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Abstract

We study the Cauchy problem for the focusing nonlinear Schrédinger (FNLS) equation. Using the @ generalization of the non-
linear steepest descent method we compute the long-time asymptotic expansion of the solution ¥ (x, ¢) in any fixed space-time
cone C(x1,x2,v1,02) = {(x, HneR?:x= xo + vt with xg € [x1, x2], v € [vy, v2]} up to an (optimal) residual error of order
@ (t_3/ 4). In each cone C the leading order term in this expansion is a multi-soliton whose parameters are modulated by soliton—

soliton and soliton—radiation interactions as one moves through the cone. Our results require that the initial data possess one LE(R)
moment and (weak) derivative and that it not generate any spectral singularities.
© 2017 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we study the long time asymptotic behavior of the focusing nonlinear Schrédinger (fNLS) equation
onR x Ry :

1
iw,+§wxx+|w|2w=0, ¥ (x, 0) = Yo (x). (1.1)

The long time behavior of the defocusing NLS equation—equation (1.1) with the sign of cubic nonlinearity
reversed—has been thoroughly studied [34.,9,13,11,12,14]. In the defocusing case, one finds that as t — oo,

U(x, 1) = tfl/Za(zo)eixz/(Zt)fiv(zQ) log(41) L&, 1) (1.2)
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where
1 2 2 2
V(Z)=—Elog(1—|r(z)| ), la@I"=v(2)7, (1.3)
and
1 Z
T
arga(z) = - / log(z — s)d(log(1 — Ir(s)1%)) + 1 +argl'(iv(z)) — argr(z). (1.4)
—0o0
Here zo = —x/(2¢t), T" is the gamma function, and r is the so-called reflection coefficient for the potential ¥ro(x)

described below. Estimates for the size of the error term £ (x, t) depend on smoothness and decay assumptions on .
The leading term without estimates was first obtained in [34]. Using the nonlinear steepest descent method [10], it was
shown in [11,13] that if 19 had a high degree of smoothness and decay then £(x,t) = O (t_l log t). This was later
improved [12] to E(x, 1) = O (+=1/2+9)) for any 0 < k < 1/4 under the much weaker assumption that ¥ belonged
to the weighted Sobolev space

H ={feL2(]R):xf, f’eLz(R)}. (1.5)

Recently, McLaughlin and Miller [29,30], developed a method of asymptotic analysis of Riemann—Hilbert problems
(RHPs) based on 9 problems, rather than the asymptotic analysis of singular integrals on contours. This was success-
fully adapted to study the defocusing NLS equation both for finite mass initial data [14] and finite density initial data
[8]; the latter of which supports soliton solutions. The advantages of this method are two fold: 1) it avoids delicate
estimates involving L? estimates of Cauchy projection operators (central to the work in [12]), and 2) it improves error
estimates without additional restrictions on the initial data. The result in [ 14], which can be shown to be sharp, is that
for Yo € H'1, the error E(x, 1) = O (t73/4).

In this work we apply these d-techniques to the inverse scattering transform (IST) for fNLS to obtain the long-
time asymptotic behavior of solutions to (1.1). The long-time behavior of solutions of fNLS are necessarily more
detailed than in the defocusing case due to the presence of solitons which correspond to discrete spectrum of the
non self-adjoint ZS-AKNS (Dirac) scattering operator associated with fNLS (cf. (2.1a) below). Given initial data
Yo € H!(R) the ZS-AKNS operator for (1.1) allows for (complex conjugate pairs of) discrete spectrum anywhere in
C\R. In the defocusing case the ZS-AKNS operator is self-adjoint and the discrete spectrum is empty for finite mass
initial data; a non-empty discrete spectrum is possible for the finite density type data studied in [8], but it is restricted
to lie in a fixed interval of the real axis set by the boundary conditions. The description of the minimal scattering data
for the forward/inverse scattering transform is necessarily more complicated in the focusing case.

Let us briefly consider the minimal scattering data for (1.1). More details are given in Section 2 and the references
therein. Associated with any point in the simple discrete spectrum, z; € C¥, is a nonzero complex number ¢ called
a norming constant. The real axis is the continuous spectrum of the ZS-AKNS operator along which we define a
reflection coefficient r : R — C. In the focusing case, the reflection coefficient r may take any value in C; it is
also possible that » may posses singularities along the real line—such points are called spectral singularities. When
spectral singularities exist it is possible for there to be a (countably) infinite discrete spectrum which must accumulate
at a spectral singularity; if no spectral singularities exist, the discrete spectrum is finite. For initial data yro which
produces only simple discrete spectrum and has no spectral singularities, the minimal scattering data for fNLS is
the collection D = {r(z), {(zk, ck)},i\'=1 }. This is the classical scattering map S : ¥ — D for fNLS. As described in
[3,4] such initial data is generic. In the general, non-generic case, where spectral singularities or higher order discrete
spectrum may exist, the classical scattering map is replaced by S : ¥o — v where v is a certain matrix defined along
a contour I" consisting of the real axis and a closed circle around infinity as described in [36].

Both the focusing and defocusing NLS equations are linearized by the scattering map S; for a potential Vg
evolving according to (1.1) the scattering data evolution is trivial: D(¢) = {r(z)ezizz’, {(zg, ckeZiZI%’)},iV:l} (orv(t) =
e~12103 012103 i the general case). It is often remarked in the literature that the scattering map S is a kind of non-
linear Fourier transform, and indeed it preserves regularity and smoothness in the same way; as shown in [37] the
scattering map is a bijective (in fact bi-Lipschitz) map from H/*(R) to H*/(I") for any j > 0 and k > 1 (in the
classical setting without spectral singularities this reduces to the reflection coefficient r € H*/ (R)). However, it is a
trivial calculation that in order for the time evolving scattering data to persist in the weighted Sobolev space H*/ one
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must have j > k. It follows that the largest space H/* from which the IST for (1.1) is well defined is H'-!, and this
is precisely the space in which we will work.

Scattering data {r = 0, {(zk,ck)}l]y:l} for which the reflection coefficient vanishes identically correspond to
N-soliton solutions of (1.1). If the spectrum consists of a single point, oy = {(§ + in, ¢)} the corresponding solu-
tion of (1.1) is the one-soliton

Yool (X, 1) = Yool (X, 13 {(E + in, ©)}) = 29 sech(2n(x + 2&1 — xq))e 2 Ex+HE =)D g=ido,

Vot DI ) = 41 (0
where the phase shift xo and constant ¢ are
1 c b4
xozﬂlog % , Po = §+arg(c). (1.7)
This solution is a localized pulse with speed v = —2& and maximum amplitude 2. When N > 1 the solution of (1.1)

with scattering data {r =0, oy = {(zx, ck)}/ivzl}, which we label V01(x, 1; 04), is called an N-soliton solution (cor-
responding to the discrete scattering data o). The long-time behavior of the N-soliton is a straightforward exercise
in linear algebra and goes back to [35]. Generically, the solution breaks apart into N independent one-solitons; each
traveling at distinct speed vy = —2 Re z;. When the points of discrete spectrum do not have distinct real parts the long-
time behavior is more complicated; we give a streamlined review of this in Appendix B. Likewise, in the absence of
solitons the steepest descent analysis is significantly simpler; the procedure in [ 14] goes through with only superficial
changes of certain signs. One can use [14] as a primer for working through the more involved analysis needed here to
deal with solitons.

1.1. Main results and remarks

Our main result describes the asymptotic behavior of the solution (1.1) as + — oo, for generic initial data
Yo € HY1(R). In order to state our results we define the following quantities derived from given scattering data
{r, {(zx, ck)}llcv=1 }. Let Z denote the projection of the discrete scattering data oy = {(z, ck)},ivzl onto its first coordi-
nate Z = {z;}I_; C C*; define

1
(s) =—5—log(1+ r(s)[%), (1.8)

and for any real number £ let
Ag:{ke{O,l,...,N} :Rezx <&}
Af ={ke€{0,1,...,N} : Rez > &}. 4%
Given any real interval Z = [a, b] let
Z(ID)={zx€ Z : Rezx €1} Z (L)={zr € Z : Rezx <a}
N@)=|Z@D)], ZY(T)={zx € Z : Rez; > b}
For& €7 let
Ag(I):{ke{O,l,...,N} :a <Rezy <&},
AQ(I):{ke{o,l,...,N} 1 £ <Rezy <b},
o D = (G ¢ D) : 2 € Z(D))
Foo

d@=a [] (Z"_Zi)zexp j:2i/ K6 gy
:

(1.10)

(1.11)

ik — 7 §—2Z
ezFa@ ¢ T :

Finally, given pairs of velocities v] < v, and points x| < x; define the cone

C(x1,xp,v1,02) 1= I(x,t) eR?: x = xo + vt with xg € [x1, x2], v € [vl,vz]}. (1.12)
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Fig. 1.1. Given initial data v with scattering data {r, {(zx, ck)},iv:] }, the asymptotic behavior of ¥ (x, ), the solution of (1.1), as |t| — oo with
(x,t) € C(x1,x7,v1, vp) is described to leading order by the N (Z)-soliton g (x, t; Edi (2)) corresponding to the reflectionless scattering data
given by Z(Z) and connection coefficients E\,f (Z) modified by the self-interaction between solitons and with the reflection coefficient as described
in Theorem 1.1. In the example here, the original data has nine points of discrete spectrum, but inside the cone C the solution is asymptotically
described by a 3-soliton with discrete spectrum Z(Z) = {z3, z¢, 28}-

Theorem 1.1. Let 1/ (x, 1) be the solution of (1.1) corresponding to initial data ¥ (x,t = 0) = Yo (x) € H"(R) and
suppose that \ is generic, i.e., it satisfies Assumption 2.1. Let {r, {z, ck},?/:l} denote the scattering data generated
from ro. Fix x1,x2,v1,v2 € R with x1 < x2 and vi < vy. Let T = [—v2/2, —v1/2], and let &€ = —x/(2t). Then, as
t — oo with (x,t) € C(x1, x2, v1, v2), with C as defined in (1.12), we have

YD) = Yrailx, 13057 (D) 4172 2 + 0 (7).

Here, Ygo1(x, t; a;t (D)) is the N(Z) soliton corresponding to the modified discrete scattering data (see Fig. 1.1) given
by (1.11) and

FEGL ) =myy & x, 020, £)e T /COFROW0 4y o 60y )2, £y e /COEE gkl () 13)
with

(€, 5)* = [k (§)], (1.14)
and

arga(§, £) =+ £arg[(ix(§)) — argr(©)

£
—4 Z arg(§ —zx) F2 / log |&€ — s|dgk (s). (1.15)
kEAg: Foo

The coefficients m11(§; x, t) and m12(§; x, t) are the entries in the first row of the solution of RHP B.2 with discrete
scattering data adi @) and A = A;F (D) evaluated at z =&.

Our result is essentially optimal. For initial data in the weakest possible weighted Sobolev space H/** in which
the IST can be formulated, we derive an asymptotic description up to a residual O (t_3/ 4) error; this is the same
order that arises in the long-time analysis of the free Schrodinger equation.! We avoid the consideration of spectral
singularities only to limit the length of the paper. Even subject to spectral singularities, our results should still hold

' The solution of iy + %(ﬁxx =0 on the line is

X2/ |

_ 1 ix=2/ 20 4 _ x / —ixy/t (iy2/@n) _
W’”_mR/d’O(”e ay= ¢>o(t)+]R poe 1 (o 1)dy

The Schwarz inequality bounds the final integral by a term proportional to 14 I {-) ¥oll L2@®R)"
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for any (x,?) € C(x1, x2, v1, v2), such that the spectral interval Z associated with the cone C does not contain any
spectral singularities.

Remark 1.1. Theorem 1.1 requires that v € H""! (R) so that the IST has nice mapping properties, but our asymptotic
results depend only on the H!(R) norm of r. In particular, the long-time calculations presented below go through
without change for any 9 € L2(R, (1 + |x|)dx) satisfying Assumption 2.1.

Remark 1.2. Spectral singularities may exist for data in any weighted Sobolev space H/¥; there are even examples
[36, Example 3.3.16] of Schwartz class data for which spectral singularities occur. However, if the initial data decays
exponentially, i.e., for some ¢ > 0, fR e“Pl Yo (x)|dx < oo then it is easily shown that the discrete spectrum cannot
accumulate on the real axis. Isolated spectral singularities may still occur.

In Theorem 1.1 we give the asymptotic description in cones in order to accommodate many situations at once. In
particular by considering small cones instead of fixed frames of reference we are able to account for uncertainties in
the computation (or measurement) of the scattering data and thus speed of the resulting solitons. We believe that such
a description should also be useful to study non-integrable perturbations of fNLS where the discrete spectrum would
no longer be stationary.

The formulae above can be simplified greatly in special cones C(x1, x2, v1, v2). If the reference cone C does not
correspond to any of the soliton speeds, i.e., if we have |£€ —Rezx| >c¢ > O0forall (x,f)eCandk=1,..., N, then
Ysol(x,1), m11(§) — 1, and m12(§) are each identically zero so the asymptotic description reduces to

U (x, 1) =171 2q(E, £)el*/COFikE) logl4tl | 0 (r—3/4) . t— o0 (1.16)

This is the analog of the defocusing result (1.2).

Next, consider a cone C = C(x1, x2, v1, v2) which contains a single soliton speed, that is, suppose that z; =
& + inx € Z is the only point of the discrete spectrum whose real part lies in the interval Z = [—vy/2, —v1/2]
and let ¢ be its associated norming constant. Then as t — £oo with (x, t) € Cy the asymptotic solution reduces to

Y (x, 1) = Yol (x, 13 (Zk,’C\ki))vLO(t_l/Z) t — o0

Yol (0, 13 (26, G5)) = 2 sech (2 (x — i + 2651)) e~ 2 G =600 =105 e
where the angle variables are given by
1 1 o
+ Ck Zk —Zj K(s)ds
X =g log 7+ ngz log a—z% :t$[o G-t
HEE=0 (1.17b)

—x/(21)
7 %k — 2 (s — &)k (s)
¢f=5+argck+2 Z arg( i):F2 f E—ds
Foo

— 7% _ 2 2

e k= 2] (s =& + i
+(8—§j)>0

The last two terms in each expression above describe the asymptotic effect of the soliton—soliton interaction and the

interaction of the soliton with the radiative component of the solution respectively. The total shifts in position and
phase angle acquired by any simple one-soliton as it interacts with the other solitons and radiation are given by

[ sene—9xe)
(s — &2 +n?

_ 1
Xt —x=— sgn(& —&)log
Mk

Tk — 2
Zk—zj‘-

(1.18)

o0
k—z,> o [ sk

1 (s — )2 +n?
—00

o —or =2 sen(e — &) arg (Z

, Tk —2Z;
JFk

J
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Formulas (1.17b)—(1.18) agree with the early work of Alonso [27,28], who formally calculated identical formulae
for the asymptotic angle variables using the Gel’fand—Levitan—-Marchenko method under stronger assumptions on the
initial data.

The above formulae establish soliton resolution for data satisfying Assumption 2.1 in the following precise sense.
Suppose that the discrete scattering data {zk},ivzl have M < N distinct real parts, and we reindex the discrete spectral

M, i
data as {(z; x, cj,k)}j,sz1 where

M
> uj=N. Rezjr=&;, k=1,...,1;. (1.19)
j=l
Then as t+ — Foo the solution Y separates at leading order into M spatially localized quasi-periodic waves—
breathers—traveling at characteristic speeds v; = —2§;, j =1, ..., M, plus a radiating correction of order 2,
M
Y0 =Y o (v (G GONL ) +O (712). 1> %00 (1.20)
j=1

If all of the discrete spectral points have distinct real parts (so that M = N), then one recovers the typical resolution
into a sum of N one-solitons, each given by (1.17). In the simplest non-typical situation, suppose that the scattering
data {r, {(zx, ck)},ivzl} has exactly one pair of spectral points having the same real part, which for simplicity we label
z1=&+in; and zp =& +iny. Then as |t| — oo with x +2&¢ = O (1) we have

+ £2 + +2
Yix.r) =4 myi (L vy ) oy (L i) +0(1r7172), (1.21)
IR+ 1P 4201 = wRe (vEvi™) + 21y vi P
as t — £oo where
yiE = e IMETRHAD A E— DD i0) g = 1,2, (1.22)

nm—=mn

2
| € 0, 1); xki and q&,fc are as given by (1.17b).

and pu =

Remark 1.3. Though we say that initial data ¥ whose spectrum has distinct real parts are generic (in the sense
that small perturbations of any non-generic initial datum will be generic) there are important classes of non-generic
data. The so called Klaus—Shaw ‘single lobe’ potentials, /o(x) = A(x)e 2**+%0 with k, g € R and A(x) a bounded
piecewise smooth function which is nondecreasing to the left of some x( and nonincreasing to the right of xp, are such
that their discrete spectrum are confined to lie along the line Rez = k, [24]. Such potentials have been extensively
studied in the semi-classical limit [23,32,6] where the size of the discrete spectrum becomes asymptotically large.

1.2. Organization of the rest of the paper and notation

Throughout the paper we assume that the reader is familiar with the inverse scattering transform and Riemann—
Hilbert problems. The reader who wishes to re-familiarize themselves with these topics is encouraged to see [3,5,36.4]
as well as the more recent monograph [33]. In Section 2 we describe the forward scattering transform step of the IST
in greater detail collecting the necessary results for our later work and provide references for their proofs. The section
ends with the characterization of the inverse scattering transform in terms of a Riemann—-Hilbert problem RHP 2.1.
Sections 3—6 describe the steepest descent analysis of RHP 2.1 for t — oo. The analysis for t — —oo is essentially
the same and is summarized in Appendix C. Section 3 describes the initial conjugation of RHP 2.1 to better condition
the problem for asymptotic analysis in a given frame of reference. Section 4 introduces the 9 analysis to define exten-
sions of the jump matrix for the non-linear steepest descent method. In Section 5 we construct a global model solution
which captures the leading order asymptotic behavior of the solution. Removing this component of the solution results
in a small-norm @ problem which is analyzed in Section 6. The proof of Theorem 1.1 is given in Section 7.

We close this introduction with some comments on our notational conventions. With regard to complex variables,
given a variable z or a function (scalar, vector, or matrix-valued) f(z), we denote by z* and f(z)* their respective
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complex conjugates; for non-scalar functions f* does not indicate the conjugate transpose. We use capital letters M,
M) and E to denote the solutions of various RHPs. Here, the p in the superscript is used as a problem index, to
avoid having an alphabet of solutions to various RHPs. The solutions of these problems are sectionally meromorphic
away from given oriented contours X (P (again p acts as a problem index) where they take continuous non-tangential
boundary values. We use subscripts =+ to refer to these boundary values: if M is the function of interest M (resp. M_)
refers to the non-tangential boundary value along ¥ from the left (resp. right) as one traverses the contour X respecting
its orientation. Finally, the symbol 9 denotes the derivative with respect to z*, if z = x + iy, then F] f= %(% +1i %).

2. Results of scattering theory for focusing NLS

The fNLS equation can be integrated [1,35] using the ZS-AKNS operator associated with Lax pair for fNLS:

0y — L) =0, L=—izo3+ U, (2.1a)
1
(i3, — B)® =0, B=izl + 503(\112 — ), (2.1b)
where
_ _ 0 V(x, 1)
lp_\y(x’t)_(—w(x,t)* 0 ),

and o3 is the third Pauli matrix oy = (1 ), o2 = (9 ), 03 = (o -7 ). The existence of a simultaneous solution of
this overdetermined system of equations requires that the potential W (x, ¢) satisfy the zero-curvature equation,

1
il, — By +[L, B]:i\ll[+§a3lllxx—a3\112:0, (2.2)

which is just a restatement of (1.1).
In the forward scattering step given initial data ¥o(x) one constructs solutions ®(x, z) of (2.1a) with z € R; in
particular one constructs the two Jost solutions ®® (x, z) = m™® (x, z)e~%*3 which satisfy

Oxm = —iz[o3, m] + Wm, (2.3)
and the normalization conditions
lim m®(x,z)=1, zeR. (2.4)
x—+o00

These solutions can be expressed as Volterra type integrals
x
m® (2 =1 + / TN () (3, 2T g, 2.5)
+00
By iteration one shows that these equations have bounded continuous solutions in both x and z whenever ¥ € L' (R).
As the matrix £ in (2.1a) is traceless, the determinant of any solution @ is independent of x and it follows that

det @@ = detm™® = 1. Also, if m(x, z) is any solution of (2.3) then 7i(x, z) = oam(x, z*)*02 (complex conjugate
but no transpose) also solves (2.3). For z € R, oam® (x, 7*)* o, also satisfies (2.4) and it follows that

m® (x,2) =oom® (x,2)*02, zeR. (2.6)

For z € R both m™ and m™ define a fundamental solution matrix for (2.3) and so there exists a continuous matrix
function S(z), the scattering matrix, satisfying

T (x;2) =P (x;2)S(),  zeR,
2.7

s@=(50 wor). S@=l@P + bR =1

the coefficients a(z) and b(z) can be expressed as
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a@ =det [ ] =14 [vormP oy =1+ [pom 0y,
R

* (2.8)
b(z) =det[m{?, m{” | = - / YO e my (dy =~ / YO e m (r)dy
R R
where
() ()
@ _ (B B [M™1 M
m® = (m®  m§ )_< i (i)>. (2.9)
My~ My

The following results are standard, proofs and details can be found in the literature, see for example [3,4,12].
Let m;i) denote the jth column of m™® and e ; denote the jth column of the identity matrix:

(+)
2

° mgf) (x,z),m; "’ (x,z) and a(z) extend analytically to z € C* with continuous boundary values on R. As 7 — oo

inC™, mg_) (x,2) — eq, m§+) (x,z) = ez and a(z) — 1. Analogous statements hold for the other pair of columns
for z € C~. Generally, b(z) is defined only for z € R.

e Atany z; € C* for which a(z;) = 0, the solutions @gf)(x, Zx) and d>§+) (x, z) are linearly dependent. Specifi-
cally, a norming constant cy exists such that:

7 (x, z1) = x5 (x, z0). (2.10)
These solutions decay exponentially as x — Foo respectively; this indicates that z; is an L? eigenvalue of (2.1a)
with eigenfunction CID(I_)(x, Zk)- The symmetry (2.6) implies that

7 (x, ) = =o' P (x, 2D, 2.11)
which shows that eigenvalues come in complex conjugate pairs.

e The reflection coefficient r and transmission coefficient T are defined by

b(z 1

= b@ () = — (2.12)
a(z) a(z)
and it follows from (2.7) that 1 + |r(z)|*> = |7 (z)|* for each z € R.

e The properties of the scattering coefficients are similar to those of the Fourier transform. Given initial data W in
the weighted Sobolev space

r(z)

HI*FR) = {f e L2(R) : 3l f, ¥ f e LZ(R)} (2.13)

the scattering coefficients a(z) — 1 € H k1 and b(z)e H k.J It follows that a,b, and their first k — 1 derivatives are
each bounded continuous functions. In the absence of spectral singularities (real zeros of a(z)), there also gxist
c € (0, 1) such that ¢ < |a(z)| < 1/c. From these facts, it follows that the map R : {9 > r is a map from HI*k to
H& T (cf. [12]).

To avoid having to deal with the many pathologies possible when considering general initial data, we introduce the
following working assumption which we will assume in all that follows.

Assumption 2.1. The initial data vy for the Cauchy problem (1.1) for fNLS generates generic scattering data in the
sense that:

i) There are no spectral singularities, i.e., there exist a constant ¢ > 0 such that |a(z)| > ¢ for any z € R.
ii) The discrete spectrum is simple, i.e., every zero of a(z) in C* is simple.

As discussed above, the absence of spectral singularities guarantees that the discrete spectrum is finite.
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For initial data ¢ satisfying Assumption 2.1, the collection D = {r(z), {z, ck},i\’: 1} is called the scattering data for
Yo(x) and the map S : Yo — D is called the (forward) scattering map. The essential fact of integrability is that if the
potential (x) evolves according to (1.1) then the evolution of the scattering data D is trivial

D) = {r(z, 0. 20, kO } - {r(z)ez"’zz, (2 cee® Y } . (2.14)

The inverse scattering map S -1 D) ¥ (x, t) seeks to recover the solution of (1.1) from its scattering data. This
is done as follows: from the (now time evolving) Jost function OB (x,1:7) =m® (x, t; 2)e%*93 one constructs the
function

)
M o) ¢ ecr
M@) =Mz x,1) = [ a@ M wED] (2.15)
oM (z*; x,t) o : zeCm.

For data v satisfying Assumption 2.1, the matrix M defined above is the solution of the following Riemann—
Hilbert problem.

Riemann-Hilbert Problem 2.1. Find an analytic function M : C\(RU Z U Z*) — SL,(C) with the following prop-
erties

L. MQ)=1+0(z"") asz— oo.
2. Foreach z € R (with R oriented left-to-right), M takes continuous boundary values My (z) which satisfy the jump
relation M (z) = M_(2)V (z) where

1 2 * —2it0(z)
V(z>=(,(j)§fe)<'z> e ) 2.16)
where
0=0(x.)=2"—26z=(2—§)>—£>, E=—x/Q0). 2.17)

3. M(z) has simple poles at each 7 € Z and z}; € Z* at which

. 0 0
l{ZESM = lim M <Ck€2it9 O) s

T (2.18)
_k,—2i0t0 :
ResM = lim M <0 ke >
7 72} 0 0

It’s a simple consequence of Liouville’s theorem that if a solution exists, it is unique. The existence of solutions of
RHP 2.1 for all (x, ) € R? follows by means of Zhou’s vanishing lemma argument [36] after replacing the poles by
jumps along small circular contours in a standard way. Expanding this solution as z — oo, M = I +z~ 'MW (x, 1) +
0 (z7!) and inserting this into (2.3) one finds that

Lo =@ wenPds yxn -
M=1+——| """ oy ( ) 2.1
T3 [ v [ wenpas | 7O (2-19)

and it follows that the solution of (1.1) is given by

Y(x,t)= lim 2izM7(z; x, t). (2.20)
7—> 00

For non-generic potentials various parts of the above characterization must be altered. There can exist points z € R
for which a(z) = 0, in which case M4 (z) fail to exist; these are called spectral singularities. The number of points in
the discrete spectrum of (2.1a) may be infinite, due to the first property of the solution m, the discrete spectrum must
accumulate at a spectral singularity along the real axis. In the absence of spectral singularities the discrete spectrum
is finite. Smoothness and decay of the initial data does not preclude the existence of spectral singularities; in [36] an
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explicit example is given of a Schwartz-class potential which generates an infinite discrete spectrum accumulating at
z = 0. Finally, even in the case of a finite discrete spectrum, poles may coalesce resulting in higher order singularities
at certain points of the discrete spectrum; in this case the pole conditions (2.18) must be altered. For simplicity we
will consider here only the generic setting. Special cases of a single spectral singularity and of an infinite number of
solitons have been partially described in [22,21].

3. Conjugation

The function M (z; x, t) defined by (2.15) which solves RHP 2.1, is normalized such that it has identity asymptotics
as x — +oo with ¢ fixed. It is not unreasonable to assume that the RHP should be well conditioned as t — oo along a
characteristic x = vt where v >> 1. However, along an arbitrary characteristic there is no reason to expect that M will
remain near identity. In this section we describe a transformation M — M) which renormalizes the RHP such that
it is well behaved as t — oo along an arbitrary characteristic.

Let £ = —x/(2t). Recall the partition Agt of N defined by (1.9) This partition splits the residue coefficients ¢y in

(2.18) into two sets: As t — oo with x > —2&t, it follows from (2.17) that Im(6(zx)) < O for each k € A, and thus

the residue coefficient in (2.18) at each z; for k € Ag grows without bound as t — co. Similarly, for zx with k € AF,
the residue coefficients are bounded or near zero. See Fig. 3.1.

The first step in our analysis is to introduce a transformation which renormalizes the Riemann—Hilbert problem
such that it is well conditioned for t — oo with £ fixed. In order to arrive at a problem which is well normalized, we
introduce the function

£

T =T £) = 1—[ (Z_Zk>exp i/ K(S)ds ’

keay VT T E 3.1)

1
K (s) = —=—log(1 +|r(s)[%).
21

A standard result of the forward scattering theory [15] is the following trace formula for the transmission coefficient

N % o0
L=H<Z_Zk>exp i/ ) 4 (32)
a(z) s—2Z

—0o0

from which we see that our function 7'(z, £) is a partial transmission coefficient which approaches the total transmis-
sion 1/a(z) as & — oo.

Fig. 3.1. The exponential factor 2it? governs the growth and decay of the jump matrix V and residue conditions (2.16)—(2.18). Depicted above are

the regions of growth and decay of %19 for large |¢]. Notice that the regions are reversed when ¢ changes sign.
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Proposition 3.1. The function T (z) defined by (3.1) has the following properties:

(a) T is meromorphic in C\(—o00, &]. For each k € Ay, T(2) has a simple pole at zj and a simple zero at 7j;
elsewhere in C\(—o0, €], T is nonzero and analytic.
(b) Forz € C\(—00,&], T(z")*=1/T (2).
(c) Forz € (—00, &), the boundary values Ty satisfy
Ti@/T-(@ =1+1r@F, ze(-00,8). (3.3)
(d) As |z| = oo with |arg(z)| <c<m,
£

Imz; — / K(s)ds:| +0 (2_2) . (3.4)
§

i
T =14 - |:2
“L pear

—00
(e) As z — & along any ray & + 'R, with |¢p| <c <m
7@ 8 - H© @ - 5™©| < Cllrl eyl - 172 (3.5)

where Ty (&) is the complex unit

@ =[] (i—z")el’ﬂ@@mm i|BE & -2 argE—z) ||,
keAE_ k keAE_

&

ﬁ(z,5)=—x(s>log(z—s+1>+/

—00

K(s) — X(S)K(S)ds

§—2Z

and x (s) is the characteristic function of the interval (§ — 1, &) and the logarithm is principally branched along
(—00,§ —1].

Proof. Parts (a)—(c) are elementary consequences of the definition (3.1) and the Sokhotski—Plemelj formula. For part
(d) one geometrically expands the product term and the factor (s — z) ™! for large z, and uses the fact that ||« || LR =
% 7l 2 () to bound the remainder in the integral term for z bounded away from the contour of integration. For part
(e) we write

* 3 3
keAE_ k £l % (3.6)
=TI (Z_Zk><z—é>"“‘5>exp<z‘ﬁ<z,s)).
~ \< — %k

keAE

The result then follows from the facts that

|(@= 9" @] <e™® = 14 1r@)P (3.7)

and using Lemma 23.3 of [4]:
1B(z.8) — BE. O < Clirllmmlz —&1V2 O (3.8)

We define a new unknown function MV using our partial transmission coefficient

MDY () =M@)T ()™ (3.9)

Proposition 3.2. The function MV defined by (3.9) satisfies the following Riemann—Hilbert problem.



898 M. Borghese et al. / Ann. 1. H. Poincaré — AN 35 (2018) 887-920

Riemann-Hilbert Problem 3.1. Find an analytic function M : C\(R U Z U Z*) — SL,(C) with the following
properties:

L MD@)=1+0(z"") asz— .
2. Foreach z € R, the boundary values Md(tl)(z) satisfy the jump relation Mj_l)(z) = Mg)(z)V(l)(z) where

1 r*(z)T(z)%e 210 1 0
(o 1 ><r<z>T(z>—2e2”9 1) ceo0

v = (3.10)
1 0\ /1 ’*(Z)T+(zz}2 o=2ith
r@QI-@2 26 0 1+"(Z)|l z€(—00,§)
1+r(2)?
3. MW (z) has simple poles at each zx € Z and 7z € Z* at which
-1 / -2 _—2itf
1/T
lim MO 0 ¢ (/T)Y(zk) "e kea;
1 Z—>Zk 0 0
Res MV =
Zk O O
lim M® o keaf
% aT(zx) "™ 0
3.11)
0 0
lim__, .- M@ ( . ke A;
_(c*)—lT/(Z*)—2621t0 0 &
Res 1) = ‘ « *kz 2it6
x 0 —c*T —2i
2 lim,, . M T (zp)7e keas
k 0 0

Proof. That MV is unimodular, analytic in C\(RUZ U Z*), and approaches identity as z — oo follows directly from
its definition, Proposition 3.1 and the properties of M. The jump (3.10) follows directly from using the factorizations
of V, (2.16), given by

1 r(z)*e—ZiIQ 1 0 B
T (2)% ) T o3
v (g) = © 0 1 r(z)e?? 1 @ | 2>¢ o
e L O\ (@) (1 TN '
T-(@7 | rger 1 @ 0 +|r1(z)\ T, ()77 z<é&
1+]r (@)1 B

to the right and left of z = £ on the real line respectively and making use of the jump relation (3.3) satisfied by
T (z) on (=00, §). Concerning the residues, since T'(z) is analytic at each zx, z with k € A;, the residue conditions

at these poles are an immediate consequence of (3.1). For k € Ag . T(z) has a zero at z; and a pole at zx, so that

M ](1) = M, ()T (z)~! has a removable singularity at z;, but acquires a pole at z. For Mél) = M>(2)T (z) the situation
is reversed; it has a pole at zx and a removable singularity at z;. At z; we have

My @) = Jim Mi(T () =Res M1(2) - (1/T) (1)

= "% My (zi) (1/ T (z),

o , ) (3.13)
szs M, (z) = zR=ezi Ma ()T (2) = Ma(zp) [(1/T) (z1)]

= Ck—l [(1/T)/(Zk)]*2 efzizeMl(l)(Zk)’

from which the first formula in (3.11) clearly follows. The computation of the residue at z; for k € Ag issimilar. O
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4. Introducing 9 extensions of jump factorization

The next step in our analysis is to introduce factorizations of the jump matrix whose factors admit continuous—but
not necessarily analytic—extensions off the real axis following the ideas in [29,30,14,8]. In particular, the construction
in [14] is essentially the reduction of what is presented here if there were no solitons present in the initial data.
Using these extensions we define a new unknown that deforms the oscillatory jump along the real axis onto new
contours along which the jumps are decaying. The price we pay for this non-analytic transformation is that the new
unknown has nonzero 9 derivatives inside the regions in which the extensions are introduced and satisfies a hybrid
3/Riemann—Hilbert problem.

Define the contours

Si=E+PDTAR,  k=1,2,3,4, (4.1)

oriented with increasing real part and denote the six open sectors in C—separated by R and the collection of Xy,
k=1,...,4—by Q, k=1,...,6 starting with the sector 2] between [£, c0) and X and numbered consecutively
continuing counterclockwise, see Fig. 4.1. Define

Yr=RUX|UXUX3UX4. 4.2)
Additionally, let
min A — ul. 4.3)

2 A peZUZE*
A

0

Note that, as poles come in conjugate pairs and (by assumption) no pole lies on the real axis, we have p < dist(Z, R).
Let x; € Cg°(C, [0, 1]) be supported near the discrete spectrum such that

1 dist(z, ZU Z*) < p/3
X2 (2) = st y<n/ (4.4)
0 dist(z, ZUZ*) > 2p/3

The steepest descent method of Deift and Zhou uses factorizations like those in (3.10) to deform the jump matrix
onto new contours in the plane on which they decay, see (4.14)—(4.15) below. The deformation requires extensions of
the off-diagonal entries on the right hand side of (3.10), which are a priori only defined on the jump contour, into the
appropriate regions of the complex plane. We define extensions of the off-diagonal entries of (3.10) in the following
lemma.

31

RO _ ((1) _ R3,i_2na> RA) — (7&162“8 ?>

RO = (gl }) RO = (3 oc )

RO = (3) =

Fig. 4.1. The contours X and regions Q¢ k=1,..., 6 defining the non-analytic change of variables M @ = MORD  The support of the
9-derivatives, M @M (2)572(2), is shaded in gray.



900 M. Borghese et al. / Ann. 1. H. Poincaré — AN 35 (2018) 887-920

Lemma 4.1. It is possible to define functions R; : Q i — C, j=1,3,4,6, with boundary values satisfying

r()T ()2 7 € (€,00)
R = . 4.5
1O =T 2 - 52O 1 - 1, () zex (4-32)
%n(z)2 7€ (—00,£)
Ri(z) = r@)ﬁ 4 (4.5b)
TTrep® -9 0@ ze
%T_(z)f2 z€(—00,§)
Ri(z) = r(rgf , (4.5¢)
wmsrz(z — &) 72O (1~ x,(2)) z€¥;
Re(o r(2)*T(z)? z€(&,00) @0
6(2) = ] .
r€)*To(E)*(z — £ (1 — x,(2)) 7€y

such that for a fixed constant ¢ = c1(Y), and a fixed cutoff function x ; € C;°(C, [0, 1]) satisfying (4.4) we have”
R (@)| = crsin’(arg(z — §)) +¢1 (Rez) /2,
[9R;(2)| < c10x,(2) +c1 |’ Rez)| +c1lz —&712, (4.6)
IR (z) =0 if dist(z, ZU 2*) < p/3.

Moreover, if we set R : (C\ Xg) — C by R(z)’
such that R(z*)* = R(2).

ccq, = Rj(@), (with R2(z) = Rs5(2) = 0), the extension can be made
J

Proof. Using the constant Tp(€) defined in Proposition 3.1, define the functions

A@=rOT@ THE -7 ze@
L) M T P I (4.7)
@) =1 T GR T(2)"To(§) " (z—§) z€8Q23.
Let z — & = se'?. Define, for z € Q;, j = 1, 3, the extensions
Ri(2)=[fi(@) + (r(Rez) — f1(2)) cos(2)] T(2) *(1 — x (2)).
Rals) — |: N r(Re)* , i|T 20 _ (4.8)
3(2) = f3(2) (—1 T (ReD)P f3(Z)> cos(2¢) [ T(2)°(1 — xz(2)).

The extensions R4 and Rg are defined using part (b) of Proposition 3.1 and choosing x ;(z) to respect Schwarz
symmetry; we define R4 = R3(z*)* and Re(z) = R1(z*)* which preserves the Schwarz reflection symmetry.

We give the rest of the details for R; only. The other cases are easily inferred. Clearly, R;(z) satisfies the boundary
conditions of the lemma as cos(2¢)) vanishes on X1 and x(z) is zero on the real axis. First consider |R;(z)|. We
have

IRI@I < [2f1(T () 21— x5 <z>)\ sin(¢) + }T(zr?(l — X2 (2)) cos2) | Ir(Rez)]
<sin®(¢) + (Rez) ™2,

(4.9)

Where in the first line, we have bounded the first factor in each term of the sum on the left hand side using Proposi-
tion 3.1 and equations (3.7), (4.4), and (4.7) noting that the poles of T (z)~2 are outside the support of (1 — x;(z)).In
the second line we’ve used the fact that r € H'(R) implies that » is Holder-1/2 continuous and |r(u)| < ()=,

2 Here and elsewhere () := /1 + (-)2.
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Since d = (3, +idy)/2 = €'?(3; +ip~'3,)/2, we have

OR1(2) == [f1(2) + (r(Rez) — f1(2)) cos2¢] T (2) 0 x (2)

o T (ReQ) — 1(2)
2 £]

(4.10)

|:lr (Re z) cos(2¢) — sin(2¢)] T(2) 721 — x2(2)).

We eirrive at (4.6) by using the continuity and decay of »(Rez) described above and the fact that as both 1 — x ;. (z)
and 9 x ; (z) are supported away from the discrete spectrum, the poles and zeros of 7 (z) do not affect the bound. This
gives the first two terms in the bound. For the last term we write

Ir(Rez) — f1(z)| = |r(Rez) —r(&) +1r(§) — f1(2)] (4.11)

and use Cauchy—Schwarz to bound each term as follows:

Rez
Ir(Rez) — r(&)| < /r’(s)ds <l gylz — &1 (4.12)
&
and
(&) — i@ < Ir@IA+ [rE)P) T (2, 6)* — To(¢)* (2 — £)** D) < Cellr | mylz — €1 (4.13)

The last estimate uses (3.5) and (3.7) to bound T'(z, £) and (z — E)i"(g) in a neighborhood of z = &. The bound (4.6)
for z € Q1 follows immediately. O

We use the extension in Lemma 4.1 and the factorized jump matrices in (3.10) to define a new unknown function

MP @) =MD )R (2) (4.14)
1 0
( R](Z)EZI'I‘Q 1) Zegl
<1—R3(z)e 2:[0) Z€Q3
0
2) _

R7= (m(z)ﬂ”" 1) 2 €8 (4.15)
(1 R6(Z)8721t9) ze 96
( ) 7€ QU5

Let 2@ = U‘;zl Y. It is an immediate consequence of Lemma 4.1 and RHP 3.1 that M® satisfies the following
3-Riemann-Hilbert problem.

3-Riemann-Hilbert Problem 4.1. Find a function M® : C\(£® U Z U Z*) — SL»(C) with the following proper-
ties.

1. M is continuous with sectionally continuous first partial derivatives in C \ (£® U Z U Z*).
2. MP @) =140 (Z*I) as z — oo.

3. For z € @, the boundary values satisfy the jump relation Mf) (z) = M@ (2) V@ (2), where
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V(Z)(Z) =I+(-— XZ(Z))(SVQ),

0

sV () = 0

1+|r(.§)|2 (z

0 0

4. For C\ (Z® U ZU 2Z*) we have IM? (z) =

0 0
_5R1(Z)62it0 0

0 —8R3(z)e’2”9
0

5R4(Z)€2”9 )

0 3R6(Z)e 2i10
0

|
TRO(2) = (
b

r(é)7T, NG E)—2[K($)62it9 0

0 0
<F(E)To(£§)_2(z — £)2iK(§) p2it0 O) Z€X)

r(©)*To(§)? ik (&) ,—2ith
(3 BERGLEE (@=8) ¢ ) ZE€ X

0
7€ X3

(0 r(é)*To@)?(z—s>2fk<%‘>e—2iw) .

M ()dRD () where

ZEQl

ZEQ3

ZEQ4

z € Qg

elsewhere

5. M®(2) has simple poles at each zj € Z and 7z € Z* at which

tim @ (0 G WD @I
Res 1@ =7 0 0 §
ZES N 0 0
lim M?® . ke A
2k <ckT(zk)_2ez”e O) §
lim M® ( oty —22i16 0) ke Ay
Res M — et —(@)T T @)™ 0
Zk ) O _C*T(Z*)ze_zitg
lim M® k=K ken}
77 0 0

(4.16)

(4.17)

(4.18)

Remark 4.1. In the 9-RHP for M® above, it is useful to recall how the extensions R ;(2) are defined in Lemma 4.1,
particularly the second condition in (4.6). Though (4.17) may seem to suggest that M ) is non-analytic near points of
the discrete spectrum, the d-derivative vanishes in small neighborhoods of each point of the discrete spectrum so that

M® is analytic in each neighborhood.

The 9-Riemann—Hilbert Problem 4.1 is now ideally conditioned for large ¢ asymptotic analysis. It has jump ma-
trices which approach identity point-wise, each residue coefficient corresponding to a soliton whose speed differs
from £ is exponentially small, and Lemma 4.1 controls the d derivatives in a manageable way. The final two sections

construct the solution M@ as follows:
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1. The 8 component of 3-RHP 4.1 is ignored, and we prove the existence of a solution of the resulting pure Riemann—
Hilbert problem and compute its asymptotic expansion.

2. Conjugating off the solution of the first step, we arrive at a pure 9 problem which we show has a solution and
bound its size.

Unwinding the series of transformations that led from the M to M® we recover the solution RHP 2.1 and then
from (2.20) we recover a long time asymptotic expansion of the solution g (x, t) of fNLS for our class of initial data.

5. Removing the Riemann—Hilbert component of the solution

In this section we build a solution M 1(1%-1)1) to the Riemann—Hilbert problem that results from the 3-RHP for M by
dropping the d component. Specifically:

Let M, ,E?}P be the solution of the Riemann—Hilbert problem resulting from setting IRP =01in (5.1)
9-RHP 4.1.

In this section we will prove that the solution ng)p exists and construct its asymptotic expansion for large ¢. Before
we embark upon this adventure, we first show that if MIS%,)P exists, it reduces 9-RHP 4.1 to a pure 9 problem.

Proposition 5.1. Suppose that Mg{)}) is a solution of the Riemann—Hilbert problem described in (5.1), then the ratio
MO (@) = MP O M) (52)

is a continuously differentiable function satisfying the following d-problem.
9 Problem 5.1. Find a function M® : C — SL,(C) with the following properties.

1. M® is continuous with sectionally continuous first partial derivatives in C \ (RU £?).
2. MP@)=1+0(z"") asz— oo.
3. For z € C, we have

gM(?s)(Z) =M® (Z)W(3) (5.3)

where WO := MG, (2)aRP ()M (2) " and IR is defined by (4.17),

Proof. Both M® and M,ng)P are unimodular and approach identity as z tends to infinity. It follows from (5.2) that
M®) inherits these properties as well as continuous differentiability in C\ X, Since both M® and Mg_,)l, satisfy the
same jump relation (4.16), we have

-1.°3 2 2), \— 2 2 _
MO" MY =uG_ MP ) MP M, ()7
. (5.4)
2 2
= Mg VO (M- VP @) =1,

from which it follows that M3 and its first partials extend continuously to £ ®.

Both M® and M}g%{)P are analytic in some deleted neighborhood of each point of discrete spectrum z; and satisfy
the residue relation (4.18). Let Ny denote the constant (in z) nilpotent matrix which appears in the left side of (4.18),
then we have the Laurent expansions
Ni
— Zk

M<2)(Z)=Co|: +I:|+O(z—z1<),
N (5.5)
) ;-1 — Nk ~

Myip(2) = m-ﬁ*l Co+0(z—zk),

where Cp and 60 are the constant terms in the Laurent expansions of M®)(z) and M@P (z)~! respectively. This
implies that
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MP M) =0 ), (5.6)

i.e., M has only removable singularities at each z;. The last property follows immediately from the definition of
M® | exploiting the fact that M]g,)p has no 8 component:

IMD () =IMP M@ ' = MPTRO MG ' =MPOW (). O (5.7
5.1. Constructing the model problems

We will construct the solution MI%)P by seeking a solution of the form

E@M® () |z—&|>p/2

(2) _
Mgip(2) = E(Z)M(S)(Z) lz—§l<p/2

(5.8)

where M©" and M are models which we construct below, and the error E (z), the solution of a small-norm
Riemann-Hilbert problem, we will prove exists and bound it asymptotically.

5.1.1. The outer model: an N-soliton potential

The matrix M]ng)P is meromorphic away from the contour £® on which its boundary values satisfy the jump

relation (4.16). However, at any distance from the saddle point z = £, the jump is uniformly near identity. Specifically,
let Uz denote the open neighborhood

Us ={z: [z =&l < p/2}, (5.9)

on which Mgl)}, is pole free. Using (4.16) with the spectral bound (4.3), and also recalling the definition (2.17) of 8
we have

2
IV = Loy = 0 (o2 V), (5.10)

which is exponentially small in 2(2)\145, since |z — &| = p/2 outside U . This estimate justifies constructing a model
solution outside U{g which ignores the jumps completely.

Riemann-Hilbert Problem 5.1. Find an analytic function M©" : (C\ Z U Z*) — SL»(C) such that

1. MO ) =T+0 (z_l) as 7 — 0o.
2. M©" has simple poles at each zy € Z and 7f € Z* satisfying the residue relations in (4.18) with M ©uw) yeplacing
M®.

Proposition 5.2. There exist a unique solution M©"Y of RHP 5.1. Specifically,
M(Out)(z) ZmAg(Zlo—dDut) (511)
where m™¢ is the solution of RHP B.2 with A = Ag and atgom) = {2k, Ck (E)}]](V:1 with

~ i ; 5. ds
ck(§) = crexp ;/IOg(H-Ir(S)I )E . (5.12)

—o0
Moreover,
lim 2izM{$" (21 x, 1) = Yol (x, 1 05™)
—> 00
(out)

where Ygo1(x, t; od(om) ) is the N-soliton solution of (1.1) corresponding to the discrete scattering data o

Proof. Observe that the conditions defining M ©u) are identical to those defining m®e (z] Ua‘l’“t) in RHP B.2 with

A=A; and oy =0, ;Om). Proposition B.1 establishes the existence and uniqueness of solutions to RHP B.2 and the
large z behavior follows from (B.16). O
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5.1.2. Local model near the saddle point z = &
For z € U the bound (5.10) gives a point-wise, but not uniform estimate on the decay of the jump V® to identity.

In order to arrive at a uniformly small jump Riemann—Hilbert problem for the function E, implicitly defined by (5.8)

we introduce a different local model M) which exactly matches the jumps of M ,ng)P on @ NUg . In order to motivate

the model, recall the definition (2.17) of €, and let ¢ = ¢(z) denote the rescaled local variable

(=0 =2/1z—§) = 2u0=¢>/2-2& (5.13)
which maps Uf¢ to an expanding neighborhood of ¢ = 0. Additionally, let

re i= 1 (8) Ty (§) 22 (€ (©) log@VD—1£%), (5.14)

Then, since 1 — x; (z) =1 for z € U, the jumps of M,({i),, in Ug can be expressed as

1 0
. . Z€EX
(rs £(2) UK ©)ic7/2 1) 1
g 2ik(§) ,—i¢(2)?/2
1+‘r§_|2 C(Z) e z c 22
0 1
v@(2) = (5.15)
ZEZ//g 1 0
Y i (2 7€ X3
(sttrnassn )
1o ¢ (2)K©) =it (2?2 s
0 1 ’

which are exactly the jumps of the parabolic cylinder model problem (A.3) which was first introduced and solved in
[17], and later applied to the MKdV in [10]. The solution is described in Appendix A. Using (A.4) we define the local
model M® in (5.8) by

M® () = MO )M (D), re),  zelle, (5.16)

which satisfies the jump V® of Mg{)l, as M©" is an analytic and bounded function in Us.
5.2. The small-norm Riemann—Hilbert problem for E(2)

Using the functions M ©" and M®) defined by Proposition 5.2 and (5.16) respectively, (5.8) implicitly defines an
unknown E (z) which is analytic in C\ X5,
=B =i U (ZO\U), (5.17)

where we orient 0l clockwise. It is straightforward to show that E(z) must satisfy the following Riemann—Hilbert
problem.

Riemann-Hilbert Problem 5.2. Find a holomorphic function E : C\XE) — SL,(C) with the following properties

1. E()=1 +(9(z_1) as 7 — oo.
2. Foreachz € B the boundary values E(z) satisfy E+(z) = E_ (z)V(E)(z) where

MOV ()M ()7 z€ TON\U

V(E) ) =
(2) M(out)(Z)M(PC)(é.(Z)’ rg)M(out) (Z)fl z€ 3Ug

(5.18)

Starting from (5.18) and using (5.10) for z € C\Ug and, using (5.13), (A.7) and the boundedness of M©W for
Z € Ug, one finds that
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O (p=2eV21:-67) ;e mENyY,
e -1 [0 ) szt (5.19)
o (t172) z € 0,
and it follows that
1 (* (Ve = Dllpgny =0 (%) pell ool k=0. (5.20)

This uniformly vanishing bound on Vg — I establishes RHP 5.2 as a small-norm Riemann—Hilbert problem, for
which there is a well known existence and uniqueness theorem [13,12,36]. In fact, we may write

1 1 \% -1
EQ=1+-— / U neDWES) = D 4 (521)
2mi §s—z
T (E)
where 1 € L>(Z®)) is the unique solution of
(1 - CV(E)) n= CV(E)I. (5.22)
The singular integral operator Cy ) : L>(Z5)) — L?(Z) is defined by
Cyw f=C_(f(Vg — 1)), (5.23)
. 1 ds
C_f(z) lim — [ f(s5)—, (5.24)
sy ® 27i s—z
$(E)

where C_ is the well known Cauchy projection operator. It’s well known that ||C_|| L2,(0) is bounded for a very large

class of contours I' including the class of finite unions of analytic curves with finite intersection which includes % &),
It then follows from (5.20) and (5.23) that

ICv iz @y SIC-lli2 ey IVE = e, SO (1712), (5.25)

which guarantees the existence of the resolvent operator (1 — C V(E))_l and thus of both n and E.

The existence of the solution E(z) completes the definition of M,?H)p(z) given by (5.8) which in turn solves (5.1)
and thus also justifies the transformation (5.2) of Proposition 5.1 to an unknown M®) which satisfies the pure
d-Problem 5.1.

In order to reconstruct the solution ¥ (x, #) of (1.1) we need the large z behavior of the solution of RHP 2.1. This
will include the large z expansion of E which we give here. Geometrically expanding (s — z) ! for z large in (5.21),
which is justified by the finiteness of moments in (5.20), we have

EQ=1+7"'E,+0O (z_2> (5.26)
where
1
E| = ~5 / (I + () (VE (s) = I)ds. (5.27)
S(E)
Then using (5.22)—(5.25) and the bounds on Vg — I in (5.19)—(5.20) we have
_ 1 E —1
Bi=—p— (v (s)—l)ds+0(r ) (5.28)
ol

This last integral, using (5.18), (A.7), and (5.13), can be asymptotically computed by residues yielding (recall that
ol is clockwise oriented) to leading order

1
Ei(x,t) = —=

2iA/t
where, using (A.6) and (5.14), we have

Bia(re) = Bar(re)* = au(E, et /G =ik® log [41] (5.30)

MO (& x, 1) (—ﬁz?(rs) ﬂ”érs)) MCOYE x. ) +0O (t_l) , (5.29)
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Here
€, D)1 = [k (®)l, (5.31)
&
T .
arga(§, +) = il argl'(ix (§)) —argr(§) —4 Z arg(§ —zx) —2 / log|§ — s|dsk (s). (5.32)
keA; —00
6. Analysis of the remaining 3-problem
3-Problem 5.1 is equivalent to the integral equation
oM 1 M s yw®
MO =1- // M) )= 1 — —/ MZOWTE) jacs), 6.1)
S —Z T S —Z
where d A(s) is Lebesgue measure on the plane.
Equation (6.1) can be written using operator notation as
1-HIMP@]=1, (6.2)
where S is the solid Cauchy operator
W)
st =-- [[ F2EPaae). (63)
T S —Z

C

The following lemma shows that for sufficiently large ¢ the operator S is small-norm, so that the resolvent operator
(I — S)~! exists and can be expressed as a Neumann series.

Proposition 6.1. There exists a constant C such that for all t > O, the operator (6.3) satisfies the inequality

ISl Lo poe < Cr7 V4, (6.4)

Proof. We detail the case for matrix functions having support in the region 21, the case for the other regions follows
similarly. Let A € L°°(21) and s = u + iv, then from (4.17) and (5.3) it follows that

[S[A](z)] 5// IA(S)MI%)P(S)W(Z)(s)Mlg%{)P(s)—l|

dA(s)
ls —z|
_ (6.5)
< WAl @ M o, 1M ORI )
= L>°(21) RHP LOO(Q?) RHP LOO(Q?) |S —Z| S),
Q)
where Qt} := 1 Nsupp(l — x ) is bounded away from the poles z; of MRHP, so that ||(M}§2H)p)jEl ”LOO(Qu) are finite.
1
Using (4.6) the result follows using the estimates in Appendix D to bound the final integral term in (6.5):
ISllzoesroe <C (I + L+ 1) <Ci™ /%, (6.6)
where
—4tv(u—§) ! —dtv(u—£§)
I = f %z (S)le X T gAs), L= / Pl A, 6.7)
|s — ls — z|
Q1
and

|S _ %-|—1/2€—4tv(u—é‘)
I = f p— dA(s). O (6.8)
s —Zz
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To recover the long-time asymptotic behavior of ¥ (x, ¢) using (2.20) it is necessary to determine the asymptotic
behavior of the coefficient of the z~! term in the Laurent expansion of M at infinity. An integral representation of

this term is given by the expansion

§—Z

3 3)
M(3)(Z)=1_%//M ()W (S)dA()_I+—+ //
c

MY = / / MO (syWOdA(s).

Proposition 6.2. For all t > 0 there exists a constant ¢ such that

(M| < =34,
A proof of Proposition 6.2 is detailed in Appendix D.

7. Long time asymptotics for focusing NLS

3 (3
SMZEWTE) 1 acs). (6.9)
72(s — 2)

(6.10)

(6.11)

We are now ready to prove Theorem 1.1. We give the details of the proof for + — 400, for t — —oo one simply
replaces the formulae for the various components with their counterparts for negative times found in Appendix C.

Proof of Theorem 1.1. Inverting the sequence of transformations (3.9), (4.14), (5.2), and (5.8) the solution of RHP 2.1

is given by

M) =MPQE@QM )RP )T ()", zeC\U.

The solution of (1.1) can now be recovered using (2.20).

Taking z — oo vertically, eventually z € €2, so that R® = I; in the vertical direction (3.4) gives

Ti03 )
03_ — —
T =1+ ; +(9( ) T =2i A§7 Im z f/c(s)ds.

Now

MO E, Mo
M=(14=—+ [T+ = | T+ =+

and consequently the coefficient of the 7!

My =MD + E + MO + Tyo3.

Using the reconstruction formula (2.20) and Proposition 6.2 we have

Yx, 1) = 2i(Ml(°u0)12 +2(E) 1+ 0O (t_3/4) .

in the Laurent expansion of M is given by

Applying Proposition 5.2 to the first term and using (5.29)—(5.32) to evaluate the second term, we have

(7.1)
I+ %‘3 +. ) (72)
(7.3)
(7.4)
(7.5)

Yx, 1) = Yol (x, 109" + 172 f T, ) + O (;—3/4> ,

where f1 is as given in (1.13) and V0 (x, £; oj’“t) is the N-soliton generated from scattering data oj‘“ defined in
Proposition 5.2. To complete the proof, given a cone C(x1, x2, v1, v2) as defined in Theorem 1.1, we apply Corol-
lary B.3 to replace ¥so1(x,t; og‘;m) with Vo1 (x, 1; ad+ (Z)) up to exponential errors which are absorbed into the

O (t_3/4) term. O
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Appendix A. The parabolic cylinder model problem

Here we describe the solution of the parabolic cylinder model problem introduced by [17] and later by [10]. It
appears frequently in the literature of long-time asymptotic calculations for integrable nonlinear waves [14,16,18,25,
26,20]. Let Zpc = U‘}: 1 2, where X; denotes the complex contour

2j—1
z,:{;e(marg;: I rr}, J=1,...4, (A1)

oriented with increasing real part. Let Q;, j =1, ... 6 denote the six maximally connected open sectors in C\(Xpc U
R), where €21 denotes the sector abutting the positive real axis from above, the rest labelled sequentially as one
encircles the origin in a counterclockwise fashion. (See Fig. A.1.) Finally, fix r € C and let

1
k=K (r) == —log(1 +Ir[%). (A2)
22 E1
92
Qiﬁ Q1
Re(
Q1 0N Q6
Qs
23 E4

Fig. A.1. The contours % ; and sectors €2 in the ¢ -plane defining RHP A.1.

Then consider the following Riemann—Hilbert problem

Parabolic Cylinder Model Riemann-Hilbert Problem A.l. Fix r € C, find an analytic function MPO (. r)
C\z PO — SL,(C) such that

(€]
1. MPOE, =1+ W + O (¢72) uniformly as ¢ — oc.

2. For ¢ € PO the continuous boundary values M(iPC)(g,r) satisfy the jump relation MJ(FPC)(g,r) =

M(f)c) ¢, r) y(PO) (¢, r) where
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I 0 .y
rg—zmeigz/z 1 argl =/

% 220k ,—it2/)2
Lorigite ) argl = —m /4
(PC) _
VEOCn =100 e i (A3)
o 14|72 | arg{ =3m /4

(
(I
(
[

1 0
nie g2 arg¢ = —3m/4
1+r\r‘2§ 21/(81{ /2 1)

RHP A.1 has an explicit solution MPS) (¢, r) which is expressed in terms of D,(%z), solutions of the parabolic
cylinder equation, (% + (% — % + a)) D,(z) =0 [31, Chapter 12], as follows:

MPO@.r) = ®@. P&, r)ess g =ik (A4)
where
(,lr ?) e
1 ==
< 1+|r2> e
0o 1
— 0
P(;v r) - ,! 1 é- e 94
1+r|2
(7))  ces
(A.5)
1 £ e UQs
ei&TTKDiK (6%4 _lﬂ12e4(K l)D iK 1(67%[;) (C+
—IoT : 17T —IT ; e
lﬁZ]e%(K-’_Z)Dt 1 (€+C) e 4 D—i’( (eTé‘)
@, r)=
LIS in . =37 (ke —i) _ 3ix
e 4 Dll( e4 ; 1,3123 4 D,,K,1 e 4 ;
T (et i 3k iz ¢eC
lﬁ2le4(K+Z)DiK71 (84 {) e 4 D iK <€ 4 ;)
and B1> and By are the complex constants
27T€i7r/4e—7r/(/2 _\/Eg—in/4e—m</2 K
= =, = = = —. A6
Pi2 = Pia(r) T im0 Po1 = Pa1(r) ST 0 b1 (A.0)

A derivation of this result is given in [10], a direct verification of the solution in given in the appendix of [19].
The essential fact for our needs is the asymptotic behavior of the solution given in the above references, as is easily
verified using the well known asymptotic behavior of D,(z),

1 0 —if12(r) -
PO r oy g L >
MEOC =1+ (l.ﬁﬂ(r) 0 >+O<§ ) (A7)

Appendix B. Meromorphic solutions of the focusing NLS Riemann-Hilbert problem

Here we consider the solutions of the Riemann—Hilbert problem associated with the fNLS equation, RHP 2.1, for
which the reflection coefficient r(z) = 0. In this case the unknown function is analytic across the real axis and has
isolated poles in the plane, i.e., the solution is meromorphic. The resulting, reflectionless, solutions of fNLS, ¥ (x, t),
derived from the solution of the Riemann-Hilbert problem, are multi-solitons. Here we give a simple proof of the
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existence and uniqueness of solutions of this problem and briefly discuss some well known results concerning the
asymptotic behavior of these solutions as t — oo.

Given a finite discrete spectrum and their associated normalization constants, o4 = {(zx, ck)},iv:1 , denote the solu-
tion of the reflectionless Riemann—Hilbert problem, RHP B.1, associated to (1.1) by m(z; x, t | o).

Riemann—Hilbert Problem B.1. Given discrete data o5 = {(z, ck)},iV: 1 C Ct x Cy let Z = {zk},i\’:]. Find an ana-
Iytic function m : C\ (Z U Z*) — SL,(C) with the following properties.

Lom(zx,t|og) =140 (z7") as z > oo
2. Each point of Z\U Z* is a simple pole of m(z; x, t | 64). They satisfy the residue conditions

Resm(z; x,t|og) = lim m(z; x,t|og)nyg
I=Zk >k

B.1
Resm(z; x,t|0og) = lim m(z; x, 1| 0g)oanfor (B.1)
7=z} =25
where ny is the nilpotent matrix,
ng = 0 0 (x,1) := cpexp(2i (tz2 + x7k)) (B.2)
k= yk(x’ t) 0 Yi(X, = Ck P k k))- .

In what follows we will omit the dependence on x, ¢, and/or o4 and write m(z | oy) or just m(z) for m(z; x,t|o4)
when the context is clear. It’s a direct consequence of the uniqueness of the solution (which follows from Liouville’s
theorem) and the symmetries in RHP B.1 (or more generally in RHP 2.1) that the solution of RHP B.1 must possess
the symmetry m(z|oy) = oom(z* |o4)*07. It follows that any solution of RHP B.1 must admit a partial fraction
expansion of the form

N
‘ B 1 ap(x,t) 0 1 0 —Brlx,n*
m(z,x,z|ad)_1+l; <ﬂk(x’t) O>+ (o ak(x’t)*> (B.3)

— 7 — 2k -7

for coefficients o (x, ), Br(x, t) to be determined.

Proposition B.1. Given data o4 = {(zy, c;r()}},l{\]:1 C C* x C, such that 7j # 2k for j # k, there exists a unique solution
of RHP B.] for each (x,t) € R?.

Proof. Inserting the partial fraction expansion (B.3) into the residue conditions (B.1) leads to, after some renormal-

ization, the following linear system of equations for j =1,..., N,
N . 1/2,%1/2 N . x1/2,,1/2
~ ViV T & = Vi Ve o 1/2
@ +y L —Br=0  B-Y L—a=y" (B.4)
k=1 ST %k k=1 % Tk

where we’ve defined the renormalized parameters

~ 1/2 Y 1/2
@ =aj/y;% and By =p3/v;"?, (B.5)
and for brevity we’ve suppressed the (x,t) dependence of «;, 8;, and y;. Letting o= (ay,...,oaN)T, B\:
B1,.--,BN)T, y1/2 = (yll/z, e yﬁ/z)T, and A be the N x N matrix with entries
x1/2 1/2
—iy; 7y
Ajp=—t % jk=1,...N (B.6)
(25 —z1)

the system (B.4) is equivalent to the block matrix equation

Iy —iA* ]| @ 0
[_ix lINi||:§*:|:|:V*1/2:|. (B.7)
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Note that A* denotes only the complex, not hermitian, conjugate of A. Equation (B.7) will have a unique solution if
and only if

det| v oA =det(Iy + AA*) #£0 (B.8)
M oia gy TN : :

Clearly, A is hermitian. Observing also that A has the inner product structure

e ¢]

Ajk:/y;l/zykl/zei(zrzf)sds_( 172 izjs yk1/2eizks> (B.9)

0

where the functions f;(s) = 1/ 2¢12j% are linearly independent in LZ(R.) since z j # zx by assumption. It follows
that A is positive definite. Let A/2 denote the unique positive definite square root of A. Now the eigenvalues of
AA* = AY2 (A2 A*) are the same as those of A!/2(A*)A!/2 which is itself positive definite. If we denote these

eigenvalues as {kk},iv: | C Ry then it follows that

N
det (I, + AA*) = ]_[(1 + ) > 0. (B.10)
k=1

This proves the proposition. O
B.1. Renormalizations of the reflectionless Riemann—Hilbert problem

The Riemann—Hilbert problem RHP B.1 which encodes the N-soliton solutions of (1.1) arises from a partic-
ular choice of normalization in the forward scattering step of the IST. Specifically, recalling that @E_)(x,t; 2)

and <I>§+) (x,t; z) denote the first and second columns respectively of the left and right normalized Jost functions
O™ (x, t; 7) of the ZS-AKNS scattering problem, (2.1a), the matrix m(z | o4) in RHP B.1 is defined for z € C* as

N J—
]‘[(Z Zi) (B.11)

k=1 N

o (x,1:2)
a(z)

(152
m(z; x,t|og) = |: CD;_H(X, r: Z):| etz +xz)<73’ a(z) =

where 1/a(z) is the transmission coefficient of the reflectionless initial data. This choice of normalization ensures that
for any fixed ¢, limy_, oo m(2; x, ) = I, but is not the only choice available to us.

Motivated by examples in the literature (e.g. [7], [2]) we introduce the following transformation which prepares
the residue coefficients for asymptotic analysis. Let A € {1,2,..., N}and V= A°={1,..., N}\A. Define

aA(z)zl_[ (Z_Z];> and av(z)zaaA(fZ)) —H <Z_Zk> (B.12)

keA Z_Zk Z_Zk

The renormalization

=) . (+) .
(D] (x,1;2) ‘ (D2 (x,t,z):| ei(tzerxz)ﬂs’ (B.13)

A — =
m=(z]og) =m(z|og)aa(z)” = |: av(2) an(z)

then splits the poles between the columns of m®(z|og) according to the choice of A. It’s a simple calculation to show
that the renormalization m® satisfies a modified discrete Riemann—Hilbert problem.

Riemann—Hilbert Problem B.2. Given discrete data o4 = {(zk, ck)},lcvz 1 C Ct xCyand AC{1,..., N} find an an-
alytic function m® : C\ (Z U Z*) — SLy(C) with the following properties.

Lo mAzix.tlog))=1+0(z7") as z— oc.



M. Borghese et al. / Ann. 1. H. Poincaré — AN 35 (2018) 887-920 913

2. Each point of Z U Z* is a simple pole of m™(z; x, t | 64), they satisfy the residue conditions

Res m™(z: x,1|0g) = lim m®(z; x, tlad)nkA
Z—>Zk

=Tk
B.14
Resm®(z; x,t|0g) = lim m®(z; x, 1| 0g)o2 () * o (B.19)
7=z 77}
where ny, is the nilpotent matrix,
0 0
) keV
A Ye(x, aa(z)= 0 )
=1 /0 o Yi(x, 1) = crexp(2i(tz; + x2x)), (B.15)
Ye(x, 1)~ an’ (zi) keA.,
0 0

and ay is as defined in (B.12).

As m?(z; x,t]0y) is an explicit transformation of m(z; x, t|0y), it follows directly from Proposition B.1 that
RHP B.2 has a unique solution whenever the poles z; € Z are distinct. Moreover, if {51 (x, 1) = Y501 (x, t; 04) denotes
the N-soliton solution of (1.1) encoded by RHP B.1, then using (2.19) and (B.13) we have

[ff“ [¥so1 (5.0)[2ds+ Y 4Imz¢ Yol (x,1)
keA

A _ . -2
m=(z|og) =1+ = Ve ) IS W/sol(sxlﬂzd»v—kz 4Im2k:| +0 (z ) ) (B.16)
€A

2iz
This shows that each normalization encodes /s in the same way. The advantage of the nonstandard normalizations
is, as we will see below, that by choosing A correctly, other asymptotic limits in which ¢+ — oo with —x /2t =&
bounded are under better asymptotic control. The new sums appearing on the diagonal entries above, when compared
to (2.20), represent the squared L? mass of the solitons corresponding to each zx, k € A.

B.2. Long time behavior of soliton solutions

If N =1, then the scattering data consists of only a single point o4 = {(§ + in, c1)}. In this case, the algebraic
system for «y(x,#) and B;(x, t) implied by (B.1)—(B.3) is trivial. Using (2.20), the solution of (1.1), ¥ (x,t; 04) =
—2iB1(x, 1)*, is given by

W (x, 13 04) = 25 sech (25 (x + 261 — xg)) e 2 EHE =N p=ido
1 log | €1 - ) (B.17)
xo=—log|—]|, = — +arg(cy),

0=5,log |5, ¢o =7 +arg(c
which is a localized traveling wave of maximum amplitude 2Imzg traveling at speed —2Re zp; the normalization
constant ¢ determines the initial location and constant phase shift of the solution.

For N > 1 exact formulas for the solution become ungainly, and we will not present them here. However, as is well
known, the N-soliton solutions undergo elastic collisions and asymptotically separate as t — oo into, generically, N
single-soliton solutions traveling at speeds —2 Re zi, one for each point in the discrete spectrum {z;} ,ICV: | wWhich defines
RHP B.1. The exception, of course, is the non-generic case in which two (or more) points of discrete spectrum lie on
a vertical line & + iR.

The following proposition and its corollary make this precise. Recall the notation (1.9)—(1.12) used in Theorem 1.1
and let

=) = i I dist(Re z¢, 7)} . B.18
w=pu) Zkeg\lgm{m(zw ist(Re zx, 7)} ( )

Proposition B.2. Given discrete scattering data og = {(z, ck)},iv:1 C C* x (C\{0}), fix x1, x2, v1, v2 € R with x| <
xp and vi < vo. Let T =[—v2/2, —v1/2]. Then, as t — £oo with (x,t) € C(x1, X2, v1, V2) we have

m™ (2 x, 1] 0g) = (1 +0 (e“‘“"')) m™ Dz x,t|0E (D)) (B.19)
for all z bounded away from Z U Z*,
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Here O'di (Z) is the scattering data for the N(Z) < N soliton given by

2
o (D) = {(z, cF (D) : € Z(D)), O =a ] (Z"_Zj) . (B.20)

k
% — 27
jezF@ \ kT T

Corollary B.3. Let Yrs01(x, t; 04) denote the N-soliton solution of the fNLS equation (1.1) corresponding to discrete
scattering data o4 = {(zk, ck)},](\/:1 C C* x (C\{0}). Let I, C(x1, x2, v1, v2) and O’;: (Z) be as given in Proposi-
tion B.2.

Then as t — *o0o, with (x,t) € C(x1, x2, v1, V2)

Vol (X, 15 04) = Ysol (x, 15, 0 (D)) + O (e““”) (B.21)

where Vg0 (x, t; of (D)) is the reduced N (I)-soliton solution of fNLS with scattering data G(;E(I).

Proof of Proposition B.2. Observe that
vk (xo + v, 1) = |ek| exp[—2x0 Im(z )] exp[—47 Im(zx) Re(zx + v/2)]. (B.22)

The choice of normalization A = A;F in RHP B.2 ensures that as |t| — oo with (x, t) € C(x1, x2, v1, v2) that

AT {0(1) 2 € Z(D) £ s too. (B.23)

I 1l =
O (exp(—4pult])) zeZ\Z2Q),

This suggests that the residues with zx € Z \ Z(Z) do not meaningfully contribute to the solution m® .

For each zx € Z \ Z(Z) we trade the residue for a near identity jump by introducing small disks Dj around
each zx € Z\ Z(Z) whose radii are chosen sufficiently small that they are non-overlapping. We make the change of
variables

%A;F(Z)<I+ i ) zeDy

Z—Zk
o210

.
m® (z1og) = {2 () (1+ i ) ze D} (B.24)

~AF
m-s (z) elsewhere.
The new unknown ¢ (z) has jumps across each disk boundary which, by virtue of (B.23), satisfy
_AF AT
m, (2)=m_" (2)0(z) 7€ 3D UID] (B.25)
with
v — 1] = O (exp(—4ult])) z€ 30D UAD]. (B.26)

F ~AT . . .
Next, we observe that mAe @ (z] crdjE (2)) has the same poles as e (z|o4) with exactly the same residue condi-
tions. A simple calculation then shows that the quantity

e@ =% low [m P lof@n] (B.27)

has no poles, and its jumps satisfy estimates identical to (B.26). Using the theory of small-norm Riemann—Hilbert
problems, one shows that e(z) exists and that e(z) = I + O (e~**!"l) for all sufficiently large [¢]. It then follows from
(B.24) and (B.27) that mAiT (z3x,t|og) = e(z)mA?(I) (z3x,t| a;t (Z)) for z outside each disk Dy and Dj. The result
follows immediately. O
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Appendix C. Steepest descent analysis for large negative times

The steps in the steepest descent analysis of RHP 2.1 for t — —oo mirror those presented in Sections 3—6 for t —
oo. The differences that appear can be traced back to the fact that the regions of growth and decay of the exponential
factors e?'? are reversed when one considers  — —oo, see Fig. 3.1. Here we briefly sketch those changes, leaving
the detailed calculations to the interested reader.

The first step in the analysis, as in Section 3, is a conjugation to well-condition the problem for large-time analysis.
Similar to (3.9) define

MV () =M@)T ()~ (C.1)
where now
T@)=T@&=[] (Z_Z")exp i/ < 4 (C2)
Z—Zk Nd
keA; £

satisfies properties similar to those in Proposition 3.1 subject to the obvious changes introduced by its redefinition for
negative ¢. In particular, in property (d)

T(z)=1+ %[2 3 Imz - /K(S)ds] +0 (z*z) : (€3)
keAg' £

and in property e.

76 = o€ = 7@ | < ClIrll 1|z — 1172

_ 7 (C4)
To©) =[] (i_z")exp —i / log(s — &)dske (s)
&

Tk
keA;r

where y is the characteristic function of [&, & 4+ 1]. With these changes to T, M) satisfies RHP 3.1 with the intervals
(=00, &) and (&, 00) in (3.10) and index sets Ag, Ag‘ in (3.11) interchanged.
Next, non-analytic extensions of the jump matrices (3.10) are introduced to deform jump matrices onto contours

along which they decay to identity as was done in Section 4. Define contours E} j=1,...,4 and regions Q;,
Jj=1,...,6 as in Fig. C.1. One then proves analogously to Lemma 4.1, that there exist functions R; : Q/J - C,
j=1,3,4,6, satisfying’
T(z)72 —
Rix) = ke -2 2ik (&) e /Oo’g) (C.5a)
r@TE) (¢ -2 (= xz) € X
r(z)"
Trror e 00
R3(z) = N (C.5b)
ré) Tn(£)2 —2ik () (1 5/
THIrGR 06)" (¢ —2) (I —xz(@) z€X)
r(z) -
EREE ee (600
R4(2) = r(E) (C.50)
TTr@p PO ¢ -0 - X @) ze 3}
*T(2)? _
Re(z) = r(Z)* (@) . . z€( /oo,é) (C50)
r(§) To(6)"(§ —2) (I =xz@) T€Xy

3 Note that the differences in sign between (C.4) and (3.5) have been incorporated into (C.5) compared to (4.5).
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Fig. C.1. The contours @ = U;::l ¥ and regions ¢, k =1, ..., 6, used to define the transformation M®D = MDR fort <0. The non-analytic
matrix R is shown for each region €. The support of the 3-derivative W@ =3R®@ is shaded in gray.

satisfying the bounds in (4.6). Once the functions in (C.5) are constructed, the transformation

MP () =MV ()R(), (C.6)

where R is defined in each sector ©2; in Fig. C.1, defines a new unknown M @ which satisfies

9-Riemann-Hilbert Problem C.1. Find a function M® : C\(£® U Z U Z*) — SL,(C) with the following proper-
ties.

1. M@ is continuous with sectionally continuous first partial derivatives in C \ (£® U Z U Z*).

2. MP()=1+0(z"") asz— oo.
3. Forz€ @, the boundary values satisfy the jump relation Mf) ()= M<_2) (z)V(z) (2), where

VO =T+ 10— x,(2)8V?,

0 0
(V(E)To(é) “2(g — 7)2iK(§) p2it6 0) €%
rE Ty 2 (§) p2it0
(0 Trer E—9 e ) ew
0

’ (C.7)
AOE
0
Oy (S) VIS 23
e ¢ _2)2’“5) 200
0 r(E) To(£)2(E — 7)~2x(€) =210
0 0 ZE Xy

4. For C\(Z®@ U Z U 2*) we have aM@ (z) = M@ (2)dR? (z) where R® is defined in each Q. as shown in
Fig. C.1.
5. M@ (z) has simple poles at each zj € Z and 7; € Z* at which
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0 0
lim M@ 5 it keA;
2 =2k T (zk) "e 0
Res M = 0 N1/ TY (202210
lim p@ (O G /TG0 e keA}
2%k 0 0 §
0 —c*T(z* 2 ,—2it0 €3
lim M® T (@) keA;
ResM@ = % 0 0
% . 2 0 0
lim M . ke A
=2 (—(c;)—lT/(zZ)—zez”‘) 0) d

The final steps of the analysis, mimicking Sections 5-6 are to first construct a solution Mﬁjp of the Riemann—
Hilbert components of RHP C.1, and then to use the solid Cauchy integral operator to prove that the remainder
M® =M (MI%)P)_1 is uniformly near identity with estimates identical to Proposition 6.2. The model M,@P again
takes the form (5.8). Using the results of Appendix B, as t - —o0 with?* (x,1) € C(x1, x2, v1, v2) the outer model
takes the form

poud) (z:x,1) = [I +0 <6—4P|t|>:| mAg—(Z)(Z; X, t| o-d_(l')) (C.9

with o, (Z) defined by (1.11).
The local model M€ is constructed as in Section 5.1.2. Define

[=0() =21z —&) = 20=-2/2— g (C.10)
;.\&_ = r(.’;—')*To(E)zeZi(tsz+K(é)IOg(zﬁ)) (C.1D

Then the local model M® is given by
M® () = M ()0, M) (—¢(2), 7)o, (C.12)

where M) (¢, r) is the solution of RHP A.1.
The residual error E(z) now satisfies RHP 5.2 but with (5.18) now given by

M(out) Vv 2) M(out) —1 ) 2)
VO = e 0o s vt e (19
M© (2o M P (= (2), Te)oaM O ()7 z € DUz
small-norm theory again can be used to show that E exists and satisfies E(z) =1 + 7 El+0 (z_z) where
0 —p21 (%) —1 ~1
Ej=——M© Y& x,1 ( S MO x, 1 o), C.14
R TN E] PR x40 (1) (C.14)
and using (A.6) and (C.11) we have
—,321@) — _ﬂlz(?\g)* — a(g’ _)eixz/(zl)+ik(§) log |41] (CIS)
where
(&, )7 = [k (§)] (C.16)
Y .
arga(§, —) = g e [(ik(§)) —argr(§)
o0
—4 Z arg(§ — zx) — 2/log |E — s|dsk (s) (C.17)
keA; £

4 Here, we are reusing the notation of Theorem 1.1.
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Appendix D. Details of calculations for the 3 problem

Proposition D.1. There exist constants cy, c2, and c3 such that for all t > 0, the integrals 1;, j = 1,2, 3, defined by
(6.7)—(6.8) satisfy the bounds

1] < ji=1,2,3. (D.1)

1/4’

Proof. Our proof follows that found in [14]. Let s = u 4+ iv and z = « + i8. Throughout we use the elementary fact

L2 _(foo 1 d)1/2<f 1 du = —Z~-, to show that
5721 12 (v1£.00) — \Uvt+E u—a)2+(v—p)2 u = JR 2+ (v—p)? U = 1, Zpy» to show tha
o0 o0 o0 o0
|11| S/ |XZ(S)|674IU(M7$)dudU S\/‘e*4tvz |XZ(S)|dudU
Is —z| ls —z|
0v+g 0 v+E
o
5/ _4n? 12 ()11 22 (o6 00 ” — dv (D.2)
LZ(v+£,00)
—4tv —4(w+/18)? —4u?
1/4/€ —1/4/ € —1/4
<cit — =it <cit .
/ lv— ﬂll/2 lw|1/2 lw|1/2
R R
The bound for I is similar to /. Recalling that r € H1 (R),
o0
r 1 c
|12|</ —4n? | (u)ld dv <|r (M)lle(R)/ - - dv§1—24. (D.3)
z| $ =22 (v+.00) 1!/
v+§& 0
For I3 choose p > 2 and g Holder conjugate to p, then
oo
I < —41v? ‘ _ 71/2‘ H _ 71‘
IBl= /e (=) L{ (v+£,00) =2 L (v+&,00)
0
~ (D.4)
< cp/e—4zv2v1/p—1/2|v _ﬂll/q—ldv
0
To bound this last integral observe that
B
/e—tvzvl/p—l/Z(/g —n)Valgy = / ﬂl/Ze—tﬁzwzwl/p—l/Z(l —w)a=lgy (D.5)
0
1
gcf‘/“/w‘/l’*l(l—w)‘/Q*ldeCt*‘/‘*, (D.6)
0

where we’ve used the bound e < m~!/4 for m > 0 to replace the exponential factor in the second integral. Finally

o0 o0
/e_“’zvl/”_l/z(v — BV lay < /e_“”zw_l/zdw <cr VA, (D.7)
B 0

The result is confirmed. O

Proposition D.2. For all t > O there exists a constant ¢ such that

(M| <34, (D.8)
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Proof. The proof given here follows calculations that can be found in [14]. Recalling that the set Q? = Qp Nsupp(1l —
X =) is bounded away from the poles of M]({%[)P, we have

1 _
M= 2 [[ IO ©MGow® M aa
Q)

1 ) . ) |
< ;IIM(S)HLoo(Q) ”Mlg]-l)P”LOO(Qﬁ)”(MlgH)P) 1||L°°(Qn)/ 3R, e%1 |4 A
“ (D.9)

1
<C //|XZ(S)|€_4ZU(M_§)dA+// |r/(u)|e—4zv(u—é)dA+// W[Mv(u—s)d*‘
5§ —
£ Q1 Q4

<C(s+Is + Ip).
We bound /4 by applying the Cauchy—Schwarz inequality:

0 0 12
|14] 5/”)(2”1‘5(1,4_5,00) fe_gtuvdu dv
’ ) ' 00 (D.10)
<Ct—1/2/£dv<ct_3/4f e_4wzdw <ct734,
< J NG < J NG <

The bound for /5 follows in the same manner as for 4. For I we proceed as with I3 applying Holder’s inequality
with2 < p <4

00 00 1/q
| I¢| 56/111/1’_1/2 /e_4qt””du dv
0 v (D.11)

o 0
_ _3/9 —asp? _ 3/2 —dp? _
<t l/q/UZ/p 3/2=400 gy < o 3/4/w2/p 3/2=40° gy < o434,
0 0

2 3 1
where we have used the substitution w = 7!/2v and the fact that —1 < = — > < —3 O
p
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