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Abstract

We study the following linearly coupled Schrodinger equations:

—&2Au +a@u=uf +rv, xe RV,
—&2Av +b(x)v = v2*_l +Au, x¢€ RN,

u,v>0 inRN, u(x),v(x) >0 as|x|] = oo,

where N > 3,2*% = % 1 < p <2*—1,and a(x), b(x) are positive continuous potentials which are both bounded away from 0.
Under some assumptions on a(x) and A > 0, we obtain positive solutions of the coupled system for sufficiently small ¢ > 0, which
have concentration phenomenon as ¢ — 0. It is interesting that we do not need any further assumptions on b(x).

© 2013 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper we study standing waves for the following system of time-dependent nonlinear Schrodinger equations

o, h?

—ih—= = S AV a0y = [P~ Y + Ay, xeRYN, >0,
9 K2 .
—ih% - ?Alﬂz + b)Y =¥)? 2+ Ay, xeRN, >0, (1.1)

vi=v;x,n)eC, j=12,
Yi(x,1)—>0, as|x|—>+oo, >0, j=1,2,

where i denotes the imaginary unit, /4 is the Plank constant, N >3, 1 < p <2* — 1 and 2* = 2_7Nz is the Sobolev

N
critical exponent.
Nonlinear Schrodinger equations (NLS) have been broadly investigated in many aspects. In particular, there has
been an ever-growing interest in the study of standing wave solutions to NLS starting from the cerebrated works
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[8,14,28]. For system (1.1), a solution of the form (V| (x, t), ¥2(x, 1)) = (e 1Bty (x), e TE!/My(x)) is called a stand-
ing wave. Then (i1, 1) is a solution of (1.1) if and only if (u, v) solves the following system

hZ
—7Au+(a(x)—E)u=|u|p_1u+kv, x eRVN,

K2 . (1.2)
—7Av+(b(x)—E)v:|v|2 2y+iu, xeRV,

u(x),v(x) >0 as|x|— oo.

In this paper we are concerned with positive solutions for small # > 0. For sufficiently small # > 0, the standing
waves are referred to as semiclassical states. Replacing a(x) — E, b(x) — E by a(x), b(x) for convenience, we turn to
consider the following system of NLS

—&2Au+a(x)u = u” +Av xeRY,
—?Av+b(x)v= vl au, xeRV, (1.3)
u,v>0 in RV , u),v(x)—>0 as|x|— oo,

where A > 0, and ¢ > 0 is sufficiently small.

The mathematical interest in (1.3) relies on its criticality, due to the fact that 2* is the critical exponent. Critical
exponent elliptic problems create some difficulties in using variational methods due to the lack of compactness, and
have received great interest since the cerebrated work by Brezis and Nirenberg [10]. Before saying more about the
background for problems like (1.3), we would like to introduce our main result first. Let C, be the sharp constant
of the Sobolev embedding H! (RV) — LPHI(RN)

2

P+
/|Vu|2+|u|2dx>cp+1</|u|"+1dx> ,
RN RN

and S the sharp constant of D'"2(RV) — LZ"(RV)

2
. ¥
/|vu|2dx>s</|u|2 dx> ) (1.4)

RN RN
Here, D'"2(RV) := {u € L2RN): |Vu| € L2(RY)} with the norm

12
il i :=</|Vu|2dx> _

RN
Define
p+1 Ny—1
2p+1) =N
S c ’ 1.5
|:N( -1 ptl (1.5)
Assume that
(V1) a,be C(RN,R) and there exist some constants ag > 0, by > 0 such that
inf a(x) =ap < 1o, inf b(x) =
xeRN xeRN
(V2) There exists a smooth open bounded domain A C R¥ such that
1nf ax)<ppo<ap: 1r(;9an(x). (1.6)

Then the main result of this paper is the following
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Theorem 1.1. Let N > 3 and assumptions (V1)—~(V2) hold. Assume that

0 < A <min{y/agbo, v/(a1 — po)bo}. (1.7)

Then there exists ey > 0 such that for any ¢ € (0, &), problem (1.3) has a positive solution (iig, V¢), which satisfies

(i) there exists a maximum point X, of o + V. such that X, € A;
(ii) for any such an Xg, (W1 ¢ (x), W2 ¢ (x)) := (Ue(ex + Xe), Ve (6 +Xe)) converge (up to a subsequence) to a positive
ground state solution (w1 (x), w2 (x)) of

—Au+a(Pphu=u?+rv, xeRY,
—Av+b(Py)v=v"""+xru, xeRV, (1.8)
u,v>0 in]RN, u,veHl(]RN),

where X — Py € A as ¢ — 0,
(iii) there exist c, C > 0 independent of ¢ > 0 such that

(il + 7o) () < Cexp<—§|x —£s|>.

Remark 1.1. The constant pq, that is defined in (1.5) and appears in assumptions (V1)—(V2), plays a crucial role
in Theorem 1.1. As we will see in Lemma 2.2, the assumptions inf, .y a(x) < po and inficp a(x) < po are both
necessary for Theorem 1.1.

Remark 1.2. It is interesting that we only assume inf, gy b(x) > 0 without any further assumptions on the potential
b(x). In contrast, there have been many papers working on other kinds of elliptic systems (see [21,23,24,26] for
example), where further assumptions on b(x) seem always to be needed in the literature.

Remark 1.3. It was pointed out in [16, Remark 1.4] that, by Pohozaev Identity, the limit problem (1.8) has no non-
trivial solutions if p =2* — 1. That is why we assume 1 < p < 2* — 1 in this paper.

For the scalar case of (1.3)

—?Au+ax)u=u”, xeR, u>0, (1.9)

where 1 < p < %—f%, there are many works on the existence of solutions which concentrate and develop spike layers,

peaks, around some points in R while vanishing elsewhere as ¢ — 0. The related results can be seen in [11-13,17,
18,25,27] and the references therein. On the other hand, the following critical problem

—szAu—i—a(x)u:f(u)—}—uz**l, xeRY, u>0, (1.10)

has also been well studied, where f () is a subcritical nonlinearity, see [3,29] for example. Remark that in [3], a(x)
is assumed to be locally Holder continuous. Recently, under more general assumptions on both a(x) and f(u) than
those in [3], Zhang and the authors [29] proved the same result as in [3].

Meanwhile, there are an increasing interest in studying coupled nonlinear Schrodinger equations in recent years,
which is motivated by applications to nonlinear optics and Bose—Einstein condensation (cf. [1,2,19]). For example,
the following coupled Schrodinger equations

—&2Au +a(x)u=u1u3+,3uv2, xeRN,
—82Av+b(x)v:u2v3+,3vu2, x eRY,
u>0 v>0 inRN,

u(x),v(x) >0 as|x| - oo,

(1.11)

in subcritical case N < 3 have been well studied by [21,23,24,26]. Remark that, further assumptions on b(x) are
needed in all these works.
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Note that the coupling term of (1.11) is nonlinear. Recently, linearly coupled Schrodinger equations of the following
type

—Au+pu=u’'u+rv, xeRV,

—Av+vv=/P v+ ru, xeRY, (1.12)

u,veH' (]RN )
have been well studied from the cerebrated works by Ambrosetti et al. [4-6]. Systems of this type arise in nonlinear
optics (cf. [1]). In the case of N <3, u =v =1, p =3 and A > 0 small enough, Ambrosetti, Colorado and Ruiz [5]
proved that (1.12) has multi-bump solitons. When [u|?~'u and |v|?~'v are replaced by f(x, u) = (1 4 c(x))|u|?"'u
and g(x,v) = (1 +d@)vP~ v respectively, system (1.12) has been studied by Ambrosetti [4] with dimension
N =1 and Ambrosetti, Cerami and Ruiz [6] with dimension N > 2. When |u|”_1u and |v|1’_1v are replaced by
general subcritical nonlinearities f(x) and g(v) respectively, (1.12) was studied by the authors [15].

Note that all works mentioned above deal with subcritical case. Recently, the authors [16] studied the ground state

solutions of the following system with critical exponent

—Au + pu =uf + A, xeRN,

—Av+vv=v2*_1+)»u, xeRY, (1.13)

w,v>0 inRVN, u,veHl(RN),
where p,v >0 and 0 < A < /uv. Note that system (1.13) appears as a limit problem after a suitable rescaling of
(1.3), see Theorem 1.1(ii) for example. As far as the semiclassical states related to (1.13) are concerned, we are
naturally led to study system (1.3), and this is the goal of this paper.

There are several useful approaches to study semiclassical states. One is the classical Lyapunov—Schmidt reduction
method, which cannot be used here, since the uniqueness and nondegeneracy of the ground state solutions of (1.13)
are not known. Another one is Byeon and Jeanjean’s variational approach [11], which cannot be used here either,
since we have no any further assumptions on b(x). Here, to prove Theorem 1.1, we will mainly follow the variational
penalization scheme introduced by Del Pino and Felmer [17]. However, we should point out that the compactness is
the main difficulty since (1.3) is a critical problem. Therefore, the method of Del Pino and Felmer [17] cannot be used
directly and some crucial modifications and new tricks are needed.

The paper is organized as follows. In Section 2, we give a general assumption (V3) on a(x) and b(x) instead of
(V2), and then give a general result. Theorem 1.1 will be a direct corollary of this general result. Some comments
about (V») and (V3) are also given. We will prove the general result in Section 3.

1
We give some notations here. Throughout this paper, we denote the norm of L” (RY) by |u| p=( fRN |ul? dx)”,and

the norm of H'(RY) by |lu| =,/ |Vu|§ + |u|§. We denote positive constants (possibly different in different places)
byc,C,Co,Cy,...,and B(x,r):={y e R : |x —y| <r}.

2. A general result and some comments

Consider the following coefficient problem

—Au+a(P)u=uP +rv, xeRVN,
—Av+b(Pv=v""14x, xeRV, (2.1)
u,v>0 inRV, u,veHl(RN).

Define H := H'(RY) x H'(RN) with the norm ||(«, v)||% := ||u||?> + ||v||>. It is well known that solutions of (2.1)
correspond to the critical points of C? functional Lp ; : H — R given by
1
Lpju,v) =3 /(|Vu|2 +a(P)u’® + |Vol* + b(P)v?) dx
RN
1 4 1 o
—— | ulP"dx — = | |v|” dx— X | uvdx. (2.2)
p+1 2%
RN RV RN
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Define the Nehari manifold

Npjo={,v) € H\{(0,0)}: Lp ; (u, v)(u,v) =0}, (2.3)
and
m;.(P) = (u,v%gf\/p_l Lpj(u,v),

then (u, v) € Np , satisfying L p ; (1, v) = m; (P) will be a ground state solution of (2.1) (see [16]). Let us introduce
the following assumption

(V3) There exists a smooth open bounded domain A C R such that

mo,y = inf my(P) < inf my(P).
PeA PedA

Define
My :={P € A: m;(P)=my,}. (2.4)
In the sequel, the subscript A will be dropped when there is no possible misunderstanding. Now we can state a

general result.

Theorem 2.1. Let N > 3 and assumptions (Vi) hold. Assume that (V3) holds for some A € (0, /aoby ), then there
exists ey > 0 such that for any € € (0, gg), problem (1.3) has a positive solution (ii¢, Ve), which satisfies

(i) there exists a maximum point X of ue + V¢ such that X, € A and
lim dist(x,, M) =0;
e—0

(i) for any such an X¢, (W1,¢(x), w2 ¢ (x)) = (Ue(ex + Xs), Ve (6Xx 4+ X¢)) converge (up to a subsequence) to a positive
ground state solution (w1 (x), wa(x)) of (2.1) with P = Py, where X — Py € M as ¢ — 0, and it satisfies that
L py (w1, w2) =m(Po) = mo;

(iii) there exist ¢, C > 0 independent of ¢ > 0 such that

(il + 7o) () < Cexp<—§|x —£8|>.

Remark 2.1. Assumption (V3) is an abstract condition, since we cannot write down explicitly the function m; (P).
Such type of abstract assumptions for system (1.11) can be seen in [21,24]. As we will see in Lemma 2.1, for our
problem (1.3), we can show that (V,) implies (V3). However, for (1.11), (V2) cannot imply (V3) obviously, and
further assumptions on b(x) are needed (see [21,24]).

Recall pg in (1.5); the following results have been proved by the authors [16].
Lemma A. (See [16, Lemma 2.4].) Let 0 < . < </a(P)b(P).
(1) If0 < a(P) < po, then my(P) < 4 SN/2.

(2) If a(P) > o, then there exists Lp € [+/(a(P) — wo)b(P), ~/a(P)b(P)), such that
(i) if0 <A < Ap, then my(P) = + SN/2;

(i) if hp <A < /a(P)b(P), then m;(P) < - SN/2.

Lemma B. (See [16, Lemma 2.6].) Let 0 < A < v/a(P)b(P). If m)(P) < %SN/Z, then problem (2.1) has a positive
ground state (ug, vg) € C 2(RN | R) such that ug, vy are both radially symmetric decreasing.

Theorem A. (See [16, Theorem 1.1].) Assume N >3, 1 < p <2*—1and 0 < A < /a(P)b(P).
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(1) If 0 <a(P) < o, then problem (2.1) has a positive ground state (u, v), such that Lp(u,v) =m;,(P) and u,v €
C?(RN | R) are both radially symmetric decreasing.
) If a(P) > no, then
(1) if A < Ap, then m, (P) is not attained, that is, problem (2.1) has no ground state solutions.
@i1) if A > Ap, then problem (2.1) has a positive ground state (u,v), such that Lp(u,v) =m;(P) and u,v €
C%(RN,R) are both radially symmetric decreasing.

Remark 2.2. The assumption 0 < A < +/a(P)b(P) is needed in Lemmas A and B and Theorem A to guarantee that
the Nehari manifold Np ; is bounded away from 0, and 0 < A < \/agby is assumed in Theorems 1.1 and 2.1 such that
Np_; is bounded away from O for all P € RV,

Lemma 2.1. Assume (V2). Then (V3) holds for any A satisfying (1.7). Therefore, Theorem 1.1 is a direct corollary of
Theorem 2.1.

Proof. Fix any A that satisfies (1.7). By (V»), there exists some P; € A such that a(Py) < uo, then we see from
Lemma A that

1
inf my(P) <m; (P)) < —SN/2.
PeA N
On the other hand, for any P € d A, we have

)< /a1 = po)bo <,/ (alP) — no)b(P) < hp.

then we see from Lemma A that m, (P) = %SN/Z, that is,

1
inf m(P)=—SN/?.
PedA N
Therefore, (V3) holds. O
Lemma 2.2. Assumptions inf gy a(x) < po and infye 4 a(x) < o in (V1)—(V2) are both necessary for Theorem 1.1.

Proof. Suppose that Theorem 1.1 holds. Assume by contradiction that ay := inf,c 4 a(x) > po. Fix any A that satisfies

0<A< min{\/a()b(), \/(a1 — 1o)bo, \/(az — /L())b()}.

Theorem 1.1(ii) says that there exists some Py € A such that (2.1) has a ground state solution when P = Py. On the
other hand, since

3 < flay — 10)bo </ (a(Po) — po)b(Po) < hpy.

Theorem A says that (2.1) has no ground state solutions when P = Py, a contradiction. So infyc 4 a(x) < o, and this
implies inf, .gv a(x) < po. O

Lemma 2.3. Let {P,: n € N} ¢ RN such that P, — Py € RN as n — oo, and fix any A € (0, /a(Py)b(Py)). If
my(Py) < %SN/Z, then

lim mj (P,) =m) (Pp).
n—oo

Proof. Since P, — Py, we may assume that
A<+ a(Py)b(P,)—38, VneN, (2.5)
where § > 0 is a small constant. In this proof, the subscript A will be dropped. Then it is standard to prove that

m(P,)= inf Lp (u,v)= inf maxLp, (tu,rv). (2.6)
(M,U)GN[J” (u,v)#(0,0) t>0
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Since m(Py) < %SN/Z, we see from Lemma B that problem (2.1) has a ground state (ug, vo) € CZ(RM,R) when
P = Py, and L p(up, vo) = m(Po). It is easy to see that there exists #, > 0 such that (#,uo, t,v9) € Np, and 1, — 1 as
n — o0. Then

limsupm(P,) < limsup L p, (t,uq, t,v9) = L py (g, vo) = m(Pp), 2.7

n—oo n—od

and so we may assume that m(P,;) < %S N/2 for any n € N. Combining this with (2.5) and Lemma B, we see that
(2.1) has a positive ground state solution (U,, V,) when P = P,, and Lp, (U,, V;,) = m(P,). Moreover, U,, V,, are
both radially symmetric decreasing. By (2.5) we have

1
m(P,) = LPn (Un, V) — mL/pn (Un, Va)(Un, Vi)

> Pl
2p+2

f(|vun|2 +a(P)U? + [V Vy? + b(Py)VE — 20U, Vy,)
RN
C(IUI* +1Val®), V¥neN,
where C > 0 is independent of n. Hence, (U, V},) is uniformly bounded in H. Passing to a subsequence, we may
assume that (U,, V,;) — (Up, Vo) weakly in H. Then by repeating the proof of Lemma B in [16] with minor modi-

fications, we can prove that (U, V,) — (Ug, Vo) strongly in H and (Up, Vp) is a nontrivial critical point of L p,. By
(2.7) we have

limsupm(P,) <m(Py) < Lp,(Up, Vo) = nli)rgo Lp,(Un, Va) =nli>ngom(Pn)-

n—oo

This completes the proof. O

In fact, assumption (V3) is more general than (V;), and we believe that there may be some other kinds of conditions
on a(x) and b(x) such that (V3) holds. For example, we can show the following result.

Proposition 2.1. Suppose (V1) holds. Assume that there exist a smooth open bounded domain A C RN and some
Py € A such that sup,. 7 a(x) < wo, and either
a(Py) < inf a(x), b(Py) < inf b(x),
xedA xedA
or

a(Pp) < inf a(x), b(Py) < inf b(x). (2.8)
xX€eIN xXeIA
Then (Vi) holds for any A € (0, v/apby ).

Proof. Without loss of generality, we assume that (2.8) holds. Fix any A € (0, Vaobg ). In this proof, the subscript A
will be dropped. Lemma A says that m(P) < SN/2 for any P € A, so we see from Lemma 2.3 that m(P) is
continuous with respect to P € A. Then there ex1sts P> € A such that m(P) = infpeys m(P). By Lemma B we
know that (2.1) has a positive ground state solution (U, V) when P = P, and Lp,(U, V) = m(P,). Noting that
a(P1) <a(Py) and b(P1) < b(P»), it is easy to see that there exists 0 < fo < 1 such that (toU, V) € ./\fp1 . Therefore,

1 1 [7+1 [7 l 1 *
m(P1) < Lp (10U, 10V) = eS| U] +1+ T g1V

1 1 » 11
<(z-5)enti+ (3B
=Lp,(U,V)=m(P),

that is,

inf m(P) <m(P;) <m(P)= inf m(P),
PeA PedA

that is, (V3) holds. O
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3. Proof of Theorem 2.1

In the rest of this paper, we only need to prove Theorem 2.1. From now on, we assume that (V1) hold, and we fix
any A € (0, «/apbg ) such that (V3) holds.
Define a.(x) := a(ex), bs(x) := b(ex). To study (1.3), it suffices to consider the following system

—Au+tau=uP+rv, xeRV,
—Av+bgv=vz*_1 +iu, xeRV,

3.1
u>0, v>0 xeRN, S
ux),v(x) =0 as|x| - oo.
Let Ha]’ ¢ (resp. H;, ;) be the completion of C§°(RY) with respect to the norm
1 1
2 2 : 2 2 :
lulla,e = |Vul|= 4+ a.u”dx resp. ||ullp,e = |Vul|” + b.u”dx .
RN RV
Define H, := Hal,s X Hbl,s with a norm ||(u, v)||e =,/ ||u||2’8 + ||v||§78.
Define A, :={x e RV: ex € A} and
) 1 ifxe A,
x) =
XA 0 ifxgA,.
Note that A < </apbg implies the existence of §g > 0 such that agp — ot > 0 and by — A /8¢ > 0. Define
1 A\
o :=|-min{1,ag — oA, by — — , (3.2)
2 o
then o < 1 and o2 =2 < a”~!. Define
Is|P~ts if |s| < «, { Is|¥ =25 if|s| < a,
§) = S) = "
76 {a”_ls if |s| > «, 8(s) o 2s  if|s| > a,
and
fe(x,8) = xa,@)|s|P™'s 4 (1 = x4, (1)) £ ()
8e(x,8) 1= x4, ()Is* s + (1= x4, (1)) g (). (33)
Let Fp(x,s):= [y fe(x,0)dt, F(s):= [y f(1)dt and G¢(x,5) := [ g(x,1)dt, G(s) := [, g(t)dt. Then
|fee )| <P, fgelx, )| <IsPTY xeRY, (3.4)
(p+DF(x,5) = fe(x,s)s, 2*Ge(x,s) = ge(x,5)s, x€ A, (3.5)
2F.(x, ) < folx,s)s <aPls?, 2G(x,s) < ge(x,8)s <aP's?, x¢ A,. (3.6)
Define a functional J; : H; — R by
1 1
Je(u,v) := 5”””3,3 + §||v||§yg — /(Fg(x, u+) + Gg(x, v+) +Auv) dx. (3.7

RN

Here and in the following, u™ (x) := max{u(x), 0} and so is v*. By (V) we see that H, < H and there exists some
C > 0 independent of & > 0 such that

[ v <Cl@. v, (3.8)

Then it is standard to show that J, is well defined and J, € C!(H,, R). Furthermore, any critical points of J, are weak
solutions of the following system
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—Au—l—agu:fg(x,u"‘)—l—kv, xeRN,
—Av—i—bgv:gs(x,v"‘)—i-)»u, xeRN, (3.9
ux),v(x) -0 as|x| - oo.

For each small ¢ > 0, we will find a nontrivial solution of (3.9) by applying mountain-pass argument to J.. Then
we shall prove that this solution is a positive solution of (3.1) for ¢ > 0 sufficiently small.
By (V1), (3.2) and (3.6), there exists C > 0 independent of & > 0 such that

2
el + 2, — f (fo Co )t + e, v)v) — 20 / wv > 2] . v (3.10)
RN\ A, RN
Then by (3.6)—(3.8) we have

1 1 *
JAu,v)}C”(u,v)Hi— m/|u+|p+ldx— 2—*/}v+}2 dx
Ag Ag

>C| . v)|)? — Cllu) Pt — ol

2 1 2%
>Cla | —cla | = clawl]; . 3.11)
where C > 0 is independent of & > (. Therefore, there exist small , 1 > 0 independent of & > 0, such that

inf  Je(u,v) > oa; >0, Vex>0. 3.12)

G, v)lle=r

Define
ce = inf sup Jy(y (1)), (3.13)
Y€Pe t¢[0,1]

where @, = {y € C([0, 1], Hg): y(0) =(0,0), J.(y(1)) <O0}. Take v € C(‘)’O(Ag, R) such that ¥, > 0 and , # 0,
then J, (1Y, ty,) = —oo0 as t — +00. So @, # ¥ and ¢, is well defined. By (3.12) we get

ce>a; >0, Ve>O0. (3.14)
By Lemma A we have m(P) < 4 SV/2 for all P € RY, and by (V3) there holds

1
SN/2. 3.15
mo < (3.15)
Then by repeating the proof of Lemma 2.3 we obtain M # .

, i
Lemma 3.1. limsup, _,gc. <mg < 7 SV/2.

Proof. Take any P € M, then m(P) = mg < +S"/2. By Lemma B we know that (2.1) has a positive ground state
(U, V) suchthat Lp(U,V)=mg. Take T > 1 such that Lp(TU, TV) < —1. Noting that there exists R > 0 such that
B(P,R):={x: |x—P| <R} C A,wetake ¢ € Cé(RN, R)with0< ¢ < 1,¢(x) =1 for |x| < R/2 and ¢ (x) =0 for
|x] = R. Define ¢.(x) := ¢(ex), then ¢ (x — P/e) % 0 implies x € A,. Combining this with (3.3) and the Lebesgue
Dominated Convergence Theorem, one has that

Je(t(@eU)(- — Pe), 1 (¢ V)(- — Pe))

2

t
= / (|V(¢€U)|2—I-a(sx+P)¢§U2+|V(¢8V)|2+b(sx+P)¢§V2)
IXI<R/e
an 12" .
- / IgeU1PH — o / e V> —as? / PIUV
b IX|<R/e Ix|<R/e Ix|<R/e

— Lp(U,tV), ase— 0, uniformly for ¢ € [0, T'].
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So J(T(p:U)(- — P/e), T(¢p:V)(- — PJ/e)) < 0 for ¢ > 0 sufficiently small, that is, y.(¢t) := (¢T(¢:U)(- —
P/e), tT(p:V)(-— PJe)) € D, s0

limsup ¢, < hmsup max Jg(tT(¢€U)( — P/e),tT(¢:V)(- — P/e))

e—0 e—0

= max Lp(tTU tTV)=Lp(U,V)=m

tel0,

This completes the proof. m|

Lemma 3.2. There exists small &1 > 0 such that for any ¢ € (0, e1), Je has a nontrivial critical point (u., v.) € Hp,
which satisfies that u, > 0, v, > 0 and Js(ue, ve) = ce.

Proof. By Lemma 3.1, there exists small & > 0 such that for any ¢ € (0, ¢1), we have ¢, < %SN/Z. Fix any ¢ €
(0, £1). By the Mountain Pass Theorem [7], there exists (u,, v,) € H, such that

lim Jg(up, vy) = ce, lim J.(up, vy) =0.
n— o0 n—0oo

By (3.4)—(3.6) and (3.10), it is easy to see that
1
Ce +0(” (un, Un)HE) +o(l) = Je(up, vy) — ot —— g(u}’h V) (U, Un)

CH (ul’h

—_— .1
2( +1) (3-16)

which implies that (u,, v,) is uniformly bounded in H,. Up to a subsequence, we may assume that (u,, v,) — (i, V)
weakly in H;. Then J/(ue, ve) =0.

Step 1. We prove that u,, — u, strongly in Hal’g.

Take Rq such that A, C B(0, Ryo/2). For any R > Ry, we take a cut-off function ng € C®@®RN,R) such that
0<nr<1,ng=00n B(0,R/2), g =1o0n RN \ B(0, R) and |Vyg| < 10/R. Then ng =0 on A,. By (V}), (3.2)
and (3.6), there exists C > 0 independent of n such that

/(|wn|2+a8uﬁ+|an|2+bav,%)medx - /(fgoc,un)un+gs<x,vn>vn+2xunvn)nkdx

RN RN
/(|wn| + agul + Vo |* + bev2)ng dx. (3.17)
RN

Then we deduce from J/ (i, vy) (MRUn, NRV,) = o(1) that

/(|Vun|2 + agul + Vo, |* + bev2)ng dx < c/(|Vun||VnR||un| + [Vual[Virllval) dx + o(1)

RN RN
<S o, (3.18)
R
that is,

| O

lim sup f (IVun* + aguz + |V, > + bevy) dx < (3.19)

n—0o0
RN\B(0,R)

On the other hand, we may assume that (u,, v,) — (ug, vs) strongly in L loc (RN) x L (RN), where 2 < g <2*. So

lim sup / |a8uﬁ — a8u§| dx < limsup / |a£u,% — a5u§| dx 4+ limsup / |a£u,21| + |a8u§| dx
n—oo n—oo n—oo
RN B(0,R) RN\ B(0,R)

C
< = holds for any R > Ry,
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that is,

lim faguﬁdx: /asugdx. (3.20)

n—00
RN RN

Similarly we can prove that

lim [ bev2dx = / bev? dx; (3.21)

n—oo
RN RN

nll)ngo fe(x,u,f)undxz/fe(x,u:)uedx; (3.22)
RN RN

nll>nolo ge(x, v, )vndx = / ge(x, v )ve dux; (3.23)
RN\ A, RN\ A,

nlingo Fg(x,u;r) dx = / Fg(x,uj) dx; (3.24)
RN RN

nl;n;o G, (x, U;:—) dx = / G, (x, v:) dx; (3.25)
RN\ A, RN\ A,

lim u,,vndx:/ugvgdx. (3.26)

n—>o0
RN RN

Then by J.(uy, vy)(uy, 0) = o(1) we get that

. 2 + _ + _ 2
Jim |l = nlggof fe (s u Yup + Ay, dx = f fe(xou )ue + rugve dx = Nuelly .,
RN RN
that is, u, — u, strongly in Hal,g.
Step 2. We prove that v, — v, strongly in H! .

Denote w,, = v, — v, and A :=lim, fRN |Va)n|2 dx. Fix any 6 > 0, then it is easy to prove the existence of
Cs > 1 such that

l@+b)t" = |a || <8lal® +Csb>, Va,beR. (3.27)

Here a* := max{a, 0} and so is (a + b)™. Note that (3.27) can be easily checked by considering three different cases
separately: (1) a 20,a+b>0;2)a>0,a+b<0;3)a <0,a+b > 0. Then

5= (v

By the Lebesgue Dominated Convergence Theorem, we see that f A, f,f dx — 0 as n — oo. Note that

2 et [ = ot = sl )T < (4 Colue

ol P = o [ = o 7 < £2 + 8oy |7
SO

+
n

2*
— |a)

1imsup/||vn+ ¥ i < cs.
n—oo A

Since § > 0 is arbitrary, we get that
Jim [ = o ) = [
Ag Ag
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Combining this with (3.20)—(3.26), we deduce from J/(u,, v,)(0, v,) = o(1) that

. 2
lim [v,ll, ., = lim |Va)n| dx+||v8||b€
n—>oo ’ n—>oo

RN

= lim ge (x, v+)vn + Auyv, dx

n—o00

11m /|a)+| /gg(x v, )v8+ku8v8dx

= i +|2 2
—nlgroloﬂwn\ e,
Ag

that is,

* * 2*/2 * *
A= lim /yw,ﬂz < lim /|wn|2 < lim <5—1/|an|2) — §72/247/2,
n—oo n—oo n—0oo
Ag RN RN

If A >0, then A > SV/2. Similarly as (3.16), we have
1
Je(ug, ve) = Je (g, ve) — ——J (ug, Ve) (U, V — C|l(ug, v 3.28
e (Ug, Ve) e (Ue, Ve) P+ 1 e (Ue, Ve) (U, V) 2 2( +1) ”(s s)” ( )
Combining this with (3.20)—(3.26), we get that

hm Je(uy,, vy)

= - lim /lVa)n| - — hm /|a)+| + Jo(ug, vg)

2 n—oo
Ag

1 1
= A+ Jelue, ve) > NSN/Q,

a contradiction. So A =0, that is, v, — v, strongly in Hbl’s.
Step 3. We prove that (u., ve) is a nontrivial critical point of J,, which satisfies J (ue, ve) = ¢ and u, > 0, ve > 0.
By Step 1 and Step 2, we have J, (ug, ve) = lim,— 00 Je(Un, vy) = ce > 0, so (ue, ve) is a nontrivial critical point
of J, and we may assume that u, = 0. Then (3.9) implies that v, # 0. Define #~ (x) := max{—u(x), 0}, then we see
from J/(ue, ve)(u, , v, ) =0 that

oz 12+ D Iy == [ s e <2 fugor dx <o [fug P+ agso [ o7 Pax,
RN RN RN RN

so (u; ,v; ) =(0,0), thatis, u; > 0 and v, > 0. On the other hand by a Brezis—Kato type argument [9] on u, + v,,
we see that u, + v, € L4(RY) for any g > 2, and so ug, v, € Wl q(RN ) for any ¢ > 2. Then by Sobolev embedding

we get that ug, v, € Cl{)c (RM) for any B € (0, 1). Therefore, by the strong maximum principle, we have u, > 0 and
ve>0. O

Lemma 3.3. For any ¢ € (0, &1), there holds |lug 4 vell Lo a,) = o > 0.

Proof. If ||us + ve|lpo(4,) <« for some € € (0, £1), then

*_ —
felr,ue)ue <aP™ M2, ge(x,vo)ve <a¥ TR <al 2, VxeRY.
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So

luell2, + II2, < / (@2 + a2 + 2huevy) dx.
RN

Combining this with (3.2), we deduce that (u,, v.) = (0, 0), a contradiction. O
Lemma 3.4. There exist 3 € (0,¢1), Co > 0 and {y, € Ag: € € (0, &3)} such that

(u? +v?)dx > Co>0, Vee(0,e3). (3.29)

B(ye, 1)

Proof. Assume by contradiction that there exists &, — 0 as n — oo such that

lim sup / (u? +v§ )XAs dx =0,
Sn—>0 N n n En
yeR
B(y,1/2)
then Lions Lemma [22] says that (ug, X 4,, > Ve, Xa,,) — (0, 0) strongly in L4 (RN) x LZ(RN) for all ¢ € (2,2%), and
SO

lim [ |ug, [P dx =0.
en—0

Asn

We write ¢ for g, for convenience. Note that

. 2/2*
S</|vs|2 dx) </|Vu8|2dx
RN RN

< ||Ms||521,g + ||Us||i,g - / (fa(xv ugug + g (x, Us)vs) —2A / Ug Vg
RN\ A, RN

:/|u8|1’+] +/|v8|2*. (3.30)
A A

Letting ¢ — 0 and denoting A := lim,_,¢ fAs |v5|2*, we get that SA2/? < A,50 A=0or A > SN2 Meanwhile, we
see from Sobolev inequalities, (3.10) and (3.30) that
2 +1 2%
||(u81 UE)HS <C||(u6‘s Ua)“f +C||(u£1 UE)HS )

where C > 0 is independent of ¢ > 0. Since (u¢, ve) # (0, 0), so

/|u8|1’“+/|v8|2" > C||(ue, ve)||, >C >0, Ve>0.
Ag Ag

Letting ¢ — 0 we see that A > 0. So A > SN2 and by (3.5)—(3.6) we obtain

li
e—0 e—0

lim e, = lim ( s (e, v) — =07 (tte, v0) it v0) ) > hmi/|v8|2" > Lgnn
¢ e—>0 N N
Ae

which contradicts with Lemma 3.1. Therefore there exists Cy > 0 such that

liminf sup / (ug + vg) X4, dx = 2Cy.
e—>0 N
yeR
B(y,1/2)
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That is, there exist 3 € (0, &1) and {z. € RY: ¢ € (0, £3)} such that

(u2 +v2)dx > Cy>0, Vee(0,e3).
B(z¢,1/2)NA,

Taking y. € B(zs, 1/2) N Ag, we see that (3.29) holds. O

Lemma 3.5. There hold lim,_,dist(ey,, M) = 0 and lim;—,oce = mo. Moreover, for any e, — 0, (wi,(x),
w2, (X)) 1= (Ug, (X + ¥s,), Ve, (X + ¥s,)) converge (up to a subsequence, in the sense of || - || in H) to a positive
ground state solution (w1(x), wa(x)) of (2.1) with P = Py, where e,y,, — Py € M as ¢, — 0, and it satisfies that
L py(w1, wa) = m(Py) = my.

Proof. By Lemma 3.1 and (3.28), we may assume that {(u., v.): € € (0, &3)} is uniformly bounded in H, and so
in H. Take any ¢, — 0. Up to a subsequence, we may assume that (wy ¢,, w2,¢,) — (w1, w2) weakly in H. Then we
see from Lemma 3.4 that

/ (w%—i—w%)dx >Co=>0,
B(0,1)

that is, (w1, wz) # (0, 0) and wi, wy > 0. For convenience, we write ¢ for ¢,. Since y, € A,, up to a subsequence, we
may assume that ey, — Py € A. Since A is smooth, up to a subsequence, we may assume that x 4, (- + y.) converges
almost everywhere to x, where 0 < x < 1. In fact, y is either the characteristic function of R" or the characteristic
function of a half space. Then (w1, wy) satisfies

—Au+a(Pou=yu? + (1 —x)fw)+rv, xeRV,
—Av—I—b(Po)vz)(vz*f1 + (- x)gW) + Au, xRV, 3.31)
u,veHl(]R3), u>0, v>0.

Define the functional of (3.31) as

1
L(u,v) = /(|W|2+a(Po)u2+|Vv|2+b(Po)u2—2)\uv)dx

RN

Pt
— /[x( + > + (1= ) (Fu) + G(v))} dx. (3.32)
]RN

p+1 2%

Noting that F (1) < WPI% and G(v) < lvf?

>, we see from (2.6) that

L(wy, wp) =max L(twy, twz) = max L p, (twy, twp) = m(Py) = my.
t>0 t>0

Then by (3.4)—(3.6) and Fatou Lemma we have

1
mo <m(Py) < L(wy, wy) = L(wy, wp) — EL/(wl, wy)(wy, wa)

1 1 1 1 %
_ S p+l1 o 2
_/[<2 P+1>Xw1 +<2 2*>Xw2]
RN

1 1
+ f(l - X)(Ef(wl)wl — F(wy) + Eg(wz)wz - G(wz)>

RN

. 1
< lim |:§fe(x+}’£a wl,e)w],s_Fs(x+ys’ wl,e)i|

e—0
RN
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. 1
+ glg% / I:Egs(x + ye, w2 )wr e — Ge(x + ys, w2,s):|
RN
. 1 ’ .
= lim | Je(ug, ve) — _‘]g(u87 ve) (g, vg) | = lim ¢
e—0 2 e—0
< myo. (3.33)

This means that all inequalities in (3.33) are identities. Firstly, lim,_.oc; = mg. Secondly, we have m(Py) = my,
so Py € M, which implies lim,_,¢dist(eys, M) =0 and so A; — y, — RY, that is, x = 1. Then L(w;, wy) =
L py(wy, w2) = m(Pp), that is, (wy, w2) is a ground state solution of (2.1) with P = Py. By the strong maximum
principle, wi, wy > 0. Thirdly, by putting x = 1 into (3.33), we have

. 1 1
lim wfl_ dx = wf+ dx,
e—0 ’

Ag—Ye RN
. * *
lim w%adx=/w§ dx.
e—0 ’

Ag—Ye RN

By (V1), (3.2) and (3.6), there exists small § > 0 independent of ¢ > 0 such that
A, = /(ag(x +ye) = 8wt , + (be(x + ye) — 8)w3  dx
RN

- / (f(wie)wie+ gwawae) — 2?»/ wiewze 2= 0. (3.34)
x+y: RN\ A, RN

Then by Fatou Lemma we have

/(|Vw1|2+5w%+|Vw2|2+5w§)+/[(a(PO)_a)w%+(b(PO)—(s)wg—zxwlwz]dx

RN RN
- / (™ +wi)dr=tim [ (w{'+wi,)dx
e—0 ’ ’
RN Ag—Ye
T 2 2 2 2 .
=lim | (|Vwi | + 8wy, +|Vwae|” +dw3,) + lim A,
e—0 ’ ’ e—0
RN
> f(|Vw1|2+5wf+|Vw2|2+5w§)+/[(a(Po) —8)wi + (b(Po) — 8)w3 — 2Aw wy]dx,
RN RN

which implies that (wi ¢, w2 ) = (w1, wp) stronglyin H. O
To continue our proof, we need the following lemma which is a special case of Lemma 8.17 in [20] for A.

Lemma 3.6. (See [20, Lemma 8.17].) Let §2 be an open subset of RN . Suppose thatt > N, h € L3 (2) andu € H' (£2)
satisfies —Au(y) < h(y), y € §2 in the weak sense. Then for any ball B(y, 2r) C 2,

sup u < C([u | 1220y + 181280, 200)-
B(y,r) ’

where C = C(N, t,r) is independent of y, and u™ = max{0, u}.

Lemma 3.7. There exist ¢4 € (0, €3) and C> > 0 such that

lue + v8||Lm(RN) <C, VY0<e<ey.
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Proof. In this proof, we use the Moser iteration. Assume by contradiction that there exists &, — 0 such that
nli)ngo lue, + Ve, Il Loomry = +00. (3.35)

Recall (wy,,, w2,¢,) in Lemma 3.5, up to a subsequence, we may assume that (wyg,, w2,) — (w1, wp) strongly
in H. Denote w, = w1 ¢, + Wy, and w = w + wy, then w, — w strongly in H!'(RY) and (3.35) implies that

Since (ug,, vg,) is a solution of (3.9), by (3.4) we see that

—Aw, <wl + w,zl*_1 + Aw, < 21415*_1 +Aw,, xE€ RN, (3.37)

where A =1 +1>0.
First, for any s > 0, we claim that

Suplwn|2(s+l) Ci(s) = suPIwnlz*(s+1) Ca(s), (3.38)

where C;(s) (i = 1,2) are positive constants independent of n.
Choose [/ > 0 and set

Yo i=min{w), 1}, gur=wan,,  2u0={xeRY: w) <1},
1 ifx e,
X0 =00 ifu ¢ 2.
Then
V(Wwan) = (L+5x2, WiniVwn, Vo =(1+2sxe, )2, Vw,

and ¢, ; € H'(R"). By (3.37) we have

/|an|2¢,f,l</an-V¢n,z</(x1wn+zw2 w2,
N RN

RN

smfwgmlquwg 2 < C+2/w,21*1ﬂ3’l.

RN RN RN
While, by Sobolev embedding (1.4) we have

* 2 2%-2 2 *—2 2%—21..2 42
/wn n,l / I/I +/|w —w |wn1//n,l

RN
* * * * N/2 2/N * * 2/2*
<22 / w26+ 4 / w2 2w3¢3’l+< /\w% 2?2 ) (/wz 31)
{w<k} {w>k} RN RN
<C(k,n)f\v(wnwn,z)lz+Ck2*‘2, (3.39)
where
. o\ N N\2/N
C(k,n);zs‘< /|w,% 2w /> +S1( / w2) ) (3.40)
RN {w>k}
Therefore,

/ IV i) < (14 5)? / VunPY2, <201+ sClk,n) / IV wntin )+ CR 2 4 C.

RN RN RV
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Since w, — w in H'(RY), we have w2 =2 — w? =2 in LN/2(RV). By (3.40), there exist ko > 0 and ng > 0 large
enough, such that for any n > no we have 2(1 + $)2C(ko, n) < %, where ko is independent of n € N. This implies that

V) < [ [V |F <20k 2 +2C = C(s). 1> no.
n s 0
Qn,l RN

Letting [ — 400, we get that [on [V(wSt)[2 < C(s), n > ng. By (1.4) again, we have that [y wy ° 7" <

S=2/2C(5)*"/%, n = ng. On the other hand,

/w,%* 2, <k? / w26+ 4 / w2 2wy, < Clk, n)/|V(wn¢fnl)| +Ck¥ 2, (3.41)
RN {wn<k) {wn>k)
where
2/N
Ck,n) :=s—1< / wﬁ") : (3.42)
{wn>k)

Since there exists ko > 0 large enough such that 2(1 + 5)2C (ko, n) < for any n < ng, then by repeating the argu-

ments above, we have sup, <, fRN 26+D < C. This proves the clalm (3.38).

Note that w,, is uniformly bounded in H'(R") and so in L?>(R"). Letting s; = 0 and using a bootstrap argument,
we see from the claim that for any g > 2, there exists C(g) > 0 such that sup,, |w,|; < C(g). By (3.37) and Lemma 3.6
we see that {w,}, is uniformly bounded in L>°(R"), a contradiction with (3.36). This completes the proof. O

Proof of Theorem 2.1. Define (wy ¢(x), w2,¢(x)) := (ue(x + ye), ve(x + ye)) and w, := wi ¢ + wo . Similarly as
(3.37), by Lemma 3.7 and N > 3 we have

_4
—Awe < (1 +Mwe +2w? ' <Cw T, (3.43)

where C > 0 is independent of & > 0.
Step 1. We prove that there exists 5 € (0, e4) such that

lim w?dx =0, uniformly for 0 < & < es. (3.44)
R—00
lxI>R

If not, then there exist &, — 0, R, — 0o and y > 0 such that

/ w; dx>y >0, VneN. (3.45)
x> Ro

By Lemma 3.5, up to a subsequence, we may assume that (wyg,, w2,¢,) — (w1, wa) strongly in H. Denote w =
w1 + wy, then w,, — w strongly in H'(RV), and so

lim w? < lim 2/|wsn—w|2+ lim 2 / w? =0,
n—o0o n n—o00 n—oo
[x| >Ry RN [x| >Ry

a contradiction with (3. 45)

4
Note that w*" € L5 (RN ) and

_4
N+1 \

4
|w8 | |N+l

LY (B2 Welr2(p(y.2r)

then by (3.43)—(3.44) and Lemma 3.6, we deduce that

R hm we(x) =0, uniformly for 0 < ¢ < ¢5. (3.46)
X|—> 0
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Step 2. We prove that there exists ¢ € (0, &5) such that (u,, v.) is a solution of the original problem (3.1) for all
0<e<eg.
By (3.46), there exists R > 0 such that

we(x) <a/2, V|x| >R, V0<e<es. (3.47)

Assumption (V3) implies that dist(M, RN \ A) = 261 for some §; > 0. Note that ey, € A and lim,_, ¢ dist(eyg,
M) =0, therefore we may assume that dist(ey,, RN \ A) > 8; for all 0 < & < e5. Let g¢ := min{es, %} and fix any

e € (0, &6). Then x ¢ A, implies that |x — ys| > 2L > R, s0
ug(x) +ve(x) =we(x —ye) <a/2, Vx ¢ Ag, (3.48)

that is, f(x,u.(x)) = uf (x) and ge(x,v:(x)) = vg*’l (x), and so (ug, ve) is a solution of the original problem (3.1)
for all 0 < ¢ < &g.

Step 3. We prove that w, (x) < C exp(—c|x]), YO < ¢ < &g, where ¢, C > 0 are independent of & > 0.

Recall §p in (3.2); we denote w, := w1 . + Sowaz . Then it is easy to see that

A .
— AW, + 8, < —AW; + (a0 — SoM)wi e + <bo - 8—)5011)2,5 < wfs +50w§ [1,
0 ) ,

where &, > 0 is a small constant independent of ¢ > 0. By (3.46) there exists Ry > 0 such that
P 21 82
wy (X) +8ow; ;. (x) < Ewa(X), Vx| = Ry, Y0 <& < g,
that is,
_ o 6
—Aw, + Ewg <0, V|x|= Ry, V0<e < sg.

Then by Lemma 3.7 and a comparison principle, there exist ¢, C > 0 independent of ¢ > 0 such that wg(x) <
Cexp(—clx]), VO < ¢ < g¢. Therefore,

we(x) < Cexp(—clx|), VO <e <es. (3.49)

Step 4. We complete the proof of Theorem 2.1.
By Lemma 3.3 and (3.48), there exists x, € A, such that

(g +ve)(xe) = maﬁj(ug +v)(x) > a, V0<e<eg. (3.50)
xeR
Moreover, (3.47) implies |x; — y.| < R for all € € (0, &¢).

Define (iiz(x), Vs (x)) := (us(x/€), vs(x/€)) and X, := ex, € A. Then (i, V) is a positive solution of (1.3). More-
over, X, is a maximum point of i, + v, and

lim dist(X,, M) < lim dist(eye, M) + lim €|y, — x¢| =0,
e—0 e—0 e—0

that is, Theorem 2.1(i) holds. By (3.49) and |x, — y.| < R we have

X
) < Cexp(—c )
€

that is, Theorem 2.1(iii) holds. Finally, for any such X, and (w1 ¢(x), W2 ¢ (x)) := (te(ex + X;), Ve (€x +X¢)), we have

(ftg + V) (x) = ws(g - y&‘)

<C exp(—c

X
- Ye
&

=Cexp<—§|x —)ESI), V0 < ¢ < &g,

('I)l,e(x)s 17)2,8()5)) = (ua(x +xe), ve(x +xa)) = (wl,a(x +xe — Ye), wa e (x + Xxp — ys))-

Combining this with |x; — y.| < R, it is easy to see that Theorem 2.1(ii) follows directly from Lemma 3.5. This
completes the proof. 0O



Z. Chen, W. Zou/ Ann. I. H. Poincaré — AN 31 (2014) 429-447 447

Acknowledgements
The authors wish to thank the anonymous referee very much for his/her careful reading and valuable comments.

References

[1] N. Akhmediev, A. Ankiewicz, Novel soliton states and bifurcation phenomena in nonlinear fiber couplers, Phys. Rev. Lett. 70 (1993)
2395-2398.
[2] N. Akhmediev, A. Ankiewicz, Partially coherent solitons on a finite background, Phys. Rev. Lett. 82 (1999) 2661-2664.
[3] C. Alves, J. Marcos do O, M. Souto, Local mountain-pass for a class of elliptic problems in RN involving critical growth, Nonlinear Anal. 40
(2001) 495-510.
[4] A. Ambrosetti, Remarks on some systems of nonlinear Schrodinger equations, Fixed Point Theory Appl. 4 (2008) 35-46.
[5] A. Ambrosetti, E. Colorado, D. Ruiz, Multi-bump solitons to linearly coupled systems of nonlinear Schrédinger equations, Calc. Var. Partial
Differential Equations 30 (2007) 85-112.
[6] A. Ambrosetti, G. Cerami, D. Ruiz, Solitons of linearly coupled systems of semilinear non-autonomous equations on RN , J. Funct. Anal. 254
(2008) 2816-2845.
[71 A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14 (1973) 349-381.
[8] H. Berestycki, P.L. Lions, Nonlinear scalar field equations. I: Existence of a ground state, Arch. Ration. Mech. Anal. 82 (1983) 313-346;
II: Existence of infinitely many solutions, Arch. Ration. Mech. Anal. 82 (1983) 347-376.
[9] H. Brezis, T. Kato, Remarks on the Schrodinger operator with singularly complex potentials, J. Math. Pures Appl. 58 (1979) 137-151.
[10] H. Brezis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents, Comm. Pure Appl. Math. 36
(1983) 437-4717.
[11] J. Byeon, L. Jeanjean, Standing waves for nonlinear Schrodinger equations with a general nonlinearity, Arch. Ration. Mech. Anal. 185 (2007)
185-200.
[12] J. Byeon, Z. Wang, Standing waves with a critical frequency for nonlinear Schrodinger equations, Arch. Ration. Mech. Anal. 165 (2002)
295-316.
[13] J. Byeon, Z. Wang, Standing waves with a critical frequency for nonlinear Schrodinger equations II, Calc. Var. Partial Differential Equations
18 (2003) 207-219.
[14] C.V. Coffman, Uniqueness of the ground state solution for Au —u + u3 = 0 and a variational characterization of other solutions, Arch. Ration.
Mech. Anal. 46 (1972) 81-95.
[15] Z. Chen, W. Zou, On coupled systems of Schrodinger equations, Adv. Differential Equations 16 (2011) 775-800.
[16] Z. Chen, W. Zou, Ground states for a system of Schrodinger equations with critical exponent, J. Funct. Anal. 262 (2012) 3091-3107.
[17] M. Del Pino, P. Felmer, Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var. Partial Differential Equations
4 (1996) 121-137.
[18] M. Del Pino, P. Felmer, Semiclassical states for nonlinear Schrodinger equations, J. Funct. Anal. 149 (1997) 245-265.
[19] B. Esry, C. Greene, J. Burke, J. Bohn, Hartree—Fock theory for double condensates, Phys. Rev. Lett. 78 (1997) 3594-3597.
[20] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, second edition, Grundlehren Math. Wiss., vol. 224,
Springer, Berlin, 1983.
[21] N. Tkoma, K. Tanaka, A local mountain pass type result for a system of nonlinear Schrodinger equations, Calc. Var. Partial Differential
Equations 40 (2011) 449-480.
[22] P.L. Lions, The concentration—compactness principle in the calculus of variations. The locally compact case. Part II, Ann. Inst. H. Poincare
Anal. Non Lineaire 1 (1984) 223-283.
[23] T. Lin, J. Wei, Spikes in two-component systems of nonlinear Schrédinger equations with trapping potentials, J. Differential Equations 229
(2006) 538-569.
[24] E. Montefusco, B. Pellacci, M. Squassina, Semiclassical states for weakly coupled nonlinear Schrodinger systems, J. Eur. Math. Soc. 10
(2008) 47-71.
[25] Y.G. Oh, On positive multi-lump bound states of nonlinear Schrédinger equations under multiple well potential, Commun. Math. Phys. 131
(1990) 223-253.
[26] A. Pomponio, Coupled nonlinear Schrodinger systems with potentials, J. Differential Equations 227 (2006) 258-281.
[27] P.H. Rabinowitz, On a class of nonlinear Schrodinger equations, Z. Angew. Math. Phys. 43 (1992) 270-291.
[28] W.A. Strauss, Existence of solitary waves in higher dimensions, Commun. Math. Phys. 55 (1977) 149-162.
[29] J. Zhang, Z. Chen, W. Zou, Standing waves for nonlinear Schrédinger equations involving critical growth, preprint.


http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4141s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4141s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib414131s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib414D536Fs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib414D536Fs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib41s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib414352s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib414352s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib41435231s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib41435231s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib41522D70617373s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib424C30s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib424C30s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib422D4Bs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib424Es1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib424Es1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib424As1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib424As1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4257s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4257s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib425731s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib425731s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4343s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4343s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib435As1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib435A31s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4446s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4446s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib444631s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib45474242s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4754s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4754s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4954s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4954s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4Cs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4Cs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4C5733s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4C5733s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4D5053s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4D5053s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4Fs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib4Fs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib506Fs1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib52s1
http://refhub.elsevier.com/S0294-1449(13)00057-7/bib5357s1

	Standing waves for linearly coupled Schrödinger equations with critical exponent
	1 Introduction
	2 A general result and some comments
	3 Proof of Theorem 2.1
	Acknowledgements
	References


