Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

» S, ANALYSE
NON LINEAIRE

ELSEVIER Ann. I. H. Poincaré — AN 35 (2018) 1079-1118

www.elsevier.com/locate/anihpc

The Cahn—Hilliard—Hele—Shaw system with singular potential

Andrea Giorgini *, Maurizio Grasselli *, Hao Wu ™*

& Dipartimento di Matematica, Politecnico di Milano, Milano 20133, Italy
b School of Mathematical Sciences and Shanghai Key Laboratory for Contemporary Applied Mathematics, Fudan University,
Shanghai 200433, China

Received 15 June 2017; received in revised form 5 September 2017; accepted 12 October 2017
Available online 6 November 2017

Abstract

The Cahn-Hilliard—-Hele—Shaw system is a fundamental diffuse-interface model for an incompressible binary fluid confined
in a Hele—Shaw cell. It consists of a convective Cahn—Hilliard equation in which the velocity u is subject to a Korteweg force
through Darcy’s equation. In this paper, we aim to investigate the system with a physically relevant potential (i.e., of logarithmic
type). This choice ensures that the (relative) concentration difference ¢ takes values within the admissible range. To the best of our
knowledge, essentially all the available contributions in the literature are concerned with a regular approximation of the singular
potential. Here we first prove the existence of a global weak solution with finite energy that satisfies an energy dissipative property.
Then, in dimension two, we further obtain the uniqueness and regularity of global weak solutions. In particular, we show that any
two-dimensional weak solution satisfies the so-called strict separation property, namely, if ¢ is not a pure state at some initial time,
then it stays instantaneously away from the pure states. When the spatial dimension is three, we prove the existence of a unique
global strong solution, provided that the initial datum is regular enough and sufficiently close to any local minimizer of the free
energy. This also yields the local Lyapunov stability of the local minimizer itself. Finally, we prove that under suitable assumptions
any global solution converges to a single equilibrium as time goes to infinity.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Topological transitions of interfaces between macroscopically immiscible fluids are essential phenomena in fluid
dynamics. Typical examples of such changes in the multi-component fluid topology are pinch-off and reconnection
(see, e.g., [25]). Through the diffuse-interface method, such phenomena occurring in a fluid mixture confined in a
Hele—Shaw cell are described by the so-called Cahn—Hilliard—Hele—Shaw system. This model has been proposed
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in [25] as a simplification of the well-known “model H” in which the Navier—Stokes system is coupled with the
convective Cahn—Hilliard equation (see, e.g., [22]). In the Boussinesq limit, taking the density to be a constant (the
case of matched densities) and neglecting gravity, the resulting system takes the following form

u=—-VP 4+ uVe,
divu =0,

ortu-Vo=Au,
n=—Ap+ ¥ (p),

in Q x (0, 7). (1.1)

Throughout this paper, we assume that @ € R?, d =2, 3, is a bounded domain with a sufficiently smooth boundary
d€2. System (1.1) is usually subject to the following natural boundary and initial conditions

{u~n=8nu=3n<p=0, on 99 x (0, T), 12

¢(-,0)=¢o, ing.

where n is the unit outward normal vector to the boundary 9€2. In (1.1), u is the averaged fluid velocity, P is the
pressure, the order parameter (or phase field) ¢ stands for the relative concentration difference (i.e., the difference in
volume fractions) and u is the chemical potential for ¢. Physical parameters in (1.1) have been scaled to be one, since
they do not play a role in the subsequent analysis.

The total free energy of system (1.1) is of Ginzburg—Landau type

1
E@) =/ (5|w|2 +\If(go>) dx, (1.3)
Q

which accounts for interfacial energy and unmixing tendencies of the binary mixture. The potential function W is
given by (see [7])

® O ,
Y(s) = 5 [(1 +s)log(1+s)+ (1 —s)log(1 — s)] — 75 , se[—1,1], (1.4)

in which ® denotes the absolute temperature of the mixture, while @ is the critical temperature such thatif 0 < ® <
®y then the phase separation process takes place. We recall that, in the literature, the potential stated in (1.4) whose
first derivative W’ (s) is singular at £1, is very often approximated by a fourth—order polynomial, namely

Wo(s) = %(ﬁ — 1%, seR, (1.5)

where k > 0 is a constant related to ®¢. This regular approximation is justified whenever ® is close to ®¢. Nonethe-
less, if W is replaced with the regular potential Wy then it is impossible to ensure that ¢ takes value in the physically
admissible interval [—1, 1], since the fourth-order Cahn—Hilliard equation does not enjoy a maximum principle.

In spite of its apparent simplicity, system (1.1) is quite challenging from the theoretical point of view. Most of the
available papers are rather recent and only treat the regular potential case (1.5). In the periodic setting, existence and
uniqueness of global classical solutions in dimension two and the existence of local strong solutions along with certain
blow-up criteria in dimension three were proven in [35]. In the same setting, the long-time behavior of global solutions
and the stability of local energy minimizers in both two and three dimensions were analyzed in [34]. System (1.1)
endowed with boundary conditions (1.2) in a special domain (a box or a rectangle) was considered in [26], where
existence, uniqueness and regularity of global two-dimensional (or local three-dimensional) strong solutions were
established. In addition, the authors proved the (local) exponential stability of a constant state (i.e., the average of total
mass for the initial datum) outside the spinodal region under suitable smallness assumptions either on the initial data
or the domain size. The sharp-interface limit of (1.1) and its variant was investigated quite recently in [13,27]. Besides,
relationship between the original system (1.1) and the Cahn-Hilliard—Brinkman model (namely, with a regularizing
term — Au on the left-hand side of the first equation in (1.1)) was investigated in [5]. We also refer to [12] for nonlocal
versions of Cahn—Hilliard—Brinkman/Cahn-Hilliard—-Hele—Shaw models with regular potential (1.5) and to [9] for the
Cahn—Hilliard—Brinkman model with singular potential (1.4) and nonconstant viscosity. It is also worth mentioning
that, in the recent paper [23], the authors analyze a variant of (1.1) with regular potential (1.5) and div # = S, where
S is a given space-time dependent mass source that also appears as a forcing term in the Cahn—Hilliard equation.
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The existence of global weak solutions and local strong solutions is proven. In addition, the authors investigate the
long-time behavior in dimension two. More precisely, they demonstrate the existence of a pullback attractor and the
convergence of any global weak solution to a single equilibrium as t — +00. Another recent contribution is concerned
with the case of unmatched densities (see [11]). The authors demonstrate the existence of a weak solution, discuss the
sharp interface limit and present several numerical computations. Regarding the latter issue, in the case of matched
densities, see [14], which contains some theoretical results as well, and [36]. It is also worth mentioning that system
(1.1) plays a basic role in mixture models for tumor growth (see, e.g., [17] and references therein).

The goal of this paper is to provide a fairly complete analysis of the initial boundary value problem (1.1)—(1.2) when
W is singular (e.g., W satisfies the physically relevant case (1.4)). First, we establish the existence of a global weak
solution with finite energy in both two and three dimensions (see Theorem 2.1). Then we show that any finite energy
solution satisfies a dissipative energy inequality (see Theorem 2.2), which provides a base to study the long-time
behavior of the system.

In two dimensions, further results can be obtained. First of all, we demonstrate the uniqueness (up to a constant) of
global weak solutions (u, P, ¢) with finite energy along with a continuous dependence estimate (see Theorem 2.3).
This result is somewhat surprising, since the same problem remains an open issue for the case with regular potentials
like (1.5) (see, e.g., [23]). The goal can be achieved mainly due to the singular nature of the potential W, which
yields a L*>°-estimate on ¢ as well as the additional regularity ¢ € L*(0, T; H>($2)) within the class of global weak
solutions. Then we show that every global weak solution regularizes in finite time and, in particular, we prove the
validity of the so-called strict separation property for ¢ (see Theorem 2.4). This means that any global weak solution
stays instantaneously away from the pure states 1 provided that it is not a pure state at = 0, which is ensured by the
assumption Q! fQ podx € (—1, 1), |2| being the Lebesgue measure of 2 (see also [9,16,19,28] for other models).
In particular, the obtained estimates are uniform with respect to bounds on the initial energy and the spatial average.
(see Theorem 2.4). Moreover, a similar argument easily yields the existence of a unique global strong solution to
(1.1)—(1.2) for arbitrary regular initial datum ¢g. Low regularity of the fluid velocity u that satisfies a Darcy’s equation
brings us several extra difficulties in the proof. This complexity seems a hard task to overcome in three dimensions (cf.
[34,35,23,26]) unless some restrictions are imposed. For instance, we are able to show that if the initial datum is regular
and sufficiently close to a local energy minimizer of the total energy £ (see (1.3)), then the system admits a unique
(up to a constant) global strong solution (u, P, ¢) such that ¢ stays in a small neighborhood of that minimizer for all
t > 0 (see Theorem 2.5). This immediately yields a local Lyapunov stability property for any local energy minimizer
of £. One of the main difficulties in the proof is that we require ¢ to be strictly separated from the pure states £1
uniformly in time. This issue is nontrivial due to the loss of maximum principle for Cahn-Hilliard type equations
and the argument for the two dimensional case in Theorem 2.4 does not apply. Combining the Lojasiewicz—Simon
approach (see, e.g., [32]) with suitable interpolation inequalities, we overcome this obstacle and achieve our goal near
local minimizers of £, where the “drop” of total energy is ensured to be small during the whole evolution.

The convergence to a single equilibrium of global solutions to the Cahn—Hilliard equation is nontrivial, since the
topology of the set of equilibria can be rather complicated in higher space dimensions (i.e., d > 2) and it may form
a continuum (see e.g., [31]). Employing a Lojasiewicz—Simon type inequality (see Lemma 6.2), we prove that under
a suitable assumption on the singular potential (i.e., the real analyticity in (—1, 1)), any global strong solution to
problem (1.1)—(1.2) does converge to a single equilibrium as t — 400 (see Theorem 2.6). In dimension two, this is
also true for any global weak solution, owing to the strong separation property given in Theorem 2.4. Finally, we give
a result on the exponential stability of the averaged initial mass @, provided that this constant state is assumed to
be outside the spinodal region for W (see Theorem 6.2). This follows from the same argument devised in [26] for a
regular potential (1.5).

The plan of this paper goes as follows. In the next section, we introduce function spaces and interpolation inequali-
ties that will be used in our subsequent analysis, as well as a summary of our main mathematical results. In Section 3,
we establish the existence of global weak solutions in two and three dimensions. Section 4 is devoted to the unique-
ness of weak solutions in dimension two, while high-order regularity and the strict separation property are proved in
Section 5. In the final Section 6, we first prove the existence of a unique global strong solution near any local energy
minimizer as well as its Lyapunov stability in dimension three. Then we show the convergence to a single equilibrium
for any bounded regular solution as ¢t — +o00. This result applies to the strong solutions close to the local minimizers
but, in two dimensions, it applies to any weak solution. Some useful lemmas on an elliptic equation with a monotone
singular term are reported in Appendix.
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2. Mathematical setting and main results
2.1. Notation and function spaces

Let X be a (real) Banach or Hilbert space, whose norm is denoted by || - ||x. X’ indicates the dual space of X
and (-, ) denotes the corresponding duality product. The boldface letter X stands for the vectorial space X¢ endowed
with the product structure (d is the spatial dimension). We denote by L”(£2) and wWkP(Q), k e N and p €[l,+o0],
the usual Lebesgue spaces and Sobolev spaces of real measurable functions on the domain . We indicate by H*(2)
the Hilbert spaces Wk’z(Q) with respect to the scalar product (u, v); = Z|£|<k fQ Déu(x)D5v(x)dx (¢ = (&1, ..., L)
being a multi-index) and the induced norm [lu|| g q) = A/ {u, u)g. Given an interval I of R™, we introduce the function
space LP(I; X) with p € [1, +00], which consists of Bochner measurable p-integrable functions with values in the
Banach space X.

We set H = L%(2). Its inner product and the associated norm are denoted by (-, -) and || - ||, respectively. Then we
set V = H'(Q) endowed with the norm || £||3, = ||V f||> + || f||>. For every f € V' = (H'())’, we denote by f the
average of function f over 2 such that

— 1
f=7(f1).
|€2]
Then we recall the following Poincaré’s inequality
If = FI=CPIVSIl. VYfeV, 2.1

where Cp is a constant depending only on d and 2. We introduce the linear spaces
Vo={ueV:u=0)}, LiQ={ueH:u=0}, Vj={ueV':u=0},

and we consider the linear operator A € L(V, V') defined by

(Au,v):fVu-Vvdx, Yu,veV.
Q

The restriction of A from Vj onto Vj is an isomorphism. In particular, A is positively defined on Vj and self-adjoint.
We denote its inverse map by N = A~!: V§ — Vo. Note that for every f € Vj, u =N f €V is the unique weak
solution of the Neumann problem

—Au=f, inQ,
Oonu =0, on 0%2.

Besides, we have

(Au,Nf):(u,f), YuelV, VfEVé, 2.2)
FNg) = (N f g) = / V) - VNg)dx, Y/.ge Vi 23)
Q

For any f € V, we set 1flly; = VA f]. It is well-known that f — I flly; and f — (If — fl%, + |7|2)% are
0
equivalent norms on Vjj and V', respectively. Besides, according to Poincaré’s inequality (2.1), we have that f —

IV FI? + |?|2)% is an equivalent norm on V. We also report the following standard Hilbert interpolation inequality
and elliptic estimates for the Neumann problem

3 1
AL UAIGAVFI2, Y F eV, (2.4)
IVN fllge) < Clfllgr-1@y. Y FeH @ NLI(Q), k=12 (2.5)

Next, for the velocity vector field u, we introduce the Hilbert space of solenoidal vector fields
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H, ={uecl’):divu=0in, u-n=0o0n0dQ},
endowed with the usual norm || - [y 2(q). Let IT be the orthogonal Leray projection in H = L2(Q) on H,. It is well
known that every vector field # € H can be uniquely represented as

u=v+ VP,

where v = [lu € H, and P € Vj. We recall that IT is a bounded operator from WP (Q) (1 < p < o0, k > 0) into
itself (cf. [18, Lemma 3.3]), namely

My < Cllullwes. YueWP(Q), (2.6)

where the constant C is independent of u. On the other hand, if u € wk.p (2), with 1 < p < oo, then from VP =
u — ITu we see that P can be the unique solution of the Neumann problem

—AP =divu, in €2,

2.7)
P =u-n, on 02,

satisfying P = 0. Hence, it follows that P € W*+1.7(Q) by the classical elliptic regularity results for the Neumann
problem. In addition, solenoidal vector fields in V = H'(Q) satisfy the following inequality (see e.g., [20, Theo-
rem 3.8])

lullv <C(IV xull+llul), YueVNH,, (2.8)

for some constant C independent of u.
For the reader’s convenience, we recall here some well-known interpolation inequalities in Sobolev spaces which
can be found in classical literature (see e.g. [6,33]):

¢ Ladyzhenskaya’s inequality

1 1 .
I flla =CUFIZISNly, VeV, ifd=2. (2.9)
¢ Agmon’s inequality
1 1 .
Il < CILAIR IS N oy Y S € H*(Q), ifd =2, (2.10)
1 1
Ifles@) < CIFIGN Gy Y f € HX(Q), ifd=3. @.11)

¢ Gagliardo—Nirenberg inequality

1D fllzr@) < CIA It 1 1mrgye ¥ F € W™ ()N LIS,

where j, m are arbitrary integers satisfying 0 < j < m and % <a<l,and 1 <gq,r <+o0 such that

1 1 m 1
———=a(———>+(l—a)—.
r o d q

If 1 <r <+4o0and m — j — 7 is a nonnegative integer, then the above inequality holds only for r’; <a<l.

Also, we recall the following standard results on the differentiation of a product in Sobolev spaces (d =2, 3):

I fellv < C(Ilfllvllglle(m + IIfIILoO(mIIgIIv), VfgeVNLTQ), (2.12)
Ifglv =< C(||f||W1-4(Q)”g||L4(Q) + IIfIILoo(mllgllv), Viewh*Q), geV, (2.13)
I fellm2 @) < C(||f||H2(Q)”g||L°O(SZ) + ||f||Loo(sz>||g||Hz(Q>), vV f.g € H (). (2.14)

Throughout the paper, if it is not otherwise stated, we indicate by C a generic positive constant depending only on
the domain and on structural quantities. The constant C may vary from line to line and even within the same line. Any
further dependence will be explicitly pointed out if necessary.
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2.2. Main results
Our assumptions on the singular potential W are the following:

(H) W can be decomposed into the form

®
W(s) = S(s) — 7°s2, Vsel[—1,1], (2.15)
where the function S : [—1, 1]+~ R satisfies S € C([—1, 1) N CZ(—l, 1),
lim S'(s) =—o00, lim S'(s)=+o0,
s—>—1t s—>1-

§"(s)>0®>0, Vse(-1,1),
with the constants ®g, © satisfying
) —0:=a>0.

In addition, there exists « € (0, 1) such that §” is nondecreasing in [1 — «, 1) and nonincreasing in (—1, —1 +«].
Without loss of generality, we assume S(0) = S’(0) = 0. Finally, we make the extension that

S(s) =400, forall |s|>1.

Remark 2.1. Assumption (H) is satisfied in the case of the logarithmic double-well potential (1.4) with
®
S(s) = ) [(1 +s)log(1 +s) 4+ (1 —s)log(l — s)] , Vsel[-1,1]. (2.16)
The case ®y — © < 0 is easier, since in this case the potential V is already convex and we can simply consider ¥
without the decomposition (2.15).

Next, we introduce the notion of finite energy weak solution to the initial boundary value problem (1.1)—(1.2).
Definition 2.1. Let ¢y € V be such that S(gy) € L' () and 9o € (—1,1). For T >0, a triple (u, P, ¢) is a weak
solution with finite energy to problem (1.1)—(1.2) on the time interval [0, T], if

ueL*0.T:Hy), PeL5(0,T:Vp),

@ e L™, T; V)NL*0,T; H*(Q)NHY0,T; V),

@ € L®(Q x (0, T)) with |g(x,1)| < 1ae. (x,1) e Q2x(0,T),
W(p) € L¥(O, T; L'(Q), W(p) € L*0,T; H),

peL*O,T;V),
and

(pr, V) + (@ -Vo,v)+ (Vu,Vv)=0, VveV,aete(,T), (2.17)
where

u=—-Ap+¥(p), u=-VP+uVe ae (x,t)eQx(0,T). (2.18)

Moreover, dn¢ = 0 and ¢(-, 0) = @o almost everywhere on 02 x (0, T) and in 2, respectively.

Remark 2.2. According to the Darcy’s equation for u, the above Definition 2.1 for weak solutions is equivalent to the
following weak formulation

/u-vdx:/qu-vdx,
Q

Q

fVP-VIﬁdXZ/MV(p~V1ﬂdx,
Q

Q
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for almost every t € (0, T) and for any v € Hy, Y € V. Thus, the pressure P is recovered by the second equation. In
addition, in light of the boundary conditions and the identity

1 .
1Vg = V(31Vel + ¥(p)) - div(Ve & Vo).
we can rewrite the weak formulation of Darcy’s equation as

/u~vdx=/<pV,u-vdx=—/div(V<p®V(p)-vdx. (2.19)
Q Q Q

We can now state the main results of this paper. The first result concerns the existence of global weak solutions, in
both two and three dimensions.

Theorem 2.1 (Global weak solutions with finite energy). Let d =2, 3. Assume that (H) is satisfied and ¢o € V with
S(po) € L' (Q) and |@y| < 1. Then, for any T > 0, there exists at least one weak solution with finite energy (u, P, ¢)
to problem (1.1)—(1.2) on [0, T] in the sense of Definition 2.1 such that, in addition,

uel®0,T;V), PelLi0,T;H*Q)),
9 €C([0,T], V)NL*O, T; W>P(Q)),
W' (p) € L*(0, T; LP (),

wheres:%ifd:30rse[l,%) ifd:Z;q:%isd=30r1§q<gifd=2;p=6ifd=30r2§p<ooif
d = 2. Moreover; every weak solution satisfies the energy identity

d

FE@O) + O + IVp®|? =0,  forae t€(0,T), (2.20)
as well as the mass conservation

/q)(t)dx:/q)odx, Vrel0,T]. (2.21)

Q Q

Remark 2.3. The assumption |¢gy| < 1 indicates that the initial datum is not allowed to be a pure state (i.e. £1). On
the other hand, we observe that if the initial datum is a pure state then no separation process will take place because
we now have a single fluid. We recall that a result similar to Theorem 2.1 was obtained as a by-product in [10] by
assuming a homogeneous Dirichlet boundary condition for (L.

Next, we show that any global weak solution is dissipative, namely,

Theorem 2.2 (Dissipativity). Let the assumptions of Theorem 2.1 hold. Then, any global weak solution with finite
energy (u, P, ) satisfies the following dissipative estimate

t+1
g+ [ (1P + IVumIP)dr = Cee™ +C. e =0,

t

where w and C are positive constants independent of the initial datum. Moreover, we have for all t > 0

t+1
f (llw(ﬂll‘},z(g) + e @2 q) + ||S/<¢<r)>||%,,(m) dr < (CE((po)e_“” + c)

t

2
’

where p =6 if d =3 or p € [2,400) if d = 2. Here, the positive constant C depends on ¢y € (—1,1) and the
parameter p, but is independent of other norms of the initial datum.



1086 A. Giorgini et al. / Ann. I. H. Poincaré — AN 35 (2018) 1079-1118

Uniqueness of weak solutions for the Cahn—Hilliard—Hele—Shaw system (1.1) turns out to be a rather hard task, due
to the low regularity of the velocity field u (cf. [34,23] for the case of regular potentials, where the uniqueness remains
an open question even in two dimensions). However, for a class of free energy densities that contains, in particular,
the physically relevant singular potential ¥ in (1.4), we are able to prove the following continuous dependence result
on initial data in a lower-order function space (i.e., Vé) when d = 2.

Theorem 2.3 (Uniqueness of global finite energy weak solutions in d =2). Let d = 2 and (H) be satisfied. Assume
that o; € V with S(po;) € LY(Q), i = 1,2, and @y = @ = m € (=1, 1). Then, any pair of global weak solutions
(u1, P1, 1) and (uz, P>, @) to problem (1.1)—(1.2) on [0, T] with initial data ¢o1 and @oz, respectively, fulfills the
following estimate

t
wm»wmm@+/ﬂww%wxm@wscwm—%ﬁ% (2.22)
0

for every t € [0, T). Here, the positive constant C depends on T as well as on the initial energy E(@o;i), i =1,2. In
particular, the global weak solution with finite energy to problem (1.1)—(1.2) is unique.

The uniqueness of weak solutions is strictly connected with their regularity properties. Indeed, we can show that
global weak solutions with finite energy become more regular instantaneously for ¢ > 0 when the spatial space dimen-
sion is two. Furthermore, we are able to prove the validity of the strict separation property on the time interval [o, 00)
with arbitrary o > 0. More precisely, we have

Theorem 2.4 (Regularity of finite energy weak solutions in d = 2). Let d =2 and (H) be satisfied. Assume that the
initial datum @q has finite energy €(po) < R for some R > 0 and 9y =m € (—1, 1). Then, for every o > 0 and p > 1,
there exists a positive constant C = C (o, p, m, R) such that

ull Lo o.00:V) + 1Pl oo (6,00 H2(2)) T 191 L0 (6,00: W2 r (02)) < C-
In addition, suppose that the second derivative S” is convex and satisfies the following inequality

15”(s)] < CSOHC v e (—1,1), (2.23)
for some positive constant C. Then, for every o > 0, there exist § = §(o,m, R) € (0, 1) and a positive constant
C = C(o, m, R) such that

leliLe@ <1 -6, Vi=2o, (2.24)
and

l#ll oo (20, 00:H2(2)) T 1P 1L (20,00: 53 () T 191l L0 (25, 00; HA (2)) = C- (2.25)

Remark 2.4. It is easy to verify that the additional assumption (2.23) is satisfied in the case of the logarithmic potential
S given by (2.16).

The proof of Theorem 2.4 easily implies the existence of a unique global strong solution to problem (1.1)—(1.2) in
two dimensions, provided that the initial datum ¢ is more regular, e.g., 1 (0) = —Agg+ ¥/ (pg) € V with dp@p = 0 on
02. However, when the spatial dimension is three, the existence of a unique global strong solution with an arbitrary
large regular initial datum ¢ is not expected (cf. [34] for the case with regularity potential). Nevertheless, if the initial
datum is regular enough and sufficiently close to any local energy minimizer of the total energy £, we are able to prove
the existence of a unique solution within a suitable regularity class. To this end, we recall the following definition

Definition 2.2. Set
Zn={peVilolize =1, g=me(-11)]. (2.26)

A function W € Z,, is called a local energy minimizer of the total energy £ defined in (1.3), if there exists a constant
x > 0 such that E(Y) < E(p) for all ¢ € 2, satisfying |l¢ — ¥y < x. If x = +00, then V¥ is called a global energy
minimizer of £.
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Besides, the following additional assumptions on the function S will be necessary for global strong well-posedness in
three dimensions, which are still valid for the logarithmic potential given by (2.16):

(H1) SeC([—1,1])NC*—1, 1) and there exists « € (0, 1) such that
§SP()s>0 and SP(s)>0, Vse(—1,—14+k]U[l—x, 1).

Then we can prove

Theorem 2.5 (Global strong solution and Lyapunov stability in d = 3). Let d = 3. Suppose that the assumptions
(H) and (H1) hold. In addition, assume that S is real analytic in (—1,1) and € Z,, is a local energy minimizer
of the total energy E. Then, for any € > 0, there exists a constant n € (0, 1) such that for an arbitrary initial datum
wo € H3(Q) satisfying dnpo =0 on 3R, §o =¥ =m and |@y — Vllg2q) < n, problem (1.1)~(1.2) admits a unique
global strong solution (u, P, ¢) such that

u € C([0, +00), Hy) N L7, (0, +00; H(2)),

P € C([0, +00), Vo) N L2, (0, +00; H*()),

¢ € C([0, +00), H* () N L7,,.(0, +00; H™(2)) N Hy,o (0, +00; V),

1 € C([0, +00), V) N L, (0, +o00; H3(K2)) N H}} (0, +00; V7).
Moreover, the phase field ¢ always stays close to the minimizer  such that

lo@) —Vllp2q <€, Vi=0.

Namely, any local energy minimizer of £ is locally Lyapunov stable.

Remark 2.5. The conclusions of Theorem 2.5 (in particular, the Lyapunov stability for local energy minimizers) are
still valid in two dimensions, with only minor modifications in the proof mainly due to Sobolev embedding theorems.

Remark 2.6. Actually the solution given by Theorem 2.5 is slightly more regular than the usual notion of strong
solution (i.e., a solution that satisfies the equations and the initial and boundary conditions almost everywhere, cf.
Theorem 2.4).

Remark 2.7. Concerning the regularity of 3R, a reasonable minimal requirement is C"-'. Further restrictions de-
pend on the elliptic regularity theory, on the Helmholtz—Leray decomposition as well as on the employed embedding
theorems and interpolation inequalities.

Concerning the longtime behavior of problem (1.1)—(1.2), we have

Theorem 2.6 (Longtime behavior). Assume that S is real analytic in (—1,1). If d =2, let (u, P, ) be a global weak
solution to problem (1.1)—(1.2) that satisfies Theorem 2.4. If d = 3, let (u, P, ¢) be a global strong solution given by
Theorem 2.5. Then for both cases, there exists g0 € H>(S2) which is a strong solution to the stationary Cahn—Hilliard
equation

—A@oo + V' (90) = V' (9e0), in
OnPoo =0, on 082,
Do =90,
such that (u(t), ¢(t)) converges to (0, po) as t — 400 with the following convergence rate
_ 6
lu@ll + o) — ool g3y < CA+1)" 7%, Vi=1.

Here, C > 0 is a constant depending on ||lgollv (if d =2), llgoll g3(q) (if d = 3), 9ol g3y and W, while 6 € (0, %)
is a constant depending only on ¢oo (cf. Lemma 6.2).
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Remark 2.8. Theorem 2.6 implies that, for any global strong solution (u, P, @) obtained in Theorem 2.5, ¢ will
not only stay close to that local energy minimizer \r, but also converge to a certain equilibrium @ that is near .
Furthermore, if ¥ is an isolated minimizer, then it follows that oo = ¥, namely, ¥ is locally asymptotically stable.

2.3. The infinite dimensional dynamical system

Before ending this section, we briefly comment on the infinite dimensional dynamical system associated to
(1.1)—(1.2). For any m € (—1, 1), consider the phase space Z,, (see (2.26)) with the metric

d(p1, 92) = IV(e1 — @)

It is well-known that Z,,, is a complete metric space. The following result can be proven:

Theorem 2.7 (Generalized semiflow and its global attractor). Let m € (—1, 1). Assume that (H) is satisfied. Denote
by G, the family of all global weak solutions to problem (1.1)—(1.2) with initial condition o € Z,,. Then G, defines
a generalized semiflow on Z,, in the sense of [4] and it admits a unique global attractor.

Thanks to the validity of Theorems 2.1 and 2.2, in particular, the energy identity (2.20) for global weak solutions,
the proof of Theorem 2.7 can be carried out by a standard argument (see e.g., [15]) with some minor modifications
and thus we leave the details to the interested readers.

Next, when the spatial dimension is two, thanks to the uniqueness result Theorem 2.3 and Theorem 2.4, we have
a strongly continuous semigroup acting on the phase space Z, defined via the rule S(f)go = ¢ () (see [19, Sec-
tion 6]). Moreover, Theorem 2.4 also entails that the global attractor is bounded in the more regular space H Q).
Therefore, on account of known results for infinite dimensional dynamical systems, the global attractor obtained in
Theorem 2.7 consists of a time-section of complete (i.e., defined on the whole R) strong solutions. Exploiting the
separation property (2.24), one can proceed to establish the following result through the general approach described
in [29].

Theorem 2.8 (Exponential attractors ind =2). Let d =2 and m € (—1, 1). Assume that (H) and (2.23) are satisfied.
The dynamical system (Z,,S(t)) has an exponential attractor that is bounded in H*(Q2). This further implies, in
particular, the global attractor for problem (1.1)—(1.2) has finite fractal dimension.

3. Global weak solutions

The strategy to prove Theorem 2.1 is based on a standard approximation procedure. First, we introduce a family of
regular potentials {\W,} that suitably approximates the singular potential W. Then we establish an existence result to the
approximating problem with the regular potential W, by means of the Galerkin method. Finally, for the approximating
solutions (u., P, ¢.) related to the family of regular potentials {W,}, we recover compactness by means of uniform
energy estimates with respect to the approximation parameter ¢ and we show that as ¢ — 0 the limit triple (u, P, ¢)
is indeed a global weak solution with finite energy to problem (1.1)—(1.2).

3.1. The approximating problem

For ¢ € (0, k) with « being the constant given in (H), we introduce a family of regular potentials {W,} that approx-
imates the original singular potential W by setting

)
W, (5) = Su(s) — 7°s2, Vs eR, (3.1)

where



A. Giorgini et al. / Ann. I. H. Poincaré — AN 35 (2018) 1079-1118 1089

2
Z%S(j)(l—e)[s—(l—e)]j, Vs>1—c¢,
=07
Se(s) = { S(s), Vse[—14e 1—¢l, (3.2)
2
Z %S(j)(—l +e)s—(=1+8&)), Vs<—1+e.
=07

By the above construction of W,, we obtain the following properties that will be useful in the proof of Theorem 2.1.

Lemma 3.1. Assume that (H) is satisfied. Then, there exists k € (0, k] such that for any ¢ € (0, ), the approximating
function V. given by (3.1) satisfies

(AH) ¥, € C*(R) and
—a <We(s), —a<W/(s)<L, VseR,

where @ is a positive constant independent of ¢, the constant « is given in (H) and L is a positive constant that
may depend on €.

For every ¢ € (0, k) and W, being the regular potential constructed in (3.1), we consider the approximating problem
(AP1):
ug =—VP:+ Vs,
divu, =0,
0rpe +ue - Voo = ALLe,
e = —Age + W (@e),

subject to the initial and boundary conditions

in Q2 x (0,7), 3.3)

U -N=0hhe =0np: =0, onadQx(0,T),

3.4
@e(,0) =¢p, inQ. G4

Then we have

Proposition 3.1 (Global weak solutions to the approximating problem). Let d = 2,3 and ¢ € (0,k). Suppose that
@o € V with W(po) € LY(Q) and |@y| < 1. Then we have

(1) For every T > 0, there exists at least one global finite energy solution (u., Pg, ¢¢) to the approximating problem
(API1) on [0, T] such that
u, € L2(0,T:H,), P, e L5(0,T; Vp),
0e € L0, T; V)N L0, T: H3 Q)N W50, T: V'),
we € L2(0,T; V).
Such a solution satisfies the weak formulation
(0: e, V) + (e - Ve, v) + (Viue, V) =0, VYveV,aete(0,T), 3.5)
where
e =—A@e + Vo (e), Ue=—-VP:+u:Vo, ae (x,1)eQx(0,T). (3.6)
(2) The total mass is conserved

ffps(f)d)c:/(podx, VYt el0,T].

Q Q
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(3) The pair (u., @) satisfies the energy inequality

1 1
Ellvws(t)llz+/‘1’s(<ps(t))dx < EIIV¢0||2+/‘P8(§00)dx, (3.7
Q Q
for almost every t € (0, T), and
T

2 2 1 2
[ (e + 190017 de < 519001 + [ wetgrar . (3:8)
0 Q

where C is a constant depending on o (cf. Lemma 3.1), but is independent of the parameter ¢.

The existence of a finite energy weak solution to the approximating problem (AP1) on [0, 7] can be easily proven
by employing a Galerkin approximation scheme (see, e.g., [23, Section 3] and [26]). Indeed, according to the property
(AH) in Lemma 3.1, for any ¢ € (0, ], the approximating potential W, has a quadratic growth as |s| — +o00 and W/,
is globally Lipschitz on R.

Remark 3.1. We note that it is sufficient to assume ¢y € V to reach the conclusions of Proposition 3.1. Indeed, the
additional assumptions such that W(gp) € LY(Q) and [@ol < 1 will be necessary to derive uniform estimates with
respect to € in the subsequent section. Moreover, the estimates for P, and d;¢. when d =2 can be improved by
arguing as in [21, Section 3.4]. Nonetheless, the regularity properties stated above are enough to pass to the limit as
e— 0T,

3.2. e-independent a priori estimates

In order to pass to the limit as & — 07, it is necessary to obtain suitable uniform estimates for the approximating
solutions (u;, P;, ¢.) that are independent of ¢ € (0, k].
First, we report the following lemma which turns out to be useful in the sequel (see, e.g., [15] for a proof).

Lemma 3.2. Suppose that (H) is satisfied. For ¢ € (0, k], the approximating function V. given by (3.1) satisfies the
following properties:

W) < W'(s)], Vse(=1,1),

We(s) < W(s), Vse[-1,1].

Now, we are in a position to derive uniform estimates with respect to the approximate parameter ¢.

First estimate. According to the assumption (H), since W(¢g) € L' (), it holds ||¢o|| o) < 1. Then it follows
from Lemma 3.2 and the energy inequality (3.7) that, for almost every ¢ € (0, T),

1 1
Enwg(nn2 + / e (pe () dx < IVeoll* + / W(go) dx = E(gp). (3.9)
Q Q

Similarly, we infer from (3.8) that

T
/”us(‘c)”2+||VM8(T)”2d‘CSE(¢0)+C- (3.10)
0

Second estimate. Testing the fourth equation in (3.3) by —Ag,, we obtain

Al — (W, (@), Age) = —(1he, Age).

Exploiting the integration by parts and the homogeneous Neumann boundary condition for ¢,, we get

1AQeI1? + (V] (9e) Ve, Vo) = (Vite, Vepe).
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Hence, we deduce from (AH) that

1Al < ol Vel + IV el Vel

Taking the square of both sides and integrating in time, we have
T
[ 1800t ar < ca+ i+ e G.11)
0

Third estimate. We provide a uniform estimate for d;¢p.. By comparison, we easily obtain

19 elly: < IViell + llue [l @ell oo () -
Applying the Holder and the Agmon inequalities (d = 3), we infer from (3.9)—(3.11) that

T
8
/ lorge (13, dr
0
T T X
8 8 z
sc/ ||we<r)||sdr+6/ late O 196 (O gy I
0 0
T T . .
8 8 z z
sc/ ||we<r)||sdr+6/ e e (O e (D12 g 7
0 0

T
< c/a IV ie ()P de
0

4 1
5 5

T T
4
+ Cllgell ;o1 / llue (T)[1 dt / 9 ()32 A7
0 0

8
<CA+T)A+Epo))>. (3.12)
Fourth estimate. We derive a uniform estimate for ||, ||y . On account of the Poincaré—Wirtinger inequality
el = CrUIVuell + [1el) (3.13)

and in light of (3.10), it is sufficient to estimate the mean value ;. On the other hand, since

/u«sdx=/‘lf’g(<ﬂg)dx,
Q

Q

it remains to find a uniform control of W, (¢, ) in L'(£2). To this aim, we recall the well-known inequality for approx-
imating functions of singular potentials satisfying the assumption (H) (see, e.g., [15], [24] and [28] for the proof)

IS (@)l 1) =€ /((Ps —@0)(Ss(¢e) = Si(@e)) dx + C, (3.14)
Q

where C may depend on g, and W but is independent of ¢. Then, testing the fourth equation in (3.3) by ¢, — @, and
using the integration by parts together with the boundary condition on ¢, and Poincaré’s inequality (2.1), we find

IVeel? + / (¢e — Po)S.(@e) dx
Q

=/ua(¢a—¢o)dx4r®o/¢s(¢a — ®p) dx
Q Q
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— — 2
= [ =0~ T s+ CIV

= € (IVRellIVeell + 199112 (3.15)

Hence, collecting (3.14) and (3.15), and using (3.9) and (3.10), after an integration in time we get

/ 12 (@e ()1, dT = € / (Ve O IPIVe (@1 + 11Ve: (D)) de
0

<CA+T)(1+E))?, (3.16)

which together with (3.9) yields
T

T
/ e (v) 2 dr < 2|2 f (152 @e(@DI7 1 gy + OFllee (D171 gy )dT
0 0

< C+T)(1+E(go))*.

The above estimate together with (3.10) and (3.13) implies

/nuemn%dr <C(1+T)(1 +E@o)™ 317

Fifth estimate. We aim to derive a uniform estimate for the pressure P.. It follows from the Darcy’s equation for
u., the Gagliardo—Nirenberg inequality (d = 3) and the estimates (3.9), (3.10), (3.11) and (3.17) that

/ VP (o) de

=c [ (@I’ + ||wg(r>||L3(Q)||ug(r>||L6<Q))dr

O\m

8
<C/(1+I|us(f)|| )df+C|I<pa(t)||Loo(0T V)/II%(T)IIHz(Q)II/lel\S/dT
0

< c/(l + (@) P dr
0

T
1 4
+ Cllgelimorer) / 10 (D112, d7 / (@I dr)’
0
12
<CA+T)YA+EPo))s. (3.18)
Collecting all the above estimates, we conclude that
loell Loo0,7;v) < C, (3.19)
l@ell 40, 7; 12 (02)) = Cs (3.20)
0 < 3.21
1901, 7. < C- (3.21)

luellz20,7:0,) < C. (3.22)
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||Ms||L2(0,T;V) <C, (3.23)
P, <C, 3.24
1Pl o = (324)

where the constant C > 0 depends on the initial energy £(¢y), the form of W, 2 and coefficients of the system, but is
independent of ¢.

3.3. Proof of Theorem 2.1

We are now in a position to prove Theorem 2.1. The proof consists of several steps.

Step 1. Preliminary convergence results. Thanks to the uniform estimates (3.19)—(3.24), letting & — 07, the
following weak convergence results hold (up to a subsequence):

Qs — @, weakly starin L*°(0, T; V), (3.25)

Oe — @, weakly in L*(0, T; H*()), (3.26)

0rpe — 0rp, weakly in Lg(O, TV, 3.27)

e = WL, weakly in L2(0, T;V), (3.28)

u, —u, weakly in L2(0, T; H,), (3.29)

P.—~ P, weakly in Lg O, T; Vp). (3.30)
Besides, on account of the Aubin-Lions compactness lemma, we have

v = ¢, stronglyin C([0,T], H) N L4(0, T; W”(Q)), 3.31)
for r € [1,6) when d =3 and r € [1, +00) when d = 2, which also implies the pointwise convergence

0. — @, ae.inQx(0,7). (3.32)

Step 2. L°°-estimate for ¢. On account of the singular potential W, we shall prove that the limit function ¢ fulfills

e L®(Qx(0,T)) and |p(x,t)]<1 ae.inQ x (0, 7). (3.33)
It follows from (3.16) that

||S£(<Pa)||L1(Qx(o,T)) =C, (3.34)

with C independent of ¢. By the definition of S, and the assumption (H), there exists a constant ¢ € (0, k) such that for
all e € (0, 0], Si(s) > 1 fors € [1 — 0, +00) and S,(s) < —1 for s € (—oo, —1 4 p] and S/ (s) is monotone increasing
for s € R. Then we introduce the sets

Ep={(x,) €2 x(0,T): |pe(x,1)| > 1 -0}, e€(0,0],
Eo={(x,)eQx(0,T): |px,t)|>1-0}.
From the pointwise convergence of ¢, and Fatou’s Lemma, we infer that for any fixed o,

meas(E,) < liminfmeas(Eg).
e—0t

At the same time, when ¢ € (0, o], we deduce from (3.34) that
min{S'(1 — ), —§'(—1 + )} meas(EZ) < 1S.(@e) | 11 @x (0.7 < C
where the constant C does not depend on ¢ and ¢. Therefore, we have
C
min{$’(1 —0), —=§'(=1+0)}"
Passing to the limit as o — 071, we deduce that

meas({(x,7) e 2 x (0,T) : |px,t)| >1}) =0,

meas(E,) <
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which yields the conclusion (3.33).

Step 3. Passage to the limit as ¢ — 0%, The L>-estimate (3.33) together with the pointwise convergence of ¢,
and the uniform convergence of W/, to W' on every compact set in (—1, 1) entails that

V() > ¥(p) ae. (x,1)eQ2x(0,7T),

as ¢ — 0. Besides, by comparison in the equation for i, (see (3.6)) and owing to the estimates (3.20) and (3.23), we
have

||q’;(§0a)||L2(0,T;H) <C,
uniformly in ¢. Hence, up to a subsequence, it holds

W (ge) — W(p), weaklyin L2(0,T; H). (3.35)
On the other hand, it follows from (3.28), (3.29) and (3.31) with r = 4 that

eV, = uVe, weakly in L% (2 x (0,7)). (3.36)
In a similar manner, we have
. Voo —u-Vo, weaklyin L3 (R x (0, T)). (3.37)

On account of (3.25)—(3.30) and (3.35)—(3.37), we are able to pass to the limit as € — 0T (up to a subsequence) in the
weak formulation (3.5)—(3.6) for (u., P:, ¢-) and conclude that the limit triple (u, P, ¢) fulfills (2.17)—(2.18).

Step 4. Further regularity properties. We establish some further regularity results for the global weak solution
with finite energy (u, P, ¢) by making use of the estimates (3.20) and (3.33). First, it follows from (3.29) and (3.33)
that

u-VoeL*0,T; V). (3.38)
Then by comparison in (2.17), we immediately see that

@ € L*0,T; V). (3.39)
Next, an application of Lemma 7.4 with f = u + O gives

T T
16 B0y 05+ [15 @D IR0y
0 0

T

<c [ (1+ k@ +le@IR )dr <. (3.40)
0
where p=6ifd =3 and 2 < p < 0o if d =2. We recall that by the Gagliardo—Nirenberg inequality

r—=2 r
Cligll o llel s ford=2,r>2,

2,r(Q)’
IVellLe@) < ) e (3.41)

Cllol; o lelysiy  ford=3,

and by interpolation between L”-spaces

2(r=3) r
1A@lL3@) < LIl 191l yar iy forr=3. (3.42)

Applying the curl operator to the Darcy’s equation for u and exploiting the particular form of the Korteweg force, we
deduce that

IV xull=IVr x Vol < ClIVullIVellL=g)- (3.43)
Then by (3.33) and (3.41), we find
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-1
IV x| 52 < C v ¥ ||</)||Wz,(9) <C|Vul? +C||<ﬂllwzr(9), ford=2, r>2,

IV x u||5 < C||VM||5 |I<0|IW26(Q) <CIVul*+ Cllfpllwzﬁ(m, ford =3.
Besides, according to the Neumann problem (2.7) with u = uVg, we have

AP =V -(uV)ll = ClIVullVellLe@) + Cllull L) 1A@ll L3 (q)-
Hence, we get (see (3.41), (3.42))

6(r—2) 6(r—2) 3r(r=2) 6(r 4(r 3) 2r
IAP| 5= < C||VM|| T gl e+ Cllully” ||<P|| lell e
er(sz) HZ(Q) W2r(Q)

4
7
jaP? < cuwn ||¢||W26(Q) - Cnunv||w||W26(Q)||¢||H2<Q)
The above estimates together with (3.19), (3.23), (3.40) and the inequality (2.8) yield that
lullzs,r:v) <C,  Plrao. 5202 = C>

wheres—slfd 3and1<s<31fd 2q_ isd= 3and1<q< ifd=2.

1095

(3.44)

(3.45)

Step 5. Mass conservation and energy identity. For every global weak solution, taking v =1 in (2.17), we have

d

dt
Q

pdx = (¢, 1) =0,

which implies the mass conservation (2.21).

Next, due to the regularity properties of the finite energy weak solution (see (3.29), (3.38), (3.39) and (3.45)), for

a.e. t € (0, T) we are able to test the Darcy’s equation by u and to take v = in (2.18) to get

||u||2=/<uw)-udx,
Q

(@r, ) +/(u Ve udx + [|[Vul> =0.

Adding (3.46) and (3.47) together, we get
(0, 1) + lull® + IVl =0, forae.te(0,T).
On the other hand, we consider the functional
1
SW) =51V + / S d

Q

defined on V. It is well-known that S is proper, lower semicontinuous, convex with domain

dom(S) ={¥ e V:y(x)e[—1, 1] ae. x € Q).

(3.46)

(3.47)

(3.48)

Being the subgradient of S equal to dS(¥) = —Avy + S'(¥), and on account of the regularity —Ag + S'(p) €

LZ(O, T;V)and¢; € LZ(O, T; V') of a finite energy weak solution, we learn from [30, Lemma 4.1] that

d _4 ~ 49002
3 E@0) = 2S0m) = el

= (@ (1), —Ap(t) + §'(p(1))) — Oo{e: (1), @(1))
= (@ (1), u(t)), forae.re(0,T).
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Here, we have also used the standard chain rule in H1(0, 7: V/)NL%(0, T: V). Asa consequence, the required energy
identity (2.20) holds, which yields that £(¢(¢)) is absolutely continuous on [0, T'] and fulfills

t t
E(p() + f lu(o)|?dr + / IVi(D) |2 dr = E(go), Vi >0. (3.49)
0 0

Lastly, we see from (3.25) and (3.27) that ¢ € C,, ([0, T'], V) as well as ¢ € C([0, T'], H). At the same time, thanks to
the continuity of S(¢(#)) and convexity of the function S, we obtain that t — || V(z) ||2 is continuous (cf. [ 1, Theorem
6]). As a result, this gives ¢ € C([0, T], V).

The proof of Theorem 2.1 is complete.

Remark 3.2. The energy identity (3.49) and ¢ € C([0, T], V) entail that fQ W(p(t))dx is bounded for all t > 0. Then,
from assumption (H), we get

sup lo (D) llLee) < 1. (3.50)
t>0

Remark 3.3. Ir is worth pointing out that the hypothesis on the growth of S” assumed in (H) can be removed by
working with an approximation family of singular potentials proposed in [16].

3.4. Proof of Theorem 2.2

We conclude this section by deducing the dissipative estimates stated in Theorem 2.2. Testing the equation for u
in (2.18) by ¢ — @ and using the mass conservation (2.21), we get

IIV¢II2+/‘1”(§0)(¢—¢o)dx=/(M—ﬁ)(<ﬂ—¢o)dx. (3.51)
Q Q

Recalling the basic inequality for a singular potential satisfying (H)
W(s) < W(w) + V' (s)(s —w) + %(s — w)z, Vs, we (—1,1),
and exploiting the estimate |¢(x, f)| < 1 for almost every (x,7) € Q x (0, +00), we find

f\v/«o)«o Gydx > f W) dx — V@121~ S lp ~ Tl
Q Q

z/‘lf(co)dx—C,
Q

where C > 0 depends on €2 but is independent of ¢g. Inserting the above inequality into (3.51) and applying Poincaré’s
inequality (2.1), we infer that

1
IVl + [ Wi dx < CIvalP + c. (3.52)
Q
Hence, in light of the energy identity (2.20), we obtain

d 1
GE@ +0f@) + ]l + 5 IVul* < C,

where w, C are positive constants independent of ¢g. An application of the Gronwall lemma yields, for all ¢ > 0,
t+1
Ep(n) + / (@12 + 1V R@?) dr < CE@e™ + C. (3.53)

t
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In particular, this gives

le@y < CE@o)e™ +C, Vi =0. (3.54)
Next, by Lemma 7.3 with f = i + ®pgp, we learn from (3.53) and (3.54) that

t+1

f |Ap(D)||*dt < (CS((po)e_“” + C)z, Vi =>0.

t

Then, by repeating the same argument exploited in the proof of Theorem 2.1 to get a uniform control of w in V (cf.
(3.17)), we obtain

t+1 ) 5
[ iR dr < (cee vc)L vezo
t

Here, the constant C depends on the total mass of the initial datum ¢g. Therefore, by Lemma 7.4 with the same choice
of f =u+ Opp, we find

t+1
2 S'/ 2 j < CS —wt C 2 \/! > O
(”(F([)'l‘)‘/Z.p(Q) ” (¢)”lﬁ(§g)> U= < ((p())e ) ) .

t

where p=6ifd =3 and forany p > 2 if d =2.
The proof of Theorem 2.2 is complete.

4. Uniqueness of global weak solutions in two dimensions

In this section, we prove the uniqueness of global weak solutions with finite energy to problem (1.1)—(1.2) when
the spatial dimension is two.

Proof of Theorem 2.3. Let (u1, Py, ¢1) and (u3, P>, ¢2) be two global finite energy solutions to problem (1.1)—(1.2)
on [0, T'] with initial data ¢g; and gz, respectively. Their difference denoted by (u, P, ¢) = (u; — ua, Py — P2, o1 —
¢2) solves

(g1, v) — (U190, VV) — (W2, Vv) + (V,Vv) =0, VYveV, 4.1)

for almost every ¢ € (0, T'), where u and the difference of chemical potentials @ := w1 — o satisfy (cf. Remark 2.2)

u=—TI(div(Ve; ® Vo) + div(Ve ® V),
pw=—Ap+ V(p1) — V(p2).

Thanks to the mass conservation and @y; = @, we observe that ¢ = 0 for all # > 0. By Theorem 2.1 (see (3.19),
(3.50)), we also know that

4.2)

leiOllv +lleiD L= <C, Vrel0,T], i=1,2 (4.3)
Taking v = N ¢ in (4.1), and using (2.2), we get

1d

EEH(PH%/(;+(M,€0)=(u1<P»VN<P)+("<P2,VN<P)- (4.4)

Using integration by parts and the homogeneous Neumann boundary condition for ¢, and making use of (H) and (2.4),
we have

(1, @) = IVoll> + (W (1) — V' (92), 9)
> Vol — allol

1
> |V 2 2/.
= 5 IVel” = Clielly,
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Then, the differential equality (4.4) turns into

1d
2.dt

where

1
leliy; + 5 1Vel* < Cligly, + 1+, (4.5)

=9, VNg) and J=(up, VNo).
Firstly, by (2.1), (2.4), (2.5) and (2.9), we control [ as follows
I <|lurlllell s @ IVNollLs )

1 1 1 1
< ClluilllelZ el IVNel 2 IVNolly

i 1
< Clluill llwllééllfﬂll Vel
< Cllurliliellv Vel
1
< gIVol +CllurlP ol
0
Next, we take care of J. To this aim, by means of (4.2), J can be rewritten as
J = —(T(div(Ver ® Vo) +div(Ve ® V), g2 VN @)
= —(div(Ve1 ® Vo) +div(Ve ® Vi), TI(g2VN)).
A further integration by parts together with the homogeneous Neumann boundary condition for ¢ entails
—(div(Ve1 ® Vo), H(g2VN@))
= (Vo1 ® Vo, VII(¢2VNg)) — /(th ® Vo) Il(p2VNg) - ndo
a9
= (Y019 V. VII@ING) - [ (Vo (Vo1 - @2V Ne) do
Q
= (Vo1 ® Vo, VII(02 VN)) := J;.
Similarly, we infer that
—(div(Ve ® Vi), (92 VN @)

= (Vo ® Voo, VII(¢2VN@)) — /(Wz ) (Vo - Tl(p2VN@)) do
aQ
= (Vo ® Voo, VII(a VN @)) := .
We now estimate J; and J>. Exploiting (2.6), (2.9) and (4.3), we obtain
J1 < ClIVe1 s I VOl VIT(@2 VN @) 2 )

1 1 1 L
<CIVerlzIIVerly Vel VIT(@2 VN @) || 2 | VITH(g2 VN @) Iy

1

1 1
IVelliT(@2VN ) Iy T2 VN @) I 2

1

1 1
IVellig2VN @I P2V N @l g (4.6)

L

It follows from (2.4), (2.5), (2.10), (2.12) and (4.3), that
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le2VNolly < Cllo2llvIIVNellL=@) + Cllo2liLe@ I VNelv
<C|VNollL=@) + C||VN€0||V

<C|IVN</>||2||VN¢II + Cllell

H2(Q)
< Cllgl Vol
On the other hand, by (2.5), (2.10), (2.14) and (4.3), we deduce that
lp2VN ¢l @) < Clig2ll 2oy IVN @llL=@) + C||€02||L°°(Q) IVN ol

<CII¢2||H2<Q)|IVN¢||2IIVNfﬂll + ClIVN ol g

H2(Q)
! 1
< C||<P2||H2<gz)||§0lléé IVelz +ClIVell.
Thus, from (4.6) we obtain
1 3 1 1 7
JL < Clign ||H2(Q)||¢>z||H2(Q)||<p||56||wuz + Cllgil g o1, IVl
=R + R».

Using Young’s inequality, the reminder terms R and R; can be controlled as follows
% 3
=C ANVl 2
1 2 2 2 2
< 5 IV0I? + Cllgrla ) Izl g ol
and
1 7
= 2
=3 ||V<p|| +Clloill 2o lelly;-

Collecting the above estimates and using again Young’s inequality, we end up with

5= 21901+ C (I, + I02la gy ol
=16 H2(Q) H2(SQ) Vg

Repeating the same calculations for J, line by line, we get

2
h< Euwn + Clle2lia gy o1,

Finally, combining (4.5) with the above controls of 1, J; and J>, we find the differential inequality

1d 2 2 4 2
AL _||v¢|| <C(1+1mIP + g1l gy + 192, )12,

On the other hand, thanks to Theorem 2.1, we have

T
/ (ha1 12 + o1 Ol gy + 192D g, ) d7 =< C.
0

Thus, an application of Gronwall’s lemma together with (4.7) and (4.8) gives (2.22).
The proof of Theorem 2.3 is complete. O

1099

.7

(4.8)
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5. Regularity and separation property in two dimensions

In this section, we prove Theorem 2.4, which provides further regularity and the phase separation property of global
finite energy weak solutions in two dimensions for ¢ > 0. The goal will be achieved by obtaining some higher-order
estimates for the finite energy weak solutions that only depend on the initial energy £(¢p) and on the average of total
mass @g. In particular, these estimates will be independent of any other norm of ¢g. To this end, given arbitrary but
fixed numbers R > 0 and m € (—1, 1), we consider global finite energy solutions (u, P, ¢) departing from ¢ with

E(@o) <R and py=m.
Consequently, in this section the generic constant C > 0 depends on R, m and possibly on €.
Our first result is the following regularity estimate for ¢;.
Lemma 5.1. Let the assumptions of Theorem 2.4 hold. For any o > 0, there exists a positive constant C = C(o, R, m)

such that

ol Loo (o, v7) + ||(Pt||L2(t,;+1;v) <C, Vt>o. 5.1

Proof. We first note that, by virtue of Theorem 2.2 (see also (3.50)),

le@®llv + lle@ Lo <C, Vt=0. (5.2)
Given i > 0, let us introduce the difference quotient of a function by
1
off = E(f(tJrh) - f(t)), Vi >0.

Owing to Definition 2.1, the difference quotient of a finite energy weak solution satisfies

(@), v) + @t + 1) - V3l g, v) + @'u - Vo(r), v) + (V8" 1u, V) =0, YveV,
for almost every t € (0, +00), where

o n=—Ad¢ + %(‘l’/(w(t + 1) = V(p(1)) (5.3)
and

oy = —n(div(w(t +h) @ V) +div(Vale ® Vgo(t))). (5.4)
We observe from the mass conservation that

ol =0lg=0.
Taking v =N\ B[hgo in the above weak formulation, and exploiting (2.2), we have

%%nal’wn{; + @' 1, 07')

=—u(t+h)-Vale, Nole) — (3w - Vo), N3l'p). (5.5)

By the definition of 3th/,L in (5.3) and making use of the homogeneous Neumann boundary condition for 3thg0 together
with (H) and (2.4), we get

1

@, o) = IVl + S Wt +m) = V(p), o)

> |Valigl? — alld o]

1
> S IVolel? = Cllaflly,.
0
Setting

Ki=@(t+h)d"g, VN3"p) and Ky = (0"up(), VN ¢),
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we find the differential inequality from (5.5) such that

Id ., o 1 h 2 o2

55”8’ (p”Vé + Ellvat el” <Cl9 wllvé + K1+ Ka. (5.6)
In order to control K and K>, we argue similarly to the proof of Theorem 2.3. By (2.1), (2.4), (2.5) and (2.9), we
estimate K as follows

Ky < llu(t + W18 ¢l 4o VN8 0l L)
1 1 1 1
< Cllu(t+ I3 ellZ 13! IIVN 3 llZ VN ol
1 1
< Cllut +mI3; lly, 137 @11V o] ]2
< Cllu@ +mlldelly V9, ¢l
1
< SIVarl® + Cllut + W19 Il
Regarding K>, in light of (5.4) we obtain
Kz = —(TI(div(Ve(r +h) @ V3l'9)), p(t) VN 3]'p)
— (M(div(V/'e ® Vo (1))). 9(1) VN3 p)
= —(div(Vo(t + 1) ® V'), TI(e(t) VN3] 9))
— (div(Vdl'e ® Vo(1), TI(p(t) VN3] )
= (Vo(r +h) ® Vdl'g, VII(p(1) VN3 p))
+(Valo ® Vo(1), VI(p(1) VN 3!'g))
=271+ 2».
Let us proceed to estimate Z; and Z,. By (2.6), (2.9) and (5.2), we deduce that
Z1 < C|IVe(t + )l IVl I VIO VN3] 9) 40

1 1
< CIVe+ DIl + D 0 IV IITI O VA 8 @) i q

1

< Cllg(t + )l g

L 1
IVar @l VAN @lly IO VN @l g g -
A further application of (2.4), (2.6), (2.10), (2.12), (2.14) and (5.2) yields

lp@ VN ¢lly < Cllo®) IvIIVN 3 ¢llL) + Clo®) L@ VN ¢lly
1

l S
< CIVN 3! ¢l2 VN3 0llp o

+Clofel,
i 1
< Cliofelly Ivatel:,
and

le VN ¢l 0
< Cllo® g2 VN3 llL @) + Cllo® L@ I VN3¢l

1

l ES
< Cllo®l 2 VN 0IZ VN8, 0l 7o

+ CIVN gl o)
h o3 hoyh h
< Clle® ) 170l V0! 0112 + ClIV} gll.

Therefore, we learn that
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1 1 3
Z1 < Cllot+h))|? t a2, Ivale|?
1 = Cllo(t+ )IIHz(Q)Ilfﬂ()II ol <0I|VO|| ol
C h TR ZIE:
+ Cllot + )IIHz(Q)II ,wllvéll Foll
=Y+ Y.

By Young’s inequality, we infer that

h i3 P
=Cllo+h)| ||3,</>||\2,6||V3,<PI|2

HZ(Q)”gD(t)”HZ(Q)
< —||va 012+ Cllott + Mgz 0 19O 20 17 011,
and

3 h o4 h o2
Y2 =Cllo + M)l 5o 19 ¢||V6IIV3t ol

= —IIV8 ol* JrCIIQO(t+h)||H,z(Q)II8 ‘/’”v’

Hence, combining the above estimates together, we end up with

1
Z1 = 2 IV39IP + C (It + Mgy + 0O, ) 10! 1.

Arguing in the same way for Z,, we also find

1 hoii2 4 ho 12
22 = 7clIVorell” + Cllo 2 ) 197 @1l

Then, collecting the estimates of K; and K7, from (5.6) we deduce the following differential inequality
1d 1
——||a vliy; + 1V ell®

= C(1+ e+ WP+ 19 + Wy gy + 10Ol g 1012,
On account of
197l L2 11 vy S edl2eren vy, Y10,
and the dissipative estimate (cf. Theorem 2.2)

t+1
/ (e @320 + 1@ + (@I}, ) de < €. Vi =0, (57)

t

an application of the uniform Gronwall lemma entails the uniform bounds

h h
197 @l oo, v) + 1107 @l 2 r41,v) =€, Vizo.

Here, C is a positive constant which depends on o > 0 but is independent of /. A final passage to the limit as 7 — 0T
completes the proof. 0O

Thanks to Lemma 5.1, we derive a preliminary higher order estimate for ¢ with respect to the spatial variable.

Lemma 5.2. Let the assumptions of Theorem 2.4 hold. For any o > 0, there exists a positive constant C = C (o, R, m)
such that

lell Lo, 2y =C. Vt=o. (5-8)
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Proof. By [3, Theorem 1.1], we have for an arbitrary T > o
H'(0,T; V)N L* (0, T; HX(Q)) < C(lo, T1, W'*(R)).
Hence, in light of Theorem 2.1 and Lemma 5.1, we infer that
¢ € C([o, +00), WhHH(Q)).
In order to get a uniform-in-time estimate, we recall that (cf. Theorem 2.2)
lol gt vy T ez v m2@) <€ Y=o,
where C is independent of 7. Then, by the above result, we have
lo@llyrs <C Yielo,o+1].
By the same argument replacing ¢(-) with ¢ (- 4+ n), for any n € N, we have
lo(t +n)llwiaq <C, Vie€lo,o+1] and VneN,
where C is independent of n. This in turn gives the uniform estimate
le@®llwia =C, Vt=o. (5.9)
Next, taking v = N (u — 1) in the weak formulation (2.17), we get
(o, N =) — (up, VN (=) + (n, p — 1) = 0.
We note that
(o =10 =l —mll.
Besides, by (2.5), (2.6), (2.13) and (5.9), we control the other two terms as follows
(@, N =10) < lleelly; IN (n =l
= Cllgillv Il =l
< L= TR+ Clel.,
and
(up, VN (n — )
= —(Mdiv(Ve ® V), VN (1 — )
= —(diV(Ve ® Vo), T@VYN (u — D))
= (Vo ® Vo, VII(@VN (1 — D))
< CIVOIEs o IM@VN (i — ) Iy
< ClloVN(u—mllv
< Clglwiag VN (1 —Dlisg + Clelie@ I VN (- Dy
=Cllu—mll
< inu — 7> +C.
Collecting the above estimates and using Lemma 5.1, we find
ln—Flx@nm <C. Vizo. (5.10)
Applying Lemma 7.1 with f = u + ®gg, the above estimate further entails
lA@llLo@nm <C, Vi>o.

Finally, due to classical elliptic regularity results for the Neumann problem, we conclude that (5.8) holds. The proof
is complete. O
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Now we can improve the regularity properties of global finite energy weak solutions (u, P, ¢) on the time interval
[0, +00) for any o > 0.

Lemma 5.3. Let the assumptions of Theorem 2.4 hold. For any p > 2, there exists a positive constant C =
C(o, p, R, m) such that

Il vy + 19l Lo nw2r@) <€, Vit =o,

lull Lo (o, v) + ||P||L00(U,I;H2(Q)) <C, Vt>o.

Proof. First, we observe that
u=-VP*— A¢pVep, ae. (x,1)cQx(0,+00),

where P* is the modified pressure given by P* = P + W(gp) (cf. Remark 2.2). Thus, we have u = T[1(—A¢Vg) and
by (2.6) together with the uniform estimates in Lemma 5.2, it follows that

[[ae]| = CllApVo|

Loo(a,t;L%(Q)) Lm(a,t;L%(Q))

= Cllell Lo, m2 @) 19l Lo (6. w16 (02))
<C. (5.11)

Next, we prove a uniform bound for the V-norm of p arguing as in the proof of Theorem 2.1. As customary, we need
to control its average value over 2. To this end, we recall that the singular potential W satisfies

I @)1 < C / (¢ —50) (W (¢) — T(@)) dx + C.
Q

where C depends on m (cf. (3.14)). Testing i by ¢ — @, integrating by parts and using (2.1) and (5.2), we easily get
(cf. (3.15))

/((p =90 (V' (p) = W (p))dx < C(1+[Vpl).
Q

Combining the above inequalities, we are led to the inequality

W' @1 < CA+[Vull), (5.12)
which together with (3.13) gives
llly <CA+ (V). (5.13)

Now, taking v = @ in (2.17), we have
IVRl? = ~(pr 1) = (- Vo, ).
By (5.1), (5.8), (5.11) and (5.13), we get
2
IVRI? < gyl + el 3 o 1V@ls Il
<lledlvllmnliv + ||u||L%(Q)||‘P||H2(SZ)||M||V
=CA+IVul.
Hence, we infer from the above estimate, Young’s inequality and (5.13) that
lullLo vy <C, Vi=o. (5.14)

Keeping (5.14) in mind, we can apply Lemma 7.4 again with f = u 4+ ®pg. As a consequence, for any p > 2, there
exists C > 0 such that

”(p”LOO(U,I;WZ’p(Q)) < C, Vi >o0. (515)
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Therefore, combining (3.43), (3.44), (5.14), (5.15) and using the Gagliardo—Nirenberg inequality (3.41) for d =2, we
have

lullLooo,i;vy + 1Pl poo(or: w20 <€, Vi=o.

The proof is complete. O

Remark 5.1. Thanks to the regularity achieved in Lemma 5.3, it is easily seen that (2.17) holds almost everywhere in
Q X (0, 400) and, in particular, | satisfies o = 0 almost everywhere on 92 x (o, +00). Since o > 0 is arbitrary,
we infer that any global weak solution with finite energy to problem (1.1)—(1.2) becomes a global strong solution
instantaneously when t > 0.

We now have the necessary ingredients to prove the validity of the strict separation property. The main task is to
show that S’(¢) is essentially bounded in time and space. For this purpose, we adapt the strategy devised in [19]. In
particular, higher-order estimates will be derived assuming further conditions on the singular potentials, which are
still satisfied, e.g., by the logarithmic potential (1.4).

Lemma 5.4. Let the assumptions of Theorem 2.4 hold. Assume, in addition, that S” is convex and satisfies
1S"()] < CISOHC v e (—-1,1), (5.16)
where C is a positive constant. Then, for any o > 0, there exists C = C (o, R, m) > 0 such that

l@ellLoe o iy + 11l Lo 2o H2(2)) <€ VE=20

and there exists § > 0 such that

leliLe@ <1-6, Vi=2o. (5.17)
Moreover,
||u||LOO(2U’,;H2(Q)) + ||P||L°O(20,Z;H3(Q)) + ”§0||L°°(20,Z;H4(Q)) f C, VI Z 20. (518)

Proof. Under the assumption (5.16), we can apply Lemma 7.4 with f = u + ®g¢. Hence, for any p > 2, using the
estimates obtained in Lemma 5.3, there exists C = C(p) such that

IS"@)lL*@nLr@) <C, Vi>o. (5.19)
We recall that the finite difference 3/'¢ solves

(@] @), v) + (@t +h) - Vi g, v) + @fu - V1), v) + (Vo' i1, Vo) =0, Vv eV,
where Blh u and B,hu are given by (5.3) and (5.4), respectively. Taking v = a;up, we get

Td ;0 h h

S 10rel” + (V. Vo) = Hy + Hy, (5.20)
having set

Hy=—@(t+h)-V'e.d'e), Hy=—@0}u-Vo@),d'p).
By integration by parts and making use of the homogeneous Neumann boundary conditions for Bf’(p and 3thu, we find

(VO e, Vo) = — (@] i, Ad'p)
1
= | A8k g|? — ©olIValel* - (- (Stett +m) = S'()), Adlg).

Thanks to the convexity of §”, we argue as in [19] to obtain
1

1
2|8 e+ ) — S/(cp(t))( < f §"(tp(t +h) + (1 — D)) |8/ ¢| dr
0
< (8" (@(t +h)) + S"(p(1) 19} ¢l
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and as a consequence, it follows that
1
(5 (5" + 1) = S (1), Adf)|

1
< S 183012 + CIS" @ + I 730 + IS @730 10 ¢l 76
By (2.1) and the boundary conditions, we infer from Poincaré’s inequality and integration by parts that
1970176y < CIVO @l < ClI3T @l A ¢l

Therefore, we easily derive from (5.20) the differential inequality

d 1
S lorel® + ladlel?
< C(1+ 118" (@ + )33 g + 18" @O)73 o)) 187 ¢lI> + Hi + Ha. (5.21)

Regarding the term H;, by Lemma 5.3, the Sobolev embedding V < L?”(2) for any p > 1, and the elliptic estimate
for the Neumann problem, we get

Hi < [[u(t + 1)l s I V9] @llLs @) 197 ¢l
< Cl3]'¢ll 2 137 0
< 2 189 gl + Clf ol
On the other hand, by the Darcy’s equation (cf. Remark 2.2), Lemma 5.3, (2.13) and Poincaré’s inequality, we infer
that
Hy = (VYo (t + 1) ® V3' + V3l'9 @ Vo). Vo)) p)
= (Vo +h) ® Vo + Vo ® Vo(r), VII(Ve(1)d]'p))
= (IVe @ + W@ + 100l ) IV el VTITe0)0]'9)
< CIVIllIVe®delv
= CIVo oI (Il Olly2s(@ 19l 3oy + CIVE Ol V0 ¢l
<CIVle|?
< 2 189 gl + Clf ol
Collecting the above estimates for H; and H», we end up with
S Sl + SlAd I < WOl
where
W(0) = C(1+ 118" (@t + I3 g + IS" @)1} q)-
On account of the estimate (5.19) we have

t+1
fW(r)dth, Vt>o.
t

Thus an application of the uniform Gronwall lemma implies that

1971l Lot 11y + 188 @l L2 411y <C. Vi = 20,

where the constant C is independent of /. Passing to the limit as # — 0T, we obtain
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ledllLe oy <C, Vi =2o. (5.22)
Now, using Lemma 5.3 and (5.22), we deduce by comparison that

Il poo o, w2y =€, Vi =20 (5.23)
Therefore, Lemma 7.2 together with the Sobolev embedding theorem yields

18" (@) L0112 < C, Vi>20.

Due to the singularity of S’ at the pure states +1, the above estimate immediately yields the conclusion (5.17).
Thus, it is readily seen from (5.23) and the separation property (5.17) that

||§0||L°°(20,I;H4(§2)) <C, Vt>2o. (5.24)
Finally, by (2.14), (5.23) and (5.24), we arrive at
Vel roponm2@) =C, Vit=2o,

which gives the estimate (5.18) thanks to (2.6). The proof of is complete. 0O
In summary, we have

Proof of Theorem 2.4. Combining the results obtained in Lemma 5.3 and Lemma 5.4, we immediately arrive at our
conclusions in Theorem 2.4. O

Remark 5.2. The validity of the separation property (5.17) is crucial, since it entails further regularity of weak finite
energy solutions to problem (1.1)—(1.2). If (5.17) holds along the trajectory ¢(t), then the singular potential S(¢) is
eventually smooth (in particular, globally Lipschitz).

6. Lyapunov stability and long-time behavior

As mentioned in the Introduction, when the spatial dimensional is three, the existence of a unique global strong
solution to problem (1.1)—(1.2) with arbitrary large regular initial datum ¢ can not be expected (cf. [34] for the case
with regularity potential). In this section, we first prove the existence of a unique local strong solution (u, P, ¢). Then
we show that if the initial datum ¢y is sufficiently close to a local minimizer of the energy functional &£, then the local
strong solution is indeed a global one and ¢ will stay close to that minimizer for all # > 0. Finally, we investigate the
longtime behavior of global solutions and show the uniqueness of asymptotic limit as  — +oc0.

6.1. Local strong solutions in three dimensions

Theorem 6.1 (Local strong solutions). Let d = 3. Assume that (H)—(H1) are satisfied and ¢y € H>(Q) satisfying
leollc (g =< 1 — 8o, for an arbitrary but fixed &g € (0, 1), and dp¢ = 0 on d2. Then, there exists a unique local strong
solution (u, P, ¢) to problem (1.1)—(1.2) such that

u €C([0, T*],Hy) N L%(0, T*; H3 (),

P €C([0,T*], Vo) N L*(0, T*; H*()),

@ €C([0, T, H*(Q)) N L*(0, T*; H>(Q)NH'(©0, T*; V),
weC0, T*], V)NL20, T H*(Q)NH' 0, T*; V'),

and
1
leleg <1 - 580, Vi el0,T"], (6.1)

for some T* € (0, 4+00) depending on ||¢ol| H3() and do. In particular, the strong solution satisfies (1.1) for almost
every (x,1) € Q x (0, T*) and the boundary conditions o0y P = dpu =0 on 02 x (0, T™).



1108 A. Giorgini et al. / Ann. I. H. Poincaré — AN 35 (2018) 1079-1118

Proof. For any ¢ € (0, 1), we introduce a regular approximating potential @g € C*(R), namely,

@6(S)=§g(s)—7s, Vs eR, (6.2)
where
4 1 . '
ZTS(/)(I—S)[S—(I—S)]-’, Vs>1—¢,
=07
Se(s) = { @), Vsel-1+e1—¢l, (6.3)
4
Loy j
Zﬁs (—1+e)s—(—1+e)), Vs<—l+e
=0’

Then we consider the following approximating problem (AP2)

ug=—VP + u:Vog,
di =0, )
1V ite in Q x (0, 7), (6.4)
0 e + s - Voo = Apg,
te = —Age + WV (¢e),
subject to the initial and boundary conditions (1.2) (with ¢, u being replaced by ¢, and p,, respectively).
For any given §p € (0, 1), by the assumption (H1) we can choose a sufficiently small constant ¢ € (0, min{«, %80})
such that ’\I\ls € C*(R) satisfies

ﬁg(s) > ys4 —C, VseR,

for some positive constants y and C independent of €. Local well-posedness of the approximating problem (AP2)
can be obtained through a Galerkin method as in [26,34]. In particular, by means of a differential inequality in-
volving the H3(£2)-norm of ¢ (see [34]), it follows that there exists a T, € (0, +00) depending on ||| H3Q)» €
and 2 such that problem (AP2) admits a unique local strong solution (u., Pg, ¢:) on [0, T¢]. Then, in light of
@e € C([0, T*], H3(R)) N H'(0, T*; V) we deduce that ¢ € C'/#([0, T*],C°(Q)). This implies that there exists
T* € (0, T;] such that

1
lee Ol <1~ 500, Vrel0.T7]. (6.5)

Noting that, by the choice of ¢ and the definition of ’\178, it holds /\178|[_1+%80 =L = . Hence, (u., P:, ¢.) is the

strong solution (u, P, ¢) to the original problem (1.1)—(1.2) on [0, T*], which is unique and satisfies the separation
property (6.1).
The proof is complete. O

Next, we derive a higher-order differential inequality for (local) strong solutions.

Lemma 6.1. Let d = 3 and let the assumptions of Theorem 6.1 hold. Assume that (u, P, @) is a strong solution to
problem (1.1)—(1.2) on [0, T]. Define the functional

A= Vul* + flul®.
Then, we have
d 7
A0 =C. (1 +A(t)3). (6.6)

for almost every t € (0, T). Here, the constant Cy only depends on Q, o, m and E(¢yp).
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Proof. By the regularity properties of a strong solution (see Theorem 6.1), we infer that u - Vo € L%(0, T; V). Thus,
we test the third equation of (1.1) by u; such that

1d .
o IVl + IV * + / V' (@)g*dx = — / (w-Vo)usdx, ae.in (0, 7). (6.7)
Q

Q

Next, in light of Remark 2.2, for any v € H, NV, we have

(ur, v) = /(—VP +uVe), - vdx
Q

= —2/ div(iVo ® Vg;) - vdx
Q

:2/(V¢®V¢,):Vvdx
Q

<2[[VellLe@lIVerlllivllv
= Cllellms@lVerllivlv,

which entails that u, € L*>(0, T; (Hy N'V)'). Thus, differentiating the first equation of (1.1) with respect to time and
testing the resulting equation by u, we get

——t||u|| = / WV -udx + / uVe;-udx, ae.in(0,7). (6.8)
Q Q
Noting that, by (H) and (2.4), we have

/ W (@)ler]* dx = —allelly IV el
Q

1
> —EHV%”Z —Cllgrll3,.
0
Then adding (6.7) to (6.8), we infer that
d
S AO+ Vel = Cllgdy, + 2/W¢, udx. (6.9)

Q
We deduce from (1.1) and the Holder inequality that

lerllvy < llull + 1Vl (6.10)
On the other hand, by the Gagliardo—Nirenberg inequality, we obtain

/MV(p,-udx:—[gotu-V/de
Q Q

< lulillenl 3@ IV iellLs )
1 1
= Cllullig 2196012 (I Aul + ]
: 3
= Clullgilé, 1 Verl# (llgell + - Vol + 1l )
=W+ Wo + Ws. (6.11)
The reminder terms W;, i = 1, 3 can be controlled by (2.1), (2.4) and (6.10) as follows
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1 3
Wy = Cllull||<0z||{‘,O/IIV</)z|I4 lloe i
3 5
< lulllig:lly, IVerll+
0
1 2 8 2
SEIIV%II +C||u||3||<ﬂzllv(;

7
<~ Vg > + CA)3,

N =

and
1 3
Ws = Cllullllg 5, V¥l
i 3 _
< Cllulllgilé, 1 Verll# (Il + [77])
: 3
= Clullgilléy 1 Vel (1V @)l g + 1901
1 5 7
= ZIVal? +C(1+207).

Here, we have used the estimates (5.12) and Young’s inequality. Concerning W», by the Gagliardo—Nirenberg inequal-
ity (3.41), Young’s inequality and Lemma 7.4, we get

i 3
Wa = CllullII</J:||{4/O/|IV<PzII4 llu - Vol

1 3
=< Cllullzllwtll{‘,dllv%ll I VeliLe @)
2 IR 18
< EIIV% I+ Cllulls ||<pz|IV6||<P||LOO(Q)||90||Wz.6(9)

1 2 7
= IVl +c(1+a0)%).

—_—

Collecting the above estimates together, we deduce (6.6). The proof is complete. O

Remark 6.1. It is worth mentioning that the differential inequality (6.6) has been obtained without using the separa-
tion property (6.1) but only the regularity of strong solutions to problem (1.1)—(1.2).

6.2. The stationary points

Keeping the evolution problem (1.1)—(1.2) in mind and setting m = @y, its corresponding stationary problem reads
as follows

Ay + V() =V(y), inQ
oY =0, on 9€2, (6.12)
¥ =m.
For any given m € (—1, 1), we introduce the set of stationary points
Sn={¥ € H*(Q), E(¥) < +00: ¥ solves (6.12)}. (6.13)
The following result has been proven in [2, Section 6] (cf. Lemma 7.2).
Proposition 6.1. The set S,, is nonempty. Every element r € Sy, is a critical point of E. Moreover, for each € Sy,

there is a constant & € (0, 1) such that

ly(x)<1—§& VxeQ. (6.14)
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Next, on account of Proposition 6.1 and arguing as in [2, Proposition 6.3] (or [1, Proposition 3]), the following
gradient inequality of Lojasiewicz—Simon type can be established. This inequality will be crucial in the study of
stability and long-time behavior of problem (1.1)—(1.2).

Lemma 6.2 (Lojasiewicz—Simon inequality). Let d = 2, 3. Assume that V satisfies (H) and WV is real analytic on the
open interval (—1, 1). Forany m € (—1, 1), let ¥ € S,,,. Then, there exist constants 6 € (0, %) and B > 0 such that

E@ =" < | -ag + V(9) - Tp)|, (6.15)

whenever ¢ € H*(Q) satisfying ||¢ — VYilg2o) < B, ¢ =m and dnp =0 on IS2.
Finally, we provide a characterization of local energy minimizers of the functional & (cf. Definition 2.2).

Lemma 6.3. Let v € 2, be a local energy minimizer of £. Then W € Sy, and it satisfies the separation property
(6.14).

Proof. We consider the single Cahn—Hilliard equation with singular potential

o =AW, in 2 x (0, +00),

w=—Ap+ ¥ (p), in © x (0, +00), 6.16)
Onit = one =0, on IQ2 x (0, +00),

o(-,0) = @, in Q.

It has been proved in [2, Section 6] that for both d = 2,3 and any ¢g € V with W(gg) € L'(Q), oo=me (—1,1),
problem (6.16) admits a unique solution ¢(¢), which defines a family of operators {G(#)};>0 such that G(¢) €
C ([0, 400); Zn), G(t)po = ¢(t), for all + > 0. Besides, ¢(¢) regularizes instantaneously for positive time, e.g.,
G(t)go € H*(R) for every ¢t > 0. Then {G(#)};>0 is a dynamical system on Z,, in the sense of [8, Definition 9.1.1] and
the energy functional £(¢) : Z,, — R is a strict Lyapunov function for {G(¢)};>0 (due to an energy identity similar to
(2.20) with u = 0).

Therefore, every local energy minimizer i € Z, must be a stationary point of the evolution problem (6.16), i.e.,
G (t)y = for all t > 0. On the other hand, due to the instantaneous regularity property of problem (6.16), it has been
shown in [2, Section 6] that the set of all stationary points is characterized by S;,,. As a consequence, we conclude
that ¥ € S, and ¢ fulfills (6.14) for some & € (0, 1).

The proof is complete. O

6.3. Proof of Theorem 2.5
The following relations will be used in the subsequent proof.

Lemma 6.4. Let d = 3 and let the assumptions of Theorem 6.1 hold. Suppose that (u, P, @) is a strong solution to
problem (1.1)—(1.2) on [0, T]. Then, we have

el <0Vl 1VRI < el @ + 19 @@ Vel
Iellms@ = CIVRI+ IV @l=@lelv +lelv),

where the positive constant C only depends on Q.

Proof. The first two conclusions are obvious. Next, by elliptic regularity, we have
loll 3@ = ClAellv + el )
= C(IVRI+ 1% @ =@ Vel + 0l 52

1

1 1
< C(||w|| + ||\11”(<p)||Loo<m||<p||v) + Clielly el s g
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1
= 5lells@ + C (IRl + 1" @) =@ llelv + lellv ).

where C only depends on Q. O

Proof of Theorem 2.5.

The proof mainly follows the idea in [34], where problem (1.1)—(1.2) with the regular potential (1.5) was consid-
ered. However, here we meet an extra difficulty due the singular potential W. An essential step is to prove a strict
separation property away from the pure states £1 uniformly for # > 0 along the trajectory of ¢(¢).

For any given m € (—1, 1), let ¥ € S,, be an arbitrary local energy minimizer of the free energy £ such that (cf.
Definition 2.2 and Lemma 6.3)

Vle =1—§ and E(p)=EW) forallpe Zy:llo —Yllv < x. (6.17)

We note that the constants £ € (0, 1) and x > O are fixed once ¥ is given. Since W is assumed to be real analytic
on (—1, 1), then by the separation property (6.14) and the classical elliptic regularity theorem, we have ¥ € H*(Q)
(k € N) provided that €2 is a domain of class ck.

Due to the Sobolev embedding theorem H?(Q2) < C(Q) (d = 3), it holds

lelle < Cslol . 6.18)
meanwhile, by the Poincaré’s inequality (3.13), we have

lelly < CadlVel* + [g1*), (6.19)
where Cg and Cg, are positive constants that only depend on 2.

Step 1. Bounds for the initial datum. We consider any initial datum ¢ € H>($2) with dp¢ = 0 on <2 that satisfies

leoll g3 =M, @o=m, (6.20)
lgo — Vg2 =1, (6.21)
where 1 € (0, 1) will be determined later and M > 0 is given by (6.28) below. The fact n < 1 implies that
looll 2 = 1Vl g2y + 1- (6.22)
Moreover, if we further require
. §
0 min{l, —}, 6.23
<n<minf1, 36 (623
it follows from (6.18) that
28
lgollea < 1Vl + oo~ Vle@ <1- 5 (6.24)
We define the constants
Ki= max |V'(s), Ky = max |¥(s)|. (6.25)
sel—14+5,1-5] sel=11]
Hence, it holds (cf. (6.24))
1 2
E(po) < Ellvwoll +1€2| max [W(s)]
se[—1,1]
1
< SU¥lly + 17 +121K
=y, (6.26)

where y; > 0 only depends on ||/ || g1 (g, €2, W, but is independent of ¢o. Next, denote

L L
y2=Ca(2y1 + OolQ| +1)2. (6.27)
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Then we take the constant M in (6.20) to be a sufficiently large but fixed number such that
M >C[(Ki+ Dy +2]. (6.28)

where the constant C is given in Lemma 6.4.
In the sequel we denote by C, C; those constants that only depend on €2, the averaged mass m, norms of the local
minimizer ¥, the function W and parameters like &, x. Specific dependences will be pointed out explicitly.

Step 2. Strong solution on a finite interval. On account of the assumptions (6.20), (6.23) and (6.28), it follows
from Theorem 6.1 that there exists a unique local strong solution (u, P, ¢) to problem (1.1)—(1.2) on [0, T1] such that

lolo@ <15 Viel0, T, 6.29)

where T depends, in particular, on M and &. We infer from (6.20) and Lemma 6.4 that

2
AQ) = [V + (O <2[ M + K1 ([ lly + D] = My. (6.30)

It follows from the higher order inequality (6.6) and (6.26) that there exists 7> € (0, T1] depending on My, o, 2, m
and || ||y such that

A(t) <2M,, Vtel0,T13]. (6.31)
Besides, we set
Eo— min{1, M1}T2’
2
which is a number that characterizes the energy drop along the trajectory ¢(#) (cf. (6.42)). By the energy identity
(2.20), it holds E(¢(7)) < E(¢p) for t > 0. On the other hand, we infer from (6.29) that

(6.32)

1 ®p
EpW) = SIVeI* = —7l9l, V1[0, T]
Then, we deduce from (6.19), (6.26) and (6.27) that

le®I13 < CalIVe®)|I* +m?)
< Ca(2&(¢0) + Ol + 1)

<y;, Yiel0, T, (6.33)
which together with Lemma 6.4, (6.29) and (6.31) yields
le® @) = C[V2MI + (K + Dz =M, Vi €[0,T5] (6.34)

Step 3. Refined estimates. Our aim is to find a sufficiently small > 0 such that the local strong solution satisfies
a uniform bound that is independent of the existence interval. If this is true, then we can extend the unique local strong
solution obtained in Step 1 to be a global one on [0, +00).

It follows from (1.3), (6.29) and (6.33) that

1
E(po) —E(p(1) = V@@ + 9)lllIV(e@) = o)

+  max  [W()llle®) — ol
se[-1+5,1-5]
< Mzllp@) —wollv, Viel0,T], (6.35)

where the constant M3 depends on y», ||V |lv, ¥, & and 2.
For any € > 0, let us now set

1y 8 § 2E
= min , €, s s A~ Aax [
@ %P 30s 3M;

where 8 > 0 is determined by Lemma 6.2 and Ej is given in (6.32). We define

(6.36)
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. w
T, =inflt > 0: llo(t) — ¥l g = @} forne (o, 5].

By (6.20) and continuity of the strong solution ¢(¢) in H 2(Q), it follows that T, > 0. Next, we claim that there
exists at least a value of n such that T;, > T5. Indeed, by contradiction, we have that T, < T; for all n € (0, 2]. Asa
consequence, we apply Lemma 6.2 to derive the following energy inequality on the interval [0, 7] C [0, T3]

d d
— 4 [E®) - EWNY’ =—-0[Ep() — EWNI! 35w

- OVl + llull®)
IV aall

0
z S Ul + Vel = Cilledlvg (6.37)

where the constant C; depends on 6 and 2.

Here and after, we shall always exclude the trivial case such that there is a #o € [0, T;)] such that £(¢(f)) = E(V¥).
In that case, |[u(®)|| = |[Vur(t)|| = 0 for all ¢ > 1y by virtue of the energy identity (2.20) and the evolution stops.
Thus, using (6.37) and recalling that £(¢(¢)) is nonincreasing and, by the choice of w, £(¢(t)) > E(Y) on [0, T,] (cf.
Definition 2.2), we infer that (cf. (6.35))

TVI
/ g (D)l dr < C1 (o) = EW))” < Callgo — w5,
0

where C; depends on C1, ||[{|lv, W, & and Q2. As a consequence, we obtain
lo(Ty) = ¥l gy < 9o — ¥l + 19(Ty) — poll 20y

3 1
= llgo = ¥l 2 + Calle(Ty) = @oll s g 0 (Ty) — </)o||{‘,6

1

T; 4

3
<llgo — Vil + Co +2)F [ [ ol ar
0

3 1 0
< 1190 — Vll ey + C3(M + M) ICS g0 = ¥l .

Choosing now

Dl

w

) (6.38)

. w
n=min{ —, -
2 1 3
4C2 C3(M + Mpy)3
we have [lo(T;) — ¥l g2 < %w < w, which yields a contradiction with the definition of 7;,. As a consequence, for the
above choice of 7, it holds T;, > T and we learn that
lo(®) =¥ llg2q <o, Viel0, Tl (6.39)
In turn, by (6.36) and (6.39) we obtain, for all ¢ € [0, T>],

2
lo®lle < 1V le + Cslle® = Wlze <13 (6.40)
Ey
le(@) — ol g2y < lo@) = ¥llg2@) + lvo — Vg2 < s (6.41)
Then we infer from the energy identity (2.20), (6.35) and (6.41) that
)
[ A@ar =g - o) < 0. (6:42)

0
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Step 4. Iteration argument. Due to the nonnegativity of the function A and (6.42), there exists t* € [% T», T;] such
that

A(t*) <min{1, M;}. (6.43)
Then it follows from Lemma 6.4, (6.28) and (6.33) that
o) a3 < C[Vmin{T, M1} + (K1 + Dya | < M. (6.44)

Now we easily see that ¢(¢*) satisfies the same bounds as for ¢ (compare (6.20), (6.24) with (6.40), (6.44)). Besides,
by (6.39) and the definition of w, ¢(1*) satisfies [l¢(#*) — ¥ || y2(q) < min{l, 3‘%}. Thus, we can take ¢ (¢*) as the new
initial datum and solve the problem (1.1)—(1.2) as in Step 1 and Step 2 on [t*, * + T»]. Thanks to the uniqueness of
strong solutions, this yields a local strong solution defined on the extended interval [0, t* 4+ T5]. After that we repeat
the argument in Step 3 on [0, %Tz] C [0, t* + T3] to derive the same refined estimates (6.39)—(6.42) on [0, %Tz] under
exactly the same choice of n (i.e., (6.38)). Again, there exists t** € [T, %Tz] such that A (#**) < min{l, M;}. Then
we can take t** as the initial time to repeat the above procedure and extend the unique local strong solution to the
extended interval [0, 275] with uniform estimates (6.34) and (6.39) on [0, 273].
By iteration, we easily arrive at the conclusion of Theorem 2.5. O

6.4. Proof of Theorem 2.6

First, we show the following preliminary convergence result (a similar situation on the Cahn-Hilliard—Navier—
Stokes system with singular potential can be found in [1]):

Proposition 6.2. Let d = 2,3 and let the assumptions of Theorem 6.1 hold. Assume that the initial averaged mass
satisfies oo = m € (—1,1) and S is real analytic in (—1,1). If (u, P, ) is a global strong solution to problem
(1.1)=(1.2) such that there exist M > 0 and § € (0, 1)

leOlm3@) =M, lleOleg =1-36, V=0, (6.45)

then (u(t), p(t)) converges to a certain equilibrium (0, o) as t — +00 with the following convergence rate

__0_
lu@) + o) = posll 3y < CA+1)"T5, Vi=0. (6.46)

Here, 9o € S;y N H3 () is a solution to the stationary Cahn—Hilliard equation (6.12), C > 0 is a constant depending
on M, ||¢ooll 3y, 8, W and 2, 6 € (0, %) is a constant depending only on ¢so.

Proof. We observe that due to the assumption (6.45), W(¢(t)) is confined on [—1 + §, 1 — 5] along the trajectory ¢ ()
for t > 0 so that Lemma 6.2 can apply. Then the conclusion follows from the same argument as in [34] for the problem
(1.1)—(1.2) with the regular potential (1.5). O

We can now proceed to prove Theorem 2.6:

Proof of Theorem 2.6. Inlight of Theorem 2.4 for any global weak finite energy solution (u, P, ¢) in two dimensions,
since we are discussing its longtime behavior, we can consider our solution from a certain positive time on to deal
with a (global) strong solution. By Theorem 2.4 (resp. Theorem 2.5, with € sufficiently small, cf. (6.40)) for global
strong solutions in two (resp. three) dimensions, we see that the assumptions made in Proposition 6.2 are fulfilled. As
an immediate consequence, the conclusion in Theorem 2.6 holds. O

6.5. Remark on the exponential stability of the averaged mass

Finally, we present a result on the conditional exponential stability of the averaged mass @ for problem (1.1)—(1.2).
The same property has been obtain in [26] for the case with a regular potential given by (1.5). To this end, it follows
from the assumptions (H)—(H1) that there exists a constant p € (1 — «, 1) such that

V'(s)>0, Vse(=1,—plUlp,1), (6.47)

namely, W is convex on the corresponding interval. Based on this observation, we have
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Theorem 6.2 (Exponential stability of constant states). Let d =2, 3. Assume that (H)—(H]1) are satisfied and that the
initial datum @y € H?(Q) satisfies dnpo = 0 on 9. Besides, suppose that the initial averaged mass @y lies outside
the so-called spinodal region, namely, oo =m € (—1, —p) U (p, 1). There exists 6 € (0, 1) sufficiently small such that
if lloo — @oll g2(q) < 8, then problem (1.1)~(1.2) admits a unique global strong solution (u, P, ¢) such that

lo(t) —@olly <Ce™", Vt>0, (6.48)

for some constants C, ¢ > 0 independent of time.
Proof. Since |m| € (p, 1), we take the interval
1
Iy=[m—-1,m+1], with O0<l< Emin{|m| —p,1—|ml|},

such that W”(s) > 0 for all s € I,,. One can easily construct a function F € C3(R) such that F(m) =0, F'(m) =0,
F"(s)=W"(s) on I,,, F"(s) >0 for s € R\ I,, and F® is bounded in R. After this construction, the conclusion of
Theorem 6.2 can be obtained by using exactly the same argument as in [26, Section 9]. In brief, we first solve the
original problem (1.1)—(1.2) with W replaced by the regular potential F and with the same initial data, obtaining the
exponential stability result (6.48). Then the key observation is that one can find a sufficiently small é such that the
global strong solution to the modified problem will stay close enough to the constant state @, in H>(£2) for 7 > 0 (thus,
in C(2) by the Sobolev embedding theorem). Hence, this global solution is confined in I,, so that, by the definition
of F, it actually coincides with the global strong solution to the original problem (1.1)-(1.2). O

Remark 6.2. Theorem 6.2 indicates that constant solutions are locally asymptotically stable when they are outside
the spinodal region. However, inside the spinodal region, the dynamics is much more complicated and similar results
on exponential stability cannot be expected. Our previous results Theorem 2.5 and Theorem 2.6 provide a first step
towards a more comprehensive understanding of the longtime behavior of single solutions.

7. Appendix

We consider the following homogeneous Neumann elliptic problem with a singular nonlinear term

—AY +S' () =1, in Q

(7.1)
oy =0, on 9%2.

Here, S is defined in Subsection 2.2 and satisfies the assumptions stated therein. We now report some elliptic estimates
satisfied by the solution to problem (7.1). In particular, we assume that ¢ € H>(Q2) with §’(y) € H and satisfies (7.1)
for almost every x € 2. The proofs of the following results can be found in [1,19].

Lemma 7.1. Let f € H. Then, we have
Ay <2)f - flI.

Lemma 7.2. Let f € L°°(2). Then, we have
IS (W) L@ < 1f =)

Lemma 7.3. Let f € V. Given R > 0, assume that |V || < R. Then, we have
JAyl < REVFI2.

Lemma 7.4. Let f € V. Then, there exists a positive constant C = C(p) such that

1w + 1S @l < C(1+ 1£1v),
where p =6 ifd =3 and for any p > 2 if d = 2. In addition, assume that d =2 and S satisfies
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18" ()] < CISOHC T yse(—1,1),

for some positive constant C. Then, for any p > 1, there exists a positive constant C = C (p) such that
18" W) lLrg = C (1 -+,
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