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Abstract

We consider N independent quantum particles, in an infinite square potential well coupled to an external laser field. These
particles are modelled by a system of linear Schrodinger equations on a bounded interval. This is a bilinear control system in which
the state is the N-tuple of wave functions. The control is the real amplitude of the laser field. For N = 1, Beauchard and Laurent
proved local exact controllability around the ground state in arbitrary time. We prove, under an extra generic assumption, that their
result does not hold in small time if N > 2. Still, for N = 2, we prove that local controllability holds either in arbitrary time up
to a global phase or exactly up to a global delay. This is proved using Coron’s return method. We also prove that for N > 3, local
controllability does not hold in small time even up to a global phase. Finally, for N = 3, we prove that local controllability holds
up to a global phase and a global delay.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. Main results

We consider a quantum particle in a one dimensional infinite square potential well coupled to an external laser
field. The evolution of the wave function y is given by the following Schrodinger equation

{iazw = -5V —u@pu)y, (6,x)€0,T)xO,1),
Y(t,0)=y(,1)=0, 1€(0,7),
where n € H 3((0, 1), R) is the dipolar moment and u : ¢ € (0, T) — R is the amplitude of the laser field. This is a

bilinear control system in which the state ¢ lives on a sphere of L>((0, 1), C). Similar systems have been studied by
various authors (see e.g. [0,15,38,44]).

(1.1)
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We are interested in simultaneous controllability of system (1.1) and thus we consider, for N € N*, the system

{ia,yff =329/ —uyu) Y/, ¢ x)e©,T)x©,1), je{l,...,N}, (12)
Yi(r,0) =47, 1)=0, te0,T), je{l,...,N}. '

It is a simplified model for the evolution of N identical and independent particles submitted to a single external laser
field where entanglement has been neglected. This can be seen as a first step towards more sophisticated models.

Before going into details, let us set some notations. In this article, (-,-) denotes the usual scalar product on
L2((0,1),C) i.e.

1
<f,g>=/f<x)@dx
0

and S denotes the unit sphere of L2((0, 1), C). We consider the operator A defined by
D(A) := H* N H} ((0, 1), C), Ap :=—32 o.
Its eigenvalues and eigenvectors are
A = (k)2 o (x) :=~/2sin(kmx), VkeN*.
The family (¢x)ren+ is a Hilbert basis of L%((0, 1), C). The eigenstates are defined by
Pr(t, x) := gr(x)e ™ (t,x) e RT x (0, 1), k € N*.
Any N-tuple of eigenstates is solution of system (1.2) with control # = 0. Finally, we define the spaces
Hy ((0,1),C) :=D(A?), Vs >0,
endowed with the norm

+oo 1/2
I W, = <Z|k5('a€0k>|2)

k=1

and
+oo
h*(N*,C) = {a = (@ken- €C; Z|ks“k|2 <+
k=1

endowed with the norm

oo 12
lallps == (Z|k‘ak|2) .
k=1

Our goal is to control simultaneously the particles modelled by (1.2) with initial conditions

1/fj(0,x)=(pj(x), xe,1), je{l,...,N}, (1.3)

locally around (@1, ..., @) using a single control.

Remark 1.1. Before getting to controllability results, it has to be noticed that for any control v € L2((0, T),R), the
associated solution of (1.2) satisfies

(vi (@), v* @) = v/ (), ¥*(©0), Vvtelo,TI.

This invariant has to be taken into account since it imposes compatibility conditions between targets and initial con-
ditions.
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The case N =1 of a single equation was studied, in this setting, in [6, Theorem 1] by Beauchard and Laurent.
They proved exact controllability, in H(30), in arbitrary time, locally around @1. Their proof relies on the linear test,
the inverse mapping theorem and a regularizing effect. We prove that this result cannot be extended to the case N = 2.

In the spirit of [6], we assume the following hypothesis.

Hypothesis 1.1. The dipolar moment © € H 3((0, 1), R) is such that there exists ¢ > 0 satisfying

c .
|<M(Pjs(/)k)| > = VkeN*, Vje({l,...,N}).
Remark 1.2. In the same way as in [6, Proposition 16], one may prove that Hypothesis 1.1 holds generically in
H((0. 1), R).

Using [6, Theorem 1], Hypothesis 1.1 implies that the jth equation of system (1.2) is locally controllable in H(30)
around @;.

Hypothesis 1.2. The dipolar moment 1 € H3((0, 1), R) is such that
2 2
A= (uor, o0){(1) 02, 92) — (@2, 02)((11) @1, 91) # 0.

Remark 1.3. For example, 1 (x) := x> satisfies both Hypothesis 1.1 and 1.2. Unfortunately, the case u(x) := x studied
in [44] does not satisfy these hypotheses. But, as in [6, Proposition 16], one may prove that Hypotheses 1.1 and 1.2
hold simultaneously generically in H3((0, 1), R).

Remark 1.4. Hypothesis 1.2 implies that there exists j € {1, 2} such that {ug;, ¢;) # 0. Without loss of generality,
when Hypothesis 1.2 is assumed to hold, one should consider that (ueq, ¢1) # 0.

Theorem 1.1. Let N =2 and € H>((0, 1), R) be such that Hypothesis 1.2 hold. Let o € {—1, 1} be defined by
o = sign(A{ue1, ¢1)). There exists Ty > 0 and & > 0 such that for any T < Ty, for every u € L2((0,T),R) with
lull 20,7y < & the solution of system (1.2)~(1.3) satisfies

(W), y2(1)) # (D1(T), (V1 = 82 + i) ®y(T)), V8> 0.

Thus, under Hypothesis 1.2, simultaneous controllability does not hold for (!, ¥2) around (®;, ®,) in small
time with small controls. The smallness assumption on the control is in L? norm. This prevents from extending [6,
Theorem 1] to the case N > 2. Notice that the proposed target that cannot be reached satisfies the compatibility
conditions of Remark 1.1.

However, when modelling a quantum particle, the global phase is physically meaningless. Thus for any 0 € R and
¥l w2 e L2((0, 1), C), the states e (!, ¥2) and (3!, ¥?) are physically equivalent. Working up to a global phase,
we prove the following theorem.

Theorem 1.2. Let N =2. Let T > 0. Let 1 € H>((0, 1), R) satisfy Hypothesis 1.1 and {jup1, ¢1) # (@2, ¢2). There
exists 0 €R, g > 0and a C! map
I:0 — L*((0,T),R)

where
2

Oryi= 1 (V7 V) € Hig (0.1 ©)%s (v vj) =y and 3 [yf =70, (D o <o

such that for any (gﬁ}, w}%) € Oy, the solution of system (1.2) with initial condition (1.3) and control u = F(Iﬁ}», w%)
satisfies '

(W' (1), ¥ (D) = (¥}, ¥7).
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Remark 1.5. Notice that, using Remark 1.1, the condition (1//}, W;) = §j— is not restrictive. Indeed, as Yi0)=¢ s
we can only reach targets satisfying such an orthonormality condition.

Remark 1.6. The same theorem holds with initial conditions (w(;, wg) close enough to (¢1, ¢2) in H(30) satisfying the
constraints (wé, wg) = (w}, w}) (see Remark 4.1 in Section 4.2).

Working in time large enough we can drop the global phase and prove the following theorem.

Theorem 1.3. Let N = 2. Let i € H3((0, 1), R) satisfy Hypothesis 1.1 and 4{u1, 1) — (@2, ¢2) # 0. There exists
T* > 0 such that, for any T > 0, there exists g > 0 and a C 1 map

0471 — L*(0,T*+T),R)

where

2
Oso,Tzz{(l//},l//]%)eHg»((o, 1),C)% (W}, ¥) =8k and Z||1pf D (T)||H3 <80},

j=1

such that for any (’ﬁ}w wj%) € Og,.1, the solution of system (1.2) with initial condition (1.3) and control u =
F(w}, wjzp) satisfies

(W (T +T). 9> (T* + 7)) = (V). ¥7).
Remark 1.7. Remark 1.6 is still valid in this case.

We now turn to the case N = 3. We prove that under an extra generic assumption, Theorem 1.2 cannot be extended
to three particles. Assume the following hypothesis.

Hypothesis 1.3. The dipolar moment 1 € H 3((0, 1), R) is such that

B:= (g3, 03) — (g2, 02)) () 01, 1)
+ ((ne1, 01) — (g3, 0){(1) 02, 92)
+ ({2, 2) — (o1, o1)((n ) 93, 93) #0.

Remark 1.8. Hypothesis 1.3 implies that there exist j, k € {1, 2, 3} such that (ue;, ¢;) # (uek, ¢r). Without loss of
generality, when Hypothesis 1.3 is assumed to hold, one should consider that (uer, 1) # (L2, 2).

Remark 1.9. Again, Hypotheses 1.1 and 1.3 hold simultaneously generically in H3((0, 1), R).
We prove the following theorem.
Theorem 1.4. Let N =3 and i € H3((0, 1), R) be such that Hypothesis 1.3 hold. Let g € {—1, 1} be defined by B :=

sign(B((g2, ¢2) — (o1, ¢1))). There exists Ty > 0 and & > 0 such that, for any T < Ty, for every u € L>((0, T), R)
with |[ull 20,7y < € the solution of system (1.2)-(1.3) satisfies for every § > 0 and v € R,

(v (D), (D), ¥ (1)) # €™ (D1(T), Po(T), (V1 — 82 +i8) D3(T)).

Thus, in small time, local exact controllability with small controls does not hold for N > 3, even up to a global
phase. The next statement ensures that it holds up to a global phase and a global delay.
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Theorem 1.5. Let N = 3. Let 1 € H3((0, 1), R) satisfy Hypothesis 1.1 and 5{pe1, ¢1) — 8@, 92) +3 (g3, ¢3) # 0.
There exists 6 € R, T* > 0 such that, for any T > 0, there exists &g > 0 and a C' map
I:0471— L*(0,T*+T),R)

where

3
. 1 2 3 3 3. ik i 9
Oc.1 1= {(‘//f’ V7. ¥7) € Hiyy (0,1, C)% (yrf, i) =8jm and 3 _|[9rf = e @;(D) 2 < 80}’
j=1
such that for any (1//}, 1//%, 1//}) € Og,, 1, the solution of system (1.2) with initial condition (1.3) and control u =
F(Iﬂ}, w%, w;) satisfies

W (T + T) (T + 7).y (T + 7)) = (¥ ¥7. ¥7).
Remark 1.10. Remark 1.6 is still valid in this case.

1.2. Heuristic

Contrarily to the case N = 1, the linearized system around an N-tuple of eigenstates is not controllable when
N > 2. Let us consider, for N = 2, the linearization of system (1.2) around (@1, 9»),

iaz}I’j = _afx_q/j —v@Opux)P;, (,x)e0,T)x0,1), je{l,2},
wit,0)=w/(t,1)=0, te0,7), (1.4)
v/ (0,x)=0, x € (0,1).

For j =1, 2, straightforward computations lead to

400 T

W) =i} (ngj o0) / v(D)e! T dr (7). (1.5)
k=1 0

Thus, thanks to Hypothesis 1.1, we could, by solving a suitable moment problem, control any direction (¥/(T),
D (T)), for k > 2 (with a slight abuse of notation for the direction @y of the jth equation). Straightforward computa-
tions using (1.5) lead to

(W!(T), ®o(T)) + (W2(T), D1(T)) =0.

This comes from the linearization of the invariant (see Remark 1.1)

(W', v20)=(y. vi), Vte(,T),

and can be overcome (see Section 4.2). However, (1.5) also implies that

(ne2, 02) (W (T), ®1(T)) = (g1, e1)(W(T), D2(T)),

for any v € L?((0,T),R). Thisis a strong obstacle to controllability and leads to Theorem 1.1 (see Section 6).

In this situation, where a direction is lost at the first order, one can try to recover it at the second order. This strategy
was used for example by Cerpa and Crépeau in [13] on a Korteweg De Vries equation and adapted on the considered
bilinear Schrodinger equation (1.1) by Beauchard and the author in [8]. Let, for j € {1, 2},

10,7 = —05,87 —v(@OuW —wOr)P;, (t.x) € 0.T)x (0, 1),
§.0=¢'0.1)=0 1€, 7).
£7(0,x) =0, xe,0).
The main idea of this strategy is to exploit a rotation phenomenon when the control is turned off. However, as proved

in [8, Lemma 4], there is no rotation phenomenon on the diagonal directions (E-/ (T), @;(T)) and this power series
expansion strategy cannot be applied to this situation.
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Thus, the local exact controllability results in this article are proved using Coron’s return method. This strategy,
detailed in [23, Chapter 6], relies on finding a reference trajectory of the nonlinear control system with suitable origin
and final positions such that the linearized system around this reference trajectory is controllable. Then, the inverse
mapping theorem allows to prove local exact controllability.

As the Schrodinger equation is not time reversible, the design of the reference trajectory (wrlef, ceeh wr];’f, Uref) 1S NOL
straightforward. The reference control u,.r is designed in two steps. The first step is to impose restrictive conditions
on u,s on an arbitrary time interval (0, €) in order to ensure the controllability of the linearized system. Then, u  is
designed on (g, T*) such that the reference trajectory at the final time coincides with the target. For example, to prove
Theorem 1.5, the reference trajectory is designed such that

(Vg (T5), Uif (T7), Y (T*)) = % (01, 02, 93). (1.6)
1.3. Structure of the article

This article is organized as follows. We recall, in Section 2, well posedness results.

To emphasize the ideas developed in this article, we start by proving Theorem 1.5. Section 3 is devoted to the
construction of the reference trajectory. In Section 4.1, we prove the controllability of the linearized system around
the reference trajectory. In Section 4.2, we conclude the return method thanks to an inverse mapping argument.

In Section 5, we adapt the construction of the reference trajectory for two equations leading to Theorems 1.2
and 1.3.

Finally, Section 6 is devoted to non-controllability results and the proofs of Theorems 1.1 and 1.4.

1.4. A review of previous results

Let us recall some previous results about the controllability of Schrédinger equations. In [3], Ball, Marsden and
Slemrod proved a negative result for infinite dimensional bilinear control systems. The adaptation of this result to
Schrodinger equations, by Turinici [45], proves that the reachable set with L? controls has an empty interior in
SN H(ZO) ((0, 1), C). Although this is a negative result it does not prevent controllability in more regular spaces.

Actually, in [4], Beauchard proved local exact controllability in H’ using Nash-Moser theorem for a one dimen-
sional model. The proof of this result was simplified, by Beauchard and Laurent in [6], by exhibiting a regularizing
effect allowing to apply the classical inverse mapping theorem. In [5], Beauchard and Coron also proved exact con-
trollability between eigenstates for a particle in a moving potential well.

Using stabilization techniques and Lyapunov functions, Nersesyan proved in [42] that Beauchard and Laurent’s
result holds globally in H 3+e_ Other stabilization results on similar models were obtained in [7,9,38,40,41] by Mir-
rahimi, Beauchard, Nersesyan and the author.

Unlike exact controllability, approximate controllability results have been obtained for Schrodinger equations on
multidimensional domains. In [14], Chambrion, Mason, Sigalotti and Boscain proved approximate controllability in
L?, thanks to geometric technics on the Galerkin approximation both for the wave function and density matrices. These
results were extended to stronger norms in [12] by Boussaid, Caponigro and Chambrion. Approximate controllability
in more regular spaces (containing H>) were obtained by Nersesyan and Nersisyan [43] using exact controllability in
infinite time. Approximate controllability has also been obtained by Ervedoza and Puel in [26] on a model of trapped
ions.

Simultaneous exact controllability of quantum particles has been obtained on a finite dimensional model in [46]
by Turinici and Rabitz. Their model uses specific orientation of the molecules and their proof relies on iterated Lie
brackets. In addition to the results of [14], simultaneous approximate controllability was also studied in [15] by
Chambrion and Sigalotti. They used controllability of the Galerkin approximations for a model of different particles
with the same control operator and a model of identical particles with different control operators. These simultaneous
approximate controllability results are valid regardless of the number of particles considered.

Finally, let us give some details about the return method. This idea of designing a reference trajectory such that the
linearized system is controllable was developed by Coron in [ 18] for a stabilization problem. It was then successfully
used to prove exact controllability for various systems: Euler equations in [19,28,30] by Coron and Glass, Navier—
Stokes equations in [17,20,24,27] by Coron, Fursikov, Imanuvilov, Chapouly and Guerrero, Biirgers equations in [ 16,
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32,34] by Horsin, Glass, Guerrero and Chapouly and many other models such as [21,25,29,31]. This method was also
used for a bilinear Schrodinger equation in [4] by Beauchard.

The question of simultaneous exact controllability for linear PDE is already present in the book [37] by Lions. He
considered the case of two wave equations with different boundary controls. This was later extended to other systems
by Avdonin, Tucsnak, Moran and Kapitonov in [1,2,35].

To conclude, the question of impossibility of certain motions in small time, at stake in this article, for bilinear
Schrodinger equations was studied in [8,22] by Coron, Beauchard and the author.

2. Well posedness

First, we recall the well posedness of the considered Schrodinger equation with a source term which proof is in [6,
Proposition 2]. Consider

it x) = =95 p(t,x) —u®uE) Y, x) — ft,x), (t,x)€(0,T)x(0,1),
Y(t,0)=v(,1)=0, te(0,7), (2.1
¥ (0, x) = ¥o(x), x €(0,1).

Proposition 2.1. Let ;€ H>((0,1),R), T >0, Y € HO)(O 1), u € L*((0,T),R) and f € L*((0,T), H> N H}).
There exists a unique weak solution of (2.1), i.e. a function ¥ € C°([0, T, H(O)) such that the following equality
holds in H3)((0 1), C) for everyt €[0,T],

t

Y(t)=e My +i / e ACOu(mypy () + f(0)]dr
0

Moreover, for every R > 0, there exists C = C(T, j¢, R) > 0 such that, if |ul|l20.7y < R, then this weak solution
satisfies

||I//”CO([O T, H3 (||1/f0||[-[3 + ”f”LZ((() T), H3ﬂH ))
If f=0, then
”Vf(t) HLZ((),I) = ”lZfOHLz((),l)a Vi e [O’ T]

3. Construction of the reference trajectory for three equations
The goal of this section is the design of the following family of reference trajectories to prove Theorem 1.5.

Theorem 3.1. Let N = 3. Let . € H3((0, 1), R) satisfy Hypothesis 1.1 and 5{jg1, @1) — 812, ¢2) +3 (@3, 93) # 0.
Let T1 > 0 be arbitrary, € € (0, T1) and ¢ € (%, ). There exist 1 > 0, C > 0 such that for every n € (0, 17), there exist
T">Ty, 6" €R and ufef € L*>((0, T™), R) with

”“:ef”LZ(o Ty S € 3.1
such that the associated solution (llfref I/Iref xpmf ) of (1.2)—(1.3) satisfies

(1 (e, W (1)) = (et 1) + 1.

(v @), Uil (€)= (g2, 92),

(1 (1), Vg (e1)) = (13, 03), (3:2)

(u%ef (e), w,ef (&)= (ue1, ¢1),
(v @), vl (@) = (g2, @2) + 1,
(1Vf (©), Vg (€)= (1193, 03). (3.3)
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and
(wrle)?(Tn) 1/jref (TU) Ipref (T’I)) 10 (@1, 92, 93). (3.4)

Remark 3.1. For any T > 0, ufef is extended by zero on (77,77 + T). Thus, there exists C > 0 such that,
||ufef||Lz(0,Tn+T) < Cn, (3.2), (3.3) are satisfied and

(Wf (T4 T). e (T" + T). w0 (T" +T)) = " (@1.(T), @2(T), @3(T)).

Remark 3.2. The choice of a parameter n sufficiently small together with conditions (3.2) and (3.3) will be used in
Section 4.1 to prove the controllability of the linearized system around the reference trajectory. The control ufef will
be designed on (0, 77) and extended by zero on (71, T").

The proof of Theorem 3.1 is divided in two steps: the construction of u:’ef on (0, ¢) to prove (3.2) and (3.3) and
then, the construction on (g, T7) to prove (3.4). This is what is detailed in the next subsections.

3.1. Construction on (0, g)

Let ufef =0on [0, 5). We prove the following proposition.

Proposition 3.1. Let . € H3((0, 1), R) satisfy Hypothesis 1.1. There exists n* > 0 and a C' map

f:(O,n*)—>L2(<§,s),R>,

such that f'(()) 0 and for any n € (0, n*), the solution (wmf 1//mf rej ) of system (1.2) with control uref = F(n)
and initial conditions wref ( )= dij(i),for Jj =1,2,3, satisfies (3.2) and (3.3).

Proof of Proposition 3.1. Using Proposition 2.1, it comes that the map

O: L2<<2 8) R) — R? x R?
u > (01(), Or(u))
where
O1() = (v (1), ¥/ (D) = (1) 0))) 1y 5 30
and
O2u) = (¥ (). ¥/ (©)) = (19 9)) ;1 2.3
is well defined, C!, satisfies @(0) =0and
dO0).v = (2R (k¥ (D). @(eD))) < j<30 CR(E (6), @}(©)))) | < j<3)- 3.5)

where (!, w2 ¥3) is the solution of (1.4) on the time interval (%, &) with control v and initial conditions
i (5,-) =0. Let us prove that d©(0) is surjective; then the inverse mapping theorem will give the conclusion.
Let y = (vj)1gj<6 € R® and K > 4. By Proposition A.1 (see Appendix A), there exist v € Lz((%, £1), R) and
vy € L%((e1, €), R) such that
el

/vl(t)e’“k—*ﬂ' dr=0, VkeN*\{K}, V1< <3,

4
2
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€1

vi (e MK = ——F,
f 2i(ue;, ok )?

ei()»K—)»j)Elyj

£
2
&

fvz(r)ef(kﬂ«f)‘ dr =0, VkeN*\{K}, V1< /<3,

€1
&
) ik —n)e ) i(Ak—Aj)e1,,
/Uz(t)el()q(f)nj)ldtz e . J V3+2/ _ e. J yjz, V] <]<3
2i (e, oK) 2i{up;j, k)

€1

Notice that the moments associated to redundant frequencies in the previous moment problem are all set to the same
value and, as K > 4, the frequencies Ax — A; for 1 < j < 3 are distinct. Let v € Lz(%, ¢) be defined by vy on (%, £1)

and by vy on (g1, €). Straightforward computations lead to d®(0).v =y. O
3.2. Construction on (g, T1)

For any j € N*, let P; be the orthogonal projection of L*((0, 1), C) onto Spanc(gr, k= j+1) ie.

+00

i)=Y (V. o).

k=j+1

The goal of this subsection is the proof of the following proposition.

Proposition 3.2. Let 0 < Ty < Ty. Let 1 € H3((0, 1), R) satisfy Hypothesis 1.1 and 5{pue1, ¢1) — 8{ue@2, ¢2) +
3(u@s, @3) #0. There exist § > 0 and a C' map

fTo,Tf : Os,1y — Lz((To, Tf),R)

with
~ 3 3 .
6un o= {44840 (0 0.0 o - s, <5
j=1
such that ry 7, (®1(To), ®2(To), ®3(To)) = 0 and, if (W, ¥3. v3) € Os 1y, the solution (', ¥, ¥>) of system (1.2)
with initial conditions I//j(T(), D)= l/fé,forj =1,2,3, and control u := fTo,Tf (1/[01, 1//3, lﬂé’) satisfies

Py (Tp) =P2(v*(Tp) = P3(v> (1)) =0, (3.6)
(W (T, S1THP(WATY), ST\ (W3 (Tp), &3(Tp))) = 0. (3.7)

Remark 3.3. The conditions (3.6) and (3.7) will be used in the next subsection to prove (3.4). Eq. (3.7) will be used
to define the global phase 67.

Proof of Proposition 3.2. Let us define the following space
X1:={(91, ¢2,83) € Hy (0.1, €)% (¢, 01) =0, for | <k <j<3).
We consider the following end-point map
On.1; : L*((To. Tp), R) x Hy (0,1)° — Hp (0, 1)° x X1 xR,
defined by
o 12 3Y . (] 2 3 Lo 2 3
7.7, (1. Y0, 0. o) = (V0. ¥o. Yo Pr(¥ (T)). P2(¥*(T)), P3(¥ (),
~ 5 8 3
S @, 21T WA T7), @2TP) (™ (T, D3(T1)]))
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where (!, ¥2, ¥3) is the solution of (1.2) with initial condition ¥/ (T, -) = 1//5 and control u. Thus, we have
O1y.7, (0, @1(To), D2(To), D3(T0)) = (@1(To). D2(To), P3(Tp). 0,0,0,0).

Proposition 3.2 is proved by application of the inverse mapping theorem to ®7, r, at the point (0, @1(7o), P2(To),
@3(To)).
Using the same arguments as in [6, Proposition 3], it comes that @To,Tf isa C! map and that

40,1, (0, ®1(To), P2(To), D3(T0)). (v, ¥y, ¥, ¥ )
= (¥, W3 %, PL (&N (T), Po(¥*(T))), P3 (W3 (Ty)),
SI((w! (1), 21(Tp)) — 83((W2(Ty), D2(T))) +33((#° (Ty), @3(T))))),
where (W1, lI/2‘, w3) is the solution of (1.4) on the time interval (7p, Ty) with control v and initial conditions
wi(Ty, ) =4
It remains to prove that d@r, 7, (0, 1(To), P2(To), P3(Tp)) : L*((To. Ty). R) x H(30)(O, D3 > H(30)(0, 13 x

X1 x R admits a continuous right inverse.
Let (W1, 11/02, l,1/03) IS H(30) 0, 1)3, (w}-, ’,ﬁ}%, W;-) € X and r € R. Straightforward computations lead to

+o00 Ty
Wi (Ty) = Z((%’ , D(To)) + i (g, ¢x) / v(t)e! M dt) P (T).
k=1 T

Finding v € L2((To, Tr), R) such that
Pi(WI(Tp) =i Vjefl,2,3),
S(5(w ! (Tp), &1(Tp)) — 8(W(Ty), D2(Tp)) + 3(¥3 (Tp), @3(Ty))) =,
is equivalent to solving the following trigonometric moment, Vj = 1,2,3, Vk > j + 1,

Ty

/ V() MR g = ((w} O (Tp)) — (¥, Pr(T0))),

(e, o)

(3.8)

/ v(ydr = — 3G5(¥y, 21(To) — 8(¥5, P2(To) +3(%;, 23(Th))
S{uer, 1) — 8(ug2, 92) + 3{(us3, 3) :

Using Proposition A.1 and the hypotheses on u, this ends the proof of Proposition 3.2. O
3.3. Proof of Theorem 3.1

Let 6 > O be the radius defined in Proposition 3.2 with Ty = ¢ and Ty = T3. For n > 0 we define the following
control

0 for t € (0, %),
ul (1) =1 L) fort € (5, ), (3.9)
For, (U (€, Wi (), Wi (€)) for € (e, Th),

where I and I’ are defined respectively in Proposition 3.1 and 3.2. We prove that, for n small enough, this control
satisfies the conditions of Theorem 3.1.

Proof of Theorem 3.1. The proof is decomposed into two parts. First, we prove that there exists 77 > 0 such that
for n € (0, ), ufef is well defined, satisfies ||“fef||L2(0,T1) < Cn and the conditions (3.2), (3.3) are satisfied. Then, we

prove the existence of 77 > 0 and 6”7 € R such that if u;’ef is extended by O on (77, T"), the condition (3.4) is satisfied.
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First step: u,,; is well defined.
Using Proposition 3.1, the control ufef is well defined on (0, ¢) as soon as 1 € (0, n*). Moreover, using Lipschitz

property of I, there exists C(*) > 0 such that
[ 25,0 = 150D = L O o ) <l

Thanks to Proposition 2.1, there exists C(¢) > 0 such that if ||M||L2(0,s) < 1, the associated solution of (1.2)—(1.3)
satisfies

|7 = @)@l s < C@lulliage, forj=1.2.3.
Thus, using Proposition 3.2, if C(e)C(n*)n < %, we get that for j =1, 2, 3,

1)
” (wref /)(8) ||H(30) < 5

Thus, u;'ef is well defined on (0, T7). Moreover, there exists C(§) > 0 such that

”u:‘]ef”Lz(s,T]) = ” 1:8 T (I//ref (&), wref (), wref (8)) I, Tl (¢1(8) Pa(e), P3 (8)) ||L2(a 1))

C<6>Z|| o =),

\3C(5)C(8)C(77 )n.

Finally, choosing

7 < m1n< ’ 1 )
3CECHT Cor)

implies that ||uref|| 120.7) < Cn. Here and throughout this paper C denotes a positive constant that may vary each
time it appears. Thanks to Proposition 3.1, it comes that (3.2) and (3.3) hold.
Second step: We prove the existence of a final time 77 > 0 and a global phase 67 € R such that (3.4) holds.
Proposition 3.2, implies

J

YT = Y (W), u(T))@i(T). Vj=1.2.3, (3.10)
k=1
(W (1), @10 (W (1), 2T (0 (T, D3(T1))’) = 0. 3.11)

Using the invariant of the system, ( r]e/", 1//ref ) = 8, for j, k € {1,2,3}, this leads to the existence of 6], 6,67 €
(—m, ] such that

.alN

YLy =e i (M), Vji=1,2,3.
Using (3.11), it comes that

sin(56 — 86, +36]) =0.
Using Proposition 2.1, it comes that, up to a choice of a smaller 7,

591" — 892" + 39;7 =0. (3.12)
Recall that A, = k27 2. Let T" and 6" be such that 7" > T and

n_ gn
T = b6, [2
Ay — A 7|

Ao 0 A

0" 0, —
A — Al A — A

0] [27].
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This choice leads to

0] +MT"—0"=0 [27],
0) +1T"—0"=0 [27].

Then, using the definitions of 77 and 6" together with (3.12) we get

A3 %) A
O + a3T" — 0" =0 76l — 0 0l 2
3 TA3 3+)»2—k1(1 >) Az—A11+A2—A12 [27]
1
= 3(56/ =86y +36) [27]
=0 [27].

Finally, if we extend uff by 0 on (71, T"), we have that (wref wref I//ref ) is solution of (1.2)—(1.3) with control u;’ef
and satisfies for j € {1, 2, 3},

{07+, T" —i"
Ui (T7) = T, = ey

This ends the proof of Theorem 3.1. O
4. Proof of Theorem 1.5

This section is dedicated to the proof of Theorem 1.5 which is done in the case T = 0, the extension to the general
case being straightforward. The proof is divided in two parts In Section 4.1, the functional setting is specified and we
prove the controllability of the linearized system around (1//r of I//ref wref , ;’ef),

0wl = —92 win — uref(t)u(x)lllf M v(t)u(x)lpref, (t,x) € (0,T") x (0, 1),
Wi (e, 0) =i, 1) =0, 1€(0,T7), (4.1)
w0, x) =0, x € (0, 1),

when 7 is small enough. In Section 4.2, we conclude the proof of Theorem 1.5 using the inverse mapping theorem.
4.1. Controllability of the linearized system

For any 7 > 0, let
[={(6", 0% 0%) € 3, (0,1, C)%s 9197, ¥ ) =0, for j=1,2,3

. - 4.2)
and (¢7, Yo (0) = —(¢k. wL (). for (j.k)=(2.1). (3. 1). (3, 2)}.

The following proposition holds.

Proposition 4.1. There exists 1) € (0, 1) such that, for any n € (0, 1), if T", u ref and (wref I/fref 1/’ref ) are defined as
in Theorem 3.1, there exists a continuous linear map

L": x4}, — L*((0,T"),R),
(V) ¥7.97) = v
such that for any (w}, 1/f120, lﬂ;) S X]TC,,, the solution (W1, W21 W30y of system (4.1) with control v = L”(tﬂ}, w]%,
1,0]3() satisfies

(91 (). 02, 0 0() = (). 0. )
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Before proving Proposition 4.1 we set some notations. For any 5 € (0, #7), for any ¢ € (0, T"), let U"(t) be the
propagator of the following system

0y = —ngl// — ufef(t)/x(x)t/f, (t,x) e (O, T") x (0, 1),
¥, 0=y, 1) =0, te (0, T”), (4.3)
¥ (0,x) =y (0, ), xe (),
ie. UT()y? = ¥ (). We will work in the Hilbert basis (@Z (1) := U"(t)pr)ren+ of L2((0, 1), C). Notice that for
j=1,2,3, <15;.’ = wrje’". As the proof of Proposition 4.1 is quite long and technical, let us detail the different steps. Let

T:={(.kb)e{l,2,3} xN* k> j+1}U{@3,3)}.

The first step consists in proving the controllability of the components (wi M(Ty), q),? (Ty)) for (j, k) € Z, for any
Ty > 0 and n sufficiently small, as stated in Lemma 4.1. First, we prove that these components are controllable when
n = 0: it corresponds to solving a trigonometric moment problem with an infinite asymptotic gap between successive
frequencies. Then, we extend the controllability of these components to small values of 1, by an argument of close
linear maps.

In the second step (Lemmas 4.2 and 4.3), using Riesz basis and biorthogonal family arguments, we prove that
we can also control the two diagonal directions (¥ / (Ty), qﬁ;I(Tf)) for j = 1, 2. This would not have been possible
directly in the first step. Indeed for = 0, the three directions (¥/ (T, @;’(Tf)) for j = 1,2, 3 are associated to
the same frequency in the moment problem. But for n > 0, the construction of the reference trajectory (and more
precisely conditions (3.2) and (3.3)) will allow to control those two directions.

Finally, in the third step, due to the conditions imposed in the definition of X ,f (in (4.2)) the remaining directions
(win, @,?) for 1 <k < j are automatically controlled.

Proof of Proposition 4.1. The map L" will be designed on (0, 77) and extended by 0 on (77, T"), where T} is as in
Theorem 3.1. Let

Woi={(d',d* d%) e K (N*,C)*; df =0, if (j, k) ¢ T and 9(d5) =0}

Let R : 7 — N be the rearrangement such that, if w, := Ay — A; with n = R(j, k), the sequence (w,),en is increasing.
Notice that 0 = R(3, 3).

First step of the proof of Proposition 4.1: we prove that the directions (llfj*”(Tf), @Z(Tf)) for (j, k) € T are
controllable in any positive time 7y for n small enough.

Let

di, = (v ) € X{, o (dr ). d7 (). 7 () € V.
where for j = 1,2, 3,

dy! )=y (Tp), i (k) e,

d%}’fk(w) =0, if(j,k) ¢T.

The next lemma ensures the controllability of the directions (¥/ (T, dﬁl? (Ty)) for (j, k) e L.

Lemma 4.1. Let Ty > 0 and
F': L*(0,Tp),R) — W
n
v > dp (¥(Ty))

where W = (W1, 128 11/3) is the solution of (4.1) with control v. There exists 1) = ﬁ(Tf) € (0, 1) such that, for any
n € (0, 0), the map F" has a continuous right inverse

F™ Yy — L2((0, Ty), R).
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Proof of Lemma 4.1: Straightforward computations lead to
Ty
(w(Tp), @] (Tp)) =i f v()(u %f (), ®](1))dt, for (j, k) €. (4.4)
0
Let us define

(u wref ), & (1))
(nej, ok)

) = , for(j,k)eZandn=R(j, k), 4.5)

and ffn (t) := f,(¢), for n € N*. We consider the following map

J": L*((0,Tf),C) — €*(Z,C)
Ty
= (/v(z)f,f(t)dt) .
0 nez

Notice that f,?(t) = el with w, = Af — Aj for any n = R(j, k) € N. Thus (see Appendix A), J9 is continuous with
values in £2(Z, C). Moreover, J is an isomorphism from Hy := AdhLz(Ony)(Span{f,?; neZ}) to t3(Z,C).

First step: we prove the existence of C > 0 such that
(77 = 1% 2 < Cnllvll2,7,), Yo € LP((0, Ty), C). (4.6)

Let (j,k)eZ,n=R(j,k)eNandv € Lz((O, Tr), C). Using (4.4) and (4.5), the triangular inequality and Hypothe-
sis 1.1, we get

Ty ) .

; 0 ) Jjn n
[ oot~ sy =| SO0 0. L)
, (mj, or) (hej, or)

< CE([((w 0 = w M) (Tp), 2T +[((UNT) = UNT) (T ), gu)])
because (q),i7 — @) =U"(r) — Uo(t))(pk (we denoted by = the Lz((O, 1), C) adjoint operator). Thus,

3
[(7° =T @2 <CY (w0 - WINTP ] + ”(U"(Tf)—UO(Tf))*W"’"(Tf)|\Hg)))- 4.7)
j=1

Proposition 2.1 implies that
(w70 — w: ”)(Tf)”Hs < C||M,Lf(t)M‘1/j 0 + U(t)u“(wref ®;) (1) ||L2((0,Tf),H3mH(})

< C”“ref”LZ(o,Tf)”v”LZ(O,Tf)' (4.8)

Using unitarity, it comes that U"(T)* is the propagator at time 7' of system

{ 10y = 020 +ul (T — )Y, (t.x) € (0, Tf) x (0. 1),
Y(t,0)=y(1,1) =0, 10, T)).

Thus Proposition 2.1 may be applied again leading to
0 * 0 ,
|(U(Tp) = U (Tp) W (Ty) | H}, < C””Zef(t)'u“U ONZ n(Tf)||L2((0,Tf),H3ﬂH(})
"
< Cllunerll 20,7 100 220,7p)- (4.9)

From inequalities (4.7), (4.8), (4.9) above and (3.1) we get the conclusion of the first step.
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Second step: conclusion. 3
Let 7(Ty) := min{7, C 9! ”ZEHO 62)} where C is defined by (4.6) and let n € (0, 7(Tr)). We deduce from

J

the first step that J is an isomorphism from Hy to £2(Z, C). Let (d', d?, d>) € V,. We define d, = 7 for

dk
_ (1) ek
(j,k)eZandn=R(j,k) € N, and J,,, = c?n, for n € N*, Then,
“leal 2 3y -1
F1(d'd% d) = (Jy,) (@)

is the unique solution v in Hy of the equation F"(v) = (d', d?, d?). The uniqueness implies that v is real valued. This
ends the proof of Lemma 4.1.

Second step of the proof of Proposition 4.1: Riesz basis and minimality.

To prove that we can also control the directions (lI/j'”(Tf), <D;.7(Tf)), for j = 1,2, we will use the following
lemmas.

Lemmad.2. Let Ty > 0and H" := AdhLz(O’Tf)(Span{fn", neZy). Ifn <q(Ty), then (fihnez is a Riesz basis of H".

Proof of Lemma 4.2. Using [6, Proposition 19], it comes that ( f,," )nez is a Riesz basis of H" if and only if there
exists C1, C2 > 0 such that for any complex sequence (a,),ez With finite support

1/2 12
cl(DanF) <D anfy <c2(2|an|2) : (4.10)
n n n

Lemma 4.1 together with [10, Theorem 1] imply the first inequality of (4.10). Using again [10, Theorem 1], we get
that the second inequality of (4.10) holds if and only if, for any g € L2((0, Tr),0),

2 12
) < Collgll 2.

This is implied by the continuity of J°, the triangular inequality and (4.6). This ends the proof of Lemma 4.2. O

L2(0,Ty)

Ty

(2]

nez 0

g() fl(r)dt

From now on, we consider 7 < min(7}(5), 7(71)) and n € (0, 7)) fixed for all what follows.

[T

Lemma 4.3. Let fj'.7j = e

L2((0, T), C).

for j € {1,2}. The family E = (fDnez U {fﬁl,fzn’z} is minimal in

Proof of Lemma 4.3. Assume that there exist (c,),cz € EZ(Z, C) and cy1.1, 2,2 € C, not all being zero, such that

cLifii+enfiy+ ) anfl =0, inL*((0,T1).C). (4.11)

nez
Thus,

. e
ciafl i+t + Y eaf =0, in Lz((O, §>, C).

nez

As f(? = f1’7,1 = f£2 =1on (0, §), then

" U U U €
ciifitepfy,+eofy =cfy, on <0, 5),

where ¢ :=c1,1 + 2,2 + co. Thus,

cfy + Y enfl=0, in L2<<O, %),(C)

neZ*
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As n < 7(g/2), Lemma 4.2 with Ty = ¢/2 implies minimality of (f,f)nez in Lz((O, %), C). Thus,

c=0 and ¢,=0, VneZ*
Then, Eq. (4.11) implies that,

ciifl +eaafyy+cofy =0, on(0,T1). (4.12)

Finally, as ¢ = 0, conditions (3.2) and (3.3) in (4.12) lead to ¢1,; = ¢2,2 = 0 and then co = 0. This is a contradiction,
thus the family & is proved to be minimal in L2((0, 77),C). O

The proof of Lemma 4.3 makes important use of the conditions (3.2) and (3.3) from the construction of the
reference trajectory. This is the main interest of the construction of the reference trajectory: for n = 0, one gets
fﬁl = f£2 = f(?. Thus, one could not control simultaneously Wwrom, @;(Ty)) for j =1,2,3. In our setting, the
minimal family property allows together with Lemma 4.1 to conclude the proof of Proposition 4.1.

Third step of the proof of Proposition 4.1: conclusion.

Using [6, Proposition 18], Lemma 4.3 1mpl1es that there exists a unique blorthogonal famlly associated to = in
Adh;2 g 7,)(Span(&)) denoted by {glyl, g2’2, (g nez}. This construction ensures that gly1 and g2’2 are real valued.

Let s € X%,, and ¥f = (eiA(T"_T')W}, e"A(T"_T')wJ%, eiA(T"_Tl)w;). As u;’ef is identically equal to 0 on

(Ty, TT), it comes that tﬂf € X;l. The map L" is defined by

L": ;e X, > veL?((0,T"),R),
where v is defined on (0, 77) by

T,
vl @)
v —vo+z< R —O/vo(t)f,’-fj(t)dt>g;7,j,

with vo 1= F" ' (dr, (¥ £)) and extended by 0 on (T, T"). The map s given by Lemma 4.1 with Ty = T. Notice
that L" is linear and continuous and that as vy, 8117,1 and 32,2 are real valued so is v.

Let (!, w2, w3) be the solution of (4.1) with control v. Using the biorthogonal properties, the definition of v
and Lemma 4.1 we get that

(Wl (), @] () = (). o)1), V(. k) eTU{(, 1), 2.2)}.
We check that v also controls the remaining extra-diagonal terms. Straightforward computations give
(w2(1), @] (1)) = —(¥ 1 (T), D5 (T1)).
Yet, by definition of v and X A -
(W (), y (T)) = (¥}, @3 (T)) = —(¥2. 2] (T)).
This leads to
(w2, @](TD) = (¥7. ] (T1)).

The same computations hold for (¥3(T), ®{(T})) and (¥3(Ty), @, (T1)). Thus, as (] (T1))ken- is a Hilbert basis
of L2((0, T), C), it comes that

(w'(1n), w21, W (1) = (¥}, ¥ 7. ¥7).

As v is set to zero on (17, T"), this ends the proof of Proposition 4.1. O



M. Morancey / Ann. I. H. Poincaré — AN 31 (2014) 501-529 517

4.2. Controllability of the nonlinear system

In this subsection, we end the proof Theorem 1.5. First, using the inverse mapping theorem and Proposition 4.1,

we prove in Proposition 4.2 that we can control the projections associated to the space X ;n (see below for precise
statements and notations). Then, using the invariants of the system (see Remark 1.1) we prove that it is sufficient to
control those projections.

We define

A: L*(0,77),R) - X},
u = (P/ (W(Tn))] 1.2, 3)
where (lﬂl, wz, 1//3) is the solution of (1.2)-(1.3) with control u# and P is defined by

j—1

Pi(@7) =67 =007 v () Wt (T7) = D107 i (1) + (05 (7). 6)) W (7)-

k=1

Thanks to this definition, A takes value in X ]Tcn (defined in (4.2)) and A(ufef) = (0,0, 0). As announced, we prove
that we can control the projections P i More precisely, we prove the following proposition.
Proposition 4.2. There exists 8 > 0 and a C' map

T:025— L*((0,T7"),R),
with

2= (0} 93, 97) € X ZH% I, <8

j=1

such that 7 (0,0,0) = u;’ef and for any (&} 1,3]2( &]3() € 25, the solution of system (1.2)—(1.3) with control u :=
T(t]f}-, 1&?, 1&?) satisfies

(P (T"), Pa((T")), Ps(y(T")) = (¥, 7, V7).

Proof of Proposition 4.2. This proposition is proved by application of the inverse mapping theorem to A at the point
u;’ef. Using the same arguments as in [6, Proposition 3], it comes that A is C! and for any v € L2((O, TT,R),

dA (i) 0 = (P (&1 (7)), Po(92(T7)). P3 (#3(T")),

where (/) j=1,2,3 is the solution of system (4.1) with control v. Straightforward computations lead to P i (Wi (rm) =
¥/ (T") and thus

dA () 0 = (¢ (T7), W2 (T7), w3(17)).

Proposition 4.1 proves that dA (ufef) cL2((0,T"),R) - X ;,1 admits a continuous right inverse. This ends the proof
of Proposition 4.2. O '

Proof of Theorem 1.5. Let & > 0 and (wf I/ff, I//f) € H(O)((O, 1), C)? be such that

(Wp b =6 and Zuvff o (T g, <
Let

W5 95 97) = (Pr(vp). Pa(v7) Ps(¥7)-
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Let & be the radius defined in Proposition 4.2. There exists &9 > 0 such that for any & € (0, &), (1/}}, 1/}}, 1/}}) € s
and

R((w) vl (T7) =0, ¥je{l.2.3} (4.13)
Letu := T(I/}}, &]%, &}). Let (%', %2, ¥3) be the solution of system (1.2)—(1.3) with control u. We prove that

(' (1), v (1), 9 (T") = (V. 7. ¥77)-
Up to a reduction of &g, we can assume that

R((w! (T7). 0 (1)) > 0. ¥je(1,2.3}. (4.14)
By definition of " and P; it comes that

YT = (0 (1) A ()Y (T7) = 0 = RG] (T (T7).
Thanks to (4.13)—(4.14) and the fact that ||y (T")||,;2 = ||w} 2, we get

Y (T7) =y} (4.15)
The equality P> (y*(T")) = /7 gives

YA (T) = (W) A (T (T7) = R (T7). 0] (T (T7)

= UG (U5 o (Tf (T7) = R 5 v (T U (T7). (4.16)

Taking the scalar product of (4.16) with 1//}, using (4.15) and the constraints (y2(T"), ¢ (T™)) = (wj%, lp}) =0, it
comes that

(W2 (T7). U (TN (T7). 0 )+ R (02 (7). A (T (T7). 9)
= (V5 Vg (T (7). 0 )+ R (05 0 (T (7). ) (4.17)
As [Y2(TM)l2 = ||1/f.?-||L2, we also get
(W2 (T + 02T 0 (T = |07 0gf TN+ 007 v (T 41®)
Straightforward computations prove that, up to an a priori reduction of &g, equalities (4.17) and (4.18) imply
R(W2(T7), Y (1)) = (W 7. ¥ (7). (4.19)

Then, (4.17) imply (W2(T"), ¥ -1 (T")) = (‘/f;’ ¥ 1 (T)). Finally, using these two last equalities in (4.16), we obtain

ref ref
YA(T") =7 (4.20)
Using Py(y3(T) = 1}]3( and the exact same strategy we also get
Y (T7) =y 4.21)
Thus equalities (4.15), (4.20) and (4.21) end the proof of Theorem 1.5 with T* := T and
L vfovd) = TPU) Palv)). Pa(v). O

Remark 4.1. As mentioned in Remark 1.6, a slight change in the proof allows to prove Theorem 1.5 for initial
conditions (wé, 1//&, wg ) close enough to (¢1, @2, ¢3) satisfying

(vg. wl)= (v} vk). Vike{1.2.3) (4.22)
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To this aim, the inverse mapping theorem is applied at the point (ufef, ©1, 2, @3) to the map

L2((0,T"),R) x (SN H, (0, 1))’ — (SN H 0. 1)’ x X7,
defined by

( ‘/fo ‘/’0 I/fo) ((‘/’0), 1,2,3° J'(W (Tn))j=1,2,3)’
The compatibility condition (4.22) will then lead to (4.17), the conclusion being unchanged.

5. Controllability results for two equations

Theorem 1.5 leads to local exact controllability up to a global phase and a global delay in the case N = 2. Actually
the strategy we developed can be improved in this case to obtain less restrictive results, namely Theorems 1.2 and
1.3. Here, we only detail the construction of the reference trajectory, the application of the return method being very
similar to Section 4. Subsection 5.1 will imply Theorem 1.2 and Subsection 5.2 will imply Theorem 1.3.

In all this section, we consider N = 2. Let T} > 0 and ¢ € (0, T1). As in Theorem 3.1, the reference control is
designed in two steps.

Let u =0 on [0, 5). Proposition 3.1 is replaced by the following proposition.

Proposition 5.1. There exists n* > 0 and a C' map

f:(O,n*)eLz((g,s),R),

satisfying f(O) 0 such that for any n € (0, n*), the solution (I/I’,ef l/f 77) of system (1.2) with control u := F(n) and
initial conditions I/fref( )=@;(5) for j = 1,2 satisfies

(10 (@) W) (@) = (1. 1) + 1,
(nya @), vl (@) = (g2, 02).

As previously, this proposition will ensure controllability of the linearized system around the reference trajectory.
The proof is a simple adaptation of Proposition 3.1 and is not detailed.
We now turn to two different constructions of reference trajectories on (g, 77), to replace Proposition 3.2.

5.1. Controllability up to a global phase in arbitrary time: Theorem 1.2

Let T > 0 be arbitrary Up to a reduction of ¢, we assume that 7 = 7. We prove that there exists a global phase

6" > 0 and a control u  on (¢, T') such that the associated trajectory (1//ref wref) of (1.2)—(1.3) satisfies Proposi-
tion 5.1,

(I/Iref (1), I/fref (T)) 0" (¢1(T), (pz(T))’ (5.1)
and ”uref”Lz(O,T) < CT}

Proposition 3.2 is replaced by the following proposition which proof is a simple adaptation of the one of Proposi-
tion 3.2 and is not detailed.

Proposition 5.2. There exists § > 0 and a C' map
r:0s— L*((s,T),R)

with

Os = (‘ﬂ(%vl/’o) (SHHO)(0 1) Z”WO q§j(8)”H(30><8’
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such that 1:‘(¢1(8), ®y(¢)) =0 and, if (wé, wg) € (7),;, the solution (1//1, w2) of system (1.2) with initial conditions
Yi(e, )= wé,forj = 1,2, and control u := f(l/fé, 1//3) satisfies

Py (D) =P (v*(1)) =0, (5.2)

S((w'(T), 21D W2A(T), D2(T))) =0. (5.3)
There exists 77 > 0 such that for n € (0, 77), the control
0 fort € (0, 5),

I/lfef(t) = ﬁ(?’]) fort e (%, 8), (54)

Pyl ©). vl ©) forre(e.T),

is well defined and satisfies ||urej 2207y < Cn, where I" and I are defined respectively in Proposition 5.1 and 5.2.
Proposition 5.2 implies that

Yo (T) = (Y, (T), @1(T)) @1 (T),
Unf (1) = (Y (T), &1(T))@1(T) + <w2”’(T>, @2(T))@2(T),
S((W (T, @1 D) Wraf (T), D2(T))) =
Thus, using the invariant of the system, it comes that there exist o7, 9; € [0, 27r) such that
Yy Py
(Vf (1) Y (T)) = (7 ®1(T), e 2 y(T)),
and
6] —6] =0 [27].
Finally, this implies that there exists 67 € R such that

(Ve (1), Y (D)) = " (@1.(T), @2(T)).

Then, application of the return method along this trajectory as in Section 4 implies Theorem 1.2.

Remark 5.1. To investigate controllability properties up to a global phase, as proposed in [39], one can introduce a
fictitious control w in the following way

109/ =05, ¥/ —u(pY —o®y/, (1,x)€0.17)x 0,1), je{l,2),

VI, 0=yl 1)=0, 1€(0,7), je(l,2).

Adapting the strategy of [6, Theorem 1], one can prove local controllability of this system by linearization around the
trajectory (@1, @3, u =0, w = 0). This would lead to local controllability up to a global phase. However, in this case,
one would obtain for each target (wlf, 1/1}) close enough to (&1, @) a global phase 6 = 9(¢}, w%) such that there

exists a control driving the solution of (1.2) from (1.3) to !¢ (1//}, w]%).
5.2. Exact controllability up to a global delay: Theorem 1.3

We prove that there exists 77 > 0 and a control ufef on (g, T1) such that if ufef is extended by 0 on (77, T"), the
associated trajectory (wr of * wr ef) of (1.2)—(1.3) satisfies Proposition 5.1,

(1:hi}ef]7 (TW) 1ﬁrgf( ’7)) = (9017 §02)7 (55)

and ””mf”LZ(O,T’I) <Cr.
Proposition 3.2 is replaced by the following proposition which proof is a simple adaptation of the one of Proposi-
tion 3.2 and is not detailed.
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Proposition 5.3. There exists 8 > 0 and a C' map
r:0s5— L*((e,T1), R)

with
s :={ (V3. ¥3) € (SN Hy (0. D)’ Z”‘I’O i@, <.

such that T'(®1(g), ®2(e)) = 0 and, if (wé, wg) € Oy, the solution (Y, ¥2) of system (1.2) with initial conditions
Yie, )= wé,for j=1,2, and control u := f(lﬁé, wg) satisfies

Pi(y! (1) = P2 (¥*(T1)) =0, (5.6)

(! (@), @1 () {WA(T), @2(T1))) = 0. (5.7)
There exists 77 > 0 such that for n € (0, 77), the control
OA for t € (0, %),

”Zef(t) = F(n) fort e (5,¢), (5.8)

F(iﬁnf( €), W,ef (¢)) forte (e T,

is well defined and satisfies ||uref|| 20,1 < Cn, where [ and I are defined respectively in Proposition 5.1 and 5.3.
Proposition 5.3 implies the existence of 6/, 6. € [0, 27) such that

(W (T, Wi (T1) = (e D1 (T1), 7% (1)),
40 —6) =0 [27].
Let T" > T; be such that
0] +MT"=0 [27].
Thus,
07 +0T"=4(0] +MT") =0 [27].

Finally, if we extend
satisfies

by 0 on (71, T"), we have that (1// wre") is solution of (1.2)—(1.3) with control " ref and

ref ref ?

i (074+A;TT)
() =g = g

Then, application of the return method along this trajectory as in Section 4 implies Theorem 1.3.
6. Non-controllability results in small time
The goal of this section is the proof of Theorems 1.1 and 1.4.

6.1. Heuristic of non-controllability

We adapt the strategy developed in [8] by Beauchard and the author in the case N = 1. Using power series expan-
sion, we consider

u=0+c¢v,
i =@ +ewi +e% +o(e?), Vjell,...,N). (6.1)
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Here and in the following, we use the classical Landau notations. We say that f = O (g) if there exist C > 0 and a
xX—>a
neighbourhood V(a) of a such that || f (x)|| < C|lg(x)|| for x € V(a). We say that f = o (g) if for any § > O there
X—a
exists a neighbourhood V(a) of a such that || f(x)|| < §|lg(x)|| for x € V(a).
Considering (6.1), we define the following systems for j € {1, ..., N},

i = -2 W —v(px)®@;, (t,x)e0,T) x (0,1),

wit,0)=w/(t,1)=0, 1e€(0,7), (6.2)
vJ(0,x)=0, x€(0,1),
and
i,/ = =07 & —v@Op@)W/, (t,x)€(0,T) x (0, 1),
E(1,0)=¢£/(1,1) =0, 1€(0,T), (6.3)
£7(0,x)=0, x € (0,1).
We focus in this heuristic on the case N = 2. Let us try to reach
(v (1), wz(T)) =(@1(T), (V1 =382 +iad)P(T)), (6.4)
with § > 0 and « defined in Theorem 1.1 from (¥ (0), ¥2(0)) = (¢1, 2). Condition (6.4) imposes ¥ (T) =0 i.e.
T
veVr = {v e L*((0, T), R); /v(l)ei()"‘_)“)t dr =0, Vk e N*].
0

Let us define the following quadratic forms, for j € {1, 2}, associated to the second order

Or,;(v) = 3((g/(T), &;(T)))

T ! +00
= /v(t)fv(f)(Z(Wj,wwzsin((kk—)\j)(t—f))> dr dr,
0 0 k=1

and

071 (V) :={ue1,¢1)0r2(W) — (up2, 92) Or,1 (V). (6.5)

The following proposition states that in time small enough, the quadratic form Qr has a sign on Vr.

Proposition 6.1. Assume that | satisfies Hypothesis 1.2. Then, there exists Ty > 0 such that for any T € (0, Ty), for
any v € Vr\{0},

AQr(v) <0,
where A € R* is defined in Hypothesis 1.2.

Proof of Proposition 6.1. Letve Vy ands:t€ (0,T) — fot v(t) dr. Performing integrations by part, we define a
new quadratic form

T T t
2
Qr,j(s) :==—((n) (pj,¢j>/s(t)2dt+fs(t)/s(t)hj(t—t)dtdt: Or,;(v), (6.6)
0 0 0
where 1 11> 30 — A )2 (@), o) sin((h —A)1). As € H3((0, 1), R), it comes that 1 ; € CO(R, R). Thus,
if we define

Or(s) := (o1, ¢1)Qr.2(5) — (12, 92) Q1,1(5), (6.7)
we get that



M. Morancey / Ann. I. H. Poincaré — AN 31 (2014) 501-529 523

T t
Or(v) = Qr(s) = —Als|l%, +/s<t>/s(r)h<r —ydrds,
0 0
with

h:= (up1, ¢1)hy — (g2, p2)h1 € CO(R, R).
We can assume, without loss of generality, that .4 > 0. Thus, there exists C = C(u) > 0 such that

07r() < (~A+CTD)|s]2,. (6.8)

We conclude the proof by choosing T, < % |

Remark 6.1. This Proposition indicates that, in small time, there are targets that cannot be reached. However, using
the theory of Legendre form (see e.g. [11,33]), we can prove that Q7 lacks coercivity in L2((0, T),R). This is why
we work directly with the quadratic form Qr adapted to the auxiliary system defined in Section 6.2 where the control
is s and not v.

Remark 6.2. This strategy is only valid for small time and we do not know if this quadratic form changes sign in time
large enough on V7. Following the strategy of [8], this would imply local exact controllability in large time but it is
an open question.

6.2. Auxiliary system

For j €{l1,..., N}, we consider the function 1/}j defined by
t
Ut x) =9l (1, ) OH)  with s(2) == / u(t)dr. 6.9)
0

It is a weak solution of

07 = =03, 97 —is() (2 ()7 + 1 )P ) + 502 (0P,

Ui (t,0) =9/ (t,1) =0, (6.10)

V0, ) =g;.
Using Proposition 2.1 on (1.2) and (6.9), it follows that the following well posedness result holds. In the following,
the time derivative of s will be denoted by 5.

PEOpOSitign 6.2.Let e H*((0,1),R), T >0, s € H'((0, T), R) with s(0) = 0. There exists a unique weak solution
(1//1, R WN) € CO([O, T1, H3N H&)N of system (6.10). Moreover, for every R > 0, there exists C = C(T, u, R) >0
such that, if |51l 20,7y < R, then this weak solution satisfies for any j € {1, ..., N},

”‘Z] ||L00((0,T),H3mH(}) <C.

6.3. Non-exact controllability in arbitrary time with N =2

In this subsection, we consider system (1.2) with N = 2 and prove Theorem 1.1. This result is a corollary of the
following theorem for the auxiliary system.

Theorem 6.1. Let 1 € H>((0,1),R) be such that Hypothesis 1.2 hold. Let T, > 0 be as in Proposition 6.1 and
o € {—1, 1} asin Theorem 1.1. For any T < Ty, there exists ¢ > 0 such that for every s € Hl((O, T),R) with s(0) =0
and ||$|l2 < €, the solution of system (6.10) satisfies

(v 1(T), P2 (D)) # (@1(T)e'", (V1 — 82 +iad)®r(T)e'"), V¥8§>0, V0 eR.
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Before getting into the proof of Theorem 6.1, we prove that it implies Theorem 1.1.

Proof of Theorem 1.1. Let 7 < T, and ¢ > 0 defined by Theorem 6.1. Let u € L*((0, T),R) be such that
lull 20,7y < €. Assume by contradiction that

(WD), v (D)) = (®1(D). (V1 — 82 +iad)Dy(T)).
for some § > 0. Let s and ¥/ be defined by (6.9). Then s(0) =0, Isll;2 <€ and ¥/ is solution of (6.10) and satisfies

(F1T), F2(T)) = (@1(Te *DE, (V1 = 82 + ia8) Dy(T)e ).

Thanks to Theorem 6.1, this is impossible. O

Proof of Theorem 6.1. Without loss of generality, we assume that A > 0.
First step: we prove that — Q7 is coercive for T < Ty.
Using the same estimates as in (6.8) and the fact that T, < %, we get that there exists C, > 0 such that for T < T

Qr(s) < —Cilisll3.. Vs e L*((0,7),R). (6.11)

Second step: approximation of first and second order.
Using the first and second order approximation of (6.10), the following lemma holds.

Lemma 6.1. Let T > 0 and i € H3((0, 1), R). Forall j €{1,..., N},

13((/ (1), 2;(D))) — Qr.j ()| =0(llslI3,)  when [I§]|2 — O,

13((¥/ (1), @) | =o(llsll2)  when [|§]| 2 — 0.
Proof of Lemma~6.1. Lgt‘ je{l,...,N}. As proved in [8, Proposition 3], if we define the first and second order
approximations, ¥/ and £/, by

(1, x) =0 (1, %) +is(OrE) P (t, x), (6.12)
and

ENt,x)=E/(t,x) +is()n(x)¥/ (¢, x) — #M(x)quj(z,x), (6.13)
it comes that, when |[|${|;2 — 0

|/ —@; -/ “LOO(((),T),HO‘) =o(llsllz2) (6.14)
and

”‘Zl —®; - & ||L°°((O,T),L2) = 0(||S||iZ)~ (6.15)
Straightforward computations using (6.12) imply Ts((lf/j (T), @;(T))) =0. Thus, from (6.14) we deduce

S ). &, O] = 35 = &, )T 0D = 0 (lsl).

50,2~
Straightforward computations using (6.13) imply Ts((gj(T), @;(T))) = Qr,;(s). Thus, from (6.15) we deduce
(0 (@), @,(D)) = Q19| = [X(((# = @; =&/ =& )(T), ;(D)))]

2
= o (lIsl2)-
nsaneo( )

This ends the proof of Lemma 6.1. O
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Third step: conclusion.
Let T < T,. Assume by contradiction, that Ve > 0, s, € H L0, T), R) with s.(0) =0 and IS¢1l 72 < € such that
the associated solution of (6.10) satisfies

(B (), P2(T)) = (cpl(T)ei‘)eM, ( 1— 682+ iaag)@(T)e"@s“),
with ¢ > 0 and 6, € R. Notice that

8e —> 0, 6, —> 0.

e—0 e—0

Explicit computations lead to

3({ir: (D), 21(D)) = g1, 91)6: + 0 (6)),

E—>

and

S((WA(T), D2(T))) = ade + /1 — 62 (1g2, 92)0: + 00(93).

E—>

Thus, it comes that

(re1, e)S((W2(T), ®2(T))) — (g2, 2)I(W (T, &1(T)))
2

= a (11, 91)8: — (11, 1) (e, wz)ﬁ% +sgo(9§).
Using Lemma 6.1 to estimate 5((&3 (T), ®1(T))) and S((t/}f(T), @,(T))) it comes that
Oc= 0 (Isellz2), 8= o (Isellz2)-
Thus,
(g, o0 (V2 (D), @2(T)) = {2, 92)3 (Ve (1), 21(D))) = (or, @) + 0 (llsel2)-
Finally, combining this with Lemma 6.1 and (6.11), we obtain

0 <afugr, ¢1)de
= (g1, @O (Y2 (1), 22(T))) = (a2, 92)3 (¥ (1), 21D + 0 (lsel )

— 2
= Qr(s)+ o (Is}:)
< =Cullsellza+ o (IselZ2)-
This is impossible for ¢ sufficiently small. This ends the proof of Theorem 6.1. O

6.4. Non-exact controllability up to a global phase in arbitrary time with N = 3.

In this subsection, we consider system (1.2) with N = 3 and prove Theorem 1.4. As previously, this result is a
corollary of the following theorem for the auxiliary system.

Theorem 6.2. Let ;1w € H3((0, 1), R) be such that Hypothesis 1.3 hold. Let B € {—1, 1} be defined as in Theorem 1.4.
There exists Ty > 0 and & > 0 such that for any T < Ty, for every s € H'((0, T), R) with s(0) = 0 and 112 <e&, the
solution of system (6.10) satisfies

(U1 (), F2(T), () # & (1T, DT, (V1 = 82 +iB8) D3(T)e ),
forall § >0, forallv,0 € R.
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The proof is very close to the one of Theorem 6.1.

Proof of Theorem 6.2. Without loss of generality, we can assume B > 0. We consider the following quadratic form

Qr(s) := ((ne3, 93) — (@2, 92)) Qr.1(s) + (o1, 01) — (L3, ¢3)) Qr.2(s)
+ (@2, 92) — (ne1, 91)) Qr3(s),

where Qr ; is defined as in (6.6). This is rewritten as

T

t
Q1) =-Blsl: + [ ) [soma - rygrar,
0

0

with & € CO(R, R). Thus, there exists Ty > 0, Cy, > 0 such that for all T < T,
Qr(s) < —Cilisll3.. Vs e L*((0,7),R).

Let T < T, and assume, by contradiction, that Ve > 0, 3s, € H'((0, T),R) with s,(0) =0 and Isell;2 < € such
that the associated solution of (6.10) satisfies

(L) BT T) = e (D1, Do), (1 = 82 + i, ) b3 (T)e "),
with v, 6, € R and §, > 0. Notice that,
ivg

58 > 07 95 —> 0, e —> 1.
e—=0 e—0 e—0

Straightforward computations and Lemma 6.1 to estimate the terms ;‘s((l}sl(T), D (1)) — Ts((&az(T), Dy (T))),
SUPH(T), @1(T))) and I(P(T), D3(T))) lead to

0= 0 (Iscll2),  sine)= o (llsellz2), o= o (lsellz2). (6.16)
For the sake of clarity, let us denote

T (se) = ({3 @3) — (@2, 2))3((¥ (1), D1(T)))
+ ((ne1, @1) — (g3, 3)S(V2(T), D2(T)))
+ ((n@2. @2) — (o1, 1) (V2 (T), D3(1))).
Using estimates (6.16), straightforward computations lead to
T(se) = B((ke2, 92) = (o1, 1)) cos(ve)se + 0 (llsel72)-

Finally, for ¢ sufficiently small,

0 < B({np2. 92) — (11, @1)) cos(ve)Se
=T+ o (Iselz2)

_ 2
= Qr(se)+ o (Is:l}2)

2 2
<—Cullsellfz + 0 (lIsel}).

This is impossible and ends the proof of Theorem 6.2. O
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7. Conclusion, open problems and perspectives

In this article, we have proved that the local exact controllability result of Beauchard and Laurent for a single bilin-
ear Schrodinger equation cannot be adapted to a system of such equations with a single control. Thus, we developed
a strategy based on Coron’s return method to obtain controllability in arbitrary time up to a global phase or exactly up
to a global delay for two equations. For three equations local controllability up to a global phase does not even hold in
small time with small controls. Thus, in this setting and under generic assumptions no local controllability result can
be proved in small time if N > 3. Finally, the main result of this article is the construction of a reference trajectory
and application of the return method to prove local exact controllability up to a global phase and a global delay around
(D1, D2, D3).

However our non-controllability strategy is only valid for small time and we do not know if local exact control-
lability around the eigenstates (P1, ¢2) hold in time large enough (for two equations or more). This would be the
case if one manages to prove that the global delay 7* can be designed to be the common period of the eigenstates @y
ie. T* = % This is an open problem. Moreover, when Hypothesis 1.2 or 1.3 are not satisfied, we do not know if the
considered quadratic forms still have a sign. Thus, the question of non-controllability when these hypotheses do not
hold is an open problem. The question of non-controllability with large controls has not been addressed here since our
strategy relies on a second order approximation valid for small controls.

The question of controllability of four equations or more is also open. In fact, each time we add an equation there
is another diagonal coefficient (¥/, & ) which is lost. We proved that we can recover this lost direction using either
a global phase or a global delay for N =2 and both a global phase and a global delay in the case N = 3. It seems
that there is no other degree of freedom to use to obtain controllability for N > 4. Moreover, there are other directions
than the diagonal ones with the same gap frequencies (e.g. A7 — A1 = Ag — A4). Thus, for N > 4 one should consider
a model with a potential that prevents such resonances.
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Appendix A. Moment problems

We define the following space
(N, C) := {(di)ken € (N, C); do € R}.

In this article, we use several times the following moment problem result.
Proposition A.1. Let T > 0. Let (wy,),eN be the increasing sequence defined by
{wn; neN}:{Ak—Aj; jefl,2,3}, k2j+landk=j=3}.

There exists a continuous linear map
L:62(N,C) — L*((0,7),R),
such that for all d := (dy),eN € ZE(N, O,

T
/ L)) dt =d,, VneN.
0

Proof of Proposition A.1. For n € N*, let w_, := —w,. Using [36, Theorems 9.1, 9.2], it comes that for any finite
interval I, there exists C, C2 > 0, such that all finite sums

f@) = cheiwnt’ cp €C,
n
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satisfy
A Ylal < [lrofa<e: Y o,
n Ji n

This relies on Ingham inequality which holds true for any finite interval as Ay = k?w?. Let T > 0 and Hp :=
AdhLz(O,T) (Span{e'“""; n € Z}). Thus, (¢'“""),cz is a Riesz basis of Hy i.e.

Jo: Hy — *(Z,C)

f > ff(t)eiwnfdt
0

nez

is an isomorphism (see e.g. [0, Propositions 19, 20]). Let d € ZZ(N C). We define d = (dp)nez € 3(Z,C) by
d, :=d,, forn >0 and d, := d_,, for n < 0. The map L is defined by L(d) := (d) The construction of d
and the isomorphism property ensure that £(d) is real valued. O
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