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Abstract

In this paper, we prove the well-posedness of the linearized Prandtl equation around a non-monotonic shear flow in Gevrey class
2 — 0 for any 6 > 0. This result is almost optimal by the ill-posedness result proved by Gérard-Varet and Dormy, who construct a

class of solution with the growth like V¥ for the linearized Prandtl equation around a non-monotonic shear flow.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we study the Prandtl equation in R4 x R%_

Oy + udxu + voyu — 8}2,14 +d,p =0,
dxu +9dyv =0,
(1.1)

—0=0ly=0=0 and i t,x,y)=U(t, x),
uly=0 =vly=0 an y;glwu( x,y) (, x)

ulr=0 = uo,
where (u, v) denotes the tangential and normal velocity of the boundary layer flow, and (U (¢, x), p(¢, x)) are the
values on the boundary of the tangential velocity and pressure of the outflow, which satisfies the Bernoulli’s law
U+ Ud U+, p=0.

This system introduced by Prandtl [12] is the foundation of the boundary layer theory. It describes the first order
approximation of the velocity field near the boundary in the zero viscosity limit of the Navier—Stokes equations with
non-slip boundary condition. One may check [11] for an expanded introductions to the boundary layer theory.
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To justify the zero viscosity limit, one of key step is to deal with the well-posedness of the Prandtl equation. Due
to the lack of horizontal diffusion in (1.1), the nonlinear term vdyu will lead to one horizontal derivative loss in the
process of energy estimate. Up to now, the question of whether the Prandtl equation with general data is well-posed
in Sobolev spaces is still open except for some special cases:

e Under a monotonic assumption on the initial tangential velocity, Oleinik [11] proved the local existence and
uniqueness of classical solutions to (1.1). With the additional favorable condition on the pressure, Xin and Zhang [14]
obtained the global existence of weak solutions to (1.1).

e For the data which is analytic in x, y variables, Sammartino and Caflisch [ 13] established the local well-posedness
of (1.1). Later, the analyticity in y variable was removed by Lombardo, Cannone and Sammartino [9]. Zhang and the
third author [15] also established the long time well-posedness of (1.1) for small tangential analytic data.

Recently, Alexandre et al. [1] and Masmoudi and Wong [10] independently developed direct energy method to
prove the well-posedness of the Prandtl equation for monotonic data in Sobolev spaces. Their works might shed some
light on the zero viscosity limit problem in Sobolev spaces. See also [7] for the case with multiple monotonicity
regions. Recently, we also present an elementary proof by using the paralinearized technique [2].

On the other hand, Gérard-Varet and Dormy [3] proved the ill-posedness in Sobolev spaces for the linearized
Prandtl equation around non-monotonic shear flows. The nonlinear ill-posedness was also established in [5,6] in the
sense of non-Lipschitz continuity of the flow. However, Gérard-Varet and Masmoudi [4] can prove the well-posedness
of the Prandtl equation (1.1) for a class of data in Gevrey class 47‘1- In [4], the authors conjectured that their result

should not be optimal. The analysis and numerics performed in [3] suggest that the optimal exponent may be s = 2.

Indeed, Gérard-Varet and Dormy constructed a class of solution with the growth like V¥t for the linearized Prandtl
equation around a non-monotonic shear flow, where k is the tangential frequency.

The goal of this paper is to prove the well-posedness of the linearized Prandtl equation around a non-monotonic
shear flow in Gevrey class 2 — 0 for any 6 > 0. This result is almost optimal and in particular implies that the
instability mechanism found in [3] should be severe. The same ideas can be applied to deal with nonlinear Prandtl
equation. However, the proof is more involved technically. So, this will be presented in a separate paper in order to
present our ideas more clearly here.

Let u® (¢, y) be the solution of the heat equation
ou® — 8)2,us =0,
N _ : s —
wly=0=0 and 'lim u’(t,y)=1, (1.2)
u'li=0 = M(S)()’)

Obviously, (u°(z, y), 0) is a shear flow solution of the Prandtl equation (1.1). Let us assume that dyuo(1) =0 and for
some ¢, é > 0,

1
8y2uf)(y) >c for ye [5, 2],

|dyul(y)| = cde™ for ye[0,1—8]U[1+38,+o0). (-
The linearized Prandtl equation around (u°, 0) takes as follows
Oru + 1’ Oyu + voyu’ — Bgu =0,
Oxu + dyv =0,
(1.4)

—_0 = —_0 = l =
uly=0 =v|ly=0 =0 and y_ngoou(t,x,y) 0,

u(0,x,y) =uo(x, y).
The main result of this paper is stated as follows.

129 19
Theorem 1.1. Let 6 € (0, %]. Assume that e'Px) 2" uo € H;' with Blv‘uolyzo =0fork =0,2. Then there exists T > 0

so that (1.4) has a unique solution u in [0, T'], which satisfies (7.2). In particular, we have

1
Z-‘r@,]

up € L>(0,T; H; ).
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Here we denote
fo 2 F OO FE), D52 (1 —anE)Y,

and H;;° is the weighted Sobolev space with 1 = e which will be introduced later.

Remark 1.1. Li and Yang [8] proved the well-posedness of nonlinear Prandtl equation in Gevrey class 2 for data with

non-degenerate critical point and polynomial decay in y. They used Gérard-Varet and Masmoudi’s framework with an
dus

introduction of a new unknown | = 8y2u — 352'78),u, which is used to control the regularity of E)gu. In the last section,
2

we will explain how to obtain the well-posedness of (1.4) in Gevrey class 2 by using our framework and /. The two
methods should be helpful to understand the complex structure of the Prandtl equation and provide evidence about the
conjecture that the well-posedness in Gevrey class 2 is optimal.

Let us present some key ingredients of our proof.

1. Gevrey regularity estimate in monotonic domain. Motivated by [1], we will introduce the good unknown w; =
E)y(#) to control the horizontal regularity of the solution in this domain, which satisfies
y

wi +udwy — 8§w1 =0y F1.

The key point is that the equation of w; does not lose the derivative.
2. Gevrey regularity estimate in non-monotonic domain. Because w; does not make sense in non-monotonic domain,
1
motivated by [4], we introduce h = ddyu,d = (agus )~ 2 to control the horizontal regularity of the solution in this
domain, which satisfies
Oih +u*dch — 07h + d(vdju’) = (3, — d;d)dyu — 20,dd3u.

All the terms in this equation are good except d (uaf,uS). The key point is

/ d(vdu*hdxdy = 0. (1.5)
R
So, this term is also good in the energy estimate. However, the localization in y variable will destroy the cancel-

lation structure (1.5). In particular, the energy estimate in non-monotonic domain will give rise to a new trouble
term

(D3NP, 1) 2, (1.6)

which can be reduced to control the terms like (w;, dxu);2,i = 1,2 modulus some lower order terms. Here
wy = dyu'dyu — Byzusu and ¢3(y) is a cut-off function supported in non-monotonic domain. To control them, we
need to use the Gevrey regularity and the following.

3. Anisotropic regularity estimates. The unknowns w; and & have to work in the functional spaces with different
horizontal regularity. Roughly speaking,

3o € L2(0,T; HE®),  ¢1(»@)o. 30 (w2 € L2(0, T; HO).

Here ¢1(y) is a cut-off function supported in monotonic domain.
4. The derivative gain of w; can be easily obtained by using Gevrey regularity and good structure of wj. The

. o . . 1
unknown wy = 9yu*dyu — af,usu satisfies an equation similar to wy, but with a key trouble term in the H 2"
energy estimate, which takes

(¢35’ Bue, $3(1)(W2)o) 1 o- (1.7)

1
The main difficulty is that one can not deduce ¢3(y)8)2,uq> € L2(0, T; HAIT’O) from ¢3(y)ho € LZ(O, T; H%'O).

However, one can prove ¢3(y)(w2)e € L%(0,T; H %’0) by using some key structures found in [4]. As we said
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above, this estimate is not enough to handle (1.6). On the other hand, one can prove the same regularity as wj in
the framework of Gevrey class %. This may be the main reason why the work [4] can achieve the well-posedness
in Gevrey class %.

5. Improved regularity estimate of w,. Compared with wy, w> lose %—order derivative. The reason is that following
the argument in [4] of integration by parts to (1.7) gives rise to a boundary term (see As in Lemma 5.2) at the crit-
ical point. To control it, one need to use Gevrey class % regularity. However, we find that ¢! +%1 (D, ) i+o ()o €
L2(0, T; Lz) if ¢ is a cut-off function vanishing at critical point. Compared with the work [4], this weighted
estimate is completely new, and moreover is enough to handle (1.6). The price to pay is to use Gevrey 2 — 6
regularity.

6. In our framework, if we use the unknown A, we can easily deduce ¢3 (y)8y2u<p e L*(0,T; H %’0), thus

() (w2)e € L2(0, T; H%’O) and avoid the Gevrey regularity loss. This will be explained in the last section.

Let us conclude the introduction with the following notations. Let w(y) be a nonnegative function in R*. We
introduce the weighted L? norm

1 E N0 f N lees 1z, S o) fOee.

The weighted anisotropic Sobolev space Hcf;’Z fors=k+o and k,€ € N,o €0, 1) consists of all functions f € Li
satisfying

def
1F13e = D2 D 1954Dx) 795 f1I7 5 < +oo.
“ a<kp<t
We denote by H f’ ., the weighted Sobolev space in R4, which consists of all functions f € Li » Satisfying
def
115 S D N0F f17: < oo,
=t -

In the case when w = 1, we denote Halj’e by H*¢, and Hyzyw by Hf for the simplicity.
2. Basic estimates for the shear flow

Let u® (¢, y) be the solution of the heat equation
' — dju* =0,
u’ly=0=0 and vEToo u't,y)=1, 2.1)
u'li=0 = Mé()’)-

Proposition 2.1. Assume that dyup € H;’# with = e and up(0) =0, 8§u‘8(0) = 0. Then it holds that for any
t € [0, +00),

def

t
K K 2 K 2 512 C
ES@0) = 19y’ 0l +/||ayuv(f)||Héud15 oyl :
0

Moreover, if for k =0, 1,2, 3,
|8§(uf)— 1)(y)| <cle™? for ye[0,+00),
then we have
|0y (' (1, y) = )| < Ce™?,
for (t,y) € [0, 1] x [0, +00).
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Proof. Taking Li’ ., inner product between the first equation of (2.1) and u;, we obtain

d
~tloyul |2, + )2, < Clovut|?
p I3y ”L,%,u I t||L§w_ 119y ”qu

Taking the time derivative to the first equation of (2.1), then taking LJZV’ , inner product between the resulting equation
and u}, we get

d
2 512 52
—t||u’ + 19yu <Cllu .
Sl IT, iy, < Clufl,
And taking L% . inner product between the resulting equation and aguf , we get

d K 2 52 52 1 2 512
Enaya,u‘”%ﬂ + “ayaluY”Liﬂ < C||ay3,uv||L§’# + §||8, uY”L?#.

Taking the 9,9y to the first equation of (2.1), then taking Li, .« inner product between the resulting equation and 9; 8;us,
we deduce that

d . 3 52 2 2 1 2
- < s - 52
7 10yl 2  + N9 05u “L%m = Cll950;u ”L@ + 2”8)131 u IIL%_M-
Using d,u® = 8§us , we deduce from Gronwall’s inequality that
2 2 2 2 2
oy I, + N O, + 130’2, + 10500 17, < Nl e
from which and 0;u* = 8}2,u5 , it follows that
2
E* (1) < ||yl e

For the pointwise estimates, we need to use the representation formula of the solution

_o=)? v>2 G+y"?
us(t, —e A )us Ndy'.
(t,y)= 3 \/_ / o(y)dy
We write
+00
(y) — 1= f 0y + —— [ S W) - Day’
u ) - 1 u u —

g [

Eh+ DL+

The result is obvious for |y| < 4. So, we assume y > 4 > 4¢. Thanks to |u‘8(y)| < C, it follows that

+o00
h < Nlﬁ e e s () dy
’ o0
< Nlﬁeif / R P
0
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Thanks to [up(y) — 1| < c~le™, we infer that

_o=)?

eV lup(y') — 1] ey,dy’

|| <e™”

1
2\/7”

<Ce™ a7 ey dy’

2«/
+00
<CeYe! / e*(S*ﬁ)Qd%-
0
<Ce™”.
For I35, we have

1 +o00
2
il [ efde / “de.
N \ Nz
NG NG
If 24/t < 1, then
+00
_
mi=c [ efaezce W sce,
y_
NG
and if 24/ > 1 and y > 4t, then
+00 c
Bl<C | e™ige <~y <Ce™.
mi=c [ £
PV
Putting the estimates of I} — I3 together, we deduce that
lu®(t,y) — 1] < Ce™”.

Thanks to u(0) =0 and 8514(5)(0) =0, we get by integration by parts that

_=yDH* y)2 (\+)
ayvu’(t, / +e” )3 u dy’,
yu' (t,y) = 2«/_ 0(y)dy
2’ (1, y) = / S —e-‘”"’z)azu Ody’
ou' 1,y 2\/— yhdy',
1 o—v)2 G+y)?
But(t,y) = —— / e T e A )83145 Ndy'.
yus (L, y) WeT Vitg(Y)dy
0

Then in the same derivation as in I, we have fork =1, 2, 3,

|8u” (1, y)| < Ce™ for (t,y) € [0, 1] x [0, +00).

This finishes the proof of the proposition. 0O
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Lemma 2.2. Let up(y) be as in Proposition 2.1. If uy(y) satisfies (1.3), then there exists Ty > 0 so that for any
t€(0,11],

1

8y2us(t, y) > % for ye [E,

Oy (1,y) = 38¢™ for ¥ €[0,1=8]U[1+8.400).

2],

Proof. We have
t

Ayu’ (t,y) = dyuy(y) + / 3 0yu’ (T, y)dr,

0
t

' (1, y) = dyup(y) + / 3 97u’ (z, y)dr.
0
Notice that

t
Ky 1 3.5
| [ a0, @ yyd| = Cos 0 2 .
0

t
‘ 1,
‘/a,ay%ﬁ (z, y)dr‘ < Ct§||8;‘uA ||L,233-
0

Then the lemma follows from Proposition 2.1 and (1.3). O
3. Introduction of good unknowns

An essential difficulty solving the Prandtl equations is the loss of one derivative in the horizontal direction x
induced by the term vd,u*. To eliminate the trouble term d,u*v in (1.4), it is natural to introduce a good unknown w
defined by

def u
wi é a)’(ayus)’

which is motivated by the work [1]. Then a direct calculation gives
dwi +utdewy — wy =y F,

8 — :0 d ] :0,
y W1 ly=0 an y_:grloowl (3.1)

wilr=0 = wo(x, y),
where F) is given by
Fi=ud,( 1 ) - [8 L]u.
dyus N

Here we used the fact that 8}2,u =0 on y =0, which can be seen from (1.4).
Notice that wy is only well-defined in the monotonic domain. While, Lemma 2.2 tells us

, s _,
[0yu’ (t, y)| > %eﬂ for (¢,y)€l0,T1] x ([O, 1 -38]U[1+45, +oo)). (3.2)
Then it is natural to introduce a cut-off good known

A -2 N u
W £ e 2¢1(y)0y( ):Wl(y)ay(ﬁ),
y

u

N
Oyu
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where ¢1(y) € C*(R4) with the support included in [0, 1 — 8] U [1 + 8, +00) and ¢;(y) =1 in [0,1 — 28] U
[1+428, +00]. A direct calculation shows

001 + ' 0,1 — W1 = [Y1(3). 9 Twr + ¥1(0)dy Fr. (3.3)
To control the regularity of the solution in the non-monotonic domain, we need to use the non-degenerate condition
8y2us(t, y) > % for (¢,y) €l[0,T1] x [%, 2]. (3.4)
Motivated by [4], we introduce a good unknown / defined by
h e dou,

where d (¢, y) = ¢3(y) (Bgus)_l/2 and ¢3(y) is a cut-off function supported in [%, 2]land ¢p3(y) =1lasye [%, ZT]' Then
h satisfies

Oh +utdch — 03+ d(wdu') = (3,d — d;d)dyu — 20,dd;u. (3.5)

To propagate the regularity of the solution from monotonic domain to non-monotonic domain, we need to introduce
another good unknown wj

Wy Y () (g0’ By — ud?u) £ Y (yywa, (3.6)

where Y (y) € C8°(R+) with the support included in [1 — 35, 1 + 36] and ¥»(y) =1 in [1 — 26,14 26]. It is easy to
check that

0w +u’ 8, — 852 = [Y2(y), 5 1wa + Y2 () P, (3.7)
where
_ K s a2 2.5 2.5 o2
F = 0,9yu’ dyu + [dyu’, 0510yu — ud;d5u’ — [dgu’, 95]u.
In fact, w; and w, are basically equivalent in the monotonic domain by the relation
wa = (Byu*) wy.

This in particular implies that

Lemma 3.1. It holds that

N Mol 1o = Cl@ell 1o,

1
2
MM W2ell 1o =Cl@Dell 1o,

where Iy = supp¢| and I = suppyr}.

Let a(?) be a critical point of u® (¢, y), i.e.,
dyu’(t,a(t)) =0.
Therefore, a(t) satisfies

0;0yu*(t,a)

dra(t) = —
a(t) 02 (1, )

. a(0)=1.

By Proposition 2.1, there exists 75 > 0 so that

la(t) — 1] <28 for te[0, Tl (3.8)

Then u can be represented in terms of wy, wy. More precisely,
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Lemma 3.2. We can decompose u as u = uj + us, where

8yus/q>1w1dy/ for y<1-28,

v

P
dyu’ / 1w1dy/+/ G us)zdy/> for 1=28<y<a(),
Y

i 0 1225
= 1426
/ G S)zdy + f ¢1w1dy> for a(t)<y<1+25,
1425 2
ByuS/q)lwldy/ for y=>1+28,
and
sut, x,2)
uy = dyu ml{y>a(t)}()’)»

4. Gevrey regularity estimate of w;

In what follows, let us always assume that 7 < min(77, 7»).

Proposition 4.1. Let w be a smooth solution of (3.3) in [0, T]. Then it holds that for any t € [0, T],

d _ 2 _— 2 — 2
SA@0l? = OIS 1, + 18, @Dl |,

< c(nu@n2 L I@Del? + @)l )
oY H? HZ

Let us begin with the estimates of source term F7.

Lemma 4.2. It holds that
||1pl(y)ay(Fl)<I>||H%_0SC(HMCDH 1 +|I(w1)<1>|| Lt ll@ell 0)-

H2
n

Proof. An easy calculation gives
(82 S‘)2 82 s
Fr=-2 2 Oyu
= 2 T e
By (3.2), we get

1103, (F)oll 130 = Cllusll 3, +Clyime’ @woll 1,

H4
i

Notice that
2.5 2us

udyu
2. s —
V10093 = 0y (8, = Yiwy + 2W1W el ),
which along with Lemma 2.2 implies that

l1(e’ @wall 1, < C(lusl 3‘1+||(w1)<1>|| Lt l@2)ell 1 1o)-

30

Putting the above estimates together, we conclude the lemma. O

1127
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Now we are in position to prove Proposition 4.1.

Proof. Applying e®®Px) to (3.3), we obtain

% @1 + MD)W +u' b (W1)o — 5 (W))o

= [Y1(y), 21 (w1)o + ¥1(»)dy (F1)o.

4.1)
Making H 20 energy estimate to (4.1), we obtain

d
Ed—ll(wl)oll +?»||(w1)<b|| 3400 (33(ﬁl)¢,(wl)cb)H%,O+(M‘Y3x(wl)®,(wl)q>) 1o

H>
= (Y1 (. 3}2, (W), (wl)<I>)H% o+ (V1 (M (F)o, (wl)d>)H% 0
Thanks to dy(w1)e|y=0 =0, we get by integration by parts that

— @ @)e. @) 1o =10,@Dol? | . (w0 (@)e. @1)o)

Il
e

H2O
We infer from Lemma 3.1 that

(L1, V](wl)clh(wl)cb)H%_o

<2|(¥{(wDe, 3y(W1)<1>)H%,0‘ +2|(¢] (wDo, W1)e)
< CII(W2)4>IIH%,O(Ilay(WlhllH%ﬂ + ||(wl)<1>||H%_o)

Lol
H2?

C(u(wz)cpn2 o Hlael? %)

1 — 2
glv@sl? ||
It follows from Lemma 4.2 that

(V1B (Fe. @De) 1o <C(lual? | +||(w1)¢||2%‘0+||<wz>q>||;%,0)

Hu

1.
+ §||ay<w1>¢||2 +Cl@nel?

30

4
Summing up all the estimates, we conclude the proposition. O

5. Gevrey regularity estimate of w,

First of all, we prove Gevrey regularity without weight.

Proposition 5.1. Let w, be a solution of (3.7) in [0, T]. There exists 6 > 0 small enough so that for any t € [0, T]

d _
—ll@)el? ; +(A—c>||(w2)<p||2 bo I3y @al? 5
dt g’

8

< c(nu@n2 L I@Del? + I@)el? )
H4 H?2 HS3

The proposition can be proved by following the proof of Proposition 4.1 and using the following lemma

Lemma 5.2. It holds that

430 +|I(w1)<1>|| 1o +||(wz)<1>||23 +ll@e|? 5,)
H H20 HY

(V2 (F2) o, @2)0) 34 <C(lusl?*

oo

—||3 @2l 20

oo
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Proof. Notice that
—ud, u® — [95u’, 07 1u = 20]u" dyu, (5.1)
therefore,

2.5 2.5 o2 — —
(Y2(ud; dyu’ 4 [97u*, 8 ]u)cp,(wz)cp)H%ﬁ SC||M¢|IH5,1||(w2)<1>IIH§,0-

Similarly, we have
(Y2(3; 3y dyu + [Byu®, 213yu) o, (wz)q,)H%,o = —2(y20;u* 0}, (wz)q;)H%’o.

The estimate of this term is very tricky. The following argument was motivated by [4]. By Lemma 3.2, 9yu can be
written as dyu = dyu; + dyuz. Note that both dyu; and 9yu; are discontinuous across y = a(t). In particular, we have

2. s M(t,x,2) A

lim oyu;— lim 0yu;=0%u
y—aln)— ! y—a+ ! Y dyus(1,2)

Then by integration by parts, we get

2592 — _ 2 5 3.2 3
2@ G, @) 3o =2 [ 1200830 (D} @un)e D)} @odrdy
y=a(t)

2 [ va0aie (D} @une (D)} @edrdy

y<a(r)

-2 f V2 (1)32u' (Dy)3 (92u2)e (Dy) (W) adxdy

y>a(t)
=2 / V()26 (D) (Byun) o (Dy) S (02)pdxdy

R

+2 / V202U (D) (Byur) o (Dy) () pdxdy
R.

+2 / V2 (026’ (D)5 (Byu1) o (Dy) S (3,02 edxdy
R.

-2 f V2(0)02° (D) ¥ (82u2) (D) ¥ (W2)odxdy
y>al(t)

2 / 92u’ (D)3 Jo(Dy)3 (W) pdx
y=a(t)

LA 4+ As.

Note that ¥}(y) vanishes in a neighborhood of y = a(r) so that d,u behaves like w; on the support of ¥/}(y).
Thus,

Ar=Cl@del 1 ol@Doll 3 ,-

2. a3.s ut.x.2) :
Thanks to ayuz = ayu RO we obtain

Ag <Cllu w .
4 =C @IIH%,III( 2)<1>||H%0
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Similarly, we have
A2 =Clluoll 1., |I(W2)<1>|IH§,0-

For As, we get by Sobolev inequality that

1 o 1 o 1
As <Clluoll 1,I{Dx)2 (@ allLx2 < Cllusll 1, I10y(W2)ell” 5 (W2)ell?
HA y HA o0

_ (I
<C(lusll® ,  + @ l* 5 )+ —ly@ol? 5 -
HE HY 16 H3¥"

It remains to estimate A3. One has
wy = dyu’dyu — uayzux = dyu’dyu; — ulafus,
which gives
3y (W2) = Y5 (y)wa + Y2 (3) Byu* 07y — uy dju).
Then we may write
_ 242 sq s 3 3.2
A3 =2 [ Yo(y)705u’ dyu” (Dy)8 (dyu1)o (D)8 (dyu1)odxdy
R
) 202 593 s 3 3
V2(3)202u° 03u® (D)5 (By1) 0Dy} S (up) odxdy
R
3 3 __
+2 / V() 02u* (D)3 (Byup) o (Dx) S (W) odxdy
R2
Z

= f 2 (020212 ((Dx) 3 (Byur)e) dxdy
R2
- / V22030 dyu’ (D)3 (Byur) ) dxdy
R2

-2 f W3 ()2(0)02 By (D) (Byur)e) dxdy
R,

-2 f Y2 () 20y’ 834 (D) ¥ (Byun) o (Dx) ¥ (yun)adxdy
R,

+2 [ 1200830 (D} @) (D) @odrdy
R,

+2 f W5 (0)32u' (D)3 Byur) o (Dy) ¥ (@) odxdy
R,

£ A3+ + Ase.

Here we used integration by parts and —u18y2ux = —0yu’dyuy + wo.
By Lemma 2.2, we have Byzus > 5 > 0 on suppy. So,

6'2 3
Az < —anz(y)wm(ayuocpuiz.

T
ool
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1131
On the other hand, |d,u*| < C18 on suppyr> with C; independent of §. So,
3
A3 + Asg < C18[¥2 (D) @Qyun)a |7
and
3 —
A3s < 81Y2((Dx) S Byunal}s + Coll@al? 5 |
While, on the support of 1//é, dyu1 behaves like w. Similar to Ay, we have
An = Csl@Del? |
Az < c(||<w1>q>||2 +l@ol? 5 ).
This shows that
c? 2 2 =N 2 =2
Az < _(Z — C18) Y2 (»)(Dx) 3 Byun)oll;> + C(Il(wl)wllH%YO + Il(wz)q>||H%,0)-
Putting the above estimates together and taking § small enough, we conclude our result. O
Next we prove Gevrey regularity estimate with weight. We introduce a weight function ¢ (¢, y) = ¢(y — a(?)),
where ¢(0) =0 and ¢(y) =0 when |y — 1| > 26.

Proposition 5.3. Let wy be a solution of (3.7) in [0, T] and 81 > 0 be a small constant determined later. There exists
8 > 0 small enough so that for any t € [0, T] and §, > 0

d 1461 1461 2
E||(w2)<1><ﬂ E Pl G C)||(w2)<l><ﬂ B

(S
. T LS
2 2 o 2 1461
SC((HM@H L@l | l@)el? s+ lw)ee 2 |12

Ha! H2 H3¥ H

-

.0

o)+l @0l o

8
Let us begin with the following estimate of source term

Lemma 5.4. It holds that for any §, > 0,

140
((Fa. w2)ag™") 1o <C(Iuol? ), +lwar = 2 5
Hl/-

FI@DI2 ¢+ 1@al? 5 ) + 2l D)ol

Proof. By (5.1), it is easy to show that

30

8

146,
((uatagu‘v+[Bf,us,ayz]u)cp,(w2)<1>§01+91)H%,0SCIIMIIH%,III(wz)qﬂﬂ 7|

HAO
n
Similar to the proof of Lemma 5.2, we have
(@ 0y Byu + By’ 871y, (w2)og' ™) 1,
=-2 / @(t, )" 02u8 (Dy)2 (02U (Dx) % (w2) pdxdy

2
R+

1 1
=-2 / o, ) 071’ (D)2 (07u1) e (D)2 (w2)edxdy
y>a(t)

1 1
-2 / o(t, )T 07u (D)2 (0ju1) o (Dy) 2 (w2)wdxdy
y<af(t)
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1 1
-2 / ot )T 07U (D)2 (07u2) 0 (Dy) 2 (w2) wdxdy

y>a(t)

=2(1+6) / ¢ 9,002u’ (Dy)? (3yu1) e (Dx) 2 (w2)odxdy
R
+2 / @t )T 83u" (D)2 (Byur)o(Dy) 2 (wr)odxdy
R,
+2 [ 00" 102 (D} @)D @y wn)adxdy
R

1 1
-2 / ot ) 92u (D)2 (93u2) 0 (D) 2 (w2) pdxdy
y>al(t)
£By+---+ By

Here integration by parts does not give rise to the boundary term due to ¢(¢, a(r)) = 0.

As 82u2 = 83 s d“ uts)(ctzz)) , we have

1461
By + By = Clluoll 1, ll(w2)ep 2|
H,

m

Thanks to |d,¢| < C and suppdyp C [1 — 28, 1 +26], we get

39"
H1Y

a(t)
mrc|[ [ o500} @unetb)t wadsar]
R 1-2§
1428

1 1
+c\/ [ 500 @ (D21 wodrds)
R a(®)
£ Bi1 + Ba.
By Lemma 3.2, dyu; can be expressed as

1-26

1-26

oylU| =
y¥l 1428

1428
Then we have
a(r) 1-28

anc(// @™ @3 (Do) /¢>1w1dy D)} @2)odxdy|

R 1-25

el [ [ or@teroal( /(M)zy )o (Do)} (2)0dxdy|

d for 1-26< 1),
/¢1w1 y—l—/ @ s)2 Byu or <y<a(t)

w2
d ) f ' 1425
f @ 3)2 dy' + zf prwidy o or a()<y<Il+

(5.2)
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a(t)
1 __ L
el [ [ o ot @etpa @y
R 1-2§
£ Dy + Dy + Ds.
It is easy to get

D1 = Cll(wpell 10||(W2)<1>|| Lo

For y € [1 — 23, a(t)), ¢ and d,u* behaves like |y — a(t)]. So,
a(t)

01
Ds<C | L—ay|(D,): @)ol?
3= ayus ! 2e LgOL)ZC
1-26
a(t)
1 3. 3=
<C md}’”(Dx)say(w2)<1>||L2||<Dx>8(w2)<1>||L2
1-25

=Cloyell 3 oll@ell 50

Similarly, we have
a(r) y
Dy =C / ¢ / @ S)2dy’dy||( )%(wz)cpllig%%
1-26  1-28

=Cloy@ell 3 oll@ell 50

Here we used

a(t) y : a(t) y !
o dy'd <cf "lf—d/d
v /(ayué‘)z Sl B T
1-26 1-26 1-26 1-26
a(t)
1
- _dy<C
= ] =t =
1-28

This shows that for any &, > 0,

B = C(I@ell” 1, +1@ell” ¢ )+ 8213, @2ol 4,

8

The same argument shows that
Biz = C(I@Del 1 +1@ell” ¢ ) +8218,@Dell” 4 .
Thus, we obtain
By <C(l@ol? | ,+ 1@Dal* 5 ) + 26218y @) l* 5,
H?2 H?3 H?3
Now we deal with B3. Similar to A3 in Lemma 5.2, we obtain
By=-— / 0! (02u)? ((Dx)? (Byu1) ) dxdy
R}

- f @30 By’ (D)2 (Byur)0) dxdy

2
R+

1133
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1
—(1+6p) / " 0ypdsu’ dyu’ ((Dx)2 (3yu1)) dxdy
R2
+

1 1
-2 / 0" 9,1 3u* (D)2 (Byu 1) (Dy) 2 (Byur) odxdy

R
+2 / @' 3 (D)7 (Byu1) (Dx)? (w2) pdxdy
R
£ B3+ + Bss.

Similar to A3y, A3n, A3q, Azs in Lemma 5.2, we have

? JETTI
B3 + B3 + B34y + B3s < —(Z — C18) 1 (dyu1) o9 2 ”m
Similar to By, we have
a(t)
1
B335C(/ f goelayus((Dx)2(8yu1)¢)2dxdy‘
R 1-25
1428

el [ [ oo (it @uerardy| 2 £+ En

R a()
We get by (5.2) that
a(t)

E1<C‘// oo u’ /( x)%((plwl)q;dy/)zdxdy’

R 1-2§
[ (Dy)} ()
D)2 (w2)oe 2
6 K X
wel [ [ ranel [ St
1-28

vl [ [ o sosanat@erdnd|
yu

L£En+En+En.
It is easy to see that
En <Cll@nel?® .
H?2

and

a

01
@
E13SC/ ausdyll( )2(w2)¢”LooL2<C”8 (w2)ell 30||(w2)<1>|| 50
y

1-26

Similar to E3, we have

Enp = Cllayell 3 ollW2ell s,

oo

This shows that for any §; > 0,

Ev=C(I@nel 1, +1@ol” ’ 1o )+ 8l @l 5,

N

8
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+01

+Clwop T2 .
Y

8

Bl—
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Similarly, we have

E2 = C(I@nol 1, + @0l

— 2
H%'O) +52||3y(w2)<1>||H%y0-

i
Thus, we get
B < C(Il@nel® | ,+ 1@l 5 ) + 262110y @2)all” 5 .
H?2 H?Y HS
Summing up, we obtain

2

c o 5 50 5 — 2
By=—=(7 = Cid)l@yunee 2 I2 )+ C(IwDew > 12 +I@Dol? |
@0l 5 ) + 202010y @)ol? 5 -

HS HS

Summing up the estimates of Bj, B, B3 and taking § small enough, we conclude the lemma. O
Now we are in position to prove Proposition 5.3.

Proof. Recall that w, satisfies
dwy + u* dywy — 3wy = Fy. (5.3)
Applying ¢®"-P%) to (5.3), we get
1
3 (w2)e + A(Dy) 2T (W) + 1 (w2)e — 07 (W2)o = (F2)o. (5.4)
Taking (Dx)% on both sides of (5.4) and taking L? inner product with (D) 5 (w2)ep! T, we obtain
1d 16y 110 1 1
S—llw)ep 2 I +Alw)ep 2 175, + f 1 (Dx) 28 (w2) o (Dx) 2 (w) o' ™ dxdy
2dt H2 Hit0
RY
1 1
- / (Dx)2 92 (w2)e (D) (w2)op' T dxdy
RY

< / 0" 3,01 (D2)? (o) Pdxdy + ((F)o, w)og ™) 1.
R:
We get by integration by parts that
/ w (D) 10 (wa)o (D) (w2) o dxdy = 0,
R
and
~ [P w0 (D) w2)e dxdy

2
R+

JHET
=0y (w2)ao@ 2 ||

l—

L+ / 0”1 0y0(Dy) 20y (D) (Dy) 2 (w2) pdixdy

H
R
loy(w)ep T 1%, — Clay@ell 3 ,l@)el
> w 2 — w 3 w 5
Z [[0y(W2)o@ H%’O y\Ww2)o 30 2)® H?()

2
[

Ly
> ||y (w2) a2
H

.= Cl@el® 5 , = 82010,@Del* 5 .
, i )

=
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Here we used |d,¢| < C and ¥2(y) = 1 for y € suppdy¢. Similarly, we have
1 _
f ¢" g |(Dx)? (wa)oPdxdy = Cl@el” 1 -
R

With the above estimates and using Lemma 5.4, we deduce our result. O
6. Gevrey regularity estimate of i
Proposition 6.1. Let h be a solution of (3.5) in [0, T]. Then it holds that
%uh@niz +alhol? 4 o+ Navholl:

[ETT
o T lw2)ee 2|

= (ol +luol? , |+ I@Dol
H4 H H

, +ll@)el?
H

ool

3
3,
The proposition follows from the following two lemmas.
Lemma 6.2. Let h be a smooth solution of (3.5) in [0, T). Then it holds that
d
Jlhollg. + xnh@niﬂ_ﬁm + oyholl7,

<C(lhol?, + ”““’”i%»l) +2(¢5() V0. $3(Nus) 2

Proof. Applying e®-Px) on (3.5) and making H>° energy estimate, we obtain
P (CHOT W EY P

< — (' oche. ho) 2 + ((0d — 33d) Byuw)e. ha)  — 2((Byddju)e. ha)
— (ddu")e. ho) .
Thanks to h¢|y=0 = 0, we get by integration by parts that
(u*dche, ho),» =0, —((O7Me,ho),» = 1@yh)oll}s,

d 2 2
E”th”Lz‘F)\”h@”H}_‘

and
—2((dyddju)o. ho) 2 =2((03d0yw)e. ha) 2 +2((Byddyu) e, dyha),
1
2 2 2
< C(||u<1>IIH$1 + ||h<I>||L2) + E”(ayh)d?'”Lz-
After some calculations, we have
utes ¢y 3(85u’)’¢3

2
8td - 8)d == 5 3 - 5 1 4 5 5
@i @01 4 (k)

which gives
(@rd = 87d)Dyw)0, ho) 2 < Clluall i lholl 2.
Using dyu + dyv =0, we get by integration by parts that
—(dWdu ). ho) 2 = —(¢3()@7u) 20 u ve, ¢3 (N (@3u’) "2 (Byu)o) 2
= —($3(0)vae, $3(»)(Byu)e) >
=2(¢5(Nve. 3(Nue) 2 + (B30 Oy ), d3(V)us) 2
=2(3(0)ve. p3(V)us), 2.

This completes the proof of the lemma. O

9]
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The following lemma is devoted to the most trouble term (¢} (y)ve, #3(y)ue)

The argument is motivated by [4]
Lemma 6.3. It holds that

(B30, $30)u0) 12 = C (1o

_ 2 40, 5
1, TH@Dall R + I @2)e |I? 10 + [(w2)oe 7 |

B H ‘())'
Proof. Recall that suppgj is included in E1 U E;, where £ = [7, ] and E; = [, 2]. Then we write

oc
Ee ]

y

‘/¢3¢§v¢u¢dxdy‘ < ‘//¢3¢§/8xu¢dy’uq>dxdy‘
R}

R E; 0
y
+] [ [ n0 [ suusdyusaras|
R E; 0
27+ /.

In E1, u can be expressed as u = d,u* [; wdy’ so that

y
nz| [ [ ens [ ouusdy o f(wl)wy dxdy
R E; 0
=Cl@Del 3,lluol )

4
In E5, u can be expressed as u = dyu f2 widy' + dyu’ 5- 55 At x,2)

B0 (1.2) so that
y
J2<‘//¢>3¢3/8 uopdy 8)u / dxdy’

R E» 2

s W, x,2)e
+‘//¢3¢3/8xu¢dy By mdxdy‘
R E;
£ L1 + Jn.

Similar to J;, we have

D1 <Cll(w u
21 < CJ|( I)QHH?T’O” <1>||H%0

Recall that a(t) is a critical point of #*. We decompose foy dxuepdy’ into the following three parts

.
y a(r) z y
/axuquy/: / duopdy + / 8xuq>dy/+/8xuq>dy/.
0

0 a(t)
Then we have

ENEN

a(t)

J2z<’//¢3¢3 / dxupdy’ dyu s W x, Do

oyus(t,2)
R E>

z
+| / / B3, / dyupdy oyt L 20

xdy’
dyus(t,2)
R E» a(r)

dxdy’
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s U, x,2)) o
+‘//¢3¢3/axu¢d 3y dedy
R E,

LK +K+ K3‘
By Lemma 3.2, we get

1-25
st x,2)e
K < ‘//¢3¢3 / deugdy dyu’ ) dxdy(
R E
a(t) 1-25 PR
u(t,x,2))e
3, (9 dy") ydy Byt R d‘
‘!!¢3¢31[8 L (0yu’ /(blw] y") U 5,0 (1,2) xdy
2
“ ; Lt x.2)
u(t,x,2))e
35 (3, dy"yody' dyu’ LTV d‘
+\R/Ef¢s¢31/26 (B /(8 ey eyt S5 R dy
2
£ K1 + K2 + Kis.
As in Ji, we have
K11+K12SCII(Wl)d>||H%,OIIM¢|I
For K3, let us first estimate
a(t) y
__(9 1
H / @y’ / (9y s>2
12525 1525
a(t) y/ -0
D, w
- /‘ 8‘,uX/ (D)3~ (w 2)<1>||L§d "y
i @yu)?
1225 1525
; 5 -~ 3 a(146))
“t DS @l D) walfe 7
< ovu’ X d //d /
= y o2, E) yay
1228 1228 (@yu)7e

a

1 3 5o
< f ([ Wdy”)2dy’||<Dx>s(wz)¢||lL2“||< i wee T I,

1-26 1-26
5 ) - 3 ] o
Iy —a@®]|2 (Dx)s2)all, " I{Dx)* (w2)op 2 |},
1-26

5 11—« 3 36 o
<CI{Dx)32)all,," I{Dx)* (w2)op 2 I},

Here o = 1 — 86 and take <% < 1

a 7l70{(l+91)
5 toensure that [\ ¢ |y —a(t)|727 " 2

dy’ < C. As aresult, we obtain

1+
Klgsc(nu@uz +||(w2)<1>||2§ + (w2 op 2 ||2%0).

oo

Then we have

Ki=C(lusl® , ,, + 1@l 5 , + l@e |
Hi™ H¥

Il (w2) 901+61 I? )
+ [[((w2)op 2 .
H3® 30

H%
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For K3, by Lemma 3.2, we have
1428

y/
Wy (u(t,x,2)e
sl fos [ | o sy
2= /f¢3¢3 X( yu (ayus)Z y )d> Y oyu 8),1,{‘?(1‘,2) Ty

R E» a(t) 1425
14268 1425

— (u(t,x,2)o
+ //¢3¢:/), /. 8x(ayus / wldy/)q)dy/ayusmdxdy‘

R E, a(t) 2

/ Ay(axu(taxvz))(b / s(u(taxﬂz))(b
+ //¢3¢3 / ey e dxdy|

7 /

y
/ s — 7 / s(u(t’x’z)
+ //¢3¢3 / 0y (D1 /wldy Yody'dyu —)d’dxdy‘

dyus (t,2)
R E; 1426 2

7
7

w| [ [ostn [ o Cx Do gy U010y

dyus (t,2) dyus (t,2)
R E> 1426

£ Ky + -+ Kos.

Similar to K13, we have
2 — 3 2 Lo o
Kxn <C(lusl?,,, +1@ol? s, + lw)ee = |
Hit? H¥
Similar to K2, we have
Koo+ Koy < Cll(wl)¢llH%,ollu¢llH%,l-
Integration by parts, we have
K>3 + K75 =0.
This shows that
Ky < C(lluall?
H

— 2 — 2 40, 5
+Il@Dell” 5+ 1@2)ell” s | +[(w2)ee 2 |
H HSY

1
1+9,1 H

EN[N)

3
3

Similar to K»4 and K»s, we have
K3z <Cl(w u .
3= CJ|( I)CDHH%OH <1>||H%_1

Summing up the estimates of K1, K>, K3, we deduce that

— 2 — 2 140 2
+lDaell® 5  + IIW2all” s | + [(w2)eep 2 |l
H% HY

Jn < C(llus|?
H H

0)'

1
1+9.l

R[]

Putting the above estimates together, we conclude the lemma. O
7. Proof of Theorem 1.1
Let us first recover the regularity of u from w; and A.

Lemma 7.1. It holds that

||M¢||Hj+g,1 = C(”(EI)CDHH%ﬁ + ||h<1>I|H%+9,o)-

1139
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Proof. The proof is split into two steps.

Step 1. Estimate of ||8yu<[>||H%+91O

First of all, we have :

Istall 10 <o 300l 00+ 15 3

: ](y)ayucbllH%%O + I|1[‘7_‘,+00)(y)8yu<1>||H3_¢+9,0

s "

é11-|-12-|-13.

For y € [0, 31U [§, 4+00), we have

s 1
dyu(y) = dyu’ (wy — 3y(ﬁ)”),
yu
which gives

I+ 1= Cl@all, 1o+ Clual 1

m
Fory e [%, ZT]’ using dyu = h(agus)_%, we get
L < C”hq)”H%HJ,O'
Step 2. Estimate of ||uo|| 100
i+

"

We have

ol pioo Mo 51Ol 400+ 1y

Ol 4o+ 117 4o 00l )0
w W w

3
4!
El+Is+ Ie.

For y € [0, %], we have

y

u(y) = ayu'( f widy'),

0

which gives

L=Cl@ell i,

(]

Forye [%, %], we have
y

- h ) 3
u(y)Z/ 1dy ‘I‘I/l([,.x,—), (71)
()7 4

3

7

from which and the estimate of 4, we deduce that
Is=Cl@Dell 10+ 1hall 1 0)-

Forye [47_1’ +00), we have
v

i(y) = ayuS([ wldy’) + dyu

7
s M(t, X, Z)
7
)

E ]

from which and the estimate of /s, we deduce that
Io < C(I@Dall 1o+ kol 1.00)-

Now, the inequality follows by putting the estimates of /1 — I together. O
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Now we are in position to prove Theorem 1.1.

Proof. The approximate solution can be easily constructed by adding the viscous term —ezagu to (1.4). So, we just

present the uniform estimate. For this end, we introduce
— — 146
EOEN@Dol? |, +I1@Doll® 5, + Iwdee 2 I, + ksl
H2 H3 H?2
A — 2 — 2 LRI} 2
D) = 1oy(wi)e |l l,o+ 19y (W2) ol 3‘0+ 19y (w2)eop 2 | 1,(,+ l9yhall; 2,

_ 1+6;
GO 2NN 3 o HN@D0I <+l wow T I o+ lhsl? )

Choosing A large enough and &, suitably small, we infer from Proposition 4.1, Proposition 5.1, Proposition 5.3,
Proposition 6.1 and Lemma 7.1 that

%S(t) +AG(1) +D(1) = CEQ).

Then Gronwall’s inequality gives
1 t
E(t) +X/Q(s)ds +/D(s)ds < &) (7.2)

foranyr €[0,T]. O

8. Note on well-posedness in Gevrey class 2

3
Let us explain how to use a new unknown s = 8y2 gz 5 0yu introduced in [8] to obtain the well-posedness of
(1.4) in Gevrey class 2 in our framework. It is easy to verify’ that h satisfies the following equation

3 s

“ 2
By + u*dxhy + dyw — 07, _a’(zﬂ s)ayu+[ 0 ]ay

The unknown £ is well-defined in non-monotonic domain. It is easy to show that

(i)e € L®0, T; LYNLX0,T; H%), Ty =¢s(y)hi,

if (W) € L%(0, T; H%'O). On the other hand, if we know that (711)e € L2(0, T’ HAIT’O) which will imply 8)2,u¢ €

LZ(O, T; H%’O) because of dyue € L2(0, T; H%’O) by Lemma 7.1, we can show that (w2)¢ € L2(O, T; H%'O) by
following the proof of Proposition 5.1. More precisely, we can deduce that

I\J

d
—l@Dol* | ,+ A =Ol@Dol* 5, + 119, <w1)¢||
dt H g0

< c(nu@n2 L @Dl )+ l@)ell? )
Hi(' H2 H?2

d _ _ _
2@l 1+ G =Ol@ol’ 1, + 1@l |

H%

<C(lwol? y , +1@DoI? o+ 1@l 4, +1EDsI? ).
HT

N

and

d
Jlhollg, + Auhcpnjﬁ_o + 0yl

HY

< (Mol +luol? , , +I@DsI? 5, + 1@l 5 ).
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d - 2 - 2 - 2
SNEDSIL: + G = OIGEDe I |+ 10, Go
= C(Ihol2: +luol | |+ 1@ 3, + I@ol? ).
H% H4 H#%

Thus, we can close the energy estimates in Gevrey class 2.
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