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Abstract

We prove statistical limit laws for sequences of Birkhoff sums of the type Z'/’;(l) vp o T;] where Ty, is a family of nonuniformly
hyperbolic transformations. ‘

The key ingredient is a new martingale—coboundary decomposition for nonuniformly hyperbolic transformations which is useful
already in the case when the family 7}, is replaced by a fixed transformation 7', and which is particularly effective in the case when
T, varies with n.

In addition to uniformly expanding/hyperbolic dynamical systems, our results include cases where the family 7;, consists of
intermittent maps, unimodal maps (along the Collet—-Eckmann parameters), Viana maps, and externally forced dispersing billiards.

As an application, we prove a homogenisation result for discrete fast—slow systems where the fast dynamics is generated by a
family of nonuniformly hyperbolic transformations.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The emergence of statistical and stochastic phenomena in deterministic dynamical systems is currently a very active
area. Topics of sustained interest include central limit theorems, invariance principles (weak and almost sure conver-
gence to Brownian motion), moment estimates, and homogenisation (whereby deterministic systems with multiple
timescales converge to a stochastic differential equation).

One of the standard techniques for investigating such phenomena is the martingale—coboundary decomposition
method of Gordin [26] which has seen extensive development in both the probability theory literature (for example [31,
35,41,51]) and in the dynamical systems literature (for example [39,54,55]).
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In this paper, we introduce a new version of the Gordin method and show that it has significant advantages over
previous versions when applied to a wide range of questions in nonuniformly hyperbolic dynamics. Even in the case
of a single nonuniformly hyperbolic transformation, there are advantages to the new approach which seems more ele-
mentary and more powerful than the existing ones in the literature. In addition, our method is well suited for studying
sequences of Birkhoff sums of the form S, = Z’};(l) v, o T} where T/ +_ T,} o T, which arise naturally in averaging
and homogenisation problems. Here, T, : A, — Ay, n > 0 is a sequence of measure-preserving transformations de-
fined on probability spaces (A, i, ). Itis assumed that the transformations 7;, are nonuniformly expanding/hyperbolic
with uniform constants, but no restrictions are imposed on how T;, varies with n.

In the case of a single nonuniformly hyperbolic map T, our method applies directly to T bypassing any induced
limit theorems for the associated induced uniformly hyperbolic map. Unlike other approaches [35,39,41,54], no ap-
proximation arguments are required for the central limit theorem (CLT) and weak invariance principle (WIP) when the
inducing time is not L3. For moment estimates, the method does not require special arguments when the inducing time
is not L? (cf. [22,30]). In addition, we obtain a simple proof of an unexpected CLT for systems with nonsummable
decay of correlations due to [28], whereas the previous proof relied on operator renewal theory and the Wiener lemma
in noncommutative Banach algebras.

Still in the case of a single map T, our method is very well-adapted for obtaining a secondary martingale—
coboundary decomposition for the square of the martingale in the decomposition mentioned above. This enables
control on sums of squares as is often required in more sophisticated limit laws. To illustrate this, we consider an
almost sure invariance principle with excellent error rates due to [21], and show that our method of applying their
results leads to stronger conclusions in certain examples.

The main advantage of the approach, however, is that it allows explicit control on various constants associated with
each transformation 7', making the method especially useful for sums of the form Z?;(l) v, o Ty} . This in turn has
applications to fast—slow systems of the type considered in [37]. Whereas [37] obtained rates of averaging, we prove
results here on homogenisation.

The remainder of this paper is organised as follows. In Section 2, we establish the new martingale—coboundary
decomposition for nonuniformly expanding maps and show how this implies moment estimates and the WIP. In
Section 3, we obtain a secondary martingale—coboundary decomposition and apply this to the almost sure invariance
principle. In Section 4, we derive limit laws for families of nonuniformly expanding maps. This is extended to families
of nonuniformly hyperbolic transformations in Section 5. In Section 6, we state and prove an abstract theorem on
homogenisation for discrete time fast—slow systems, generalising [27]. In Section 7, we verify the hypotheses in
Section 6 when the fast dynamics is given by a family of nonuniformly hyperbolic transformations.

Notation. We write — ,, to denote weak convergence with respect to a specific family of probability measures (., on
the left-hand side. So A, —,, A means that A, is a family of random variables on (A, u,) and A, —, A.

For J € R™*", we write |J| = (X_/L; >, Jé)l/z.

We use “big O” and « notation interchangeably, writing a, = O (b,) or a,, < by, if there is a constant C > 0 such
that a,, < Cb,, for all n > 1. As usual, a, = 0(b,) means that lim,,_, oc a, /b, = 0.

Recall that v : A — R is a Holder observable on a metric space (A, d) if [[v|l; = |[v|eo + |V]; < 00 Where |v|oo =

supp [Vl [vly = supsz, %Tyv)%y)l'

2. Martingale-coboundary decomposition for nonuniformly expanding maps

In this section, we prove our main theoretical result on martingale—coboundary decomposition for nonuniformly ex-
panding maps. The notion of nonuniformly expanding map is recalled in Subsection 2.1. The martingale—coboundary
decomposition is carried out in Subsection 2.2. Subsection 2.3 shows how certain limit laws follow from this decom-
position.

2.1. Nonuniformly expanding maps

Let (A, dp) be a bounded metric space with finite Borel measure p and let 7 : A — A be a nonsingular transfor-
mation. Let Y C A be a subset of positive measure, and let & be an at most countable measurable partition of Y with
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p(a) > 0 for all a € . We suppose that there is an integrable return time function t : Y — Z*, constant on each a
with value 7(a) > 1, and constants A > 1, n € (0, 1], Co, C; > 1 such that for each a € «,

(1) F =TT restricts to a (measure-theoretic) bijection from a onto Y.
(2) da(Fx, Fy) > Adp(x,y) forall x,y ea.
(3) da(Ttx, T'y) < Coda(Fx, Fy) forallx,y €a,0 <t < t(a).

(4) to= 722l satisfies |log ¢o(x) — log Zo(y)| < C1da(Fx, Fy)" forall x, y € a.

Such a dynamical system 7 : A — A is called nonuniformly expanding. We referto F =T7" : Y — Y as the induced
map. (It is not required that t is the first return time to Y.) There is a unique absolutely continuous F-invariant
probability measure py on Y and duy/dp € L°.

Define the Young tower [57], A ={(y,£) €Y x Z:0<{ < t(y) — 1}, and the tower map f : A — A where

. e+D, £=t(y)-2
F.6 =
(Fy,00, ¢t=1(y—1
from f to T. Define the ergodic f-invariant probability measure ua = puy X {counting}/ fY tduy on A. Then
W= (TA)« LA is an absolutely continuous ergodic T-invariant probability measure.

. The projection ma : A — A, wa(y,£) = T'y, defines a semiconjugacy

Remark 2.1. The above definition of nonuniformly expanding map covers many important classes of examples such
as those mentioned in this paper. Indeed, it is generally true that nonuniform expansivity plus the existence of good
statistical properties actually implies the existence of an inducing scheme satisfying the conditions above, see [4,5].
See [7] for related results in the invertible setting (Section 5).

In this section, we work with a fixed nonuniformly expanding map 7 : A — A, induced map F =T :Y — Y,
where t € LP(Y) for some p > 1, and Young tower map f : A — A. The corresponding ergodic invariant probability
measures are denoted (, ny and . Throughout, | |, denotes the norm in L? () for functions on A, in LP(uy) for
functions on Y, and in L?(u ) for functions on A. Also, || ||;; denotes the Holder norm on A and Y.

Although the map T is fixed, the dependence of various constants on 7 is important in later sections. To simplify
the statement of results in this section, we denote by C various constants depending continuously on diam A, Cy, Cj,
A, n, pand |T]p.

Let L:L'(A) — L'(A)and P : L'(Y) — L'(Y) denote the transfer operators corresponding to f : A — A and
F:Y—Y.(So [,Lvwdus = [yvwo fdua forve L'(A), we L®(A), and [, Pvwdpuy = [vwo Fduy
forve L'(Y), w e L®(Y).)

Let¢ = 4y Given y €Y, let y, denote the unique y, € a with Fy, = y. Then we have the pointwise expres-

. duyoF *
sions for P and L,

(PY)(y) = Z((ya)llf(ya), (LY)(y, £) =

acea

{Zuea(()’a)’a”()’as t(yg)— 1, £=0 o1

Yy, £—1), =1
Proposition 2.2. ¢ (x) < Cuy(a) and |{(x) — ¢ (¥)| < Cuy(a)dp(Fx, Fy)! forallx,y € a, a € a.

Proof. By [38, Propositions 2.3 and 2.5],

log ¢ (x) —log £ (y)| < d(Fx, Fy)". In particular, £ (x)/¢(y) < 1. Hence
py@) = [y ladpy = [, Pladpy > inf P1, =inf, ¢ > sup, ¢,

and so ¢(y) < uy(a).
Next, we note the inequality |s — ¢| < max{s, }|logs —log¢| which is valid for all s, > 0. Hence | (x) — ¢ (y)| K

sup, (da(Fx, Fy)" <K py(a)da(Fx, Fy)!. O

2.2. The primary martingale—coboundary decomposition

Let v: A — R9 be Holder with fA vdp = 0, and define ¢ = v oma : A — RY. Define the induced observable
-1
¢ Y > RIby ' () =35 60, 0),
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Proposition 2.3. || P¢'[|,, < C|lvll,.

Proof. Let x,y €Y, a € «, with corresponding preimages x,, y, € a. Then
T(a)—1

16 (xa) =& Ol < Y [(Txa) = v(T ya)| < [0l T(@)da (x, ). 22)
=0

Also |¢| < |v|eo T. By (2.1) and Proposition 2.2,
|(P¢)(x) — (P$) ()| < Z 18 (xa) = C(a)l 16 (xa)| + Z NP (xa) — ¢ (Vo)

aca aca

L vlly Y mr(@t(@da(x, y)" < [vlydax, y)".

aca

Hence |P¢'|, < [[v]l,. Similarly, | P¢/|oo K [V|oo. O
Define x/,m’: ¥ — R as follows:
X' =202 PR, ¢ =m'+x o F —x.
By Proposition 2.3 and [38, Corollary 2.4 and Proposition 2.5],

o0
X'y < Y NP P Il < 1P lly < 01l
k=0

Im'|p, <10 1p + 21X loo < [VloolTlp 4+ 21X loc K IV ]l5-
Define x,m: A — RY by

-1

/ 0, t<t(y)—
) = + k), L .
X3 0 =x' ) ,;;“y S L A s o

Proposition 2.4. |m|, < Cllv|l, and |x|p—1 < C|lv]l;.

1
Proof. Compute that [ im|” dpa = Iel;" [, S700 ™" Im(y. 0P duy = eIy [y Im'G)1P dpay < 'l < ol

Similarly, |x (¥, )] < |x'|co + £|V]c0 K TMvlly y1eld1ng the estimate for x. O
Proposition 2.5.p =m + y o f — x and m € ker L.

Proof. If £ < t(y) — 2, then
Xof(, ) —x(y, O)=x(, €+ 1) —x, ) =0, 0) =¢(y, &) —m(y, ).
Forp=(y,z(y) = D),
X0 f(P) = x(p)=x(Fy.0) = x(r.7(y) = ) = % (Fy) — ') = Y520 (v, k)
=¢' () —m' () — L2 (. k) = p(p) — m(p).

Hence p =m + x o f — x.
By definition, Pm’ = P¢' — x' + Px’ =0. Using (2.1), observe that (Lm)(y, £) =m(y,£ —1)=0if £ > 1, and

(Lm)(y,0) = Zaea V)MV, T(ya) — 1) = Zaea C(ya)ml(.)’a) = (Pm/)(.)’) =0.

Hence m ekerL. 0O

Proposition 2.6. maxo<i<, |x o fX| = o(n'/?) a.e.
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Proof. Since t € L, it follows from the ergodic theorem that T o F” = o(n'/?) a.e., and hence that maXo<k<p T O
F¥=o0(n'/?) ae.

Next, [x(y,0)] < 1x'loo + £Iv|oo K T(Y)|IV]ly. For any (y,€) € A and n > 0, there exists k € {0,...,n} and
¢ €{0,...,T(F*y) — 1} such that f"(y,€) = (F*y, ¢'). Hence |x(f"(y, )| < ||lv|l, maxo<x<, T(F¥y) and so
maxo<k<n | (f*(y, )] K lJvlly maxo<k<, T(F¥y) =0(n'/P) ae. O

No uniformity of constants is claimed in Proposition 2.6. It is straightforward to show that |maxo§k§n |x o
f k | \p_ 1 = C ||v||nn1/ (=1 where C is a uniform constant. However, for various purposes (such as optimal moment
estimates in Corollary 2.10) we require the following more delicate estimate.

Proposition 2.7. |max15k5n |x o fk — X||p < C||v||,7n1/p. Moreover,
| maxi <k |x o /X = x|, < Clolly 4 + 0P|V pay7lp) foralln=0, q = p.

Proof. Define t; = |1{z>a)T|p, a > 0. Then
ik iy (T = k) =30, 2 ik kP iy (=)
=Y iy (T = DY kP <Y Py (=) =1 2.3)
Let A, ={(y,¢) e A: € =n}and A, ={(y,£) € A: € < 1(y) —n}. Then ua(A,) = |t|fluy(r > n) and
1A (An) = paUgzn A = 1717 Y ey iy (T 2 k). By (2.3),
nP L a(A) =nP T Y iy (T2 k) < Y kP iy (T = k) < 1)
If (v, £) € Ay, then max <k<, | (x o f¥ — x)(», )| <n|v|oc. Therefore
|1, maxi<k<n |x o f* = x1|, < nlvlocliea(An]"/?
=n"Pv]oo[n? " A (AP < [v]oon/ Pty (2.4)

For all (y, £) € A, we have [x(y, £)| < T(y)|lv]l, and so |x o K< lvll; maxo< <k T o F/.Leta > 0 and denote
7y = l{r=a)T. Since 7 <a? + 1/,

lolly” maxi<k<a Ix (F5 (v, ©) = x (v, O <27 |[vlly” maxo<i<n |x (f*(y, 017
Lmaxo<p<n TP (FXy) <aP + Yo, 78 (FFy). (2.5)
Suppose that ¢ : A — R has the form v (y, £) = ¥o(y) where ¥o: ¥ — R. Then
Jaa, Wldpa=1zl;! [y min{r, n}yol duy < [, min{z, n}yol dpy. (2.6)

Taking v = 1 in Proposition 2.3 (resulting in ¢ = 1, ¢’ = ) and using that P is a contraction yields the estimate
|Pk‘[|oo <|P7|oo < |I1]ly =1 for all £ > 1. Then by equations (2.5) and (2.6),

Ill,” Java, maxi<k<n |X fE=x1Pdpua <a? +Yg4<p Jana, ) (F*y)dpa(y, £)
<al + Y okzp Jymin{z,n}l o Fhduy <a? +nl) |1 + Y j_ It 14 o F¥|y
=a” +nltlh+ X0 IP*r ol < a? +nltl )y =aP +ntl.

Hence

Iava, max [x o fX—xI| < lvly@” +nt)'? < Jvlly(a +n''P1,).
1<k<n p

We take a = n'/4. Combining with (2.4) and using , < t,1/; completes the proof. [0
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Corollary 2.8. | max;<;<, |x o fX — X”p —o!/P). O

The next result justifies calling ¢ =m + x o f — x a martingale—coboundary decomposition. Let U denote the
Koopman operator corresponding to f,i.e. Uv=vo f.

Proposition 2.9. Fix n > 1. Let M denote the underlying o -algebra on (A, jua) and define Gj = frm=DM, 1 <
Jj=n.Then{mo f"7/, Gj; 1 < j <n} is a sequence of martingale differences. That is, G1 C -+ C Gn, mo f"7/ is
Gj-measurable for each j, and E(m o f"7/|G;_1) =0 for each j.

Proof. Since f “I M c M, it follows that G i C Gj+1. Measurability of m o f n—J with respect to G; is clear. It is
standard, and easy to check, that UL =E(-|f ~1 M). Hence

E(mo f"71G;—1) =E(m|f ' M)o "~/ = ULm)o f*7 =0,

sincemekerL. O
2.3. Some limit theorems

Suppose that v : A — R¢ is Holder and / A Vdp = 0. By the results from Subsection 2.2 we have the decomposition
vompa=¢=m+ x o f— x,wherem, x satisfy the estimates in Propositions 2.4 and 2.7.

Corollary 2.10 (Moments). If p <2, then ‘maxjs,, | Zi;é vo Tk|’p < C||v||,)n1/l’ and | max <, | Zi;ém o fk||p <
Cllvllyn'/? foralln > 1.

If p>2, then |maxj§n | Z,JC;(I) voTk C||v||,,n1/2f0ralln > 1.

ooy =

Proof. Since {mo f"/; 1 < j <n}isasequence of martingale differences with respect to the filtration G i=f =i M
for each n > 1 (Proposition 2.9), it follows from Burkholder’s inequality [15] and Proposition 2.4 that for p < 2,

|maxj<, | Y 1_mo f”_k||p < n'P\m|, <n'/P|v]|,.

Writing Zi;ém ofk=30_mo frk— Z'};{ m o "7k, we obtain that | max; -, | Zi;(l)m o fk||p <nP ||y
Combining this with Proposition 2.7 yields | max ;< | Zi;o ¢o fk| |p < nl/r| V||, and the result for p <2 follows.

When p > 2, we use Rio’s ipequality [53] following [44]. See [50, Proposition 7] for a statement of R_io’s
inequality. Let X; = ¢ o f"7/. For 1 < j < { < n, by Proposition 2.9, ZiZjE(Xng) =mo f"J +

E(x o f”+17€|gj) — x o f"J. By Proposition 2.4, maxlfjfgs,l|Z£:jE(Xk|gj)|p_1 & |lvll;. Hence

maxi<j<e<n X Y e E(XKIG) p-1 < 1@loo maxi<j<e<n | Y i E(XklG))p1 < [[]|2. The result follows by
Rio’s inequality. O

Remark 2.11. The moment estimates for p > 2 were first obtained in [44] and the results for p < 2 are due to [22,30].

Corollary 2.10 is easily seen to be optimal given the formulation of our results in this paper in terms of the in-
tegrability of the return time p. Often a tail estimate of the form py(t > n) = O(n~?) is available, and this gives
rise to some interesting subtleties; such issues are also resolved in [22,30]. On the other hand, these references do not
explicitly address the uniformity of the constant C which is required in later sections.

Corollary 2.12 (Covariance). Suppose that p > 2. Then limnﬁoon_lfA(Z'};(l)v o Tj)(Z;f;(l)v o THTdu =
fA mmTdun.

Proof. Write S,v = Z'};(l)v o T/ and similarly define S,¢ and S,m. Since m € kerL, [, Sym Sym” dua =
nfymmtdun.
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By Corollary 2.10, |Sy¢lo < n'/?|v|l, and |S,m|, < n'/?|v|,. Hence,

‘nq/SnvSandpL—/mdeuA‘=n71’/Sn¢Sn¢Td/LA—/SnmSanduA
A A A A

<n 8,9 Sup” = Sym Sym” 11 <n T (Sppla + 1Sim)2)1Sud — Sumla
<n Py o f" = xhlvl, — 0

by Corollary 2.8. O
For n > 1, define the process W, (t) = n1/2 ZE.VZ]O_I voT/ on (A, w).

Corollary 2.13 (WIP). Suppose that p > 2. Then W,, —,, W where W is Brownian motion with covariance ¥ =
limy—s 0o ™! fA(Z’};é vo Tf)(z’;;}) vo THT dp.

Proof. By Corollary 2.12, X = fAmde/LA = fA ULmmT)dua. By the ergodic theorem,
n~! ZEZ]O_I{UL(mmT)} o f/ — t% ae. as n — oo for all + > 0. Hence we can apply Theorem 7.11 to the pro-

cess M, (1) =n""'/? ZE.”;](;I mo f7 to deduce that My, —,,, W.

Next define ®,, () =n~"'/? ZE.”:’]O” ¢o f/.Forany T >0,

| sup,ejo.711Pn () — My (01|, <n~V2|maxi<j<ur Ix 0 £/ = x1|, >0,

by Corollary 2.8. Hence ®,, —,,, W. Finally, wa is a measure-preserving semiconjugacy, so the result follows. O

Remark 2.14. As mentioned in the introduction, previous methods [39,41,54] require special techniques for p < 3.1In
particular, a sequence of martingale approximations is needed, whereas we work with a single martingale—coboundary
decomposition.

Alternatively, [29,43] obtained a single martingale—coboundary decomposition at the level of the induced map. The
resulting CLT/WIP can then be lifted back to the original system by [46,49].

Finally, we show how to recover a result of [28] where the WIP holds somewhat unexpectedly. Our method of proof
is significantly simpler than in [28]. On the other hand, [28] also obtained unexpectedly fast decay of correlations in
this situation.

Corollary 2.15 (WIP with p = 1). Suppose that t : Y — Z7 is the first return to Y and that suppv C Y. (We continue
to suppose that v is Holder with mean zero.) Then the WIP above holds for all p > 1.

Proof. The assumptions on t and v ensure that ¢ (y, £) = 0 for £ > 1. But then the definition of x reduces to x (y, £) =
{x’(y), =0

XM +e(».0), £>1
through (with numerous simplifications). O

, and it follows that |x |s < ||v]l; and hence that |m |, < [|v]|;. The arguments above go

Remark 2.16. The results in Subsections 2.2 and 2.3 were proved for observables ¢ = v o ma where v: A — R?
is Holder and mean zero. It is easy to check that the only properties of ¢ that were used are (i) [, APdua =0,
(i) ¢ € L, (iii) || P¢'|l; < oo. For such observables ¢ : A — R, all the results go through with |[v]|, replaced by
[ploo + 1Pl

3. Secondary martingale—coboundary decomposition and the ASIP
In this section, we derive a secondary martingale—coboundary decomposition for nonuniformly expanding maps.

As an illustration of its utility, we obtain an ASIP for nonuniformly expanding maps with improved error rates over
those in the literature.
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We continue to suppose that v : A — R¢ is Holder with / avdu=0andthatp =voma:A— R?. In addition,
we suppose that p > 2.
Let

p=m+xof—x, ¢'=m'+xof—yx
be the decompositions from Subsection 2.2. Define ¢3 CA — RIxd
¢d=ULmm") - SammTdun,

where U and L are the Koopman and transfer operators for f.

There are a number of limit laws in the literature that require control of Birkhoff sums corresponding to q3 As
examples, we mention the martingale CLT/WIP [13] (see Appendix A) and an ASIP for reverse martingale differ-
ences [21] discussed at the end of this section. A third application [9] is to the estimate of convergence rates in the
WIP. To control the Birkhoff sums of ¢, a martingale—coboundary decomposition for é is of great utility; this is the
topic of the current section.

Proposition 3.1. |§| < ||v]| and | P¢'|l, < C|lv]2.

Proof. Let Ur and P denote the Koopman and transfer operators on LY(Y) for F (so P is as in Subsection 2.1 and
Urv =vo F). A calculation shows that

(Pm'm'T)(y) £=0

T -
(L(mm~))(y, £) = {0 (=1

and hence that

0 e<t(y)—2
(ULGm")) (v, 0) = o N
(UpPm'm'")(y) L=1(y)—1
By Proposition 2.4, |mly < |[vlly. Also, |x'll; < vl so |m'| < |¢'| + 2|x'|ec <K TlV|l;. It follows that
|P'm' TY(D)] < e EODIM M T (7)) K X geq iy (@ (@)?||0]|5 < [[0]17. Hence
loo S NULmmT) oo + | [y mmT dpal < [Pm'm'T)|oo + |m[3 < |[0]I3.
It remains to estimate ||Pq;/||n. Now ¢’ (y) = z(:yg_l by, 0)=UpPm'm'T))(y) —t(y) IN mmT dua, so
Py =Pm'm'Ty — (P1)|ml|3.

In particular, |P§'|oo < [P(m'm'T)|oo + | PT|oc|m|3 < V]2
Let x, y € Y and a € «. Using equation (2.2),

m' (xa) = m' ()l 19" () — ¢' )| + 1% () = X' M+ X' (xa) = %' ()
L (@) |vllydalx, y),

and so

m' ca)m' (xa)T = m' (ya)m' ()| < (Im (xa) | + Im' (ya)]) Im (xa) — 1 (ya) |

<L (@) |vll3da(x, y)".

As in the proof of Proposition 2.3,

[(P(m'm' 7)) (x) = (Pm'm' ")) ()]

<D 1) = LG m T G+ Y e Ga)lom'm' T (xa) = (m'm' T (30)|

acxa acxa

LI Y uy(@t(@?datx, y)" < [vlada(x, y)".

aca
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Hence |P(m’m’T)|,7 < ||v||%]. A simpler computation shows that |Pt|, < 1. It follows that |P<13’|,7 & ||v||?, and so
1P I, < ]2, ©

Proposition 3.1 together with Remark 2.16 allows us to write =1+ %o f—x,asin Subsection 2.2. In particular,

o 2 “ k 1
bitlp < Cllvlly,  max |% o f*|=o(n Pyae.,

| max |Xofk—x|| <Cllvl;n'/? foralln > 1. (3.1)

1<k<n

We refer to ¢ =m+ X o f — x as a secondary martingale—coboundary decomposition.
Corollary 3.2. | max| <¢<y | Y5Z ¢ o ], = Clvlgn'’?
Proof. This follows from the argument for Corollary 2.10. O

Remark 3.3. In a previous version of this paper, we obtained a similar decomposition for dr=mmT — / A mT dun.
The main difference is that (51 =m'm'T -1 IN mmT dua. The estimate for ||P<5i |, is unchanged. However, we
obtain the inferior estimate |11 ,/2 < || v||2 resulting in a weaker estimate in Corollary 3.2.

Since probabilistic results in the literature are typically stated in terms of the conditional variances U Lmm”
E(mm?T | f~ I M) (where E and M are as in Proposition 2.9), we have chosen to omit the decomposition for d)] in thlS

paper.

Corollary 3.4 (ASIP). Suppose that d = 1. Define 0% =lim, _, oo n™! fA (Z;’;(l) vo TH?du and suppose that ° > 0.
Then there exists a probability space S2 supporting a sequence of random variables {S,} with the same joint distribu-
tions as {27;(]) vo fIY and a sequence {Z,} of i.i.d. random variables with distribution N(0,c?) such that almost
everywhere as n — o0

0((n loglogn)l/z) p=2,
SUpy << | Sk — 25—y Zj| = { o(n'/? (logm)'/?) pe,4),
O (n'/*(logn)'/?(loglogn)!/#) p>4

Proof. Since m € ker L, it follows as in Proposition 2.9 that E(m o f"| f~®+*D M) = E(m|f~' M) o " =0 for all
n > 0. That is, {m o f"} is a sequence of reverse martingale differences with respect to the nonincreasing sequence
{f "M} of o-algebras.

We apply results of [21] to deduce the conclusion of the corollary with the sequence {Z';;(l) v o T/} replaced by

the sequence {Z Om o f7}. Suppose that this is the case. By Proposition 2.6,

max <<y | XZ8@ 0 7 —mo f9)] < maxi<izalx o f* — x| = 0"/ a.e.

Enlarging the probability space €2 (cf. [51, p. 23]), there exists a sequence {S,,} with the same joint distributions as
{Z?_(l) ¢ o f7} so that SUP| < <p |S,/< - le‘ 1 Z | satisfies the desired estimates. Finally, 4 is a measure-preserving

nl

semiconjugacy, so the joint distributions of {Z oV o T/} also coincide with those of {S/}.

It remains to prove the ASIP (with the appropriate error rates) for the sequence {Z?;(l) mo fJ}. The case p =2 is
immediate from [21, Corollary 2.5]. '
When p > 2, we require almost sure estimates for the sequence A, = Z;’;(I) (E(m? o f71G;4+1) — o?). For this we

use the secondary martingale-coboundary decomposition ULm? — 0> = + % o f — . Then
A=Y "0((ULm?) o fI —o?) =Y ""jino f/+ %o f" = .

Slnce {m o f"} is a sequence of L? reverse martingale differences, the result for p = 2 implies an ASIP for
{Z Orh o f7} with error rate o((nloglogn)!/?). This is sufficient to deduce the law of the iterated logarithm

Z;’ (l)m o fl= O((nloglogn)l/z) ae. Also ¥ o f* — x =o(n'/P) ae., s0 A, = 0((nlog10gn)1/2) a.e.
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For p € (2,4), the desired ASIP for m now follows from [21, Corollary 2.7] (taking b(n) = 1). For p > 4, the
desired ASIP for m follows from [21, Corollary 2.8]. O

For the class of (Markovian) nonuniformly expanding maps as defined in Section 2.1, with Holder observables v,
our results improve existing results in the literature. The best previous result that we are aware of is [21, Theorem 3.5]
who obtained the error rate O(n1/4(10g n)l/z(log log n)1/%) for p > 6 (this constraint is required to ensure that |L"v|4
decays faster than n=3/* for mean zero Holder v so that condition (3.2) in [21] is satisfied), whereas we require only
that p > 4. (For one-dimensional dynamical systems and certain classes of (unbounded) observables, [21] obtain
much better results.)

Example 3.5. Consider the map T : [0, 1] — [0, 1] of intermittent type [52] studied by [40], namely T (x) =
x(1+27x7) x€[0,1)
2x—1 xel5 1]

variant probability measure p for each y € (0, 1). The inducing time 7 lies in L? if and only if p < 1/y. Hence, we

obtain the error rate O (n'/ 4(log n)l/2 (loglog n)'/4) for all mean zero Hoélder observables v provided y < Zlﬁ previ-

. It is standard that 7 is a nonuniformly expanding map with absolutely continuous in-

ously this was known only for y < %

Example 3.6. We consider a family of planar periodic dispersing billiards introduced by [17]. The scatterers have
smooth strictly convex boundaries with nonvanishing curvature, except that the curvature vanishes at two points.
Moreover, it is assumed that there is a periodic orbit that runs between the two flat points, and that the boundary near
these flat points has the form (1 + |x 2 for some b > 2.

By [17], quotienting out stable manifolds leads to a nonuniformly expanding map 7 with inducing time t
lying in L? for all p < (b 4+ 2)/(b — 2). Hence at the level of the quotient map we obtain the error rate
O(n'/*(logn)'/?(loglogn)'/4) for all mean zero Holder observables v provided b < ?; previous results require

b < 15—4. We conjecture that these results go over to the full (unquotiented map); this is the topic of future work.

Example 3.7. Bunimovich flowers [14] are billiards where the boundary components of the billiard table are either
dispersing, or focusing arcs of circles, subject to some technical constraints. By [19], the quotient map T (obtained by
quotienting out stable manifolds) is nonuniformly expanding with inducing time 7 € L? for all p < 3. Hence, at least
at the level of the quotient map we obtain the error rate o(n!/4) for all ¢ < 3.

4. Limit laws for families of nonuniformly expanding maps

In this section, we show how the martingale-boundary decompositions from the previous sections apply to Birkhoff
sums of the type Z —0 v, o T;/ where the dynamical systems T}, vary with n.

Suppose that 7, : A, — A,, n >0, is a family of nonuniformly expanding maps as defined in Section 2.1, with
absolutely continuous ergodic T},-invariant probability measures w,. Let 7, : ¥, — Z* and F, : Y, — Y, be the
corresponding inducing times and induced maps with ergodic F,-invariant probability measures py,. We say that
T, : Ay — Ay is a uniform family of order p > 1 if

@) Sup,so diam A, < oo and the constants Co, C1 > 1, A > 1, n € (0, 1] can be chosen independent of n > 0.
(i) The family {r}, n > 0} is uniformly integrable. (For this it suffices that Sup,>o fYn ! dp < oo for some ¢ > p.)

Let v, : A, — R% be a family of Holder observables with f A, Un duy, = 0. We suppose that sup, - [|vally < 00.

Let A, be the corresponding family of Young towers defined as in Section 2.1, with maps f, : A, = A, invariant
probability measures A, and semiconjugacies wa, : A, — Ay.

Let ¢ = v, 0omp, : Ap — R¢. By the results from Section 2.2, we have the primary martingale—coboundary
decomposition

UnonA,,:¢n:mn+Xn°fn_Xnv 4.1)

where m,,, x, satisfy the estimates in Propositions 2.4 and 2.7 uniformly in n.
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i—1 i—1
Lemmad.1. If p <2, then |max;<, | > 1_, v,loT,f||p < Cllvgllyn'/? and | maxj<, | 31—, mnof,mp < Cllopllyn'/?
foralln > 0.

If p > 2, then |maxj§n |Z,/€;(l) v, 0 Tnk < C||v,,||,,n1/2f0r alln > 0.

| |2(p—1)

Proof. This is immediate from Corollary 2.10 since the constant C there is independent of n. O

From now on, we suppose that p > 2. By Corollary 2.12, we can define the family of covariance matrices
k—1 7
Ty = lim k- / (Zvn oT; )(Zvn ° T,,f) Ay = /mnm,{dMn. (4.2)
J Jj=0 Ay

Remark 4.2. It follows from the proof of Corollary 2.12 that the convergence in (4.2) is uniform in n.

By the results from Section 3, we have the secondary martingale coboundary decomposition
Uani(man)_En:(Z)n:"hn+)Zn°fn_)2nv 4.3)

where U, and L,, are the Koopman and transfer operators for f;,.
Proposition 4.3. The family {|m,|?, n > 0} is uniformly integrable.

Proof. We start from the primary decomposition (4.1), with ¢}, = m/, + x;, o F,, — x;, (as in Section 2.2).

—1 J 2
1/:‘:0 Uy OTTA, o fi that {|¢;l| }

is uniformly integrable. Next, | x, | is bounded and hence {|m/, |} is uniformly integrable. It follows from the proof
of Proposition 2.4 that the uniform integrability of {|m/, |2} is inherited by {|m,|*}. O

Since |v,|oo is bounded, it is immediate from condition (ii) and the definition ¢}, = "

Let W, (1) =n~'/2 3111 Yon o Ty

Proposition 4.4. Suppose that lim,_, o T, = £ where ¥ € R¥*4. Then W, —,, W in D([0, 00), RY) where W is
Brownian motion with covariance %.

Proof. Define processes ®, (1) =n~/? Z[mo bno fl, My(t) =n~1/2 Z[’"]O Ui o f.
By Proposition 4.3, the family {|,|?, n > 0} is uniformly integrable. Next,
[nt]—-1 [nt]—1
0t U LnGnamDYo fil — 12 =n"" " Guo fl 407 nt] Ty — 1T >y, 0,
j=0 Jj=0
by Corollary 3.2. By Theorem 7.11, My —,, W.
Let T > 0. Since T, is a uniform family,

maxi<k<nT | Xn © f,{‘ — Xnl |2 = o(nl/z) by Proposition 2.7. Also,
_ —1/2 k—1 J_ J
SUP;e(0,7] |Pp(t) — M, ()| <n maxXj<k<nT | Zj:0(¢n o fu my o fi)l
<n~V2maxi<k<n7 IXn © £ = Xnl-

Hence limy— oo | SUp; 0,77 |Pn (1) = Mu (1)) |2 = 0 for each T > 0. It follows that &, —,,, W.Also, 5, is a measure-
preserving semiconjugacy for each n, so W, —,, W. O

Define W C D([0, o0), R?) to be the set of weak limits of {W,,, n > 0} and let S € R?* be the set of limit points
of {X,, n > 0}. By Proposition 4.3, {X,, n > 0} is bounded and hence S # .

Theorem 4.5. (i) {W,,, n > 0} is tight, (ii) W € W if and only if W is a Brownian motion with covariance matrix in S.



870 A. Korepanov et al. / Ann. 1. H. Poincaré — AN 35 (2018) 859-885

Proof. Given a covariance matrix £ € R?%4_let W(Z) denote Brownian motion with covariance X.

Since {%,} is bounded, for any subsequence W, we can pass to a subsubsequence along which %, — X for some
¥ € S. By Proposition 4.4, we then have that W,,, — i W (Z). This shows that {W, } is tight and that all weak limits
have the form W(X), = € S.

Conversely, if limy_, oo X, = X for some subsequence ny, then W, —,, W(X) by Proposition4.4. 0O

Corollary 4.6. Suppose in Theorem 4.5 that W,, — i W as k — oo. Then limk%oonk_q/ 2 f A |Zj":01 Up, ©
I’lk -

T 9 dun, =E|W ()4 forall g <2(p — 1).
Proof. This follows immediately from Lemma 4.1 (cf. [47, Lemma 2.1(e)]). O

Remark 4.7. It is not difficult to formulate conditions under which the weak limits of {W,} are nondegenerate. One
possibility is to suppose that there is a limiting nonuniformly expanding map T, with corresponding observable vso
and covariance matrix X... Typically det ¥, > 0. Under certain conditions (see for example Section 7), it can be
shown that W,, —,, W where W is Brownian motion with covariance X.

An alternative mechanism for nondegenerate limits is the following. Suppose that d = 1. Recall that |x) |2 <
[Xnloo < Cllvglly < Cllvallyltali, where C > 0 is a constant depending only on the induced maps F),. Hence

on = Imulo =my 2/t = (912 = 21 x5 12) /1Talt = |y 12/ 1Tali — Cllvally.

If we arrange that |t,|> > 2C|1,|; for all n, then it follows that
on = CQlpp12/ 1Tl — llvally).

Suppose for simplicity that F,, = T,;" is the first return map for each n. Let k,, be largest such that Zl;”zl jny, (ty =
Jj) > Z?’;kﬁ_l Jity, (ta = j). There is a unique observable v, : A, — R taking values +1 such that ¢/, (y) = 7,(y)
if 7,(y) <k, and ¢,,(y) = —1,(») if 7,(y) > k. By construction fYn ¢, duy, =0 and |¢) |2 = |tal2. A slight modi-
fication produces fYn ¢, duy, =0 and |¢) |2 =~ |7, |2 so that o, 2 C. Hence this is a robust mechanism for producing
nondegenerate limits in Theorem 4.5.

We end this section with some examples of nonuniformly expanding maps where uniformity of the constants can
be verified, and hence to which the results in this section apply.

Example 4.8. Fix a sequence X, € Z such that A, > 2 for all n > 0. Define the family of uniformly expanding maps
T, : [0, 1] — [0, 1] given by T,,x = A,x mod 1. Clearly T}, is a uniform family of order p for any p, with ¥,, = [0, 1],
7, = 1 and pu, = Lebesgue.

This example emphasises that tightness in Theorem 4.5 is unrelated to any accumulation properties of the dynam-
ical systems 7}, and is governed purely by accumulation of the bounded set of covariance matrices.

Example 4.9. Fix a sequence y, € (0, 1) and let T, : [0, 1] — [0, 1] be the corresponding intermittent map defined in
Example 3.5. As verified in [37, Example 5.1], T,, is a uniform family of order p for any p < sup yn_l.

Example 4.10. Consider the family of quadratic maps 7, : [—1, 1] — [—1, 1] given by T, (x) =1 — anx2, a, €0, 2].
We assume that there exists b, ¢ > 0 such that the Collet-Eckmann condition [20] |(T,f‘)’(1)| > ce? holds for all k,
n > 0. (By [32,12], the set of parameters a, for which this condition holds has positive Lebesgue measure for b, ¢
sufficiently small.) As verified in [37, Example 5.2] (based on arguments of [25]), T}, is a uniform family of order p
for any p. This example generalises to multimodal maps (see [37, Example 5.3]).

Example 4.11. Viana [55] introduced a C> open class of multi-dimensional nonuniformly expanding maps
T. : M — M. For definiteness, we restrict attention to the case M = S! x R. Fix M E€Z, y>16,andlet S, . M > M
be the map S,(0, y) = (4,0 mod 1,ap + asin276 — y2). Here ag is chosen so that 0 is a preperiodic point for the
quadratic map y — ag — y* and a is fixed sufficiently small. Let 7}, be a family of C> maps each of which is suffi-
ciently close to S,,. It follows from [ 1,8] that there is an interval I C (—2, 2) such that, for each n > 0, there is a unique
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absolutely continuous 7j,-invariant ergodic probability measure j,, supported in the interior of S! x I. Moreover the
invariant set A, = supp /L attracts almost every initial condition in S x I.

As verified in [37, Example 5.4] (based on arguments of [2,5]), T,, : A,, — Ay is a uniform family of nonuniformly
expanding maps of order p for any p.

5. Limit laws for families of nonuniformly hyperbolic transformations

In this section, we show the results from Section 4 pass over to the invertible setting. The notion of nonuniformly
hyperbolic transformation is recalled in Subsection 5.1. In Subsection 5.2, we recall how to quotient to a nonuniformly
expanding map. In Subsection 5.3, we prove limit laws for families of nonuniformly hyperbolic transformations.

5.1. Nonuniformly hyperbolic transformations

Let T : A - A be a diffeomorphism (possibly with singularities) defined on a Riemannian manifold (A, dy).
We assume that 7 is nonuniformly hyperbolic in the sense of Young [56,57]. The precise definitions are somewhat
technical; here we are content to focus on the parts necessary for understanding this paper, referring to [56,57] for
further details.

As part of this setup, there is a measurable (with respect to the Riemannian measure) set ¥ C M, a measurable
partition {Y;} of ¥, and an inducing time 7 : ¥ — 77 constant on partition elements such that 7T (y) e Y for all
yeY. Wereferto F=T7 :Y — Y as the induced map. The separation time s(y, y’) of points y, y’ € Y is the least
integer n > 0 such that F"y, F"y’ lie in distinct partition elements of Y.

In addition, there exist integers dy, d, > 1 with dy + d,, = dim M, a measurable partition WW* of Y consisting
of embedded ds-dimensional disks (called “stable leaves”) and an embedded d,-dimensional disk W* (called an
“unstable leaf”) such that W* intersects each element of YV* in a single point. If y € Y, the leaf in W* that contains y
is labelled WJ. Let p denote the measure on W* induced by the Riemannian measure.

We assume that there are constants Dy, D1 > 1, y € (0, 1), p > 1, such that

(A1) Each Y; is a union of elements of YW* (in particular, T is constant on stable leaves), and F (W;, ) C W;y for all
yeY.

(A2) () da(T'/y,T’/y") < Doy’ forallyeY,y e WS,
(ii) da(T7y, T7y') < Doy*0") =¥ forall y, y' € W*,
forall j >0, where ¥;(y) =#{k=0,...,j —1: Tky € Y} is the number of visits of y to ¥ by time j.

(A3) [, P dp < oo.

Let Y =Y/~ where y ~ y' if y/ € W?, and let 7 : ¥ — Y denote the natural projection. By (A1), we obtain

well-defined functions 7 : ¥ — Z* and F : Y — Y. Let 5 = 7, p. Let « be the countable partition of ¥ consisting of
the partition elements Y; quotiented by W¥. We assume:

(A4) F restricts to a bijection from a onto Y forall a €  and ¢y = d,‘ai—fﬁ satisfies | log ¢o(y) —log ¢o(¥)| < Dlys(y’yl)
forall y,y’ €a.

There is a unique absolutely continuous F-invariant probability measure jiy on Y and djiy/dp € L*. By for in-
stance [ 10, Section 6.1], there is a unique ergodic F-invariant probability measure py on Y such that 7. uy = iy.

As in Section 4, we define a tower map f : A — A with semiconjugacy ma : A — A from f to T, and ergodic
f-invariant probability measure j1a = py X counting/ [, y Tduy. Then u = (7ra)«/ea is an ergodic T'-invariant prob-
ability measure on M.

Remark 5.1. For simplicity, we restrict to the case where T contracts exponentially along stable manifolds. It is also
possible to consider polynomial (but summable) contraction as in [3], as well as the general situation [48] where
contraction and expansion is assumed only on returns to Y. (The arguments to treat this general situation are corre-
spondingly longer.)
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_ Next, we introduce the quotient tower map f : A — A defined in the same way as f : A — A but starting from
F:Y — Y instead of F': Y — Y. The projection 77 : ¥ — Y extends to a projection 7 : A — A, 7 (y, {) = (ny, {),
and we have the ergodic f-invariant probability measure fin = T.ua = by X counting/ f? Tdpy.

The separation time s on Y projects to a separation time on Y. For 6 € (0, 1) we define the symbolic metric dp
e Wi . . - d 5 ! g = K/
on Y, setting dg(y, y') = 0*©¥)_ This extends to a metric on A, where dg((y, £), (y', £')) = 19(y ) "7

Proposition 5.2. Choose 0 € [y, 1). Then f A — A is a nonuniformly expanding map on the metric space (A, dy)
with induced map F : Y — Y, partition «, and constants > > 1, n € (0, 1], Co, C1 > 1 given by A = o1 n==Co=1,
Cy=D.

Proof. By (A4), F maps partition elements bijectively onto Y. By definition of dy, if y, y € a, a € a, then
dg(Fy,Fy') =0"'dg(y,y") and do(f'y. f'y") =ds(y.y') < ds(Fy, Fy') for all 0 < £ < 7(a). Finally, by (A4),
|log £o(x) —loggo(y)| < D1y*®) < Didy(Fy, Fy'). O

5.2. Quotienting step

In this subsection, we recall a standard procedure for reducing limit laws for nonuniformly hyperbolic transforma-
tions to the noninvertible (nonuniformly expanding) setting. We work throughout with Holder observables v € C",
where n € (0, 1] is fixed.

First, define a projection Y — W by setting y = W3 N W for y € Y. This extends to a projection on A by setting
p=0,0 for p=(y,€) € A.

Given v : A — R Holder, define VA — R4,

Y(p) =Y 520fvomalfip) —vomalfip)}.

Proposition 5.3. Let 6 € [y", 1). Then || < D{(1 — 6)~'|vl,, for all Holder v: A — RY.

Proof. Let p = (y,£) € A. Then 7o (f/p) = T/*'y € TIT'WS and wa(f7p) = TI*5 € TWWS =TIttws.
In particular, da (wa(f7 p), ma(f7p)) < Doy/™* < Doy’ by (A2)(i). Hence |¥(p)| < |vly Y52 da(walf p),
TA(fIp)T < Dy —60)" ], O
A calculation shows that vowa =0+ ¥ — ¥ o f, where © € L°°(A) is given by
D(p) =voma(p) + Y 2olvoma(fI1p) —voma(fI fp)}-

Note that 0 is constant along fibres 7~ !(y), y € Y. Hence we can write 0 = # o 7 where v : A — R?. The observables
v:A—R%and v: A — R? are related by the equation

voma=vom+ Y —Yof G.D

Let ||v]lg = |v]oo + |V]p Where |v]g denotes the dy-Lipschitz constant of v.
Proposition 5.4. Let 0 € [y"/?, 1). Then ||5]lo < 6D0~2(1 — 6%~ vl for all Holder v: A — RY.

Proof. By Proposition 5.3, [v]|so < 2Dg(1 —6)~! lvlly-
Next, let p = (y, £), g = (z,£) € A. Write |0(p) — 0(q)| < A; + Ay + A3 + A4 where

Ar=) loma(f/ T p)—vora(f/fp)l, Ar=) lwoma(f/'9 —vormalf! Fol,

j=N Jj=N
N ' ' N—-1 L S
Az=) lvoma(f/p) —vomal(f/dl, As=) loma(f!fp) —vomalf/ Fo)l.

j=0 j=0
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We take N = [45(y,2)] and show that A; < DJO~2(1 — 62)~1v|, 6509 for j = 1,...,4. Hence ||y <
4D38’2(1 —6H)~! [vlpde(p, g) and the proof is complet/e_:\.

First, we estimate A;. If £ < 7(y) —2 then fp= fp=(9,£+ 1) and A} = 0. Otherwise fp = (Fy,0) and
fp=(Fy,0).In particular, 7a (f p), 7a(fp) € Wsy, so it follows from (A2)(i) that

Ay (Ta(fIH ). ma(f7 Tp)) = da(TI (ma(f p)). T (xa(Fp))) < Doy’
Hence A < |v|, D, YN 0%/ < DJ(1 —6%)716?N|v|, < DJO~2(1 — 62) 7 |v], 6509 Similarly Ay < DJ0 (1 —
02" vl, 0502,
Next, we ¢stimate A; For each j, we have nA(fjﬁ) T/“y TLFJ§) where 0 < J <j and 0<L< r(FJ)?).
Note that F/y and F/z lie in the same partition element of Y for all j < N, so ma(f/g) = T/t*2 =TLF’/%. By
(A2)(i1),

daGua(f!P).wa(f19) = da(THF? 5, TEF!2) < Doy* 0977 < Doy* 097
Hence A3 < D((1 — 627 v],02¢0-2=N) < DI(1 — 62)~v],,0°0-9). Similarly, A4 < D (1 — 6%~ |v[,009. O
Corollary 5.5. Suppose that v : A — R? is Holder with fA vdu =0. Let v : A — R? be the corresponding
dg-Lipschitz observable. Then

max{ 1

1y
P for all n > 1, where C > 1 is a constant that depends contin-

j—1
@ [max;<, | Y{Zgvo T, e, < Cllvliyn
uously on Dy, Dy, y, and p* = max{p,2(p — 1)}
(b) Suppose that p > 2. Then the limits

T =limyneon™! [, SpvSpv’ du=lim,oon™! [3 S, 08,07 djta,

exist and coincide, where Syv =3 'i_ (])v oT/, Syt = > %o Yoo fi.

Proof. Define S,(vomwa) and S, (v o 77) similarly.
By Propositions 5.2 and 5.4, v is a mean zero Lipschitz observable for the nonuniformly expanding map
f : A — A onthe metric space (A, dg). Moreover, || v]lg < lv]l;. Hence, by Corollary 2.10, | max j<, |S; V|

Lr*(an) K

||v||,]nmax{2 )

By (5.1) and Proposition 5.3, and using that w5 : A — A and 7 : A — A are measure-preserving,

2110 ()

|max|S Ol oy = |max|S oM () = |m<ar)l(|Sj(1")oﬁ)||Lp*(M)

1
max{y, ;}

= [max 13731 + 20110 ) < 0l

proving part (a).
Next, by Corollary 2.12, n-! fA Syv SnﬁTdﬁA converges. Also,
| [y SnvSpvTdp — [5 Sy 8,07 djial
=| [y (Snwomn)Si(voma) = Sy o7) S(@Wom))dual
<ISa(oma) = Sp(@ o) 120, (IS0 (V0 TA) 1200y + 1Sn (@ 0 T 12(,))
<2112 (IS0 0 TA) 1200y + IS0 @ 0 T 12040)) K WInllVlIyn "2,

by Proposition 5.3 and the estimates in the proof of part (a). Part (b) follows. O
5.3. Families of nonuniformly hyperbolic transformations

Suppose that 7, : A,, > A,, n >0, is a family of nonuniformly hyperbolic transformations with induced maps
F,=T,":Y, — Y,.Let p > 1. We say that this is a uniform family of order p if
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(i) The constants Dy, D1 > 1, y € (0, 1) can be chosen independent of n > 0.
(i) The family { 7, n>0}is uniformly integrable.

Letv,: A —Ribea family of Holder observables with f A, Un duy, =0. We suppose that sup, - [lva |, < oo.

max{ 2%

Proposition 5.6. \maxjf,, | Z,i;é Un < Clluallyn }for all n >0, where p* =max{p,2(p — 1}

k
o Tl 1o
Proof. This is immediate from Corollary 5.5(a). O

Proceeding as in Subsection 5.1, we construct metric spaces (An, dp ) and families v, : A, — Rd, Ty Ay — R4
where [V, [0 K |Un|rp lvalle,n K ”Un”r; such that

Up OTTA, =V, 07y +VYn —Yno fu.

By Corollary 5.5(b), for p > 2 we can define the family of covariance matrices
Sn =limsoe k™ [y (X5 v o 1) (A vw o ) dpaa,
=limk%ook_1fén( k_(l)vnofn)(Z]; E)ﬁnofn) diip,.

Let W, (1) =n~1/2 ZB.'Z](;I v, 0 Tﬁl. Define W C D([0, o0), Rd) to be the set of weak limits of {W,,, n > 0} and
let S € R4*4 be the set of limit points of {2, n > 0}.

Theorem 5.7. Suppose that p > 2. Then (i) {W,,, n > 0} is tight, (ii) W € W if and only if W is a Brownian motion
with covariance matrix in S.
In particular, if lim, 00 Xy =X € R4 then W, —w W where W is Brownian motion with covariance X.

Proof. Define the process Wa() = n—1/2 Z[m] '5 v, 0 fn on (A, HA,)-

By Proposition 5.2, f, : A, — A, is a uniform family of nonuniformly expanding maps. By Proposition 5.4, ¥, is
a family of mean zero Lipschitz observables satisfying ||v,[lo,» < [[vnll;- Hence Theorem 4.5 characterises the weak
limits of {W,,, n > 0}.

It remains to show that the weak limits of {W,,, n > 0} coincide with those of {W,, n > 0}. Since 7, and 7, are
measure-preserving semiconjugacies, the weak limits of {W,} coincide with those of {W, o 7, }, and the weak limits
of {W,} coincide with those of {W,, o 77,}. Also

supyo, 71 | Wa 0 s, = Wy 0 finleo <2072 Ynloo <012 [unly,
s0 Wy oma, — Wy 07y —u,, 0 completing the proof. O
Example 5.8. The classical solenoid construction of Smale & Williams can be used as in [6] to construct nonuniformly

hyperbolic families from each of the nonuniformly expanding families in the examples in Section 4. It is immediate
that our results apply to such families.

Example 5.9. Collision maps for dispersing billiards under small external forces are nonuniformly hyperbolic with
uniform constants for all p by [18]. (See the proof of [18, Proposition 6.4] where uniformity of constants is mentioned
explicitly.) Hence the results in this section apply to such examples.

6. An abstract homogenisation theorem

In [27], a homogenisation theorem was proved for fast—slow systems of the form

Xe(n + 1) =X (n) + €2a(xe(n), y(n)) + €b(xe (n) v(y(n)),

where the fast dynamics y(n + 1) = Ty(n) is generated by an ergodic transformation 7 : A — A and the slow
variables x(n) lie in R?. The main assumptions are that either d = 1 or b = I; (or more generally that b is exact,
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see below), and that v : A — R? is mean zero and satisfies the WIP for T. The corresponding result for flows was
obtained in [45].

In this section, we show how to generalise to the case where the single map T generating the fast dynamics is
replaced by a family of maps. As in [27,45], the setting is completely abstract, with no hyperbolicity assumptions on
the fast dynamics.

Let T, : M — M, € € [0, €p), be a family of maps defined on a topological space M, with T,-invariant Borel
probability measures p. Consider the family of fast—slow equations

Xe(m+1) =xe(n) + 62‘16 (xe(M), ye(n)) + €be (xe(n)) ve(ye (n)),  xe(0) =&, (6.1)

where the fast dynamics is given by y.(n + 1) = T¢ y.(n), and &, € R4 is the initial condition for the slow dynamics.
The maps ve : M — RY, a. :RY x M — RY and b, : RY — R?*4 are defined and continuous for each € € [0, €0).
Moreover, [y, vedpe =0.

Regularity assumptions. We suppose that there is a constant L > 1 such that

/
lae(x,y) —ae(x’, y)| <L

[Veloo <L, |aeloo <L, Lipae = sup sup

— s

x#x! Y |x —x'|
for all € € [0, €g). Also, we assume that
lim sup |ae (x, y) — ao(x, y)| =0, lim sup [ve (y) — vo(y)| =0, lim & = &.
€0 x,y e—>0 y e—0

Exactness. We suppose that the multiplicative noise b : RY — R4*4 ig exact. That is, b, (x) = [(dh¢) 17! where
he : R4 — R is a continuous family of C 3 diffeomorphisms /A : R? — R4 (with C? norm uniform in € and x € Rd).

Remark 6.1. (a) The exactness assumption on b, can be removed, but then additional assumptions are required on the
fast dynamics. When the fast dynamics T¢ is independent of €, the corresponding result without exactness is proved
for partially hyperbolic dynamics using standard pairs/martingale problems [24], and for nonuniformly hyperbolic
dynamics using rough path theory [33,34].

(b) The global nature of the regularity assumptions in x € R is easily relaxed, see for example [27, Section 3.1].

Define % (f) = xc ([te2]), t > 0. We are interested in weak convergence of X, to a solution X of an SDE. Con-
vergence is in the space D([0, 00), RY) of cadlag functions (right-continuous functions with left-hand limits, see for
example [ 13, Chapter 3]) with the supremum norm.

Remark 6.2. One technical issue is that D([0, 0c0), Rd) is not separable in the supremum norm. Since our limit
processes have continuous sample paths, convergence in the supremum norm is equivalent to convergence in the
standard Skorokhod topology which is metrizable and separable. Hence whenever we apply results where separability
is required, we can momentarily work in this topology.

Dynamical assumptions. So far, the assumptions on the fast-slow system (6.1) have been standard subject to the
comments in Remark 6.1. Now we introduce mild assumptions on the fast dynamics that suffice for homogenisation.
Define o, : M — R? for x e R,

o (y) = ap(x, y) — 5{(dbo)ubo (x)vo(»)}vo(y)- (6.2)
Also, define the family of random elements W, : (M, ue) — D([0, 00), RY),

[t/€*]-1

We(t) =€ Z veo T,

j=0
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Uniform mean ergodicity (UME) There exists P : R? — R such that
[e=121-1

lim/‘el/2 Z ocxoTej —P(x)|dpe =0 for all x € RY.
M =0

e—>0

Weak invariance principle (WIP) W, —,. W in D([0, 00), ]Rd) as € — (0, where W is Brownian motion with some
covariance matrix ¥ € R4*¢,

Theorem 6.3. Assume (UME) and (WIP). Then P is Lipschitz and X¢ — . X in D([0, 00), Rd) as € = O where X is
the solution to the Stratonovich SDE

dX =P(X)dt +by(X)odW, X(0)=E&. (6.3)
Remark 6.4. Suppose that

(@) Ue —w Mo as € — O (statistical stability).

le=!/2]-1
(b) 61i_1>r(1)/’el/2 Z ayoT/) — /ozxdu6
M j=0 M
Then (UME) holds, and

P(x)= [y a0(x. y)dpo(y) — 5 [5,{(dbo)xbo(x)vo(3)}vo(y) dpo(y)
= [y a0, y)dpo(y) — 5 3007 (1) (8, b)) ) [y vh vl dpso.

djre =0 for all x € R,

Here, bgy denotes the (o, y)’th entry of by and bg denotes the 8’th column of by, while the summation is over indices
a,B,y=1,...,d.

Remark 6.5. (a) We focus attention on weak convergence with respect to the family of invariant measures (. If we
assume strong statistical stability (so pe is absolutely continuous with respect to a reference measure p for all € and
dpe/dp — duo/dp in LY), then it is immediate from Theorem 6.3 that x, — 1o X. We will return to the issue of weak
convergence with respect to a wider range of measures in subsequent work.

(b) The WIP is a necessary condition for Theorem 6.3 since it is equivalent to the case a. =0, b = 1.

The remainder of this section is concerned with the proof of Theorem 6.3. We deal first with the special case
be = 1, and then with the general case.

The special case b, = I;. We extend the arguments in [27,45] developed for the situation where T¢ is independent
of €.

Lemma 6.6. Theorem 6.3 holds in the case be = 1.

Proof. Note that o, (y) = ag(x, y) is uniformly Lipschitz in x and hence that P is Lipschitz with constant L. Define
a(x,y) =ao(x,y) — P(x).

To prove weak convergence in D ([0, 00), ]Rd), it suffices to prove convergence in D ([0, T'], R4 ) for each fixed
T > 1.Let §(¢) =sup, , |ac(x,y) —ao(x, y)| + [§c — &I, so lime—, 0 8(e) = 0. Write

n—1 n—1
Xe(n)=Ec+ €Y ac(xe(j), ye () +€ Y ve(ye()))-
Jj=0 j=0

Hence
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[te2]—1
Fe) =5+ Y aotee(). ye())) + We®) + Zea (1)
j=0
[te=2]-1
=E+€> Y PR(7) + We®) + Ze 1 (1) + Ze (1),
j=0

where We(1) = € Y1 1™ v (ye () satisfies the WIP and

[te™2]—1

ZaA DI <T8@©), Zea) =€ Y alxe(). ye(i))-
j=0

_2 —_ ~ . . . . . .
For ¢ an integer multiple of €2, the term €2 ZEZO -1 P (%c(€2))) is the Riemann sum of a piecewise constant function

and is precisely fot P(Xc(s))ds. For general ¢,

[te™2]-1 !
€ Y PE(E)) = / P(Re(s))ds + Ze3(t),

Jj=0 0
where | Z¢ 3(1)] < €2|P|oo < €2L. Altogether,

Re(t) =&+ [y P(Re(8))ds + We(t) + Ze(0),

where Zc =Zc 1+ Zep + Ze 3.
We show below that Z. > —,, 0in D([0, T'], R9). 1t follows that W, + Z, —u. Win D([0, T], RY).
Now consider the continuous map G : D([0, T'], RY) — D([0, T1, RY) given by G(u) = z where z is the unique
solution to the integral equation
2(t) =& +ut) + [y P(z(s))ds.

Define z = G(We + Z.). Since continuous maps preserve weak convergence, it follows that ze —,. G(W). But
Ze = X¢ by uniqueness of solutions, so x¢ =, G(W). The result follows since X = G(W) satisfies the SDE dX =
P(X)dt+dW, X(0)=E&.

It remains to show that Z, » —,_ 0in D([0, T1, Rd). Note that |a|eo <2L and Lipa <2L.Let N = [te—3/2] and
write Z¢ » = Y + Iy, where

Yeny=€ Y ake()ye())), =€ > axe(), ye())-

O§j<Ne*1/2 Ne*l/zfjf[tefz]—l
We have
[Io(t)| < €¥/?|dloo < 2Le?. (6.4)

We now estimate Y, as follows:

N—-1
Ye)=€e ) > a(xe(j), ye (N =h+h

n=0 pe=12<j<(n+1)e-1/2

N-1
L=y > (@Cee (). ye() = axe(ne™"72), ye ()

n=0 ne~1/2<j<(n+1)e-1/2
N—-1

h=e)" > a(xe(ne™"?), ye ().
n=0 ne*l/2§j<(n+l)e*1/2

For ne~1/2 < j<mn+ 1)6_1/2, we have |x.(j) —xe(ne_l/z)l < (laeloo + |v€|oo)el/2 <2Le'/2 Hence
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|| < Ne’/*Lipa2Le'/* <4LTe'/?,

Next, I, = €3/2 2,1:]:_01 J,., where

Jy=e'? > a(xe(ne™'12), ye (j)).
ne’1/2§j<(n+1)€’1/2
Hence
[Te3/2)—1
ILI<e? > |l
n=0

For u € R? fixed, define

Ty =€'’? > a(u, ye(j=e"?

ne*1/2§j<(n+1)e*1/2 ne*1/2§j<(n+1)e*1/2

Note that fo has [¢~1/?] terms, and j,, (1) has at most one term more or one term less than fo(u). Hence

a,oT/ — Pu).

Jog Un @)l dpe = [3; 1Jo)dpe + En(u), where |E, ()| < €'/?|aloc <2Le'/2.

Let Q > 0 and write I = Ko 1 + K > where

Ko1=hlg, ) Ko2=Dhlp gy, BE(Q)={maT>§|xe|sQ}.

[0

(6.5)

(6.6)

For any o > 0, there exists a finite subset S C R? such that dist(x, S) < o/(2L) for any x with |x| < Q. Then

1g.(o)lJnl < Zues |j,,(u)| + o foralln > 0, € > 0. Hence by (6.6),

[Te 32—

/max|KQ,1|due <& 3
M (0.7 n=0 UES pr

[Te 321

— 63/2 Z
n=0

= UES

<T Z/ |Jo(u)|d e +2€'*T|S|L + To.

ues yy

]-1
Z/|fn(u>|due+ro

S ([ 1wl dne + E,w) + 7o

By (UME), fM |Jo()|dpe — 0 as € — 0 for each u. Since o > 0 is arbitrary, we obtain for each fixed Q that

maxo,711Kg,1| — 0in L'(i¢), and hence in probability, as € — 0.
Next, since x, — W, is bounded on [0, T], for Q sufficiently large

ME{I[R%IKQJI > 0} SMG{H}%}%MA > 0} SMG{E}%IWGI > Q/2}.

Fix ¢ > 0. Increasing Q if necessary, we can arrange that u. {maxjo,71|W| > Q/2} < c¢/4. By the continuous mapping
theorem, maxpo, 7] | We| —4 maxo, 71 |W|. Hence there exists €; > 0 such that p{maxp 7] |We| > Q/2} < c¢/2 for all

€ € (0, €1). For such ¢,

max | K >0t <c/2.
Me{[O,T]l 021>0} <c/

Shrinking € if necessary, we also have that u.{maxjo,7)1K¢,1| > ¢/2} < ¢/2. Hence pe{maxo,77|l2| > ¢} < ¢, and
so max[o,7] |/2] — 0 in probability. Combining this with estimates (6.4) and (6.5), we obtain that max[o,7]|Z¢ 2| — 0

in probability as required. 0O
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The case of exact noise. Now we consider the general case of exact multiplicative noise, following [27].

Proof of Theorem 6.3. Define z¢ (n) = h¢(x¢(n)). Using Taylor’s theorem to expand the C 3 map h., we obtain
2e(n+1) = ze() =he (¥ (n+ 1) = he (x (n))
= (dhe)xe(m) (Xe(n + 1) — xe(n)) (6.7)
+ (@ he) e (e + 1) = xe (M)} (e (1 + 1) = xe () + 0(|xe (1 + 1) = xe()]).

Here, we are identifying (d*h), as an element of L(R?, L(R?, R)) for each x € R?. The last term is uniformly o(e?).
Substituting for x.(n + 1) — x¢(n) using equation (6.1) and the fact that b, = [dh.]7 !, equation (6.7) becomes

20+ 1) = 2(0) = €] (@), e (xe (1), ye(m)
+ 3{(@he)x, (mybe (Xe (M) ve (e (1)) e (xe (1)) ve (e () + 0(1)} + €ve (e (n)).
In other words,

zZe(m+1) —ze(n) = €2Ae (ze(n), ye (1)) + €ve (Ye (),

where

1
Ac(zy) = (@he) 1 fac(h7 2. 3) = S1(dbe) 1 be (T Dve(MIve(y) +o(D)]

uniformly in z, y as € — 0.
The regularity assumptions on v, a. and k. ensure that A, is bounded and globally Lipschitz in z. Similarly, it is
easily checked that lim._, ¢ sup, y1Ae(z, y) — Aoz, Y = 0. Notice also that Ag(z, y) = (dh())h—lzolh—lz(y).
’ 0 0

Hence we are in the situation of Lemma 6.6, and it follows that Z (f) = z¢ ([t ~2]) converges weakly to solutions
Z of the SDE

dZ = (dho)halzp(ho—lz) dt +dw, (6.8)

where P (Z) is the limit function in (UME).
Next

sup, [h7 1 (ze (1) — by (ze ()] < sup. [ (2) — hy ' (2)] = 0,
so by the continuous mapping theorem,
Xe=h ' z) = hy'(z) +{h 7 (ze) — hy ' (ze)) = e By 1 (2).

Hence it remains to determine X = h ! (Z). Clearly X (0) = &. Since the Stratonovich integral transforms according
to the standard laws of calculus,

dX =[(dho)x]™" 0dZ =[(dho)x|™" o [(dho), -1, P(hy' Z)d1 + dW]
= P(X)dt +bo(X) o dW,

as required. O
7. Homogenisation for uniform families of fast—slow systems

In this section, we apply the abstract homogenisation theorem from Section 6 to the case where the fast dynamics
is generated by a uniform family of nonuniformly hyperbolic transformations. We consider first the noninvertible case
(Subsection 7.1) and then the invertible case (Subsection 7.2).
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7.1. Nonuniformly expanding fast dynamics

Let (M,dy) be a bounded metric space with finite Borel measure p. For each € € [0, ¢g) we suppose that
Te : M — M is a nonuniformly expanding map as in Section 2.1, with induced map F. = T : Y. — Y., and ab-
solutely continuous ergodic 7¢-invariant and F.-invariant Borel probability measures . and wy, . (The metric space
(M, dyy) and finite Borel measure p are fixed independent of €. This is natural for the purposes of this current section,
but is easily relaxed, see Remark 7.4.)

We assume that T¢ is a uniform family of order p > 2 (cf. Section 4), so the various constants in the definition
of nonuniformly expanding can be chosen independent of € € [0, €p), and {rf, € €10, €9)} is uniformly integrable.
Moreover, we suppose that pg is statistically stable: e — o as € — 0.

Let ve: M — R, € € [0, €0), be a family of Holder observables with f 1 Ve dite = 0. We require that ve and T
satisfy

SUPce[0.¢0) Ve lln < 00, lime—¢ |ve — voloo =0, (7.1)
and

[y v00T) (oo THT (dpe —dpo) -0, T =, Tf, (7.2)

for all j, k >0, as € — 0. (The last part of condition (7.2) means that u.{y € M : dM(TEjy, Tojy) > a} — 0 for all
a>0)

Consider the family of fast—slow equations (6.1) where y.(n + 1) = T y.(n). We assume that a. and b satisfy the
regularity conditions in Section 6 and that b is exact. Let X, = xe([te_zl]).

Theorem 7.1. Let P(x) = fM ao(x,y)duo(y) — % fM{(dbo)xbo(x)vo(y)}vo(y) duo(y). Let W denote d-dimensional
Brownian motion with covariance

. _ j - iNT
¥ =lim,_ %fM (ij(l) Vo o TOJ)(Z;’-:}) vooTy)" dpo.
Then X¢ — . X in D([0, 00), R?) as € — 0 where X is the solution to the Stratonovich SDE

dX = P(X)dt +by(X) 0dW, X(0)=¢.

Remark 7.2. In very general situations, [2,8] show that g is strongly statistically stable. The first part of condi-
tion (7.2) follows immediately. Moreover, in the conclusion of Theorem 7.1 we obtain in addition that X —,, X by
Remark 6.5(a).

Examples 7.3. It is straightforward to choose the examples in Section 4 to be strongly statistically stable. Theorem 7.1
and Remark 7.2 then apply.

For instance, in the case of the intermittent maps, Example 4.9, fix yg € (0, %) and choose y. — yo. Let T,
0 < € < ¢, be the corresponding family of intermittent maps. Then ¢ is strongly statistically stable by [11,36], while
(UME) and (WIP) follow from Section 4.

Similar comments apply to Examples 4.10 and 4.11 with statistical stability following from [25] and [8] respec-
tively (see the corresponding examples in [37] for details).

Remark 7.4. Various conditions — namely independence of M and p on €, lim¢_,o|ve — volooc = 0, and condi-
tions (7.2) — are used only in the proof of continuity of certain covariance matrices X, see Proposition 7.6. It is
easy to check that the results in this section go through with these assumptions removed, provided diam M is bounded
independent of € and the conclusion of Proposition 7.6 holds. We note that [23] gives general conditions under which
3, varies continuously.

In the remainder of this subsection, we prove Theorem 7.1. By Theorem 6.3, it suffices to verify (UME) and (WIP)
and to identify P and X.

Proposition 7.5. Condition (UME) is satisfied with P(x) as stated in Theorem 7.1.
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Proof. We apply Remark 6.4. Condition (a) is automatic, so it remains to verify condition (b).
Recall from (6.2) that a(y) = ao(x,y) — %{(dbo)xbo(x)vo(y)}vo(y). Define By ¢ = ay — fM oy die. Then
Bre: M — RY is family of Holder observables with f 1 Br.edire =0 such that || Byl < ||v0||3] uniformly in €.

. . . . . . —1/27_ i
(The estimate is also uniform in x, but that is not needed.) By Lemma 4.1, lim¢_,¢ fM | 25;0 1= Bx.c 0 T/ |dpe =0

for all x € R? as required. O

As in Section 4, we can define the family of covariance matrices

S =limy_oon! S Suve SnveT dipe, Spve = Z;’.;(l) veoT!, €€][0,ep).
Proposition 7.6. lim._,¢ X = X.

Proof. Write Ic., = [}, Suve Spv! de.
Let § > 0. By Remark 4.2, there exists N > 1 such that |N’1IG,N — Y| < 8 forall € € [0, €p). Next

Ien —Tov = [3 (Snve Syvl — Snvo Swvg) dite + f3 Swvo Syvg (dpe —dpeo).
By condition (7.2), lim¢_, ¢ fM Snvo SNvg (dpe —dug) =0. Also,

Sy ve Svvd = Snvo SNV 11 ey < (ISnvel 22,y + ISNVOLL2 i) SN Ve = Swv0l 2,
< N([veloo + [v0]00) SN ve = Swv0l 20,

But
N—-1 j N—-1 j j
ISnve = Snvol < 3072 [ve —vol o T + 32725 lvo o T = vo o Ty | < Nve — voloo + 00l 8e, v

where ge n(y) = Z;V;ol dM(Tejy,Tij)”. By (7.1) and condition (7.2), we obtain that lim¢_.q|Syve SNveT —

Snvo SNvg|L1(M€) = 0. Hence lim¢_.0 I,y = Io,y and so limsup,_,o|Ze — Xp| < 28. Since § is arbitrary, the re-
sult follows. O

Corollary 7.7. Condition (WIP) holds with ¥ as stated in Theorem 7.1.
Proof. This follows immediately from Propositions 4.4 and 7.6. O
7.2. Nonuniformly hyperbolic fast dynamics

Now we show how to extend Theorem 7.1 to the invertible setting. We assume the same setup as in Subsection 7.1
except that T¢ is now a uniform family of nonuniformly hyperbolic transformations as in Subsection 5.1

Theorem 7.8. The conclusion X —,, X of Theorem 6.3 remains valid. If in addition g is strongly statistically stable
then X¢ — ) X.

Remark 7.9. The comments in Remark 7.4 apply equally in the current context.

To prove Theorem 7.8, it again suffices to verify condition (UME) and (WIP) in Theorem 6.3.
The proof of (UME) is identical to that of Proposition 7.5 with Corollary 5.5(a) replacing Lemma 4.1. By Corol-
lary 5.5(b), we can define

Se =limyooo & f3 (X2 ve o T) (X1 ve o ) dpie.

By Remark 4.2 and the proof of Corollary 5.5(b), the convergence is uniform in €. Hence the argument in the proof
of Proposition 7.6 shows that lim¢_,o £ = X¢. Condition (WIP) with ¥ = X follows from Theorem 5.7.
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Example 7.10. By [23], statistical stability holds for the families of externally forced dispersing billiards in Exam-
ple 5.9, and hence Theorem 7.8 holds.

We note that the stronger linear response property can be established in certain situations [16], but that linear
response is not required for the purposes of this paper.
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Appendix A. WIP for martingale difference arrays

In this appendix, we recast a classical martingale CLT/WIP of [13] into a form that is convenient for ergodic
stationary martingale difference arrays of the type commonly encountered in the deterministic setting.

Let {(A,, My, u,)} be a sequence of probability spaces. Suppose that f,, : A, — A, is a sequence of measure-
preserving transformations with transfer operators L,, and Koopman operators U,,. Suppose that m,, : A, — R¢ lies
in L2(A,) and that Ja, mndptn =0and m, €kerL,.

Define the sequence of processes M, : A, — D([0, co), R?) by

[nt]—1

My =n""2 3" myo i, 120
j=0

Theorem 7.11. Suppose that the family {|m,|*, n > 0} is uniformly integrable. Suppose also that there exists a con-
stant matrix £ € R4 sych that n=! ZE’Z]O_I{U,,L,,(man)} o f] —pu, 12 asn — oo for each t > 0.

Then M, —,, W in D([0, c0), R?) where W is Brownian motion with covariance X.

Proof. First we consider the case where X is not identically zero. By Prokhorov’s Theorem, we must prove conver-
gence of finite-dimensional distributions and tightness.

Finite-dimensional distributions. Fix 0= <t <---<f,c{,...,Cck € R4, k > 1. Define

Zy =Yk T (My(t0) = My(te—1)),  Z =3y T (Wte) = Wte—1)).

We must show that Z,, —,, Z.
Now Z = N(0, V) where V = Zlgzl cZEcz(tg —ty—1). Also,

k [nie]-1 ]
2= Y S mo = K,
=1 j=[nte—1] Jj=1

where X, j = n_l/zd’{jmn o fM=J for appropriate choices of dnj€fcr, ... cil

Define G, ; = £ =D g for 1 < j < [nte]. The same calculation as in the proof of Proposition 2.9 shows that
{Xnj, Gn,j; 1 < j <I[nt]} is a martingale difference array. That is, G, ; C G, j41 forall 1 < j <[nf] —1, X, ; is
Gy, j-measurable for all 1 < j <[n#], and E(X,,j4+11Gy,j) =0forall 1 < j <[nf]— 1.

We now apply a CLT for martingale difference arrays [13, Theorem 18.1]. (See also [42, Theorem 2.3].) To show
that Z,, —4 N(0, V) it suffices to show that

B1) YU EX2 [1Gnj1) —p, V asn — oo,

(B2) limy_ o 25.";’3] E(X2 /1(x, 2 =0 for all € > 0.
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Arguing as in the proof of Proposition 2.9,

E(X2 |G j1) =n "By jmn)* o f"VT1G, ;1) =n~HUpLn(dy ma)*}o "1

Hence
(nt] [nt] )
S B2 j1Gnj—1) =Y (UaLn(d] jma)?} o i
j=1 j=1
ko [nr)-1 _
=n"'Y " Y AUnLncf (muml)e}o fil
=1 j=[nte_1]
k [nte]—1 ) [nte_1]—1 )
=3 el (n7" Y WaLnGmamyo fil=n™" 37 (UnLuGmam!} o i )ee
=1 j=0 j=0

which converges in probability to V. This proves (B1).
Next, [X, | < Kn=Y%m, o fn[mk]_/| where K = max{|ci],...,]|ck|}. Hence Xﬁjl{‘xn,ﬂie} <

Kzn”(|m,,|21{|mn‘26/n,/2}) o fIM=J where ¢’ = €/K, and

[nt;] [nt]

S EX2 A(x, 1ze) < K207 Y E(mal?ly,, s o)
j=1 j=1

= K0 [ntlJE(mn 1, jmen12)

which converges to zero by uniform integrability of {|n,|?}. This proves (B2) and completes the proof that Z,, — i Zs
showing that finite-dimensional distributions converge.

Tightness. Tightness of {M,,} in D([0, c0), RY) is equivalent to tightness of each coordinate of {M,} in D([0, T'], R)
for each T > 0. Hence we fix T > 0, and assume without loss that M,, is R-valued and that % ,[:ﬂ)_l m?o fk— fhn
to? for some o2 > 0. Since ¥ is nonzero, we can choose coordinates so that o2 > 0 in each coordinate. Without loss
2
o =1.
Since M, (0) =0, proving tightness of {M,,} is equivalent [ 13, Theorem 7.3] to showing that

lim lim sup p,, sup |M, () — M,(s)|>€] =0 foreverye > 0. (A.1)
=0 n—oo 0<s,t<T
|s—t]<8

Define M,; (t) = Z[/.”:’]l &, j where §, ; = n"2my, o fn["T]*j. We claim that the hypotheses of [13, Theorem 18.2]

are satisfied and hence in particular that {,} is tight. It follows that condition (A.1) is satisfied with M,, replaced by
M, .But M, (t) — M, (s) =M, (uns) — M, (u,;) where u, ; € [0, T]is such that [nu, ;] = [nT] — [nt]. Hence

sup M, (1) — My(s)| < sup M, (1) — M, (s)l,
0<s,t<T 0<s,t<T
ls—t]<8 Is—t|<d+2

and the result follows.
It remains to verify the claim. Consider the martingale difference array {X, ;, G, j; 1 < j <[nT]} where X,, ; =

=2, o TS Gnj= £ T1=D Aq,, By [13, Theorem 18.2], it suffices to show that for each 7 € [0, T,

(B3) YU E(X2 G0 j-1) =y, t a8 1 — 00,

(B4) lim,— oo 25-"31 E(X2 1(x, ;j=¢)) =0 for all € > 0.

These are proved in exactly the same way as conditions (B1) and (B2) above.
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The completely degenerate case. When X = 0, we consider the direct product of the underlying dynamics with a
simple symmetric random walk on the integers. The product system leads to a WIP with one nondegenerate direction
and the result reduces to the case ¥ # 0.

More precisely, let A’ = {1} with fair (p = g = 1/2) Bernoulli measure 1/, and consider the one-sided shift
f: A — A’ and observable m’ : A’ — {£1} where m’(x) = xo. The process M/, (t) =n~'/? ZB.’”]_I m’ o f'J con-
verges in D([0, 00), R) to Brownian motion W’ with variance 1. Define the family of product systems A} = A, x A/,
Wr= g X (s [ =fox froA = A, m! =m, ®m' : A - R, M = M, & M, € D([0, 00), R*1),
Let U/ and L] denote the Koopman and transfer operators corresponding to f,/. An easy calculation shows that
U'L"(m"m"Ty =UL(@mm") @ 1 and hence {m/'} satisfies the hypotheses of the theorem with =" = 0@ 1. Conse-
quently, M,/ —,» W' =0&® W’ in D([0, o0), R4+ In particular, M, =4, 0. O
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