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Abstract

We study the parabolic approximatiofi@ multidimensional scalar conservatitaw with initial andboundary conditions.
We prove that the rate of convergence of the viscous approximation to the weak entropy solution is ofOtdeherey
is the size of the artificial viscosity. Wesa a kinetic formulton and kinetic techniques fanitial-boundary value problems
developed by the last two authors in a previous work.
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Nous étudions I'apmximation parabolique d’une loi denservation scalaire multi-dimeosnelle avec conditions initiales
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1. Introduction

Let £2 be a bounded open subsefksf with Lipschitz continuous boundary. Letx) be the outward unit normal
to 2 ata pointc € 982, Q = (0, +00) x 2 andX = (0, +00) x 3£2. We consider the following multidimensional
scalar conservation law

ou+divA(u)=0 inQ, (1a)
with the initial condition

u(0,x) =uo(x), Vxe, (1b)
and the boundargondition

u(s,y)=up(s,y), Vs, y)eX. (1c)

It is known that entropy solutions must be considered if one wants to solve scalar conservation laws (Eg. (1a) is
replaced by a family of inequalities — see [8] for the Cayproblem) and that the Dirichlet boundary conditions
are to be understood in a generalized sense (seer{igdalar initial and boundary conditions and [11] for merely
bounded data).

In this paper, we estimate the difference between the weak entropy solution of (1) and the smooth solution of
the regularized parabolic equation

orv+divA(v) =nAv in Q, (2)

satisfying the same initial and boundary conditions.dtighout the paper, we make the following hypotheses on
the data: the flux functior belongs tac?(R), the initial conditiorug is in C2(£2), the boundary 2 of the domain
£ is C?, the boundargonditionu; belongs tac?(X). In that case, there exists a unique solutidifregular outside
{0} x 9£2) to the problem (2)—(1b)—(1c).
The aim of this paper is to prove the following error estimate.

Theorem 1. Suppose tha® is C?, A € C?(R), ug € C(2) andu;, € C?(X). Letu be the weak entropy solution
of (1) and letv” be the solution of the approximate parabolic problé(1b)«(1c). Let 7p > O; there exists a
constantC only depending 0is2, up, ug, A, Tp) such that, for all € [0, Tp],

Ju@) =" )] 1 g, < Cn*3. (3)

We now recall what is known about error estiesfor approximations of conservation laws.
In the case where the functiaris smooth (a feature which, we recall, requires the data to be smooth, compatible
and the timelp to be small enough), error estimates of order

nt/2 if the boundary is characteristic, @)
n if the boundary is not characteristic

in L>(0, T; L1(£2)) have been given (see Gues [5], Gisclon and Serre [3], Grenier and Gues [4], Joseph and
LeFloch [7], Chainais-Hillairet and Grenier [2] and references therein). The technidpoeintlary layer analysis
developed in those articles is devoted to theestigation of the initial-boundary value problem feystems
of conservation laws (and not only for a single equation). Roughly speaking, the viscous approxifagon
decomposed as’ = u + ¢ + (remaindey wherec” characterizes the boundary layer which appear in the vicinity
of 0£2. Estimates on” — u are then consequences of estimates’d# (remaindey (see Appendix A.1).

To our knowledge, there does not exist other techniques of analysis which would confirm the error estimate (4).
On the contrary, many techniques have been set and improved to analyse the error of approximati@saiactiie
Problem($2 = R?) for conservation laws (and results of sharpness of error estimates have also been delivered).
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The first error estimate for the Cauchy problem is given by Kuzmein 1976 [9]: an adaptation of the proof of

the result of comparison between two weak entropy solutions given by KruZkov [8] yields an error estimate of
order 1/2 in theL'-norm. The reader interested in more precise,@g@neral and more recesisults is invited to
consult the compilation made by Tang [14], the introduction of [13], and references therein.

We establish here estimate (3) for arbitrary tinTgsin particular, the possible occurrence of shocks is taken
into accountu is theweakentropy solution to problem (1) and has no more regularity, in general, than the ones
stated in Proposition 1. As a consequencmay be irregular in the vicinity o2 and this constitutes an obstacle
to the analysis of the rate of convergence®f To circumvent this obstacle, we use the kinetic formulation of [6]

(an adaptation to boundary problems of the kinetic formulation introduced in [10]) and adapt the technique of error
estimate developed by Perthame for the analysis of the Cauchy Problem [12]. We then obtain a rate of convergenc
of 1/3. The accuracy or non-sharpness of this order (compare to (4)) remains an open problem for us.

The paper is dedicated to the proof of Theorem 1. It is organized as follows. We begin with some preliminaries,
mainly to state (or recall) the kinetic formulations of bdtyperbolic and parabolic equations. In order to enlight
the key ideas of this rather technical proof, we present its skeleton in Section 2.4. In Section 3, we obtain a first
estimate in the interior of the domain; then, in Sections 4 and 5, we transport the equationssgdoiadimes
a half space and we regularize them in order to use the solution of one of them as a test function in the other.
Eventually, in Section 6, we conclude the proof of Theorem 1 by getting an estimate of the boundary term which
appears at the end of Section 5.

2. Preliminaries

In order to clarify computations, we drop the superseyfijpt v” and simply writev for the approximate solution.
We prove Theorem 1 in several steps.

2.1. Known estimates anandv

We gather in the following proposition the estimateswi# need to prove Theorem 1. We refer to [1] for a
proof of these results.

Proposition 1. Assume thaf2 is C?, A € C2(R), ug € C?(£2) andu; € C?(X). There exist€ > 0 only depending
on (82, up, ug, A, To) such that

1. the functions:, v: [0, To] — L*(£2) are C-Lipschitz continuous,
2. forall 1 € (0, To), [, |8;v(t, )| < C,
3. forall ¢ € [0, Tol, |u(t, ) |sv(2) < C and|v(z, -)|pv(2) < C.

2.2. Notations

.....

of £2 by open sets oR?¢ such thatOo C £2 and that, for alli € {1, ..., n}, there exists a?-diffeomorphism
h; : O; — B¢ (the unit ball inR?) satisfying

e 052 C U:?:l O;;

e 1;(0;N3R)=B1:= BN RI"1x {0});
e hi(0;N )= B :=BNRI"1 x (0, +00)).

..........
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In the following, when a quantityppears with a bar above, it denotes something related to the bound@ry of
(possibly transported o8¢~ by a chart): either a variable @12 or the value of a function on this boundary. The
values of a functio att = 0 are denoted by=0.

Here are other general notations, related to the regularization of the equatiofse G (11/2, 1[; R*) be
such thatf, 6 = 1 and define, for > 0,6, (-) = %9(?) (right-decentred regularizing kernel). When necessary, we
define regularizing kernels, in space (either the whole space or on the (transported) bounda2y of space-
time variables; when such a kernel BY (N =d —1, N =d or N =d + 1) is given andf is a function defined
and locally integrable on a s§tc RY, we denote, for € RY,

f“(z)z/f(r)pﬂ(z—r)dr,
N

i.e. f* is the convolution ofp, by the extension off by 0 outsideS. We have then, for alp € LL(@RY) with
compact support,

/f(¢*pvu)=/f“¢
S RN

(Wherep,(z) = pu(—2)).
2.3. Kinetic formulations ofl) and(2)

The function sgn is defined by sgn(s) =0if s <0 and sgn (s) = 1if s > 0; similarly, sgn (s) = —1ifs <0
and sgn (s) = 0if s > 0. Let D = sup(||u |l oo, |40]l00)-

Let us recall the kinetic formulatio of (1) obtained in [6]: there exists a bounded nonnegative measure
mbe MT(Q x Rg), which has a compact support with respectand two nonnegative measurable functions

mb ,m” €L (X x R¢) such that the functiom’, vanishes fok > 1 (resp. the functiom® vanishes fog « —1)

and such that the function&. (¢, x, £) = sgn, (u(z, x) — &) associated with satisfy, for anyp € CZ° (R4+2)

/ Folh+a-V)p+ / 9600 ¢ / (—a-m) 1§ = f depdm 5)

OxRg 2xRe X xRe OxRg
wherefio(x, &) =sgn. (uo(x) — &) and f{ (¢, x, &) =sgn, (i (¢, ) — &) satisfies
(—a-n)fi=Mf2+dm} (6)

with fi”(t,i,é) = sgn, (up(r,x) — &) and M the Lipschitz constant of the flux functiod on [—D, D]. This
formula is the kinetic formulation of the BLN condition (see [1]).
We next give a kinetic formulation for the approximate solution. Consider two test fungtierg® (R, x R9),

¥ € CP(Re) and defineE (o) = [¢(§) sgn. (o — &) d§ andH («) = [a(§)y (&) sgn. (o — &) d§. Note thatE’ =
¥ and H' = E’a. Now multiply the equatiord,;v + div A(v) = nAv by (¢, x)¥ (v, x)) = o, x)E'(v(t, x)),
integrate overQ and integrate by parts (using the fact thas C? outside{0} x 32)

f E)d ¢+ H() Vo + / E(ug)g=9 — / H(up) - ng
0 2 X

=/nE/(v)Vv~W—/nE/(ub)V_v'n¢+/nE”(v)|Vv|2<p.
0 z 0



J. Droniou et al. / Ann. I. H. Poincaré — AN 21 (2004) 689-714 693
Using the definition of£ and H, we obtain, denoting (¢, x, §) = sgn, (v(z, x) — §),

/ e +a-V)p— / N8.VY -V + / Fop0=0 ¢ / Gad= / dedg @)

OxRg OxRg 2xRe ZxRe O xRe
whereg (¢, x, &) = (¢, x)¥(§) and

Gi=(—a-n)f?+nsuy, Vv n,
q=n8|Vv2=0

(notice that the support af is compact with respect t§). Using a classical argument relying on convolution
techniques, we claim that (7) holds true for any test funafienC2® (R4+2),

Remark 1. (i) Since f, ff, f1 andm vanish for¢ > 1, Eq. (5) with £, holds true when the support of the test
function¢ is merely lower bounded (and nogcessarily compact) with respect&oSimilarly, we can apply (7)
with g_ to test functions the support of which is only upper bounded with respéctNotice also that, in all the
following, though we write integrals i& on the whole ofRg, the integrands we consider are null outside a fixed
compact (namely— D, D]) of Re; we use this in some estimates, without recalling it.

(i) Egs. (5) and (7) can be applied to certain test functions which are not fully regular but have some monotony
properties with respect t§, provided we replace the equality by an inequality (the sign of which is given by
the monotony of the test function). More precisely, we consider, in the following, test functions of the kind
(1. x,8) = [o° [o e, x,5,y)sgn.(W (s, y) — &) dyds, where Wis bounded ang is regular and has a fixed
sign; we can approximate sgripy some non-decreasing and regular functions_sgithen, applying (5) or (7) to
Ps(t,x, &) = fé’o Jo ot x,s,y)sgn. s(W (s, y)—§)dyds, whichis regular and has the same monotony properties
as¢ (with respect t&), we notice that the right-hand side has a fixed sign; then, passing to thé lmQ@, we see
that these inequalities are satisfied with

2.4. Main ideas of the proof

We present here formal manipulations which enable to understand the key steps of the preaf.)Let ¢ (¢, x)
be a non-negative regular function. Pluggifig- g in (5) and¢ = ¢f+ in (7), we obtain

/f+(8t+a~V)(<pg7)+ / (—a'n)fiff¢<0
QXRE ZXRS
and
fg_(a,+a-vxwf+>+ / (—a-mffi5—n / 5,V V(frg) 41 / 50, V0 -1 f15 <0
OxRg 2 xRe OxRg X xRe

(sincefff? = 0). Summing these inequalities and integrating by parts, it comes

/ Fra_(y+a-Vyp<— / (—a-m)ffP%—n / 8, VU154 1 / 5.V - V(f10).

QXRE ZXRS EXRE QXRE

Takinge(t, x) = w; (1) with (w7 ) >0 Which converges to the characteristic function@f7'] anda)’§ — —§7, this
gives
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/ =) (T, x)dx = / (—frg-)"="
2

QXRE

< [ campton [ Yok

[0,T]x382 xR¢ [0,T]x382 xR¢

T / 5,V V[ (8)
[0,T]x$2xRe

The functionsf;. andg_ are not regular enough to justify such manipulations, which are therefore performed with
fi andg”, regularized versions of these applications. The smoothigg @ purely technical and we immediately
letv — O; at the contrary, the way we definfg is crucial for the proof. A decerdlizing regularization allows to
get rid of the second term of the right-hand side of (8); the size of the regularizationdeiWg} || is bounded
by C/e and the last term of (8) is of ordey/s. There remains to estimate the fitstm of the right-hand side of
(8), which is the aim of a whole section (Section 6); the idea is to re-use the kinetic equation satisfied by

3. Estimatein theinterior of the domain

In this section, we lek = 1o (we drop the subscript 0) ankl := supf1o). In order to obtain an estimate on
the interior of the domain, we need to localize usingegularize both kinetic equations in order to combine them,
proceeding as we did when proving the Comparisoadrbm in [6]. This step is more or less classical.

Let « > 0 and O< ¢ < dist(K, 8£2); denotey, (x) = [ 6. (x;). Taking ¢ € CZ°(R¥+2) with support in
R x K x Rg and usingg » (y: ® 02) (}) = notice that this function is null on the boundary @f — as a test
function in (5) with £, we find

tra o+ [ 12 00e= [ apdnt ©)
Rd+2 Rd+2 Rd+2

(wherem®* is the convolution in(z, x) of y, ® 6, by the extension af: by 0 outsideQ x R¢). We next regularize
the equation satisfied kg, using the same method but different paramegets0 and O< v < dist(K, 0£2): we
obtain for the same’s

/gf’”(arJra'V)chr / 1% ®60p6 — 1 / 8,V - (Vo) x (, ® g) = / depdgh. (10)
Rd+2 Rd+2 QXRE Rd+2

Suppose thatp € C(R+1) is non-negative with support iR x K and apply (9) to the test function
—gf’”(t,x,é)qb(t,x) and (10) to— f{"* (¢, x, §)¢ (1, x), and sum the two equations; using the fact that;"*
and—gf’” are non-decreasing with respecttowe find, after some integrate by parts,

- / ff’egf’u(@ +a-V)g+n / 8,V (V(fL°h)) * (i ® Op)
RA+2 QXRE

- f [ ®6us”" + 2 @051 )0 > 0. (11)

RA+2

1 Here and after, the tensorial product is used to recalljhaindd, use different variables (for examphg, ® 6 (7, x) = 7 (x)f (1)) and
the convolution product never involves the kinetic variable
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Thanks to the decentred regularizatigff;” (¢, x, £) is null if 1 < «/2; hence, for8 < «/2, 9 Opfi° =0.
Moreover, the function which associatewith

/ ffg(x,@g_(r,x,s>¢<r,x>dxds=///f£(y,s>g_(t,x,s)ys<x—y>¢(t,x)d5dydx

2 xR 2 §2 Re
—_ / / (Wo(y) — v(t. 1) ye(x — Y)p (1. x) dE dy dx (12)
2 2

is continuous (because € C([0, Tol; L1(£2)) and we haveg_(O, -, ) = f?. Therefore, letting8, v and «
successively tend to zero in (11), we have

f (—fig )@ +a-V)p+1 / 8,V - V(fig) — / 12 1% =0 >0,
OxRg OxRg 2xRe
ChooseT € [0, Tol and letg (7, x) = A(x)wg () Wwherewg(t) = :"T" 0p(r) dr; we obtain
/ (—fLg)[0p(t — THr+wpa - V] +1 / 8, Vv - V(finwg — / 9% >o0.
QXRE QXRE QXRE

The functions — fﬂst (—fig-)(t, x,&)A(x)dx is continuous (it is similar to (12)); thus, letting— O,

- / (—fie) "= a+ / (—ffg)a-Vi+ / 8, Vv - V(f{1) — / 2 r=0

2xRg 0T xR 07 xRe 2xRe
whereQT = (0, T) x £2. We therefore obtain
1<+ Tic+Tp (13)
where

T = / (—fig)=Da,

QXRE

= / (—fig-)a-Va,
QTXRE

Tp= / 18, Vv - V(fiA),

oT xRe

Tic = — / 19 £,
2xRe

We now estimate these terms. We have

T1=//[/(—f+(T,y,E)g_(T,x,g))ds}\(x)yg(x —y)dydx

K 2 R

_ / f (T, y) — (T, 1)) A yex — y) dydix
K £
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> / / (u(T,x) = o(T, ) 20y (x — y) dydx — / / (u(T.x) — (T, 1)) Ay (x — y) dyd.
K 2 K £

But, if x € K, we have, by choice of, x — 2 D supfy.), hence [, y.(x — y)dy = 1. Moreover, since
u(T,-) € BV(£2), by Lemma A.1 (see the appendix),

ff(u(T,m—u(T,y))U(x)yg(x—y)dydngf\u(ﬂm—u(T,y>|yg(x—y)dydx<c8.
K 2 2 2

Hence,

T > /(M(T, x) = (T, %)) "A(x)dx — Ce.
2
Next, reasoning as fdfy,

T
T2:////(_f“t’y’5)5’*“%’3))%@—y)a(é).vx(x)dydxdt

0 K 2R

T
<C,/_//(u(t’y)_v(t’x))JrJ/e(x—Y)dydxdt
028

T
<Ce—i—C//(u(t,x)—v(t,x))+dxdt.
0

Let us estimate the diffusion terify. First, we write:Tp = T} + T3 with

Th = / N8,V - fEVA= / an-</8Ufj)VA<n/|Vv||VA|§Cn
QT

QTXRE QTXRg RE

T2 = / nam-ijg(ﬁn/|Vv|(t,x)sup|ij|(t,x,g)dtdx.
0T xRg or ¢

ButVi(r,x,8) = [ f+(t,y,6)Vye(x — y)dy, so thayV f{|(t, x,€) < | Vyell 1gey < C/e. Hence,

C C
Tég—”/wg—”.
I &
QT

Using Lemma A.1, a straightforward computation gifes < Ce. We finally gather the different estimates in (13)
and get, for alk,

T
/(M(T,x) — (T, x)) A dx < C<8 + g) + C//(u(t,x) — (1, %)) dxdr.
2 0 R

Minimizing on ¢, we obtain (recall that = Ag here)

T
/(u(T,x) — (T, x)) "ho(x) dx < C /i + C//(u(t,x) — (1, %)) dxdr. (14)
0 2

2
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4. Transport and regularization of the kinetic equations

In order to estimatéu (T, -) — v(T, -))™ near the boundary a2, we choose a cha(D;, k;, A;) and we transport
the equations t(Bi. In the following, we drop the subscript

4.1. Transport of the kinetic equations

We now write the kinetic equations satisfiedibgndv once they have been transportedliﬂg Consider a test

function¥ € C (R x B? x Re) and setp(t,x, &) =¥ (t, h(x), &) € CE(R, x O x Rg). Next, extendp by 0 to
get a functionp C§(Rd+2) and plug it into(5) . (¢ is notC* but is regular enough to be taken as a test function
in this equation). This gives

/ frl@w)oh+a-n" (Vo) oh]+ / fowt=00on+ / (—a-n)fiW¥oh

Rx O xRg O xRg Rx(0£2N0) xRg
= / (3 W) o hdm.
Rx O xRg

Through the change of variables= /(x), and by definition of the measure @h, we obtain

o0
///|Jh—1|f+oh—1(a,w +h’oh—1a-WI)+//|Jh—1|f+°oh—1w<’=°>

0 Bi Re Bi Re
o o
o g—|ant an~t
+ (—a-nf)oh ¥ Ao A dxy---dxg_1= (0s¥) d(hym).
0x1 0Xg4_1
0 gd-1Rg 0 Bi Re
In the following, we adopt the notations
, 1 P an~t dn~t
j)=|Jh )| and Hx)=hoh *(x) and I(x)= A A (x).
0x1 0Xg—1

Moreover, for any function(z, x, £), we write7 (¢, x, £) for r(r, h=1(x), £). Therefore, the previous equality reads

///jf+(a,w+Ha-vw>+//jf£w(f=°>+/ / /1(—a-ﬁ)fﬁ

0 B4 Re B4 Rg 0 Bd-1Rg

f [ [sew atrm, as)

d
0 pd Re

Similar computations are achieved on the kinetic equation satisfied\Mg obtain

f//jgf(a,w+Ha.VW)+//jf9w<r:O>+7/ /1(_a.ﬁ)f_ba+]o/ /,53@@

0 Bi Re Bi Re 0 Bd-1Rg 0 Bd-1Rg

+nf//25ﬁ.vwzf//agw(h*q) (16)

0 BiRE 0 BiRE
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whereD(t, ) =nVu(t,x) -n(x) andZ(z, x) = —h'(x)Vu(z, x). Notice that
Z is bounded in.1((0, ) x £2) forall T > 0. (17)

This property, as well as the Lipschitz continuit, oo) — L' of u and v (with a Lipschitz constant fow
independent ofy) and the bounds ofu(z, -)|sy and|v(z, -)|sy, are conserved by the transporty

4.2. Transport of the BLN condition

We state here the only consequence of (6) that we use in the following.

Let¥ e C®(R x BY~! x R¢) be non-negative and non-decreasing with respegt The functiongp (¢, ¥, &) =
w(t,h(x),&)(1— ff(t, X, &)) is non-decreasing with respectgddsince¥ and 1— ff are non-negative and non-
decreasing with respect &). Hence, (6) implies

/ / f(—a-n)fjwoh(l—f!;)g/ / /Mff(l—ff)woh.
0 92N0 R¢ 0 92N0 R

But f2(1— f) =0 so that, transporting this equation with? on BY~1, we deduce that, for al € C(R x
B~ x R¢) which is non-negative and non-decreasing with respegt to

/ / /1(—a-ﬁ)f+fw</ / /1(—a-ﬁ)f+fffw. (18)
0 pd-1R; 0 pd-1R;

We also need to understand how the unit normal is transported by the hat.

Lemma 1. Forall € B4l and all X € R?, we havd ()X - ii(}) = —j (3)(H (¥)X)a, Where(H (¥)X)4 is the
d-th coordinate ofH (y) X .

Proof of Lemmal. Lety € ch(Bd) and¢ = ¥ o h € C2(0) (extended by 0 outsid@). Integrating by parts, we
have

/X-Vq)(x)dx:/¢()€)X~n()?)d0()?).
2 082

SinceVe (x) =h' (x)T Vi (h(x)), transporting these integrals by(all the integrands are null outsid#), we find

/j(x)H(x)X-Vl//(x)dxzfX- (h’(h_l(x)))TVI//(x)|Jh_l(x)|dx: / Y@ X -n(h(®)I(F) dx.
Bd B4 Bd-t
Another integrate by parts then yields

/ Y@OX -n(hH®))I(F) dx =
d—1

B B

/ (—j () (H @ X)) () di — / div(j B X) () (x) dx
d—1 Bi
(the unit normal taB¢ on B4~1is (0, ..., 0, —1)). Taking firstyr € C3°(B%), we see that dij H X) = 0 on BY;

thus, for allyr € C°(BY), Jpaa W (X)X - n(htx)I(E) di = Jga-1(—j (X)(H(X)X)a)¥ (X) dx, which concludes
the proof. O
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4.3. Regularization of the transported equations

From now on, we work orB¢ and we thus simply write for 7. Let K := supp*) (compact subset a8%). We

now regularize Egs. (15) and (16).

For & > 0, we denoteyz (%) = [7-; 6 (x;); we takee, > 0 and we denote = (&, £4), ye(x) = 72(¥)0e, (xa)-

We choosé + g4 < dist(K, dBY). Let¥ € C3(R x B? x R;) with supportinR x K x Rg; then,¥ « (y: ® 6,) is
compactly supported iR x B¢ x Re. Using¥ x (. ® 0y) in (15), we get

/(jf+)°"83z‘1’+(jf+H)°"8a-Vl1/+ /(jf£)£®9al1’

Rd+2 Rd+2
+ / (1(—a-n)f1)“’5®9£dt1/= / 3 W d(hyam)™*. (19)
RA+2 Rd+2

The same test function with parametgrandv in (16) gives

/(jg»ﬂ’”a,w+(jg7H)ﬁ’”a.vw+ / Gf2)’ @ 6pw + / (I(=a-m )" @6,

Rd+2 Rd+2 Rd+2
o o0
+/ / /IDSL,bII/*(J/Vv@@:g)—i-n///ZSUoVIII*()Z,@@Vﬂ): / 3 W d(heq)P. (20)
0 Bd-1R; 0 p? R Rd+2

5. Combination of the equations and new estimates

The next step consists in combining the two préegdkinetic equations. Choose a non-negative regular

function ¢ (¢, x), with support in]—oo, To] x K, and apply(—jf+)*¢(, x,&)¢(t, x) as a test function in (20)
and(—jg_ )PV (r, x, )¢ (t, x) as a test function in (19). These two test functions are non-decreasing with respect

to £ so that, summing the results, we geﬁ’” + U +U" + Uy +Us" +Ug " >0, where

Ut = / GFO®E (3 (—jg)P o+ (g 8i9) + (g )P (3 G f)* ¢+ (i f)* 0r9).

Rd+2

Uy = / GfeE)a- (V(=jg)"d + (= jg-)"V¢)

RA+2

+(—jg—H)P a - (V(f)*p+ (jf+) V),

0b" = [ G2 @6u-ig o+ (-1 B,

vl = f (I(=a-n) f5)*F @ 6cy(—jg_)P"d + (=l(=a-n) )77 @6, (i f)** 9,

RA+2
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o0

Ue’”=n///8v2'V((jf+)“’€¢)*<7?u®éﬂ>.

0 pd R¢

5.1. Passing to the limit i andv

We study the limits ot/2", ..., Ug "’ asp andv tend to 0.

5.1.1. The first ternt/;""
Integrating by parts, we have
Uy’ = / % (—jg )P o
RA+2

and thus, ag — 0 and v— O,

Ul’v—>///(jﬁr)“’e(—jg—)a@- (21)

0 B4 R¢

5.1.2. The second terbi,””
The first step, here, is to géf out of the regularization§; £ H)*¢ and(jg_ H)?". To do this, we notice that,
forall (7, x,&) €e R x B x R, since His C1,

|G+ H)® (1, x,8) = HO) )% (2, x, 8)|

//j(y)f+(S,y,$)H(y)9a(t—S)Vs(x—y)dsdy

03:‘_

—H(X)//j(y)ﬁr(s,y,é)@a(t—S)ys(x—y)dsdy

OBi

<//j(y)fus,y,s)\H(y)—H(x>|9a(r—s)ye(x—y)dsdy

0351r

)
<C(5+8d)//9a(t—s)ys(x—y)dsdy<C(5+8d)
0 Bi

(here, 1 -|" is a matrice norm). Hence,

/ Gf )5 a - (V(—jg )P+ (—jg)P'Ve)
Rdeng
_ / Gf0 Ha - (V(—jg)P"é + (—jg)"Ve)
Rx B4 xR
< C(é + 8d)(|| V(_]g—)/s!v ” Ll(]—OO,To]XKX[—D,D]) ||¢||OO + ” (_]g—)ﬁ’v H L°°(Rd+2) ||V¢||OO) (22)
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(recall that supf) C] — oo, To] x K). But, by Lemma A.2 (see the appendix), fora# R,

/ f V(i sgn_(v6s. ) = §))"1 < C(1+ [u(s. gy pe)) < C.

K —
Therefore,
To o D
Hv( jg)P HLl(] oo, To]x K x[—D.D]) ////W ]sgn v(s,.)_ég))vwﬂ(t—s)dsdt
~00 0 K -D
To
gC//Gﬁ(t—s)dsdt<C (23)

Noticing that, thanks tg, the integrals irUz’ arein fact orR x B¢ x R, we deduce from (22), (23) and similar
estimates for the second parti@f " thatU}"" is equal to

/ GO Ha - (V(=jg )P o+ (—jg )" Ve) + (—jg )P Ha - (V(if) ¢+ (if) ™ Vo)
Rdeng
+O(E+eq+v+v0)(Iplloo + 1VRlloc))
/ oHa -V ((Gf)™ (—jg)"") +20if)"" (=jg-)""Ha V¢

Rdeng

+O(E+ea+ v +va)(I$lloo + IVPlloo))

= f GfO*(—jg )" (2Ha -V — div(pHa)) + O(E + 4 + b + va) (| ¢lloo + Vo lloo))
Rx B4 xR

(we used the fact that has a compact supporti x B9). Letting 8 andv tend to 0, this gives

limsupUZ™ < O(G + ea) (16100 + [V l100)) + f f f )™ (—jg)(2Ha- V¢ — dv(pHa)). (24)

B,v—0
0 B4 R¢

5.1.3. The third, fourth and fifth terms
By the choice of a decentred canution kernel, we have fof andv; small enough

Op()Gf+) (¢, x,6) =0, (%) * (7 ® 6p) =0, Ovy VG f)* (@, %, -, 6) =0,
Therefore, ag andv go to 0,

uf [ [ [ty seu-ise. (29)
0 Bin

Uﬁ’v—>0 (26)

Uﬁva///l( a-n)ff)® *®6e,(—jg)0. 27)

0 pd R¢
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5.1.4. The sixth terrvg""
Since(j f1)*¢¢ is regular, we have

Ug" =1 7 / / S0 Z-V((f+) ) (28)

0 pd R¢

asg andv tend to 0.
Using (21) and (24)—-(28) itv;"" + Uy"" + Uy" + U," + UL + Ug " > 0, we obtain ag andv go to 0

—///(jf+)“’g(—jg—)3z¢

0 B R

< C(E+en)(l9lloo + 1VPloc)) +///(jf+)°"€(—jgf)(2Ha'V¢—diV(¢Ha))

0 BiRg

+///(jf£)€®9a(—jg—)¢+///(l(—a-n)fl)a’é®9sd(—jg—)¢

0 B4 R¢ 0 pd Rg
(e.¢]
+1 / / / 80Z-V((Gf)*%9). (29)
0 B¢ Rg
5.2. Choice ofp and continuation of the estimates

We now takeT € [0, Tol and¢ (z, x) = A(x)wg (1), wherewg(t) = ft°_°T é,g () ds (notice thatwg has its support
in ]—oo, Tpl). The functionwg converges, ag — 0, to the characteristic function gf-oo, T'] and wl’g(t) =
—é,g(t — T) converges te-87. Sincet — fBi fRs Gfo®e(t, x, ) (—jg-)(t, x,E)A(x) dx dE, is continuous (it is
similar to (12)), we deduce from (29) that

TP ST+ TS+ T+ T8 + CE + ea), (30)
where
T = / / (Gfo®e(—jg)) =",
B4 Re
T
TEe = f f / Gf)™ (—jg )Y,
0 B¢ Rg
T
Ty = f f f IO ® Oa(—jg-)i,
0 B4 Rg

T
rpt=n [ [ [az-9(Gromn).

0 Bd Re
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T
- et onic

0 B4 Rg

andY =2Ha - Vi —div(AHa) € L*°((0, Tp) x Bi x Rg). Our aim is to obtain an inequality of the kind of (14);
we now estimate each terii‘lf"s.

5.2.1. The first ternT;"*
We have

= / / / J ()G (s, y) = v(T.20)) 6T = $)ye(x = y)h(x) dyds dx

d d
B¢ 0 B

2///j(y)j(x)(u(T,X) — (T, x)) "0a(T — $)ye(x — y)A(x) dyds dx

d d
B4 0 pd

—///j(y)j(X)(u(T,x)—u(S’ 1) 0u(T = 5)ye(x — y)r(x) dydsdx. (31)
B4 0 Bd

Lemma A.1 and Proposition 1 give

///|M(T,x) —u(s, V)|0a(T — 5)ye(x — y)dydsdx < C(E + &4+ ). (32)
BY 0 Bd

Since; is bounded from below by > 0, we have

///j(y)j(x)(u(T,x) — (T, %)) "0 (T = $)ye(x — y)A(x) dyds dx

B 0 pd
> j? / 200 (u(T, x) — v(T,x>)+( / O (T —s>ds> ( / e (x — y)dy) dx
B¢ 0 BY
212 / A(x)(u(T,x)—v(T,x))+</0a(T—s)ds)(/yg(x—y)dy)dx
KﬂBiﬁ{xd>Sd} 0 Bi

(recall thatK is the support of.).

If T > a, then [;° 0,(T —s)ds = ffoo 6, = 1. Moreover, ifx € K andxy > g4, we havel0, 5[4~ 1x10, e4[ C
x — B¢ (indeed, ifz € 10,2[471x]0, e4[ then, sincex € K, we havex — z € B¢ and, sincex; > &4 > za,
X—ZzE€ Bi); hence, for those's, fBi ve(x — y)dy = 1 since the support of, is contained if0, £[¢~1x]0, e4[.

Thus, forT > «,

j2 / A (T, x) — o(T, x)) " dx

Biﬁ{xd >e4}
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o
< ///j(y)j(x)(u(T,x) — v(T,x))+9a(T —8)Ye(x — Y)A(x)dydsdx.
B4 0 B¢
Sinceu andv are bounded,
/ 2(0) (T, x) = o(T, 0) " dx < / Cdx < Cey.
BYN{xa<ea) B{N{xa<ea)

Hence, ifT > «,

f/)\(x)(u(T,x)—u(T,x))*dx

d
B+

< ///J’(y)j(x)(u(T, x) = (T, %)) "0 (T = $)y: (x — Y)A(x) dyds dx + Ceg. (33)
B4 0 pd
Egs. (31)—(33) give, if” > «,
T >—CE+eq+a) +f/)\(x)(u(T,x) — U(T,x))+dx.
5!

But u andv are Lipschitz continuouf0, To] — Ll(Bi) (with a Lipschitz constant not depending ghand
equal toug atz = 0; hence, folT < «,

/k(x)(u(T, x) — u(T, x))+dx < C/|M(T,x) — uo(x)|dx + C/|U(T,x) —up(x)|dx < Ca.
B4 BY B¢
Therefore,I;"* being non-negative, we have, for dlle [0, To],
TP > —CE+eq+a) + j° / A (T, x) — (T, x)) " dx. (34)
B{

5.2.2. The second terff}"*
We have

T 0
1= [ [ [ [ [ 3003565880080 000600 = syy.x = e dyds dxds

0 B4 0 B¢ R

T 00
gC////(u(s,y)_U(t,x))+9a(t—s))/€(_x_y)dydsdxdt

OBiOBi

T 00
< C////(u(s, y) — u(t,x))+9a(t —$)ys(x — y)dydsdxdt

OBiOBi
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T 00
+C////(u(t,x)—v(t,x))+9a(t—s)y8(x_y)dydsdxdt

03_1{_031

T
éC(§+8d+ot)+C//(u(t,x)—v(t,x))+dxdt

0 pd
(we used (32) witll" =1¢).
Therefore,
T
Tza’e <CE+es+o)+ C/ /(u(t,x) - v(t,x))+dx dt. (35)
0 pd

5.2.3. The third ternTy"*
We write

T
T3 = / / / / JOJE) F2(, &) (—g—(t, x,£))0a (1) ye (x — )A(x) dE dy dx dt

0 B4 Bd Re

T
S C///(uo(y)—v(t,x))+9a(t)y€(x_y)dydxdt'

0 g4 Bd

But v(0, x) = ug(x) so that,v being Lipschitz continuouf0, To] — Ll(B_‘f_) (with a Lipschitz constant not
depending om) andug being inBV(B{), by Lemma A.1,

T
T < C f f f o () — o) [6u (1) (x — y) dydx d

0 B Bd

T
+C///‘U(O’x)_U(fax)‘ea(l)%;(x—y)dydxdt
0 B? B¢
<C(E+eq+a). (36)

5.2.4. The fourth terrd,"*
We have, for alkz, x, &),

/ / JO) f (s, 3. 800 (t — 5)(Vye(x — YAX) + ye(x — y)VA(x)) dyds

OBi

IV(Gfo%ea) @, x, 6| =

S ClIVYel Ligay + CIIVAll Looray <

Ll Ne)
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(recall thats; < 1). Hence, by (17),

T
C C
T < n/ / Izm,x>(s§dv(<jf+)“’%)\<f7x75))d”’x < Tn e o
0 Bi

To sum up, gathering (30), (34), (35), (36) and (37), we have proved so far that

/A(x)(u(T, x) — (T, x)) " dx

d
B+

T
< C<§+8d + o+ g + 8l> +C//(u(t,x) - U(t,x))+dxdt+ T5a’€. (38)
d
0 Bi
The aim of the following section is to estimalé"s. Using boundary layers arguments (see the introduction),
we give in Section A.1 of the appendix an insight of the reason why this term can be bounded. However, this is

only an insight: since we also want to consider irregular solutions to (1), we cannot in general eEgrﬁam'ng
boundary layers analysis.

6. Estimate for the boundary term

This estimate is made in several steps. First, using the BLN condition, we intrgfﬁumzj give an upper bound
T5*¢ to Té”. Then, we want to seeH a), in Ts*¢, in order to expresgs** as a part of the interior term in (16);
to this end, we use Lemma 1. Finally, we must regularize the fungtjbintroduced above in order thag**
appears in (16) for sonmegular ¥ . The resulting tern$*-¢ is then estimated.

6.1. Introduction off?

We have
T5“=/ / /Z(w(—a@.n@))fi(s,y,w(s,&,@dsdyds
0 pi-1R;
where

T
W(SJ,?E)://%(I—SW@()?—E)Gsd(xd)(—j(x)g—(l,x,$)))»(x)dde-
0 Bi

As (—g-), ¥ is non-negative and non-decreasing with respeét fthus, (18) implies

Tgﬂegfg’%:/f/z@(—a@)-n(y))fi(s,y,s)fjf(s,y,s)ws,y,s)dsdws
0 pi-1R;
T
=///j(x)gf(t,x,é)q)o(t,x,é)dédtdx (39)

0 pd Rg
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with
Po(t, x,8) = GSd(xd)/ / AOLF) (@€ - n () LG5, 5. 6) f2(5, 5, 6)0a(t —9)7: (X — F) d ds.
0 pd-1
6.2. Apparition ofHa

By Lemma 1, we hav&(y)(a(§) - n(y)) = —j (3)(H (¥)a(€))q. Thus, if we define

]

&(1,x,8) =9sd(xd)(—(H(x)a($))d)/ / AF)J ) L. 5. fL(5.5.6)0u(t — $)7:(X — F)dy ds,
0 pd-1
we have
|¢0([, X, g) - @D(t, X, $)|
< / / JO)|(Ha®) Ax) — (Hx)a(€)) () |6a(t — $)7e(X — 3) dy dsbe, (xa)
0 pd-1

S C(E+6eq)0s,(xa)

(we used the fact thal anda are Lipschitz continuous) and

T
Ts</ / / J (gt %, £)P (1, x,€) dE dx di + CE + ). (40)

0 Bd R¢
6.3. Regularization of’?

We now want to replacg}:(s, y,&) in @ by a regular approximation. Let sgn be a regular non-decreasing
function, equal to 0 ofR~, to 1 on[8, oo[, such that(sgn, )| < C/é and sgn 5 — sgn, everywhere ag — 0.
We have, for alka, b, &) € R3,

/\Sgnﬂ;(a—é)—sgn+(b—$)\dé<|a—b|+8. (41)
R¢

Thus, defining
D5(t, x, &) =0, (xa)(—(H (x)a(§)),)

« / / AV G) (5. 5. 8) SGN. 5 (p(t. %) — E)0alt — )75 — 5)d i ds.
0 pd-1
we have
|@(1,x, &) — Ps(t,x,6)|

e ¢]

< Cesd(xd)/ / |sgn, (us(s, ) — &) —san, 5 (up(t, ) — €)[6a(t — 5)7: (X — §) dy ds
0 pd-1
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and therefore, by (41),

T T
///j(x)gfa,x,s)cpa,x,é)dwxdr—///j(x)gf(r,x,sm(r,x,s>dsdxdr

0 Bing 0 Bi,RE

<cf//7/ Isan, (s (s, 7) — &) — sgn, s (u(z, ©) — €)|

0 pd R 0 pd-1
X 0 (t —8)Ys(X — y)0¢,(xq)dydsdé dx dt

T o0
<c/// f (p (s, 5) — up(t. )| + 8)0ut — )7 (E — 3) d5 ds s, (xa) dx dt

0 pd 0 pi-1

T 00
<CE+a+ 5)/// / Ou (t — 5)72(X — $)0e,(xa) dy ds dx dt
0 pd 0 pd-t
<CE+a+d)
(we used the fact tha, is Lipschitz continuous). We deduce from this last inequality and (40) that

T
75“’8g///f<x>g_<r,x,gm(t,x,s)dsdxdt+C<é+8d+a+5>
0

BY Re

T o0
< f f / j(x)g_(t,x,s>(H(x>a(s>)d[ / / A@)j@)fl(s,y,s)eaa—s)m—wd&ds]

0 B4 Rg 0 pd-1
x sgn, s (up(t, ¥) — €)(—0s, (xa)) d& dx dt + C(E + 64 + o +5).
Let O, (xa) = [y 0, (r) dr (we have 0K O, < 1 and@;, =1 on g, +00[),

I, x,6)= [ / / x@)j(y)fi(s,&,swaa—swg(x—y)dyds} san, (up (. 5) — £) (1 — On, (xa)
0 pd-1

and
T
S‘“=///j(x)g,(t,x,s)(H(x)a(s))daxdF(t,x,g)dsdxdt.
0 Bi R§

The last estimate ofis®¢ can be re-written
T < SY° + C(E+eq+a+9). (42)

6.4. Estimate of*¢ and conclusion concerning the boundary term

The functionsf{ (s, y,&) and sgn s(u(t,¥) — &) are non-negative and non-increasing with resped.to
Since 1- ®,, > 0, I" is non-increasing with respect & it is also regular in(z, x). Moreover, we can see that
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r— fBi fRs (jg-)(t,x, &) (t,x,&)dE dx is continuous (this is slightly more difficult to write than the continuity

of (12), but similar). Hence, using' (¢, x, £)wg(t) as a test function in (16), wheteg(¢) = ft"_oT 0s(s)ds, and
letting 8 — O (thenwg converges to the characteristic functioref oo, T andw;3 convergeste-37), we find

T
/ / / jg-(T + (Ha)r.a-1- Vil + (Ha)gdx, ') + / / Jror=o - / / (jg-)'=re=n

0 Bd Re B4 Re B4 Re
T T T
+/ / /1(—a-n)f_bf+/ / /zmubfﬂf//zav-vrgo, (43)
0 Bd—1Rg 0 pd-1R; 0 Y Re

where we have denoted{a)1_4—1 the vector ofR?~1 made of thed — 1 first coordinates of{a. But, since
0o (—s) = 0 for s > 0, we havel"*=9 = 0. Moreover,f2 (1, x, &) sgn, s (us(t, ¥) — &) = 0, so thatf°T = 0. We
also have

/8%(,,;)F(r, X6 =T(t,%,0upt, %)) =

Re

Hence, in (43), the second, fourth and fifth terms are null and we deduce

s < ///,g 0T + (Ha)y.q-1- Vi) f/og )i=T) pa=T)

0 B4 R¢ B Re

~ / [ [z or )

d
0 ¢ Rg

We havel” > 0 andg_ <0, so that

/ / (jg) =D ri=D <o, (45)

BY Re

We have
|0, (t,x,8)| < C(/\ega — )| ds + (sgny 5) (up(t, ) — s)|a,ub(r,i>|>(1— Oy (xa))
0

C
< (; +C(sgn, 5) (up(r, %) — é)) (1— Oy (xa)).
SincefRs (sgn, ;) (a —§)ds =1foralla € R, this implies

/// jg-o I //( +C/(Sgn+5) (up(t, %) — §)d$>(1—@3d(xd))dxdt

OBd]Rg OBd

< <% + Ced) (46)
o



710 J. Droniou et al. / Ann. I. H. Poincaré — AN 21 (2004) 689-714

gq since(l — O, (xg)) =0forxg > ¢4 and 0< 1 - O,, < 1).

(indeed, [~ (1 — O, (xa)) dxa <
In the same way,

|Vl (1, x,8)| <C( |Vﬂ75(i—§)|d)7+(39ﬂ+,5)/(ub(t,i)—§)|qub(t,5€)|)(1—@ed(Xd))

Bd-1
C
< (3 +C(sgn, 5) (up(t, %) — é)) (1= O, (xa)), (47)

and
(48)

Cey
///Jg (Ha)y.q-1- Vil < (T—i—Ced).

0 BY Re
Inequality (47) and the definition of sgny shows that, for allz, x, ),

|Vel(t,x,8)| < (C + g)

Moreover,

|0, I (1, x,8)| < COey(xa) < —
Hence, for all(t, x, &), VI (t,x,£)| < § + & + % and,Z being bounded in*((0, 7) x BY),

C Cn (49)

—n///za VI < —"+— bl
) &d

0 Bd R§
Gathering (45), (46), (48) and (49) in (44), we obtain

S“’S<C<8d+—+—+ + 14 )
5 &4
which gives, thanks to (39) and (42),
& 1
T5a’8gC(5+8d+a+5+—d+T+t+—+l>. (50)
o g g 8 e

7. Conclusion

We now sum up and conclude.
Combining (38) and (50) (recall that the estimates in Sections 5 and 6 concern, i faxctp — i.e.u andv

transported), we find
/i()c)(ft(T,)c)—ﬁ(T,)c))Jr C<8+8d+a+8+—+—+ + 1y )
g g &4 O
5

T
+ C//(ﬁ(r,x) —9(t,x)) " dxd.

OBi
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Minimizing on 8, «, & and ¢4, we notice that an optimal choice of these parametess=syY/2, ¢4 = n?/3,
o = & = n/3; we then re-transport this estimate &m O:

T
/ A(x)(u(T, x)—vu(T, x))+dx < Cn1/3 + C/ / (u(t,x) —v(t, x))+dxdt.
2no 0 2N0

Summing on the local charts (recall that in the preceding inequality,; andO = O; for anyi € {1, ...,n}) and
using (14), we deduce

T
/(u(T,x) —v(T,x))+dx <Cn1/3+C//(u(t,x)—v(t,x))+dxdt.
Q 0 2

This inequality being true for all" € [0, To], Gronwall's lemma applied to the continuous functidh—
Jo (T, x) —v(T,x))* dx ensures that there exisfs> 0 such that, for all" € [0, To],

/(u(T, x) —vu(T, x))+ dx < Cnl/3. (51)
2
Now, sinceu satisfies (5)—(6) forf_, we see that-u satisfies these equations f@y with —ug, —up, s,m and
s.m” instead ofug, up, m andm?’. (wheres is the symmetry with respect &. Similarly, —v satisfies (7) forg—
with —ug, —uj ands,q instead ofug, u, andq. Hence, (51) applied te-u and—v gives

/(—u(T, x)+ v(T,x))+dx = /(M(T,x) —u(T, x))fdx <cnl
17 2
which concludes the proof of Theorem 1.

Appendix A
A.1. Estimate of"* using boundary layers

If the solutionu is regular, therTg’"g can be estimated using boundary layer techniques. This is what we briefly
explain here.

To simplify the exposition, we tak€ = ]0, oo[ and recall some basic facts concerning boundary layers: if
is regular, then the parabolic approximation admits the decomposition) = u(z, x) + c(t, x/n¥) + r"(, x),
wherey = 1/2 or 1 depending if the boundary is characteristic or not,@nid a remainder (small, with respect
ton, in L* norm). Fixt € (0, T), setw(y) = u(t, 0) + c(¢, y), wo = up(¢t) andwe, = u(t, 0). Then, by properties
of the layerc, w satisfies

w(y)=Aw(y)) — A(we), (A.1)
w(0) = wo, (A.2)
w(+00) = Weo. (A.3)

Notice that, since (A.1) is an autonomous o.de vanishes on0, +oo) if, and only if, w is constant (and then
wo = Woo). NOW, SUPPOSevy # weo. Then, sincai does not vanish, it has a constant sign, which is actually the
sigh of ws — wo Sincew is an orbit fromwg to we,. TO SUM up, We have s@in., — wo)w(y) > 0 forall y > 0.

In view of (A.1), this is equivalent to sgw.. — wo)(A(w(y)) — A(ws)) = 0 for all y > 0 or still, sincew is a
bijection [0, +00) — [wo, Woo),

Vi € [wo, weol,  SYNweo — wo) (A(K) — A(weo)) > 0. (A.4)
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Conversely, on can check that (A.4) is a sufficient condition to the existence of a solution to (A.1)—(A.2)—(A.3).
Now, replacingwo andwe, by their respective values, (r) andu(z, 0), (A.4) appears to be nothing but the BLN
condition

Vk € [up(), u(r,0)],  —sgr{u(z, 0) — up(®))(A(u(r,0)) — A(k)) = 0.

In other words, the BLN condition is a necessary andicgeht condition to the existence of the boundary layer
functionc.

Let us now come back to the estimateT@f‘S: assuming thax =0 andx =1, Ts‘w reduces in this setting to

T
~5€:///a(g)sgm_(u(t,O)—é)(—sgn_(v(t,x)—“g‘))é?g(x)dédxdt
00

T oo
_ f f san, ((t. 0) — v(t, 1)) (A(u(t. 0)) — A(v(r.)))6s (x) dx .
00

Sinces — sgn, (u(z, 0) — ¢)(A(u(t,0)) — A(Z)) is Lipschitz continuousfg can be assimilated, up to an error of
ordern + ¢, to

T oo
//Sgn+(—c(t,x/ny))(A(u(t,O))—A(u(t,O)+c(t,x/ny))9€(x)dxdt.
00

Sincew is monotonous betweany andws,, weo — w(y) has the same sign tham, — wo. Reporting this result
in (A.4) and replacingu, wo andwese by u(z, 0) + c(¢, y), up(¢) andu(z, 0) respectively we get

Sgl’(—c(t, y))(A(u(t, 0)) - A(u(t, 0) + c(t, y)) <0

for all y > 0, which shows that, up to an error of ordes ¢, Ty "© is nonpositive.

The basic idea in Section 6 is thus to compﬁg’ég to some nonpositive quantjtyhich is done as early as
Section 6.1.
A.2. Technical results

The first lemma is classical, we do not prove it.
Lemma A.1. Let U be a bounded open set Bff with Lipschitz continuous boundary ang be a regularizing
kernel with support contained in the ball of radilsg. Then there exist€ only depending o&/ such that, for all
w e LY(U)NBV(U),

//|w<x) —w)|yex — ydxdy < Clel(lwllisw) + lwlev).
U U

The second lemma is a technical result used in Section 5.

LemmaA.2. Let D > 0 and K be a compact subset 8f. We takev € R? such thatjv| < dist(K, R4\ B¢) and j
a regular function onB?. If w € BV(Bi) then there exist€ not depending om or w such that

D
//|V(j(x)sgn_(w(x)—é))v|d“§dx<C(1+|w|BV(Bi)).
-D

K
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Proof of Lemma A.2. The proof is made in several steps. Létbe an open set relatively compact BYf ,
containingK and such thatv| < dist(U, R?\ B¢). We prove the result of the lemma with instead ofK (the
introduction of this open set is useful because we use classical results con@rtingtions onopensets).

Step0: (a preliminary result) Let € W“(Bi) and denote by the extension of to B¢ by 0 outsideBi. Then
R € BV(BY) and|R|gy(pe) < C||r||W171(Bi). To see this, take € (C°(B4))¢; thanks to an integrate by parts, we
have

/Rdiv(¢):/rdiv(¢):— / r¢d—/¢'W

d d d—-1 d
B B B B

The right-hand side of this equation is bounded(bN/rHWl,l(Bi)||¢||oo, which proves the result (in fact, the

preceding equation computes the gradienRhf
Stepl: let sgn_;:R — R be a regular nondecreasing function, equal to GRon to —1 on] — oo, —8] and

such that sgn s — sgn_ asé — 0. We prove the result when € W1>1(Bi) and sgn is replaced by sgn;, with
C not depending o#.
We clearly have (since sgry is regular)j sgn_ s(w — &) e W-(B4) and
V(jsgn_ s(w —§)) = Vjsgn_ s(w — &)+ j(sgn_ ) (w — &) Vuw.
By Step 0, the extensioW; of j sgn_s(w — &) to B¢ by 0 outsideB is in BV(B?) and
|Welgy(pe) < C +C|(sgn_s)"(w — é)vw”Ll(Bi)’

whereC does not depend ahnor w.
Moreover, by choice of, (j(-)sgn_ s(w(-) — &))" = We x y, and V(jsgn_s(w — &))" = VW x ,, on U.
Thus,

IV (isgn s(w = )", < [Welgypey <C +C / (sgn_5)"(w — &)|Vul.
By

We now integrate with respect foand useffD(sgn,,a)’(s —&)dE < fRs (sgn_s)'(s —&)dg =1forallseRto
find

D
//|V(jsgn,’5(w—§))v|<C+C/|Vw|
-D

U BY

which concludes this step.

Step2: conclusion. There exisis, € W11(B4) which converge tav in L(B¢) and such thalw| gy g, —
|w|BV(Bi)-

Since sgn ; is regular,j sgn_ s(w, — &) — jsgn_s(w — &) in Ll(Bi) asn — oo so that(jsgn_ s(w, —
£))” — (jsgn_s(w —£))” in LY(RY) asn — co. Moreover, sgn 5(w — &) — sgn_(w — &) in L1(B¢) ass — 0
so that(j sgn_ s(w — £))” — (j sgn_(w — £))” in LY(RY) ass — 0.

We deduce that

[196san )| = (5o w = )" |y
U

<liminf|(jsgn_ s (w = )" [gy
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Ilgnigf I|nr2|nf|(j sgn_ s (wy — s))v|BV(U)

—I|m|an|m|nf/|V (jsan_s(w, —&)"|.

§—0

Integrating or¢ € [—D, D] and using Fatou’s Lemma, the result of Step 1 gives

D D
//|V(J'Sgn_(w—$))v|<Iig1igfli1r1iorlf//|V(jsgn_,5(w,,_g))“|
U -D

-DU

5—0 n—o0

gIiminfliminf(C+C/|Vw,,(x)|dx)
BY

<liminf(C+C =C+C
5%0( + |w|BV(Bi)) + Clwlgype)

by choice of(w,),>1. O
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