2201 g gl
—0rAp — 0 Ag +26mH1 77U, 07 Ap + 261U, -V, A
Cs &
1 2
+3 S(1+emTAL) (0, U +6°V,, -U) =0
1 1 e (29)
—a,U} — SZIU t2em2yly, Ul 4 2em UL v, U + quks T 2AkTp A,
Cs
k=1

21 32 A +€2A,, A
+(m+2)61m+2A'a"+13z1A8+O(8’”“)__23z'< e 8)20'
5 14 emiT A,

Comparing the singular terms in both equations, we obtain

2
9, UL — 8, Ap + 6771 (2UL 3, Ap + Apd, U)L) = O(e?)
5 m+1 21y
0y Ae — 0, Ul + 267U 0, UL + ) kqre it AL 10, A, = O(e?).
k=2

For m = 0, we recover the constraint (5), and for m =1, We obtain (25). When m > 1, this system is also a single
constraint. Indeed, letting € = £2/+1D 5o that €”+! = 2, we shall see that the two equations in the above system
formally reduce to the single constraint

m—+2

3 5
Ul'=A, - EeAg +2e2A3 - §e3A‘g o (=D €mATTL L O(em ). (30)

For the first equation, this follows immediately by induction on m. Formally integrating in z1, the second one can be
written

m+1
A, —U! +6( +quek Tak = (9(6’”“).
k=2

From (30) and after a little algebra, this is equivalent to

m+1 m—+1 m+1
+l (k+ 1)k —1)(k+6)

k k=1 4k k k=1 gk k—1 4k +1
E(l) A+E(l) 7 A+Eqke A (’)(e’” )
k=2 k=2 k=2

that is to

-1 (k+ D)(k+2)(k +3)

V2 <k < 1, =(—1
m+ qr = ( 2

€29
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The relation (31) is actually verified when the f D(1)y’s verify (27), as can be seen by noticing that then, for o — 1,

m+1 f(])() m+1 2

flo) = Z - 1)j + O((Q — 1)m+2) — Z (- 1)]+1(] +1)(o— 1)] 4 O((Q 1)m+2)

j=1
2+
S

2
_ % s N oy S L mt2
=7 1( DTG +De—-1D +0((Q 1) ) =7 <1 Q2> +0((@—D"*),

8

thus, for « — 0,

| 1 1 iR kDK +2)(k+3) .
éf(<1+a>2)=1(l_m>+0(a +2)=,;<—1>" ! 24 of +O("*?).

Note that when (30) is satisfied, we have

m+1
€(2U} 0, Ae + Ac0;, UL) +2¢U 0, U} + ) kqre* ' AE 10, A,
k=2
m+1

— _1”16
=D 24

(m +2)(m + 3)(m +4)(m + 5) A" T3, A, + O(e"?). (32)

Adding now the two equations of (29) and using (32), we infer

1 1 32 As + €2A,, A,
— 3 (A +UN — S0, [ =
Cs (A +U) 2 Z'( 1+€A,

s

) +(1+€A)V,, - Ut

(— )’”

+ (m + 2) g2 A9, A + (m +2)(m + 3)(m +4)(m + 5) A9, A,

=—2eU}t v, U —2eU+. VZLAS + O(e), (33)
where the O(¢€) contains the remainder in the Taylor expansion and the contribution coming from (32). The formal
limit is then the (gKdV)/(gKP-I) equation

2 1
Z0 A+ TM™MAM Y A+ A 07 A— 583 A=0, (gKdV)/(gKP-T)

1Yz z
C 1 2 1

where the coefficient I"™ involves a derivative of order f*2 of f at p =1 and is defined by

m

F(’")—(m+2)qm+2+( (m+2)(m +3)(m +4)(m +5),

and clearly 'O = IMif m =0 and 'V = I"" if m = 1. It is also clear that I"" vanishes if and only if g, 2 =
(— 11 D) | hich is (31) for k = m + 2.

Remark 2. As we have seen during the computation, the nonlinearity given by

¢2 1
flo)= <1——>,
0?

at least locally near o = 1, is extremely specific. Indeed, all the coefficients I” M meNU {0} vanish for this nonlin-
. . 2
earity, in view of the fact that £ (1) = (—1)/*1(j 4+ 1)!5 for any j € No.

Remark 3. If one prefers to express A, in terms of U 51 in (30), one obtains

+
Z Qk_l) Ul o). (34)
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Indeed, (30) provides (formally)

+o00 i+ ‘ 1 oo . .
U} = Z(—l)ffTef+1Ag“ +0(e") = S0 (Z(—l)]ef”Aé“) +0(emH)

j=0 j=0

1 A, m1y _ L 1 m+1
—53€<1+6A5>+@(€ >—5<1‘m)+0(6 )

hence 1 + €A, = (1 —2¢ U; )~1/2 4 O(e™ 1) and the result follows by Taylor expansion.

We would like to conclude this section with a discussion on the free wave regime studied in [10]. This wave regime
holds for an initial datum for (NLS) of the type

i) = (1+eAM(2)) exp(i9(2)), z=ex (35)
and relies on the ansatz
W(t,x)=(1+eAc(t,2))exp(ige(t,2)), t=st, z=¢x. (36)

The main result in [10] is the following.

Theorem 5. (See [10].) Let A > 0 and s € R be such that s > 1 + %. We consider an initial datum for the Gross—
Pitaevskii equation

oW
ot
of the type Wi"(x) = (1 + A" (2)) exp(i¢!"(2)), z = ex, with

1A ety + 19288 sty < A

Then, there exists a positive constant Ko = Ko (s, d) such {hat if Koe A < 1, then (GP) has a unique solution ¥, €
gt 4+ C([0, 1/(KoeA)], HSH (R, C) with initial datum W which can be written under the form (36) with

+AY = (W - 1) (GP)

1
sup [ Ae | o gty + [ Vebe O] oy < KoA and 5 <p=1+424,<2. (37)
0<t<1/(KoeA)
Furthermore, if (a., u;) denotes the solution to the free wave equation
oag +2V, -u, =0
1 (38)
8tu8 + EVZag =0
with intial datum (Aign, qubén), then, for 0 <t < 1/(KoeA), there holds
[ (Ae, U O = (@6 u) O | oo gty o2 gty < Kogt(A” +e4). (39)

This underlines that the free wave regime is a good approximation for large t, namely ¢ < ¢~'. Actually, t &~ 1
(t ~ &~ is the time scale for the Euler regime, and since we linearize around a constant state, we expect that the
asymptotics hold for large 1. We may refer to, e.g., [17] for a survey on the different long wave regimes for (NLS)
(Euler regime, wave regime, . .. ). In the case d = 1, m = 1, the initial datum for the (mKdV) regime is also of the type
(35). However, due to the cancellation of I" and the nonlinear preparedness assumption (25) of the data, we formally
obtain solutions on a much larger time interval T >~ 1, that is r ~ s ortr~ e 2,

Remark 4. It seems that actually, in Theorem 5, the norm IIA;iEnII Hs+1(rdy Deeds to be replaced by ||Aén|| Hs(Rd) T
8||A§3n|| Hs+1(rd)> and similarly in (37). Indeed, in Proposition 1 in [10], we see that “z” is controled in H*, but the
imaginary part of z is 2%, with p = 1+ €A,, so that only 8||AL“||H.Y+1(R{1) is involved and not just [|Ag || gs+1(gd)-
This means that the right-hand side of (39) should presumably be replaced by Koet(A2 + A).
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1.5. Some rigorous justification of the (gKdV)/(gKP-I) equation

We present here our rigorous convergence result to the (gKdV)/(gKP-I) equation, but, as we shall see, it does not
hold on the scale T = 37 & 1.

Determining the right time scale. When one wants to justify the (gKdV)/(gKP-I) asymptotic regime, the main
difficulty is the presence, in systems (23) and (29), of singular terms with nonconstant coefficient. In comparison
with the justification of the (KdV)/(KP-I) limit, where we prove first the Sobolev bounds and then the error estimate
involving the preparedness assumption, the difficulty for proving the (gKdV)/(gKP-I) limit on the natural time scale
T = &3¢ is to break down a vicious circle: the Sobolev bounds depend on the preparation of the data, which itself
depends on the Sobolev bounds. Despite our efforts, we have not been able to solve this problem, even working in
a space of analytic functions. Another aspect which appears for this problem on the time scale t = &3¢ ~ 1 is that
we always have to expand much further than the expected natural order. For instance, the constraint (30), namely,
considering d = 1 for simplicity,
Uy = Ae — %eAg +2e243 — §G3A§ ot (—1)"1’”T+ze"mg1+1 +0O(emth,

requires to expand (Ag, U;) up to O(e™+1). However, this induces in the equations a consistency error only O(1)
due to the singular term in l/e2 = 1/6’”“. Hence we may hope to prove only (Ag, Us) — (Ao, Uy) — €(A1, Up) —
<o —€™(Ay, Uyp) = O(1), which is useless. Furthermore, we do not have any equation for the evolution of (A, Uj),
(A2, Up), ... and there is clearly no uniqueness when solving (30). Expanding (A, Uy) up to O(e™ ™) for some r > 1
provides a consistency error O(e"~!), which is not sufficient for proving that (30) remains true, except for r > m + 2.
When m = 1, hence € = ¢, this means that we have to expand (A¢, U,) up to O(e*) instead of the natural O(¢2). This
is the same mechanism which shows that the Sobolev bounds at one order require an expansion of the data at a much
larger order.

As a consequence, it is natural to work on a smaller time scale. In view of the result of [10] given in Theorem 5,
the wave time scale seems natural. Notice that for an initial datum of the form

U (x) = (1 + €A (2)) exp<i§ ;"(z)), z=ex,

where the small parameter £? < € < 1 may be different from & (compare with (38)), the free wave regime holds for
t < (g€)~!'. We thus introduce the time scale 6 = et = et, that is we replace (22) by

€
W (t,x) = (1+€4:0,2) exp(z‘g%(e, z)), 0 =cet, 21 =e(x1 — 1), 21 =€7xL, (40)
which changes (3) for a system with U, = ¢, ! V¢, where the singular terms have constant coefficients:

Cs 1
dpAp — :‘azlAg +2U)0, Ae + 262Ut -V, A + -a +€Ae) (3, U + €7V, -UF) =0

&
C 1
dpUs — faleg +2UL8,Us + 262Ut -V, U, + €—2vz[f((1 +eA0)?)] (1)

év 02 Ac +e2A; A,
¢ 1+e€A, '

€

The free wave regime studied in [10] then holds for 6 < 1.

Approximation of the right-going wave by the Burgers equation for § ~ 1. Let us investigate what can be shown
concerning an expansion in ¢ for the one dimensional situation with only one wave propagating to the right. We then
try to expand further in € = ¢ the result in [10] with the assumption that the wave going to the left is negligible. This
leads us to consider the one dimensional system, where 6 = &2t and U, = cS_1 0; G,
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1 1 1
c—agAg — gazAg +2U.0,A; + g(l +eAg)d,U. =0
1“' (42)

1 1 5 92A,
C—Sa@Ug = 2 0:Ue +2Ued.Us + c3‘7;;1(]0([1 +e4A.1%)) :eaz<1 o)

When plugging a formal expansion in ¢ for A, = A9+ €A1 4+ --- and U, = Uy + €U; + - - - into (42) and arguing
as in Section 1.3, we find that Ag = Uj verifies the (inviscid) Burgers equation (sometimes, it is also called the Hopf
equation)

2
“dpa+Tad,a=0 43)
Cs
under the additional hypothesis that
. . r—-6, ..o
yn _ Ain — in ,
1 1 4 [ 0 ]

so that the relation U — A| = %A% holds true for positive times. Here is a rigorous result in this direction, without
this last extra assumption (as (19) was not necessary for proving the convergence to the (KdV)/(KP-I) equation but
required by the expansion in &). We emphasize that we focus on the right-going wave.

Proposition 4. Assume d =1, A > 0 and s € N be such that s > 3. We consider an initial datum (A;‘SH, U;“) for (42)
verifying

|AM| <A and |UR| < A. (44)
Then, there exist 0, > 0 and a positive constant eg = e9(A, s) such that if 0 < & < &g, then (42) has a unique solution

(Ae, Ue) €C([0, 6], HS(R) x H~V(R)) with initial datum (A", UI™), verifying

Sup ||A8(9)|| HS (R) + || 32¢8(9)” HS*I(R) < KOA and

YV

<p=1+eA,<2. (45)

N =

Furthermore, if a, € C([0, 6y], H* (R)) denotes the solution to the (inviscid) Burgers equation

2
—dga+ I"ad,a=0
Cs

with intial datum A‘ign, then, for 0 < 6 < min(6y, 6,), there holds

[4c©) = ac )| o3 gy + [Ue®) = ac 0| o3y < K (AL = UL yocis o, + 26)-

This result provides an expansion for A, and U, up to O(e) uniformly for 0 < 8 < min(6y, 6,) ~ 1, whereas the
result in Theorem 5, [10] takes into account left and right-going waves but is restricted to 0 < 8 < 1. If I" # 0, the
approximation a, has a nontrivial dynamics on the time scale 6 ~ 1. We shall now investigate what happens when
I' =0, on the time scale 6. More precisely, we shall work up to 8 < |Ing|.

Justification of the (gKdV)/(gKP-I) equation for large §. Here, we make the assumption (27) for some m € N,
and recall that € = £2/*D Since we shall work for 6 < |Ing|, there holds T = €™6 < €™|Ing|, so that the solution
¢(7) to (gKdV)/(gKP-I) has moved from ~ € |In¢| <« 1 from its initial value. As a consequence, any error estimate
between A, and ¢(7) for 6 < |Ineg| is meaningful only if the error is < €™|Ine¢|. Since we shall justify an expansion
in €, this will force us to solve the equations up to an error O(e"*!). Proceeding in this way, we shall then prove a
Gronwall estimate which roughly reads

|4:0) = (Ao + €A1+ -+ €™ Api1) @ + |Ue @) — (Uo + €Ut + -+ + €™ Upir) (1)
S 6m+l eC09 , (46)

where Ag = Ug = ¢(7). For 0 < |ln¢| & |In¢|, the right-hand side remains small. Clearly, in this expansion, the
terms e’"“AmH and e’”“UmH are useless in view of the error > %! but they are necessary in order to have
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a consistency error in O(e™*1y. This leads to constraints such as (19) or U{n — Ailn = FT*6[Ai0“]2 for the Burgers
equation. We have seen that for (A1, Uy), (A2, Uz), ..., we have no evolution equation on the time scale t (but they
are (formally) stationary on the time scale 6). Therefore, it may seem strange to justify an expansion which seems up
to (’)(e’"“) without knowing the true dynamics of (A1, Uy), (A2, Uz), .... However, this is not unconsistent, since
for 6 < |In€|, the term e U; for instance, has moved from its initial condition of at most € x 7 = €"t19 which is much
smaller than € +1e€0? when @ is large.

Our result is based on an expansion in €, thus we shall have the above mentioned constraints on the initial data,
suchas Az, 9 2¢in ¢ g5+t (RY), although we believe that they are actually not necessary. In view of the form of (46),
note that a distinction has to be made between the case m = 1 and the case m > 2. Indeed, we have seen that we wish
to have [|A:(0) — ¢(D)|| = ||U: (@) — ¢(v)|| = 0o(e™|Ine]), and a priori, we infer from (46) that ||A:(0) — ¢(7)| =
1Ug(0) — ¢ ()| = e. If m =1, it is true that € = o(€"|In¢]), but if m > 2, this is no longer the case, which means that
we cannot compare both A, and U, to ¢ in a significant way. Indeed, in view of (30), that is

Ue — {Ag - %eAg +2€2A3 — 263/4;‘ ot (—1)"’"%26"1/431“} =O(e"th),
we cannot have at the same time A; =0 and U; = 0. In the case m > 2, we shall privilege the comparison of ¢ to
the amplitude A, and then impose A = A = = A,;,—1 = 0, which in turn implies, via (30), a strong constraint
on the expansion of U, at the initial time, both for Uinland for Unt = v, a;, 1yin1 (since Uy is a gradient vector
field). This is the reason why we shall present two results. The first one (Theorem 6 below) in one space dimension
and where we want to compare the amplitude A, to ¢, which requires A} = Ay =--- = A,,,—1 =0, in particular at the
initial time. The second one (Theorem 7 below) in space dimension d > 2, and where we compare the first component

of the gradient vector field U, to ¢, which requires U ]1 = U21 =...= U}Lfl = 0. Of course when d = 1, one could
make a statement where we compare U, to ¢ (with U 11 = U21 == Ur}z—l = 0). However, in dimension d > 2, since
U, is a gradient vector field, this imposes some constraints in the expansion in € for U! and U;-, which prevents the

comparison between A, and ¢ (since we must have Aj = A, =--- = A,,_1 =0), at least when m > 2. We may now
state our main results for this section.

Theorem 6. We assume d = 1. Let A > 0, s,m € N such that s > 2 and (27) holds. We fix Ci“ € HST>(R) and denote
¢ €C([0, 7], H* T3 (R)) the solution to the (gKdV) equation

2
c—a,g +rmemtly ¢ —33; 0
1) S

for the initial datum {in. We fix Ai,f,’ € HP(R) and consider an initial datum (A Uln =0 ¢ M) for (41) satisfying

<A82:A€m+l,

”A? — ¢ —emA I HS®R) S

and
. . 3 . . 5 . 2
U;n B A;n _ —E[A;n]z + 262[14?]3 _ —63[Am] b (=)™ m + [Am]m-H
< Ae? = AemH,
Then, there exist two (small) positive constants u and g > 0, depending only on s, A and the functions {™ and

Aln such that (41) has a unique solution (A¢, Ug) € C([0, u|lne|], H*(R) x HS~ l(IR)) if 0 < &€ < g9. Moreover, there
exists a positive constant C, depending only on s, A and the functions ¢™ and Am such that, for 6 € [0, u|ln€|], we
have

|A:©) = ¢(e"0) ] H®) S C(e" ”A | H (R) _’_Em+1e9/(2y,)) <Ce”
and

m+2

3 5
H Ue(6) — {Ag —~ EeA? 426243 — 563A;‘ 4 (D™ e'"A;"“}(e)

Hs—L(R)
1
< C€m+le9/(2p,) < C€m+7.
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We recall that the assumption [|AI" — ¢i" — €™ AN || s g) < Ae? = Ae™*! corresponds to the hypothesis A =
Ay =---=A,u_1 =0at 0 =0. Our second result holds in arbitrary dimension d > 1. Since we privilege the vector
field U,, we no longer compute UE1 from A, by (30) but compute A, from Ugl by (34).

Theorem 7. We assume d > 1. Let A >0, s,m € N such that s > 1 + % and (27) holds. We fix §in € H”S(Rd) and
assume moreover, if d > 2, that

¢"ed, HP(RY) and A 07'¢™ed, HTH(RY).
We then denote ¢ € C([0, 7], H® (Rd )) the solution to the (gKdV)/(gKP-I) equation

2 _ 1
SOeE T B0 Az 06 = 0% e =0

S s
for the initial datum ¢™. We consider an initial datum (A™, U™ = V,¢IM) for (41) satisfying

m+1
. 1-3..... QRk—-1) _
ap -y L3 D iy
k=1 :

< At = Ag2.
H“(Rd)

Ur=v. 't™ and

Then, there exist two (small) positive constants v and g, depending only on s, d, A and the function ™ such that (41)
has a unique solution (A, U,) € C([O, pllnel], HS (RY) x HS~Y(R?)). Moreover, there exists a positive constant C,
depending only on s, d, A and the function {™ such that, for 6 € [0, u|ln€|], we have

1 +1.0/2 +1 1 +1.0/2 +1
[U20) = ¢ (€"0) | oo oy < Cm O <t eUL )] s oy < Cem 0 < Cemt
and
m+1
1.3..... 2% —1
Ac®) = k'( Lo < Cemtlef/On < cemta,
k=1 : HS (RY)

As an illustration for these two theorems, take m = 1, U" = v, 8;1 ! g“i“, and A" = ;i“ + %[{i“]z. Then, we prove
that A, () and Ug1 (0) are equal to ¢ (g6) + O(e) uniformly for 0 < 6 < p|lne|, whereas ¢ has moved from its initial
condition about g|lng| > ¢. Theorems 6 and 7 then provide a justification of the (gKdV)/(gKP-I) limit on the time

scale t < ()" VIne| ~ zflfm%l |In &|, which is much smaller than the expected one ¢ < &3 (recall m > 1), but much
larger than the natural one for the free wave regime ¢ < (¢€)~! with both left and right-going waves (cf. Theorem 5
due to [10]), or the time scale 7 A ¢ =2 which is suitable for a right-going wave approximated by the Burgers equation
(see Proposition 4).

In [22], T. Colin and D. Lannes justify the Davey—Stewartson approximation for WKB initial data in hyperbolic
systems. Their situation bears some common feature with our one: the transport equation (analogous to the free
wave equation for us) governs formally the dynamics on the time scale say t ~ 1/8, and the diffractive (formal)
approximation holds on the time scale r ~ 1/8%, where § is some samall parameter. However, the rigorous justification
of the Davey—Stewartson approximation in [22] is for times ¢ < [In§|/8, which is here again much smaller than the
diffractive scale t >~ 1 /52, but much larger than the transport scale ¢ < §~!. However, in [22], this is the occurrence
of resonances which prevent the approximation to hold up to times of order ¢ ~~ 1/82, whereas in our situation, this
is the occurrence of nonlinear singular terms. It is then not completely clear on which time scale the (gKdV)/(gKP-I)
approximation is valid. We shall study this problem numerically in some forthcoming work.

Similarly to the (KdV)/(KP-I) limit, we may wonder what is known for the (gKdV)/(gKP-I) asymptotic limit for
the travelling waves. Concerning the one dimensional problem, we refer to [16], where the ODE argument still works
for the (gKdV) limit as soon as the (gKdV) equation has solitary waves, that is the nonlinearity is even, or focusing
and odd. In particular, when I" = 0 > I/, this gives rise to two branches of solutions in the transonic limit. In higher
dimension, note that the (gKP-I) equation which is not (KP-I) (that is with nonlinearity which is not quadratic) has
travelling wave only if d = 2 and the nonlinearity is either cubic focusing or quartic (see [24]). In [21], we have
investigated numerically the existence and properties of the travelling waves for (NLS) in dimension two. In the
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focusing case I' =0 > I'’ for (mKP-I), we have also obtained, as in [16], two branches of solutions in the transonic
limit. So far, we do not know any mathematical result concerning this convergence to (mKP-I) for the travelling waves.

The main ingredient in the proofs for the above results is to use the trick of E. Grenier [31]. The idea is to write the
wave function ¥ solution to (NLS) under the form

¥ =aexp(ip),

where ¢ is real-valued but a is complex-valued, which is a modified Madelung transform where amplitude and phase
are no longer the true ones. Then, we do not split (NLS) separating real and imaginary parts, which would lead to the
first system in (1), but decide instead to solve

{8,a+2V¢-Va+aA¢:iAa

o9 + Vel + f(lal*) = 0.
The point is that if (a, ¢) solves this system, then ¥ = a exp(i¢) solves (NLS). The advantage of this system is that it
is a symmetrizable hyperbolic system (if f’ > 0, which will be the case here) with a skew-adjoint, constant coefficient,
perturbation for which existence or comparison results can be easily derived.

1.6. Derivation of the (mKdV)/(mKP-1) equation from the Landau—Lifshitz model

In the Landau-Lifshitz model for planar ferromagnets in the case of an easy-plane anisotropy, the spin density
m=m(,x)=(my,my, m3) € S?, 1 e Ry, x € R, obeys (see [39,37,38,45]) the equation
om - -
E:mx (Am —m3ze3), e3=1(0,0,1). (LL)

The physical dimensions are d = 1, 2 or 3. The Landau-Lifshitz equation (LL) formally conserves the energy

/ |Vm|? + m% dx.
R4
Concerning the local well-posedness of (LL), we shall use the following result.

Theorem 8. Let s € N with s > +%. If mi" € C(RY,S?) verifies V'™ € H*(RY, (R?)3), then there exists t, =

1 . . 2 . d\3
CoDIva > 0 such that (LL) has a unique solution m € L*°([0, t], S%) with Vm € L*°([0, t,], H*((R%)?)).

The proof of Theorem 8 is omitted, since it follows from the arguments in [50] (the extra term m3es is harmless),
or in [26], where the heat flow into the manifold S? is used, which would lead for (LL) to the parabolic regularization:
omY

— = v(Am’ + |Vm”‘2m” —mie3) +m” x (Am” —mjés),

and then letting v — O.
The Eq. (LL) may be recast as a nonlinear Schrédinger type equation by using the stereographic projection

_mytimp
T ol4mg ]
which is valid for mz # —1. This transforms (LL) into the nonlinear Schrodinger type equation

Sk +A11/+1_|lp|2l1/ Z(a w2, (47
;oY
ot 14+ |w? 1+|l1/|2 J

which also possesses the gauge invariance, but which is quasilinear and not semilinear as (NLS). We may also find
the hydrodynamical form by using the Madelung transform ¥ = Ae'?, provided ¥ does not vanish, which yields

1— A2
A +27—5(V0) - VA+ ADp =0
1+
2 2 (48)
rot 1 A| p ATl aA ovaR
Wt TV T e T A T A
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or, in variables (p = A%, U = V,¢),

1_
dp+2—LU . Vp4+20V-U=0
I+p

1- —1 A Vol?
8,U+V(—p|U|2) +V <p ) <—‘/ﬁ) +v<4| i ) =
1+p +1 JP 2p(1+p)
Notice that here, the speed of sound is equal to 24 i (p I )| o=1 = 1, and that the associated Euler type system (in
the long wave regime) is different from the usual one. The result below will no longer rely on the trick of E. Grenier,
where we allow the amplitude to be complex-valued, thus we shall work with the true hydrodynamical variables

(p= A% U = V). In order to put forward the (mKdV)/(mKP-I) limit, we follow [45] (although this work was
related to the question of travelling waves), and make the long wave ansatz

U(t,x)=+1+eA:(t,2) exp(i¢>s(t, z)) T=8%, z1=e(x] —1), 20 =&2x], (50)

which is actually similar to the one used in Section 1.4 when I" = 0. We plug (50) in (47) and deduce as above the
system

(49)

1 24, 2 2 2
3 Ag — 8—2611A oA [0, ez A + Vo, e - Vi, A ]+ S +84)(3; 9 +67A ) =0
Ag ) 1 A,
dr e — azld’s - 2+ A, [(azl¢e) +<9 [V, el ]+ 8_2 : 2+ eA, (&29)]
Zl«/l—i—eAs—i-ezAZ“/l—i—sAg £ ’ ’ ’
- + [(azlAa) +e& |VZLA£| ]:
e/1+ A, 2(1 +eA.)(2+€Ay)

The singular terms in £ 2 are

2 1 1
GZIA + 2811([') and —8—2,8Z1¢5+EA8,

which gives as before the constraint A = 29;,¢ (comparing to the case of the (NLS) equation, since /1 +¢A,; =
1 + eA:/2 + O(e?), there is an extra factor 2 to the formula “c;A = 9;,0”). As in subsection 1.4, the formally
singular terms in (51) reduce, for both equations, to the single preparedness condition:

&
20, ¢ — A = -3 A2+ 0(e?) or Ap =208, ¢ +26(3;,0:) + O(?). (52)

Noticing that 57— +a =3 — "‘T +% + Og—s0(a*), we add here again the first equation of (51) to 20,, times the second
one and get

2 NTHeA + 2 A, JT+ A,
e/1+eA;
— 3, ((Ae + Fi(eA0)) (32,00)%) — (Ae + Fa(eA;)) 3z, ¢edz) Ae

ar(A£+zazl¢8)_2azl( ) +2(1+8A8)AZL¢8

1 3
+ g{zAga;@ — Apd Ag) + ZAgazlAg
262 A, 1

=2t eA. Voide - Vo, Ag — =0, [ fa(eAp)]

{ (811A5)2 + 32|VZLA€|2 }
21

(1+6A:)(2+¢eAe) [V, el } (53)

{2+ A

Here, we have fi(o) = O(a*) and Fi (@), Fo(o) = O(a) as a — 0. As in the previous subsection, in the second line
of (53), the formally singular term {2A€8§1 ¢s — Ag0;, Ag}/e becomes, in view of (52),

—A%5, A,
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hence (53) implies, on the formal level, if A, — A and ¢, — ¢, with A = 9, ¢, the convergence to the
(mKdV)/(mKP-I) focusing equation

21 Yz1

3
20:A =03 A= SA%0, A+ A 071 A=0.

For a slightly different model, where the Maxwell equation is taken into account, H. Leblond in [43] also derives
(formally) an asymptotic regime given by the (mKP) equation. In the work [30] by P. Germain and F. Rousset, the
(KdV)/(KP-I) asymptotic regime is studied starting from the Schrédinger map problem into a manifold in a general
geometrical framework, which includes the (LL) equation as a particular case. Their result proves the convergence
to a geometrical (KdV)/(KP-I) equation in a scaling comparable to (2) and includes as a particular case the (NLS)
equation, that is the results presented in Section [.1. It turns out that for (LL), this would lead to the linear Airy
equation (for the phase ¢ such that m = ¢’ € S! € S?) on the time scale t 2 1. The method of proof is different since
the target is a general manifold, whereas our analysis of (LL) relies on the stereographic projection.

Concerning (LL), we shall prove the following justification of the (mKdV)/(mKP-I) asymptotic regime. We give a
statement close to the one in Theorem 7, but here again, in dimension d = 1, one could write down the result where
we compare the amplitude A, to ¢, allowing an expansion of AL“ up to O(e?), similar to Theorem 6. Note that we
work here in the variables 6 = 27 and 7 = (z1,21) = (exy, 82)@), so that (51) with U, = V, ¢, is changed for

1 2eA 2
dpAe — 0, A — =——— UL, Ae + 82U - V. A ]+ =(1 +eA,) (8, U} +€*V., -U}F)=0
g 2+¢eA; g
1 SAS 112 2 112 1 Ag
dpUs — -0, Us —V U U v (2
o Ue gl le Z<2+8Ag[[ 5] +8| 5‘] +8 z 2+ A, 54)

v <a§1«/1 +eA; + %A, /1 —i—eAs) L2V <(311A8)2+82|VZLA8|2) —o
: JI+eA, N (+eA)Q+ed) )

Theorem 9. Let A > 0 and s € N be such that s > 1 + %. We fix ¢ € HSTO(RY) and assume moreover, if d > 2, that
tMed, HPO(RY) and A 0L'¢™ed, HVP(RY).
We then denote ¢ € C([0, t.], H*tO(R?)) the solution to the (mKdV)/(mKP-I) equation
3 _
20:¢ — 92 ¢ — Egzazlg +A,0'0=0
for the initial datum ¢™. We consider an initial datum (Aisn, V.¢™) for (54) such that
. 1 e . . Er 12 . . £
V= L9t and AP - o= S g e AR - 07—

Then, there exists two (small) positive constants €y and w, depending only on s, d, A and the function ™ such that,
if 0 <& < &g, (54) has a unique solution (A¢, U,) € C([0, plnell, HS(RY) x HSTV(RD)). Moreover; there exists a
positive constant C, depending only on s, d, A and the function {™ such that, for 6 € [0, u|lnel|], we have

[;in]z ||HS+1(]R‘1) < A82-

|20, 0) = £(€0)| o ray + 26U (0) — £V, £(0)] s ) < C76%/ P < Ce?

and

3
+¢ < Ce2e?/Cm L Ce2

HAs«a) —(e0) — %;%ee)
HS(RY)

Ac(0) — ¢ (e0) — gc%se)

Hs+!1 (Rd)

so that in particular
||A8(0) - {(80)” H“(Rd) < Ce.

In connection with this result, an analogous convergence from (LL) to (mKdV)/(mKP-I) holds for the travelling
waves. For the one dimensional case, this follows from explicit integration (see [44,25]): for 0 < ¢ < 1, the only
travelling wave m(z, x) = m.(x — ct) to (LL) is given by
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c V1 =¢2 )
cosh(x+/1 — c2) cosh(xv/1—¢2)/)’

up to the natural symmetries of the problem: rotation around the x3 axis and translation. From this explicit formula
we have, for instance, with ¢ = /1 — ¢2, and U, given by the stereographic projection

me(x) = ( ,tanh(xv/1 —c?), £

me | + imc,2
U =—"-
1 +me3

)

the relation (recall z = ex)

1 —mg3(x) L\/z—z _£& e
UPr) =1 = —— 3y coeVIod) oy OGN _ oy o)
1 Vi 1 e 1 s
+mes ) 1+ —IJC—Z + cosh(ex) + cosh(z)
cosh(xy/ 1—c*)

This shows clearly that

+2¢e

— U Px) = 1= —= 2
eA:(2) = U0 = 1 = s + O(e?).

where % is the (mKdV) solitary wave (of speed —1/2). In the two dimensional situation, the numerical simula-
tions and formal computations in [45], similar to those above, suggest the convergence to the (mKP-I) ground state in
the transonic limit.

Concerning the associated wave regime, where we remove the space translation and work on the shorter time scale
1~ &2, let us quote two papers. The first one is due to J. Shatah and C. Zeng [49], where the strong convergence to
the wave map equation

32m = Am+ |V,m|’m, (55)

with m € S! € S? the equator, is shown. Actually, a more general result is proven, which corresponds for (LL) to the
particular case of the target manifold S? and Br =0 for all 1 <k <d. Of course, once we have lifted the S!-valued
map m = e'?, the wave map equation (55) reduces to the free wave equation

83(,0 =Azp.

The result of [49] is proved for the time scale r = et~ el ie. t of order one. Comparing with the result in [10],

where the convergence is proved for ¢ < 72 thatis r <« ¢!, this is a smaller time scale, and this is in particular due
to the fact that when By = By (m) is nonzero, the term B (m)m in Eq. (SM) in [49] prevents in general from having
existence of smooth solutions for large times.” On the other hand, A. Capella, C. Melcher and F. Otto in [15] provide
a weak convergence result to a wave map type equation (see [ 15] for a precise statement) for a model similar to (LL)
(but also including dissipation and the stray-field coming from Maxwell equations). Their result also holds on the time
scale r = et~ e~ !, for weak convergences and locally in space. Finally, the results in [49] and [15] do not provide
error bounds. Our last result is about the free wave regime associated with (LL). In order to state it, we have to work
in the variables (t, z) = (et, ex), and write the solution ¥ of (47) under the form given by

U(t,x) =+ 14+eA.(t,2) exp(iq&g(t, z)), t=c¢t, z=¢x,

so that, denoting U, = V¢, (47) becomes

2 1t seems that there is a small mistake in the statement of the Theorem (convergence) in [49, p. 302]. Indeed, from the formulas on p. 310, it is not
always true that “G” (ps)¢ = 0” at the initial time, therefore at t = 0, we do not have “d; px(0) = t By d;u(0)” (which would mean for (55) dym = 0
att =0) but 9; px(0) = ¢ By g u(0) +¢ lime_,()[e_1 G (1¢(0))]. Furthermore, it is not clear that the convergences in [49] are strong in Ht (Rd) since
they follow from a compactness argument.
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262 A,
QAs +2V, - Us = oA U, - V.Ag —26A, V. - Uy
1 A |V, A, |?
3Us + =V, Ay = —&°V ‘U )? v i 56
ety Vede =—¢ Z<2+8A8| )TV S e A G T Ay (56)

+ &V (L) + eV <AZ— "1—'—8‘48)
“\202+¢A,) VT +eA,

Theorem 10. Let A > 0 and s € N be such that s > 5 + %. We consider an initial datum for (56) of the type
(A, V9" € HSHH(RY) x HS (R, RY), with
”Alan ” HS (RY) + SHAIaHHHsH(Rd) + ”VZ én ” HS (RY) <A

Then, there exists a positive constant Ko = Ko(s, d) such that ifKogA < 1{ then (56) has a unique solution (A, Ug) €
C([0, 1/(Koe A)], H*1(RY) x H* (R, RY)) with initial datum (A", V,¢M), and it verifies

sup [ AcO]] o gay + & AeO ot ay + | Vebe O s o) ] < Koa (57)
0<t<1/(KoeA)

and, for 0 <t < 1/(KopeA), x € R4,

1
5 SPtx)=1+4e4:(tx) <2.

Furthermore, if (a., u;) denotes the solution to the free wave equation

otag +2V, -u, =0
(58)

1
8tu8 + EVZCIS =0

with intial datum (AL“, quﬁén), then, for 0 <t < 1/(KoeA), there holds

[ (A, U ®© = @ ) O] o2 gty o2ty < Kogt(A + 4%).

We emphasize that [49] prove uniform Sobolev bounds in this regime for t of order one, whereas here, we obtain
these uniform bounds for the much larger time scale t < 1/(KoeA). Moreover, we prove a comparison result with
strong convergences. The main ingredient in the proof of Theorems 9 and 10 is to use an extended formulation and
an augmented system as for the analysis in [8] of the Cauchy problem for the Euler—Korteweg system. This approach
was also used in [10] for the free wave regime. An alternative to the well-posedness result in Theorem 8 would be to
rely on this extended formulation as in [8]. In comparison with the results for (NLS) that we prove using the trick of
E. Grenier ([31]), for the latter approach, the formulation (49) is more appropriate. We mention that one could use the
extended formulation for the analysis of (NLS), for instance for the (gKdV)/(gKP-I) limit (Theorem 6), but we have
privileged the approach of E. Grenier in view of the simplicity of the structure of hyperbolic symmetrizable system
perturbed by a skew-adjoint, constant coefficient, perturbation. The differences in the statements for both approaches
only rely on the loss of derivatives for the uniform Sobolev bounds. On the other hand, it is plausible that one may
improve the uniform Sobolev bounds (57) to larger time scales, using the dispersive properties of the equation, as
it is done in [10]. We have not tackled this question here. Finally, let us mention that since we are in a situation
analogous to the case I" = 0 for (NLS), the result associated to what we prove in Proposition 4 would be here simply
a comparison of A, and U, to the solution of the trivial “Burgers” equation dga = 0.

2. Properties of the Boussinesq system and comparison result

We shall use the fact that for s > d/2, H® (Rd) is an algebra, and that

I f&ll s may < Crll f 1l s mey 1€ 1l s ety -
Moreover, we have the tame estimates (see, e.g., [51])

|02 (f8) = fo28 2ay < Ch(Ilf N lgl ooy + IV f Nl Loy I8 i eay) . letl S k. (59)
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2.1. Proof of Proposition 1: local well-posedness of the Boussinesq system (Bg)

The proof of Proposition 1 is very close to the proof of Theorem 4 in [20], and thus will be only sketched. We set
Y= (320, Vi, yl)’ = (Ag, Usl, £Uj-)’ ER xR x RI-I =R+ ve — (9;,,€V;, ), and write the system (13;) under
the abstract form:

1 1
Y+ S H(e2Y, V)Y =L(V)Y, (60)
)
where L(V?) is the constant coefficients third order differential operator
o 0 O
1 3
L(Ve)=— 0 9; 0],
“\o o0 &
21

and H (%), V¢) is a first order hyperbolic operator
23} Vs Z Hk 2y

with symbol

2ys=2dj

|22V +2e2V1 £ (1+&2V%¢ (1+2Y0e!
(1 +(I' = 5)2Y%&; —& +2e2Y1 + 220 8y 0
(1+ (" —5&*Y%, 0 (—&1 + 262V + 262V £y

We may symmetrize this system by using, as we have said,
_(1+ 7 —5)e?)’
¥ (¢?Y) =Diag| ———————1,...,1).
(e°Y) g( 1+ e2)0

Indeed, we have

| 0 0 O
S(2V)L(V) =L(V) =~ [0 3 ©
“\o o0 2
21
which is a skew symmetric operator, and the matrix
* (14" =52V (1+ T —5e*Y)E!
S(EV)H (Y. 6) = | 1+ T =35>V * 0
(1+ (" = 5)e2Y%&, 0 kg1

(where the coefficients  are nonrelevant) is symmetric for every £ € R? and, by an integration by parts,
vWe H'(RY), [(Z(2Y)H(*Y, V)W, W), | < K[ VYl W7,

Therefore, the local in time existence and uniqueness for smooth solutions ) € L*°([0, T¢), H*), with s > 3 + d /2
for this type of system is classical. In order to prove that 7¢ > t,, where 7, > 0 is independent of 0 < & < 1, we
follow readily [20] (these are classical arguments, see e.g. [48]), which gives the estimate

V@[5 < C(Ilyi“ 5+ f [£2[3: YD) 1 + | VD 1] [ YD [ 3 df).
0

We use the equation and the Sobolev imbedding to estimate the bracket:
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0z YD) | o + [YVD | 100 C YD | e < C[VE)] s

provided s > 3 4 d/2 (due to the third order derivative, we loose one more derivative than in [20]). Therefore,

ol <e(19F + [ o)
0

and the result then follows easily. We shall repeatedly use this structure of hyperbolic system with a constant coefficient
dispersive term with a symmetrizer which leaves invariant this dispersive term to prove either existence/uniqueness of
solution either comparison results. The fact that U, remains a gradient if it is a gradient initially comes immediately
from the structure of the equation. The proof is complete. O

2.2. Proof of Theorem 4

The first point is to compare (12) and (5;), and the main difference between these two systems is that we have
changed 9, A, for 9., U, 51 By estimating the time derivative of (A, U, 81, eU, j), we shall derive the following estimate.

Lemma 1. There exists some constant K, depending only on A, such that for 0 < t < 19, we have
@=1) [6:(Ae = Uo)| oo < K ([0 (A8 = UL) | o2 + &%)
@>2) [0y (A = U)| poa <K ([0 (A2 = US| o2 +)

<K
@>2) o7, (Ac = U) | gos < K (05, (A2 = U yos + 7).

Proof. We recall that in [20], the solution ¥, was constructed using the trick of E. Grenier [31]. We first solve the
system where a, is complex-valued, u i and ugl real-valued and where (-, -) denotes the real scalar product in C:

1 1 1 ) i
—afag—g—zazlag—f— 50z, u 8+2u 07,05 +ag0z u 8—1—28 Vzlag—f—(l—f—s aS)Vzl~u£

s

i
2 2

= —(821516 + £ AZLa‘g)
ECg

1))
1 1 2F/(11 + 2a, |2 (©
c—aru; —0zyul +2ul0; ul +26%u VMH%(HE%,%%):O

s s

1 1 27 (1 + €%a,)?

c_afué_ - 8_23z1uj_ +2"‘;821”§_ +282"‘é— : VZJ_ué_ + %U +82aevvz1_a€>=0,

s s

with the initial conditions (ag, U¢)|r=0 = (Afgn, Usin) eR x R? c C x RY. Then, following [3], we define the phase
function @, by the formula

T
i 2 2 21, = _
On(r,2) = ;“<z>—f[|ui| +e?|uz |7+ £(|1 + %a )] (@ 2) dt,
0
and then check that u, = V,®, and that the function
We(t, %) = (1+ &%ac(r,2) exp(ie@e(r,2)), T=61, 71 =e(x1 — 1), 21 =&°x1

is indeed a solution of (NLS). This has been achieved (see the proof of Theorem 4 in [20]) for s > 2 4+ d/2 on some
time interval [0, to], where 79 > 0 is independent of O < ¢ < 1, and with the uniform bounds:

||(a£,u1 eu )||HA K. (62)

Notice that the use of this strategy is possible if we work with the variables (A, V¢), but not with the variables
(p = |A|?, V@), since the main interest of (61) is that the dispersive term in the right-hand side of the first equation
has constant coefficient, and this is no longer the case with the density p = |A 2.
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The bound (62) leads to (9) after the change of variables from (a., u.) to (A¢, Ug), namely

11+ &2a,] — 1 U ie ([ Va, VA,
Preadel= " —u = _
&2 e 1+¢e2a, 1+¢24,

Ae = (63)

which looses one derivative in U, (notice also that U, is indeed real-valued since |1 + 82a8| =1+ szAg). We then let
(ae, Ugl,al']j) = 0, (a,, ul, suj)

and apply 9, to (61) to obtain

1. 1 1 ) ) .

—E?tcl,s—g—zﬁz,a5 8z|u +2u! 8Z1a€+a83mu8+28 -Vua8+(1+8 aS)VZLM

Cs

L
&

4 .
= (Bzzlag +e Azlag) +C;

64)
1. L 21+ 2a, . (
C—Btué 811 £+2u 07,1 €—|—28 VZLu;—}—%(1~|—52a€,811a€>=c‘81
) )
1, . | ) ) 27(1 + e2a,)? )
Lot — i+ 2ulieyit 426t it LD o, g g =t
s s

Here, the commutators C,, CSl and Cj- are defined by

Ce=—2uld, ap — a0y ul —2&%it -V, a. —e%a.V,, -ut,

2|1 + &2a,|?
Cl=—2alo, ul —26%ut v, ul <a, [%(1 + s2a8)}, azla5>,
s
2111 + &%ac|?)

Ct=—2uld, ut — 2%t v, ut — <az [Ts(l +e%as) Ve, a ).
As for the Boussinesq system, denoting 1~ = (ro, r! Tl)’ = (a,, u aul)’ allows to write (64) under the form of
a hyperbolic system with smooth coefficients X = (X", 0 eX J-)t = (ag, u euJ—)‘ L>®([0, 7], H®)

1 1 1

— 37 + — H(2X, V)T =~ L(VE)T +S.(7), (65)

Cs g2 e
with

;[0 +EPA, 00 d
L(VE)=— ( 0 0 0) and H(2X,VF) = HI(7X)VE,
Cs 0 00 i

where

(£2x,¢) Zw e2X)g;

(—&1 +267 X1 + 22X+ - £1) (1+£2X0) (1+2X0)EL
= S+ X8 —E 4+ 262X + 27X 5| 0
2+ X0)Er 0 (&1 + 267 X186 + 282X - £y

Moreover, the source term S, given by the commutators C,, Cg and CSJ- enjoys the estimate, for 0 < v < 7y,

IS o2 < KN Ml g5 (66)

using (62) and that H? is an algebra with 0 =5 — 2 > d/2. Since ; — 2> d/2, the local well-posedness of the linear
system (65) in H*2 is standard, and we indeed have (d,, USI, 8U )jr=0 € H’~2 (from (61)). Hence, it remains to
show that the maximal solution is defined on a time interval [0, 7] such that t* > 7 for & small. The symmetrizer
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2 2

C C
S, (£2X°) = Diag( 1¢, s b
o(°7) ‘ag(c 277(11 + e2X02) 2f’(|1+829€°|2)>

is well adapted (see [20]), since it keeps the dispersive term with constant coefficients, and is such that the matrix
G H(e2X, &) is symmetric for every & € R?. By applying oY witha € N¢ such that |a| < s — 2, we infer as in [20],
using the tame estimate (59), that for 0 < v < min(t}', 7,),

d
T ((8e(e2 X087, 927) 1) < C(e2 X% o + 1 X o) 1T Wgoa + C[ S| s IT o2

Using (66), the Sobolev imbedding and the uniform bounds (62), we deduce

d
L (el aer) ) < KT s

where K depends only on A, hence by the Gronwall lemma, it comes 7 > t, and

sup 7@ poa KT o ©7)

0<t< 14

We recall that we wish to bound 9;, (A, — Ugl) or 3z21 (Ag — Ug1 ). By (63) and the uniform bounds (62), we have

1+&2a,|—1
Ae = % =Re(a;) + Opys (82),
e
and then
Wl ie| 0z as 07, Ag 5
311( 8Zl Re(a&‘) g [1 ~|—82a€ - 1+82Ag +0Hx—l(8 )

S

=9, <Re(a8) — u + c [leag — 8ZIAS]) + Opys-1 (82)
=0y, <Re(a8) - u 8z|Im(a5)) + Ogs-1 (52)
Re{azl O+ szAZL]ag} Oy () (68)

_Re{c—a ag}—}—e Vo, up + O (€). (69)

S

For (69), we use the uniform bounds (9), and in particular the uniform bound on eu . This is also the reason why we
have singled out (if d > 2), the term V, u . Let us assume first d = 1, so that the term V; u disappears. Then,
since at the initial time, a, = A, is real- valued we infer in particular from (68) that

s

2
[0:(Ae — U], _y = [i—a,agl O (€).

Furthermore, we deduce easily from (61) that
2 . .
{i—a,ug} = [0:(Us = A0)] ;g + Ope-1(£7) = 9 (U — AT) + O (7),
s |[T=0
so that
270 < Ke? 4 K [ (08— A2 |

Hs—2 Hs—2*

Then, taking the H*~2 norm in (69) and using (67), we deduce that for 0 < 7 < 7, and some constant K depending
only on A,

[9:(A = U0 | o2 < K ([le%0ce [ 2 + %)
K (|27 iz + %)
K

(102" = A2+ £2)

NN IN
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This finishes the proof of the one dimensional case. When d > 2, the point is that we do not control ugL but only augl.
Nevertheless, if d > 2, the same argument shows the second statement in Lemma 1. For the third statement, we may
use that u, is a gradient, hence d,,u> = V. u]. Therefore, it is natural to apply d;, to (68) and infer

- 2 -
€
[3221 (Ae — Us)]h:() =0 C_Saraa o + 828Z1 Voo “j_ + Ops— (82)
L < |T=
[ &2 1 2 1 2
=9, | —0ra +e AZluS—i-(’)Hsfz(e )
L Cs djz=0
F o2 - ,
= BZI —81—(15 + OHS—2(8 )
L Cs djz=0

Hence, we deduce in a similar way

|02 (Ae — Uo) || yoos < K [|02 (AP = UP) | 1yos + K2,

and this finishes the proof of Lemma 1. O

We now turn to the proof of Theorem 4. We recall that (A,, Us1 , Uj) solves (12), that is
1 1
OcAe = 50 Ae + U8, Ag + 282Ut -V, A, + 8—2(1 +624,)(0, U} + &2V, -U) =0
)
1 1 1 2
c—arUE1 - 50 Ul +2(Ute, +e*Uut-v, Ul + pope [£((1+€*4,)7)]
s s
1, (82Ac+e* A A\ 0
2! 1+e24, B

1 1 1
c—&Uj - =, Ut +2(Uts,, + 62Ut v, UL + Ve (1 + 24:)7)]
S s

1 02 Ac + 20, A,
2 1+ 624,

Using the Taylor expansion (4) and Lemma 1, we shall deduce that (A, Ugl, Uj)‘ solves the Boussinesq system 5,
up to an error O(e2). More precisely, we have, with the notations of subsection 2.1 and Y = (A, Usl, EUEJ‘)’ ,

1 1 1
Cor ;H(szy, VY = L(V)Y + 5 Brr,

S

where, using once again that 9, USJ- =V, UEI,

0 0
2 A Ag
Brr, = | —amda (BEAD) | 4| 94 —UD = 0, (75502 A0) + €20, (50)
1 2 Az Ag
— Ve (f3 (e2Ae)) 2V (A= UNH =V, (5 jgg‘;g 02 A) + 82V, (1)

From the uniform bounds (9) and Lemma 1 to control the terms 8;1 (Ag — Usl) and 8221 V. (Ag — Usl), we infer that
Err, verifies, for some constant K depending only on A,

sup [|Errell o3 < K (| AR — U™ s + €7).
0<r<1)

The error estimate follows then easily since the unperturbed system is symmetrizable in variables (A, U}, U, j) as
in the proof of Proposition 1. O
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2.3. Proof of Propositions 2 and 3

Proof of Proposition 2. Notice first that arguing as in Lemma 1, namely estimating the time derivative of (A, U,)
yields the estimate

[ 9:(Ae = Ue) ”HH(R) <K ([o-(aF —UD)| H=3®) T £%). (70)

The exponent is now s — 3 instead of s — 2 since the dispersive term is here of third order. In order to prove (15),
it remains then to show the L? estimate, and we shall argue as in [13] (proof of Proposition 4 there). From the two
equations of (53;), we obtain

1 2
—0c (A = Ug) = —50:(Ac = Up) + 2050 Ac + AcdUp = 2Ued:Us — (I = 5)AcdA + a U, =0.
S S

We then define W, = A, — U, and write the equation for W, under the form

2 2 1
—0cWe = S0:We + QUs = AdWe = (I = 6)Acd:A — — U, (71)
s S

It then follows from integration by parts that

2
y /w2dz_/a QUe — A)W2dz — (I' — 6)/A 0. W.dz+ = /azwgafusdz.
cA T S :
R R

We now integrate in time and use the uniform bound (62) to infer

T T
2 2 2
c—/wgdzg c—||A}9n_U2n||iz+K//Wg(f)dzdf+//82W8{c—28§U8—(1“—6)A§}dzdf.
s s s
R 0 R

0 R

We now express g%azwg from (71) and obtain

2 2
— [ Wi(v)dz
Cs

R

T
<Zine-vrlek [ [ Wi
s

0 R

s—//arws{ Ua—(F—6)A§}dzdf
c V4

0
82 ! . 5 i 2 ]

+7[/{(2U8_A5)82W5_(F_6)A882A8+c_zaéUS}{c_zazUS_(F—6)Ag}dZd‘L' (72)
§ s
0 R

For the second line in (72), we integrate by parts in time:

&2 F 2 5 5
_/farwg{—zazUs—(F—6)A8}dzdf
¢ 2

//w at{ 32U, — (I — 6)A2}dzdr+—/W (r){czzang(r)—(F—@Ag(r)}dz

—~ i— /WE(O){C—ZBZZUS(O) — (I - 6)A§(0)} dz.
s R Ky
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The last and before last terms are easily estimated by K 82||Aisrl — UL“H ;2 and K 2| Wel 12 respectively. Moreover,
from (B3;), we have

2
&
c—a,afug(r) =W, + O (e?)

since s > 5, thus, for 0 <t < 19,

T T T T
g? 2, _ 2 3 ) _ 4 2 -
- Wede) 50:Ue dzd? < W:0;Wedz+ Ke? | [Well2dT <O+ Ke* + [ [Well7, dT.
S s N
0 R 0 R 0 0

Similarly, using the inequality 2ab < a* + b2,

2

“(r—6) [ W.d.[AZ]dz <2(I ~6) / AcW:0:Wedz + Ke? Wl 12 < KWl

4
¢ ||L2+K8
s

by integration by parts for the last integral. For the third line in (72), the uniform bound (62) gives, for 0 < t < 19,
T T
= / /(2U£ A)d, W, { 02U, — (I' - 6)A§} dzd7 < 1@2/ [Well;2dT < Ke* +/ IWell?,dz.
0 0

In addition,

15 2 5 5 r-6 ,]°
—(I' = 6)Ac0.A; + 503U, 11 502U — (I' —6)A2 tdz = [ . 2a Us = ——AZ| 1dz=0.
(ol
R R

Consequently, (72) implies
T
Wl < AR = 0P[5, + & [ W@} a7 + ket

and (15) then follows from the Gronwall lemma.

Defining
A:+U
3. = %
and summing the two equations of (5;), we obtain
2 1 1
c—atsg +I'3.9.3, — c—zag’sg =—(I' —8)W.8.3. — (I' —6)3,0,W, — (I' —6)W9, W, — c—zagwg. (73)
) S s
As a consequence, by a crude estimate of the right-hand side of (73) and using (70), we have
2 1 . .
030+ I'3:0:3 - c—zaisg K(|AY = U] yomr + £7). (74)

By very standard estimates involving (59) (since 9,3, € L*°([0, tp], L)), we deduce that for 0 < t < 19,
sup 3¢ — Zell gs-s < K (JAM = UP| 0 +€7), (75)
[0,70]

where Z, is the solution of the initial value problem

Aien + Uisn

2. oo 15 .
C_arge‘krfsazgs - C_zaz é'e:(), (§E)|r=0=(3£)|r=0= )

s
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Since ¢, is the solution of the initial value problem

3 _l 3. __ _ 4in
c 0:8e + I'6e0;8e czaz é's—O, (gs)lr:O—Ae ’
s

s

it follows that

sup 16s — el gs—s < C(10) || AR — UL 4o,
[0,70]

hence

sup |Ae — Zellgys—s + sup [Ue — Zells-s < K (JAR = UP| 0 +€7), (76)
[0,70] 0,70]

as wished. O

Proof of Proposition 3 (d > 2). A first approach for proving Proposition 3 is to use the arguments in [42], for some
initial data satisfying some preparedness assumptions (Assumption 1, p. 2866 in [42]). We shall give another argument
following the lines of the proof of Theorem 3, but we give some details since the preparation hypothesis A, =~ Ug1 is
slightly different and since we used in [20] the conservation of the energy and momentum for (NLS).
As a first step, note that the estimates (17) can be shown as in the proof of Lemma 1. Furthermore, using (14), we
infer from (B;)
lar (A, —U}) - %azl (Ae — UL) + (2U! — A)d;, (Ae — UL) + (I" = 6)A9;, A,

Cs

+V, U+ —Zag'lUl 0;2(s), (77)

so that, integrating by parts,

1 d
s e [ (A= Uz = [UR v (- Ul
le ]Rd
I —6 1
< (Joa 201 = A+ DA = UG+ [ 155002+ S Ut (4 - Ul a4 ke
s

R4

As for the proof of Proposition 2, we report 6%81 (Ag — Ué) from (77) and integrate in time to get, by (14),
2 T
2 -
C_H(As _U;)(T)”H _4//Ué_'vu(A€ ~U;)dzdt
) 0 Rd

S R e A (I,
0

&2 7 2
_c_//(Ag—U; {—23§IU1 (F—6)A§}dzdf.
S

0 R4

Combining (B;) with (62), we have here again
&2 211l 3 1
C_atamUs = _8Z| (A5 - Us) + Op2(e)
A

since U7 is uniformly bounded in H*. Furthermore, for the term involving 3, [Ag], comparing with the case d =1,
we have the extra term
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2
2r —6)i— f/Ag(Ae —UY)[Ve, Ut +0,2(0)]dT < Ke|Ae — UL < K| Ae — UL 7, + Ké?,
s
0 R4

since sUj- is uniformly bounded in H*. The loss ¢ instead of £? seems unavoidable since we do not have cancellations
with other terms (even those in the right-hand side of (77)). This leads to

T
(A = U@ = 2¢ / / U Vo, (A — Ul)dzd? < K| AR — U], + Ke?

0 R4
T

2 =
+ K/H (A —U)(@D| . d7. (78)
0
On the other hand, since d,, U+ = V,, U!, we deduce from (1)

1
2c ddt /82‘Uj‘2dz+/U Ve (Ac—U )dZ<82”321 €+82VZJ_UJ_HL°°”UJ_HL2+K8
s o S
< Ke?[UF |2 + Ko, (19)
thus
z T
U@l + 26 //UsL V., (Ae — U dzdi < ||eUm ], + K/HeUsl [7a% + K. (80)
0 R4

Consequently, in view of the cancellation of the integrals in the left-hand sides of (78) and (80),

(A ~ U@+ eUL
<A = U e 3+ K [0~ U@ + [eUE ot + K2

hence, by the Gronwall lemma,
sup {[|Ae = Up]l 2 +e| U || 2} S K (AT = U o+ JUR 2 + ),
0<7<1

as wished for (18).
Finally, using ( 14) and (17) we deduce from (B;) that

éaf ‘ azlA + L0, UL 30, A Ve, UL = Opa (e + o, (AR — UM )
and

éarUg—sizale; — 0, A+ (I' = 3)UL0, U} zafer Op2(e + [oz, (AF = UMD -2).
hence

s [ AR (U e [ UF VA < K o (AT - U ).

R4 R4
Inserting (18) into (79) and since VZLU = 821Ug , we infer

s [Pl et [k v acad < Ut U8z

L + KU+ K2
’ R4 R4 R4

<O+ K[A U, + KUR L, + K62
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and then

1 d 2 2
EE/Agﬂug] +e2Utdz
Rd

< KJAD = UP 7+ ke U7, + Ke?,

Combining this with (18), this allows to show the almost conservation law, for 0 < t < 4,

[ 282+ 210 P = [[2[aRT Uz O(JAR = UR [}y + U [ ). (8D
R4 R4

and a similar statement can be made with [, 2[UL? + e?|UL 2 dz.
At this stage, we note that we have all the ingredients needed for the proof of Theorem 6 in [20]. Indeed, in [20],
we used the conservation of the energy and the momentum to show that

A;—Ul 50 and UM -0 inL?

but here, the estimate (18) ensures these convergences. Furthermore, the uniform L? bound on Ui comes directly from
(18) and the assumptions in Proposition 3 and provide (see [20]) compactness in time. Then, the almost conservation
law (81) guarantees that there is no loss of L2 norm in the compactness argument. This finishes the proof. O

3. Proof of Proposition 4

The proof of Proposition 4 turns out to be quite similar to the justification of the (KdV) limit. Indeed, we use once
again the trick of E. Grenier and first solve the one dimensional system, with a, complex-valued,

1 1 1 i
—dpas — —0,as + 2ud.as + — (1 + £a,)d,a, = —d2a,

Cs e e Cs 82)
1 1 1 5

—dgue — —dute 4 2uedoue + -9 (f (11 +ael”)) =0.

Cs e cse

Following [20] (proof of Theorem 4 there) or the proof of Proposition 1, we see that there exists 6, > 0 and g9 > 0
such that, if 0 < & < g, there exists a unique solution (ag, uz) € L*°([0, 6,], H*(R)) to (82). Moreover, for some
absolute constant K, there holds the uniform bound

S +eag| <2.

| =

Sng ”“8(9)”HS(R) + ”“8(9)“HS(R) < KoA  and

Y XV

As in the proof of Lemma 1, we may show that

[ @) = ue @] o2y < K (19:[0" = ]| ooy +)-
Via the formula (63), this yields (45) and

[9:[4:©®) = Ue@] jaey < K ([0:[A8 = UL ooy +2)-

Combining the two equations in (42), we deduce

1 2
c—30(Aa —Ue) - gaz(As —Up) + QU; — Ap)0:(As — Ug) — (I" = 5) A0 Ag

S

g (DA ), L 8.(f3(eA,))
= —_—— —_— FoS s
¢ \1+eA, (2g2 RV

A
where f3(o) = Ou—o(@?) is given by the Taylor expansion (4) of f. In particular, since s > 3, we infer
1 2
c_80(A£ - Ua) - Eaz(As - Ua) + (2U£ - Ae)az(Aa - Ua) - (F - S)AsazAa = OLZ(S)a
A

uniformly for 0 < 6 < 6,. The L? estimate for A, — U, can then be derived by following the lines of the proof of
Proposition 2, using the fact that A;9;A; = 9, (AE/Z). Once the estimate
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sup [[Ae(©) = Ue®) | o1y < K(| AR = UM o1y +€)
0<0<0,

is shown, we have
1
C_a(-?(Ae + Ue) + 2U€81(A8 + Ue) + AsazUs + (F - S)Asaer = O}'—[f*3 (8)s
)
or
1
c—30(Aa + Ua) + F(AS + Us)az(As + Ua) = OHS—3 (5)
A

The result follows then from a classical comparison argument involving (59) similar to the proof of Proposition 2 (see
Section 2.3).

4. Justification of the (gKdV)/(gKP-I) limit as a large time asymptotics for the free wave regime

This section is devoted to the proofs of Theorems 6 and 7. We wish to solve the (NLS) equation by using the trick
of E. Grenier, that is to solve the system (61) written in our scaling with 6 = get and where a, is complex-valued and
ug real-valued:

1 1 1
c—89a€ — ganag + 2u;811a8 + 26m+luj‘ -V a.+ E(l +ea€)(8Z1u; + em'HVZL uj‘)
)

ie
= —(3?1615 +em+1Aua5) (83)
€0y

L oo — 1 i 2,1
Ogltg 6leug—i—ZLtsazlug—i—Zs ug - Vg ug +

Cs

2f(11 + eac*)

5 (14 e€ag, Vzas) =0.
€c;

The initial data (aé“, uien) will be chosen appropriately later on, so that the natural relation
vyin eV.am
gin ] 4 eqh

Ficyculd (84)
&

holds true (since we have ¥ = (1 + €a,)e€?/¢). The proof is divided in two steps. In the first one, we construct an
approximate solution, and then prove an error estimate.

4.1. Construction of an approximate solution

In view of the coefficient ¢ /¢ in front of the dispersive term in (83) and since we expect a, real-valued at leading
order, it is natural to look for the approximate solution with an expansion of the form:

agpp=a+isb=(ao+ea1 +ea+ -+ €"ay +"')+i8(bo+€bl +62b2+---+6’"bm+---)
ug® =ug+euy + €y + -+ €My + -,

where the functions u, a; and by depend on the variables (z, T) and are real-valued. We may try to construct this

approximate solution by cancellation of the powers of € in (83) until we have solved the equations up to an O(e”+1)

error. However, we have to pay attention to some point for the imaginary part b. Indeed, if we assume b = b(t) only
and since 9y = £2/€d; = €"d,, the imaginary part of the first equation in (83) then reduces to

1 £ €
0=ge” —dcb— —d;,b+ 2eu' 9, b+ b, u — ;a; a+ Ot
S )

&

1
=—- (azl b+ c—afl a—2eu®™ "5, b — b, uipp") +O(e™). (85)
s

m—1 ..
From the fact thate/e = ¢ 2 > emtl (for every m > 0), it is thus necessary to choose

1
by = ——d:, a0. (86)

N
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However, to solve at next orders, we need to solve an ode in z; and not a time dependent problem. For instance, for
b1, this becomes

¢sdz, b1 + 02 a1 = —2u(d2 ap — 0, agdz, uy = —20:, [a0d;, ag] + [9:, ao]’,
since we shall have u(l) = ag. Clearly, this problem cannot be solved with b in some H* space exactly, since the source
term does not have zero integral in z;. To remedy this problem, we shall roughly speaking let by, by, ... depend on 6.
Let us define the consistency errors
1 3a” 1
“Re= 2% Ly a0y 4Py zemﬂugpp’l V.,a
¢, 00 €
! app app, 1 1 e L 2 ,app 1 app
te € (1+ €ag™) (B u™ + €™V, - ug™ ) — € (821 er +e" A a™), 87)
and
1 1
Ry = —agui - —8 uapp + 2u™ 18 uspp + 262U + -V, ugpp

2f (1 + eagp"|2>

@ (14 €ag™, V.ag™). (88)

The next lemma provides the construction of an approximate solution (aé1p P ugp P ) for the one dimensional case (The-
orem 6). The changes required for Theorem 7 will be given next.

Lemma 2. Assume d = 1. Under the assumptions of Theorem 6, there exist initial data (aén, uin) satisfying (84) and
an approximate solution (ag'", us’") such that we have

IRall s + I Rull s < Ce™ !

as well as

a™ —aPPO =0)|,, + [[«" — PO =0)] ,, < Ce™FL. (89)
£ H 3 H
Proof. The proof is divided in 4 steps.

Step 1: Definition of the approximate solution. We set

a=up=¢(2) €C([0,w], H*F),  ar=--=a,1=0
(if m = 1, the second condition is void), so that a = ag + O(€™). We have seen in Section 1.3 that in order to cancel
out the terms of order € 1, €9, ..., €L, then (30) must hold true, that is

3 5 2
u=a— Eea2 +2¢%a® — 563a4 +o 4 (—1)’”%6’"&erl +0O(emh).

Therefore, we also set
k+2
VI<k<m—1, w= DS @ ec(o,nl, B,
fix
+2

an(t,2) = Ain(z) € H*P, Wn(7,2) = AN(2) + (—1)’”mT;“’”+1 (1,2) € H*P

and choose u,,+1 =0 and

1 3
1 = =5 59,8 - (Zuk(r)um k<r>) ([qm+z+< DR }’"“(t)—z;(r)am(r))

€ L=([0, 7,1, H*'?),
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which is some (arbitrary) solution to what will be an analogue of (19). Concerning the imaginary part b, we recall
(see (85)) that we wish to solve

0=00b — 20,6+ 26u™9,b + ebd.u™ — ——02a -+ O(e" )
[ € €Cg

up to O(e™*h), and since f = 6%, this requires to solve
o Lo appy app _
0gb —0;b+ —07a —2eu; 0;b — €bouy =0
Cs Cs
up to O(e #). For that purpose, we first define (cf. (86))
1
b=——d.a(z) €C([0, w], H'H),
Cs

and we omit the dependency on ¢ to simplify the notations. Next, we set u = ug™® (here again, it depends on ¢) and
define the function b, = b, (6) as the solution of the high speed transport equation

| 1. - -~ G -
c_aebs — —0:be +2ud by + bedu = C_ =—2ud;b—bdu, b, (0=0)=0, (90)
s € s
and finally set
b=b+b,.

We shall prove that b, is rather small.

Step 2: Sobolev estimates for be. The basic idea is to consider the simplified one dimensional problem, where the
source term is independent of 6 (the source term in (90) depends on t = £ 6):

1
9o — —0:=g(), B =0)=0,
with solution given by the method of characteristics:

0 _
B0, z) =/g<z+ 96;9)515.
0

From this formula, it comes 8(0,z) =€ fzz_e/ € g, which shows that 8 is small in L if g € L' and that 3.8 is small

in L* simply assuming g € L°°. We shall follow the same type of compuations for (90). For the extra term bd,u, we
shall use that d,u has a bounded antiderivative (even though o u ¢ L ; , (R)). We use the method of characteristics and
introduce the solution Z (we omit the dependency on ¢€) to the problem
Ceo
BQZ(Q,y)=—§+2cSL_t(6’"0, Z®©,y)), ZO=0,y)=y.

Since u is uniformly Lipschitz continuous in z for 6 € [0, €1, the flow Z is well defined for 6 € [0, ¢ '] and verifies,
for some constant C > 1 independent of ¢ < 1 and 6 € [0, E_l],

0
‘Z(G,y)—y—i—;‘éc on

We now consider € small enough so that 2¢ |||l < ((0,z,]xR) < 1/2. Applying the method of characteristics, we see
that b, satisfies, for every y e R and 6 € [0, |In€]],

d - N
d—g(bg (0,20, ))) + b (0, Z(0, y))d.u(€"0, Z(0, y)) = G ("0, Z (8, y)). (92)
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As a consequence, by Duhamel’s formula,
0 0
b (6,20, y)) = /exp (cs / d,u(€"0',Z(0',y)) d@’) G(€"0,Z(0,y))dob. (93)
0 6

Let us now estimate the integral in the exponential in (93) by writing and using the change of variables y = Z(6', y),
or 0’ =0!(y)
y

6 0 emg’
faz (€m0, Z(¢',y))do' = /{8Zgi“(Z(9/,y))+ / d-0.u(0, Z(0, ))de}de’
0 0 0
Z@,y) €05 (y)
- / 3,u™(y) + / 0e0.u(0.y)dot — €D
- T = 2eu6;(y), y)
Z(,y) 0
Z@,y) Z(@,y) €05
- / ed.u(y) dy + / / edd.u(0.y)do dy
Z(9,y) zZ@®,y) 0
Z@,y) €"05(y)
+/ amm+‘/aaa9m9kwﬁwww
u u(o, _
M RS Y T D 2eu®)(y), y)
Z(6.y) 0 ’

We infer by Cauchy—Schwarz that the third integral is < Ce?. Moreover, by direct computation, the first one is equal
to

{u™(2@, ) —u" (2@, )},
and since |Z(0,y) — Z(0, y)| < C|0 — 0|/e, we infer by Cauchy—Schwarz that the second integral is
Ce x \/0/€ x €™[Ine| < C|lne[>?em*1/2,

uniformly in 0 < <0< |In€|, y. As a consequence,
0
/ du(em0', Z(0',y))do' = e{u™(Z(, y)) —u™(Z(6, )} + O(?), (94)
7
and using once again the change of variables y = Z(0, y), it then follows that

16.(6. 26, )| /|G| ("8, 2@, y)) dd

%] 9 emy’
f|G‘“|(Z(9 y))d9+C/ / 10:G|(0, Z(0, y)) do do
0 0 0
y . d
<c [ l6"m——t
Zoy) 1 —2eus™ (05(2),y)

em

y |In€|

+cf / 19:G1(0, y)d6
Z@®,y) 0

edy
,1 )
1—2eus™ (0} (y). y)
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We now fix ze R and let y = Z(6, 9~ 1(2) in the above formula to deduce

Z6,)7 '@ 70, (z) e |Ine|
|68, 2)| < Ce / |G™|(y)dy + Ce / / 19:G|(@,y)do dy
J4 z 0
€ |lne|
< Ce|G™| *1{_pje—c.0(2) + Ce / 10:Gl(@, ) * 1[—9/c—c,01(z) db.
0

Here, we have used (91) for the last inequality, which gives that z = Z(@,y) =y — g + O(1) uniformly in (y, 0).
Classical convolution estimates then yield, if 0 < 6 < |ln€|,

0
ell|G™| * 1—pje—c.o]| 2 < €| G™| i 1Mo /e—c.oll .2 < € Z+C<C\/€Iln€|
and

e[l|G™| * 1—pje—c.on|| oo <€[|G™| 1 I1=6/e—c 01l < Ce.

Note that when fR G # 0, that is when G is not the z-derivative of some localized function, it does seem possible to
improve very much the L? bound (see however [41] for refined estimates for secular growth). Arguing similarly for
the other term (which is actually smaller in view of the §-integration), we arrive at

sup  ||be(®)] 2 < Cy/ellne] sup  ||be ()], < Ce.

0<0<]Inel 0<0<]Inel
Let us now estimate the derivatives of b,. As explained at the beginning of this step, they enjoy a better behaviour.
Applying 9, to (90) yields

.G - .
S —2b.0%u, 9.b.(0=0)=

1 ~ 1 ~ - ~
c_aeazbs — —0:0:bs +2u0:9:b, + 30;b,0.u =
s €

Cs

which has a structure similar to (90). Arguing as for (93), we deduce
0 0
E)ZES(G,z)=/exp<3csfazg(em9/ AUVAC . (z)))de/> .G(€"0,2(6,20,)7 ' (2)))do

0 0

0 6
—ZCY/exp(BcY/BZ AVACVACR I(Z)))de)
0 0

x b:(0,2(0,20,)7"()))02u(€"0,Z(6, 2.~ (2))) db
=1+1.
By (94), we see that the exponential is equal to 1 + O(e) uniformly for 0 < < |In€| and z. To estimate /1, we

bound bs by O(¢) in L™ and use once again the change of variable y = Z (9 Z (9 ) 1(z)), which gains a factor €,
and the convolution estimate to infer

sup  |H|l;2 < Ce?/lne|/e < Ce.
00 |In€|
For I, similarly, we get
6

1—/3110“1(2(@,2(9, )7 @1), 21 ) d6
0

sup
0<o<In¢|

< Ce.

L2

Making the change of variable y = Z(6, Z(8, 9~ 1(z1)), we obtain
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Z

0
/ 9.G™(2(0,20,)7'(2)))db / azGi“(y)
0

Z©,)7'@

edy
2 M(ez(e Bl l( )(Y)’ y)

Z
i 2 Mozl/e
— / asz(y, ZJ_)E dy“r‘ OLOO([O,|1H€|],L2) (E |1n6|/€),
Z®.)7'@
using one more time the convolution estimate. The first integral is explicitely computed (now, we have a z-derivative):

e{G™(z) — G"(Z(0, )~ '(2))}. Gathering these estimates, we conclude

sup  ||d:b:(0) > < Ce
0<0<]Ine|
In a similar way, we derive
sup  [[9;b:(0)] s < Ce
0<0<]Ine|

To summarize, we have proved that b verifies, for 0 < 6 < [ln€|,
bl <C, 0.6 —a.b(x =€"0) |, < Ce

and

c—aeb— 9.6+ 26u™ b + £b0,u — icafazo.
€Cs

Step 3: Choice of the initial data for (83) and error estimate. We recall that when we use the trick of E. Grenier, the
initial data for (83) and (41) must verify (cf. (63))

11+ eal"| —1 L is( d.al® 3, Ain )

ALHE Ul'=uy — — — — -
I+eal™ 14+€Al

e (95)
€

First, we have |1 +€ai™’ |2 = |1+ ea+iceb|? = (1+€a)?+€2626% = (1+€a)?+ Ops (€3 [1 4+ /e[In€]]) (uniformly
for 0 < 0 < |ln€|) by the estimates in Step 1. We may then define, for 0 < 6 < |In€|, a real-valued quantity a, =
O(e””‘z) such that, defining

a = A 4 igb(0 = 0) + ap = A" — iciaz,;i“ +ae,
A

the first equality in (95) is verified. We then define ui“ through the second equality in (95). We now give estimates for

app,in app in

the error between (ag ,uy') and (ag ). By construction, we have

al" — g [A”‘ +igb(0 =0)+a.] —[a(@ =0) +isb(® =0)]
— ("€ An 4+ € a,11(0 =0)) + Ops (€"F?) = Ops (™).

Consequently,

; P in P Ain ; 1 in
e %A ) T Noge (9 ) | = Ops (€ 2) = O (747),
s \1+eal® 1+e€Al Cs€ I +eAl

thus USin - uisn = Ops (e’”.‘”), and this implies ui}’ — u?P (0 = 0) = Ops(e™1?). As a consequence, we have con-
structed initial data (a}", u}') verifying (95) as well as (89).

Step 4: Error estimate for the residuals. From the estimates of Step 1, we have b = by + O y.+1(v/€6). This is then
just for b that the expansion in € is not completely rigorous in the sense that we do not claim that b, is of order
€ in H°T!. The term b appears in the nonlinearity f(|1 + eaz’"|?), but since we have already seen in Step 3 that
114 €ap)? = (1 +€a)? + Ops (e™13), the expansion in € is actually true. For the imaginary part of R,, we have



1216 D. Chiron/Ann. I. H. Poincaré — AN 31 (2014) 1175-1230

196 1 1
—Im(Ry) =ef —— — ~0; b+ 2uz"Pd,b + bdug” — —d%a
¢ 00 c€ ©

1db 1
=Ops (€™ +ef{ —— — 0204 2uPP:b + bou” — —32
¢s 00 Cs€
and by construction of b (see Step 1), we precisely get —Im(R,) = Ops (€™ *1). We turn finally to the real part of R,
and since b only appears in the last term with ¢ / € in front of, we obtain
10
—Re(Rq) = —a—; - —a a+2uoa+ — (1 +ea)dug™ + a b+ —a be + Ops (™).
€
From the estimate of Step 1, we have 8221 be = Ops (¢), and by construction, ¢;b = —d,a = —d,a9 + Opys (€). Since
the expansion in € is now correct, we know that Re(R,) and R, are of order O™ by construction of the terms
ag, U, 0 < k <m. Let us now inspect the terms of order €™ in —Re(R,) and —R,, respectively:
10¢

1
3 — 3, Oyt 4 20 0.8 + 200,04+ O tmp1 + O d, L 4 LUy, — c—28z3§
A S

1 m

c_a‘[; — U1 + 0; (Zukum—k> + 0041 + 0; (Qm+2§m+2 - Sé‘am)’
§ k=0

as can be seen from the computations in Section 1.4 (we keep the same notations). These two quantities vanish if and

only if their sum and difference vanish, that is

20 m )
C_é + 22U, 0,8 + 280,05 + 0 0:8 + £ O Wy + 0, (Zukum—k> + 0, (Qm+2§m+2 - 5§am) — C—ZE);{
’ k=0 s

m
20, (U1 — A1) = 20,028 + 280,y + 0 0 + £ 0 Uy + 0, < Zukum—k)
k=0

1
+0c(am42¢"*? = Stan) + 507t

s
Once we have reported the expressions of the uy’s, the first equation is precisely the (gKdV) equation. Since by
construction u,, = a,, + (—1)" (m 4+ 2)¢™+1 /2, we see that the right-hand side of the second equation becomes

m
m+3 1
9 Zukum_k + 0 | gmya + (D" —— [ = 2¢ay ) + 5022,
k=0 2 5

which is indeed a z-derivative. By our (arbitrary) choice for u,,,; and a,,1, we get the conclusion. Note that the
fact that we can integrate in z the last equation is actually not linked to the precise choice for (a,, ). The proof of
Lemma 2 is complete. O

Lemma 3. Assume d > 1. Under the assumptions of Theorem 1, there exist initial data (a ) satisfying (84) and

an approximate solution (az’* , us’") such that we have e fte
Ralls + |(RL eR2)] 1 < Cem
as well as
la = @ = 0)] . + [ul™! — ui @ = 0)] ., < Cem L. (96)

Proof. We shall only point out the few differences with the proof of Lemma 2.

Step 1: Definition of the approximate solution. We set

uo = V.0, 't () €C(10, 7] HM),  wi=+=uppr =0,
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(if m = 1, the second condition is void), so that u! = Z(t) + O(e™). For the amplitude, the relation (34) imposes to

choose
1-3..... 2k +1
YO<k<m, o= (k+(l)' D ket € C([0, w], H* na, H'),

and for a,,11, we fix (arbitrarily)

1 1 +3 1 _ ~ ,
U1 = —2—@331 ¢(r) — 3 <|:CIm+2 + (—l)mmT]C’”“(r) - 2§am> - EAzﬁmzC(r) € L™([0, 7,1, H*™?)

(by the result in [53] or Lemma 3 in [42]). Note that the sum ka=0 Url,,_x now vanishes for our choice of the uy’s.
Concerning the imaginary part, as for Lemma 2, we choose

b=b+b,,

where
1
b=——d,a() €C((0, 7], H
s
and the function b, = b,(0) is the solution of the high speed transport equation

1. 1, - . G i
—0pbe — —0:, b, + 2u 19, by + be0.,ud! = o= —2u29. b — bd., ul', .0 =0)=0. 97)
A )

Step 2: Sobolev estimates for be. Observing that the high speed transport equation (97) only involves the z; coordinate,
we deduce as in the proof of Lemma 2 that b, verifies first

sup ||65(9)||L2<C\/6|1n6| and sup H[NJS(G)”LOOgCe,
0<o<Ine| 0<o<Ine|

hence for any o € Ng_l with || <s + 1

sup  [|0% b:(@)],» < Cylellne] and  sup [|8% be(O)], 0 < Ce.
0<O<|Ine| 0<O<|In¢|

As before, the z1-derivative is shown here again to have a better behaviour:

sup ||z, 6(0) ] 5 < Ce.
00 |In€|

Therefore, b verifies, for 0 < 6 < |In¢|,

Ibllgs <C. [[8;6— 8, b(z = €"6)|| ,, < Ce
and

e e e

~ 39 — —0;, b+ 26ul™ ', b+ £b3,,ul™' — —82a=0.

Cs € €Cs
Step 3: Choice of the initial data for (83) and error estimate and Step 4: Error estimate for the residuals. They are
very similar to Step 3 and Step 4 in the proof of Lemma 2, taking into account the transverse variable, thus we omit
the proof.

4.2. Error estimate

We look for an exact solution of the modified Madelung system (83) under the form

(ag,ue) = (agpp’ ugpp) + (Ae, Ue).

Since the system (83) is symmetrizable and the dispersive term has constant coefficient and is skew-adjoint, the error
estimate, for |a| <s,
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d .
i ((Se(e(as™ + Ag))a27,7) ,2)

< Ol @+ A+ [+ Ay DTV 4 €D,

with 7 = (A,, L{;, sZ/lj-), follows immediately. Recall that at time 6 =0, T is O(e™*!), even though we have in-
cluded the terms of order €”*! in the approximate solution. We denote by 6 € (0, |In€|) the maximal time for which
ledp Y llLoe + || Aell w10 < 1. Then, we infer from the Gronwall inequality that for 0 < 0 < 6,

||T(9)||ip <{|r©=0 ||?1s +€2(m+1)}e2C9 < Ce2m+Dg2Co.

where C is a constant depending only on s, d, A and the function ¢. This guarantees that 6, < u|Ine| for some small
constant 0 < p < 1/C depending only on s, d, A and the function ¢ and provided ¢ is sufficiently small. We finally
use the formula (63) to infer that for 6, < u|Ine€|,

| Ac = Re(a®) |, + | UL — w1 .y < Cemtlen.

[ s
This completes the proofs of Theorems 6 and 7.

5. Justification of the wave and the (mKdV)/(mKP-I) limit for the Landau-Lifshitz equation
5.1. Proof of the free wave limit for the Landau—Lifshitz equation

In order to prove the Sobolev bounds (57) on the suitable time interval, we shall not proceed as in [50] and [49].
Indeed, they apply 9, to the equation, and obtain a wave equation of the form

8fm+A2m:-~-.

Using the scales t = et and z = ¢x, this becomes
8tzm+82A2m: cee

for which the natural high order functional is

Z |818§‘m|2+82|A8§‘m|2dz.

d
aeNj rd
la|<s

This functional controls dym in H*®. Taking the cross product of the equation with m, we infer that

2
2 ms3 ms3
mxdm=—Am—¢g|Vm|'m+ —e3 —e{ — | m,
e &

hence the functional controls % in H®, but only eAm in H* and not Am, which should be on the same level.

From (49), we deduce that the gradient vector field

v=" _L19mp
= — = = n
2 2P

satisfies
l—p
o;,V+2V| ——U -V |+ AU =0,
1+p

since V(V - U) = V(Agp) = AU. Moreover,

o= v am=s(s [ (S - - ).

thus
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vc%g)zAv+vm¥y

and we may rewrite the equation for U under the form

1— —1 20|V 2 1—
&U+VC—£MW)+VGL—>—AV:Vowa—v<p"):v(-lﬁwﬁ.
I1+p p+1 1+p I1+p

Consequently, the complex-valued gradient vector field

z=U-iV

verifies

: I—p p—1
1+p o+1
where we have set, for Z, Ze cd z. 7= Z?:l Zi7J eC. Therefore, we have obtained the augmented system

p+2—LU.Vp4+20v.-U=0
0

1+
Vp=2pV (98)
. I—p p—1
6Z—iANZ+V|——(Z-2)|+V|[——)=0.
I1+p p+1

On the other hand, from the stereographic projection, we have

2Re(¥) 2Im(¥) 1—|¥?
1+ 12 1+ 14+ w)2)

so that the energy has the expression
E(m) /4v L 2+4v ! 2+ I_Wﬁzd
m) = — X

1+ @ 1+ |2 1+ w2
R4
—p

/' Y vt — v+ 2d
— —_— - _ " X
A2 0 T a2 T 05

Rd

=/4—'O|Z|2 + (1—_,0>2dx.
(14 p)? I+p
R4

We now use the scaled variables 6§ = &% and z = ex, which transform (98) and the energy into

89p4—2———%£@~VQp—%2pVZ-Ug=()

1+
V.o =2pVe (99)
. —p 1 p—1
09Ze —iAZ:+V, m(zs‘zs) +8—2vz m =0.
and
_ 4p 1 (1—p 2 _
E(m) = &2 d/ Z2+—(—) dz =¢*E ),
( ) (1+p)2| 8| 82 1+’0 8( )
R4
with

Ve=—, U, =

Vv U
) €

Z
, Ze=—, p=1+4c¢a.
£
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Note that V; is of order ¢. By Theorem 8, we have local in time well-posedness for the system (99), say for 0 < 6 < 6;.
We define 6, € (0, 6, ] to be the maximal time for which, for any 0 < 0 < 6,

E <|w©.)]<2. (100)

Note that the conservation of energy already provides, for 0 < 6 < 6,,

! 2 |p®— 1-p)?
XE<HZAQWL’+H e > ./(1+—)2| 28+ <1+p) &
1 1_pin 2
/(1 m>2' 4 +e_2<1+pi“> &
2
<1<o(uz;"uiz+Hp )
L2

where the constant K is absolute. As we shall see, the expression of the energy in variables (p, Z,) suggests a good
candidate for a high order functional, since the weights play the role of a suitable symmetrizer.

in 1

&

Proposition 5. Let s > 1 4+ d /2. There exists C = C (s, d), depending only on s and d, such that, for any a € Ng with
0 < |a| < s, there holds

A4 ey 2y A ey
d@f(l+p)2|az Z€| +£2(1+p)4[azp] dz
R4

2

2
+ﬂﬂd%)
HS

+ ]z ||§{J,) (1 I
HS

Remark 5. The nonlinear effect is rather weak in view of the factor ¢ in front of. This is related to the fact that the
system (49) has a remarkable symmetry property. Indeed, in the regime we are considering, where p = 1 + ea this
system is somehow close to

—1
<ameF——
£

2
doas + E(l +ea )V u, = 0(82)

as
2+ ¢ag

1 1
doue + SV( ) =89u5+£(1 +£a€)Vag+(9(s)=(9(32),

which can be symmetrized by using the constant coefficient symmetrizer <(1) 2).

Proof. Leta € Nd be such that 0 < || < 5. As a first step, we compute

8p ay P) e (2
f(1+p)2| “z.d f(1+ )2(3 Ze,300%Z dz+/(1 )3|azz€; dpdz. (101)

Applying 32‘ to the third equation in (99) and reporting yields

8p
/m(8?28,898323>d2
f;(a Ze,iNDZ,) z—/87p<BfZS,B?VZ<1_—p(ZS-Z£)>>dz
1+ p)? (A+p)?\ 77 N+p
R4

o p—1
[l )
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We integrate by parts the first integral, using that (0;0% Z.,i9;0% Z.) = 0 pointwise for any 1 < j < d:

8p _ 8(1—p) N ) N
/(1+ )2(3 Ze, iNTZe)dz f(1+ )3(v p) (8% Ze,iV,0 Z;)dz
p(1—p)
(1+p)3

R4

(08Zs,iV, - V.0¢ Z,)dz. (103)

Using (59) and Cauchy—Schwarz, we also have

1—
/(1+ )2<8az“aa <1+£(28'Z”>>dZ

8o(1 —
< —/M(agzg,agvz(zs.zg))dz

1+ p)?
Rd
el d)(H—l_” 1Ze - Ze| +H—l_" 1Ze - Ze| )

s, . ) . s

1+,0 st £ ellL 1+/0 Lo e ellH
8p(1—p)
I ATEscy (02 Ze, 09 Ve(Ze - Ze))dz 4 C s, ) (1 + eV Ec(9) + 1 Zell o) 1 Ze 1 s (104)

]Rd

Here, we have used that H® is an algebra and that V,p = 2pV,. Using once again (59), we deduce

8o(1—p) 16p(1 — p) 3
————— 097,05V (Ze - Ze))dz < — | ————F08Ze, Ze - 03V Ze)dz 4 C(s, )| Ze |l 3ys -
(1-{-/0)3(2 e, 07 Vo(Ze s)) < 1+ p)3 (Z gy 40, Vg e> 2+ C(s, D Zelly
R4 R4
Furthermore, by integration by parts, we infer
16p(1 — p)
W(ag‘zs, Ze - 0¢V.Zs)dz
R4
16p(1 — p) 16p(1 — p) .
——— 0% Z,,Re(Z,) - V0% Ze)dz — | —————{0%Z,,iIm(Z,) - V,0%Z)d
1+ p)> <z e» Re(Ze) - V0, s) < 1+ p)> <z e, 11m(Ze) - V0, s) z
Rd RY
p(1 p) ) 16p(1 — p) .
=8 | |3%Z:|"V, - dz+ | —————=={0%Z.,iV, -V, 3% Z.)dz.
/' o (<1+ p)? (Tt (22 iVe V2]

Notice that the last integral is exactly the opposite of the right-hand side of (103) (this is due to the weight 4p /(14 p)?
for the 97 Z, part) and that the before last integral is, by Sobolev imbedding (s > 1 +d/2),

< Cls, DN Zellggs (IV2 - Uellzollp = iz + 1Uell I Vopll o) < Cls, d)el| Zellys

Therefore, reporting these estimates into (103) and (102) provides
8p
/ m(B?Zg, 898?Zg>dz
R4

1 8p p—1
<C(s,d)(1 Zla M Zell2s — = | ———(0%Z,, 9%V, =—— ) )dz. 105
. d)(1+ el Zell s )1 Ze 82[(1+p)2<z e z(p+1)> z (105)
R

Inserting (105) into (101) gives

d 4p 2

— | ————10%Z.|"d

d9f<1+p>2|z of
Rd
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1—p ol —p)
SCG, D1+l Zellms)Z 25+/48°‘Z 2{73 +2V~<7U>}d
(s, d)( 1 Zells) 1 Ze 1 d 0% Ze | TSk N\l
R

“a a5 )
1+ p)? o o+ 1

< Cls, d) (1 + &l Zell o) | Zell s — / |09 Ze |
R4

a o p
/ (] T )2<3Z Ze, az Vz<—+ 1>>dZ1

where we have used the first equation in (99) for the last inequality. By Sobolev imbedding, we have |U, - V,p| <
CollZe Lo IVepllise < Cell Zellms (o — D/ellas < Cell Zellgys + (0 — 1)/ell;s), hence

16p
(1+p)*

Ueg-Vypdz

d 4
_9/7(1 fp)z 097 dz < Cs.d) (1 + €l| Zel3ys + €] (0 = D /e |31 Ze 30
d

1 8p p—1
R4

It remains to study the last integral in (106):

1 8 —1 1 16 \Y
——2/7” 2<agzs,agvz<—p )>dz=—2 7p2<8§‘U8,8§‘< 2P 2)>dz
&) (I'+p) p+1 € (I'+p) (I+p)
R

R4

Thanks to a new use of (59), there holds

aa( Vep )_ V.97 p

Na+p2) a+p2|p
1 1 1 1

0| ———-|V — | — — = |V, 3%

Z([(Hp)? 4} zp) [(1+p>2 4] P

1 1
<C(S,d)< ||VzP||Lw+‘Vz[m—Z}

L2

1
— - ||v,p||H.v-1)
H (1+p)2 4y Lo

< C(s,d)e? | m——

H$
where we have used the Sobolev imbedding for the last inequality, since s > 1 4 d/2. Thus, by Cauchy—Schwarz,

o o 16p o a o —
/(1+p)2<8 ZgﬁZV( +1 >> S /(1+p)43 Uf’azvz/’)dZ‘*‘C(S,d)”—

/(1+ ) aot(vz.UE),ag‘,<>)dz+c(s,d)HT

2

HS

2

)

H 5

after integrating by parts. Inserting this into (106) yields

2
2
) 1 Ze s
HS

16p
(V. U, 8%p)dz. 1
/(1+ )4a(vz Ue), 9% p)dz (107)

d 4p 2 2 1Y
—Qfm|agzg| dzéC(s,d)(l—i—sllZgHHs—i-s
d

+c<s,d)‘ L

HS
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Now, observe that, by (99),

4 2 16 1-p
3| —— [0 ————{0%p. 0% —=U. -V V..U
9(82(1+p)4[zp])+52(1+p)4<“0 Z(1+,o SRS 8>>

16 1—p 2
U: -V v, U |[0¥ =0.
+s2(1+p)5<1+p e Vet Pt 6)[Z'0]

Integrating and using (59), we obtain

d 4 16 1-— 16
f—[afp]zdz+/—<3“p —'OUS-Vzag‘,o>dz+f—p(ag‘p,vz~agU€>dz

o ) €21+ p)* 21+ o\ T4y 217
R4 R4 Rd
p—1]°
<C(S,d)< — +||Ug||%1,x).
HS
We integrate by parts:
16 l-p 8(1—p) >
(0 p, ——U, - V37 p)dz= | —=U, -V (|07 d
/82(1+p)4<z'0 1+p °© ZZ’O> N /82(1+p)5 3 Z([zp]) z
R4 R4
8 2 (1—-p)
=—— [PV | 7 —5U: ) dz
82[[47,/0] z ((1+p)5 e |dz
R
Therefore,
d 4 2 16p
%/82(1_’_,0)4[33,0] d2<—/m<8§‘p,vz~ag‘ug)dz
R4 Rd

—1?
+C(s.d) (H L
I HS

Combining (107) and (108), we see that the bad (singular) terms cancel out (due to the choice of the weights) and
infer

+ IIZallqu>. (108)

d 4p 2 4 2

— | ———13%Z —|3%p|"d

7o | wrap el + i elerel
R4

—1
+ ||Ze||%,s><1+gH L
H* £

The proof of Proposition 5 is complete. O

p—1]*

2
+a||z£||3,;).
H.S‘

<C(S,d)(

Proof of Theorem 10. The uniform bounds (57) for 0 < 6 < 6, where 6, > 0 does not depend on ¢, come directly
from Proposition 5 and arguing as in [10], Section 4. For the comparison result with the free wave equation, we need
to estimate the right-hand side of (56) in H*® —2. Let us observe that for the (GP) equation, (56) becomes
0As + 2V, - Uy = -2V, - (A Uy)
1 A1+ €A
0Ue + -V A, = _8V2<|U€|2 + Zig)
2 1+ eA,

The H*~2 estimate in [10], Section 4 then follows noticing that ||V, - Gllys—2 < K||G|lgs—1 and ||V gl gs— <
K| gllgs—1 for any s € R, as can be seen using Fourier transform (K depends only on s and d). For the equation
for U, in (56), we may use this fact since the right-hand side is a gradient and get

1
s + 5 V- A

HS—Z
e2A.|U. |2 3|V, Ag? gA2 eA T+ eA;
2+eA; 21 +eA)(2+¢eAs)  2Q2+¢€Ay) V1+eA;

<K(S7d)H_

Hs—1
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Since s > 14 d/2, H*~! is an algebra and the uniform bounds (57) imply

1
0Ue + 5 VeAs <K(s,d)(e* A% + A% + e A) < K (s, d)e(A + A?),

Hs—2

since Ko(s, d)e A < 1. For the equation for A, in (56), we no longer have a source term in divergence form. We then
modify the argument by invoking the fact that H*~2 N L is an algebra (see, for instance, [51]) as soon as s — 2 > 0.
Here, s > 1 +d/2 > 3/2 and s is an integer, thus s > 2. As a consequence,

||ASVZ . Ug||Hs—2 < K”AS”H.Y—ZQLOO ”VZ . Ug”Hs—ZmLoc < KA2
using (57) and the Sobolev imbedding V, - U, € HS~! < L (since s — 1 > d/2). Similarly, one has

=

<K A3,
2+¢eA;

Hs—2

U, -V, A,

which yields, using once again that Ko(s,d)eA < 1
18 Ae + 2V, - Ug || -2 < K (5, d)e A>.

Once one has these estimates, the comparison result with the free wave equation (58) can be shown exactly as in [10]
Section 4, thus we skip the details.

5.2. Proof of the (mKdV)/(mKP-I) limit for the Landau—Lifshitz equation
As for the proof of Theorems 6 and 7, the proof is divided into two steps.

Step 1: Construction of an approximate solution. This time, the expansion in ¢ is done on the system (51) (in-
stead of what we did with the Madelung system (83) for the (NLS) equation). To construct an approximate solution
(AP UEPPY = (Ag, Up) + (A1, Uy) + €2(Aa, Up), the formal computation is very similar to the one in Section 4.1,
since the quasilinear terms in (51) do not perturb the leading order terms, thus we skip it. However, since it is im-
portant that the vector field Z is a gradient, we shall impose that UHP is a gradient. We thus choose Ag(t) = ¢ (1),
2Up(1) = V;8,'¢(0), Ur = U2 =0, A1 (v) = Aj(1)/2 = £3(1)/2, so that A1(v) — 2U[ (1) = Aj(1)/2 = £(1)/2,
and finally

A1) = —c + = a (1) + Az, 0,70 € LO([0, 7], HY ).
The approximate solution then verifies, uniformly for 0 < 6 < 7,/¢,

26 AP

, 1 ,
app app
dpAe ™ — 5821’46 - 2te AaPP

[ app, 13 Adpp+8 UdppL ZlAgpp]

4 2(1 4 A7) (0, U 4 29, - USP) = 0 ()

Y e () WP Tl R LA ey
¢ 24 eAPPLLTE g \ 24 AP

o <a§] 1+eAP + 620, V1 + sA;‘PP> Loy ((aZIA*;f’P)2 + 82|VZJ_A:pp|2> O (&)
— - ; =0Upgs .
) V1 + AT N (U +eA) 2 +eAP)

Moreover, we have
| A — AP0 = 0) s + | U = UZP O = 0) | yosa < CE%

As a consequence, denoting pi™’ =1 + AP,

app _ app, 1 app, L app app
Ze Z(Us , €Ug )_Zpapp(amps &V, Pe ),
e
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we infer
app app - P gpp app & ,app app e app 5
89108 - —311,05 +2m Re(Zg ) -V Pse +2,0€ \% 'RC(Zg ) ZOHX+1 (8 )
&
Vspapp zpaPPIm( aPP) (109)
app 1 app app 1 P ‘g P app app 1 :r 1 2
S AE £ 3 —
8928 —;82128 —iA Zg +V <Tpapp(z Z ))+ —V <T_H>—OHX(8 ),

where V¢ =1(d;,,eV;,) and A® = [V*]?> = 82 + ¢?A;,. In addition, e~![|pi* — o™ (0 = 0)|| ypsss + |21 —
ZPP(0 = 0)|| ysi3 < Ce2.

Step 2: Nonlinear stability. Let (A, = (p. — 1)/¢, Ue) solve (54) (for which we know local well-posedness). We set

- o i
:085%7 E(Ul EUJ_) 5 (azlpaagvzlpa)_zgppa
Pe Pe

so that there holds

- 1 - D¢ 1_)05 app & app
39Pa_gaz|,0£ e +2 appﬁRe(zg )'V Pe

o 1=

o 1

\v&3 Av43 app A\ 5
b e T o m(Z5) +2Im(Ze) (110)
Pe Pe Pe

Re(Z app) VEpe +2p:V® - Re(Ze) = Opssi (€7)

i i ~ 1-
0970 — 20, 70— iATZ. 4 v*?(]—pf
I

~ a ~ = 1 — pe pgpp —1]_a a
- (2Z, - 2™ + Z, - zs)) + V¢ ([ - ]zgpp : Z,SPP)
Pe

I+pe  pP 41
1 P _q

pe—1  pe 2
— = Oys .
+82 <108+1 pspp+l> " (8 )

For the initial data, we have by construction

e |50 =0 fyoss + [ Ze (0 = 0)] 015 < Ce>.

We define here again 0 < 0, < |In¢| to be the maximal time for which

sup |4 (0) — 1] s <e.
0<0<6,

so that

@) = 1| s = |02 ©)5:0) — 1] s < K[ 02*O) ] 10
<Cs

|5 ©) = 1] ;s + K[| 5 ©)] 15

é‘lpp(e) -1 H HS

for0 <6 < 9_6. Paralleling the proof of Proposition 5, we shall now prove the following result, where the weight for
the potential part has an extra p;'* compared to the weight in Proposition 5.

Proposition 6. If s > 1 4 d/2, there exists C, depending only on A, s and d, such that, for any a € Ng with || < s
and any 0 < 6 < 0, there holds

’ | p;/ipp 2 4 pe—1 2
3 (pe — 1) dz<C<8 +H—
/<1+p>2 2<1+p>4[z e~ 1] e us

+ nZen%,s). (111)
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Proof. We shall assume o # 0, the case o = 0 could be treated similarly, or using the conservation of the energy
combined with the conservation of f]Rd ¢?dz. The computations are very close to those for Proposition 5, thus we

shall only emphasize on the differences. Let us observe that the before last term in the equation for Z, is easily
estimated in H*, in view of the equality 2Im(Z,) = Vﬁfg :

app
Ve 1—pe _ P — 1 73PP PP
I+ pe pp +1 ‘ ‘

Similarly to (102) and (103), one has

app
= H Vs( 2pe (1 —ppps) ZP. ZgPP)
Hs (1 +108)(108 +1)
C(Ilps — Ulas + 1 Zell ms)-

HS

8p. = 5 8 (1 — pe) o)
/m@gfzs,agagzs)dzg ﬁazlpgwgm dz
d

]Rd
- 16/ M(agzg, i(Im(Z2P) + Im(Z,)) - V9% Z, ) dz

(1+ pe)3
R4

8 1—pe 5 .
p <8aZg, agvg<—l)8(2zs : ngp +Ze- Za)>>d1
L+ pe

(1+p)?
R4
1 8p - pe—1  pP -1
——2/71 2<agzg,ag‘vg< [ dz
&) (I+p) 0 + +1
R
3 be— 1 .
+C€2||Ze||HS+C<'€T +||Zs||%1s>,
HS

using an integration by parts for the transport term. The first term is < Ce|| Z, ||? 475> and the before last is < Ce* +
C|Z. ||%1_v. Concerning the third term, arguing as for (104) yields

8 ~ 1-— - -~
ez v (e 24 2220 ) o
& £
Rd

16p.(1
<‘/<pfiip>3)<a“ze,2““’ 0V Zo + Ze - 07V Ze)dz + C (Il pe — Wigps + 11 Ze )
&

<o [1OU 0 ez e s 2 a2 2

(I+pe)3 °
Rd
16p: (1 — pe)
+/W<a“ Im (22 + Z.) - 09 V* Ze)dz + C (5 — Uy + 11 Ze3)
&
]Rd
16p:(1 — pe) 105 . ~
</<f+7p>38<82‘287z1m(22“’+2) 00V Ze)dz + C(15e = e + 1 Z1s),
&
Rd

where we use that 2(8“25, Re(ZP + 7,) - Ve Z.) =Re(Z¥ 4+ 7,) - V5|8§‘Zs|2 and an integration by parts to
bound the first integral. Since here again the terms involving Im(Z&P° + Z,) cancel out, we deduce

,0 ~ ~
/m(agze, 90 Ze)dz
R4

pe — 1 ngp_l 4 Pe —
8 \VAd dz+Cle "+ |——
82/<1+p8)2< <p8+1 p;‘PP+1)> ¢ ( ‘

+ ||Zg||%{s>. (112)
HS
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Since, in view of the transport equation on pg,

89( 80 ): 8 xl_psxsag,o
(1402 (1+pe)3 e ‘

is uniformly bounded by some absolute constant K for 0 < 6 < 6, we deduce from (112)

d 40, ~ -
% f m(agzig, Bng)dz
R4

1 8 0¢ < = ( ZPspp(/)s_l) >> < 4 H Pe— 1 2
—— | ————=(0%Re(Z,), 3% V?® dz+C + | —
82[(1“92 A NPT NTY) A N I
R

+ ||Zs||%+r)-

HS

Here, we see that the term in bracket in the integral is slightly different from what we had in (106). Thanks to a
new use of (59), we then get, as for (107), keeping aside the terms where we put 97 V¢ on each one of the factors in

PP N | |
oy X (e = DX o

d 40, ~ -
— | ————(0%Z.,0%Z.)d
dG/(1+ps>2<Z S
Rd
1 16p: 05"
(1+pg)3<pa"" +1)

1 160 pe " (B — 1 - Ve
+ PePe (Pe — 1) <3gRe(Zg),3g< Pe >>d2

(09Re(Z,), 9% VE e} dz

|+ )2 (pe™ + 1) (14 pe)?
16ps<p5—1>< . ( Pt )> Pt
— = | B _Z8%Re(Z,), 09V ——— )Vdz+ Cle* + | Z—|  +1Z 03 ).
Ssz (1+p8)3 Z ( E) z pgpp+1 e s ” €”H

The last integral is easily estimated by C||@||%1s + ||Z€||%IS, since p? — 1 = Ops+1(e) and ||,58 — 1z <

C||pe — 1|| > by Sobolev imbedding. In the second integral, we replace V€ p, = par? V€ 5, — pp VE piPP = piPPyve 5, —
p:Ops(e) and infer from (59) that it is
160:[0:™ 1% (5 — 1 - pe — -
< [ T ez, a“vspg)dz+0<e + ‘ P2+ ||Zg||%,x).
|t e+ .
Consequently, by using another integration by parts,
- ~ :65_ 5 2
— | ——=5(8%Z,, 8% Z)dz < C| e* + | — Ze s
d@f(l—i—ps)z(z o 05 Ze)dz (8 +‘ Hs+” ”"”H>
R4
16 PePE fowo BB ad <
+3 (1 )4(8Z V* -Re(Z,), % p.)dz. (113)
8

Now, observe that, by (109),

( 410:pp [aa ~ ]2) 16,0?pP39/05 [8a ~ ]2 . 48910:pp [8"‘,5 ]2
e2(1+ pp)? e2(1+ pg)3 e2(1+p)+t 27"

16p3PP o~ oo I, .  1—p ex | x e 5
20+ )t 0 Pe, 9, —Zazlpe + T,O,;Re(zs) “VZ0e + 0:V® - Re(Z)
ﬁE 1 _pERe(Z )_ 1 _pgppRe(ZaPP) .VS app+0 (85) _0 (114)
PP T e T P TR ) =
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For 0 <6 < 9_8, we have

1 1-—
199 pe |l Lo = H_Eaz]ps + — Us Ve Pe +108V U,

gc’
1+ p¢

LOO

and there also holds [|9g o2 || Lo = O(e) uniformly for 6 < 7, /¢. Furthermore, by Cauchy—Schwarz,

2

1 Be — 1

0 — 1
S (0%5:, 02 (Open ()] <cs*|2—| <c +Ce8
& Ll & HS & HS
and

1 ~ Pe [ 1—pe 1- P?pp aj aj

—(08% e, 0% Re(Zy) — ———Re(ZPP) | - V& piPP
‘82<Zp6 Z{ app[l+ ( 6‘) 1+p§pp ( &€ ) 108 Ll

5 1112 ~
<ce| H + Ce|Re(Zo) |-
€ s

Integrating (114) in z € R?, integrating by parts for the singular transport term and using (59), we then obtain

d 4 app 4 app _
. AT ] dz+/?311(p87)[8§‘p8]2dz

et et / T+ po)?
R
1691 = ) g ; 16955 - i
f ST VA Ret) Vs [ P i, v a2
R4 Rd

~ 2
<C<84+Hp€—l
&

The first integral has absolute value < C||(ps — 1)/8” s since ||E)z|p£pp||Loo + 110z, pellLoe < Ce for 0 <6 < 0. For
the second integral, we integrate by parts:

160" (1 — p) 8 [raws 12ge (aop (1= pe)
/W(aZ Pe, Re(Z;) - VS pg)dzz—s—zf[az pe] vV -<ngPﬁRe(z ))
R4 R4

+ ||Re(28>||%,s>-
HA'

Therefore, by another integration by parts,

app 3PP 5
o | oAl [ oE e arRecZo)

do J eX(1+ pe)? 82<1+p )

Rd RY

ge — 12 5
+C(84+ H— + IIZEII%s) (115)
& HS
Combining (113) and (115) provides, in view of the cancellation of the bad singular terms,
~ 4p2PP L ~ 2 5

S Y. /N (i S — dz < Cle*+ + 1 Zel3s )
d@/(1+ps)2‘ Z 8’ 2(1+,Os)4[ zps] s l s||H

R4

which is the desired inequality. O
Since at § =0, ,58 =14 Ops(e3) and Z, = Ops(2), (111) and the Gronwall inequality implies, for 0 < 6 < 6,

pe(0) —

S |Ze@) |3, < Ce*e.
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This proves that if i < 1/(2C) and & < (e, C) is sufficiently small, then 0, > u|lng|. The end of the proof of
Theorem 9 then follows the lines of Section 4.2 thus we omit it. To compare A, and Agpp, we write

-1 apps PP _ 0. — 1 £
A=l P bem b P Z Ly pwePe Tl ey 4 Ee2e0) + O (269/1),
& € € € 2
as wished.
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