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Abstract

We establish regularity for functions satisfying a dynamic programming equation, which may arise for example from stochastic
games or discretization schemes. Our results can also be utilized in obtaining regularity and existence results for the corresponding
partial differential equations.
© 2018 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

MSC: 91A15; 35192; 35B65; 35J60; 49N60

Keywords: Dynamic programming principle; p-Laplace; Tug-of-war; Tug-of-war with noise with space dependent probabilities; Viscosity
solutions

1. Introduction

In [12], we studied regularity for the stochastic game called tug-of-war with noise. Recalling the recently discovered
connection to the p-harmonic functions [18], our results implied local Lipschitz regularity for the solutions to the
p-Laplace equation for 2 < p < co. The approach was based on a choice of strategies for the players, and is thus quite
different from the PDE proofs.

Our argument utilized symmetry properties of strategies, and a sharp cancellation effect produced by this symmetry,
which directly allowed us to obtain a local Lipschitz estimate. It is a nontrivial task to extend this method to a more
general class of problems where the perfect symmetry breaks down. Thus, in this paper, we develop a more flexible
regularity method. As a starting point, we take a dynamic programming equation

1 1
u(x) = 5 sup /M()’)d,ul(y) +5 inf /u(y)dug(y)
nieA, (x)Rn nreAs (X)Rn
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as explained in detail in Section 2.1. This is a rather general formulation that covers a wide class of games; in addition
to stochastic games it may as well arise from discretization schemes in numerical methods for partial differential
equations, see for example [17].

To illustrate our approach, we prove asymptotic Holder continuity, Theorem 2.1, for several examples using the
method. For expository purposes we start with the examples of the tug-of-war (Section 3) and the random walk (Sec-
tion 4). In addition to symmetry issues mentioned above, a limitation in some known approaches is the requirement of
translation invariance. Therefore our next example is the tug-of-war with noise with spatially dependent probabilities
in Section 5. Finally, we deal with the tug-of-war with noise related to the p-Laplacian with the full range 1 < p < oo,
including 1 < p < 2, in Section 6. Proving a local regularity result for the game of Section 6 may seem difficult since
the players can affect the direction of the noise, and thus it is not easy to say much about the noise distribution. How-
ever, the method of this paper is well suited for the task. We did not exhaust the list of possible examples that can be
treated by the method but expect it to be useful in many more problems. Also, at least in some cases, the method can
be improved to give directly stronger regularity results.

Our method arises from stochastic game theory even if for expository reasons we have eventually avoided stochastic
arguments. The idea is that we start the game simultaneously at two points x € R” and z € R", and try to pull the
points ‘closer’ to each other. Here closer means, at least roughly, in the sense of averages and in terms of a suitable
comparison function. To show that we may pull the points closer in this sense, we may consider the process in the
higher dimensional space by setting (x, z) € R?*, and use the subspace

T:={(x,2) eR¥ : x =z} CR™"

as a target. We use the following strategy: if our opponent takes a non optimal step we pull directly towards 7. If
the opponent pulls (almost) away from 7', then our strategy is to aim at the exactly opposite step. The curvature of
the comparison function gives an advantage to us. It is also worth noting that there is a freedom to choose among the
probability measures in R?” having the measures arising from the original games as marginals; cf. the setting in the
optimal mass transport problems. Suitable choices will be helpful in the proofs.

After finishing the paper it has come to our attention that couplings of stochastic processes have been employed
in the study of regularity for second order linear uniformly parabolic equations with continuous highest order coeffi-
cients, see for example [10], [11], and [21]. The method here has also some similarities to the Ishii—Lions method [6],
see also for example [20]. However, we do not rely on the theorem of sums in the theory of viscosity solution, but the
proofs are built on the ideas arising from the game theory.

Our motivation to study the above problems is threefold: First, the study of stochastic games has received a lot
of attention on their own right because of deep mathematical questions that arise and also due to their central role
in many applications. Second, the dynamic programming principle can be interpreted as a discretization of the PDE.
Thus, results can also be interpreted as results for the corresponding numerical schemes. Third, by passing to the limit
with respect to the step size our results imply regularity results for PDEs: In particular, this gives an alternative proof
for the Holder continuity of the viscosity solutions of the normalized p(x)-Laplacian

Ag(x)u = Au+ (p(x) —2)ANu=0,
and the infinity Laplacian

n
N -2
Au = |Vu| Z wijuiuj =0
i,j=1

where u; and u;; denote the elements of the gradient and the Hessian, respectively.

There is a powerful connection between the classical linear partial differential equations and probability theory.
In the nonlinear case, the connection between the games and Bellman—Isaacs equations was established in the 80s.
However, a similar connection between the normalized p-Laplace or co-Laplace equations (which are discontinuous
operators in the gradient variable) and the tug-of-war games with noise was discovered only rather recently in [18,19].
This connection has later been extended or utilized in several different contexts, see for example [1-4,14—16,22].
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2. The regularity method
2.1. Background

Let Q@ C R", n > 2, be an open and bounded set. Denote by M the space of unit Radon measures on R”, and
suppose that we are given

= (A1, A) :R* - P(M) x P(M),

where P (M) denotes the family of all subsets of M. Our objective is to develop a regularity method for bounded
Borel measurable solutions u : 2 — R to the dynamic programming equation

1 1
u(x)= = sup /M(y)dﬂl(y) + = inf /u(y)duz(y)- 2.1
meAi@d, 2 ey (x Qs

The heuristic idea is that u# represents a value function for a two players zero-sum game, where the rules of the game
are determined by A;(x) and A, (x). More precisely, when the game token is at x € Q, the maximizer can choose
u1 € Aj(x) and minimizer py € Ay (x) and then the distribution of the next location is determined by the probability
measure W Then we can write

1 1
u(x) —u(z)=- sup /u(y)dm(y) t3 /iif /M(y)dﬂ/z(Y)

M1 EAI()C)Rn HHE Z(X)R”

1 1
—2 s / w0 i)~ 5 it [u)diso)

20 wieA @ K€ Z(Z)Rn

= sup [ inf
pred; (x), ey (z) LireA2(x), ni €A1 (2)

(/()d’“ “H)—/(y)d )())}

Rn

+14 + + I+
LtF(’“ m witue mzuz and MtH2

) denote the joint measures whose marginals are >— . Then for any joint measure

Vvl"‘llz l‘«1+ﬂ2

nel(—— ) we have
n1+p Wy + p2
/u(y)d(Tz)(w—/u(y)d(lT)@)
R7 R7
- / () — 1) di(y. .
R2n
Denoting
G(x,2) :=u(x) —u(z),
it holds that
G(x,z)= sup [ inf
€A (), paredr(z) Ly €Az (x). 1) €A1 (2)

(/G(y,y’)dum,ug,m,%(y,y’))]

R2n

Different couplings generate different dynamic programming equations as well as games in R?”, and we may take the
advantage of this flexibility in the proofs.
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For example, with suitable couplings a tug-of-war with noise described in [16] corresponds to

G(x,z)=p / G(X+h,y+Px,z(h))dh
B(0,¢)

+2 ap G6+% it G,
B(x,&)x B(z.) 2 B(x,e)xB(z,€)
in R?", where Py . (h) is any isometry.

Below we will prove regularity results for several nonlinear problems of the form (2.1). In all the examples of the
paper, we require that u; € A; (x) implies spt u; € B(x, &), where & > 0 can be though as a step size in the underlying
game. Throughout the paper, we denote by B(x, €) an open ball centered at x and of the radius ¢ > 0. When the center
point plays no role, we may drop it and denote B;.

In our main result, we prove that a function satisfying a suitable DPP in 2 (in the cases of the tug-of-war in
Section 3, random walk in Section 4, tug-of-war with noise and spatially dependent probabilities in Section 5, and
tug-of-war with noise with 1 < p < oo in Section 6) is locally asymptotically Holder continuous in the sense of the
following estimate

88

F9
where x,z € Bg C = C(n)(supBZRxBZR u(y) —u(y")). In other words, u is Holder continuous up to an error that tends
to zero as € — 0.

T
lu(x) —u(z)| < C v R5Z| + C'(n)

(2.2)

Theorem 2.1. Let By C Q2. There exists § = §(n) € (0, 1) such that if u satisfies (2.1) in Q2 and in the specified cases,
then it satisfies the estimate (2.2).

As shown in [12] this estimate can also be utilized in the proof of Harnack’s inequality for the corresponding
stochastic game.

Without a loss of generality, we may assume that z = —x, R = 1 and sup Byx By (u(y) —u(y")) < 1, by suitable trans-
lation, scaling and multiplication. Observe that this does not require translation invariance. After the simplifications
we see that it suffices to show that

lu(x) — u(—x)| < Clx|® + C'(n)e?, (2.3)
if x € By and B, C Q.

2.2. Steps of the method

As indicated in the introduction, our method arises from game theory even if for expository reasons we have
eventually avoided stochastic arguments. The first step of our regularity method is to choose a comparison function
f :R?" — R that has the desired regularity properties. The key term in the comparison function we use to establish
Holder continuity in the examples below is C |x — z|5, x,zeR", §€(0,1).

The second step is to make a counter assumption: We wish to show that u(x) — u(z) — f(x, z) is small enough in
By x By \ T, and in particular smaller than in (B> X B) \ (B; x By \ T), and thrive for a contradiction by assuming
that it is not.

As a third step, we write down a multidimensional dynamic programming equation for the comparison function f
in R?" by using a counter proposition.

As a final step, we derive a contradicting estimate for the dynamic programming equation of the previous step.
Intuition based on game strategies gives guidelines how to obtain such an estimate by utilizing Taylor’s expansion of
f(x, 2) in suitable coordinates.

2.3. Comparison function

One of the key ideas of the proof is to use a suitably chosen comparison function, defined in R*". We use throughout
the work the function
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fitxr,2) =Clx —z° + |x +zI%,

where C > 1 and § € (0, 1) are fixed later. The first term will give us the desired regularity estimate, and the second
term makes sure that the estimate holds at (B x B>) \ (B1 x By), see (3.12).

It is known, [16, Example 2.2], that functions satisfying the dynamic programming equation can be discontinuous
at the small scale. Therefore, to prove the claim in the case x and z are close to each other, we have to use an auxiliary
annular step function. To this end, let N = N (n) be an integer. Then, set fori =0, ..., N

A ={(x,2) eR*" : (i—l)f—0<|x—z|§if—0}

and define f> : R* — [0, 00) by

CXN=Dgd  if (x,7) € A;, and

fa(x,2) = : (2.4)

0 if |x —z| > N .

Observe that f; reaches its maximum C*Ve® on Ag = {(x, z) : x =z} = T. To see why we have chosen this f>, one
should consult for example the calculations after (3.22).
Our final comparison function f is composed of f1 and f5 as

fx,2) = filx,2) = fa(x, 2). (2.5)

We are going to produce estimates in terms of Taylor’s expansion. It will be convenient to write the expansion in
the form

fix +hy, 24+ hy)

= fi(x,2) + C8lx — 2l "My — b))y +2(x +2) - (hy + )
¢ 52 2 2 (2.6)
+53|X—Z| ((5_ 1) (hyx _hz)v‘i‘(hx_hz)vi)

by + Ry * + Ex o (he, By,

where V is the space spanned by x — z, (hy — h;)y refers to the scalar projection onto V i.e. (hy —h;)-(x —2)/|x — 2,
and (hy — h;)y 1 onto the orthogonal complement.
The error term satisfies

Ex 2 (h, i) < Cl(hy, ho) P (1x — 2] — 26)°73, 2.7)
if |x — z| > 2¢. Especially, if we choose
1
N > ﬂ (2.8)
)

then in the case |x — z| > le—o and |hy|, |h;| < &, we can estimate

|Ex 2 (hy, )| < cep =2y

2
<64Ce?|x — 7P 72—
5|x_Z| (2.9)
<6482(x — 7522
<64e7|x — 7| 0

<10%x —z°72.

3. Tug-of-war

We start with an example: we show how to obtain the asymptotic Holder continuity for the value functions of the
tug-of-war game by using the method of this paper. There would be simpler methods available for the tug-of-war or
the random walk, but the work done here will pay-off later, as we will see. Indeed, we utilize these estimates later in
more difficult cases of Sections 5 and 6.
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The tug-of-war is a two-player zero-sum stochastic game played in 2 with the following rules. Fix the step size
& > 0 and an initial position xo € €2. The players toss a fair coin and the winner of the toss moves the game position to
any x1 € B¢ (xp). The players continue playing until the game position leaves the domain €2. At the end of the game
Player II pays Player I the amount determined by a pay-off function F defined outside 2. Naturally, Player I tries to
maximize the outcome while Player II tries to minimize it, and thus the value of the game (for Player I) is defined as

u(xo) = supinf EF 5, [F(vo)]
1

Above St and Sp1 denote the strategies of Player I and Player II, respectively. If the players use strategies for which
the game does not end almost surely and thus the expectation above is not well defined, we always set it to be —oo.
The value function of the tug-of-war game satisfies the dynamic programming principle

1
u(x)=-1 sup u+ inf u} 1
© 2{B(x2) B(x,¢) (3.10)

for x € 2, see [19] and [14]. Intuitively, we obtain the value at the point x by summing up the two possible outcomes
of the coin toss with corresponding probabilities. The above equation is of the form (2.1) and we can follow the steps
introduced above.

3.1. Multidimensional dynamic programming

Because u(x) —u(z) < 1in By x By and u(x) —u(z) =0 on T, we see that
u(x) —u(z) — fx,2) =ulx) —u(z) — filx,2) + f2(x, 2)
§maxf2=C2N8‘s,
if (x,z) liesin T orin (B2 x By) \ (B; x By). We also used the fact that f; > 1in (By x By) \ (B X By).

Next we will show that this inequality also holds in By x B; \ T. This would actually yield (2.3) with C’'(n) = CN
and, eventually, the whole theorem. For the proof by contradiction, assume that

(3.11)

M= sup ux) —u@) - f&x',2)) >Nl (3.12)
(x",z2/)eB1 x BI\T

Let then n > 0. We choose (x, z) € By x By \ T such that
ulx) —u(z) — f(x,z2) =M —n.

Lemma 3.1. Let ¢ > 0 and f, n, x and z be as above. Then

1
0< —( sup f+ inf
B(x,e)x B(z,¢) B(x,e)xB(z,e)

f>+n_f('xvz)

Proof. By using (3.10) and the choices above, we obtain
M <u(x) —u(z) = f(x,2) +n

1 1 1 1
=— sup u+ — inf u—(— sup u + — inf u)— x,z2)+n
2 B(x,I‘)s) 2 B(x,¢) 2 B(Z,I:‘) 2 B(z,¢) f

) (3.13)
=—| sup u— inf u+ inf u— su u)— (x,z2)+
<B(x2) B(z.e)  B(x.e) B(z,lz) ! !
=0 —f(x,2)+n.
We estimate /;, and first observe that
sup u — inf u <M + sup f+n. (3.14)

B(x,€) B(z.¢) B(x,8)x B(z,8)
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This estimate follows easily by the above definition for M as follows: Suppose that xg € B(x, €), z0 € B(z, €) such
that supp(, 0y u <u(xo) +n/2 and infp(; ¢y u > u(zo) — n/2. Then

sup u — inf u <u(xp) —u(zp) +n
B(x,s) B(z.e)
=u(xo) — u(z0) — f(x0,z0) + f(x0,20) + 7
<M + f(x0,20) +n

<M + sup f+n.
B(x,e)xB(z,¢)

Observe that here we used the counter assumption. Indeed, the points xq and zo may lie outside By x By \ T, but from
(3.12) and the preceding discussion, we deduce that M gives us the upper bound.
Furthermore, analogous reasoning using (3.12) gives us that

inf u— supu <M+ inf f+n. (3.15)
B(x,g) B(z.6) B(x,e)x B(z,¢)

To be more precise, choose xo € B(x, €), 2o € B(z, ) such that infg(x ¢)xB(z,¢) f = f(x0,20) —n. Then

inf u— sup u <u(xp) —u(zo)
B(x,¢) B(z,¢)

u(xo) — u(zo) — f(xo, z0) + f(x0, z0)
< M + f(x0,2z0)

<M+ inf +
- B(x,s)xB(z,s)f 1

and we obtain the above estimate.
Combining the estimates, we get

1
L<M+ - su f+ inf f)+77.
<B(X,8)XPB(Z,8) B(x,e)xB(z,€)

From this and (3.13), the result follows. O

From the previous lemma, we conclude that for the desired contradiction it suffices to show that

1

) U MR ! : 3.16

f( ) 2<B(x,€)><pB(z,g)f B(XJ)XB(Z,S)f) ( )
3.2. Estimates

Next we show the validity of the inequality (3.16) for f = f; — f», and for this we assume

1010

= 20 3.17

82w ( )

for the constant C in f1(x,z) =C |x — zl‘S +|x + z|2. The constant w € (0, 1) will be later defined in this section. The
choice is designed to cover also Sections 4 and 5 with additional n-dependence w = w(n). If |x — z| is large enough,
the validity of the inequality (3.16) turns out to follow in a straightforward manner by using the Taylor expansion
for f1. The intuition coming from the underlying stochastic game will be useful in deriving the estimates.

In the case |x — z| & ¢, we will have to take the small scale jumps into account, and use the properties of the annular
step function f; defined in (2.4).

Proof of inequality (3.16), case |[x —z| > N 1€_0' Observe that the assumption |[x —z| > N 16_0 implies that f>(x, z) =0,
and therefore, it suffices to show (3.16) for fi.
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Let n > 0 and choose Ay, h; € B(0, ¢) such that

sup  fi = filx +he,2+hy) + 0.
B(x,e)xB(z,e)

We first let 6 = 1/10 and assume that

(hy —h)3 = (4 —0)e* . (3.18)
Since |hy — h;| < 2¢, this also means that

(hx —h2)} . <08

This can be though as fixing a strategy in the game in R?".
We get by using the Taylor formula (2.6) and the estimate (2.9) for the error term that

su + n —2f1(x,z
B(x,s)x%(z,a)fl B(x,s)xB(z,s)fl fi(x,2)
< AG+hez+h) + filx —hy,z—h) —2fi(x,2) +1
C _
= 28lx =222 = D0 = h)y +2(he — )y )

+2|hyx + hz|2 + gx,z(hx’ h;) + gx,z(_hm —h;)+n

c
< ol - 2P72(2(8 — D)4 — 0)e? +2606?) +2(28)% +20e*|x — z° 2 + 1
<|x —z]°7220 — C8)&? + 8% + 1.

The final inequality above follows e.g. by the choices § = 1/10 and § < 1/10. By using the assumption (3.17) for C,
one observes that

Ix —z1°72(20 = C8) < —|x — z° 2108 < —10". (3.19)
Combining this with above estimates, we conclude that

sup f1+ inf fi—2f1(x,2) < —10%2.
B(x,8)x B(z,¢) B(x,e)x B(z,¢)

In turn, if (3.18) above does not hold, implying that

(hy —h)y <(2— %)s , (3.20)

the desired estimate can be readily derived from the first order terms in Taylor estimate. More precisely, if
|hyx|, |h;| < &, the share of the second order term and the error terms in Taylor estimate (2.6) can be roughly esti-
mated by

c
o8l 21°722¢)% + (26)% + 1062 |x — 7|22

£
<3C8&%|x — zI°7% <3Cselx — )0 ——
< b =272 = 3Chelx — 2" 3.21)
30C
<3C8elx — 27— < T slx — 2Pl < 8% )x — g le.
NE=N

Above we used the assumption (2.8) for N and at the last step the fact that § € (0, 1). This in connection with the
Taylor formula and (3.20) gives

sup  fi+ inf - fi —=2f1(x,2)
B(x,6)x B(z,€) B(x,e)xB(z,¢)

X —Z X —Z
<fix+he,z+h)+ filx —¢ ,Z+e )—2f1(x,2) +n
|x — z] lx —z|

<C8|x — 21 W((hy —h)v —26) +4|x + 2|26 + 8 |x — z1° e +1
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0
<Cé|x — Z|6_1(—Z£‘) + 16¢ +82|x —zI% e 4+ n

0
<(6— 7 C)3lx 2% e + 166 + 1.
We point out that even if & \;:gl ¢ B(0, ¢), the estimate for inf above is valid due to continuity of f;. Again, by applying
the assumption (3.17) for C and choosing w < 1/10, it is easy to check the desired negativity for this quantity. This
completes the proof of the case [x — z| > N {5.

Proof of inequality (3.16), case |x — z| < N 5. In this case we can use the following elementary estimate for f;: If
x,z€ By,and hy, h; € B(0,¢), ¢ <1, then

| fi(x +hy, z+h,) — fi(x,2)| <2Ce® +16e <3Ce’ (3.22)
which immediately follows by using the concavity and convexity of the terms in fj. We further obtain
sup  fi — fi(x,2) <3Ce’. (3.23)
B(x,e)xB(z,¢e)
Moreover,
sup  (f1—f2) = sup  f1—0.
B(x,e)xB(z,¢) B(x,e)x B(z,¢)
Since (i — 1)1 < |x —z| < iy forsome i =0,..., N, we have
inf  (fi—f)= sup  f1— sup 2
B(x,8)xB(z,¢) B(x,e)x B(z,¢) B(x,e)x B(z,¢)
< sup fi— C2(N—i+1) 8

B(x,e)xB(z,¢)
< sup fl _ C2C2(N—i)8§
B(x,e)x B(z,¢)
sup fl _ (C2 _ 2)C2(N—i)88 _ 2C2(N—i)86
B(x,e)xB(z,¢)

= sup  fi— (C?=2)C* N _2f(x,2)
B(x,e)x B(z,¢)

< sup f1— 10C&° —2f(x,2).

B(x,e)xB(z,¢)

Summing up the previous two estimates and recalling (3.23), we end up with

sup f+ inf
B(x,e)x B(z,¢) B(x,e)xB(z,¢)

< sup fi+ sup f1— 10Ce® — 2f2(x,2)

B(x,e)x B(z,€) B(x,e)xB(z,¢)
<2fi(x,2) +6Ce® —10Ce® — 2 fo(x, 2)
<2f(x,2).

This proves the estimate (3.16), and thus (2.3) and finally Theorem 2.1 in the case of the tug-of-war.

Remark 3.2. By passing to a limit this implies Holder continuity for the infinity harmonic functions, cf. [19] or the
proof of Theorem 4.9 in [16], i.e. for the viscosity solutions to

n
Aot = Z uijuinj =0,
i,j=1
where u; and u;; denote the elements of the gradient and the Hessian, respectively. As already pointed out, this known
result is not our main motivation but we use the estimates of this section as a tool in Section 5 without repeating them
there.
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4. Random walk

We continue with another well known example: we show the asymptotic Holder continuity for the random walk.
Again some estimates in more difficult cases in Sections 5 and 6 are essentially the same, and we do not need to repeat
the estimates there. Therefore this expository choice does not add much to the length of the paper.

We consider a version of the random walk where at x € 2 the next point is chosen according to the uniform
probability distribution on B(x, ¢), and this is repeated until the process exits €2. At this time the amount given by a
pay-off function F defined outside €2 is collected. The function u is the expected pay-off of this process

u(xg) = E[F(x)].

This expectation can also be written as an average over the neighboring expected pay-offs as

1
u(x) = ][ udy::m / udy. (4.24)

B(x,¢) B(x,e)

This again is of the form (2.1) and we can employ the same method as above.
4.1. Multidimensional dynamic programming
Lemma 4.1. Let ¢ > 0 and f, n, x and z be as in Lemma 3.1 but with u satisfying (4.24). Then

1
0=
| Be|

f(x+h,z4+ Py (h))dh
B(0,e)\B(z—x,¢)

+ / f(y,y)dy>—f(x,z)+n,
B(x,e)NB(z,¢)

where Py ;(h) is a mirror point of h with respect to VL =span(x — z)*.

Proof. Similarly as in Section 3, the equation (4.24) gives
M =u(x)—u@— fx,2)+n

:< ][ u(y)dy — ][ u(y)dy)—f(x,z>+n

B(x,¢) B(z,¢e)
=bL—f(x2)+n.

The term I, (we later utilize this estimate in Section 5, which explains the notation) can be written as

1
L= ( / u(y)dy - / u(y)dy

| Be |
B(x,e)\B(z,¢) B(z,6)\B(x,¢)

4 / u(y) —u(y)dy)
B(x,e)NB(z,¢)

= |Bl |( / ulx +h) —u(z+ Py (h))dh

B(0,e)\B(z—x,¢)
+ / 0dy
B(x,e)NB(z,¢)

Then by adding and subtracting we obtain
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1
b= |Bg|< / (4 + 1) = e + Pz (h)

B(0,e)\B(z—x,¢)
Sy Px,z(h))) dh

- / f(y.y)dy
B(x,6)NB(z,¢)

+ / fx+h,z+ P (h)dh + / f(y,y)dy)
B(0,6)\B(z—x,¢) B(x,e)NB(z,¢)

1
5M+|B|< / F+hoz+ Pos())dh + / f(y,y)dy),

B(0,e)\B(z—x,¢) B(x,e)NB(z,¢)

where we again used the definition of M, as well as the counter assumption and the definition of f, to estimate
—f(y,y) = fo(y,y) < M. This implies the result. O

From the previous lemma, we conclude the desired contradiction if at every (x, z) € By x By \ T it holds that

flx,z) > |Bl |< / f&x+h,z4+ P (h)dh

B(0,e)\B(z—x,¢) (4.25)

+ / f(y,y)dy>-

B(x,e)NB(z,¢)

4.2. Estimates

Similarly as in Section 3, we estimate the two cases separately.
Inequality (4.25), case |[x —z| > N 15_0 In this case the claim reduces to

1
| Be |

filx,z) > / filkx+h,z+ Py (h)dh.

B(0,¢)

We utilize the Taylor series (2.6). When integrating the series, the first order terms vanish by symmetry, and by the
definition of the mirror mapping Py ; also (h — Py, Z(h))%/ 1 = 0. This and the error estimate (2.9), gives

1
e / FiGe 4z + Poo(h) dh — fi(x,2)
EB(O,e)
208(8 — D)|x —z|572 1
= B /h%/dh—‘rlBl /Exyz(h,Px,Z(h))dh
g B0.e) “ B.e)
§—2 e? 2 5§—2
<208 — D|x — 72 —— +10&3|x — z°~
< ( )x —z| n+2+ e”|x — z
Cs
< &2y — 215 2(10 - =%
<e’lx—z)"77( 4(n+2))’

where by a direct calculation B(0.£) h%, dy =¢&?/(n +2) and we assumed 8 < 1/10. Observe that since P, (k) gives
the mirror point of #, the terms of the form (-)y,1 vanished. Moreover, by symmetry the first order terms vanished as

well. Now, the assumption (3.17) on C with w = w(n) < 1/(n 4 2) guarantees the negativity of (10 — ﬁ) This
completes the proof of the present case.
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Inequality (4.25), case |x —z| < N 18_0' For this, suppose first that |[x — z| > 47—‘8. In this case, observe that

B(s(z—x) €

2|z—x|’1) C B(0,e)\ B(z —x,¢),

and

€
X +h—(z+ P (W) <|x—z|— T0

for every h € B(2=X) | £). This in turn implies, by the definition of the annular function f>, that

e(z—x) &
201z —x|" 4

2|lz—x|’ 4
fr(x+hz+ P (h)>C*fo(x,2) ifhe B(5——
This implies
1
T / fax +ho 4 Peo(h)dh +
¢ B(0,6)\B(z—x,¢)
1
> B / x4+ h,z4+ Px (h)dh
&
B 9)
|B: | c?
C?fr(x,2) = — fr(x,2).
~ 1B, fa(x,2) T falx,2)

20, y) dy)

Furthermore, as before we use the rough estimate (3.22) for fi, implying that the inequality (4.25) can fail for f; at

most by 3Ce®. Combining this with the above estimate for f», we conclude that

| Be|

B(0,e)\B(z—x,¢) B(x,e)NB(z,¢)

C2
< filx,2) + 3Ce® — 4—nf2(x,z)
C2

< fix,2) — folx,2) + 3Ce® — (47 -1 fax,2) < fx,2),

1( / Fe+h 2+ Peo(h)dh + / f(m)dy)

where the final inequality follows simply by using again the size condition (3.17) for C and choosing @ < 47". This

completes the proof of the case |x — z| > ZTS.
For the final case |x — z| < %8, observe that
1
|B(x78) N B(Z’ 8)' > 4—n|B€| .
Moreover, because x # z
L0y = Chx, ).

Then we simply estimate that

1
fo(x+h,z+ Py (h)dh

|Be|
B(0,e)\B(z—x,¢)
1
n | o
| B: |
B(x,6)NB(z,¢)
> f(y,y)dy

| Be |
B(x,e)NB(z,¢)

(4.26)
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2

C
> 4—nf2(X,Z)-

Then the desired inequality for f = f; — f> follows exactly in the same way as in the case |x — z| > %8. Again
Theorem 2.1 follows.

As an application, by passing to a limit, this implies local Holder continuity for harmonic functions similarly as
explained for infinity harmonic functions in Remark 3.2. By adjusting the comparison function, it would also be
possible to obtain local Lipschitz continuity. However, for the consistency of the exposition we shall not pursue this
analysis here.

5. Tug-of-war with noise and space dependent probabilities

Next we proceed to new results. We consider a tug-of-war with noise and space dependent probabilities: This is
again a two-player zero-sum stochastic game played in a domain €2. The rules are as follows. Fix the step size ¢ > 0
and an initial position xo € 2. The players start by tossing a biased space dependent coin with probabilities o (xo) and
B(x0), a(xp) + B(xo) = 1. If the result is heads (with probability «(xp)), then they play a tug-of-war as described in
Section 3. On the other hand, if the result is tails (with probability S(xp)), the game state moves to a random point
in the ball B(xg, ¢). The players continue playing until the game position leaves the domain €2. Then Player II pays
Player I the amount determined by a pay-off function F defined outside €2.

Similarly as in the tug-of-war, Player I tries to maximize the pay-off while Player II tries to minimize it and thus
value of the game is defined as

u(x0) = supinf Eg s, [F (o),

where S1 and Sy again denote the strategies of Player I and Player II, respectively. The usual tug-of-war with noise
with fixed probabilities in [16], the tug-of-war in Section 3, and the random walk in Section 4 are special cases of this
game.

Deriving the dynamic programming principle for this game is beyond the scope of the paper (for the fixed proba-
bilities case, see [12]). Nonetheless, we directly take the dynamic programming equation

u@):%{ sup u + inf u]—i—ﬁ(x) ][ udy 5.27)

Bx.e) B B(x,¢)

as our starting point. Heuristically we obtain the value at the point x € Q by summing up the three possible outcomes
with corresponding probabilities. This equation is again of such a form that we can apply our method. We also point
out that we have no regularity assumption for o (x).

5.1. Multidimensional dynamic programming
Let ¢ > 0 and « : Q — [0, 1] be a Borel measurable mapping. Without loss of generality, we may assume

max{o(x), «(z)} = a(x) and u(x) — u(z) > 0. Indeed, if u(x) — u(z) < 0, then consider —u instead. Along the same
lines as before, the equation (5.27) gives

M <u(x)—u(z) — f(x,2) +n

@) + 2 £t B ][ »d
= sup u inf u X uly)ay
2 B(x,¢) 2 B(x,
B(x,)
a(z a(z
_ 9 sup M—Q inf u— B(z) ]l u(y)dy — f(x,2)+n
B(z,¢) 2 B(ze)
B(z.€)
=&Z)< sup u — inf u+ inf u — sup u)
2 \Bue  B@e)  Bae)  Bge
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+/3(x)( ][ u(y)dy — ][ u(y)dy)

B(x,¢) B(z,¢)
a(x) — oz :
+M( sup u -+ inf u—2 ][ M(Y)dy>_f(x’1)+n
2 B(x,¢) B(x.e) Bz.e)
z,6

=h+hLh+5L—f(x,2)+7.
The terms /7 and I, were already estimated in the previous sections, so we may focus our attention on /3. Choose
a sequence xj such that limy u(x;) = sup B(x.e) U- We have

sup u — ][ u(y)dy = ][ lim () — () dy

B(x,¢)
B(z.¢) B(z,¢)

_ ][ lim(u (o) = u(y) = f (. ) + f Cek. ) dy

B(z,e)

<M + sup ][f(x’,y)dy.
B(z,¢)

x'€B(x,¢e)

By a reversed reasoning, one can also verify that

inf u— ][ u(y)dy <M + ][ inf  f(x,y)dy.
B(x,s) XeB(x,e)
B(z,¢) B(z,¢)

To see this, write

inf u — ][ u(y)dy = ][ Bi(f{lfg)u—u(y)dy

B(x,e)

B(z,¢) B(z,¢)
= inf u —u(y)— inf X, y)dy + inf X, y)d

£ ot u-up = it fGdy+ f it fGody
B(z,¢) B(z,¢)
<M+ ][ inf  f(x,y)dy.
X€B(x,e)
B(z,¢)

By combining these estimates, we get that

135(w><2M+ sup ][ f(x’,y)+~ llglzf )f(ff,)’)dy>-
B(z,¢) ’

x'€B(x,e)

Summing up and also recalling the estimates from the previous sections, to obtain the desired contradiction it
suffices to show that f satisfies the following three conditions at every (x,z) € B1 x B1 \ T

1
R - inf , 1
f(x Z) ~ 2 <B(x’gs)l;l<%(z’g) f + B(x,sgl(B(z,s)f> ( )
1
flx,2) > m( / f&+h,z4+ Py (h)dh (ID

B(0,e)\B(z—x,¢)
+ / fy, y)dy) ,

B(x,e)NB(z,¢)

x'eB(x,e)

f(x,Z)>l sup [ ][ fG& y)+  inf f(f,y)dy}- (I1I)
2 XeB(x,¢e)
B(z,8)
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The inequalities I and II were treated earlier in Sections 3 and 4, and we may concentrate on the inequality III.
5.2. Estimates

Inequality III, case |x — z| > N {;. As in the previous case, it suffices to verify the desired inequality for fi. Let
n > 0. Suppose that h, € B(0, ¢) is such that

sup [][ A& y)+  inf fl(i,y)dY]
X€B(x,¢)
B(z,¢)

x'€B(x,¢e)
(5.28)
< f A+ ot Ay =
X€B(x,e)
B(z,¢)
Next we estimate infzcp(y ¢) f1(X, y) < f1(x — hy, y) and use the Taylor expansion for f} to obtain
I < ][ Silx +he, y)dy + fi(x —hy, y)dy +1
B(z,€)
= ][ Six+hy,z+h)+ filx —hx,z—h;)dh; +n
B(0,¢)
= f 2702+ Ol = 2 3O = s~} + (b — ko)
B(0,¢)
+ ][ 2|hx + hz|2 + gx,z(hm hz) + gx,z(_hx’ _hz)dhz + n
B(0,¢)
<2f1(x,2) + C8|x — z/°2 ][ (6 = D(he —hy)y + (hx — )3, dh,
B(0,¢)
+22¢)2 +2(10e2]x — 2)°72) + 1.
First, we consider the case, where /i, lies close to sﬁ. To be more precise, let
X —z
‘hx — | |8 <6O(n)e (5.29)

such that the estimate

1
][ 6 — Dy — o)} + (hy — ho)?y dhe < ———¢2

n—+2
B(0,¢)
holds for any § < m and 6 = m by a direct estimation. Indeed, first observe that
xX—z 2 xX—z 2 n—2
— —5—h) ( s—h) dh, = —&> + —=¢?
][ (|x—z| ZV+ lx — z| Syl +n+2
B(0,¢)

and then take the small adjustments into account. Combining the above estimates, we obtain in the case (5.29) that

2
&
I3 <2fi(x,2) — Cé|x — Z|5_2m + 867 +20e*|x — 27 + 1.

Using the assumption (3.17) on the size of C we get
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2
&
862 +20e%|x — /P 2 = Colx — 2P 2—— + 7
n+2

2
&
1006%|x — z)° 2 = C8|x — 7/ P ——
< lx —z| lx —z| n+2+'7

Cé
2 §—2
- 100 — ——
<e&7lx —z|7( n+2)
< —¢&°,
1

where we choose w in the bound for C so that w < ek and n small enough. This verifies the claim in the case (5.29).
In the remaining case

T _;e > O(n)e = (5.30)

.
10(n +2)

we utilize the first order terms in the Taylor expansion. To this end, by (3.21), the second order and error terms are

bounded by 82|x — z|®~'e. Recalling (5.28) and estimating infrep,e) f1(X,y) < filx —¢ |§:§| ,¥), we have
1 x—z
I; < f1(x+hx,z+hz)~|—f1(x—Sm,z—hz)dhz +7
B(0,¢)
5—1 r—z
<2fi(x,2) + C8lx —z°7 ((hy —h)y + (—¢ P (=h2))v)dh;
B(0,¢)
X —z
+ ][ 2(x +2) - ((hy + ho)y + (—¢ P + (=h)v)dh;
B(0,¢)
+8%x —z> e 4.
In the first integral above, we estimate (—h;)y + (h;)y =0 and (—¢ \iiil )v = —e. The second integral on the right

hand side above is bounded by 16¢. Thus by using (5.30), we obtain
I <2fi(x,2) + C8|x — 2> N(hy)y — &) + 166 + 8 |x —z|° e +
0
=2fi(x,2) — Célx —zls_lzs +8%x =z’ e 49

co

<2fi(x,2) —8lx —z|°e( 5

<2fi(x,z) —e.

§)+n

Again the final inequality follows recalling the bound (3.17) for C and choosing v < m This completes the
proof of the present case.

Inequality ITI, case [x — z| < N {;. In this case we again use the rough estimate (3.22) for fi in a similar spirit as
before.
Consider then the quantity

x'€B(x,e)

( sup [][ —fz(x/,y)+ie}91g£)—fz(i,y)dyD+2fz(x,z)
B(z,¢)

for f>. We use the term § B(z.e) infzep(x,e) — f2(X, y) dy, and choose X such that the distance between this choice and
y is suitably smaller than |x — y|, so that we get the desired estimate.
For that, let us define for every y € B(z, ¢), Py (y) € B(x, %) such that

x ifx—yl=

P =
x(¥) {y if |[x —y| <

SIS}
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Then for any x” € B(x, ¢) it holds that

— 4+ inf (= fo(X, y)dy
X€eB(x,e)

B(z,¢)
= f —pW - ARG = f BEOLD.
B(z,e) B(z.¢)
Then suppose that |x — z| > 23—8 denote 7 =z + %8 \i:il and y € B(Z', §) C B(z, ¢). It follows that
- e
P =yl sl —ylsly =]+ 3 sl —zl-3.

Thus by the definition of f> and the fact that always x # z, it follows that

H(P(3), )= C* fr(x,2)

in the same ball. Using this and the fact that f> > 0, we obtain

][ f(P(y), y)dy
B(z,e)
1

=
| Be|

( / F(Pe(y). y) dy + / fz(Px(y),y)dy)
B(z.£)NB(Z". %) B(z.e)\B(Z.%)

C2
> 3—,,f2(x, 2) > 2f(x,2) + 6Ce?,

where the above inequalities follows from (3.17), the choice w? <37 and the definition of fo.
In turn, if |x — z| < 23—8, then we use the fact that P,(y) =y in B(x, §) C B(z, ). This and the definition of f>
imply

1
][fz(Px(y),y)dwa' / Fa(Pe(y), y)dy

B(z,¢) B(x,%)

CZ
> 3—nf2(x, 2) > 2f2(x,2) +6Ce®.

At the last step we again used (3.17) and properties of f>. This completes the proof of Theorem 2.1. Observe that the
choices § = m and w = min{lo(i—ﬂ), 4%} are sufficient with respect to all the choices made above.
The above result can be applied to the game theoretic approach to the normalized p(x)-Laplacian

AN =1 Au+ (p(x) —2)ANu=0, for xeQeR",

where Aévou = |Vu|_2 szzl u;ju;u; with the notation of Remark 3.2, and 2 < p(x) < co. Indeed, the regularity
estimate derived above allows us to pass to a limit, and thus to obtain estimates for viscosity solutions (see [7], as well
as [8] for a different version of the p(x)-Laplacian) to the above equation using game theory by setting

_p(x)—2 2+n

= e PO o

It is also worth noting that the approach in [18] and [16] does not directly extend to the game of this section, since
these papers utilize the translation invariance.
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6. Tug-of-war with noise

The previous sections covered the game related to p-harmonic functions in the case 2 < p < co. In this section, we
will include the range 1 < p < 2 by considering a slight modification of the game in [ 18] suggested in [9].

Choose a starting point xg € 2. The players fix their possible moves vy and vy with |v], [vr| < &, and toss a fair
coin. If Player I wins the toss, then she tosses a biased coin. If she gets heads (with probability « > 0), the token is
placed at x; = x¢ + vy. If she gets tails (with probability 8), then the token is placed at a random point in B"!(xp, €),
which is a ball lying in the n — 1-dimensional hyperplane with the normal vy. Similarly if Player II wins the toss, then
he tosses a biased coin. If he gets heads (with probability «), the token is placed at x; = xg + vyy. If he gets tails (with
probability ), then the token is placed at a random point in B" (g, xg). The game is played until the token exits €2,
and at the end Player II pays Player I the amount given by the pay-off function F. The value of the game is given by

u(xg) = supinf E’;‘) s [F(x0)].
S[ S“ 1,911

To avoid measurability problems, we can incorporate the continuous boundary correction in Section 4 of [13] as
explained in [5]. However as we are studying local results, we only give a local form of the dynamic programming
equation, and take it for granted. By summing the possible outcomes of a single game round, we heuristically obtain

1
u(x) ==
2 0<jv|<s

sup {au(x +v) + ﬂ]lu(x +h) d.c"—l(h)}
& (6.31)

+ %0 ilnlf {au(x +v) +/3][u(x +h)d£"—‘(h)},
=¢ v

where £"~! denotes the n — 1-dimensional Lebesgue measure and B} := B¥ (0, €). Similarly as in Section 5, we take
the dynamic programming equation as our starting point straight away.

6.1. Multidimensional dynamic programming

We use the same f as before, but now choose

1010
" Lo@)

Fix n > 0 and recall the counter assumption (3.12). Similarly as in Section 3, using (6.31), we end up with

(6.32)

M<ux)—uz)— f(x,2)+n

< sup%{au(x +v)+ B ][ u(x + h)dﬁ”_l(h)}

Vx
v
B.*

— i&f%{au(z +v,)+ B ][ u(z+h) dﬁ"l(h)}
B

+i£1f%{om(x +v)+ 8 ][ u(x +h)d£”‘1(h)}
, A

- sup%{otu(z +v;) +,3][ u(z +h)d£"‘1(h)} — f(x,2) +n.
b4 B;Z

Then, let P, ., be arotation, to be specified later, from the hyperplane determined by v, to the hyperplane determined
by v, so that we may briefly write
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M fésupsu {a(u(x +vy) —u(z+vy))
+ﬂ][u(erh)—u(erva,uz(h))dﬁ"l(h)}

Vx
B

+ %infinf{a(u(x +vy) —u(z+vy))

Vy Vg

+8 ][ u(x +h) —u@+ Py, (h))dﬁ”‘(h)}
By~
— [+
sh+hL—fx2+n

Next we choose vy, vI' € B(0, ¢) that give sup, (denoted by v}) and sup,,_in I; above up to an error 1/2 > 0. Then

add and subtract f similarly as in (3.14). This gives

M
I < ?—1- sup T(f,x,2,vx,V;) + 1,

Vx,Vz
where we used a shorthand notation
Tf:=T(f x,2,Vx,V;)
o
= Ef(.x + Vyx, Z + vz)) + g f f(.x +h, Z + PVXvUz (h)) dﬁn_l(h).
BY*

Similarly to (3.15) we also estimate
M
L=< - + Vlnf T(f,x,2,vx,v7) +1.

In the previous two estimates, we used the counter assumption.
Similarly as before, to obtain a contradiction, it thus suffices to show

sup T (f,x,z,vx,v;) + vin£ T(f,x,z2,vx,v7) < f(x,2). (6.33)

Vx,Vz

We accomplish this in several steps.
6.2. Estimates

Inequality (6.33), case |x — z| > N 15_0' In this case we may again focus our attention on fi. We recall the Taylor
expansion

fix+hy,z+h) =fi(x,2) +C8lx — 2>y — )y +2(x +2) - (hy + hy)
C _
+ 58k = 2720 = D = )Y + (e = )y )
Hlhy + ho|* + Ex o (hy, ho).

Choose v}, V] € B, such that

/

Sup T(f],x,z,vx,vz)ET(f],x,Z, U)/C’UZ)+)7'

Vx,Vz

Let us first assume that
WV, =)} > (4 —0)e*. (6.34)

Since |v; — V]| < 2¢, this also means that
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(v, — vy, <06, (6.35)

In this case, the second order terms in the Taylor estimate of the o-terms dominate and thus yield the desired conclu-
sion. To be more precise, we estimate the quantity

T(f]vxa r U)/Ca U;) + T(f]9x5 <, —U;, _U;) - 2f1 (x5 Z)' (6‘36)

To this end, by using the above Taylor formula and the estimate (2.9) for the error term, we see that the a-terms in
(6.36) can be estimated as

o o
S file+ v,z + V) + 5 /il = v,z — ) —2f1(x,2)
<04+ @apc— P72(2(8 — Dy — V)T +2(0 = V)3,
= ) < x z/V Vx V)yi
(07 o
+alvp VP + e V) 4 2 Ea s (v —v) (6.37)

c
< 70[5|x — 2P72(2(8 — 1)(4 — 0)e? + 2067

+ a(26)% + 20ae?|x — z|°72.

Next we estimate the S-terms

g ][ fi@ 4R,z 4 Py (1) dL" ()
st;

8 (6.38)

0 ][ FiGe Rzt Py ()AL ()

B
in (6.36) by the Taylor series. By symmetry, the first order terms vanish. So far we have not used a particular form of
2
the rotations Py v and P_y; —y. Now we choose Py v =Py v such that |h — Py v (h)| <®0¢&2. This and (6.35)
imply that
Cslx —z°2 ][ (h— Py v ()3, dL"(h) < C8|x — z|° 206,
Bg*

The same estimate naturally also holds for the second term of (6.38). We may also estimate
C(— Délx —z|°72 ][ (h — Py v (h))y, d L (h) <0
B
and thus we may bound the quantity in (6.38) by
CB8|x — z|° 206> + B(2e)? + B20s2|x — z|° 2. (6.39)

Combining the estimates (6.37) and (6.39), choosing small enough § and 8 as well as by using the assumption
(6.32) for C along with choosing @ («) small enough, we observe that

Ix —zI°7220 + C8(BO — @) < —|x — 2> 72108 < —107.
This implies the negativity of the quantity in (6.36).
In turn, if (6.34) above does not hold, implying that
/ /! 9
Wy =)y =2 = e,

the desired estimate can be readily derived from the first order terms in the Taylor estimate. Indeed, the share of the
second order and error terms in the Taylor estimate of (6.36) can be roughly estimated by (3.21) as
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82x —z)% Le.
Furthermore, by using Taylor’s formula and the above estimate for the second order terms and the error, we have

supT f1 +inf Tf) — 2 f1(x,2)

’o Xr—z X
sT(fla-xa re Uxa UZ) + T(f19-x5 g, €&, &E——

-z
)_2f1(-xaz) +77
x —z| |x —z]

<Casdlx — 271 ((V, =)y —26) +4lx + 226 +8%x — 2| e 49

0
<Cas|x — zl‘s_l(—zs) + 168 +8%x —z|° e + 1

0
<(s —aZC)8|x —zI% e + 166 + 1.

Observe that above the first order terms in the Taylor series of S-terms vanish in the integration by symmetry and also
since P.. is a rotation. By applying the assumption (6.32) for C for small enough w () < 8, it is easy to check the
desired negativity for this quantity. This completes the proof of the case |x — z| > N {5.

Inequality (6.33), case |x —z| < Nf—o. Recall that when x, z € By, and hy, h; € B,, then
|fix +hy,z+h2) — fi(x,2)] <3Ce°

as in (3.22). This implies
supTf1 — fi(x,2) <3Ce°.

Moreover,

supT'(f1 — f2) <supT(f1 —0)=supTf.

Letting (i — l)% <|x —z| gif—o,i: 1,2,..., N, we also have

infT(f1 — f2) <supTfi —supTf>

< supTf| — qCIN—i+1) 8
2 . ,

= supTfi — a(C? — Z)C?N=Dgd _p2(N=i)gh
o
2 )

=supTfi — 0{(C2 _ _)C2(N—l)85 —2f5(x,2)
o

<supTfi —6Ce® —2f>(x,z)

for small enough w () in (6.32). Combining the previous estimates, we end up with

supTf +infTf <supTf) +supTfi —6Cs? —2fr(x,2)
<2f1(x,2) +6Ce® —6Ce® —2f>(x,2)
=2f(x,2).

This completes the proof of Theorem 2.1.
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