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Abstract

Iterated integrals of paths arise frequently in the study of the Taylor’s expansion for controlled differential equations. We will
prove a factorial decay estimate, conjectured by M. Gubinelli, for the iterated integrals of non-geometric rough paths. We will
explain, with a counter example, why the conventional approach of using the neoclassical inequality fails. Our proof involves a
concavity estimate for sums over rooted trees and a non-trivial extension of T. Lyons’ proof in 1994 for the factorial decay of
iterated Young’s integrals.
© 2017 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The iterated integrals of a path arise naturally from the Taylor’s expansion of a controlled differential equation
driven by the path and play a fundamental role in the theory of rough paths [7]. Given a path x, we are interested in
the behaviour of the iterated integral

Xo1= / dxs, @ ... ®dxs, (1.1)
O<sy<...<sp<1

as n varies. The solution for a linear controlled differential equation has a series expansion that is linear in these
iterated integrals. The convergence of the series expansion is often studied using the decay of these iterated integrals.
The simplest example is the case when x takes value in R? and has an almost everywhere derivative in L>°, in which
case
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n! -

15 1l <

* A substantial part of this work was carried out while the author was at Oxford-Man Institute, Oxford University, UK. We are grateful to the
support of ERC grant Esig (agreement no. 291244) during that period. We would also like to thank M. Gubinelli and D. Yang for the useful
discussions, as well as the anonymous referee for the detailed comments.

E-mail address: h.s.boedihardjo@reading.ac.uk.

https://doi.org/10.1016/j.anihpc.2017.09.002
0294-1449/© 2017 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2017.09.002
http://www.elsevier.com/locate/anihpc
mailto:h.s.boedihardjo@reading.ac.uk
https://doi.org/10.1016/j.anihpc.2017.09.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2017.09.002&domain=pdf

946 H. Boedihardjo / Ann. I. H. Poincaré — AN 35 (2018) 945-969

The problem becomes much harder when x does not have a derivative, such as in the case when the iterated integral
(1.1) is defined in terms of Young’s integration [9]. It was proved by Lyons [6] that if x is y-Holder, y > %, and ||x ||y
denotes the y-Holder norm of x, then

n
el

-1
1X611l = +¢Q2y)" T

: (1.2)

where ¢ is the classical Riemann Zeta function. For 0 < y < % and N = [y ~!], a y-Holder geometric rough path
takes value in the unital tensor algebra

T (Rd*) —1oR" ... @ (R‘”)Qw

where R?* denotes the dual of R?. Lyons [7] showed that a y-Holder rough path x can be extended uniquely to a
y-Holder path X in 7 (Rd*) for any n > N. He defined the n-th order iterated integrals of x up to time 1 as the n-th
tensor component of this extended path at time 1, which we will denote for latter use as X (’)” |» and showed that

lxll?
Cny +1)°
where I' is the Gamma function and ||x|| v denotes the y-Holder norm of the rough path x.
Recently Gubinelli [4] proposed a non-geometric theory of rough path, known as the branched rough paths. The

phrase “non-geometric” here refers to that the calculus with respect to branched rough paths does not have to satisfy
the chain rule

d(XY)=YdX + XdY

X6, ) <y (14287 e (@ + 1))

which Lyons’ geometric rough paths must satisty. For the Brownian motion B, the rough path (almost surely defined)

t t oup
(s, 1) —> 1,/‘dBSl,//st1 ® dBy,
S S S

is geometric if the integration is defined in the sense of Stratonovich and non-geometric if the integration is defined
in the sense of Itd. Branched rough paths are indexed by the Connes—Kremier Hopf algebra of labelled rooted trees,
which we will denote by H  and will recall in Section 2. The multiplication of trees in H , corresponds to the multi-
plication of the coordinate components of the path, while the operation of joining forests to a single root corresponds
to integrating against the path. The theory of branched rough paths is a rough path analogue Butcher’s tree-indexed
series expansions of solutions to differential equations and has also been motivated by expansions in stochastic partial
differential equations. We now recall an equivalent definition of branched rough path due to Hairer—Kelly [3].

Definition 1. ([4], [3]) Let 0 <y < 1.Let (Hz, -, A, S) be the Connes—Kremier Hopf algebra of rooted trees labelled
by a finite set L. Let (7—[’2, *, 6, s) be the dual Hopf algebra of (H.,-, A, S). A y-branched rough path is a map
X :[0, 1] x [0, 1] — H7 such that

1.foralls <tandall hy,h, e Hp,

(X500 h1)(Xs1, h2) = (Xsz, h1 - h2). (1.3)
2. forallu <s <t,
Xus*xXsr= X1 (1.4)

3. for all labelled rooted tree 7, if |t| denote the number of vertices in t, then

(X0, T)]
X1, == sup ————

1.5
st |t_s|y|r\ (1.5)

Remark 2. Hairer—Kelly [3] pointed out that the product x in HJ. is induced by the coproduct A on H in the
following sense: If 1 € H ¢ is a rooted tree and Ah =) D @ 1D thenfor X, Y € H*L’
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(X %Y, k)= (X, V)Y, h?).

Hairer—Kelly also realised that condition 1. in the Definition 1 of branched rough path is equivalent to X taking value
in the group of characters of the Hopf algebra, known as the Butcher group, analogous to the nilpotent Lie group in
the geometric case.

Example 3. Let % <y <l,and x = (xl, R xd) :[0,1] — RY be a y-Holder path in the sense that

llxy — xsl

s#t |t —sl”

The y > % assumption allows us to use Young’s integration. According to Gubinelli [4], we may lift x to a y-branched
rough path X in the following way:

Let o; be a vertex labelled by i € {1, ...,d}. Let t1, ..., 7, be rooted trees labelled by {1, ...,d}, and [1q, ..., Ty]s,
denote the labelled tree obtained by connecting the roots of 7y, ..., 7, to the labelled vertex e;. Then X is defined
inductively by (X, ;, ¢;) = x/ —x! and

t

Kot [T Taley) = f M (X, 7). (1.6)
N

We now explain why the integration in (1.6) can be defined in the sense of Young: if u — (X ,, 7;) is y-Holder,
then the product H?:1 (Xsu, Tj) is also y-Holder. By for example Theorem 1.16 in [8], the integral in (1.6) is also
y-Holder. More generally, in [3], Hairer—Kelly gave an explicit way of extending a y-geometric rough path to a
y -branched rough path.

For general 0 <y <1, let N = Ly’IJ, then by Theorem 7.3 in [4], given a family of real-valued functions
((X.,., T>)reHL,|r\<N on [0, 1] x [0, 1] satisfying the conditions (1), (2) and (3) in Definition 1 of branched rough
path, there is a unique way of extending ((X..., t))|T|§N to a y-branched rough path ((X. ., T>)reH£,|r|zo' Gubinelli
[4] conjectured that this extension, which can be interpreted as the iterated integrals of the truncated branched rough

path ((X e t))teH t|<N has a tree factorial decay. Our main result, stated below, is a proof of this conjecture.

Theorem 4. Let 0 <y < 1 and N = |y ~!|. Let X be a y-branched rough path. For all rooted trees T and all s <'t,

—|t
c‘Nl(t — s)rI7l

(X D) < — (1.7)
TV
where
s i+1 N2 N+l -1
ey =6exp (73 N+ D) [TV 20 e (4 1) N max XL
i=0 1<|o|<N ’

| XIly o is the Holder norm of X as defined in (1.5) and TN is the set of unlabelled rooted trees with at most N
vertices.

Remark 5. For y = 1, Gubinelli [4] showed that the decay rate in (1.7) is attained for the identity path X, defined for
all rooted trees T by
(t —s)!7!
Xy 7) = ———
7!
Remark 6. Gubinelli [5] used a similar type of factorial decay estimate to prove the convergence of his series expan-
sion for the solution of the three-dimensional Navier—Stokes equation for sufficiently small initial data.

Theorem 4, together with the Hairer—Kelly result [3] that geometric rough paths are branched rough paths, gives
another proof for the factorial decay for geometric rough paths. In some cases, our main result gives a sharper estimate
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n vertices

Fig. 1. Tree with n branches.

for the shuffled sum of the iterated integrals than the one derived using shuffle product and the factorial decay for
geometric rough paths, as the following example demonstrates.

Example 7. Let x and y be real valued y-Holder paths on [0, 1], % < y < 1. Then we may estimate absolute value of
the integral

1
/ xgdyg
0

by the “geometric method”

1 1 s 52
fxfdys =n! ///dxs1 < dxg, dy;s
0 0 0 0
llGe, yypnt!
] n,] Y
<n!(1+¢2y)) RCESA (1.8)

where the inequality follows from Lyons’ factorial decay estimate (1.2).

By Example 3, we may extend the two-dimensional path (x, y) to a y-branched rough path X. Let ¢, be the
labelled forest defined inductively by 01 = 1 and 0, = 0,1 - #; where the operation - is the formal multiplication
of rooted trees. Let 7, = [0, ], . Graphically, 7, takes the following form:

Then

1
(X, ) = /xgdys
0

and our main result Theorem 4 gives the estimate

/ dy,| < 2 1 (1.9
.

where ¢ is the constant (independent of n) appearing in our main result Theorem 4. As n — o0, this growth rate is a
much better rate than the factorial growth given by the geometric estimate (1.8).

One reason why the geometric method fares badly here is that it bounds the slowest decaying coordinate iterated
integrals. This particular integral

1 s 2
//.../dxsl...dxsndys
00 0

decays a lot faster than the slowest decaying coordinate integral of order n + 1. The failure of the geometric method
demonstrates that the case of “fat tree” in Fig. 1 is delicate and requires a different type of estimate, which is the
purpose of Section 5. This problem of fat tree will be explored in more details in Section 3.
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1.1. The strategy of proof

Lyons [7] proved the factorial decay for y-geometric rough paths using the following inductive definition of X"

k k
X= m Y Y a.10)
PClu, z]fz€7’k !

This approach requires the use of a highly non-trivial binomial-type inequality, known as the neoclassical inequality,
of the form

2": a'v pn=Hy -2 (a+Db)""

. . e POVRTIETY (1.11)
— Ty +DHI((n—D)y+1D [y +1)

which is proved Lyons’ 98 paper [7]. A sharp version of this inequality latter appeared in the work of Hara and Hino
[2]. Gubinelli showed in [4] that a sufficient condition for the factorial decay for branched rough paths is a neoclassical
inequality for rooted trees. Unfortunately, we are able to give a counter example for such inequality (see Lemma 10 in
Section 3). Lyons’ 94 approach [6], which proved the factorial decay for the y > % case, did not use the neoclassical
inequality and use instead the equivalent definition

k k
Xy = Jim ZZ Xt Xiti (1.12)

Pclu, t]l,E’Pk 1

where N = |y ~!|. This approach also has its own difficulty, due to the fact that the function (s, r) — w, (s, t) defined
by

L

N+I1

wy (s,1) =

i (s —w)"* (@ —s)*
— k!
Mot (m —k)!k!
is not a control in the sense that w, (s, v) + w, (v, 1) ﬁ wy (8, 1). The control property is essential in the use of Young’s
method of estimating (1.12) by successively removing partition points from the partition. Lyons’ 94 approach [6]
gets around this problem by using a control function (s, ) — R, (s, t) which dominates w, (s, #) and satisfies some
binomial properties similar to that of wy (s, ). A key difficulty in this paper is to find the right function R in the case
of branched rough paths. Our strategy consists of:

(1) Proving a bound for the multiplication operator » with respect to some norm, analogous to the following bound
of tensor product

lla @bl <llall I5]

fora € V®™ and b € V®" in the geometric case.
(2) Prove that our function R is compatible with the tree multiplication.
(3) Prove that our function R is compatible with the operation of joining forests to a single root.

2. Branched rough paths: notation and terminology

We first recall the setting of the Connes—Kreimer [ 1] Hopf algebra which indexes Branched rough paths. A rooted
tree is a connected, rooted graph such that for every vertex in the graph, there exists a unique path from the root to
the vertex. Let 7 denote the set of rooted trees. The empty tree will be denoted by 1. A forest is a finite set of rooted
trees. The set of forests will be denoted by F. We will identify two trees t; and 17 if the forests obtained by removing
the respective roots from 7| and 7, are equal. We define a commutative multiplication - on F by

x-y=xUy.

Let e denote the rooted tree consisted of a single vertex. We will use a bold symbol (e.g. T) to denote a forest while
using the normal symbol (e.g. T) to denote a rooted tree. For o = {7y, ..., 7,} € F, where 7y, ..., 1, are rooted
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non-empty trees, let [o'], denote the rooted tree obtained by joining the roots of 7y, ..., 7, to the vertex e. Note that F
is the set freely generated by elements of the form {e}, through the operations of - and ¢ — [ao'],. These two operations
in fact correspond to the two fundamental operations in rough path theory, namely the multiplication between path
components and the integration against a path.

To simplify our notation, we will denote the element {zy, ..., 7,} in F simply by 77 ...17,. We will let A denote
the formal vector space spanned by F over R. For a forest T, ¢ (r) will denote the number of non-empty trees in T
and || denote the total number of vertices in the forest. For each tree 7, the tree factorial is defined inductively as

ol =1,
[T, ..., tule! = T1, .., Tnlel T1) . . . Tl
The factorial of a forest ;... 1, is defined to be 7;!...1,!.
A coproduct of rooted trees can be inductively defined as A : H — H Q H,
Al=1Q®1;
A _ 1 1) @ 2 @ . 21
[t1...Th]le =1[T1.. - Tule ® +ZTI LT R, ; 2.1)
A(T]...Ty) =A11... ATy,
where the sum in (2.1) denotes summing over all terms ri(l) and rl.(z) in Aty =Y ri(l) ® ‘L'l.(2). While the coproduct

was defined by Connes—Kreimer [1], this particular formulation was borrowed from Hairer—Kelly [3]. Here we define
the product - on H @ H by extending linearly the relation

@®b)-(c®d)=(a-c0)®((b-d).

The coproduct operator A is coassociative. In Connes—Kreimer’s original work [1], an antipode operator S has been
constructed explicitly for H, so that the bialgebra (#, -, A, §) becomes a Hopf algebra. This Hopf algebra is called
the Connes—Kreimer Hopf algebra.

Example 8. The following are all the non-empty rooted trees with 3 or less vertices

-] 4

The coproduct A also has an interpretation in terms of cuts. A cut of a rooted tree is a set of edges in a rooted tree.
A cut is admissible for a rooted tree 7 if for any vertex in 7, the path from the root to the vertex passes through at most
one element in the cut. For each admissible cuts c, let 'rc(l) and rc(z) denote, respectively the components in 7\c that is

disconnected from the root and the component that is connected to the root. Then
Ar= Y Ve (2.2)
Admissible cuts ¢

Given a forest Tt =1;...1, and oD o@inF , we will define the counting function ¢ (r, 0(1), 0(2)) to be the number
of times 0V @ 6@ appears in the sum (2.2). We will follow the notation of Gubinelli [4] and use

Sf (,’,(n’,(z))

to denote the summation over all 7" and v® which appears in the sum (2.2).

Remark 9. Although the definition of branched rough paths requires the rooted trees to be labelled, the assumption
and conclusion of our main result Theorem 4 are uniform estimates across all labellings. Therefore we can forget that
there is any labelling and deal with only unlabelled rooted trees or forests. We will let 7" and F" denote, respectively,
the set of all (unlabelled) rooted trees and forests with n vertices.
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We say g € H* lies in the group of characters of H*, which we will denote by G, if for all forests T and 7,
(g, 7 -T)=(X,T)(X, T).

In other words, G contains all the homomorphisms g with respect to the tree multiplication -. This formulation can be
found in, for instance Hairer—Kelly [3].

3. Counter example to the tree neoclassical inequality
We now give a counter example for a weaker version of the neoclassical inequality, which would have been suffi-

cient in proving the factorial decay for the iterated integrals of branched rough paths. The notation " will denote the
forest

Lemma 10. Let t,, be the tree [o”].. Then for all 0 <y < 1, for all B > 0, there exists a, b > 0 such that as n — 0o,

Y
7! 1 1) @
a+b)~7Iml n gVl pyle™l s, 3.1

SR DD D1 ) ge@Drre?) G-b
Proof. By definition, 7,,! = n + 1. Observe that by the definition of coproduct A (see (2.1)),

n

n
A‘L’n :Z<l> .l ®Tn_1+fn® 17

[=0

n

1 2
Ve prln?|

where (’;) denotes the binomial coefficient ﬁ Therefore,
1
e +em)

(n—
— 7! Y
(Cl + b) Yltal ( )
Z t,sl)!t,g)!
1

n
e N (AL N L i
z(@+b) Z<n+1—l ) gt
=0

> (a+b) 70D b”% (% + by> , (3.2)

where in the last line we used that for/ <n, (n + 1) /(n + 1 —[) > 1 and the binomial theorem. Since 0 <y < 1 and
a>0,

(14+a) <1+ya.

1
Therefore, forall 0 <a < (By)r—T,

14
(1+a)”<1+%.

1
Hence fora < (By)7~1 and b = 1, (3.2) diverges as n tends to infinity. O
4. Bound for the multiplication operator x

The multiplication * in the Hopf algebra H plays the role of the tensor product & in the theory of geometric rough
paths. In that case, one of the key assumptions made about the tensor norms is that for all X" € V®" and Y* € V&,

HX”@Yk(

!

Y ®m+k) = H X" “ yen y ok
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so that the tensor multiplication has norm 1. We might hope that the multiplication with respect to x would also have
norm 1. Unfortunately, given any numbers n and k, rooted trees in general has more than one way of being cut into
two components of sizes n and k respectively. This causes the multiplication operation to have a norm that potentially
depends on n and k. Fortunately, and it is a key observation in our proof, the norm can be bounded by a function of k,
independently of n. Let us first describe the norm that we use.

Let X € H*. Define a linear functional X* € H* by

<Xk r): (X,1), Itl=k;
’ 0, |t| #k.
We define X" » Y* such that for all forests t,

<X” x Yk, r> =<X” ® Yk, Ar>.

Let
g1y
[ = max e AT
T.v.B  |t|=k,t trees |T|lY
and
c(®) g1y
HXkH max |(X,r)|ﬂ4
]:yﬁ |z|=k,z forests [T|Y

In this section we will prove a bound on the norm of the multiplication x with respect to ||- ”77% 8> Which is the first of
three main steps in proving our main result.

Lemma 11. (Multiplication is bounded in tree norm) Let y < 1 and that

k
a=exp[ Y K1 -n] B=a.
i=1
Let X,Y € H*. Then forn > 1,

) k(1=7 o—1 k
HX"*Y HT,V,/S <al T 7B 2, HY HT»V’ﬁ’

where T* denotes the set of rooted trees with k vertices.

The proof will require a series of preliminary lemmas involving the combinatorics of rooted trees. We will use

> @_, to denote the sum over all admissible cuts ¢ such that P = 0. The following combinatorial lemma is

crucial to proving our desired lemma by induction.

Lemma 12. Let t = [11...1T,]s, Where 11, ..., T, are non-empty. Let 0 = [0 ...0,]e Z 1 be a rooted tree. Let ~, be

a relation on the permutatlon group S, on {1, ..., n} defined so that | ~ 1y if 0,(i) = O, (i) for all i. Let Py be the
set of ~q-equivalent classes in the permutation group S,. Then for all B,y > 0,

[)) (T(l))

,3 c(t'V) :3 c
e [ ]
> Tap = 2. Ty
Q= TeP, @_ l :

T =0x()

Proof. Note that by the definition of A,
Zt(l)®f(2)_f®1+zr(n. e [ 1(2)_”@52)] _ @
We define a linear functional o such that for each tree a,

o(a)=1, ifa=o,
=0, ifa #o.
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Let f be a linear functional defined such that for each forest z,

c(t)
ro=C0

Note that f is a tree multiplication homomorphism. Define
fRo(@®b)= f(a)o (b).
By applying f ® o to (4.1),

Z - c(t(l)) Z 5 @)=~V
O ) @
Dy T - l(z)mr(z)].:(7 LA V..., v
As [1:(2), cees 1,52)]. = [0(2), .. (2)] if and only if there exists = € P, such that T, @ _ =0y for all i,
1 y (@)
—e(z® )
'3 c(t'V) ﬂ c
> 0y =2 0L > o, P
D¢ neP, ’_<2): ot T
Corollary 13. Let t = [1] ... Ty]s, Where T1, ..., T, are non-empty. Let 0 = [0] ...0,]e # 1 be a rooted tree. Let P/r,rr

denote the set of all w € Py such that o5y C t; for alli. Then for all B,y > 0,

@) )

ﬁ ﬂ C(T
Z Oy Z ;. %mcfz[ Z (1),,, ]
Q=g neP, @ =0,
Proof. We have just shown in Lemma 12 that
) )
ﬂ c(t'V) /3 c(r )
2 My =M Z L0y 4.2)

D=y neP, T;

_Uﬂ(z)

For nw € P, if an index i is such that 0x(i) is not a subtree of 7;, then

Therefore, in (4.2), summing over P, is equivalent to summing over P/T’J. Furthermore, as ‘l,'l.(l) =1if rl.(z) =1,

,B C(T(l))

’370(11.
> Ty Z Hlanmcf:[ > ~Mp, ] = (4-.3)
Aag!

2)—
tW=0 T =0%0)

A key step in most factorial decay estimates for rough paths is to take the fractional power y outside a sum. In
the geometric case, the job is done by the neoclassical inequality. We need the following concavity estimate in the
non-geometric case.

Lemma 14. (Concavity estimate) Let y < 1. For any rooted tree o, let
ol
Clo] =exp[2|a|’(l—y)] and B> cio)|. (4.4)
i=1
For all rooted trees T and o C t, we have

,B_C(T(l))

1 \7r
_— _1 _
Z Dy =B ( Z 1(1)!) :

D—q @—g
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Remark 15. The key point is that the constant we lose by taking the power y outside the sum, c|4|, depends only on
|o| but not |t|. To achieve this, the conventional estimate for sums

n n
Zaz/ Snl_y(Zai)y 4.5)
i=1 i=1
is insufficient by itself. We must use the tree-multiplicative property of the tree-factorial.

To prove the concavity estimate, Lemma 14, we first need a counting lemma.

Lemma 16. Let 0 = [01,...,0,]e and T = [11, ..., Tyle be rooted trees such that t; # 1 for all i. Let k;, =
ming cp; |{i 10z¢)  7i}|. Then k; » > 1 and

P, | <exp(lo*kz,q).

Proof. As 7 # o there does not exist permutation 7 such that oy = 7; for all i. In particular, we have k; , > 1,
which proves the first part of the lemma.

Let m be defined by m = |{i : 0; = 1}|. As 0; = oy for all j,I € {i : 0; = 1}, each equivalence class in P, must
contain at least m! elements. Therefore,

|P’T’a| <|Py| < 1:17" =nn—1)...(m+1).
Since

n=m+|li o £ 1} <m+lol.
we have

P, | < (m+ o). (4.6)
Note that as t; is assumed to be non-empty for all 7,

m=|{i:o;=1}| < min |[{i :074) C 1} =kroo. 4.7)
el

Using that for x > 1 and b € NU {0},
(x +b)" <exp <b2x>
in combination with the estimates (4.6) and (4.7) earlier in this proof,

[P, < on 410D < e +10 D" < exp (0Pkeo ). O

Proof of concavity estimate Lemma 14. We will prove the lemma by induction on |o|. If |o| =0, then 0 = 1 and
aso #r,

B —c(z®) ,3—1
Z My T
Q=g
which is exactly the content of the present lemma for the case |o| =0. Let t = [17...1,],, Where 71, ..., 1, are all
non-empty, and o = [o7] ... 0y],. Using Corollary 13 that relates the sum ) ) _, to Zr.(z):a o’
@ (1))
’3 c(t'V) ﬂ (1
Z My Z Micor o [ Z 7D ] (4.8)
T Y ”/
D= meP,, T

_0'11(1)
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By the induction hypothesis and that k. ; = min, cp; . |ti oz iy € w}| by Lemma 16,

ﬂfc(‘tl.
3 ni;g,,(,.)g,-[ > T.y] (4.9)

neP,, D gy i
lo|—1
< (5 exp( X ol =11 =) (4.10)
j=1
L \Y
X Z (Hi:an(i)gri Z (—1)') . (4.11)
neP,, gy

By the conventional concavity estimate for sum ) »_, al?/ <n'77 O a,

3 (n,-:m,(,.)gf,. > ﬁ)y (4.12)

/ 2 .
el , Ti( )=<711(i) i

- L \»
§|P/r,a|l V( Z ior i Cri Z (—1),) . (4.13)
T,

/ 2 .
wePb; T’ﬂ )=‘7n(i) i

Using our estimate for [P} ;| in Lemma 16,

1
Z (i i Z m)V (4.14)

neP,, @ gy T
1 \7
Eexp(lo*IZkr,a(l—)/))< > Migpcn T) . (4.15)
weP,, ) i

T =O0n()
Combining the identity (4.8) with all the inequalities we have so far, namely (4.10) and (4.14),

ﬂ,c(.[(l))

@y
Oy T

lo|—1
= (B exp[(1 =)l + Zl(|a|—1>f>])
J

1
XY Migroen 2, —)"

T,
U 2
el Ti( ):aﬂ(i) i

Finally, as k; - > 1 (see counting lemma, Lemma 16) and 8 > exp [Z‘U‘l |o| (1- y)],

c(rM) o] 1

> ﬁrmw =plexp (Dl A=) Y Miopen D, —q)

; T,
QD= j=I weP; , T,-(z):(fn(i) i

Note now by the y =1 and 8 = 1 case of Corollary 13,

1 1
Z iy S Z —m, Z TR

7!
neP,, @—gry Q=

We now state a lemma that is equivalent to Gubinelli’s tree-binomial theorem [4]. It allows us to rewrite sum over
rooted trees to a sum over integers.
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Lemma 17. (Tree binomial theorem) Let T be a rooted tree. Then

Z 7! _ (lrl)

eyl D@\ )

Proof. By the tree binomial theorem, Lemma 4.4 in [4], we have for x € R,
(14x)/! Pl

Dy

The result follows by comparing the coefficients of x! with the classical binomial theorem. [
We now prove the bound on the Hopf algebra multiplication .

Proof of boundedness of tree multiplication Lemma 11. Note first that by the definition of *, if |t| =n + &,

‘(X”*Yk,r)‘

=| Y (xn W)k e (4.16)
=k

< 2 XMyt o))
It @)=k

By the definition of [|-|| 7, g and [|-[l7, g

>0 xm Myt o))

[T@|=k

,B—c(r(l))—l

k
<X 747 HT’y’ﬁ(mk!)V ; e @.17)
|T&) | =k

As we assumed that n > 1, we have k < |t| and hence we may apply the concavity estimate for trees, Lemma 14, to
obtain

mete pex®)
t%:k (r(l)'f(z)')y — Z olV 1—(;—:(; T(l)W
1
<ap™' )’ —.y( > —wy)
1=k 77 e T
k(1=v p—1 1 Y
=l T8 Y )

We now use the tree binomial theorem (Lemma 17) to deduce that

g efi=y a1 1 (1]
Z (r<1>!f<2>v)y— | "8 ,w<k>- (4.18)

[T |=k
Therefore, for all rooted trees t such that || = n + k, by substituting (4.18) into (4.17),

(et <l (2 ) [

7! T.v.B
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and we have

HX”* ﬁ‘<X"*Yk,r>

H = max ‘ —
T.v.B  |tl=n+tk,T trees [T|

<al T

5. Compatibility of our estimate with tree multiplication

We showed in the last section the multiplicative bound
N I P P 5.1
x| el T T X Y 51

with 8 > ci. That we can choose a large 8 is very useful. It will help us to annihilate any constant depending on k.
Suppose that X. . is a branched rough path and X{ , denotes the restriction of the branched rough path X on trees with
n vertices. Let (7o, ..., #;) be a partition for [s, 7], then in a similar spirit to Lyons 94’[6], we have

r—t Ly
Xift= lim YN xpHRexf (5.2)

li—tiy1|—00 %
It t+| i=0 k=1

We would like to apply the multiplicative bound (5.1) to estimate the Riemann sum

r1 Ly
DX T X (5:3)

i=0 k=1
T.v.B

A crucial point is that the biggest k can be here is L%J which is independent of n. The constant in front of

1X" 7,8 H Yk ”7- B in the multiplicative bound (5.1) is therefore independent of n. If we had use the following
formula instead (as in Lyons 98’ [7])

,
X't'= lim ZZX"“ e Xf L (5.4)

ti—ti 0
[ti—tit1]l—> i—0 k=1

then the biggest k can be is n, and the constant in (5.1) would depend on n. This is the fundamental reason why we
must use the approach in Lyons 94’ (5.2) instead of using (5.4) as in Lyons 98’.
After applying the bound (5.1) to estimate the Riemann sum (5.3), we should have a bound for the tree norm

+1
LN M

However, to use the multiplicative bound (5.1) for estimating the tree norm HX nt2 HT " , it is not enough to know

only the tree norm ” Xy "H HT . We must also know the forest norm H X ?J{l H That is why we must find a way

Y-8

of bounding the forest norm HX”Jrl H in terms of HX"Jrl HT 5 (with B > ﬂ), which we aim to achieve in this
Y

F.y.B
section through a lemma. We first present the form of our estimate.

Let A, (r, r") denote the m-dimensional simplex
{(s1,...,sm)eR’":r<sl <...<Spm <r/}.
For a one-dimensional path p, we will define

S (p)ss = / dp (s1)...dp (sm) .
Ay (s,1)
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For each a, b > 0 define a one-dimensional path p by
b 1 b
Define the function R;;™ (s, t) by

R (s, 1) = S™ (o™ )51

The construction of our estimate is based on the following lemma, which says that our estimate dominates the tail of
a binomial sum. Its proof can be found in the Appendix.

Lemma 18. Let N e NU{0}andn >N + 1. Forallu <s <t

Z (s —u)" I (t —s)/ - 1 ,R.iVH’n(sv 0. (5.5)

S =Dt T @=N-D!

The following lemma is the main result of this section and allows us to convert our bound from one about the tree
norm to the forest norm.

Lemma 19. (Compatibility with tree multiplication) Let 0 <y <1 and N = |y ~']. Let X be a y-branched rough
path. Let

en=3ITV "7 N+ 1) exp2 (N + 1), B=éy.
Suppose that foralln <M andu <s <t,

1 14
n—k k N+1,n
||k>NZHXu,s * XK N7y < [701 ke e t)} : (5.6)

Then foralln <M,

_ 1 4
I Z XZ,sk *Xﬁ,tl|f’y’ﬂ6;1 = [mR,ﬁVH’n(& t)]
k>N+1 !

We will once again need a series of lemmas. The first of which states that for factorial decay estimates the forest
norm || - || 7,,,p is the same as tree norm || - |7, 8-

Lemma 20. Let X € G. Let k > 0 and

k
B=exp[Y K (1—y)].

i=1

If there exists a > 0 such that

a’”
%", = S5 o0
then
ar”
1X" 75 = 5 (5.8)

Proof. By the assumption (5.7), for all rooted trees t such that |7| =n,

a’”

X0 = o
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Therefore, for any forest T = 77 ... 1, Where |T| =n and 77 ... T), are rooted trees, by the

X", )| = (X, 7)]
= (X, )] ... (X, T
0. G D PR T0. Gl Y

ar’”"
= gmly

which is equivalent to our desired factorial decay estimate (5.8). O

’

To extend estimates about rooted trees to estimates about forests, we usually need to carry out induction on the
number of components in the forest. To carry out such induction, the following algebraic identity is very useful.

Lemma 21. (Forest factorisation lemma) Let X, Y € G. Then for any forests T and T such thatn +k = |t| + |T|,

(X"x Y5 T8y = Y (xXITRph xR R F),
ki +ko=k

Proof. By definition of x and that the coproduct A is compatible with tree multiplication,
(X"« YK 77) = (X" @ Y*, A(rT))
=(X"® YK ATAT)
= Y (xn WOk @), (5.9)
[T @+17 =k

As n +k = ||+ |%| and that we are summing over |7®| + 17@| = k, we have in particular that n = |tV | + 17D in
the sum. As X € H*,

(x", T(l)f(l)) = (X, tMzM)
= (X, tM)x, D)
= (xI7"1 £y x V1 Dy,
Analogous expression also holds for (Y*, ‘r(z)f@) with the same proof. Therefore, by our earlier calculation (5.9)
and the definition of x,
(X" % YK, 7%)
= > (xITV1 2Oy x TV F Oy ple @1 L@y y P @)y
e @+ =k

= Y (xIThayh oyxlflayR §). o
k1+ko=k

The following lemma states that if we assume X" and Y* have factorial decay estimates, then the forest norm of
X" » Y* can be bounded by the tree norms of X" and Y*.

Lemma 22. (Multiplication is bounded in forest norm) Let X, Y € H*. Let k > 0 and

k
B=exp[ Y K1 —y)].

i=1
If there exists a > 0 and b > 0 such that

a’" bk
<< —_—

k
X7 = o 1), =
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then
a’nprk
< —,
Fyi's — mk)”

where & = ci((k + 1) | Te)' 7.

x|

Proof. We need to show that for all forests 7, and (n, k) such that n + k = ||,

~c(T) _ynpyk y

vt o = S (T
peory \ k

We shall prove it by induction on c¢(t). If n = 0, then present lemma directly follows from assumption and we will

henceforth assume n > 1. For c¢(t) = 1, note that in this case 7 is a tree. By the boundedness of group multiplication
in tree norm, Lemma 11, and that the tree norm of X is the same as the forest norm of X (see Lemma 20),

(5.10)

laynbyk

n k ki1=y o—
<
HX r HT,y,ﬂ <l T

which implies our desired estimate (5.10) in the case when t is a rooted tree. For the induction step, let T = 717>,
where 7] is a non-empty tree and 7 is a forest. If n + k = |7|, then by the forest factorisation lemma, Lemma 21, and
the induction hypothesis,

K = ‘(X”*Yk,rlrz)'

< Y0 XMy ) xRy )|
I+m=k
~ c(13) ki 1—y 14 Y
_ % ok | TH| RS lm\" (T2l
- IBC(rz)H (r1!T2))Y l m

I+m=k
Using the conventional concavity estimate for sum Zf‘il aiy <Ml (Ziﬂil a;)? and that & = cx ((k + )| T*]) ',

&) ey | T il (172l
K < a”" b (k+ 1) ( Z )
— Be(@)+1 (¢, 17,1
Be@HL (7y17,1) I+m=k ! "
3 & @)+ lT1] + |72\ ynpyk
= et (g, Y k ¢ ’

which in particular implies our desired estimate (5.10). O

We will also need the following binomial lemma that describes the product of our estimate over [s, t] with the
length of the overlapping interval [u, t], where u < s <t.

Lemma 23. (Binomial lemma for overlapping time intervals) Let N e NU{0}. Let n > N + 1 and m >0, and u <

s <t,
n! N+1,n m
m[\)u ’ (S,l) ([—M) (511)
|
(n+m)! RN+1’n+m(S,t). (5.12)

“m+m-N-D! "
The proof of Lemma 23 can be found in the Appendix.

Proof of the compatibility with tree multiplication, Lemma 20. We need to show that for all forests ,

n—k k é_N o(1) IT|! N+1,|7| y
|<k>ZN;1XM’S * X ,r)|<(l3 ) [—r!(lrl—N—l)!R” (s,0)]

and will do so via induction on ¢ (7). The case ¢ () = 1 follows directly from the assumption.
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By putting u = s in the assumed estimate (5.6) for trees and using (N + DV [(N + D! < exp (N + 1), we
have that for all forests T with 7| < M,

i (1t —s)rle!

[(Xsro7)| < ey

(5.13)

where Cy =exp (N + 1) and hence foralln < M and all s <t¢,

(t—s)r"

n
<
||Xs’t||]:vy’ﬁCNl = n!y

The estimate (5.13) in particular says that our estimate is a factorial decay estimate.
For the induction step, we let t; be a non-empty rooted tree and 7, be a forest such that T = t;75. By the forest
factorisation lemma, Lemma 21,

—k k
( Z XZ’X *XM,TIT2>

k>N+1
= Y I ext nyxlrE e xn, o)

I+m>N+1
=( 2+ >+ Y )X ex a)XET  X Y 1) (5.14)

I>N+1  I<N Lim<N

m>N+1 N+1-I<m

We will denote the three terms in this decomposition (5.14) as K1, K> and K3 respectively. Using the assumed estimate
(5.6) for trees and factorial decay estimate (5.13),

Ki=| Y (xInaext op(x 2w x, o). (5.15)
[>N+1
c(t2) ' — )2l
_ Sy [ |za! R,iv"'l’lr‘l(s,t)w]y. (5.16)
@ Lol (lm| =N = D! 7!

Using the binomial lemma for overlapping intervals, Lemma 23,

ci™ ! v

K<L [ i R{,V+1~'f'(s,r)] . (5.17)
Be@ Lzl (x| — N —1)!

We now estimate the second term in the decomposition (5.14). Using that multiplication is bounded in tree norm (see
Lemma 22, applicable as 8 > exp (31| N')) and the factorial decay estimate (5.13),

EnC2 o\’
X x| < 2 (' ") (s =y (110 ¢ — 5!

I<N prl I<N !
ENCR(N 4+ D77 v
_NCRW D (Z('”')(s—u)”f"—’)(r—s)l) (5.18)
gl AN
cNCRy(N + D)7
LNCYWNFD T (5.19)
Bt v
Applying the induction hypothesis and (5.19),
Ka=| Y (xXx! o) xR xl, o).
I<SN,m>N+1
3 ENC%V(NH)]—W%”)[ T2l =0 0]
- pe® D! (T2l =N = Dirg! ’

By the binomial lemma for overlapping intervals (5.11)
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B ENCE(N + 1)l -7 &™) [ 7!
2= pe® (T — N —1)!
Finally, we estimate the third term in the decomposition (5.14) at the beginning of this proof. By factorial decay

estimate (5.13) and applying Lemma 22, which asserts that the multiplication is bounded in forest norm for factorial
decay estimates,

R,ﬂv+1"’|(s,t)]y. (5.20)

K3:=| Z (X X xR e X )|
I,m<N
N+1—I<m
-y (cl,N)dr)((m) (|T2|> (s —w - s)’+’")y
- 75!
LN B l m T1!T)!
N+1—-I<m

where ¢j vy = ¢y C%,. By the conventional concavity estimate for sum Zlﬁil al <M @),

c(7) |T|—=l—m I+m
N [Tl (T2 (s —u) (t—s) ¥
K3§<,3> (,Z (1)(’") T1!7)! )"

Jm<N
N+1—I<m

where ¢ y = (N + 1)2=7)éy C%,. Using the binomial identity Y, (") (%) = = ("),

v\ (s — )% @ —s)k (17
w=(F) (2 ()

T1!T)!
N+1<k 1tz

As our estimate dominates the tail of the binomial sum (see Lemma 18),

c(T) 14
C2,N I7|! N+1,|z|
Ky <|— ———— R ’ t . 5.21
3_( B ) |:r!(|r|—N—1)! u (s,0) ( )

Therefore, substituting the estimates for K (5.17), K3 (5.20) and K3 (5.21) into the decomposition (5.14), we have
€D X x|

k>N+1
< BO(CEY + (N + D2ay Q) +an R (N + 1) 7 E T
7|! N+1,|
X (————— RNl (5 1))
== )

and the Lemma follows by 3¢y C% (N + D?17) <éy. O
6. The proof

Let X be a y-branched rough path and let N = [y ~!'|. We will use the following identity that is implicit in
Gubinelli’s construction of iterated integrals of branched rough path (see Theorem 7.3 in [4])

m—1 N
n+1 _ 1; n+1—k k
Xs,t - |7£1|E0 Z Z XSJi * Xti,lfﬂ’ (6.1)
i=0 k=1

for n > N + 1, where the limit is taken as the mesh size max;, ¢p |t;+1 — ;| of the partition
P=0=t<...<tp,=1)

goes to zero. Alternatively, one can check directly that the limit on the right hand side of (6.1) converges, has the
multiplicative property and is y-Holder, which by Theorem 7.3 in [4] would imply (6.1). We will estimate the double
sum on the right hand side in (6.1) by dropping points successively from the partition P. The following lemma carries
out the algebra of removing partition points from a Riemann sum.
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Lemma 24. Let X be a y-branched rough path and let N = |y ~'|. For each partition P of the interval [s, t], define
XPn10,1] x [0, 1] > H* such that

Z Z X t, fi+1

eP 1<k<N

Then for any ¢; € P,

Z XZ, k (XP k XP\{t }k) 6.2)
k>N—+1
k k
= > Xu " 2k X,] RPED CAPI (6.3)
kao+k3>N+1
15](351\’

Proof. Note first that
Xf,k—Xp\{t’}k Z xk=l , x! + Xk x! _xk=l L x!

S,tj—1 tj—1,t; .1 titjt1 S,1j—1 fi—1,0j41°
I<I<N

By applying the multiplicativity of X to the third term,

P.k PAtj)k _ k—lp—1 I I3
Xsi — Xy ! Z X t,21 ’ Xt5_|,tj * Xt;,tj_H' (6.4)
1<l3<N
h>N+1-13
From this, we observe that X;. P k_ X, P\ 1 1s nonzero only when k > N + 1. Therefore,
Z X" XP k P\{t,} k ZX XP k_ XP\{t,} k) (6.5)

k>N+1

By substituting (6.4) into (6.5) and applying the associativity of x, we see that

n—k P.k P\{t}k n—lh—I I I3
§ Xi e (X — X )= § X *Xe X4, O
k>N+1 l=h=N
bL>N+1-[3

We now once again require some binomial-type lemmas which we will prove in the Appendix. The following says
that our estimate is decreasing in some sense.

Lemma 25. Forall0<k<m<nandu <s <t,

1 expm

m,n m—k,n
L Ly YRR (6.6)

The following is at the heart of the proof of our main result. It describes the product of our estimates over adjacent
time intervals.

Lemma 26. (Chen’s identity for R function) Forallu <v <s <tand N +1<n,

vk
ZRN+1 —k,n— k(v )}/( ) (N+1)l_yRN+l’n(U,t)y-
k=1 (k')y '

The following result gives an estimate for the remainder of a coproduct sum of branched rough paths. It may
look like we are proving more than the factorial decay result we need, but in fact such estimate provides exactly the
necessary induction hypothesis to prove the factorial decay estimate.
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Lemma 27. Let 0 <y < 1 and N = |y~ '|. Let X be a y-branched rough path. If for any 0 <n < N,

(t—s)"

T (6.7)

1X5 l7.y.8 <

and

N+1 \ > (N+1y
B > 6exp (72(1\’“)!)2(,—“) |Tw |t (6.8)

i=1 r=2

then the following holds for all n,

Y
Ry, r)] Un=N+1)- (6.9)

Z Xr, k*X I7.y.8 < -
AREVP =1 (n = N = 1)!

k>N+1

Proof. We shall prove this by induction on n. The base induction n = N is trivial as both sides in equation (6.9) is
zero. By the induction hypothesis and the compatibility of our estimate with tree multiplication (Lemma 19), for all
m<n,

1 Y
m—l I N+1,m
I l>%;r1 Xis > Xl Foyiy'p = |:(m4— N _ 1)!Ru (s, l):| Lm=N+1)

and as our estimate is decreasing (see Lemma 25),
I ol exp(N +1) Y
I D2 Xus X lr e = [WRZ""(M) LmzN-+1)s
[=N+1 ’

forany 1 <r < N. As multiplication is bounded in forest norm (see Lemma 22) for factorial decay estimates, we have
foralll <r <N,

ml
L=l XU Xl even s

r<I<N

m—I
< 2 X I even s 1X5 T vt

r<I<N

As our estimate is a factorial decay estimate,

K<y G- w0 (1 — 5)7!
it (m =Dy '

By the conventional concavity estimate for sum,

K'sN+D"7( )

r<I<N

(s—w)mDa—st,
(m — D!

By the binomial Lemma which bounds the remainder of a binomial sum by our estimate (Lemma 18),

K'<(N+ 1)“?[ R (s, t)]y.

(m—r)!
In particular, since ¢y > ¢yCy, forall r < N,
1 Y
I ;‘Xm Lo x! gy ecig < cs [mR{;m(s, t)] , (6.10)
r<

where ¢5, ;v =2exp(N + 1). Note first that as multiplication x is bounded in tree norm (Lemma 11),
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n—l—k , yl k
I Z Xty * Xty ijy’m”’f,%%lﬂ

1<k<N
I>N+1-k

—1 n—Il—k )
=cnp Z I Z X, tj-1 Xt, 1.t ”f,y,é;,lﬂ”Xt, tjt1 ”’T,y,é;,lﬁ‘
I<k<N [>N+l—k

By our assumption that we have a factorial decay estimate for X', ..., XV (see (6.7)) and (6.10),
n— l k k k
Z X th 1. ||}-,y’5;]1/3||xzj,zj+1 ”7—,)/,5;,1/3
l>N+1 —k
k
1 N+1—kn—k (tj+1=1)" 3
<c —_— > ti—1,tj]))——————| .
= S’N[(n—N—l)! u (=1 1) =] ]

By Chen’s identity for R function, Lemma 26,
n— l k
Z Z X ’J ltJ”]:VC ﬁ” tj’tj+l||TVC B
I<k<N I=N+1—k
S C6,N [ 1
B tn—N-—-1)!

where cg vy = c5, 8 (N + 1)!=7 . Note that by explicit computation, there is some constant cy , independent of u, vy, v2
such that

RY*MM (o, t40)]” (6.11)

n n N+1
RN Y (01, v2) = ey [ (02 = )T = (01— 1) ¥4

Since

r

1
(11 =) ™7 = (tjm1 = u) ¥
1

J
_n_ _n_
52(@ —u) N+ — (s _M)N-H),
there exists a j such that
(101 =)™ = (11 =) 7
<

2 _n_ n
< 1 (([—M)N+l —(S—M)NJrl

r —

) . 6.12)

As (6.12) would still hold if we replace % by 1, we have

n n

(tj 41 =) VT = (tjo1 —u) VT

S<rilA1>((t—u)NL+n_(s_u)NL+l)

Using this particular j in the expression (6.11) as well as the algebraic Lemma 24, we have

—k Pk P\@j).k
Z Xn X Xs,t ! )”7"%5;]1/3
k>N+1

(N+1)
< Co.N 2 Al V;RNJH‘H(S )Y
- B \r—1 m—N-DlIr * O

By iteratively removing points and observing that

Xt =0
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for k > N + 1, we have that for all partitions P,

k
Y X X e
k>N+1
o0

(N+1)y
<C6—’NZ 2 Al ;RN“’”(M)"-
- B r—1 m—N-DIr

r=2

In particular,

1Y Xi X iy

k>N+1
m
=cnll D Xid Xy e
k>N+1
A 00 (N+1)y
< C6,NCN Z 2 /\1 ;RN‘FI,H(S t))/
- B r—1 (m—N-=-DWr " A

r=2
We have the desired estimate if we let |[?| — 0 and choose

(N+Dy
,3>CGNCNZ<—/\1> . O

Proof of main result Theorem 4. Let Cy denote the right hand side of (6.8). For X € H*, let ||-|| denote the follow-
ing normalised Holder norm of X for degrees up to N,

IXI=  max_ (X o@D
1<|t|<N,t trees ’
where Holder norm || - ||, ; of each degree is define in (1.5) in the definition of branched rough path. Applying
Lemma 27, which we have just proved, to the branched rough path Y defined for each rooted tree T by
1

(Ys,ta T)= W(xv
(NHIXIDT™ Cy

tvt)

with g = éN, we have by taking u = s that for |[t| > N + 1,

I7]! N+1,|7| Y
Xus 7)< = —  _RNFLITly pyy
{Xup, T) = . N [T!(|T|—N—1)! u (u,1)
2exp (N +1 ag) (= )Y
L2 (VD )(N!||X||)V‘T|C1|\f‘7( Tlfy) . O

N

7. Appendix: Binomial-type lemmas

Lemma. Let N e NU{0} andn> N + 1. Forallu <s <t

i C—w" =5 _ 1 RVHLAG 1),
S =Dyt T e=N=DU ’

Proof. The following identity can be proved using an induction on N or Taylor’s theorem,

o —w)" T (—s)!
7= 7.1
jg;] (n— ! (7.1)
1
S Gu-N-D / (s1 —u)" N lds; .. dsyr. (7.2)

ANy1(s,1)
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Note that as we are integrating over the domain s; < s2... < Sy4+1,

1 n—N-1
me / HlN:+ll (s,-—u) N+1 dS]...dSN+]
AVERICR))

) (N_“ (- u)N"H)
s,t

T=—N-1) n

1
:mRZ{V-FLn(S,t). O

Lemma. (Binomial lemma for overlapping intervals) Let N e NU{0}. Letn > N+ 1 andm >0, andu <s <t,

n!
— RNt (@ —uw)” 7.3
vk e - (13)
!
< (n+—m)'R’i\’+1’"+m(S’ 7). (7.4)
n+m—N-—1)!
Proof. Using that for any b > a and ¢ > d, c(b — a) < (bc — ad),
RNFL (s 1) (t — u)™
_[(t—u)NLH—(s—u)NLH]NH(I—u)’"
B (N +1)!
[t —uw) ¥ — (s —u) ¥ V!
<
B (N+1)!
= RNTLotm(g 1), (7.5)
The lemma now follows by noting that as n +m > n,
' N 1 N+1 | N 1 N+1
z ha < oEm + D (7.6)
(n—N—-1)! n m+m—-—N-D'\n+m
Lemma. (The estimate is decreasing) For all 0 <k <m <nandu <s <t,
1 expm —k
— R™"(s,t) < ————— RN (s, 1). 7.7
n—m) " (s )_(n—m—i—k)! u (s,0) (7.7)

Proof. Since forany p > 1anda > b, (a — b)? <aP — b?,
1
/e m,n
J = 7(’1 — m)!R” (s, 1)
n n m
—u)ym — (s — u)%)

1 a(C
=i () —
n n \m—k
1 m ((t—u)m—(s—u)ﬂ>
i () —

As ""n—m <exp(m),n™(n —m)! > n"%(n —m + k)! and

| =

7 < exp (m) m—k
T (n—m+k)! n
_ exp (m) m—k.n
_7(n—m+k)!R” (s,t). O

IA

(n )mfk

n—k
(m—k)!

2]"

m—k

et (0 =0T = (s — )77 )
(m — )
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Lemma 28. (Binomial lemma for adjacent intervals) Let 0 <k <m <nandu <s <t <, then
k
v—t ik ntk
R (s, 1 g o ) S® (e ) . (7.8)
‘ k! 5.1 1,0

Proof. Recall that

—k n
-ty 5o0 (T i)

n s\t

In the third line below, we used that s; > s; form —k+1<j<mand 1 <i <m—k,

§(m—Fk) m —k (- u)m”—k - t)k
n st K!

n+k
o

—m
odsy...dspm—k

m—k
- / 7K (s — u)
S<S] <o <Sp_i <t

X / dsm—k+1-..-dsy

1<Sp—k41<...<Sm <V

n+k—m
m

v dsy ... dsy, g

< / I (si — u)

§<S] <..<Sp—k <t

m ntk—m
X n[:m—k+1 (si —u) m dsy—ga1...dsy

F<Sp—k+41<...<Sm <V

— §m=hk) Mmook s M .0
n—i—k( “) 5.t n—i—k( u) o

Corollary 29. (Chen’s identity for R function) Forallu <v <s <tand N +1<n,

N

o (t —s)r* -
ZRQ]—H k.n k(v’s)yW <(N+ 1)1 J’R’iv-i-l,ﬂ(v, l)y.
k=1 )

Proof. By the binomial Lemma for adjacent intervals, Lemma 28,

(t —s)7k
(k)Y

< [S(N+]fk) (,OF) RG] (Iobfvﬁ) ]7/.
v,§ s,t

From here we use the classical concavity estimate for sums and Chen’s identity (see for example Theorem 2.1.2 in
[7]) to obtain

R}i\/-‘rl—k,n—k(v’ S)y

r—s)rk
Z RliV-Fl—k,n—k(v’S)y( )

!
1<k<N &y
N n _n_
<N+ D[ SN () sO (), T
k=1
n \V
< S(N—H) (puNﬂ) .0 (7.9)
vt
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