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Abstract

We introduce a new method to prove regularity of solutions to certain degen#igtie problems. The method is based on
the p-harmonic approximation lemma, recently provedliie authors in [F. Duzaar, G. Mingione, Tpeharmonic approxima-
tion and the regularity op-harmonic maps, Calc. Var., 2004, in press], that allows to approximate functionglitinmonic
functions in the same way as the classical harmonic approximation lemma (going back to De Giorgi) does via harmonic func-
tions. The method presented aeiso bypasses certain difficulties arising wireating some degeneesand singulaproblems
with a weak structure, such as degenerate and singular quasiconvex integrals, and provides transparent and elementary proof
© 2004 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
Résumé

Nous introduisons une nouvelle théde pour prouver la régularité des solutions de certainsgmods elliptiques dégénérés.
La méthode se base sur le lemme d’approximatigharmonique (prouvé récemment par les auteurs dans [F. Duzaar,
G. Mingione, Thep-harmonic approximation and the regularity mharmonic maps, Preprint Dip. Mat. Univ. Parma, 2002]
qui permet d’approximer des fonctions par des fonctipAsarmoniques de la méme fagon ou le lemme d’approximation
harmonique classique (qui rémonte a De Giorgi) le permettait avec des fonctions harmoniques. Le méthode présentée ici évit
aussi des difficultés qui apparaissent dans certains problémes dégénérés et singuliers avec structure faible, comme des intégre
guasiconvexes dégénéreés et singuliers, et fournit des preuves élémentaires et transparentes.
© 2004 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction

It is a historically well established fact that regularity methods from Geometric Measure Theory inspired the
implementation of powerful techniques for regularization of solutions to nonlinear elliptic systems of partial
differential equations. This started with the papers by Morrey, Giusti and Miranda [17,18,13] after the pioneering
work of De Giorgi and Almgren for the regularity of minimsurfaces and minimizing varifolds, respectively.
Recently, a more elementary proof of regularity of minimizers of elliptic integrals in Geometric Measure Theory
has been proposed by Duzaar and Steffen [10] on the basis of-thermonic approximation method, which is
inspired again by the original methods of De Giorgi and later used by Simon [19,20]. The advantages of such a
method, apart from the consideraléehnical simplifications, consist of the possibility to get optimal regularity
results for solutions; moreover the optimal regularity is achieved for boundary value problems too. Following the
tradition outlined at the beginning, the method was succbgsfansferred to the parametric case: in [7] and [6] it
allowed to get optimal regularity results for the solutions to elliptic systems and almost minimizers of solutions to
guasiconvex integrals thus giving an new elegant treatment of the regularity, yielding optimal regularity results, also
for boundary value problems (see [14]). Inglsetting the main technical tool is thé-harmonic approximation
lemma (see Lemma 3 below). This lemma states, roughly speaking, that if & isapproximately a solution to
a linear elliptic system with constant coefficients in the sense of (3.5), then it is possible to find a true solution of
such a system, say, which isL? close tof in the sense of (3.6).

The search for the degenerate analog of De Giorgi’s harmonic approximation lemma (see for instance the versior
by Simon in [19,20]) ended with the paper [9], where the authors were able to show that a similar approximation
lemma can be proven when replacing the Laplacian operator with-thegplacian operator: therefore replacing, in
the approximation, harmonic functions withharmonic functions; the lemma, in a suitable scaled version, is also
presented below (see Lemma 5). This, in afirst stage, allowed to extend Simon’s treatment of regularity of harmonic
maps top-harmonic maps (see again [9]). It is worth remarking that, although the proof of the classical harmonic
approximation lemma (and therefore of tdeharmonic approximation lemma) rests on simple weak compactness
arguments, the proof of thg-harmonic approximation lemma involves the use of some approximations results
via the Hardy—Littlewood Maximal Function plus subtle tcations and selection arguments. The difficulties are
essentially due to the nonlinearity of tieLaplacian operator (see [9] for the proof).

The aim of this paper is now twofold. First, we want to show how the two mentioned lemmata really link and
form a unitary tool that allows to treat general, non-degenerate and degenerate problems in an elementary an
transparent way. In doing so we shall achieve our second goal, that is the treatment of a family of quasiconvex
functionals exhibiting a certain degenerate structure; such type of functionals, as far as we know, have not beer
treated up to now, from the point of view of the regularity. Moreover, we shall do that avoiding the use of tools like
Reverse Hdolder inequalities and Gehring’s lemma. A typical model of such functionals is the folldwbejr{g a
domain inR"):

/f(Du)dx:/IDmp—i—g(Du)dx, p>1 (1.1)
U U

whereg :R"N — R is aC? quasiconvex function witlp-growth
0< g(A) < L(1+1A17)

satisfying suitable smoothness assumptions. For instgncan be a function vanishing on a ball centered at the
origin. Moreover, it may also happen thaand/or its second derivatives, vanish on other large portio®&¥f In

this way, the functiory only satisfies the degenerate form of strict quasiconvexity:

2

A / (|A|2+|D¢|2)%|D(p|2dx< / f(A+ D) — f(A)ydx, »>0, (1.2)
.1 .1
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forany A € R™Y and any smooth functiop with compact support it0, 1)”. More general functionals of the type

/ f(Du)dx
U

are then allowed here, prescribing, for the functjoa degenerate behavior ptLaplacian type at the origin (see
assumption (H4) below). As a consequence, models of the type in (1.1) are covered.

For minimizers of such degenerate functionals we prove pattiél regularity, that is the Holder continuity
of the gradientDu outside a negligible closed set, for some exporeat(0, 1). We remind the reader that the
importance of quasiconvexity in the Calculus of Variations stems from the fact that it is a necessary and sufficient
condition for lower semicontinuity (see [17,1]). Our result extends results originally developed by Evans [11] and
then extended up to optimal assumptions in [2,5], to the case of degenerate quasiconvex functionals. In the befor
mentioned papers condition (1.2) is replaced by its non-degenerate analog

p—2
A / (1+|A|2+|D(p|2)1_2_|D<p|2dx< / f(A+ Do) — f(A)dx, A>0, (1.3)
©.1" .1

and therefore functionals of the type in (1.1) are ruled out. We would like to point out that, also thanks to our
methods, delicate cases can be treated here. For instance, we cover the case of functionals with subquadrat
growth: 1< p < 2; that is, when the functional singular. The problem of regularity in this case, raised after

the examples of quasiconvex functions with subquadratic growth given by Sverak (see [21]), presented technica
difficulties, and its complete treatmtkin the non-degenerate case was achieved by Carozza, Fusco and Mingione
in [5] (see also [8] for the case of almost minimizers). As far as we know, the only papers dealing with singular
functionals with subquadratic growth are [3] and [15];sb@apers are devoted to convex functionals with special
(diagonal) structure and the techniques used therechwéiie different from the ones usually employed in the
non-degenerate case, strongly rely on certain tools ssigbeak Harnack inequalities, higher differentiability and
approximation procedures; all these things are not available here, since we deal only with quasiconvex functionals
Nevertheless, by some careful estimations viagHearmonic approximation lemma, we are able to find quite an
elementary way to overcome these difficulties that also allows to avoid the use of Gehring’s lemma.

Finally, we discuss some of the technical aspects of our proofs. The analysis of the regularity of minimizers
proceeds along a very natural path. Indeed, in order to aclievpartial Holder continuity of the gradient, a
standard method is to obtain an estimate for the growth of a certain quantity, traditionally called “excess”, see (2.4).
In order to get such an estimate, which is already valid both for harmonigamarmonic functions, a local
comparison argument will be used. More precisely, if the average of the gradient of the minimizer is not very
small compared to the excess, then the problem baH#éea non-degenerate one, the minimizer turns out to be
locally “approximately harmonic” and it can be compared to a suitable harmonic function vigaip@roximation
lemma (see Lemma 3); therefore the desired growth estimate follows. If not, that is, if the average of the gradient
is suitably small, then the problem really behaves like a degenerate one and the solution will be “approximately
p-harmonic”: it will be canpared to a suitablg-harmonic function (see Lemma 5); the estimate will follow again.
Finally, the two cases will match via a delicate iteration procedure implemented in Section 5 (Lemma 13). This
iteration procedure shows how the methodeharmonic approximation and the onegharmonic approximation
perfectly combine in order to build a unified, powerful tool.

2. Notation and statement of theresult

In the following,c will denote a positive constant, possibly varying from expression to expression; most peculiar
occurences will be emphasized properly; we shall dedgigo) := {x € R": |y — xg| < o}; when no ambiguity
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will arise, or when the center will not be important in the context, we shall also déh@ie) = B,. Adopting a
similar convention about the centersgit Ll(BQ (x0)) we shall put:

()0 = (©)np0 = ][ () dix.
BQ(XO)

Throughout the paper we consider functionals of the form

f(u):/f(Du)dx, ueWhP(U,RN), p>1, p#2, (2.1)
U

whereU is an open domain iiR”, n, N being integers such that> 2, N > 1 and f : R"V — R satisfies the
following structure conditions:

(H1) feC?]R™)if p>2andf e C2(R"™N\{0})ifl<p<2.
(H2) (growth condition) there exista € (1, +00) such that for alld € R"" we have
|D2f(A)| < AJAIP™2 (JA|#£0if1 < p <2).
(H3) (Holder continuity of second derivatives) there exist a constani.0< co and some Hoélder exponent
O, min(1, p—2)) if p>2,

[oAS] .
0,2—p) ifl<p<2,

such that for alld, B € R"M we have in the casg > 2

p—2—«a

|D?f(A)— D2f(B)| < L(IA+|BI®) 2 |A-B|",

whereas in the subquadratic case p < 2 we have

2—p—a
|D2f(A) — D f(B)| < LIAI"72|BI"2(|A*+|BI*) % |A - B|",

provided|A| # 0# |B|.
(H4) (p-Laplacian type behaviour at 0) we have
Df(tA)

lim =|AIP72A
110 tp-1

uniformly in {A e R™V: |A| = 1}.
(H5) (degenerate quasiconvexity) the functifns (strictly) degenerate quasiconvexe. there exists a constant
A > 0 such that

p—2
/ (f(A+ Dg) — f(A))dx =1 / (IA12 + |Dg|?) 7 |Dg|*dx
B, (x0) B, (x0)

for B,(xo) € U, A e R"™N andy € C3(B,(xp), RM).

Let us briefly comment on the assumptions. We first note that (H2) implies the growth conditions
IDf(A)| < AIAPTE A< |FO)]+ AlAP (2.2)

for A € R"V. Assumption (H3) is quite common for degenerate integrals (see [3,15]) while, of course, daking
small enough to satisfy the condition imposed in (H3) entaildoss of generality. Finally, we have to distiguish
the formulation of the Holder continuity between the cgses2 and 1< p < 2, referring to the degenerate model
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casef (A) :=|A|” (which does not satisfy the first condition in (H3) whenc 2). Of course we restrict to the case

p # 2; this case is non-degenerate and it has already been treated [11,2]. Assumption (H4) serves to prescribe tt
type of degeneration of the functional: the ellipticity fHegenerates at the origin jgg”. Finally, hypothesis (H5)

implies that for alls e RV, n € R" we have

D*f(A (@& n®E) = 21 AIP2EPnl%, Al #0. (2.3)
We can state our regularity result.

Theorem 1. Letu € W2 (U, RV) be local minimizer of the functiond, under the assumptiotfl1)—(H5). Then
there existex = a(n, N, p) € (0, 1) and an open subséty C U such that

Du € C%*(Uo, R™N), |U\ Ug| =0.

Now, it is well known that for non-degenerate quasiconvex integrals (that is those ones satisfying (1.3) rather
than (H5)), the Holder continuity exponent of the gradient can be picked arbitrarily clos®iod C%# (Ug, R"V)
foranyg € (0, 1) (see for instance [3,5]), while here we can reach only a certain expan&his is unavoidable,
since the regularity op-harmonic functions themselves does not go beyond this degree. Anyway, our proof allows
a finer analysis on the degree of regularity of the gradient in that if the gradient “stays” far from the origin (the
zone where the problem becomes degenerate) in a suitable asymptotic sense, then the regularity exhibited by tt
minimizer is a bit higher; in particular it does not depend on the one found via the estimates for the solutions to the
p-Laplacian system (see Lemma 1). Te frecise, we recall that a regular paigte R” is a point such thaDu
is Hélder continuous in a neighborhoodxf. Let us introduce the following notation, with(B) = | B|?~2/2B,
for a functionv € W2 (U, RY) and B, (xg) € U:

®(v:r) =D (v:x0,r) = ][|(Du)r|”‘2\Dv — (Dv),|*+ |Dv — (Dv),["dx if p>2,

B,

D r) =P (v; x0, 1) = ][|V(Dv) —(v(Dw),Pdx fl<p<2 (2.4)
B,

Theorem 2. Letu € W17 (U, RV) be local minimizer of the functiona, under the assumptior{si1)—(H5)and
p > 2. LetR(u) denote the set of regular pointsof Then

R(u) = {x0 € U: lim inf & (u; xo, r) =0}. (2.5)

Moreover, ifxg € R(u) and
. D p
Ilmsup|( M)xo,r| _

r—0 @;xo,1)

then there exists a > 0 such thatDu € C%#(B, (xg), R*V) for any 8 € (0, 2/ p). Furthermore, ifDu(xq) # 0,
Du € C%P (B, (xp), R™V) for anyg € (0, 1).

+00, (2.6)

Theorem 3. Letu € W17 (U, RV) be local minimizer of the functiond, under the assumptior{si1)—(H5)and
1< p < 2. LetR(u) denote the set of regular points®@f Then

R(u) = {x0€U: Iimigf @ (u; x0,r) =0}.

Moreover, ifxg € R(u) and

2
lim sup7|(v(Du))X°’r| = 400,

r—>0  Du;xo,7r)
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then there exists a > 0 such thatDu € C%# (B, (xg), R™Y) for any 8 € (0, 1). In particular, this holds for the
regular pointsxg such thatDu (xg) # 0.

For a more precise statement see also Remark 1 at the very end of the paper.

3. Preliminary results
We shall widely use the functiorig, V,, : R¥ — R¥

V(B) =BT B, V(B =(u2+ BT k
= . VuB)=(u"+1IB|°) * B forBeR keN, u>0.

The following lemma collects some algebraic properties of the fuctignandV .

Lemma 1. There existe = c(k, p) > 1 such that, for anyB, C € R*:

—2 p—2
B2 +1C1) T B—Cl<|V(B) = V(O)| <c(BR+ICP) T 1B-Cl; (3.1)

moreover, the following Young type inequality is satisfied, for@apyO0:

p—2
2

(1 +1B1%) 7 IBIICI < c(|Vu (B + | V(O ). (3.2)
Furthermore,
|Vu(B +O)| < c(p)(|Vu(B)| + |V (O)

Finally, in the casel < p < 2 there exists = ¢(p) > 1, independent oft > 0, such that

): |VuaB)| <max{r,t?/?}|V,.(B)| V> 0. (3.3)

c~tmin{| B, |BIP/?} < [Vi(B)| < emin{|B, |BI”/?}); |[Vu(B)| <|BIP/2. (3.4)

The inequality in (3.1) can be retrieved from [3], Lemma 2.2, while the one in (3.2) can be easily adapted from
[4], Lemma 2.3 (in this paper the proof is given fer= 1; the general case > 0 can be obtained via a simple
scaling argument while the cage= 0 reduces to the standard Young'’s inequality). The last facts are from [5],
Lemma 2.1; the proofs are presented there in the gasel; the general case follows a similar way. We want
to emphasize that in the following we shall use repeatedly the fun&ijowith various domains, i.e. for various
values ofk € N (usuallyk = N andk = nN), also in the same formula.

The next algebraic fact can be retrieved again from [3], Lemma 2.1.

Lemma 2. For everyr € (—1/2,0) andu > 0 we have

1, 2 A 2\t
A A—A
1<fo(u + A+ s( - )2) . )
M2+ |A12+ A1) 2t+1

forany A, A € R"V, not both zero ifu = 0.

In the following we shall collect a few preliminary lemmata we shall use in our proofs. The first one is the
A-approximation lemma, whose proof can be found in [10]:

Lemma 3 (A-harmonic approximation)here exists a positive functidin, N, A, A, ) < 1 with the following
property. WheneverA is a bilinear form onR"" which is elliptic in the sense of Legendre—Hadamard with
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ellipticity constant. > 0 and upper boundi, ¢ and ¢ are given positive numbers, ande Wl’Z(BQ, RN) with
£z, |Dv|?dx < 1is approximatively4-harmonic in the sense that

‘][A(Dv, Dy)dx

Bo

<8(n,N, A, A, ¢e)sup| Dyl (3.5)
BQ

holds for ally € C3(B,, RY), then there exists ad-harmonic functiork € W2(B,, R") such that

][|Dh|2dx<1 and Q—Z][|v—h|2dx<s. (3.6)

BQ BQ
Of course, a functioh on B, is termed anA-harmonic function iff:

][A(Dh, Dg)dx =0 Vg e C}(B,,RY).
BQ

The following variant of the4-approximation lemma can be retrieved from [8]:

Lemma 4 (A-harmonic approximatiori/s-version).There exists a positive functi@dn, N, p, A, A, &) < 1 with

the following propertyWhenever is a bilinear form onR”" which is elliptic in the sense of Legendre—Hadamard
with ellipticity constant. > 0 and upper boundi, ¢ and ¢ are given positive numbers, ande W1>P(Bg, RM)
with £5, |V1(Dv)|?dx < s? < 1is approximativelyd-harmonic in the sense that

][.A(Dv, Dy)dx

Bo

< sdsup| Dy
BQ

holds for all ¢ € Ccl,(BQ,RN), then there exists aml-harmonic function: € Wl*P(BQ,RN) such that, for an
absolute constanty = co(p) > 1
<v - sh)
Vi
o

The next lemma is the degenerate variant of thapproximation lemma, where a linear operator with constant
coefficients is replaced by the degeneratieaplacian operator; the proof can be found in [9] (agaprlaarmonic
functionh e W7 (B,, RY) will be a solution of thep-Laplacian system iiB,).

2
dx < coszs.

][|v1(1)h)|2dx<c0 and ][

B, Bo

Lemma 5 (p-harmonic approximation)or any ¢ > 0 there exists a positive constadte (0, 1], depending
only onn, N, p and ¢, such that the following is truevhenevemw € Wl’P(BQ,RN) with JCBQ|Dw|de <lis
approximativelyp-harmonic in the sense that

‘][|Dw|p2Dw - Do dx| < 8sup|Dg|
BQ
B

0

holds for allp € C3(B,, RY), then there exists p-harmonic functiorh € W7 (B,, R") such that

][|Dh|l’dx<1 and Q—P][|w—h|l’dx<s.

By B,
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From [16] (Lemma 2 worked out fop # 2) we recall the following facts; supposes LZ(BQ (x0), RM), then
we denote byPy, , the unique affine function minimizin@ fBQ(XO) lu — P|2 amongst all affine functions

P:R" — RN. Note thatPyy o (x) = ttxg.0 + Oxp.0(x — x0) Where Q. , = "Q—+22 F8,(xu(x) ® (x — x0)dx is the
momentunof «. Then, the following properties hold:

Lemma 6. Let p > 2. There exists a constamt= c(n, p) such that the following assertions holtbr every
u € LP(B,(x0), RY) we have

Cc
|Qx0.0 = Oxo.001” < o) |t — Prool” dx. 3.7)
BHQ(XO)

For everyu € W17 (B, (xo), RY) we have
| Qx0.0 — (Dtt)xg 0] < ][ |Du — (Du)xy,0|" dx. (3.8)
By (x0)

The next lemma is an iteration result; the case < 2 can be inferred directly from [5]; the argument is based
on (3.3) and works for any > 1.

Lemma 7. LetO<® <1,a,b>0, AeR"™W, ve LP(B,(x0),RY) and g:[0/2, 0] — [0, 00) be a bounded
function satisfying

g(t) < Vg(s) +a / ‘V'A'<£)

By (x0)

forall p/2 <t <s < 0. Then there exists a constantiepending only o# and p such that
Q v |?
gl=)<cla Viall = dx+b).
2 o
BQ(XO)

The following version of Uhlenbeck’s resutein be found in [12] and [3], according to the cages 2 and
l<p<2

2
dx + b,

Proposition 1. There exist constants> 1 andy € (0, 1), depending only on, N and p > 1 with the following
property Whenever ¢ W7 (U, RV) is a solution of

/|Dh|p72Dh'D(pdx=O forallweC}(U,RN),
U
and Br(xo) € U then,forany0 <r < R

2y
sup |Dh|? <c ][ |Dh|P dx, ®(h;xo,r)<C(L> @ (h; x0, R), (3.9)
Bpj2(x0) Baro) R
R

where® (h; xg, r) has been defined i{2.4).

The first step in proving a partial regularity theorem fBrminimizing functions is to establish a suitable
Caccioppoli-type-inequality. The following version isltaed to our needs and differs from the ones in [11,2,5]
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in that it is stated in terms df 4, that is, taking into account the possible degeneracy of the strict quasiconvexity
(H5) when|A| approaches 0.

Proposition 2. Letu € W17 (U, RY) be F-minimizing inU. There exists a constant= c(p, A, A) such that for
every ballB,(xo) €U, § e RN, A e R"N

e (=550
BQ

Boj2

2
dx. (3.10)

Proof. Let B,(xo) € U, & € RN andA € R™" be fixed. W.l.0.g. we may assume that= 0. We choos®/2 <
t <s < ¢ and a standard cut-off function amde C3°(B,, [0, 1]) such thaty =1 on B, n = 0 outsideB;, and
IVpl <2(s—1)" . Wesetv =u—& — Ax, ¢ = nv, ¥ = (1—n)v. Thenitturns out thaby + Dy = Dv = Du— A
and

v
|D|? < 22”_1(|Dv|p + ‘—t
5 _

p v
) and |Dy|? < 22”_1(|Dv|” + ‘—t

P
). (3.11)

Using the hypothesis (H5) we find

p=2
x/(|A|2+|D¢|2) 2 |Dg|%dx
By

< [(ru D) - rDw)ax

By

+/(f(Du) — f(Du —D(p))dx+/(f(A+D1//) — f(A))dx
By By
=141 +1I. (3.12)

The F-minimality of u implies 11 < 0. To estimate - Il we note that

1
I+ 1l ://[Df(A—i—rDt/f)—Df(A)]ert/fdx

By O
1
—l—//[Df(A)—Df(A—i—Dv—tDw)]erl/fdx:I/—Hll’

B; 0

with the obvious labelling. To estimafé we use the bound (H2) and Lemma 2 twice

IW'l=

11
///sz(A+er1//)(rD1//,D1ﬁ)dsdtdx
B, 0 O

1
gcA//(|A|+|rD¢|)”‘2r|D¢|2drdx<c-A / |Viai(Dy) | dx, (3.13)
By 0 Bs\B;

where the constamtdepends only op. To estimate Illwe use the assumption (H2), again Lemma 2 and Young's
inequality forV 4, i.e. (3.2), and finally (3.3), in order to obtain
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') =

11
///sz(A+s(Dv—rDl//))(Dv—tDw,Dl//)dsdrdx
B; 0 O

s

11
<A///|A+S(DU—IDI/I)|IFZ|DU—rDl/fIIDl/fIdsdrdx
B; 0 O

s

1
gcA/f(|A|+|Dv—rD¢|)”‘2|Dv—rD¢||D¢|drdx
By 0

s

<cA / Via((Dv — DY) [* + [Via (DY) [P dr dx
BB,

<c(p) A / |V‘A‘(Dv)|2+|V|A|(D1ﬁ)|2drdx. (3.14)
Bs\B;

Warnind The first identities in (3.13and (3.14) need to be justified in the singular case p < 2, since the
argumet of the second derivative® f could be 0; see thistificationat the end of Section 4.
Combining the last and the second last estimate with (3.12) we arrive at

2 252 2 2 2
A (1A +1Dgl?) T |Dgl?dx <c | [Via(DV)|” + [Via(DP)| dx, (3.15)
Bg Bs\B:

where ¢ = ¢(p, A). We estimateV|4 (D) distinguishing two cases using the fact that the function-
(1 +12)(P=2/4¢ is increasing; thereforg/| 4/ (B)| < |Vj4)(C)| provided|B| < |C|. Using this simple fact together
with (3.3) it follows

s —

[Via(DW)| < c(p)|Via (L= n)Dv) | + [Via (Vi @ v)| <c(p)[\V|A|(Dv)\ + ’VA( - t)H

Using the last inequality in (3.15), and recalling tifap = Dv on B, we find

/|V|A|(DU)|2dx<C / |V|A|(Dv)|2+‘VA(£>

B; Bs\ B,

2
dx,

wherec = c¢(p, 1, A). “Filling the hole” on the right-hand side, i.e. addig‘Bt |V|A|(DU)|2dx on both sides of
the previous inequality we finally deduce

—E—A
[lniou=fac<o [lawu=nface [lia(*==2)
By B,

B,

2
dx,

forall /2 <t <s < o; here we have set := c¢(1+¢)~! < 1. Note that? depends only op, A andA. The result
then follows from Lemma 7. O



F. Duzaar, G. Mingione / Ann. |. H. Poincaré — AN 21 (2004) 735-766 745

We conclude the section with a Poincare-type inequality involving the fundtjorin the caseu = 1 similar
inequalities have been found in [5] and, in a sharp way, in [8].

Lemmas8. Letp € (1,2) andu € W7 (B,,R"), B, C U then

_ P 1/p* 1/2
<][ Vﬂ<ue%)g) dx) <cn, N, p)<][|VM(Du)|2dx) ,
B, B,

e
wherep” := n% In particular, the previous inequality is valid with” replaced by2. The constant(n, N, p) is
independent 0,5 >0.

Proof. The proof can be achieved following the arguments in [8], Theorem 2; therefore, we shall only sketch it.
Since there exists a constant= c(p) > 1 such that =1 (W, (1)) < (V,.(1))? < ¢(W,.(t))?> whenever > 0 and
W, (7) := (u +1)P~2/?¢, we can reduce ourselves to prove the lemma Wwjttreplaced byW,, . At this point we
are exactly in the setting of [8], Theorem 2, since the functies (W, (1))?/? is convex as soon gs > 1 and

w > 0; we just have to replace the functi®i?/? considered in [8] by ouW,f/”, and the statement follows.O

4. Approximate A-harmonicity and p-harmonicity

We fix some notation we shall use in this section; for a Ballxo) € U, a functionu Wl*P(BQ (x0), RM) and
a linear functiond € R we define (compare (2.4))

®(x0,0, A) = ][|A|P*2|Du — AP+ |Du— AP dx if p>2,
By
@ (x0, 0, A) = ][|V(Du) —VA)[Pdx fl<p<2. (4.1)
By
Lemma 9 (ApproximateA-harmonicity).There exists a constant depending orp and L in the casep > 2 and

onn, N, p, L and A in the casel < p < 2 such that for every ¢ W17 (U, RV) that is F-minimizing inU, every
ball B,(xp) € U and everyA R™N such that| A| # 0 # & (xo, 0, A), we have

<of(i8) "+ (50) T e
c|ll — — sup | D¢
h |AlP AP ) 1 B, (xo)

forall ¢ € C&(Bg(xo), RM). Here we have abbreviatedl(xo, o, A) by &.

‘ ][ sz(A)<A p2Du—A
|A|P—2 Vo

By (x0)

, Dgo) dx

Proof. Casep > 2. We write B, instead ofB, (xo). Moreover we shall often abbreviade(xo, o, A) = @ (o). For
@€ Cé(BQ, RY) we assume w.l.o.g. thaDg| < 1. Using the Euler—Lagrange equatigSglg Df(Du)Depdx =0

and the obvious identit)[BQ Df(A)Dgpdx = 0 (note thatDf (A) is constant) and finally, using the Holder
continuity assumption in (H3), we deduce:

‘][sz(A)(Du — A, Dp)dx
BQ

1
][/(sz(A) — D?f(A+1t(Du— A)))(Du— A, Dp)dtdx|=: S
B, 0
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Lo (| A2 2\ 5
<L 4|Du — A"(|AI” + |Du — A|?) dx. (4.2)

By

Using the elementary estimate + b)” < 27 (a¥ + b¥) for a,b > andy > 0 with y = ”‘g“", a=|A|

= |Du — A|, and Holder’s inequality the right-hand side of (4.2) can be estimated as follows:

—2—«

L][|Du—A|l+°‘(|A|2+|Du A|) 7 dx

Bo

p—2—a
<22 L][(|A|P*2*“|Du—A|1+“+|Du—A|P*1)dx

B,

1-1 lta
2 o 2
<27L [(][|DM—A|pdx> p+|A|prT(][|A|p2|Du—A|2dx) }
BQ

Dividing by |A|?=2/2./® we arrive at

‘][sz(A)< LDu—A )dx _. [(i>%+(i>z}
|A[P2 o 2)H s \ap ar) |

where we have sey = 2(P=2/2[,. This proves the lemma in the cage- 2.

Casel < p < 2. We proceed as in the previous case. Our main effort is in estima&tirgppearing in
(4.2); therefore, we distinguish the two cases in whiBlk(x) — A| < |A| or in which the opposite inequality
|Du(x) — Al > |A| holds. We abbreviatB; ={x € B! |Du(x) — A| > |Al} andB, = {x € B,! |Du(x) — A| <
|Al}. Moreover we denote b¥(x, ¢) the integrand appearing in the second line of (4.2). We first consider the case
in whichx € BZ{. Using the bound for the second derivative in (H2) and Lemma 2 we see thaEfBg we have

/\1(x,t)|dt<c(p,A)(|A|P‘2+(|A|2+|Du(x)\ )pT)\Du(x) Al.

Warnind As for Proposition 2, also the previous estimate, and (4.2), must be justified in the singular case
1 < p < 2. See thgustificationat the end of this section.
Integrating with respect to overBJr yields:

|B,|~ 1//|I(x | dtdx < c(p, A)(IL+ L), (4.3)
BQ
with the obvious labelling for; and I>. To estimatel> we note that Du(x) — A| < |Du(x) — A|1T¥|A|~ for

XE€ B;f. Then using Hoélder's inequality we obtain

p—2
|Bo| "1 < |A7 ][(|A|2+IDMIZ)TlDu—A|1+°‘dx

By

- 2 232 2 2 2\ 252 E
< AT ][(lAl +Dul?) 2 |Du — Al?dx ][(lAl +|Dul?) % dx

B, Bo

1ta
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I+o
—2 o p=2 Tz
<A77 <][(|A|2+ |Dul?) 2 |Du — A|2dx)

4
1ta

<cn, N, p)lA|Z 5 (][|V(Du) - V(A)|2dx) ’
Bo

lta

-2 o
<clAl'z "To 7, (4.4)

We note that we used (3.1) in the second last line. To estithatee proceed as follows: We first use Holder's
inequality, and forx € BZ{ then the elementary estimate

AR+ [ Du(o)|? < 2 Dutx) — A]” + 3| A2 < 5| Dutx) — A (4.5)
to deduce
1, _ |A]P2 2 2\ 252 > \? 2 2% )2
|Bo|™ 11<W</(|A| + |Du|?) 2 |Du — Al dx> </(|A| + |Dul?) 2 dx)
o
B B
|A|p72 p—2 % %
<c(p) R </(|A|2+|Du|2) 2 |Du—A|2dx> </|Du—A|2de) ) (4.6)
o
By By

To estimate the second integral of the right-hand side of the previous inequality we use (3.1) and (4.5) on the se
BT to obtain
o

2 o 2 2-p
|Du — Al < c(p)(JAI° + |Dul®) * |V(Du) — V(A)| < c(p)|Du — Al 2 |V (Du) — V(A)
so that it follows
2
|Du— Al < c(p)|V(Du) — V(A)|7 onBj.

Hence, using this last estimate and Holder’s inequality in (4.6), we have

1 1
p=2 3 22-p) 3
|BQ|—111<c(p)|A|"—2|BQ|—1(/(|A|2+|Du|2)”2 |Du—A|2dx) (/|V(Du)_V(A)|—p” dx)

By By
1 2—p
< c(p)|A|p_2<][(|A|2+ |Du|2)pT4|Du - A|2dx) ’ (][|V(Du) - V(A)|2dx) i
B, By
Recalling once again (3.1), we deduce
1
|Bol M1 < c<p>|A|p2<][|V<Du> - v<A>|2dx>p.
Q
Combining the estimates fdg and /> we finally obtain
1
Bl [ [l drar < con v p d[AIFF 00 F 41402007 ]. 4.7)

By O
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Next we treat the case in which we have to integrate @er Here we use the hypothesis (H3) to estimate the
integrand! (x, ¢) as forx e B, 0<t <1, asfollows:

11Ge,0)] < LIAIP 2| A+ 1(Dutx) — A)|" 2(1 AR + | A+ 1(Duto) — A)D) 5" | Dutx) — A

<BLIAI™|A +1(Du(x) — A)[”7?| Du(x) — A" (4.8)
Using Lemma 2, we see that
1
/|I(x, | dr < c(p, LA™ (|A]? + |Du(x)|2)pT_2 | Du(x) — A|1+“ (4.9)
0

forx e B .

Warning Also in this case the inequalities in (4.8) and (4.9) must be justified. Look at the end of Section 4,
once again.

Integrating with respect te over B, we obtain, proceeding exactly as {d.4) and using again (3.1):

1
|BQ|*1//|1(x,r)|dtdxgc(n,N,p,L)|A|”*52*%q>”T".
B, O
Combining this with (4.7) we finally arrive at

1t

p=2_ pa Ita _2 1
S<c@m,N,p, L, A)[|A]'Z "2 @(0)7 +|AP“®(0)7].
Merging this last inequality with (4.2) and dividing byt|?~=2/2 /& completes the proof of the lemma also in the
subquadratic case.O

In order to treat thelegenerate casee. the case in which we expect the minimizer to behave in a neighborhood
of a certain point approximatively like a solution of theLaplacian system, we define

¥ (x0,0) = ][IDulde~

By (x0)

From Section 2 we recall that hypothesis jH4e. the assumption that the integrafibehaves like the-Laplacian
at the origin, implies that there exists a functipn(0, co) — (0, co) such that forx > 0 we have

|Df (A) — |A|P’2A| < ulA|P~L foranyA e R™N with |A| < n(w).

L emma 10 (Approximatep-harmonicity) There exists a constang = c2(A) such that for every e WL-7 (U, RV)
that is F-minimizing inU, every ballB, (xo) € U, everyA € R"V and everyw > 0 we have

‘ ][ |Du|”?~%Du - Dodx

By (x0)

1-1 v
<ol w7+ ——| sup Dy,
n(1) 1 B, (xo)

forall ¢ € C%(Bg(xo), RY). Here we have abbreviated (xo, o) by ¥.

Proof. Again we write B, instead ofB, (xg) and assume w.l.0.g. thate Cé(BQ, RV) satisfies Dg| < 1 in By.
Using the Euler—Lagrange equation foon B,, i.e. the fact tha}fB@ Df (Du)D¢ dx = 0, we obtain

‘][lDuV’_Z -DuDgdx|= ‘][(Df(Du) — |Du|"~2Du) - D dx
B B

0

0
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To estimate the right-hand side of the previddentity we distinguish between the cases whére| < n(u) and

|Du| > n(w). On B, N{|Du| < n(w)} we have
1-1
P
|B, |7t / (Df (Du) — |Du|P~2Du) - Dy dx| < ][|Du|” Lax < <][|Du|”dx> .
BQ

BoN{| Dul<n ()}

Next, we first note that

|Bo N {Dul > n(w)}|n(u)? </IDu|”dx. (4.10)
BQ

On B, N {|Du| > n(n)} we use the bounDf (4)| < A|A|P~1, Hélder’s inequality and (4.10) to infer

1Byt / (Df (Du) — |Du|P72Du) -Dodx
BoN{| Du|>n ()}
<(A+1)|B,|™? / |Du|P~ dx
BoN{|Dul|>n(w)}

]_,_
1
< (A+1)|Bo|*[By N {IDul > n(w)}] p(/wuwdx)
A 1
+ ][|Du|pdx

Collecting terms yields

‘][lDuV’ZDu - D dx

1-1
A+1
</L(][|Du|pdx> p+;-][|Du|de,
n(w)
B B,

4 4

which proves the assertion of the lemmawith=A+1. O

Justificationof the linearization procedures in the case p < 2. Let us start from the estimate of the terms |
and lI, immediately before (3.13). We give the description foFIrst, we can confine ourself to thas& B, such
that|A| and| D (x)| are not simultaneously 0, otherwise the integrand is 0, since, by (44))) = 0. Therefore
for suchx we start justifying the identity:

1

Df(A+ 1Dy (x)) — Df(A) = / D?f(A+stDy(x)) dst DY (x), (4.11)

0

that we used in (3.13). We consider the functjonl] > s — g(s) = Df (A + stDy(x)) € R"™™. We first note
that (4.11) trivially holds, if the segmei#, r Dy (x)] does not contain the origin &"" because theg(s) is

differentiable with respect toon [0, 1]. Therefore we can assume that there is one parameterival{@ 1] such
thatA +st Dy (x) = 0 (note that botlr andz are fixed). We first assume thag (0, 1). Then,g(s) is differentiable
on[0, 5) and(s, 1] and for any O< ¢ < min{s, 1 — 5}, the following formulae are valid:



750 F. Duzaar, G. Mingione / Ann. |. H. Poincaré — AN 21 (2004) 735-766

1
g —gG+e)= / D?f(A + 5T DY (x)) dst Dy (x),
S+e
g5 —¢e)—g(0) = / D?f(A+stDy(x)) dst DY (x).
0

At this point, we note that the functianis continuous and so we can recovérl(l) from the prelous identities

after lettinge — 0, since the integrals do converge due to the growth condition (H2)[3%f (A + st Dy (x))| <

AlA 4+ stDY(x)[P~2, and p — 2 > —1 (note that the integral considered in (4.11) is actually singular). The
subsequent estimate in (3.13) is then justified in a more straightforward way, via Lemma 2; this gives a pointwise
inequality for the integrand, therefore ensuring the finiteness of the integral. Th&cafaesps = 1 are similar.

The procedure for Illis similar at this point. The same arguments apply to the justification of the first identity in
(4.2) in the case k p < 2. We finally justify (4.8) and (4.9). Observe that in this cade+# 0, therefore for any

x € B, there exists at most orves (0, 1] such thaiA + 5(Du(x) — A)| = 0. It follows (recallx is fixed) that the
inequality stated in (4.8) holds a.e. with respect &[0, 1]. Then we can integrate first with respecttand then

with respect toc; the convergence of the resulting integral in (4.9) then follows via Lemma 2.

5. Proof of thetheorems

For the sake of clearness and in order to show a larger spreading4f thearmonic approximation techniques,
we shall separate the cages- 2 and 1< p < 2. We warn the reader on the following convention. We have defined
both in (2.4) and (4.1) two similar quantities, with a similar notation. We shall u=® tithout ambiguity, since
in the lemmata below the choice df(see (4.1)) will be always such that the two quantities will coincide.

5.1. The super-quadratic cage> 2

Proposition 3. For 0 < 8 < 1 there exist constant¥ = 6(n,N, p,A, A,B) € (0,1/4] and gy =
eo(n, N, p,x, A, L,a, B) > 0 such that the following is trueVhenevew € W7 (U, RY) is F-minimizing in
U such that for some ba, (xg) € U the smallness condition

@ (x0, 0, (Du)o) < £0|(Dut)xg 0" (5.1)
is satisfied, then the following growth condition holds

@ (x0, 00, (Du)gg) < 0% & (x0, 0. (Du),). (5.2)
Proof. Withoutloss of generality we take = 0. We writed (o) instead o (xo, o0, (Du), ). Moreover, we assume
@ (o) > 0, otherwise the conclusion of the lemma holds trivially; it follows from (5.1), f6@i), | > 0. We define

p2u(x) — (Du), x
V()

From the very definition of botkb andw we find

w(x) = |(Du),| for x € B,. (5.3)

][|Dw|2dx =|(Du)o|" ][|Du — (Du), [ dx (o) 1 < 1. (5.4)
BQ BQ
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Moreover from Lemma 9 we infer that (note thébu),| > 0)

p=2 a

P (0) )21’ ( P(0) )2}
< e +(—— D 5.5
C1[<|(Du)9|p Dw, 7 th:pl ¢l (5.5)

for any ¢ € C1(By, RM). Let e > 0O (to be chosen later) antl= §(n, N, A, A, &) € (0, 1] from the .A-harmonic
approximation Lemma 3. Now we assume that

p—2 «
o )W ( b )1 ) 5.6
Cl[(l(Du)le * \(Dw,7) |~ (5.6)

wherec1 = c1(p, L) is the constant from Lemma 9. Them is approximatively harmonic with respect to the
bilinear formA := |(Du)Q|2_pD2f((Du)Q) which is elliptic in the sense of Legendre—Hadamard with ellipticity
constant 2)(see (2.3)) and upper bountl (see (H2)). Therefore, by Lemma 3, we fihc Wl*Z(BQ, RYM), A-
harmonic, such that

2
}][D f((Du)o) (Dw, D) dx

|(Du)o|P=2

][|Dh|2dx<1 and 9—2][|w—h|2dx<s. (5.7)
BQ BQ
Being anA-harmonic functions; also satisfies the estimate
sup|Dh| + sup|D2h| ][th| dx <3, (5.8)
Q/2 g/2 Q B Q
Q

with ¢3 = c3(n, N, A, A) (without loss of generality we take > 1). Forf e (0, 1/4] to be specified later we can
therefore apply Taylor's theorem toat O to deduce

sup | (x) — h(0) — Dh(O)x|* < c30%(200)* = 16¢36%0%. (5.9)

X€B2,

Thus we have, using the triangle inequality together with (5.7) and (5.9),

(200)~2 ][ |w(x) — h(0) — Dh(O)x|* dx < 2(200)~?[(20) " 0% + 16¢30%0?] = 27"~ 16" ~2¢ + 8c367.
By,

We now set = 6”14, Then, recalling the definition ab we obtain

(200)~2 ][ lu(x) — (Du)ox — \/ [(Du)o|* " @ (0) (h(0) + Dh(0)x) |* dx

By,
1 _ _
< Ec(@*’1*28+92)|(Du)Q|2 @ (0) = c6?|(Du)o[* " @ (0) (5.10)

where the constant depends only om, N, A and A. Denoting by P the affine function minimizingQ —
fBzeg lu — Q|2dx amongst all the affine function8 (see Section 3), we easily deduce from (5.10)

(200)2 ][ lu — Pagol?dx < c6|(Du)o|* " @ (0) (5.11)
By,

with ¢ =c(n, N, A, A). We next derive an estimate for the te(@9o) " fgzeg |u — P29y |? dx which is needed for
the application of Caccioppoli's inequality. For this we }ét be the usual Sobolev conjugate (thapis:= % if
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p < n andp* := “any exponent- p” if p >n). We then find: € (0, 1) such that% =1-n3+ tp—l*. With this
choice ofr we use in turn the.”-interpolation inequality, the definition d?,, the estimate found in (5.11) and
Sobolev’s—Poincaréiequality, obtaining

P

1-n% ) t4
][IM_PZGQV’dxg(f|U_P2(-?g|2dx> (][W_P29g|p.dx>
By,

By, By,

_ (-0 - !
< caP9@DP|(Duy,|* P2 p@(g)(lzt)p< ][|D(u—P299)|pdx) , (5.12)
By,

where the constamtdepends om, N, p, A and A. The last factor in the right-hand side of (5.12) can be estimated
as follows: We denote by, the unique affine function which minimizeR — fBQ lu — P|2dx. Using in turn

Minkowski’s inequality, (3.7), Poincaré’s inequality and (3.8) we obtain

1 1
r p 1
(/ |D<u—Pzeg>|”dx) <</ |D<u—Pg>|”dx> + |Bago| 7| D Pagy — DP|

By, By,
1 1
1 p P 1 1 _ r
<IBol7 [ $|Dw — Pp)|"dx ) +67 Bylr | co™” 41u— Ppl”dx
BQ BQ
1
1,5 2 p p
<O Byl 7 | 4| D(u— Py)|” dx
BQ

1 1 P 7 1 1 1
<cO B, |7 | #|Du— (Du)o|"dx ) <cOYBy|P®(0)7,
BQ

with ¢ = c¢(n, p). Inserting this in (5.12) we find

r2 1-1)
- - P \7Z!
20 p _p Pdx <cOP (n+2p)t @ (o),
(200) ][Iu 200|" dx < ¢ D)y P (@
BZHQ
where the constanrtdepends only om, N, p, A and A. We now assume that the following additional smallness
condition is satisfied:

23211
9p—<n+zp>z( AC) ) <R (5.13)
[(Du)o|P
Then, we arrive at
(200)7° ][ lu — Pogo|? dx < 6% (o), (5.14)
B2,

wherec = c(n, N, p, A, A). Combining (5.11) and (5.14) we obtain

(290)2 ][ |(Duo|” 2l — Paggl2dx + (260) " ][ i — Pag|P dx < 62 (0), (5.15)

329g BZHQ



F. Duzaar, G. Mingione / Ann. |. H. Poincaré — AN 21 (2004) 735-766 753

with a constant having the same dependencies as the constant in (5.14). Next, we want to replace in (5.15) the
term|(Du),|P~2 by | D P,|P~2. Using (3.8) and the definition @b (o)

‘DPZHQ - (DU)Q| < |DP29Q - (Du)209| + |(Du)29g - (DM)Q‘

1

2 2 2 2
<c< ][|Du—(Du)299‘ dx) —i—( ][‘Du—(Du)Q| dx)

By, By,

1 1
_n 2 _nf P(0) 2
<C9 2(f|DM—(DM)Q|2dX) gCe 2<ﬁ) |(DM)Q|

BQ
Note that the constant depends only om; we assume without loss of generality that: 2 (this will be very
convenient later). Imposing the smallness condition

1
n ¢ ? 1
69_2( (0) > <L (5.16)
|(Du)o|? 2

we see that [D Py, — (Du),| < |(Du),|. Hence, we can repladeDu),|”~2 in (5.15) by| D P, |P~? enlarging
the constant on the right-hand side by a factof 22

@012 f IDPauol” 2= ParoPax + @) f = Pael” dx < c020(0), (5.17)

B2g, By,

where the constanthas the same dependencies as the constébtl5). Now, we apply Caccioppoli’s inequality
(3.10) with& = P2, (0) andA = D P2, on the ballBy, to the left-hand side of (5.17); it follows

][ |D Pago|P 2| Du — D P2gy|? + | Du — D Pag,|P dx < c6°®(0),
Byg
wherec =c(n, N, p, A, A). Obviously this implies
][ |D P29, |P~2|Du — Dugy|?dx + inf ][ |Du — A|P dx < c0°® (). (5.18)
AeR"

By, By,

To obtain the desired excess-decay estimate from (5.18) we have to replace tIthQg;ml”—2 by |(Du)99|1’—2.
This can be achieved by first replacifigPz, by D Py, and thenD Py, by (Du)e,. The occurring error-term in
the first replacement can be estimated using (3.7) and (5.14)

_ 2
][ |D P29y — D PoolP 2| Du — (Du)g,|” dx

Bogo

p=2
< c<(9@)p ][ lu — Pago|” dx) ' ][|Du — (Du)oo|?dx
0, Byg

Bog

az
<™ <(29Q)_” ][ lu — P299|”dx> ! ][‘Du - (Du)g|2dx
BZHQ BQ
p—2

2. —n=4( @@ \7* 2
< ch?9 p<7|(1)u)9|p> ®(0) < 0P (o), (5.19)
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wherec =c(n, N, p, A, A). The last estimate has been performed assuming that

2
9—"—%<&> T <1 (5.20)
[(Du),|P

The second replacement, i.e. the onédfy, by (Du)g,, is possible via (3.8) (witlp = 2 there)

][|Dng — (Du)go|”~%| Du — (Dugy|* dx

Byg
p=2
2 2 2

<c| |Du— (Duygy|* dx |Du — (Du)g,|” dx

By, Byo

P p=2

_m 2 2 _mp( P(0) 2 2

<ch 2 ][Du—(Du) dx) =6 2<7) D (0) < cH°P (o), (5.21)
<3 | ol [(Du),|P
4

wherec = c(n, p). Again, the last estimate is true, provided we assume

p—2
n D N
95( (© ) " <2 (5.22)
|(Du)|?
Combining (5.18) with (5.19) and (5.21) we obtain
][‘(Du)é?g|p72|Du — (Duygo|?dx + inf ][ |Du — A|” dx < c6°® (o), (5.23)
A Rﬂ
Bogo c By,

wherec = c¢(n, N, p, A, A), as for (5.18). Next, we note that the inf in the second term of the left-hand side of
the previous inequality is achieved by a uniquge R"V, and in a standard way, we can replatgby (Du)go

in (5.23) enlarging the constant on the right-hand side by a fadtoR2calling the definition ofb (0p), we
finally arrive at® (00) < ¢, 0%® (o), wherec, = c.(n, N, p, 1, A). Now, giveng < (0, 1) we choose < (0, 1/4]

such thaic, 62 = 62#; note that? depends only om, N, p, A, A andB. For later purposes we also assume that
62P2P < 1. This fixese = 6”14, i.e.e=e(n, N, p, 1, A, B), ands =8(n, N, 1, A, £). With these specifications all

the smallness assumptions (5.6), (5.13), (5.16), (5.20) and (5.22) are satisfied, if we ge@uire so| (Du),|”,

with a sufficiently small constanty; note thatsg depends only om, N, p, A, A, L, « and 8. This proves the
assertion of the lemma.n

We are now going to iterate Proposition 3. Starting withnd F satisfying the hypothesis of Proposition 3 and
taking.xo = 0 without loss of generality, we see that
®(00) <0 D (0) <% eo|(Du)|”.
From the elementary estimate

2(0)

1
2
|(Du) |p) |(Du)o| + |(Du)eg| (5.24)
o

1
(D), <04 ( £1Du — (D), Pdx ) + |(Duy,| <6~
o o Qo

By

we conclude

1
n @ ?
(207 (1) ) 0wl < [l
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Recalling the smallness condition (5.16) we see that > 1/2; hence|(Du),| < 2|(Du)g,l|, Which implies

(by the choice ofg at the end of the proof of Proposition 3(6p) < 92ﬁ8021’|(Du)99|1’ < go|(Du)go|? .
Hence, the starting hypotheses of Proposition 3 are also satisfied on thgypdlle. u, F satisfy onBy, the

same set of conditions as adBy,). Therefore we can proceed by induction and easily deducedi@to) <
6%F @ (o) for anyk € N. By means of a standard iteration procedure (see for instance [12]) this leads us to the
following excess-decay lemma

Lemma 11. Assume that the hypotheses of Proposition 3 are satisfied. Then fd any< ¢ we have, with
c=cn,N,p, A\, A,B),

26
& (xo0, 7, (Du),) < c<§)  (x0, 0, (Du),).

We now turn our attention to thdegenerate cas®y y € (0, 1) we go on denoting the Holder exponent from
the excess decay estimate (3.9) from Proposition 1. Then we have:

Lemma12. For 0 < ¥ < 2y/p and x > Othere exist constantg =¢1(n, N, p, A, A, y, ¥, n(-), x) > 0andr =
t(n, N, p, A, A, v, 7, x) € (0,1/4] such that the following is tru&Vhenever € W7 (U, R") is F-minimizing in
U such that for some baB, (xg) € U we have

X |(Du)xg.0|” < ®(x0, 0, (Du)p) and x|(Du)xgro|” < ®(x0, 0, (Dut)rp) (5.25)
and the smallness condition

@(xo, o, (Du)Q) <eé (5.26)
is satisfied, them (xo, To, (Du)<p) < 7 ® (xo, 0, (Du),).

Proof. Once again we takey = 0 without loss of generality and adopt again the usual abbrevigti@n. Since
[(Du),o|? < x 1@ (0), we have

W) <2t ][|Du — (Du),|” dx + 2P (Du)o|” < ca®(0). (5.27)
BQ

where we have abbreviated, = 27~1(1 + x~1). From Lemma 10 (i.e. the approximatiye-harmonicity)
and (5.27), we have for any > 0 and for anyy € Ccl,(BQ, RN):

1
p=1 @ g
< c2(ca®(0) E [/L + (a2 ©@)"

‘][lDuV’_ZDu -Dydx

Bo

sup|De|.
0 }ng' 4

Introducing, onB,, the scaled functiow := (c4®(0))~YPu, we deduce

sup| Do,

| (a0 (@))i}
BQ

n(w)

‘][llepsz -Dodx| < cz|:u
B

0

and

][ |Dw|Pdx = (cad(0) ™" ][ |Dul?dx = (ca® (0) "W (0) < L
BQ BQ
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here we have used (5.27) in the last inequality. Now let © < 1/4 (to be specified later) be given and define
e=1"TPTY By §=68(n, N, p,¢) € (0, 1] we denote the associated constant from Lemma 5. We then £>0
such that

8
C2p < > (5.28)
Note thatu = (A, 8). This fixesn (). Assuming that
1
® 1
(ca®(0))? < s (5.29)

nw 2
we see thatv satisfies the hypothesis of Lemma 5, i.e. we hﬁyquwW dx <land

‘][lle”_sz -Dodx

Bo

< ésup| Dy

BQ
foranyg € Cé(BQ, RY). We now apply thep-harmonic approximation lemma, i.e. Lemma 5, to obtain for a given
¢ = t"tP*7 > 0 ap-harmonic functiorh € W17 (B,, RV) such that

][|Dh|”dx <1 and ¢? ][|w—h|”dx Le=T"TPHY, (5.30)
BQ BQ

Then, using Poincaré’s inequality, (5.30) and (3.9), we obtain

(2c0) ][ lw = (W) 200 — (Dh)zeg|” dx

Borp
<c[(2w)"’ ][Iw—hl”dx+(2w)_p ][|h—(h)2rg—(Dh)2rQX|de}
Borg B,
gc[r—"—l’g—l’ ][Iw —h|Pdx + ][\Dh — (Dh)zw\”dx}
B, By,

< C,[T*"*PS + V@ (h; Q)] = C'L'y[1+ D (h; Q)]a

with ¢ = ¢(n, N, p); here® (h; o) is the excess o, of the p-harmonic approximation associated tav via
(5.30). In view of|(Dh),| < (f8,|Dh|? dx)*/? < 1 we infer that® (h; ) < c(p). Inserting this into the previous
estimate and recalling also the definitiomofve deduce

(2t0)7? ][ lu — P|P dx < ccat” ®(0) (5.31)
BZ‘[Q
wherec = c(n, N, p) and we abbreviated
1
R" 3 x > P(x) := (ca®(0))? ((W)2ro + (Dh)2rox) € RY.

From Uhlenbeck’s theorem (see Proposition 1) we infer

e

IDP| = (ca®(0)) 7| (DR)2ro| < (ca®(0)) 7 Supl Dh| < c(ca (@)
o

where the constartdepends once again only an N and p. Using this and (5.31) we find
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(2t0)~2 ][ |IDP|P~2|u — P|?dx

Boto

2
p—2 P 2 2,
< c(C4CI§(Q))1T ((Z‘EQ)_p ][ lu — P|P dx) ! < CC4t7yCD(Q) = CC4T7V¢(Q), (5.32)
BZTQ
where ¢ = ¢(n, N, p). Combining (5.31) and (5.32) with a&cioppoli’s inequality (see Lemma 2) and the
elementary inequality” < t27/? we arrive at
2;

][ |DP|P~2|Du — DPJ? + |Du — DP|” dx < ccat 7 ®(0), (5.33)

B,
wherec =c(n, N, p, A, A). Finally, by means of a standard argument we repladein (5.33) by(Du)., in the
above integrals; we obtain

2
][ IDPP=2| Du — (Du)ro|? + | Du — (Du)eo|” dx < ccar 7 @ (o). (5.34)
B,

Now we use the second condition in (5.25); for- 0 we have, via Young’s and Hélder’s inequality

® (1) = ][\(Du)w\”*zwu — (Du)ep|*dx + ][|Du — (Du)gl|” dx

Brg BTQ
o p=2
g( (TQ)> ' ][‘Du—(Du)w|2dx+ ][|Du—(Du)fQ|pdx
X
BrQ Brg

p—2
2

<0’¢(TQ)+(O—_¥X +1) f|DM—(Du)rg|pdx

Bro
Choosings = 3 we obtain

P (10) < 21_2)()(%2 +1) ][|Du — (Du)zo|” dx < 064()(_# + 1)tz7y®(9);

Bzo

here we have used (5.34) in the last inequality. We notedkat(n, N, p, A, A). Now, giveny € (0,2y/p) we
fix T € (0, 1/4] such that (recall the definition of, = 2~ 1(1+ x 1))

2" Y14 Y (14 ) <o

Note thatt =t (n, N, p, A, A, v, ¥, x). This fixess = 8§(n, N, p, " TP*7). Furthermorey and hence alsg(u)

are determined by (5.28). With thesgesifications all constants (i.e2, c4 = 2711+ x 1), n(n) > 0 ands)

in (5.29) and (5.28) are fixed; in summary, denoting-byeach determination of the constants, we have that
(X, 7) = 1= ¢= 8= u= n(n). We note that (5.29) is equivalent to the smallness assumption

X Sn(w)\”
*@< ity (2 ) - (5:39)

Hence, the smallness assumption is satisfied, if we require (5.26) with a sufficiently small constaf
possessing the indicated dependencies stated in the formulation of the lemma. The proof is now complete.
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Lemma 13 (excess-decayfor any 8 € (0, y/p) there exists a positive constast=e1(n, N, p, A, A, y, B8, «a,
n(-)) > 0such that the following is truéVhenever € W7 (U, RN) is F-minimizing inU such that

@(xo, o, (Du)Q) <é1 (5.36)

for some ballB, (xo) € U, then we have, for a constant=c(n, N, p, A, A, L, o, B, y) < +00

28
@(xo, 7, (Du)r) < c<£) ¢(x0, o, (Du)Q) whenevef < r < 0. (5.37)
e

Proof. As usual, we shall abbreviat@ (xo, o, (Du),) by ®(0). We first takes in Proposition 3 such that

0 < B < y/p wherey is from Proposition 1, (3.9). This fixes the constagt= co(n, N, p, A, A, L,a, ) >0

from Proposition 3. Then, we choo$ee (0, 2y/p) in Lemma 12 such that = 28 (which is possible by our
choice ofB). Furthermore, we ley = so. This fixes the constantg = s1(n, N, p, A, A, v, ¥, n(-), g0) > 0 and
t=t(n,N, p,r, A,y,¥,¢e0) € (0,1/4]. Therefore, by (5.36), we are assuming that the smallness condition (5.26)
from Lemma 12 is fulfilled, i.e. we have

@ (o) < €1. (5.38)
Now we introduce the following set of natural numbers:

S:={neN: &(t"0) >

P and¢(r”+lg) > £0|(Du),n+1g|p}

and we distinguish two cases
CaseS = N. In this case we prove, by induction, that, for ang N:

@(r”g) < &1, qﬁ(r”g) < r'1’7q5(g). (5.39)

Forn = 0 (5.39) trivially follows by (5.38). Suppose now that (5.39) holds#ar N; sincen € S (recall that in

this caseS = N) we can apply Lemma 12 and deduce th@atr" o) < 7@ (r"0) < "D ®(p), and trivially

@ (1" 1) < 7 D (v"0) < 17 &1 < e1. Therefore (5.39) holds for + 1. By induction, (5.39) is valid now for any

n € N. We are now ready to prove (5.37) in this case. First, let us recall the following elementary fact (see for
instance [12]):

@ (W) <c(p)d"®(0), YO<v¥ <1 (5.40)
Now lets € N be such that e (t**2o, 7% ¢]; it follows, via (5.40) and (5.39)

—n _ 7
:Q) Mf‘"ak%f”@(g% “w 1(2) @ (0) (5.41)

Tty

@ (r) <C(P)(t

and (5.37) follows in this case taking into account the dependence upon the various constants exhibited by
andy.
CaseS # N. Therefore there exisis := minN \ S; by the definition ofn we have

®(x" o) < go| (Du) miy|”. (5.42)

Actually the last information is an immediate consequence of the definitienwwhenm > 1. In the casen =0

it is possible that (5.42) is not immediately available. In that case it must betfgat< eo|(Du),|?; therefore
we can apply Proposition 3 (see the discussiomediately after its proof) to get thadt(ro) < eo|(Du)+,|”, that
is, (5.42) holds also in the cage= 0. Iterating as in the casg= N to get (5.39), but now up the integere N

(again: no iteration whem = 0), we get

@(rsg) < ts’7q5(g), Vs < m. (5.43)
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Now, by (5.42) we can apply Lemma 11, therefore when(0, z”"+10], we obtain, thanks to (5.40) and (5.43)
withs =m

o) <e( =) o(emig) < - Voo << (") o 5.44
M <el Gy ) PO S G () )< g ) 2@ (5.44)

the constant appearing in the previous inequality comes form Lemma 11, therefete:(n, N, p, A, A, B).
Hence the dependencies prescribedthe constant in (5.37) follows taking into account again the dependencies
exhibited byr andy. So, in order to prove (5.37) in general it remains to be proven in thercage” 1o, ol;
therefore again let < m be such that e (t**1g, t¥0]; using (5.43) we can argue as in the proof of (5.41) to
finish the proof of the assertion. Observe that a cius@nt in the preceding argument is that the integer
(which depends on the point and cannot be controlled) does not reflect in the constappearing in (5.44).
This is avoided by the use of (5.43); it is exactly this point wherepgHermonic approximation scheme and the
A-harmonic approximation match.0

Proof of Theorem 1. Casep > 2. The proof follows in a standard way from the decay estimate of Lemma 13 and
Campanato’s integral characterization of Holder continuity (see for instance [11] and [2]). In particular, the usual
key observation in partial regularity is that (5.36) is a so catlpdn conditionthat is, if (5.36) is satisfied (for

the fixed radiup) at the pointxg, it is automatically satisfied in a small neighborhood:gf say the ballB,; (xg).
Therefore the local Holder continuity of the gradient on an open subset with full measure follows as well as the
inclusion stated in (2.5). O

Proof of Theorem 2. Let xg be a regular point such that (2.6) is satisfied and s¢lect0, 1); this determines,
according to Proposition 3, the choice&fin (5.1), which essentially depends gn Therefore, by (2.6), there
exists a radiup > 0 such that (5.1) is satisfied; moreover, we note that also (5.1) @pan conditionso, we
can findo > 0 such that (5.1) is satisfied witty replaced byy, for anyy € B, (xp). At this point we can apply
Lemma 11, which is valid at any € B, (xg). This implies, via Campanato’s characterization of Holder continuity,
the fact thatDu is Holder continuous (irB, (xo)) with exponent 28/ pMoreover, suppose thabu (xp)| # 0, then
(possibly decreasing) sinceDu is already continuous, we can assume tb@it), , | # 0 forany B (y) C Bs (x0),
therefore (look at the structure of the excess functigrthis implies, again by Campato’s characterization of
Holder continuity, thatOu is Hélder continuous (irB,, (xg)) with exponen3. O

5.2. The sub-quadratic cade< p < 2
Proposition 4. For 0 < 8 < 1there exist constants=6(n, N, p, 1, A, B) € (0, 1/4] andeg = eo(n, N, p, A, A, L,

a, B) > 0 such that the following is truéVheneveu € W17 (U, RY) is F-minimizing inU such that for some
ball B, (x0) € U the smallness condition

@ (x0, 0. (Du)) < 0| (V(Dw) | (5.45)
is satisfied, then the following growth condition holds
@ (x0. 00, (Du)gg) < 0% @ (x0, 0, (Du),). (5.46)

Proof. We recall that hered (xo, o, (Du),) : = fBQ(xo)IV(Du) — (V(Du))xo,g|2dx. As in the casep > 2, we
assumexg = 0; we write® (o) instead of® (xo, o, (Du),). Finally, we assumgV (Du)),| # 0 # @ (o); otherwise
the conclusion of the lemma trivially holds. We then choose & € R*V according to

V(A)=A4]"7 A= ][lDu|pT_2Dudx = (V(Du))

Bo

0’
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and note thatA|? = |(V(Du))g|2. With this specific choice oA we now define

u(x) — Ax
|Al

Then from Lemma 9 we infer that for arye C&(BQ, RNM):
D?f(A) ( Du— A
][ f(A) ( Du Dy dx
|A|P=2 Al
2-p

1 o

(0) )?{( 20 )T ( (0) )1
< __2@ Do,
CZ(|<V(Du>)g|2 iowr)  T\ivow,r) | P?

Moreover we have, by (3.1)

v(x) =

2 Du—Al? % Du — Al?
Vi(Dv)|"dx = ][(1+‘ )
][| | [A] |Al
B, B,
= |A|"P ][(|A|2+|Du Al )T|Du Al%dx

B,

_ 2 p=2
<c(p)lAl ”][(|A| +|Dul?) 7 |Du— Aldx

By

<ep)|(V(Dw),| ][\V(Du) — V(A dx

BQ
=cp|(vw), | flvow - (viow), [Fax
BQ
=C(p)7¢(g) .
VD), P

Here we have used the elementary estimaté + |A — B2 > (|A|? + |B|?). Now, for 6 € (0, 1/4] such that
P < 1/2 to be specified later, we set= 6"+, With § = §(n, N, p, A, A, 0) € (0, 1] we denote the constant from
Lemma 4, correspondirtg the quantitie, N, p, A, A and the particular choice ef Therefore, if we let

2_ P (0)
= Dy,
and if we assume that the following smallness assumptions are satisfied
2—p a
c1 P (0) )7 < P(0) )1 2(0)
S Bt <6 — <1 5.47
c(p) [(KV(DM))QF |(V(Du)), 2 PNV Duy, 2 (5.47)

we see that the functiomand the bilinear formd := |A|2~? D2 f (A) fulfill the hypothesis of Lemma 4. Therefore
we can find a function € W1~P(BQ, R™) which is.4-harmonic onB, satisfying

v—h\|?
u(*Z")
Q

dx < s%, (5.48)

][| Vi(Dh)|?dx <co and ][
BQ

4
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wherecg is the constant appearing in Lemma 4. Using (3.3) we deduce that

v (L= $(h(0) + Dh(0)x) 2
][‘ 1( 200 )

By,
v—sh\|[?
<C(p)[][ Vl( 200 ) dx + ][
B

200 200

2
dx].

To estimate the right-hand side we proceed as followsfifbigterm is estimated by using the second inequality in
(3.3) (withr = (20)71), (5.48) and the particular choice of

Fl(* zem) des @ 2][‘ (" h)

By,
Using (3.4), Taylor’s theorem applied koon Bzg,, the a-priori estimate (see [5,8])

v h — h(0) — Dh(O)x
l(s 200 )

dx <2720 252 = c(n)H3%s2.

sup|Dh| + o sup| D?h| < c(n, N, &, A) ][|Dh|dx (5.49)
By/2 By/2
BQ
and the elementary estimate
][|Dh| dx < c(p) ][| Vi(Dh)|*dx + 1< e(p)eo+ 1, (5.50)

By B,

which is a consequence of (3.4) and (5.48), we obtain, again using (3.4) and Taylor’s formula,

][’ <h h(0) — Dh(O)x>2 2][’h—h(0)—Dh(0)x2
200 o

200
2

X

— 2 _ 522
49292 ls32L;E|h(x)—h(0)—Dh(0)x| < %57,

wherec =c(n, N, p, A, A). Combining the last estimates and recalling the definitionwé arrive at

][’ <v —s(h(0) + Dh(0>x>) 2, 90

Vl 9 T rr N N 10
200 |(V(Du)), 2

200

wherec has the same dependencies as before. Recalling the definitivhsntlv, as well as the choice of, i.e.
V(A) = (V(Du)),, we obtain

— Ax —5]A|(h(0) + Dh(0)x)
fvmm)P = f |y (=20 [«
By,

By,

~X

< 6% (o), (5.51)

with the obvious abbreviatioB®(x). Next we are going to use Caccioppoli’'s inequality to estimate the left-hand
side of the previous inequality from below. However, the direct application of Lemma 2 is not possible. We first
have to replace/|4(B(x)) by Viat, 41pr)(B(x)) in the integral of the left-hand side. In order to do so, we
observe that

|A|(1—és) < |A+s|A|Dh(0)| < |A|(1+ és)
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since, by (5.49) and (5.50)

|Dh(0)| < c(n, N, X, A) ][|Dh|dx <@
BQ

where¢ = ¢(n, N, p, A, A); with no loss of generality we assume tliat 4. Therefore, if we imposés < 1/2,
that is, by the definition of,

2 D)
:
[(V(Du)),l?

(the reason for the presenceddfwill become clear later) we obtain

< min{}, 9”} (5.52)
4
||V\A\(B)|2 - |V\A+s\A\Dh(0>\(B)|2|

2 2 2\ 253
<c(p)|B| sup (t*+|BI°) 2 ||Al — |A + s|A|Dh(0)||
tel(1-Es)|Al(1+E5)|Al]

. . 23
<c(p)és|BI*((L—és)?|AI>+|BI?) 7 |A]|
2
<c(p)|Via(B|”.
This and (5.51) imply in particular that, fer=c(n, N, p, A, A),
2 2
][|V\A+5\A\Dh<0>\(3(x))| dx<c ][\VlAl(B(x)ﬂ dx < c0?® (o).
By, By,
We are now able to apply Caccioppoli’'s inequality, i.e. Lemma 2, to obtain
2
FIVisssaionon(Du = 4 = s141Dh©) *dx < 62 (e), (5.53)
Byg

where the constartdepends only on, N, p, A andA. Now observe that (3.1) implies:
p-2 p2 2
||[Dul"z Du — |A+s|A|Dh(0)| Z (A +s|A|Dh(0))|
p=2
<c(p)(|A +51AIDRO)[* + 1Dul?) Z | Du — (A + 5|A| Dh(0)) |?

< c(p)(|A+sIAIDRO) 4] Du — (A + s|AIDRO)[2) 7 |Du — (A + 5s|A|DR(O))|> (5.54)

Therefore, using (5.53) and the previous estimate we see that

@ (0o) = ][|V(Du) — (V(Du))09|2dx < ][|V(Du) -V(A+ VIAIDh(O))|2dx < cH°d (),
ng ng

wherec = c¢(n, N, p, A, A). Now we can argue as in the case- 2: giveng € (0, 1) we choose € (0, 1/4] such
thatc 62 = 628; note tha® then depends om, N, p, A, A andB. This fixese = 0"14,i.e. e=e(n, N, p, 1, A, B),

and of course alsé=3(n, N, p, A, A, €). With these specifications the smallness assumptions we have imposed
during the proof are satisfied, if we requig(o) < <90|(V(Du))g|2 with a sufficiently small constantg =

eo(n, N, p, A, A, L,a, B) > 0in order to meet both (5.47) and (5.52). This proves the claim of the lemma.

We now iterate Proposition 4; we shall sketch the arguments here, since they are very similar to the ones
employed for the case > 2. We start withu, F satisfying the hypothesis of Proposition 4 for some ball
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B, (xp) € U. We take once agaimg to be the origin ofR” without loss of generality. Then the conclusion of
the lemma states that(9o) < 6% ® (o) < 6%Peq|(V (Du)),|?. As for (5.24) we get

1
_n ®(0) 2
(1= (wpaye) )@l <lv @i, |

Since we can choogesuch tha®’? < 1/2 we see, using also (5.52) (recall tlia 4; this is the reason for the
presence 0" in (5.52)), that® (0p) < eo|(V(Du))gg|2, i.e. the initial smallness condition which is needed to
apply Proposition 4 is also satisfied on the bBj|,. Therefore we can proceed by induction to deduce easily:
@ (0%0) <02 (o) for anyk € N. With a standard argument this leads us to the folloveingess-decay-lemma

Lemma 14. Assume that the hypotheses of Proposidoare satisfied. Then for an§ < r < ¢ we have, for
c=cn,N,p,\, A, B),

26
® (xo0, 7, (Du),) < c<§)  (x0, 0, (Du),).

We now treat thelegenerate casa the subquadratic case<p < 2.

Lemma 15. For 0 < ¥ < y and x > 0 there exist constants; = ¢1(n, N, p, A, A,y,¥Y,n(-),x) >0andt =
t(n, N, p, 1, A, v, ¥, x) € (0, 1/4] such that the following is trué&Vhenever € W7 (U, R") is F-minimizing in
U and B, (xo) € U is a ball such that

X|(V(Du))xo,g
and such that furthermore

@(xo, 0, (Du)Q) < e, (5.56)

? < @ (xo0, 0, (Du),) (5.55)

is satisfied, then
@ (x0, T, (Dit)7p) < 1% @ (x0, 0, (Du)y).

Proof. We will sketch most of the arguments here, since they are similar to the ones used in the proof of Lemma 12.
We take once again = 0. Since|(V(Du))Q|2 < x 1@ (0), we have

(o) = ][|Du|” dx < 2][‘V(Du) - (V(Du))g|2dx +2|(V(Du))g‘2
3, B,
<2(L+ x )@ (0) = ca®(0),

where this time we have abbreviatepg= 2(1+ x ~1). Now we proceed exactly as in the proof of Lemma 12 up to
(5.30), taking this time := t"T7*2” (recall thaty < (0, 1) is the Hélder exponent from the excess decay estimate
(3.9) from Proposition 1). Therefore we determing-aarmonic functiorh € Wlsl’(BQ, RY) such that

][|Dh|l’dx< 1 and ¢7” ][|w—h|pdx <o =1, (5.57)
BQ BQ
We now choosety;, € RN according to

22 2
[A2rol 2 A2zg = ][IDhlp Dhdx = (V(Dh))

BZTQ

210"
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Observe that if the mean value is zero, there is nothing to choose. Then using in turn (3.3), (3.4), Poincaré’s
inequality from Lemma 8, (3.1), the estimate for fve-distance betweem andh on B, the excess-decay estimate
from Proposition 1 in the sub-quadratic case, and the bg%pﬂ)mp dx < 1 we deduce that

— (W)2rp— A 2
f VIAZTQI(w ( )21’@ Zth)’ dx

270
210
2 2
h— (h —A
dx + ][‘VAzng< ()2;)@ Z“’X)‘ dxi|

w—nh
< c(P)I: ][ ‘V|A2rg (ﬁ)

Borp Barp

w—~h|? 2
gc(ﬁ)[][ ﬁ dx + f‘lezw\(Dh_AZTQ)‘ dxi|

BZtQ BZtQ

e, N, p)| (20) " Pe + ][ |V(Dh) — V(Azw)|2dxj|
B BZTQ

<c@n, N, p)|t? + ][ |V (Dh) — (V(Dh))ZIQ‘de}

BZTQ

<c(n, N, p)| % +1% ][\V(Dh) — (V(Dh))g\zdx}

BQ
<c(n, N, p) 2,

Recalling the definition ofv, the previous estimate yields

u — (ca® (@)Y P((h)2:o + A2:ox)
Vi(ca® @)Y/ Age,| 210

2
)‘ dx <c(n, N, p)eat® @ (o).
BZtQ

An application of Lemma 2, i.e. Caccioppoli’s inequalitydahhe use of (3.1) in a way similar to (5.54), yields
201 < f1V(Dw - V((cat (@) harg)
Bzp

semN.p) ][|V\(c4a>(g)>1/1'Azw|(D” — (ca®(@))"" Azeo) [P dx
Bro

1 — (ca® ()Y (W) 2rq + AerX))‘z i

<cn,N,p, A, A) ][ ‘V|(C4¢'(g))1/1’A2w( 270

BZTQ
<c(m, N, p,r, Neat® d(0).
Now, giveny € (0, y) we fix t € (0,1/4] such that 2(1 + x 1)t% < t2, wherec is the constant from

the previous estimate. Them,= t(n, N, p, A, A, y,7, x). This fixes the constant = §(n, N, p, T P+2r),
Moreover,u is determined byou < 8/2 (to fulfill the analog of (5.28) in our case); note that in this way also
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uw=num N,p, X, A,y,¥, x) via the corresponding choice for the analog of (5.29). Hence, :@lg9 is now
fixed. The smallness condition imposed®xyp) is then equivalent to

X Sn(w\”
‘p(Q)gm( 2, ) =:€1.

Note thate; admits the indicated dependencies stated in the formulation of the lemma. This finally proves the
assertion. O

Proof of Theorem 1. Casel < p < 2. The proof follows as for the case > 2. Indeed a lemma similar to
Lemma 13 can be derived, combining Lemmata 14 and 12 in the same way as for tlyec@sé consideration
of the structure of the excess functionalv; xo, ¢) in this case yields the partial regularity of the function
x — V(Du(x)), i.e. V(Du)is Holder continuous in an open subsgtc U of full measure. In turn, this implies
the Holder continuity ofDu (with the same exponent); for this last implication see [9], Lemma 2(4.

Proof of Theorem 3. The proof follows as for the cage> 2 noting, as mentioned before, thavif Du) is Holder
continuous with exponertt then so isDu. 0O

Remark 1. From the proofs of the Theorems 2 and 3 follows the more precise statement (which we give for
instance in the case< p < 2): “for any 8 € (0, 1) there exists¥ = M(n, N, p, A, A, B) = M(B) such that if:

. D p
lim supm >
r—0 P u;xo,r)

)

then Du is Holder continuous in a neighborhoodxef, with exponen3”. That is, the local degree of regularity of
solutions depends in a quantitative way on the speed of degeneration.
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