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Abstract

This paper studies the bang-bang property for time optimal controls governed by semilinear heat equation in a bounded domain
with control acting locally in a subset. Also, we present the null controllability cost for semilinear heat equation and an observability
estimate from a positive measurable set in time for the linear heat equation with potential.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main result

This paper continues the investigations carried out in [14]. Our main result deals with the bang-bang property for
time optimal controls governed by semilinear heat equations with control acting locally. We complete the result in [14]
in two directions: the nonlinearity of the equation; the geometry on which the equation takes place.

Let £2 be a bounded connected open set of R”, n > 1, with boundary 92 of class C2. Let w be an open and
non-empty subset of £2 and denote 1. for the characteristic function of a set in the place where - stays. Let yg € L?(2)
and v € L>(0, +00; L?(£2)). Consider the following semilinear heat equation with initial data yo and external force v:

0y —Ay+ f(y) =1,v in 2 x (0, 4+00),
y=0 on 952 x (0, +00),
Y0 = yo in 2.

Existence and uniqueness of the solution y is ensured with the following assumptions: f : R — R is globally Lipschitz
and satisfies the “good-sign” condition f(s)s > 0 for all s € R (and consequently, f(0) = 0). In such a case, for any
T > 0, the solution y is in C ([0, T']; Lz(.Q)) and the above equation holds in the sense of distributions in £2 x (0, 7).
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Our motivation is a null control problem for semilinear heat equations which means that our goal consists in finding
v e L®(0, +00; L?(£2)) such that y(-, T) =0 in £2.
The first natural null control problem solved in the literature is the following.

Question 1. What are the assumptions on f in order that the property
Vyo € L*(22), VT >0, 3M > 0, Jv € L>(0, +oo; L?(£2)),
such that y(-, 7) = 0in £2 and [|[v|| oo (0 4o0:22(2)) S M
holds? Notice that the existence of a null control v gives the one of the bound M. This property is intensively studied in

the literature (see e.g. [2,8,7]) and is called null controllability for semilinear heat equation. It holds for any nonlinear
terms which are locally Lipschitz and slightly superlinear. Precisely, it is enough for f to satisfy f(0) =0 and

S O |
lsl>o0 |s|In32(1 + |s|)

In particular, if we assume that f is globally Lipschitz with f(0) = 0, then null controllability for the corresponding
semilinear heat equation holds.

However, we can formulate another type of null control problem as follows.

Question 2. What are the assumptions on f in order that the property

Vyo € L*(22), VM >0, 3T >0, Jv € L*(0, +o0; L*(£2)),
such that y(-, T) =0 in §2 and [[v{| (0 4o0:12(2)) S M

holds? In this article, we will prove the existence of T and v under the assumption that f is globally Lipschitz and
satisfies the “good-sign” condition. Once existence of a couple (y, v) is established for yy € L?(£2)\{0} and M > 0
given, via suitable assumption on f, we introduce the following admissible set of controls

Vi = {v € L™(0, +00; L*(£2)); V]l Lo (0. 400: 22(2)) < M and the solution y
corresponding to v satisfies y(-, T7) =0 in §2 for some T > 0}.
Among all the control functions v € V), we select the infimum of all such time:
T* =inf{T; v € Vy},

i.e., the minimal time needed to drive the system to rest with control functions in V.

A control v* such that the corresponding solution y satisfies y(-, 7*) = 0 in £2 is called time optimal control. In
this article, we shall prove the existence of a time optimal control v* under the assumption that f is globally Lipschitz
and satisfies the “good-sign” condition.

Now, we are able to state our main result.

Theorem 1. Let f : R — R be a globally Lipschitz function satisfying f(s)s > 0 for all s € R. Then for any yg €
L2(£2)\{0} and any M > 0, any time optimal control v* satisfies the bang-bang property: |[v*(-, 2@y =M for
ae. te(0,T).

Clearly, bang-bang property is of high importance in optimal control theory as mentioned in [6] and [11]. In
particular, the bang-bang property for certain time optimal controls governed by parabolic equations can be provided
by making use of Pontryagin’s maximum principle (see [9,10,17]). Another approach to get bang-bang property for
linear heat equation consists in following a strategy based on null controllability with control functions acting on
measurable set in time variable as in [12] and [16]. Recently, the authors in [ 1] established an observability inequality
for the linear heat equation, where the observation is a subset of positive measure in space and time, and from which
they obtained another kind of bang-bang property of time optimal problem for the linear heat equation with bounded
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controls in space and time. Naturally, the extension of this strategy for nonlinear parabolic equations requires a fixed
point argument and an observability inequality for heat equations with space- and time-dependent potentials.

This paper is organized as follows. Section 2 is devoted to the null controllability for semilinear heat equation with
control functions acting on w x E where |E| > 0. We present (see Theorem 2) and prove an estimate of the cost of
the control functions when f is globally Lipschitz. Before giving the proof of Theorem 2, we recall the linear case
and the observability estimate needed (see Theorem 4). In Section 3, applying Theorem 2 in a very special case, we
prove the existence for admissible control (see Theorem 5) when f is globally Lipschitz and satisfies the “good-sign”
condition. Next we deduce the existence of time optimal (see Theorem 6). The proof of our main result, Theorem 1,
concerning the bang-bang property for time optimal controls governed by semilinear heat equation with local control
is given in Section 4. Finally, in Section 5, we prove the observability estimate of Theorem 4.

2. Null controllability for semilinear heat equation

The goal of this section is to present the null controllability for semilinear heat equation with control functions
acting on w x E where |E| > 0. A particular attention is given to the cost estimate.

Theorem 2. Let f : R — R be a globally Lipschitz function. Let 0 < Ty < Ty < T, and E C (T1,T>) with
|E| > 0. Then for any ¢ € C([Ty, T>], L*(£2)) and any wo € L*(82), there are a constant k > 0 and a function
v € L®(0, +00; L2(82)) such that
lv1 ||LOO((),+OO;L2(_Q)) < K||w0||L2(.Q)

and the solution w = w(x,t) of

dw—Aw+ f(p+w) — f(¢) =lLiwxevr in 82 x (Ty, 1),

w=0 on 982 x (T()v T2)’

w(-, To) = wo in$2,
satisfies w(-, T») = 0 in L*(£2). Further,

i = oK oc(T1=T0) JK (Ictc(Ta=T1))

Here,c=c(f), K =K(£2,w) > 1 and K= E(.Q, w, E) are positive constants which do not depend on Ty.

L 4ete
Remark 1. When E = (T1, 1), then k = ec(Tl_TO)eK(HTZ*TI +L+C(T2_Tl)).
2.1. Linear case
In this section, we treat the case f (¢ + w) =aw + f(¢) that is the linear heat equation with potential.

Theorem 3. Let 0 < Ty < Ty < T» and E C (T1,Tz) with |E| > 0. Let a € L*®($2 x (Ty, T»)). Then for any zg €
L%(2), there is a function vg € L*°(£2 x (0, +00)) such that the solution z = z(x,t) of

0z — Az+az=lipxgvo in 2 x (Ty, T2),
z=0 on 382 x (Ty, T»),
z(+, To) = 20 in £2,

satisfies z(-, T») =0 in L%(2). Further,

K (Ti—Top)llall Lo
lvoll Lo (2x (0,400 < e e L@@ 1)

23
K(1+(Tp—T,
< e (1+(T2 l)llaHLoc(QX(T|,T2))+”a”LOO(QX(T1_Tz)))||Z0||L2(Q).

Here, K = K(£2, w) > 1 and K= I?(Q, w, E) are positive constants which do not depend on Ty.

Remark 2. When E = (T}, T»), then K = K T
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Proof of Theorem 3. We divide its proof into three steps. In the first step, we start to solve
07— Az+az=0 1in 2 x (Tp, T1),
z=0 on 082 x (Ty, T1),
z(+, To) = 20 in 2.

Therefore, z(-, T1) € L2(§2) and it is well-known that

(T1—To)llall Loo (@ x 1y,

2. TI)HL2(9) Se " zoll L2 (g2)-

The second step consists in establishing the existence of a function v € L°(£2 x (0, +00)) such that the solution
z=2(x,t) of

a,Z—AZ+aZ=I|WEv in 2 x (11, T),
z=0 on 382 x (Ty, Tp),
2, T)=z(,T1) in £2,

satisfies Z(-, T») = 0 in L%(£2). Further,

~ 2/3
K(4+(T>—T1)llall +llal )
0]l Lo (2 x (T 7)) <eKe 2= LO®(2x(Ty.T»)) L®(Qx (T}, Ty)) ||z(- Tl)”Lz(Q)

Here, K = K(£2, w) > 1 and K=K (82, w, E) are positive constants which do not depend on Tj. Finally, in the last
step, we choose

0 ift € (0, T1) U[T2, +00),

vo(, 1) = {v(~,l‘) ift [T, ).

Since

lvoll Lo (2 x (0,4-00)) = IVl L2 x(T1,72))
the desired result holds. It is standard to get the existence of the above function v from an observability estimate. More

precisely, we apply the following result. Its proof is provided in Section 5. O

Theorem 4 (Observability estimate). Let @ be an open and non-empty subset of §2. Let T > 0 and E be a subset of
positive measure in (0, T). Then there are two constants K = K(£2, w) and K=K (2, w, E) > 0 such that for any
a=a(x,1) € L®(2 x (0, T)) and any @o € L*(82), the solution ¢ = ¢(x,1) of

0 —Ap+ap=0 in2 x(0,T),
=0 onds2 x (0,7),

satisfies

~ 2/3
”?"(" T)“LZ(_Q) <ekeK(lJrTHaHmo(rzxm.n>+llu\|LOO(QX(O_T))) / |<p(x,t)|dxdt.

wxE
Remark 3. This is a refined observability estimate. When E = (0, T), then the observability constant becomes
1 2/3
eK(l+T+T”aHL:’O(Q><(0,T))+”a||LOC<QX(O,T)))

This is in accordance with the work of [4]. When E is a positive measurable set with O its Lebesgue point, then the
observability constant becomes, for some £1 € EN (0, T),

1 2/3
eK(Hng(l ”a||LOO(Q><(O,T))+”LI”LOO(QX(OYT)))'
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2.2. Nonlinear case with Kakutani’s fixed point

In this section, we prove Theorem 2. Let 0 < Tp < T1 < T and E C (T1,T») with |E| > 0. Let ¢ €
C([Ty, T»], L2(£2)) and wg € L%(£2).

By a classical density argument, we may assume that f € C!. We shall use Kakutani’s fixed point theorem to prove
the result. First, define for any (x, t) € £2 x (T, 1),

f(¢(xJ)+7’3—f(¢(xJ)) if r #0’

a(x,t,r):{
f(@(x,1)) ifr =0.

And consider

2 . o
K= {%_ €L (-Q x (To, TZ))’ ”E||L2(T0,T2;H01(.Q))ﬂHl(To,Tz;H*l(.Q)) < K}

where k¥ > 0 will be determined later. Since f : R — R is a globally Lipschitz function, we have that for a.e. (x, 1) €
2 x (Tp, Tz) and any r e R

la(x,1,r)| < L(f)

where L(f) > 0 is the Lipschitz constant of the function f.
Next, using the fact L>°(£2 x (0, +00)) C L*°(0, +o0; L2(£2)), we know by Theorem 3 that for any & € L2(£2 x
(To, T»)), there are a function vy € L>(0, +o0; L2(£2)) and a corresponding solution z = z(x, r) of

alZ_AZ+a(a55(.7))Z=1|a)><Ev0 in £2 x (T09 TZ)’

z=0 on 452 x (Tp, T»), 2.1
z(-, Tp) = wo in £2,
such that
2(.T)=0 inL*(£2) (2.2)
and
W0l 220 (0, +o0:£2¢2) < K lwollz2¢g)- (2.3)

Here and throughout the proof of Theorem 2,

K = oK o(M=TOL(f) K AI+(T2=T) L(H+L))

where K = K(£2,w) > 1 and K=K(2,0,E ) are positive constants which do not depend on 7. Therefore, we can
define the map

A K — L*(2 x (Ty, T»)),
>z

where (2.1), (2.2), (2.3) hold.
Now, we check that Kakutani’s fixed point theorem is applicable. For convenience, let us state this result (see
e.g. [3]).

Theorem (Kakutani’s fixed point). Let Z be a Banach space and I1 be a non-empty convex compact subset of Z. Let
A I1 — Z be a set-valued mapping satisfying the following assumptions:

i) A(&) is a non-empty convex set of Z for every & € I1.
i) A(I) CII.

iii) A : Il — Z is upper semicontinuous in Z.

Then A possesses a fixed point in the set I1.
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Here Z = L*(2 x (Tp, T»)) and IT = K with an adequate choice of & given below. Clearly, K is a non-empty
convex compact set in L%(2 x (Tp, T»)). Further, from the above arguments, A(§) is a non-empty convex set in
L2(2 x (Ty, T»)). Thus i) holds.

Let us prove that ii) holds with an adequate choice of k. By a standard energy method, using the fact that |a| < L(f)
and (2.1), (2.2), (2.3), there exists C > 0 such that

T
2 2 2
I8 g, iz + [ 1260 gy < Cllunls g
To

Combining the latter with the fact that |a| < L(f), we deduce that the solution z satisfies

NN

12l 227y, 7: 1} @ (1o, 1 1020 S Cllwoll 2@y

for some C = C($2, w, E, T, L(f)) which is a positive constant which does not depend on Ty. Hence, if we take &
as follows

k= C”wO”LZ(Q)

then A(K) C K.

Let us finally prove the upper semicontinuity of A : K — L?(2 x (T, T»)). We need to prove that if &, € K — &
strongly in L2(.Q x (To, T»)) and if p,, € A(§,) — p strongly in L2(.Q X (Ty, 1)), then p € A(&). To this end,
firstly, we claim that there exists a subsequence of (m),,>1, still denoted in the same manner, such that

a(-y &) pm — a(- &C,))p  strongly in L?(£2 x (To, T»)). (2.4)

Indeed, since &,, — & strongly in L2(£2 x (Ty, T»)), we have that there exists a subsequence of (m),,>1, still denoted
by itself, such that

En(x,t) > E(x,t) forae. (x,1) € 2 x (Ty, T).

On one hand, for (x, t) with £(x, ¢) # 0, by the above, there exists a positive integer my depending on (x, #) such that
Em(x, 1) Z0  Vm =my,

which implies by the definition of a,
a(x,t,&m(x,t))—>a(x,t,§(x,t)) as m — +00. (2.5)

On the other hand, for any (x,?) such that £(x,7) = 0, by the definition of a, we have that a(x,t,&(x,t)) =
f(¢p(x,1)). Since

F @& D)+En(x,0)—f((x,0) -
a(x,t,"g“m(x,t))z e if &, (x,1) #0,
(@, 1) if &y (x, 1) =0,

it gives
a(x,t,&u(x, 1)) = a(x,1,6(x, 1)) asm — +oo.
This, combined with (2.5), implies
a(x,t,&n(x, 1)) = a(x,1,6(x, 1)) forae. (x,1) € 2 x (Tp, T»).

From the latter, the fact that |a| < L(f) and the Lebesgue dominated convergence theorem it follows that
2
la(s s &mC.) pm _a(""E("'))p”Lz(.QX(TO,Tz))
2 2
< 2||a(-,~, "Sm("'))(pm - D) ”LZ(QX(TO,TZ)) + 2” (a(~,-, é"1("‘)) - a(-,«, g("')))p“Lz(Qx(To,Tg))

2
g 2L(f)2||Pm - p”iz(QX(To,Tz)) +2|| (a(‘v'v Em(a)) - a('ﬂ'a E(.’.)))le‘z(QX(T(),Tz))

— 0.
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This completes the proof of (2.4). Secondly, since p,, € A(§,,), there exists (vy)n,>1 satisfying

(Pm)t — Apm +a('a'1 &m(','))]?m = liwxgvm 1n §2 x (Ty, T2),

pm =0 on 982 x (To, T»),
Pm (-, To) = wo in £2,
pm(,T2) =0 in £2,

1Pm Wl 203y 7 1} (21 (1, 733 120y T WPml 207y 73 20290 connm (1 s 12 02)) S €
where C > 0 is a constant independent of m, and

oIl Lo 0. 400: 22020y < Kllwoll 2(2)-
Thus, we deduce the existence of v and subsequences (v,/)>1 and (p,) =1 such that

vw — v weakly star in L*°(0, +00; Lz(.Q)),

pw — p weakly in L*(Ty, To; Hy (2)) N H' (To, To; H(£2)),

P (-, T2) = p(-, T2) strongly in L*(£2).

483

(2.6)

Q2.7)

2.8)
(2.9)
(2.10)

Finally, passing to the limit for m’ — +o00 in (2.6) and (2.7), by (2.4) and (2.8), (2.9), (2.10), we obtain that p € A(§).
By Kakutani’s fixed point theorem, we conclude that there exists w € K with an adequate choice of k& such that

w € A(w), i.e., there is a control v; € L>(0, +o00; L2(£2)) satisfying

V1l Lo 0, 400: L2¢2)) < KllwollL2(2)>
with the same K given in (2.3), and the corresponding solution w = w(x, t) solves

opw — Aw +a(~,-, w(-,~))w =liwxevr in 2 x (Tp, T2),

w=0 on 982 x (To, T2),
U)(,T())Z'LU() in Q’
w(’Tz)ZO ln Q

Since for any (x, 1) € 2 x (Tp, 1),

a(x,t,w, D)wx,0) = f(@G,0) +wx,n) = f(p@x, 1),
we finally get
ow — Aw+ f(¢+w) — f(P) =lwxevr in 2 x (To, T2),

w=0 on 382 x (To, T2),
w(-, To) = wo in £2,
w(-, ) =0 in £2.

This completes the proof of Theorem 2.

3. Existence of time optimal control

In this section, we start to prove the existence of admissible controls (see e.g. [15]). In other words we prove that

Theorem 5. Let f : R — R be a globally Lipschitz function satisfying f(s)s > 0 for all s € R. Then for any yg €
LZ(Q)\{O} and any M > 0, there are a time T > 0 and an admissible control v € L (0, +00; Lz(.Q)) such that

V1l oo (0, 400:12(52)) < M and the solution y corresponding to v satisfies y(-, T) =0 in §2.

Proof. We divide its proof into three steps.
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Step 1. We consider the following equation
Oy —Ay+ f(y)=0 in2 x(0,To),
y=0 on 982 x (0, Tp),
(.0 =yo in £2,
where Ty > 0 will be determined later. By a standard energy method, using the fact that f(s)s > 0, we have

[y T 20y <€ Nyl 2(2),

where A1 > 0 is the first eigenvalue of —A with Dirichlet boundary condition.

Step 2. We apply Theorem 2 with Ty =To+ 1, T, =To + 2, E = (T1, T2), ¢ = 0 and wo = y(-, Tp) in order that
there are a constant ¥ > 0 and a function 7 € L>(0, +-00; L*(§2)) such that the solution w = w(x, t) of

dw — Aw+ f(w) =ljuxpd in 2 x (To, To +2),
w=0 on 382 x (Typ, Ty + 2),
w(-, To) = y(, To) in £2,

satisfies w(-, Tp +2) = 0 in L2(£2). Further,

||l7||L°O(0,+OO;L2(_Q)) g K ”)’(, TO) ||L2(.Q)’
and « does not depend on Tp.

Step 3. We can easily check that the function

0 ifr € (0, Tp+ 11U [Ty + 2, +00),

v(-, 1) ifre(To+1,Ty+2),

is an admissible control with 7 = Ty + 2 when T > 0 is taken such that

1 kllyollz2(0)
To=—Inl1+ ——F—=
LW ( Ty

v(~,t)={

in order that

~ —M T
10l Lo (0,400522(2)) = 0Nl Lo (y11, 7ot 2522(2)) S K€ P Yol 22y < M-
This completes the proof of Theorem 5. O

Now, we establish the existence of time optimal controls (see e.g. [15]). In other words, we shall prove that

Theorem 6. Let f : R — R be a globally Lipschitz function satisfying f(s)s > 0 for all s € R. Then for
any yo € LZ(Q)\{O} and any M > 0, there is a time optimal control v* € L°°(0, +o0: L2(£2)) such that
10*[ Loo (0, +-00:22(2)) < M and the solution y corresponding to v* satisfies y(-,T*) = 0 in §2 where T* =
inf{T;veVy}

Proof. By Theorem 5 and the definition of 7%, 0 < T™* < T for some T > 0. Therefore, there exist sequences
(Tm)m>1 of positive real number and (vj,)m>1 of function in L°°(0, 4-o0; L2(£2)) such that T* = limy,— 00 T,
lvm |l oo (0, 400: L2 (2)) < M and the solution y,, = ym (x, 1) corresponding to vy, satisfies

0 Ym — Aym + f(ym) =1ioUm in 82 x (0, T)’

Ym =0 on 382 x (0, T),
ym(~,0)=yo in £2,
ym(,Tm)ZO ln.Q

We have by a standard energy method, using the bound M on v,, and the “good-sign” condition on f,

T

2 2
0
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Here and throughout the proof, C denotes a generic constant independent of m. Since f is globally Lipschitz and
f(0) =0, the above inequality implies

||f(ym)||L2(szx(o,T)) = “f(ym) — f(0) ||L2(szx(o,T)) <C.

Therefore, from the boundedness of — f (yn) + 1, vm, the sequence (y,;)m>1 is bounded in HY0,T; H1(£2)).
Now, we deduce the existence of v* € L>(0, +00; L?(£2)) and subsequences (U )mr>1 and (¥’ )py>1 such that

U — 0¥ weakly star in L*(0, +o0; L*(£2)) with ||v* ||Lw(0’+00;L2(Q)) <M,
v — ¥*  weakly in LZ(O, T: HO1 (.Q)) NH' (O, T: H_l(.Q)), strongly in C([O, Tl LZ(Q)).
Further,
Wy* — Ay*+ f(y*) =1juv* in2 x(0,7),
y*=0 on 32 x (0, 7),
¥, 0) = yo in 2,
and

”y*(', T*)“LZ(.Q) < ||y*(-, T*) — y*(., T

— 0 whenm' — oo.

’Lz(.Q) + |3 G Tow) = Y G Tow) L2©)

This gives y*(-, T*) = 0 in £2 and consequently, v* is a time optimal control. This completes the proof. O
4. Bang-bang property for time optimal control (proof of Theorem 1)

We want to prove that if v* is a time optimal control corresponding to the optimal time 7* = inf{T'; v € Vy}, then
lv*C, D)l L2(2) = M for a.e. t € (0, T*). To prove this, we work by contradiction. Suppose that there are ¢ € (0, M)
and a positive measurable subset E* C (0, T*) such that

[v*C. 0 o) <M —¢ Vi€ E
and the solution y* = y*(x, t) corresponding to v* satisfies
Wy* — Ay*+ f(y*) =1Lv* in2 x(0,T%),

y*=0 on 982 x (0,T*),
¥ 0)=yo in 2,
Y, T*) =0 in 2.

We claim that there exist a real number § € (0, T*) and a couple (y, v) such that

Wy —Ay+ f(»)=1lv in2x(0,T*=3),

y=0 on 982 x (0, T* —§),
y(,0) = yo in £2,
vy, T*=8)=0 in £2,

and v € L>®(0, +00; L*(£2)) with V1l oo (0, 400:L2(2)) < M. This is clearly a contradiction with the time optimal
assumption 7* = inf{T; v € Vy}.
Now, we prove our claim. We divide its proof into four steps.
Step 1. T* > 0 and 0 < | E*| < T™ being given, let 8o = | E*|/2 and denote
E=E*N(8.T").
Then
|E| > 0.
Indeed, |E* N (80, T*)| = [E*| — 80 = |E*|/2.
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Step 2. We apply Theorem 2 with 0 < Ty < T} < T», E C (T1, T») with |E| > 0 and ¢ = y*, in order that there are
a constant ¥ > 0 and a function v; € L*(0, +00; L2(£2)) such that

dw—Aw+ f(y*+w)— f(*) = lLwxevr  in 2 x (To, Tr),

w=0 on 352 x (Ty, T»),
w(-, To) = wo in £2,
w(-, T2) =0 in £2,

llvr ||L00(0,+00;L2(9)) Sk ||w0||L2(_Q),
and further « does not depend on Tjp.

Step 3. We apply step 2 with To =48, T1 = 8o, To = T*, wo = yo — y*(-, §), in order that z = y* + w solves
Wz —Az+ f(@) =1jo(v* + Ljgv) in 82 x (8, T*),

z=0 ona.Qx((S,T*),
Z(»a)z)’o in Q,
z2(,T* =0 in £2.

Denote v, = v* 4 1jgv1. On one hand, if ¢ € (0, +00)\E, then [v2(-, t)||Lz(_Q) = |lv*(, t)||Lz(_Q) < M. On the other
hand, if t € E, then

||v2("t)HL2(.Q) < ””*('J)“U((z) +vi t)||L2(Q)
<M =&+ .0 =y C.8)] 2.
Now, we choose § sufficiently closed to O in order that
[yC0) =y O o) S E/k-
This is possible because y* € C([0, T*], L?(£2)). Consequently, ||va(-, Dl 2oy < M forae. t € (0, +00).

Step 4. Let v(-, ) = v2(-, t + 8). Then v € L*°(0, +o0; L2(£2)) and further we can check that lv(, t)||Lz(Q) <M
for a.e. t € (0, 400). Let y(x, ) = z(x, t + §). Then it solves

Wy —Ay+ f()=1lv in2x(0,T*=86),

y=0 ona.Qx(O,T*—S),
¥, 0)=yo in £2,
y(~,T*—5):O in £2.

This is the desired claim.
5. The heat equation with potential (proof of Theorem 4)

The proof of Theorem 4 is based on five lemmas. From now, ¢ denotes the solution of
oo —Ap+ap=0 in 2 x (0,T),
=0 onds2 x (0,7),
@(-,0) = 9o in £2,
where a = a(x,t) € L*(£2 x (0, T)). We also denote ||a|loo = llall Loc(2x0,T))-

Lemma 1. For any @o € L*(82), the solution ¢ satisfies the two following estimates for any t € (0, T},

f\wo<x)|2dx.

2

3tllallco

/|<p(x,t)|2dxgeZ’”“”w/|<po(x)|2dx and /|V<p(x,t)|2dx <
2 2 2

This result is deduced by energy estimate and is standard. Its proof is omitted here.
Let xo € £2. Denote by Bgr = B(xg, R) the ball of center xg and radius R.
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Lemma 2. Let Ry > 0 and A > 0. Introduce for t € [0, T] and x¢ € 2,
1 lx—xgl?

— ¢ 3TN,
(T —t+1)n/2

Define foru € H'(0. T3 L*(22 0 By,)) N L*(0. T; H> 0 Hy (2 1 By,)) and 1 € O, T,
fQﬁBRO |Vu(x,1)>G;.(x, 1) dx

fQﬂBRO lu(x,)2Gy(x, t)dx ’

G)(x,1)=

Ny(t) =

whenever / |u(x,t)|2dx¢0.

.QﬂBRO

The following two properties hold.

i)
1d , X
2ar / lu(x, )| Gy(x, 1) dx + / |Vu(x, 1)|"Ga(x, 1) dx
$2NBg, 2NBg,
= / u(x,1)(0; — Mu(x,t)Gy(x,t)dx. (5.1)
£2NBg,

ii) When §2 N Bg, is star-shaped with respect to xy,

d 1 " Janpg, 10 = Mulx, DG (x, 1) dx
SN < ————N(D) +
e ST it Jarng G DPGa(x. 1) dx

(5.2)

Proof. The identity follows from some direct computations. The proof of the second one is the same as that in
[13, pp. 1240-1245] or [5, Lemma 2]. O

Lemma 3. Let R > 0 and § € (0, 1]. Then there are two constants C1, Co > 0, only dependent on (R, §) such that for
any @q € L2(.Q) with ¢g # 0, the quantity

Cy

ho = - (5.3)
14+ 20 43T lalloo a1 __So 190 () dx
ln((] + C2)(€ T ) ‘QHBR |§0(XaT)|2 dx)
has the following two properties.
i)
2C

0< <1+TI+T|Ia||oo+||a||gé3>ho<C1. (5.4)

ii) Foranyt € [T — ho, T), it holds
1
¢HTlales / oo )P dx < &' / o, 1) dx (55)
2 20B(14+s)R

for some C3 > C1 only dependent on (R, §).

Remark 4. By the strong unique continuation property for parabolic equations with zero Dirichlet boundary condition,
it is impossible to have f(mBR lp(x, T)|>dx =0 if gy € L2(£2) with gy # 0.

Remark 5. From (5.4), we have hg < T /2 and therefore T/2 < T —hg < T. Here, (5.5) says that for any ¢ sufficiently
closed to T, the following Holder interpolation estimate holds.
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G3-Cy

/ oG, D dx < (1 +cz>e1+2%+'““§‘/’3)(ema'°° / |¢o<x>|2dx) -
2

2NBg

¢

2 [

X (e / |<p(x,t)’ dx) .
20B1+s)R

This can be compared with [5, Lemma 1].

Proof of Lemma 3. The property (5.4) is clearly true because the following inequality

2
/ lo( )| dx < el / |pol* dx
2NBg 2

holds by Lemma 1. We prove (5.5) as follows. Let 2 > 0, p(x) = |x — xo|2, X € CgO(B(xo, (1 +8)R)) be such that

0< x <1, x=1o0n{x;|x — x| < (1+38/4)R}. We multiply the equation 8;,¢ — Ap +ap =0 by e /" x2¢p and
integrate over £2 N B(14s)r. We get

1d
27 / efp/h|x<p|2dx + / V(pV(efp/hxz(p) dx
2NB+s)R £20Ba+s)r
=— / ae "My dx.
20B(145)R

But, V(e /" x2¢p) = %Vpe*p/hxzq) +2¢ Py Vx o + e /" x2V . Therefore,

1d / e P M xePdx + / e P M xVe|*dx

2dt
QNB+s)R £20B(+s)R

2
< / (e7"/CM1xVgl) (zu — xole™ Wy lg| + ZIVxIe_"/(Zh)ka) dx
£20B+s)R
N R
£2N0B1+o)R

which gives by Cauchy—Schwarz inequality
d 4((14+8)R)?
— / e M xeldx < <“+—2)) +2||a||oo) / e "M x ol dx

h
2NB1+5)R 2NB(1+5)R

+4 / IVx?e "> dx.
20{x;(1435/4) R</p(x) < (1+8) R}
Thus,

d A+ R)?
E(e (DR 42 a0}t / ep/h|x(p|2dx>

20B(1+5)R

HA+HR)? 1438/4)R)?
4 +2|la t « /HR)
g ”VX”Z ( n2 llalloo) T 2t|lallco | ;0|2 ,
2

which gives by integration between ¢ and T,
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2
(MDA 42)alloo) (T —1)

e_p/h})((p(', T)|2dx<e e_p/h’)(ga(',t)‘zdx

Q2N0B(1+5)R 20B(145)R
T
L / o gy 4V e [ oo a
1
Therefore,
| R?
g TP < BTN [ gl ds
QNB(14+5)R 20B(145)R

(T 1)

c R2
+e T T d Vy PN % / 9ol dx.

with ¢; = 4(1 + 8)% and ¢ = (1 + 38/4)2. Set ¢3 = (1 4+ 8/2)%. In particular, 1 < ¢3 < ¢3. Recall that 7 < 7. Now
suppose that the positive real number 4 is such that

2 —C3
€1

then C‘ L(T —1) < = and

(c —c)R2
/ e Py T dx e F7 2T el / e/ xo (0| dx

0<T— h<t,

2NBa+5)R L0B(145)R
c— _%_RZ
+ 4|V x[|7 e 14l o 2" e |pol* dx.
Q
Since x =1 on {x; |x — xp| < R}, the above estimate yields
(ch—c3+1DR?
[ lote D ax < e S @ f e 0| dx
NBr 0B8R
) — _ (e3—DR” 1)
+ 4?1 | Ve / o] dx, (>6)
whenever 0 < T — 2= ”h <tandt < T.Recall that iy < T from (5.4). Now, choose h € (0, Cz C T) as follows.
c c C
he L 1 1

0 2/3
C2—e3 2= €31 20 (14+CpeTIeloo Hal [ gy ()2 dx
In((e' ™7 5
f.QﬁBR lo(x,T)|*dx

. . 2 .
with C| = w and C> = 4[|V x||3 «C1, in order that for any T — Qc;l”h <t<T,

c2—c3, _(G-LR 2
4e*Tlal | vy |17 he™ " H loo(x)|” dx
1

h (c3—DHR?
=e2T”“”°°C2C—O€_—% 7 /|¢0(x)|2dx
1

2
< ZOe_(q DR 1+, )e3T|\a||oc+||aHoo /|§0O| dx
1
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(c3—DR? 1 (c3—DR?
<e” o ——e = / |(p(x,T)|2dx
el Tt
$2NBgr
1 2
<= | oGl D dx (5.7)
e
2NBg

where we have used in the third line the fact that kg < C from (5.4). The definition of /& along with (5.3) was applied
in the fourth line. Since ¢t € [T — hg, T), it yields that 0 < T — %h <t < T and further, combining (5.6) and (5.7)
we have

f ‘go(x,T)izdxée ezTHa”oc / |q)(x,t)|2dx+é / |(p(x,T)|2dx

£2NBg 0B8R 2NBgr

(L'27L'3+1)R2
h

which gives

1 ) (62—C3+l)(t‘2—t‘3)R2i 2
(1 — —) / }go(x, T)‘ dx <e 3 hg 2T lallco / |<p(x, t)’ dx.
e
2NBR 0B8R

On the other hand, by the definition of /& and the fact that T'||a||ccho < C1 from (5.4),

1
earuanmﬂ%(x)fdx<63T||a||meclho / (e, T)| dx
2 2NBg

1
< e4c1 ho f |(p(x, T)’zdx.
2NBg
We conclude that

(1 B l>e3T||a|m/|¢0(x)|2dx<6C3h10 / lp(x, 0] dx
2

e
£2N0B(1+8)R

2
with C3 = M + 6C. This completes the proof. O

Lemmad4. Let 0 < r < R. Suppose that B, C §2 and 2 N\ B(1425)r is star-shaped with respect to xq for some § € (0, 1].
Then there are C1, Ca > 0 and B € (0, 1) such that for any T > 0 and ¢o € L*(£2),

B 1-p
20 2/3
/ |g0(x, T)\zdx < <(l +C2)61+T1+3T”a”"°+”“”°° /|<p0(x)|2dx> <2/|(p(x, T)|2dx) )
Q By

£2NBgR

Here C1, Cy > 0 are only dependent on (R, §). B only depends on (n,r, R, §).

Proof. There is no loss of generality in assuming that ¢g # 0. Let 0 <r < R and Rg = (1 +28)R. Let x € CgO(BRO),
0< x <1, x=1o0n {x;|x — x| < (1+35/2)R}. We will apply Lemma 2 with u = x¢. First, (d; — A)u = —au —
2VxVe — Axe. Next, define g = -2V x Ve — Axo.

Step 1. Notice that g is supported on {x; (1 +36/2)R < |x — xg| < Ro}. Recall the fact that x =1 on {x; |x — xg| <
(1 4+ 8)R}. Then there is C = C(R, §) > 0 such that we have

—1/2y,3llalloo 2
f_(mBROu(x,t)g(x,t)G)\(x,t)dx _ C(1 + 1712 Mlalle [ gy (x)] dxe*TEfH

Jansg, . DPGL(x. dx JorBs 19D dx

and

T 2 T )
meRO lg(x, $)I7Gi(x,s)dx <fc(1+sl)e3s||a|oof9 oo 2dx <

3 3 e T—s+x ds
) fﬂﬂBRO lu(x, $)2G;.(x, s)dx fQﬂB<|+5)R|(p(x’s)| dx
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2 2
with C4 = — <(1+2>R> + ((1+3Z/2)R)
ho, T),

> 0. Then we have the existence of ¢ = ¢(R, §) > 0 such that for any ¢ € [T —

Jansg, 40 D80, NG (x. 1) dx .
2NBg, <c<1+i>ec3%e Cy

G
Jonsg, 4@ DPGL(x. 1) dx

and

¢ fmeRO lg(x,)|?G(x,5)dx .
N
y fntROW(X,SNZG;\(x,s)dx

Cr L C
37— 4
h -

g ce 0e T—t+xr

by using (5.4) that gives the two inequalities hg < C1, T/2 < T — hg <t < T and Lemma 3 saying that

3T 2

3T llallo f_Q lpo(x)|~dx < 1+C3%
J: lp(x, 2dx
20B+s)r J

ifT —ho<t<T.

Step 2. Now, our plan is to bound AN, (T). We apply Lemma 2 as follows. First of all, by (5.2)

d 1 Janpg, I(-au+ &), DG (x, 1) dx
TN < —— Nyt
ar O S T MO+ Jarg G DG (x. D dx

becomes
f.QﬂBRO [(—au + g)(x, l)lsz(x, t)dx

fQﬂBRO lu(x, 0)|?Gy(x, 1) dx

d
E[(T —t+ VN S(T =1+ 1)

Thus, it holds

Jansg, 180 DG (x. 1) dx)

d 2
(MmN ]2t =t A)<||a||oo " frmBRo lu(x, 1)|2Gy(x,1)dx

it
which gives

Jansy, 186 9)PGax,s)dx

ds
meBRO lu(x, s)12G(x,s)dx

T T
AN(T) < (T—t+k)NA(t)+2||a||go/(T—s+k)ds+2/(T_s+)L)
t t

Therefore, forany 0 < T — e <t < T (where ¢ € (0, hg] will be determined later)

; meRO lg(x, $)12Gy(x,s)dx

ds
/ fQﬂBRO lu(x, $)|>Ga(x,s)dx

1
mANA(T) < Ny () + 2¢lall%, +2 (5.8)

Secondly, by (5.1),

1d

2dt / |”(X,t)|2Gx(x,t)dx+ / |Vu(x,t)|2Gk(x,t)dx
208k QNBg,

- / u(x,t)(—au+g)(x, )G, (x,t)dx

2NBg,

becomes
1d
2dr / |u(x,t)|2Gk(x,t)dx+N,\(t) / |”(x’l)|2G,\(x,t)dx

2NBg, 2NBg,
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== f a(x, t)|u(x, l‘)‘zG)\(x, t)dx
.QﬂBRO
fQﬂBRO u(x,1)gx,)Gy(x,t)dx

Jansg, 10 DPG(x, 1) dx

/ lu(x, ]Gy (x, 1) dx. (5.9)
.QﬂBRO
Therefore, combining (5.8) and (5.9), we obtain that forany 0 < T —e <t < T
1d

) 1 2
T / lu(x, 1) Gy(x. Dy dx + ——ANA(T) / |u(e, )" Ga(x, 1) dx

.QQBRO QQBRO

2 2
< (lalloo +2¢lla]2) / e, 1) 26 (e 1) dx + / e, )26 (x. 1) dix
QOBRO -QQBRO

Jong, 4,08, NG, 0 dx [ [onp. |80, )G (x,s)dx
R Ro
X

+ ds
-f-QﬁBRO lu(x, 0> Gy (x, 1) dx / meBRO lu(x, $)12Gy.(x, s) dx

Now, define, for any ¢ € (0, hg],

1 (C3+Cy) - _Ca
Qhoé‘)\.=c(3+— e ho e 541 (5.10)
1 Gy \/T

given from the fact that using step 1,

fﬂﬁBRO u(x,1)g(x, )Gy (x, 1) dx . L fQﬁBRO lg(x,8)>G;.(x, 5)dx y
fQQBR0|u(x,t)|ZGA(x,t)dx /meBRO lu(x, $)|1*G;.(x, s)d x y
< Ohpe,n forany0<T —e <t < T withe € (0, hg].

Then, it holds
1d

S / luGx, [ Ga(x, 1) dx

$£2NBg,
1 2
< —(mAN,\(T) — llalloo — 2¢llall3; — Qho,s,k) / ux. 0] Gr(x. 1) dx
QﬂBRO

which implies

d 1 2

E(;(mmm—mnw—zsna|w—Qh0,g,A)z / e, G r, ,)dx) <0
.QﬂBRO

for 0 < T — ¢ < t. Integrating over (T — ¢, T — ¢/2), we get

£

o FEANAT) f uG, T — e/ Galx, T —e/2) dx
QOBRO

< eflallo+2e%lal g i e / lu(x, T — &)|*Go(x, T — &) dx
QOBRO

that is
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e 1 _ lx=x?
e N (T) / u(x, T —&/2)|" —————¢ 320 dx
(8/24 a)n/?
.QﬂBRO
212 1 bl
< efllalloot2e%lallse g€ O e.n / |u(x, T _5)| TN (.
(e +1)n/2
QﬂBRO
Thus,
lr—xo |2

5 bl
lu(x, T —e&)|e *+M dx
TN < pellalloot2e? al o Qg e fQ”BRo ’

_ \x—xo\z
Janpg, 10, T —e/2)[2e” 52 dx

Now, since § € (0, hol,

[x—x 2

|
2 -Gy (+5R)>
fﬂﬂBRo lu(x, T —&)|*e” &+ dx e 2Tl [ gy ()2 dx

<
_ l=xgl? = lo(x, T —&/2)|2dx
S, 1406, T = &/2) 2™ dx S

((1+8)R)? 1
<o el+C3 o

3T lalloo 2 L
¢ Jo 0@ dx < el+c3 ho if T — hg <t < T. Therefore, for any ¢ € (0, ho],

a3
Indeed, by Lemma 3, we know that me(l+5>R e S

e+ A 200,12 (+HR? 14031
ANA(T) < — In(eflalloot2e7Nallse o€ Cng.e g ™2 ¢ 730
£

e+ ((1+8)R)? 1
< . ( % +e||a||oo+2ez||a||§o+th0,8,A+1+C3%. (5.11)

Step 3. Now, we choose A = pe with u € (0, 1) which will be determined later and
C
el
in order that Qj, ¢, given by (5.10) satisfies the following bound
1 C3+Cy (1—2) 1 C3+Cy = 1
Qho,s,A<C(3+TT>e o T+a =c<3+ﬁ>e R TR <c<3+ﬁ>

and further, using the fact that ¢ < hg, (5.11) becomes

(14+8)*R*\ 1 1
AM(T)gz(l+ho||a||o<>+2h§||a||§o+(C3+C4)(1+C44 h—0+c 3+ﬁ ho ).

Next, we deduce that

s n (14+8)2R2\ 1 1
eAN, (T) < 2| & + ehollalloo + 2ehgllalls, + &(C3 + Ca) 1+T h—o—i-sc 3+ﬁ ho

1 h
< 2(h0 +hoT llalloo + 2k lali3 + 3 (Ca+ (1+8)*R?) + c<3h3 +,/ ?Ohg/Z))
1
< z(zc1 +2C7 4 3 (Cat (1 4+8°R?) + (3¢} + €}/ 2))

where in the last line, we used the following four inequalities g < Cy, hg < T, hoT ||allco < C1 and h(3)||a||<2>o < Cf
obtained in (5.4) of Lemma 3. Therefore, we conclude from the above bound of eAN, (T') that
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160 (1 v <28 ( ey + eanuT)
el n < i G+ er,
< (1l + Cop) (5.12)

for some Cp > 0 only depending on (n, 7, R, §).

lx—xgl?
Step 4. Now, we are able to bound f QNB lu(x, T)|?e” 7 dx as follows. Since £2 N Bpg, is star-shaped with
0
respect to xo, we have (see, for example, [13, p. 1238] or [14, Lemma 2.5], [5, Lemma 3]),

1 2 2 _
Ten / |x — xo| |u(x,T)|e

QﬁBRO

n lx—xg[?
< 1 / |u(x,T)‘2e_ / |Vu(x,T)|2e_ e dx
.QQBRO -QQBRO

lx—

ol?
4 d_x

which implies

/ |u(x, T)|zef‘ _M0|2 dx
2NBg,

g/\u(x,r)yze—xii"'z / ﬂw,mze— S g
B (@B B

</|u(x,T)|2e [4An f u(x, T)Pe™ / 1622 Vu(x, T)[ e~ }
B, 2NBg, 2NBg,

<f|¢(x,T)|2e— “;ZAEH\NA(T)} f luGe, T2~ ® ax
B, " 2NBg,

where in the last line we used the definition of N, (7") and the fact that u = ¢ in B,. Combining the above inequality
and (5.12), we deduce that

f lu(x, T)[Pe™ /|g0(x T)|%e” dx+u(1+Co) f |uCx, T)[ e~

QﬂBRO QOBRO

‘2
dx. (5.13)

Step 5. Now, we choose u € (0, 1) as follows.

1 1

3T G

Then, A = pue = uﬁho = %(HCO)C(W}ZO and by using the definition of &g, we have

/‘go(x,T)\zdxgeﬁ_kz / |u(x,T)|ze_

2NBgR -QmBRO

lx—xgl?
40 dx

< Zeﬁ_i /|(p(x, T)|2e_
By

(1+C0)(C3+C4)R2

< 2e h0/|<p(x T)| dx
B
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2
21 T lallootHlal 2 U+C(C3+CHR?
eI+ T e ~ Ja |<po(x>|2dx>

Jons, [0 ) dx

2((1 +C) /}go(x,T)}zdx.

B,

(1+Co)(C3+C4) R?

We conclude that the desired estimate of Lemma 4 holds with § = CICi (4 CO(Cor D)

proof of Lemma 4. O

7 € (0, 1). This completes the

Lemma 5. Let @ be a non-empty open set of §2. Then there are C = C (@, §2) > 0 and B =B, 2) € (0,1) such that
forany T >0 and @ € L*(£2),

B 1-B
x, T)|"dx <e€UtT T lalloo+lallSE) 0> dx x, T 2dx .
|<p( )| lpo ()] lo(x, T)|
Q2 &

Proof. Firstly, by Lemma 4 and constructing a sequence of balls chained along a curve, we claim that, for any compact
sets @1 and ®, with non-empty interior in 2, there are constants C = C(O1, &3, 2) > 0 and o] = v1(O1, O, £2) €
(0, 1) such that

2/3 (03] l—l)l]
/|<p(x,T)yzdx<eC<l+ F+Tllallco+lall2 ></y¢o(x)|2dx) (/y¢(x,r)yzdx> . (5.14)
® 2 &
Indeed, since @ is a compact set in §2, there are R > 0 and finitely many points xi,...,xp such that ®; C

Ui=1..m B(xi, R) and B(x;, 3R) C £2. Next, foreachi € {1, ..., M}, we choose p € (0, R) and finitely many points
q0, - - - » ¢m With the following properties:

Xi =qm,

©2 D B(qo, p),

B(gj+1,p/2) C B(gj,p) Vj=0,....m—1,

B(gj.3p)C 2 Vj=0,....m.

Thanks to Lemma 4, there exist o, o1, a1 € (0, 1), such that

1-0o
2/3 2
lp(x, T)|? dx < eCOFTHT lalle Hlalls </|<po(x)| dx) lo(x, T)| dx)
B(xi.R) B(x;. p/2>
-0
2/3 2
eCUFT+T el lalo </|<P0(x)| dx) ( lo(x, T)| dx)
B(gm.p/2)
l—0o
2/3
< eCUHT T lallctHlal (/|<p0(x)| dx > ( |<P(x,T)|2dx)
B(qm-1,p)
2/3
< COH AT laloolal (/|¢0(x)| dx)

1] 2/3 2 7 2 e
% (ec( +r+Tllalco+Hlalls (/]¢O(x)| dx) < / lo(x, )| dx) )
2

B(gm-1,0/2)

17
< LCU+E4Tallso+al2 2\ 2 “
<e |lpo(x)|”dx lo(x, T)| dx :

Q B(q0,p)

where C > 0 may change value from line to line. This implies the desired inequality (5.14).
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Secondly, since §2 is bounded with a C? boundary, there is a finite set of triplet (g;, R;, ;) € £2 x ]R*Jr x (0, 1],
j=1,...,m,such that

IR C U B(g;, (1+28,)R;)

.....

and 2N B(qj, 1+ 28j)Rj) is star-shaped with center ¢; for some §;. Then we apply Lemma 4 with 2 N B(q;, (1 +
28;)R;) for j =1, ..., m, and the same arguments as above to get that, when ¥ is a neighborhood of 92 and ®3 is a
compact set with non-empty interior in §2, there are constants C = C (¢, @3, £2) > 0 and ar = oz (9, ©3, £2) € (0, 1)
such that

2 CO+ L+ T aloo+lal 2L 2.\ 2\
o, T)[dx < U |pol dx o, D7dx ) .
9 2 O3

Finally, we derive the desired estimate from the previous two statements with £2 C (¢t U®1) and (©, U @3) C @. This
completes the proof. O

Now, we are able to present the proof of the observability estimate of Theorem 4.

Proof of Theorem 4. We start with the following interpolation estimate deduced by Lemma 5 and the Young inequal-
ity. Forany 0 <ty <t < T,

K
leC. t2)||L2(.Q) _6[2 i leC., t2)||L2(w)+£||¢’( tl)”Lz(.Q) Ve > 0.

2/3 ~

14T llalloo o .
2015 [ HT lalleotlalles) and K, = —C _ in Lemma 5, a= A _ in Lemma 5. By Nash

Here, & € 2, K 2<1 )
@Ewc i, f= 20-P) -

inequality and Poincaré inequality,

K
loC )| 26 < 3,1—/32 loCo )1 +81V0C )] 20, V8> 0.

Here K3 > 0 only depends on (@, w, §£2). By Lemma 1, we know that

Ky
Vot 2] 2, < G loC.t)] 20,

Ky

with K4 = 2T lallc Therefore, from the above three estimates with 5,‘ -y 4 — ¢, we get

(t2— 11)1/2

K Ky
ot 22) ||L2(.Q) et e (5;1/2 leC, ’2)||L1(w) +5m”‘/’("’1)um(m> +‘9”¢('vt1)“L2(m

< —KIKSefzK—zfl : e’2K‘2’1 K1k nﬂ“‘ﬁ(' ) H +2e ||§0(' ll)”

S catl (t —11)1/2 ) L(w) ) L2(2)
KiKs  pon e (KiKg\"?

S etz <—/E2> leC )1 +2¢l0C 0] 20

_Ke
S (2¢)Y e H(p(~, n) ||L1(w) +2e ||€0(', f1)||Lz(_Q) Ve >0,

denoting y =a/(1 + %) + 4, Ks = 2"‘+(°‘+1)”/2K1K3(%)”/2 and K¢ = (3 + DK>.

On another hand, let E be a subset of positive measure in (0, 7). Let £ be a density point of E. Using
[14, Proposition 2.1], for each T > 1, there exists £1 € (£, T'), depending on 7 and E, such that the sequence {£;;},n>1,
given by

1
b1 =L+ —m(ﬁl —0),
T
satisfies

gm - €m+l < 3|E N (£n1+lsﬁm)|~
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Next, let 0 < £,,42 < 1 <t < £, < €1 < T. We apply the above interpolation inequality to get
K,

K 6
2T 90 1 e l9C i) 20y Ve >0,

52
Recall that by Lemma |

leC, ’)”LZ(Q) S

loc. Zm)”LZ(.rz) < Kae.0) ”LZ(Q)'

Therefore,
Ks X6
||(p(’ zm) ||L2(.Q) < K4<8—yetzm+2 ||§0(7 t) ||L1(a)) + 8”(;0(3 €m+2)”L2(Q)) Ve > 0.

Finally, with K7 = (K4)'17 K5,

K7

Ke
||¢(a Zm) ||L2(.Q) g e_ygt*£m+2 ||§0(a t) ||Ll(a)) + ‘9||§0(7 ZWI+2) ||L2(Q) Ve > O

Integrating it over t € E N ({41, £m), it yields that

o
K7 Ko
|EN (Zm+1’£m)’H‘/’("Zm)”LZ(.Q) S 8_},76['"4"7['"“ / Le|eC, t)“Ll(a)) dt
Zerl

+e[EN Cnrt, ) |[0C nr2) |12, Ve >0

That is, using the fact that €,, — €,,,41 = %m(r -1 —90),

o
LK1 kel )
||¢(-,£m)||Lz(9)<m8_ye ot / 1E||§0(-,t)“Ll(w)dt+5||(p(.,gm+2)”L2(9)
Zm-%—l
elll
1 " (K7 kel b, 2t
<3|:€1 —¢ rT— 1i|g_l/7€K6[(1_{ = / 1E||<P(~,t)HLl(w)dt
bt
+elloC, tni2) ”Lz(ﬂ) Ve > 0.
Therefore,
o
13K 1 gt
loCtm)] 12 < J?éezmeli( - / LelloC 0| 1y dt +ell0Clmsd) | o) Ve > 0.
nt1

Take d = 2K6[€11—_€ ﬁ]. It guarantees that

1o
w2 m2 3K
Ve d™" loCo )] oy — &7 e " . loC. w20y < ;f; f LelleC. 0], dt Ve >0.
L1
Take ¢ = e‘dtmﬁ, then
L
—(y+1)drm+2” | _ —(2+y)dfm+2H (.0 [ 3K le|leC, 0 dt
e (0(, m) L2(R) e (A m+2) L2(2) X 'L'K(, E (p(v ) L' (w) .
[nH»l
Take T = ]’:—ﬁ, then
Z’n
e—(2+y)drm ||(p( Y )H _e—(2+y)dr’n+2 ”(p( Y, 2)” <§ﬁ 1E||(p( [)” dt
stm LZ(Q) s tm+ LZ(Q) X T K6 ) Ll(a)) .

Lt
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Changing m to 2m’ and summing the above from m’ = 1 to infinity give the desired result. Indeed,

1 _ 2 _
K° R G T)||L2(9) @yt H¢(~,€2)||L2<9)
= 2m’ 2m’+2
< Z(e_(zﬂ/)dr pr(',ﬁzm/)HLz(Q) — e T o Lo 12) HLZ(.Q))
m'=1
Ly
3 K7 +00
rr [ el
=Ly
3K ;
K7
T Ke Le|oC, t)”L‘(a))dt
0

This concludes the proof of Theorem 4. O

Remark 6. When E = (0, T), then we can take the sequence {£,,},,>1, as follows

T

em-H = ‘L’_m’

so that the observability constant becomes

2/3
KU+ 34T lalls+lall)

When E is a positive measurable set with 0 its Lebesgue point, then we can take the sequence {£,,},;>1, as follows

4
em—&-l )

.L-m

where the existence of £1 comes from [ 14, Proposition 2.1], so that the observability constant becomes

2/3
KU+ +llallooHlalsy 4
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