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Abstract

We consider the cubic nonlinear Schrédinger equation with a potential in one space dimension. Under the assumptions that the
potential is generic, sufficiently localized, with no bound states, we obtain the long-time asymptotic behavior of small solutions.
In particular, we prove that, as time goes to infinity, solutions exhibit nonlinear phase corrections that depend on the scattering
matrix associated to the potential. The proof of our result is based on the use of the distorted Fourier transform — the so-called
Weyl-Kodaira-Titchmarsh theory — a precise understanding of the “nonlinear spectral measure” associated to the equation, and
nonlinear stationary phase arguments and multilinear estimates in this distorted setting.
© 2018 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. The equation

Our aim in this paper is to describe the large time behavior of small solutions of the Cauchy problem for the one
dimensional cubic nonlinear Schrédinger equation with an external potential:

idu — 02u + Vu = Alul?u, (NLS)
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where the space and time variables (¢, x) € R x R, u = u(t, x) € C, » € R. This equation derives formally from the
Hamiltonian

1 1 A
H:§/|8xu|2dx+§/V|u|2dx—z/|u|4dx, (1.1)
R R R

and also conserves the total mass

M:/|u|2dx.
R

Since we will only be interested in small solutions of (NLS), we might restrict our attention without loss of generality
to the case A = 1. We will work under fairly mild assumptions on the potential, namely

Vew ' ®)NLI®)., y>6, LI®:={f:xI"feLl}. (1.2)

Under this localization assumption, it is well known that the spectrum of Ly = —8)% + V as a self-adjoint operator on
L?(R) with domain H?(R) is made of [0 + oco) and a finite number of L2 eigenvalues (bound states). Moreover, on
(0, 4-00) the spectrum is purely absolutely continuous (actually it suffices that V e L', see for example [43] for these
classical results).

Our main spectral assumption on Ly will be

Ly has no bound states, V  is generic. (1.3)

The precise formulation of the assumption that V is generic is given in Remark 1 after Theorem 1.1 below; such
assumption can be expressed in terms of properties of the scattering matrix associated to V, and is equivalent to the
usual assumption that 0 is not a resonance.

We are going to consider the Cauchy problem for (NLS) with initial data uo small in a suitable weighted Sobolev
space, and study the global properties and asymptotic behavior of solutions. Since we deal with small solutions, the
sign in front of the nonlinearity is irrelevant for our main result to hold. Our main motivation for studying this problem
is the question of asymptotic stability for special solutions of nonlinear dispersive and hyperbolic equations, such as
solitons, traveling waves, kinks... Indeed, nonlinear equations with external potentials arise as the linearization of the
full nonlinear problems around these special solutions, and (NLS) is a prototypical model for nonlinear equations
under the influence of an external potential.

Our approach will be based on the use of the distorted Fourier transform — the so-called Weyl-Kodaira—Titchmarsh
theory — which will allow us to extend some Fourier analytical techniques which have been successfully employed
in recent years to study small solutions of nonlinear equations without potentials, see for example [34,21,31]. Our
hope is that the framework developed in the present article will prove useful to study open questions concerning the
stability of (topological) solitons, and other special solutions for nonlinear evolution equations.

1.2. Previous results

Before discussing some recent works on one dimensional problems with potentials we briefly consider the one
dimensional NLS equation in the case of zero potential

idu — 02u = |u|*u. (NLS0)

We will call this the flat/unperturbed NLS in contrast to the distorted/perturbed equation (NLS).

It is well-known that the Cauchy problem for (NLSO) is globally well-posed in L? [5]. Moreover, solutions to the
Cauchy problem associated to (NLSO) with initial data u|;—9 € H 'n Lz(xzdx) (bounded energy and variance) exhibit
modified scattering as time goes to infinity. More precisely, solutions decay at the same rate as linear solutions but
they differ from linear solutions by a logarithmic phase correction. Using complete integrability this was proven in the
seminal work of Deift and Zhou [12] (see also [ 13]. Without making use of complete integrability (and in the case of
similar but non-integrable versions of (NL.S0)) and restricting the analysis to small solutions, proofs of this fact were
given by Hayashi and Naumkin [25], Lindblad and Soffer [38], Kato and Pusateri [34], and Ifrim and Tataru [29].
Similar results for the nonlinear Klein—Gordon equation have been obtained by Delort [14], covering also the case of
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quasilinear quadratic nonlinearities, and Lindblad and Soffer [37]. A similar asymptotic behavior occurs for solutions
of many other dispersive and hyperbolic equations, such as for example the modified KdV equation [26,22], fractional
Schrodinger equations [30], and water waves [31,1,32].

Notice that solutions scatter (without phase correction) if one replaces the cubic nonlinearity in (NLSO) by a higher
power. In [8] Cuccagna, Georgiev and Visciglia considered the subcritical problem with external potential id;u —
afu + Vu = |u|Pu, with 2 < p < 4, and were able to prove linear decay and (regular) scattering in L for small initial
data with bounded energy and variance. The key in this work is a commutator estimate involving a distorted version
of the vector field J = x — 2itd,. Successful commutation with this distorted vectorfield guarantees the boundedness
of its action on solutions, and gives the decay which is necessary to close the argument. Recently, Delort published a
result [15] for the critical case of (NLS) in the case of odd solutions and even potentials. Cuccagna—Georgiev—Visciglia
also announced a similar result [9]. We will comment below on the relevance of considering odd solutions and how
this is related to enhanced decay properties, cancellations and asymptotics.

After completing the present work, we learned of the paper [40], which proves a result similar to the main theorem
below. The very elegant method is an extension to the distorted setting of the “factorization method” of Hayashi and
Naumkin, see for example [25-27]. The conditions on u and V are weaker than ours, and probably close to minimal.
However, the method which we propose here is very robust and flexible. In particular, it would be straightforward to
extend it to the cubic nonlinear Klein—-Gordon equation. Moreover, our results immediately apply to a nonlinearity of
the type a(x)|u|>u, where a(x) — 1 as |x| — oo. Note that such an inhomogeneous term does not seem straightfor-
ward to treat by the method in [40]. In particular, since this method relies on commuting the distorted analogue of the
“vectorfield” J = x — 2itd, through (an operator closely related to) the wave operator, one would also need to deal
with the issues arising from the commutation of J and a. See the papers [37,48] for the treatment of similar issues
in the context of the Klein—Gordon equation. Note that treating inhomogeneous terms is one of the basic issues that
needs to be taken into consideration when studying linearized equations around special solutions.

As already pointed out, this paper is a first attempt to extend to the distorted setting, at least in 1 + 1 dimensions,
the very general methods of [21,24], which have already proven to be largely successful in the study of the asymp-
totic dynamics of evolution PDEs. Some of the advantages of the adaptation of refined nonlinear Harmonic analysis
techniques to the distorted setting are (1) the flexibility in using partial normal forms transformation and (2) an overall
better understanding of nonlinear oscillations. For example, we hope that further developments of our methods will
allow the treatment of quadratic Klein—-Gordon equations with a potential, by combining normal form transformations
and the type of multilinear Fourier analysis performed in this paper to deal with the fully resonant interactions. Such
models would be very relevant in the study of the stability of kinks.

1.3. Motivation

One of our main motivations for studying (NLS) is the question of asymptotic stability for special solutions of
nonlinear dispersive and hyperbolic equations. Studies on the existence and stability of solitons, traveling waves, and
other types of special solutions are numerous and span an extensive body of literature. Given the impossibility of
being exhaustive we refer the reader to the seminal papers by Weinstein [51], Pego and Weinstein [41], Soffer and
Weinstein [46,47], and the more recent expository articles [45,49] and references therein.

The classical approach to asymptotic stability of, say, solitons, is to split the solution into a modulated soliton, plus
a remainder which is called the radiation. The modulated soliton lives in a finite dimensional space which mirrors
the symmetries of the equation. As for the radiation, it solves an equation whose linear part is given by an equation
involving a potential (related to the soliton). One then tries to establish dispersive estimates for the linear part —
involving the potential — [33,23,44,45] and leverage these to control the nonlinear terms, so to obtain decay of the
radiation and therefore asymptotic stability. This approach is in general easier to implement in higher dimension, due
to better decay properties: see for instance [42,6].

When the decay of the radiation is weak, an important difficulty in this program is to understand the coupling
between the radiation and the modulation parameters. For equations that enjoy a separation property between the
speeds of linear dispersive waves and solitary waves, such as the Korteweg de Vries equation, this coupling is weak and
can be handled through monotonicity formulas. Asymptotic stability results then follow in the sense that perturbations
decay on one side of the wave [41,39]. Recently, in [22], we could prove the full asymptotic stability of solitons — that
is a description of the asymptotic behavior of the perturbation on the other side of the wave — for the mKdV equation,
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by combining these techniques with the ones used to prove modified scattering for small data. For equations like
Klein—Gordon or Schrodinger, the coupling between the radiation and the modulation parameters is stronger and it is
usually controlled after normal form transforms in the system coupling the modulation parameters and the radiation
via the “Fermi Golden rule” [47,6,4,2].

Note that very interesting virial type arguments have been developed recently to prove asymptotic stability results
in the energy space for the ¢* model [35]. Other one dimensional asymptotic stability results in the energy space
include [7] on ground states of NLS, and [3] on solitary waves of the Gross—Pitaevskii equations. Nevertheless, in
the one-dimensional case, we are not aware of situations where a complete description of the asymptotic stability
of solitons (in [35] initial data in the energy space are considered but the perturbation is only shown to enjoy local
energy decay) has been shown for a nonlinearity which is critical for the dispersion (in the sense that small solutions
do not scatter linearly) outside the use of complete integrability, see for example [10] on cubic NLS, or when there is
separation between the soliton and the radiation, see our work [22].

1.4. Main result

Our main result, Theorem 1.1 stated below, gives, for any initial data in a weighted Sobolev space (in particular for
any function in the Schwartz class) that solutions of the perturbed equation (NLS) decay globally-in-time at the same
rate as solutions of the linear equation i 0;u — dx,u = 0. Furthermore, as time approaches infinity, they approach, up to
a logarithmic phase correction, solutions of the linear problem. The precise statement about the asymptotic behavior
involves the distorted Fourier transform, whose definition and properties are given in Section 2.

Theorem 1.1. Consider the nonlinear Schrodinger equation (NLS) with a potential V satisfying
Ve Wz’l, Ve L)l/, y >0, V' has no bound states, (1.4)
and V is generic in the sense of Remark I below. The following hold true:
e (Global existence and decay). There exists € > 0 small enough such that for all ey <€ and ug satisfying
luoll g3 + llxuoll 2 = €o, (1.5)
the equation (NLS) with initial data u(t = 0) = ug admits a unique global solution satisfying

sup [lu(t) | e S g0(1 + 1)1/, (1.6)
teR

e (Global bounds). Define the profile of u by
F,x) = e TCEY 1 xy, Fe k) = e k), (1.7)

where, for any g € L%, 3 = ]?g denotes the distorted Fourier transform of g (see (2.14)). Let po = 1/100, « €
(0, 1/4), then the global solution of (NLS) with data (1.5) satisfies

A+1D7P A+ KD FO | 2+ | FO] oo + A+ 1D [0 F O 2 S #0- (1.8)

e (Asymptotic behavior as t — +00). There exists Woo € L™ such that

t
f(t, kyexp ﬁnﬁﬂs,knzﬂ—sl ~ Wi SA+07P2 for t>0, (1.9)

for0 < p <a/l0.
e (Asymptotic behavior as t — —o0). Let S = S(k) be the scattering matrix associated to V, see (2.12), and let

Z@t, k) = (f. k), ft,—k),  k>0. (1.10)
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Define the self-adjoint matrices

1 ~ ~
So(t, k) == diag(| £ (¢, k)12, | £ (2, —k) %),
0(z, k) Wors g(1f @, B 1f @, —k)I°) W
1 .
Si(t, k) := ——=S""(k)diag(|(SZ(t, k)1 %, (SZ(t, k))2|*) S(k),
1(7, k) o (k)diag(|(SZ(z,k))11%, [(SZ(t, k))2]*) S (k)
and let'
1

S(t, k) =1k < |t|"")So(t, k) + 1k > Itl_p)z[So(t,k) +S1(t,k)], (1.12)
for0 < p <a/l0.
Then, if we denote

t
) ds
W(t, k) = exp (z/S(t,k)—)Z(t,k), \W(t. k)| =Z(t. k). (1.13)
s+1
0

there exists W_qo € L such that

[W(t,k) — Weoo (O S A+ 12)7P2, for t<0. (1.14)
Before describing in more details some of the main ideas in the proof, let us make some comments:

(1) Genericity of the potential. We assume that V is generic in the following sense:
/V(x)m(x)dx #0 (1.15)

R

where m is the unique solution of (—8)% + V)m = 0 which approaches 1 as x goes to 400, see (2.1)—(2.2). In
particular one can see that (1.15) is equivalent to the fact that the transmission coefficient (see Section 2 below for
the definitions of T and R.) satisfies T'(0) = 0, 7'(0) # 0 (and hence the reflection coefficients R4 (0) = —1), see
(2.7)—(2.10). This is also equivalent to the fact that O is not a resonance. Indeed the fact that O is not a resonance
is usually formulated in dimension 1 (see [23] for example) in terms of W (0) # O where W (k) = [ f+(k), f— (k)]
is the Wronskian between the two Jost functions (see section 2.1 for the definition). Since W (k) = 2ik/T (k)
(see [11] p. 144) and W is continuous, our assumption is equivalent to W (0) # 0.

Note, see LLemma 2.4 below, that under this generic assumption, for any f € L!, one has f(O) =0, where fis
the distorted Fourier transform of f. See again Section 2 and the definitions (2.13)—(2.14). Note that if f(O) =0,
according to the asymptotic formulas (1.16)—(1.17) below, one would get additional decay in time for u(x, )
when |x| < ¢, provided f is sufficiently smooth. This type of improved decay has been observed, for example,
in [44]. While we do not directly make use of this additional time decay in physical space, we do rely on the
improved behavior of some of the nonlinear interactions when the input frequencies are small.

(2) Assumptions on the data and the special case of odd solutions. Notice that we do not put any additional restriction
on our initial data besides standard regularity and spatial decay. In particular we do not require the data to be odd
and the potential to be even as in [9,15].

It is interesting to note that the expressions in (1.11)—(1.13) involve explicitly the scattering matrix S associated
to the potential V, see (2.12). It turns out that this is not the case if one assumes that V' is even and the initial data is
odd. Indeed, under these additional assumptions, f is odd, the reflection coefficients coincide, that is, Ry = R_,
and the expression in (1.11) simplifies to S = Sy for all 7.

(3) About the modified asymptotics: physical space. From (1.9) and a slight refinement of Proposition 3.1, one can
also derive a statement about nonlinear asymptotics in physical space. More precisely one can show that, under
our global bounds, see (1.8),

1 We denote by 1(A) the indicator function of the set A.
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“

)

(6)

eix2/4t N ¥ s
u(t,x) = (t,——>+0 (T, > 1, 1.16
(t,x) Ne] f o (|| ) (1.16)
while, for t < —1, denoting kg := —x /2¢, we have
ix2 /4t N - "
u(t,x) = [7(ko) Ftko) + R (ko) F(—ko) | + O(1r| /27, x>0,
(r, %) Nawm (ko) f (ko) + R4 (ko) f (—ko) (It )
. (1.17)
ix</4t - - 12
u(t, x) = |7 (ko) F (ko) + R—(=ko) F=ko) | + 011|122, x <0,
(t, %) Ne; (—ko) f (ko) (—ko) f (—ko) (71 )
Notice how the scattering matrix (2.12) associated to the potential also appears explicitly here.
Combining (1.16)—(1.17) with (1.9) it is then possible to obtain the following asymptotic expression:
22
eix /4 i X\ |2 X
fx) = Wioo (= 2-)[ Togt)Wiao( = 2-) + 01| 71/2772), 118
ut.0) = < exp (5= | Wi (= 3 ) ogt ) Waee (= 57) + 00727 (1.18)

fort > 1.

As t — —oo, the expression in the distorted Fourier space is more complicated and involves the scattering
matrix S, see (1.12)—(1.14). In particular, it is interesting to notice how the expression for the modified profile at
frequency k involves both the frequencies k and —«.

Reversing time. Though (NLS) is symmetrical by reversing time (and taking the complex conjugate of u), the
phase correction for 1 — —oo is much more complicated than it is for  — oo. This follows from our choice of
the distorted Fourier transform F (defined in (2.14)), which is sometimes denoted ., and can be defined through
the wave operator W by
W, =s— lim Pl (V) ,itd] _ ]_:1]’_:
t—00
(where F is the flat, classical Fourier transform). Flipping the + signs in this definition, one obtains another
distorted Fourier transform, F_, defined by
W_=s— lim e!CH+VI it — p=1 7
t——00
This second distorted Fourier transform is better adapted to analyzing negative times, and would give simple
asymptotics as t — —o0.
The bootstrap space. The bulk of our analysis is performed in the distorted Fourier space, and the nonlinear
evolution stays small in the space

A+ [A+ KD FO | 2+ [ FO] oo + A+ 1D [0 F (1) 2 (1.19)

for some o € (0, 1/4). The motivation for choosing the above space is that it guarantees the desired sharp decay
of (1 + |£])~/2, see the linear estimates in Proposition 3.1.

Vector fields methods. There is a substantial difference in the way we perform weighted estimates using the
distorted Fourier transform, and alternative approaches based on the vector fields method, such as Donninger and
Krieger [16] and Cuccagna, Georgiev and Visciglia [8]. These approaches are based on using L? norms weighted
by vectorfields to deduce decay for a general function u, and then estimating vectorfields of the full nonlinear
solution. In our approach, we look at a true linear solutions of the perturbed equation, establish a decay estimate —
in this case involving f and 0 f — and then estimate the relevant quantities in the nonlinear problem.

1.5. Ideas of the proof

Our approach will be based on the use of the distorted Fourier transform (the Weyl-Kodaira-Titchmarsh theory),

which will allow us to extend many recent successful Fourier analytical techniques used to study small solutions of
nonlinear equations without potentials. In the setting of the distorted Fourier transform, we then follow the basic idea
of the space—time resonance method by filtering the solution by the linear group, and viewing the (nonlinear) Duhamel
term as an oscillatory integral: see [18,20,21] for higher-dimensional instances, and [34] for (NLS0), which provides
in many respects a blueprint for the present paper. A first attempt to extend the space—time resonance method to a
perturbed case can be found in [19].
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1.5.1. The equation on the profile in distorted Fourier space
We refer to section 2 for a more detailed presentation of the distorted Fourier transform, and admit for the moment
the existence of generalized eigenfunctions ¥ (x, k) such that

Vk € R, (=02 + V)Y (x, k) = k> (x, k),

and that the familiar formulas relating the Fourier transform and its inverse in dimension d = 1 hold if one replaces
etk by ¥ (k, x):

flk) = / v, k) f(x)ydx  and  f(x)= / ¥ (x, k) f (k) dk.
R R
Defining then the profile f by

f= ety or equivalently f(t, k) = eiitkzﬁ(t, k),

it is easy to check that it satisfies the equation

3 Ft, k)= —i///e”(_kzMz_mZ"’"z)f(t,E)f(t,m)f(t,n),u(k,ﬂ,m,n)d@dmdn,

hence
1
f(t, k) =daok) —i ////e”(_k2+lz_m2+”2)f(s, O f(s,m) f(s,muk, €,m,n)dedmdnds, (1.20)
0
where
M(k»f»m,”)=/mlﬁ(xﬁﬂ)lﬁ(x»m)'ﬁ(x,”)dx (1.21)

characterizes the interaction between the generalized eigenfunctions.

At this point, the essential difference with the flat case becomes clear: if V =0, ¥ (x, k) should be replaced by
e”‘", in which case w(k, £,m,n) =8k — £ +m — n). Butif V # 0, the structure of  becomes much more involved:
we will see that it can be decomposed into

pkommy= Y [Aﬁ,y’,;,e(k,e,m,n)a(ﬁkJrye+5m+en)

By.de==1 (1.22)

+ Bg,ys.c(k, £, m,n)p.v. +Ck,l,m,n),

ﬁk+y€+8m+en]
where Ag y s, Bg,ys,e, and C are relatively smooth functions (depending on the potential), and “p.v.” stands for
principal value.

The structure of the coefficients in (1.22) plays an important role. In particular, we will see that the structure of
the coefficients Bg , 5 will lead to some special cancellation of the worst terms appearing in the estimate for akf.
Further null structures at low frequencies in some of the coefficients Bg y 5. and in C will also allow us to close the
crucial bounds on 9 f and f in (1.8).

1.5.2. The multilinear oscillatory integral

The whole challenge is to analyze the right-hand side of (1.20), which is a multilinear oscillatory integral with phase
Ok, l,m,n) = —k2+ 02 —m? 4+ n?, where f has limited regularity and the kernel u is as above. It requires a delicate
decomposition, which is the heart of the argument, and will be explained precisely in the following sections. For the
moment, let us simply notice that, in regions in (£, m, n) where u is smooth and & nondegenerate, the convergence
of the right-hand of (1.20) is easy to establish.

First of all, problems arise, of course, close to the singular set of i

Singu =Ug y.5.e=+1{Bk + y€+6m +en =0}.
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Next, to take advantage of oscillations, one can integrate by parts through the formula

3 eis<[> eiSCD
e

i50e D
if e is a vector in (£, m, n) space. This is however only helpful if this manipulation does not result in the singularity
of  getting worse. In other words, e should be tangent to {8k + y £ 4 ém + en = 0} (where B, y, §, € depend on the
part of i which is considered). In other words, we see that the relevant notion of stationary points in (£, m, n) (“space
resonances”) is given by stationary points of ® restricted to {8k + y£ + dm + en = 0}.
Finally, a last option is to integrate by parts in s through the formula
ia'eiﬂb — eisCIJ,
lq) S )
obviously, this is only helpful away from the set {® = 0} (“time resonances”).
Most worrisome are the points which belong to the three categories: the singular set of u, space resonances, and
time resonances. It turns out that these are of the form ¢, m, n = £k and will ultimately lead to an ODE giving an
oscillatory phase correction.

1.5.3. The bootstrap argument
We will prove an a priori estimate for the following norm

lullx = sup [ 1Tz 407 @)L+ (074 o Fo 2 (1.23)

(recall pg = 1/100). More precisely, we will assume that the initial data u( satisfies (1.5) and that for ¢] = sé/ 3 we

have the a priori bound

lullx <e1. (1.24)

We will then show that this estimate improves to

lullx < Ceo+ Cs3, (1.25)

for some absolute constant C > 0. For g sufficiently small, this estimate combined with a bootstrap argument, and the
choice g1 = 2C¢, gives global existence of solutions which are small in the space X. As part of the argument needed
to obtain (1.25) we will establish the asymptotic behavior of solutions as described in (1.9)—(1.14) of Theorem 1.1.
For simplicity, and without loss of generality, we only consider ¢ > 1, assuming that a local solutions has been
already constructed on the time interval [0, 1] by standard methods. Using also time reversibility we obtain solutions
for all times.
We remark that in the definition (1.23) we could equivalently replace || 0 f ()|lz2 by

I8k 11 ()l 2 + 13- F ()l 2,

where 14 denotes the characteristic function of {£k > 0}, and control this quantity instead. Notice this is finite at time
0 because 129(0) =0, see Lemma 2.4.

1.5.4. Structure of the proof
The rest of the paper is organized as follows:

e Section 2 contains an exposition of the elements of the spectral theory of operators —8% + V on R which will be
needed.
e Section 3 is dedicated to three preliminary results: the linear estimate

lu@llgee S A+ 1D Y21 fllx,

which allows to deduce decay of u from the control of the bootstrap norm, the energy estimate in H>, and a
lemma describing precisely the structure of the measure p in (1.21).
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e Section 4 gives the control of the weighted norm component of the space X. By weighted norm, we always mean
|| Ok f (t)|l 2, which is indeed akin to a weighted norm in physical space. The control on this norm relies on a
precise analysis of the multilinear oscillatory integral, and some key cancellation.

e Finally, Section 5 gives the control of || f(#)l. Once again, this is achieved through a precise analysis of the
multilinear oscillatory integral. It allows us to derive an ODE which describes the leading order behavior of f,
and whose solutions are bounded.

Acknowledgments. We thank Z. Hani for communicating to us that Cuccagna, Georgiev and Visciglia had announced
a result for the case of odd solutions and even potentials [9]. We thank A. Stefanov for letting us know about the
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2. Spectral theory in dimension one

2.1. Jost solutions

Define f1(x, k) and f_(x, k) by the requirements that

(=92 + V) fe =k2fy, forallxeR, and { }Cfg ’13 N Z'_x,.ik zz ;“ z iooo. 2.1)
Define
my(x,k)=e"* f (x, k) and m_(x, k) =e* f_(x, k). (2.2)
We will need precise bounds on m 4 and their derivatives, and for this we define
+00 x
Wi (x) = / MIVldy, Wix)= / O IVy)ldy. (2.3)
X —0o0

Let us recall that we say that V € L)l, if (x)”|V]eL!.

1

Lemma 2.1. For every s > 0, assuming that V € L we have the following estimates that are uniform in x and k,

s+1°
1
198 (ma (x, k) — 1| < mwj?‘(x), +x > —1, (2.4)
1
195 ma (x, ) — D] < — ()T, £x <1 (2.5)

(k)

Moreover, we also have the following control of the x derivatives:
[0y 0pm+(x, k)| SWL(x), Fx=>—1,
|0xdgma(x, )| S (x)°, Ex <L

The proof of these estimates is sketched in Appendix A.
2.2. Transmission, reflection, and scattering matrix
A classical reference for the formulas which we recall here is [11] (see also [53], [50] for example). Denote T (k)

and Ry (k) respectively the transmission and reflection coefficients associated to the potential V. These coefficients
are such that

k)= ! k R- & k
S+ (x, )—Wff()h— )+Wf7(xv ),
(2.6)
1 R4 (k)
S k) = —— fr(x, —k) + fr(x, k),

T (k) T (k)
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or, equivalently,

1 R_(k) _;
fr(x, k)~ ® etkx 4 T(Ec)) e agx > —o0,
1 ; Ry (k) ;
f—(x, k)~ me_’kx + %ﬁ())e’k" as x — 00.
Moreover, they are given by the formulas, see [11, pp. 145-146],
1 1
mZI_ﬁ V(x)mi(x,k)dx,
Ri(k) 1

F2ikx
T(k) — 2ik /e V(x)mz(x, k) dx,
and satisfy
T(_k) = W’ Ri(—k) — m’
Re®P +ITRP =1 TOR-® +Re()T® =0.

In the present paper, we recall that we consider the generic case
/ V(ix)my(x,0)dx #0,
for which

T(0)=0 and Ry(0)=—1.

From the formula (2.7) above giving 7 and R4 and the estimates of Lemma 2.1, we obtain the following:
Lemma 2.2. Assuming that V € Lzlv we have the uniform estimates for k € R:

. . 1 .
|ak’T(k)|+|a;Ri(k)|§@, 1<;<3.

Given T and R+ as above one defines the scattering matrix associated to the potential V by

L T® R L (TE E®
S(")"<R_(k) T(k))’ § (")"<R+(k) W)

2.3. Flat and distorted Fourier transform

We adopt the following normalization for the (flat) Fourier transform on the line:

Fo(k) = k) = =ik 6 (x) dx.

1
— [ e
2w /
As is well-known,

Flo= J%/eikx¢(k)dk=f*¢,

and F is an isometry on L2(R).
Setting now

1 :T(k)er(x,k) fork >0

Y(x, k)= \/T_ﬂ T(—k)f—(x,—k) fork <O,

the distorted Fourier transform is defined by

Fo k) = p(k) =/1//(x, 0 (x)dx.
R

2.7)

2.8)

(2.9)

(2.10)

@2.11)

2.12)

(2.13)

(2.14)
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2.4. Decomposition of Y (x, k)

Let p be a smooth, non-negative function, equal to 0 outside of B(0, 2) and such that f p = 1. Define x4 by

X

x+(x)=H*p=/p(y)dy, and  x4+(x)+x-(x) =1, (2.15)

—00
where H is the Heaviside function, H = 1(x > 0).

With x4 as above, and using the definition of ¥ in (2.13) and f+ and my in (2.1)—(2.2), as well as the identity
(2.6) we can write

for k>0  V2ry(x, k)= xp ()T (k)my(x, k)e™
+ x— () [m—(x, =k’ + R_(kym_(x, k)e *+], (210
and
for k<0  V2ry(x, k) = x_ ()T (—k)m_(x, —k)e'*k
+ x4+ () [my (x, k)™ + Ry (=kym(x, —k)e ], @17

We then decompose
N2 (x, k) = s (x, k) + YL (x, k) + Yr(x, k), (2.18)
where the singular part (non-decaying in x) is

for k>0 Ys(x, k) = X_(x)[e”‘x _ e—ikx]’

for k<0 Ys(x, k) = X+(x)[eikx — e_ikx], 19
the singular part with improved low frequencies behavior is
for k>0  Yr(x, k)= x+ ()T k)™ + x_(x)(R_(k) + 1)e ™k,
for k<0  Yr(x. k)= x- ()T (—=k)e™™ + x4 (x)(R(—k) + De ™, (220
and the regular part is
for k>0 Yrk,x) = x4+ ()T (k)Y (my(x, k) — l)eikx
+ x— [ (m_(x, k) = D™ + R_(k) (m_ (x, k) — D)e™"¥], 22l

for k<0  Yrlk,x):=x_()T(=k)(m_(x, —k) — 1)e'**
+ X O[my(x, k) = D™ + Ry (k) (my (x, —k) — De™™].

2.5. Properties of the distorted Fourier transform

Let us collect some useful results about the distorted Fourier transform defined in (2.14); these results can be
obtained as consequences of the general “Weyl-Kodaira-Titchmarsh theory”, see for example [17] and [54]. Direct
proofs in our framework can be found in the book [50], Chapter 5.

Theorem 2.3. Assume that V € L{, and that V has no bound states, then Fisan isometry on L?,

IFfllz=1flz2 VfeL?

and F is a bijection with

f—‘qs(x):/w(x,kw(k)dk.
R

Moreover, the distorted Fourier transform diagonalizes —3)% +V:

—2+v=FUF. (2.22)
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Note that we can express the wave operators associated to —83 + V with the help of F, for example, W, = FIF
and that these operators enjoy some L” boundedness properties, [52], which nevertheless we will not use here.
We shall only use the following elementary properties:

Lemma 2.4. Consider a generic potential V € L} with no bound states, then:

() Ifp € L, then 5 is a continuous, bounded function. Furthermore, (Z(O) =0.
(ii) There exists C > 0 such that

172
L1

(iii) IfV € L}, there exists C > 0 such that

18kBll 2 < Cll(x)Bl 12

k@2 < COU+ VI ullgn, VueH' (2.23)

We will use (ii) to obtain that a control on the regularity of the solution gives decay on the (generalized) Fourier
side, see Proposition 3.4 below. Also note that for us, the main consequence of (iii) will be that at the initial time one
has

13 £(0, k)l 2 S (% uoll 2 < oo. (2.24)

Control at later times of 9 f will then guarantee decay for the nonlinear solution through the linear estimate (3.2) in
Proposition 3.1 below.

Proof. (i) Considering for instance the case k > 0, recall that

b(k) = / ¥ (x, K)o (x) dx

1 - - -
= \/T_rr / [x+ T ymy(x, k)e™ + x_(x)(m_(x, —k)e** + R_(kym_(x, k)e=**)]¢ (x) dx.

The properties of m and T imply immediately that 5 is bounded and continuous. In the generic case, 5(0) follows by
using 7(0) =0 and R+ (0) = —1, see (2.10)—(2.11).
(i1) We note that

ki3, = (fu, szu)Lz = (fu, F(=a2 + V)u)L2 = (u (-2 + V)M>L2

= | 9.ull?, +/V|u|2dx,
R

where we have used (2.22) for the second equality and the fact that Fisan isometry for the third. This yields

k)2, < Hocul s + IV I lullge S A+ IVILO Nl

(iii) Assuming that (x)¢ € L2, we aim at proving that 8;(5 € L?. Considering the case k > 0, 5 is given
by the above formula. To alleviate notations, we will focus on the first summand and show that, if £ > 0,

% / X+ T (kym(x, k)e** ¢ (x) dx € L?. It splits into

3k/X+(X)T(k)m+(x7k)@”‘"d)()f)dx=T’(k)/X+(X)m+(x,k)eikx¢(X)dx (2.25)

+/X+(x)T(k)8km+(x, k)el** ¢ (x) dx (2.26)

—i/X+(x)T(k)m+(x,k)eik"xtl)(x)dx. 2.27)
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Note that, though we are only interested in k > 0, the terms (2.25), (2.26), (2.27) are well defined for k € R, so
that we can estimate their L%(R) norms. We can then view (2.25) as a pseudo differential operator applied to F —1¢
with k playing the role of the space variable and x the role of the frequency variable. Let us recall that for a usual
pseudo-differential operator defined by

1 ,
Opa@)(y) = 5 / M a(y, )IE) de,

R

we have by classical L? continuity results, see for example Theorem 2 in [28] or [36], that in dimension 1, Op, is a
bounded operator on L? as soon as a, dya, dga and dyga are bounded functions. By using this criterion with

a(y, &) =T' (M x+Emy(&,y)

we obtain the result from Lemmas 2.1 and 2.2. We handle (2.26), (2.27) in the same way, this yields

L2(Ry)
k

3k/X+(X)T(k)m+(x,k)e”"‘fﬁ(X)dx

2.6. Littlewood—Paley decomposition and other notations

In this article we will work with localizations in frequency defined, as is standard in Littlewood—Paley theory, as
follows: We let ¢ : R — [0, 1] be an even, smooth function supported in [—8/5, 8/5] and equal to 1 on [—5/4,5/4].
For k € Z we define ¢ (x) := ¢(2’kx) — (p(2’k+]x), so that the family (¢x)xez forms a partition of unity,

Yo =1, &#0.
keZ
We also let
Q1) =Y g forany ICR,  ¢<a(®) =0 o0al(®).  92a(X) = Pa,00](X),
kelNZ

with similar definitions for ¢4, ¢>,. To these cut-offs we associate frequency projections Px through

Peg:=F N (or()8(E))

and define similarly Prg := F~' (91 (§)2(§)), P<xg := F ' (p<k(6)8(&)), k € Z etc. We sometimes denote ¢ =

Plk—2.k+2]-
We also denote H the Heavyside function, and 11 = (1 &= H)/2 the characteristic function of {£x > 0}.
We will also use the following notation for trilinear operators

To(fi, fo, f3) = F ! /// @k, €,m,n) f1(€) f(m) f5(n) dedmdn. (2.28)

RxRxR

3. Preliminary results

In this section we gather some preliminary results that we are going to use during the proofs of the nonlinear
estimates in Sections 4 and 5. We first provide proofs of refined linear estimates in Subsection 3.1, and then basic
energy estimates in Subsection 3.2. Subsection 3.3 contains our main proposition about the decomposition of the
nonlinear spectral measure p, see (1.21).
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3.1. Linear estimates
Proposition 3.1.
(1) Foranyt >0,

e Fllis S 1l + — 1372 G.1)
ta

N«f

(ii) If V € L1, and does not have bound states, then for any t > 0,
it(—324V) < L= 1 r )
fle" f||L°°Nﬁllf(t)lle+g|I3kfllL2- (3.2)

Corollary 3.2. We have

le™ 51, (D) fllzoe < —=l Fllzee + ||3kf||L2’

3
t4

Nf

where 1, (x) = 1(x > 0) is the characteristic function of {x > 0}, see the notation in Subsection 2.6.

Proof. For a smooth cutoff function x, with compact support, and equal to one in a neighborhood of zero, write

F=xWtD)f+ (1 — x(/tD)f.

We then estimate separately the two parts: by the Hausdorff—Young inequality,

le R 1 (D)X (VID) fll S Ix (VTR FE 1 S —

~ f
while Proposition 3.1 implies
oy 1 o~
le "% 1, (DY(1 — x (WID)) f Iz S 7| ~t 3 ok [1-G) (1 — x (V1K) f (K] 2
1 _~ 1 _~
S — e + = VX Vi) FB] || 2 + = 186 7 2-
J 13 %

The desired conclusion follows since ||/ x’(ﬁk))f(k)] I 2 S 14 I f(k)] [ Lo

Proof of Proposition 3.1 (i). This is a classical estimate; however, we give a proof which is a slightly adapted version
of the Van der Corput lemma, which we will extend to prove (ii).

. . 2, o~ . x2
/zne—naff — /elxk—Hthf(k) dk = e_’ﬂl(t,x)
R

with
1, %) =/ei’(k_x)2f(k)dk, X = —%.
R
For € = 7, we write
X+e€
I=h+h= / 167 Py / 67 F,
X—¢ k—X|>e

For 11, we simply use that by the choice of €,
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L SelfXOl+e  sup  [Fk) — FOOISelFXOI+eelldefll 2 S —=
[X—e€,X+e€] «/—

For I, we integrate by parts:

IFXOI+

3
ta

L= N Gy S— )
; / M T
[k—X|>e

to find that

1 - . 1

LIS —(f(x X — -
|2|Nt€(lf( +e)l+1f( 6)|)+t / X
[k—X|>e lk—X|>e€

By Cauchy—Schwarz, we also have that

! Lo 7 ! dk \booa
- o f(k dk<—( / ) P JLL ,
; / |k_X|| i J (k)| S X2 I kf||Lth[|| i flp2
lk—X|=e lk—X|>e
and we can estimate
[ eelas [ DiFcors [ e
t k- X2 p “xp Sl
lk—X|=e [k—X|>e

< LiFoor+ =1
~re tfe

Since € = %, we have thus obtained that

FEIBS 7|f(X)| += ] ||3kf||Lz,

which gives the desired estimate for /. O

Proof of Proposition 3.1 (ii). To handle the general case, we shall use the distorted Fourier transform,
eit(*3%+V)f z/w(x’ k)eikztf(k) dk

and we shall deduce the estimate from the following lemma that is a generalization of the above estimate.

Lemma 3.3. Consider a function a(x, k) defined on I x Ry and such that

la(x, k)| + |k||ora(x, k)| S 1, Vxel, VkeRy
and for every X € R, consider the oscillatory integral

+00
1(t,X,x)= /ei’(k_x)za(x,k)f(k)dk, t>0,xel.
0

Then, we have the estimate

11, X, ) S —= 1 F Ol + éuakfan
ta

Nf

which is uniformin X e R, t > 0and x € I.

||3kfI|L2-

~ 1 1
|0 f (k) dk + — / T X|2If(k)ldk

1491

(3.3)

(3.4)
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Let us first use the lemma to prove the proposition.
We focus on the case x > 0, the other case being similar. We will only use the following estimates which hold for
Ve L}: (see [53] Lemma 2.1, and [52] equations (2.6) and (2.9)):

) =11 S , >0, 3.5
lm(x, k) |~1+|k| x> (3.5
1
Iakm+(x,k)|§ﬂ x>0, (3.6)
1
[0k T (k)| + [k R+ (k)| S ST (3.7)

(and, obviously, |T (k)| + | R4+ (k)| < 1). We split

+00
u(r,x)z/w(x,k)eszff(k)kor/w(x,k)eiszf(k)dk=1,+1+.
[ee) 0

Start with J, which can be written

+oo
12
Jp=e T, (t, X, x) with I.(t, X, x) = / it k=XT (kymy (x, k) f (k) dk, and X = —%
0

Thanks to (3.5) (3.6), (3.7), we can thus use Lemma 3.3 with x € I =Ry, and a(x, k) = T (k)m (x, k). This yields

141 S —= I F @l + ||3kf||L2

3
ta

~ f
Let us turn to J_. Recall that for k < 0,

N2y (x, k) = T(=k) f— (x, —k) = T (=k)e* m_(x, —k) = e T Ry (—k)ymy (x, —k) + ¥ m (x, k).
We thus split J_ into
0 0

Vo = / e kxR (_fymey (x, —k) Flk) dk + / e*x iRt (e k) Fk) dk
—0o0 —0o0
5 +00 5 +00
='W / R (kymy (k) F(—k) dk + 71 / e (x, —k) (k) dk,
0 0
where we have set X = 5 and changed k into —k to pass from the first line to the second line. Again, thanks to (3.5),

(3.6), (3.7), we can use Lemma 3.3 for x € R; to also obtain that

| LF @l + — Lol
14

J|N\/_

This completes the proof of (ii) in Proposition 3.1, but there remains to prove Lemma 3.3. O

Proof of Lemma 3.3. Let us first assume that X > 0 so that there is a stationary point for the phase in the integration
domain. We split

[X—e,X+e]lNRy  Rp\[X—€,X+e€]

Choosing again € = \L[, we have by (3.3) that

TSRS _||f||L°°

7
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For I, we split again

+oo  X—
/ /—134-14

X+e

1493

with the convention that /4 is defined only if X > €. In order to bound I3, we integrate by parts as previously:

+0o0 +0oo

1 1 ~ 1 1 ~
|1z|Nf||f||L + /|k_X||ak<a<x,k>f<k>>|dk+;/mm(x,k)f(k)uk.

X+e X+e
For the last term, by using again (3.3), we find

1/ L Tk < =1l = — 17
t k—xp2 " ~ope T g

X+e

For the other term, still using (3.3),

1 +00 1 X +o0 |
—|fk)|dk+ - / |0k £ (k)| dk
/lk X||k|f x| %S
X+€ X+e
1 1 ~
< Z R V) aky 3 5 N
Nt(/ %2 (/ 7)1 Fle +—f|| kf||LzN\/_||f||L
X+e X+e

Consequently, we have proven that I3 satisfies

11 S —= I flles + = ||3kf||L2-
ta

Nf

It remains I4. If X < 2¢, we use the crude estimate

~ 1~
sl S €llflize = —7=fllze.

NG

If X > 2¢, we write

€ X—¢
|14|s\/...(+) / | el Tl +1
0 €

with
X—e€

~

= / =X (¢ k) Fk) dk.

€

To bound I, we integrate by parts to obtain

X—e X—e
~ 1 ~ 1 ~ 1 1 ~
It S — O 0 k) f) | dk+ - P — k) f (k)| dk.
TS o+ / T at DFl dk+ ] / gl R F®

€ €

For the last term, we get again

! / L k)f(k>|dk<1||f|| / ! dk < L7
— ——|a(x, - o0 —_— — oo,
) k—XxP? ~ g Wk k—x2 "~
€ —00

||3kf||L2

3
ta
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For the next to last term, we use again (3.3), to get

1
lk — X|

|0k f1 dk.

X—e X—e X—¢

1/ L aa k>f<k>)|dk<1/ S +1/

1] k= x| K ~7 ) k= X[k LTy
€ € €

Thanks to Cauchy—Schwarz, we still have that the last term above is bounded by 1/ (te%)||8k f Il2, while

A N, T L

—/7dk§—(/7>2(/—dk)25—.

r ] k=X p k— X2 e te
€ —00 €

Consequently,

1~ 1 ~
Hal S —=lfllLee + =110k fll L2
t ta

Gathering the previous estimates, we obtain that [ satisfies (3.4) for X > 0.
It remains to consider X < 0. We observe that in this case, there is no stationary point on the integration domain,
except if X =0. We thus write

€ “+00
= / e 6=X g k) Flk) dk + / 6= k) F k) dk.
0 €

For the first term, we just write

€
. 2 ~ 7
’/emk—m "a(x, ) F) dk| S €l Fil.
0

For the second term, we integrate by parts and use (3.3) to get

i | T
i(k—X)Zt k Nk dk‘<_ 7 ~ _/ —dk 7 o
| [ o ak] s 0l + 1 [ o dk
€ €
+00 +0
+1/ L f(k>|dk+1/ L a7
r) k—x|'* r ) k—xP2 Lo
€ €

This yields from the same arguments as above

+o0

o x\2 ~ I~ 1 7
’/e“k D a(x, k) fkydk| S —= 1 fllee + 10 fll 2
/ Jt 14

We have therefore obtained the estimate (3.4) in the case X < 0. This ends the proof. O
3.2. Sobolev estimate
Proposition 3.4. If V € W>!, then under the bootstrap assumption (1.24),

lu@ g3 + 160° Tl 2 < Cao ()T, Ve >0,

Proof. Since V is real, we have that
d 1

2
Il =0.
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Then, we can apply —Ay = —8)% + V to (NLS) to get
i3 (=Avi) + Ay (=Ay)u = —Ay (|uu).
This yields that for every M > 0, we have
1d
2dt
Next, we observe that for some C > 0 independent of M,

(Cavu a2 + Ml ) =R Ay (uln), (~Av)Yw) ..

(= Avit, (~ Ay o+ Milul 2, = IV Al + Mlul2, = € (1V e + 1V o) Nl
and therefore, by Sobolev embedding and interpolation, we get for M sufficiently large

(—Avu, (=Ay)?u) 2 + Mull?, 2 llul3,s.
Moreover, we also have that

(i Av(ulu), (=ATW) 2 S A+ VIR0l il S ety Hu@l,s.

by using the a priori assumption and Proposition 3.1. Consequently by integrating in time, we obtain that

t

) s S e+ [ )7 o) s
0

and hence, from the Gronwall’s inequality, we find
2
a3, S ege) <,

~

which gives the desired estimate for u.
It remains to estimate || (k)3 £ (1)l 2. By using the diagonalization property (2.22) and Lemma 2.4 ii), we obtain

1Y Fllze SUKF(=2 + V) Fllz + 1 Iz SN=02 + V)l + 1 ez S0l
since V € W21, so that in particular V' € L% and the term V’ f can be bounded in L? as claimed. O

3.3. Decomposition of the nonlinear spectral measure 1

According to the decomposition of ¥ (k, x) in (2.18)—(2.21), we can decompose the measure w in (1.21) into three
main parts, which will be treated differently. More precisely we have the following:

Proposition 3.5. Let i be defined as in (2.13) and let u be the measure defined by

wk, e, m,n) ::/w(x,k)lﬂ(x,@)lﬁ(x,m)lﬁ(x,n)dx. (3.8)
We can decompose it as

Q@m)*uik, 6,m,n) = sk, £,m,n) + pr(k, €, m,n) + ugk, £,m,n) (3.9
where the following holds:

o We can write
usk,,m,n)=puyk,€,m,n)+ u_(k,£,m,n), (3.10)
with
pa(k, £,m,n) :=1=(k, €, m, n) > (Byse)@x(Bk —yL+5m —en),
B.y.8.ec(—1.+1} (3.11)
1i(k, €, m,n) =1+ ()1 ()1 (m)1+L(n), ot = x4
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o We can write

/LL(k,E,m,n):/Lt(k,ﬁ,m,n)—HLZ(k,E,m,n), (3.12)
where
upk, bomny:= Y ag g (k. l,m,n)Gr(Bk — yL+5m—en) (3.13)
B,y.6,ec{—1,+1}

with coefficients a;;ty s¢ satisfying
gy 5e (k, €.m,n)| < min (1, max ([, [¢], Im], |n])). (3.14)

Moreover, the coefficients afsty s¢ tensorize in the sense explained in Remark 3.6 below.
e The regular part ug has the following properties: let 6; € {0, 1}, i = 1,...,4, with 0] + 6, + 03 4+ 04 <3, then

081852 8% 8% g (k, €, m, )| < min(k], D' min(¢], D' min(jm], 1)1 =% min(|n], H1~%. (3.15)

We will use this Proposition to decompose
~ 1
iatf(f,k)=m[Ns+NL+NR], Ns=Ni+N_, G16)
Nt k) = /// iR+ C=mPn®) T oy T ) T, n) (K, €, m, n) dedmdn.

The singular part g is a linear combination of singular measures and has a very explicit form, which is very
helpful to compute and obtain estimates. The particular structure and signs combination will be important to achieve
some key cancellations. The component pz, is a also a linear combination of singular measures, but with coefficients
that vanish at low frequencies. Such vanishing gives additional gains that allow us to close weighted estimates. Finally,
the regular part wr is both smoother than the other components, and has gains at low frequencies.

Proof of Proposition 3.5. From the definition of (277)%x we can write it as a sum of terms of the form

/wA(x,k)lﬂB(x,E)wc(x,m)wD(x,n)dx, A,B,C,De{S, L, R}, (3.17)

where we are using our main decomposition of i in (2.19)—(2.21).

The singular part ;us. When all the indexes A, B, C, D = S, and the frequencies k, £, m, n have the same sign, these
terms give rise to (ts = w4 + (— where
pee(k, &.m.n) =1 (k, & m.n) / KGO (ks — emTho) (T — ¢TI (el — =) (¢ — ¢ 7I1) dx
R

(3.18)
=1z tomn) Y (BySe)@E(Bk —yL+dm—en),
B.y.8,ee{—1,+1}

having defined ¢+ = (x+)*, and with the equality understood in the sense of distributions.

The singular part ;. This component arises from terms like (3.17) when (at least) one index is L, and the remaining
ones (if any) are S, and one has all x4 (x) or all x_(x) contributions. More precisely,

prk bommy= Y- / KA OO a5 (k. £om ) PR @105 ghime o€ g, (3.19)
B.yv.8.ee{—1,1}

which, for convenience, we write as

i (ko. ki, ko, k3) = Z @1 (eoko — €1k1 + e2ky — €3k3) a2, e (k0. K1 k2 K3), (3.20)

€o,€1,€2,€3€{—1,1}
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recalling that ¢ := x}, and with the coefficients aﬁiy s¢ described below. Let us look at the coefficients in 11} . One
has

3
Acoeieres ko k1u Koy k3) = H a_, (kj) — (eoe1€2€3) 11 (ko, k1, ka, k3), (3.21)
j=0
where

1 if €;=1 and kj >0,

o RA(DT ) i e =— and  k; >0,
a; (kj) = T((—1)/kj) it €=1 and  k; <O, (3:22)

0 if €j=-1 and kj <0.

These formulas follow directly from the definitions of ¥rg and v¥7 in (2.19) and (2.20), taking into account the conju-
gation property (2.8) for T and R.
In other words, we have
al (k) =1.(;) +1_(kpT(=Dkj),  aZ;(kj) =14 (kHDR_(-D)/Tk;)  j=0,1,2,3, (3.23)
which leads to the formulas
ayy 1k, €,m,n)=[14.0) +1- ()T ()][14.(€) + 1_(OT (=014 (m) +1_(m)T (m)]
x[14(n) +1-(n)T(—n)] — 1(k, ¢, m,n),
ayy .1k, &m,n) =[14(k) +1-()T ()][14(€) +1_(OT (=O1[14.(m) +1_(m)T (m)]
x1y(m)R_(n) + 14 (k, £, m,n),
ayy 1k, €m,n) =[14.(k) +1-(O)T ()][14+(6) +1_(O)T (=14 (m)R_(—m)

X[L4(n) + 1-(m)T (=m)] + 14.(k, £, m, n), (3.24)

a_y _y 1k, &,m,n) =1L()R_(=K)1(OR_ (1 (m)R_(—m)[11(n) +1_(n)T (—n)]
+1+(k1 Zs m, n)v
a”y g 1.1k, &m,n)=[R_(=k)R-(O)R_(—m)R_(n) — 1114.(k, £, m, n).
Notice that the indicator functions subtracted off at the end of each expression are the contributions from p_. We have

similar formulas for the coefficients a;y sck, L, m, n):

3

e e (koo ki, ko, k3) = [ [ ad (k) — (cocre2en1-(ko, ki, ko, k),
j=0

with
at () = L ()T (=) k) +1-(kj) =a,(=k)),  a® (k) = 1_(k)Ry(=D)Ik;)), (3.25)

for j =0, 1,2, 3, so that expressions analogous to (3.24) hold.
We now observe the following tensorization property.

Remark 3.6. Let us label the set {(R_(%k) + 1)1 (k), T (£k)1_(k), 14(k)} as {a; (k)}—2<i<2, With ag(k) = 1. Then,
directly using the formulas (2.20), we can expand the coefficients as a sum of tensor products

oereres K01 ko k3) = Cy gy (ko) -+~ gy (k3) (3.26)
oeF

where F is the set of all quadruples o = (09, 01, 02, 03) in the set (ZN[-2, 21)*\(0, 0, 0, 0), and the coefficients Coe
are harmless. An analogous statement holds for a™.
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From (3.26) and (2.10), we also see that each term in the sum has at least one of the coefficients a, (k) vanishing
at k = 0 which gives us the first property in (3.14).

The regular part pg. The regular part comes from terms of the form (3.17) when one of the indices A, B, C, D is R,
or there are contributions from both x4 and x_. More precisely, we can write

Rk, 6,mn) = ply (k, €,m,n) + 1k, €, m,n) (3.27)
where, if we let Xg = {(Ao, A1, A2, A3) : 3j=0,...3: Aj =R},

wk mny =y / Vale, )Ypx, OV Ce, myp (x, n) dx (3.28)
(A,B,C,D)eXgr
and
wk bomony= > / YAl Y5 (x, OYc (e, m)yp(x, n)dx
A,B,C,De(S, L) (3.29)

—usk,C,m,n) —wup(k, £, m,n).
To see the validity of (3.15) recall the formulas (2.19)—(2.21) and observe that, in view of (2.10) and Lemma 2.2,
[¥s(x, k)| < min(lk|[x], 1), [¥L(x, k)| < min(|k], 1). (3.30)
Moreover, in view of (2.3)—(2.4)and V € L! we have
1 1

xi<x)|a,i<mi<x,k>—1>|5<> W0 S e (3.31)

so that
‘Xi(x)[(mi(x, +k) — et + Ry (k) (m (x, Fk) — 1)e—ixk]‘

< x| ma(x, k) — ma (x, Fh)| + xa ()| ma (x, Fh) — 1] [ — 7k

k| 1
< =
R () 1 e (e 30 — 1 S s
having used (3.31) with s = 1. It then follows that
1 |
[Yr(x. k)| S ——— - min (1, |k|(x)), (3.32)

)71 (k)
having used again the definition (2. 2]) (3 31), and Lemma 2.2. Combining (3.28), (3.30) and (3.32) we see that the

first property in (3.15) holds true for u prov1ded y > 6. The second property in (3.15) can be obtained similarly by
differentiating (2.19)—(2.21), noticing that each derivative costs a factor of |x|, so that in particular

ks (x, |+ [0k YL (x, )| S 1x ], IS 71N

and using again (3.30) and (3.32).

The verification that (3.15) also holds for ,u,%) can be done similarly using again (3.30), (2.10) and Lemma 2.2, and
the fact that x4 - x— is compactly supported in a ball of radius 2, see (2.15). More precisely, one can write (3.29) as a
linear combination

2 , o -
M%)(k,ﬁ,m,n): Z Z /Xi(X)X+ J(X)bﬂyaé(k,&m,n)e”( Bktyt=8mten) g
j=123By.8.ec(~1.+1)

(eyr =3

for some suitable coefficients béy s¢ and estimate

ek emm S S / % 0™ (x) min([k[, 1) min(je], 1) min(|m], 1) min(|n], 1) dx.
j=1.23%

The second bound in (3.15) can also be obtained similarly. O
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4. Weighted estimate
The aim of this section is to prove the following proposition.

Proposition 4.1. Under the assumptions of Theorem 1.1, consider u, solution of (NLS) satisfying the bootstrap as-
sumptions (1.23)—(1.24). Then, there exists C > 0 such that we have

()"0 F (Ol 2 < Cleo +€3), Vi > 0. @.1)

Note that our definitions of &g and ¢ in Section 1.5.3 give sf X g9. Nevertheless, we have stated the more precise
estimate (4.1) to emphasize the contribution of the nonlinear terms, as in (1.25). The remaining of this section is
devoted to the proof of Proposition 4.1.

Recall the equation

i9, Ft, k) = ///ei’<—k2+‘2—m2+"2>f(r, O, m) F(t, )k, €,m, n)dedmdn = N (t, k), 4.2)

with

pk, bom,n) = [ ¢, k)yx, O x, m)p(x,n)dx. (4.3)
We use Proposition 3.5 to decompose

i0; f(t, k) =N+ +N_+ N+ N+ Nk,

Nt ) = s [ e a0 Fam e mpe s tomn) dedmdn “H
and move on to prove the desired weighted bound for each term.
4.1. Estimate for Ny
We shall prove that
IN= Ol S 6] )57, (45)

Let us concentrate on the case k > 0, that is on N_; the case k < 0 is of course analogous.

By the choice (2.15) of x_, dy¢_ as defined in (3.11), is a CZ° function, which we can write as d,¢_ = ¢° — @,
where ¢ and ¢ are respectively odd and even and C2°. Furthermore, since ¢° is odd, we can write ¢° = 0, where
Y € C° and y is even. We have thus obtained that

<p7=w+/¢(y>dy=w+¢*17, /¢(y>dy=1,

where we denoted 11 = (1 = H)/2 the characteristic function of {££x > 0}. Taking the Fourier transform, and using
the classical formulas

— —~ ~ — 21
frg=~2nf 3, 1 =+/278, signx = p_— (4.6)
T

1 — /zs__L 1
we see that 1_ = 76 Rl and therefore

G- =F(p*1) =v2r1_(k)pk) = [5—%‘)

A similar formula can be obtained for ¢_. Let us record these formulas:

— k R k
¢_<k)=\/;s_w +7%)  and ¢+<k>=\f25+&k)+¢(k) @.7)
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where ¢ € CZ° is even and has integral 1, and we slightly abuse notation by denoting with the same letter i a generic
CZ° even function. Then, we define

Folt) = Fo 1et), k) =™ Feih), (4.8)
and write
N_(t.k) = No(t, k) + Ny (£, k) + Ny, (4.9)
where
No(t k) — \/: Z )/(SE //eit(—k2+(;‘3k+5m—en)2—m2+n2)1+(k)
B.y.8,ee{—1,+1} (4.10)

X f1(t, v (Bk + 8m — en)) f1(t,m) f1(t,n) dm dn,

Nv@ky=i 35 Prie /// e (O

B.y.8.ec{—1,+1} “4.11)
W Tty Bl — p+8m — en) Tt o n)"’( P)

dmdndp,

and

Nvrhy= 3 Prie /ﬂ A ()

B.y.8,ee{—1,+1} “4.12)
x fi(t, v (Bk — p +8m — en)) 1. (t,m) Fy (¢, )Y (p) dm dn dp,

having changed variables from £ to p = Bk — y £+ 8m — en in the last two terms. The term N essentially corresponds
to the flat NLS, i.e., the case V =0.

4.1.1. The term Ny
Changing variables (m,n) — (a, b) by letting

m=3§(—a+b+ pk) . a=¢en—3am
n=¢e(Bk+Db) e b=¢en— Bk,
we have
No(t, k) = ﬁ Y. Byée // () fy (1, y (Bk — @) 11, 8(b — a + BK))
B.y.8,ee{—1,+1} 4.13)
x fi(t, e(b + Bk))da db.

This is analogous to the case of flat cubic NLS where, due to the gauge invariance, the derivative 9 simply distributes
on the three profiles. Moreover, let us recall that o ( f+) = (0 f >0 = (0 f )+ since f+(0) 0 and let us notice
that the contribution occurring when 9 hits 14 (k) also vanishes due to a cancellation. Indeed, we observe that

No(t, k) = \/gu(k) > BIG, B,

pe{-1. 1}

with

y= Yy y8e//ez"’“bﬁa,y(y—a))fl(r,a(b—a+y))ﬁ(t,e<b+y))dadb (4.14)

y.8,ee{—1,+1}

and hence that } S5y 1) 1(0) = 0. Consequently, we have that

wNo(1, k) = \/gh(k) > oIt Bk).

Be(-1.1}



After redistributing the phases, we obtain that 9,/ (¢, Bk) can be written as a sum of terms of the type

// 1A BRom—em = mt®) gy T (1 (B + Sm — en)) T (1 m) [y (1. ) dm din.
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The above term can be written as

Fle™1,0) (7% (F 0 Jo) (ry e TR (F1 ) (09 E Fren) | o).

This yields the estimate

~ ~ a2~ ~ 2
0T (2 S IF e Fll 2 e F A () I oo
Hence, by using the (flat) linear estimate of Corollary 3.2 to deduce that

e % F1 (1 (k) Pl oo <

N~/'

we finally obtain by using the bootstrap assumption that

3
lxNo 2 ST (D S g?(z)*Z*""

Note that by using the above arguments, we have since

I(t,y)=

that

~ o~ ~ 2
ITO 2 Sl e 5 F At Hll 0 S L.

F 51, (7% (F Fo) (v e R F Ty 395 (F Fiate ) | 8w

4.1.2. The term Ny
Changing variables (m, n) — (a, b) by letting

m=38(—a+b— p+ Bk
n=e(Bk—p+b)

we can write

Ny (t, k)=

Be(-

1 ~
1F @)z + 3/4||3kf(t)||L2,

€]
t

{a:en—ém

ﬂ/ iR+ (=B 1 (k) 1 (¢, Bk —

1,+1}

b=p+en— Bk,

» 2P ¢(p)

where I (¢, y) is defined in (4.14). By setting ¢ = p — Bk, we can also write that

Ny (t, k)=

and we observe, first changing variable y — —y,§ - —§, ¢ > —¢, and then a — —a and b — —b, that:

Be(-

ﬂ/ L 1) 11, g 2D

1,+1}

+Ab

q + Bk

Igy= ),  yse //e”’“”ﬁ(y(q —a) [+ —a+q) f+(e(b+q)dadb

y.8,ee{—

=— )yl // 1 £ (y (=g +a) f1 (8(=b +a — @) fi(e(—b — q)) dadb

y,8,€€

1,+1}

{(—1,+1}

=—1(=q).
By using this symmetry property, we find that

Ny (t, k)=—

> ﬂ/’““’”l 01, )(

/SE{ 1,41}

b(q + Bk)

_ b(=q+8k)

q+ Bk

—q + Bk

)a

1501

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)
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and by writing out explicitly the terms corresponding to 8 = 1 and —1 we finally get

Ny (2. k) = —% / ¢RI ()1 (2, q)

~ — — —~ (4.21)
y [¢(q+k) _oatb _dla-h  o(=q —k)]d
q-+k —q+k q—k —q —k
Since ¢ is even, this yields Ny (t, k) =0
4.1.3. The term Ny,
As above, we can write
Nyt k) = B / KB (k) 1t pk — p) ¥ (p)dp (4.22)
B.€l 1 1)
where now fﬁ is even (above ¢( p)/p was odd) and in the Schwartz class. By computing d;, we find
WNv, =N1+ N2 (4.23)
where
Ni(t k) ==2itl (k) ) / 1K) [ (1, 9) (g + BT (g + BR) dg.
Be{—1,+1} 2 4.24)
Mot ky==14(k) Y / RPN 5 1 (1, p — BK) T (p) dp,
Be{—1,+1}

having changed variables to ¢ = p — Bk for the first term.
Let us start with the estimate of A>. We first observe that since v is a Schwartz class function, we obtain from the
Young inequality that

IN20l 2 S 19y 1 12
and hence, by using (4.17), we find
_3_
IN2(Ol2 S e 4r) 7377
To handle N, we shall integrate by parts in ¢ using that laq (6”42) = 2itei"’. This yields

Nk =t Y [ Sk q)w(quﬂk)dq

Be{—1,+1}

. 1(¢,
+p.v. /elt(*szrqz) 9y <%) Vo (q + Bl)dg
=Ni1+Mga

where

I =V ) + ¥ ¥ (), () =y ¥ »).

The above integration by parts can be justified by integrating by parts for |¢| > ¢ > 0 and passing to the limit € — 0.
Indeed, since (¢, ¢) is an odd function thanks to (4.20), we observe that the boundary term

it(—k2e?) (1t €) ~ k 1(, pit (- Ry [ €) I(t €) L B '
e <—€ Y(e + Bk) — (w + Bk) — ¥ ( €+ Bk))
tends to zero when € tends to zero. Since 1 is in the Schwartz class, we get as before

Nl S a)/qll e
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Next, again since I (¢, 0) = 0, we can use the Hardy inequality and (4.17) to get that
3
N2 S0 T @2 S € (1)
For the second term, we can symmetrize by using that the function 9, (1 /q) is odd, to obtain

1 . 1
Nia=3lit) ¥ p [ercraedy, (%) (Walq + B — Va(—q + BK)) dg

pef{—1,+1}

_ 11+(k) 3 pw /eit(—k2+q2) <aql(t,q)— 1(h4)> (Wz(q-Fﬂk)—lﬁz(—Q'i—ﬂk)) da.
2 Be(—1.+1) 1 9

Again, since r; is a Schwartz class function, we have that

sup/’1/,2(4+ﬂk)_w2(—q+ﬂk)‘dq+sup/’1/fz(q+ﬂk)—t/fz(—q+/8k)‘dk<+oo
k q
R R

q q

and therefore, we obtain that

1(t,k)

INL2@ N2 S 10T (Dl 2 + H

by using again the Hardy inequality and (4.17).
We have thus obtained that

3, —3_
0k Nv rll 2 S ey ()™ 377

Gathering all the above estimates, we find (4.5).
4.2. Estimate for ./\/LjE

As before, we only treat NV, 1 - By (4.7), we can write

Nt k)y=Npot, k) +Npv(t, k) +Nrv, (4.25)

where

Neott, k) = V % > //algyﬁe(kv Y (Bk + 8m — en), m, n)ei! K HBhAIm—em?—m*4n?)

B,y,8,ee{—1,+1}

x f(t,y(Bk +8m —en)) f(t,m) f(t,n)dm dn,

NL,V(L k)= Z ///a,gyée(k’ y(Bk — p+ 8m —en), m, n)eit(7k2+(ﬁk7p+8m—en)2,m2+n2)

B.y.8,ee{—1,+1}

o~

é(p)
p

x F(t, v (Bk — p +8m — en)) [ (1, m) F(t,n)

and
NL,V,r(f, k)= Z ///11/;),56 (k,y(Bk — p+ ém — en), m, n)eit(—k2+(ﬁk—p+8m—en)z—m2+n2)
ﬂ,y,5,€€{71,+1} (4.26)
x f(t, vy (Bk — p +8m — en)) f(t,m) (£, )P (p) dm dn dp.
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4.2.1. The Ny o contribution
This is similar to the term Ny in (4.13). Indeed, by using the expansion (3.26) of the symbols a~, the problem
reduces to estimating terms of the form

ag, (Bk) // KA Bhdm—en? =A%) o (1 ) (Bk + S — €n)) g0y (1, M) g0y (1, 1) dm dn, (4.27)
where we have set

8o (1, k) = aq, (k) f (1, k). (4.28)

The bounds on a,, as well as the bootstrap assumption on f imply that

B €l 1
1 e ™ gy ()l S =, kg0 (D2 S 1 ()57,

~ U

and the estimates follow exactly as above, giving
3
18NL0@ll2 S el )77

4.2.2. The Ny contribution

The main idea here is to use the vanishing of the a™ coefficients, see (3.14), in order to perform various integration
by parts. We begin by changing variables as we did before: (m, n) — (a, b) with letting (m,n) = (§(—a+b — p +
Bk), e(Bk — p + b)) so that

New k=i Y / HERF PO 1 s (Bl — p)¢(p) (4.29)

B.y.8,ee{—1,+1}

where
Tpyse(y) = // hag sk, y(y—a),8(b—a+y),e(y+b))

x [ty (v =a)f.8( —a+y) [t e(y+b)dadb.
Applying 09 gives two types of terms:

WNL v =Nr1+NL2,

sl 12 2 -~
Nei=2 Y B[ s )i+ poda
By.b.eel-1 +1) 4.31)

Nea=i > ﬁ/git<—k2+(p—ﬁk)2) 8y 15,5¢(p — PR ¢;p)d

B.v.8,ee{—1,+1}

(4.30)

The term N, 2. We start with this term, which can be easily bounded. Proceeding as in Section 4.2.1, we observe that
Ig,s5¢ can be written as 1 (¢, y) in (4.14) if one replaces f by g,. By the boundedness properties of a, (D) exploited
in Section 4.2.1, we can follow the argument used when estimating I (¢, y) to deduce the equivalent of (4.17), namely

_3_ 43
”aklﬂyae”Lz/St 4 O[Sl
Now observe that

Nep= ) fe"’af[ 0 @l pyse)
B.y.8.ee{—1,+1}

1¢(k)]

Since F~! @ is a bounded function, we obtain the desired estimate:

3
3 4.3
INL 202 S HOkdpysell e St 3 %ey.
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The term N 1. This is the term where we exploit the vanishing of the wj, part of the spectral measure, see (3.14). We
aim to prove that

‘
H/NL,ldS
0

The desired bound will thus be achieved if we can show (for any choice of 8, y, §, and €)

3,01 /d—a
sz<v€1<t> .

,
H/.M(s,k)ds” < gdnyl/de, (4.32)
0 L
where
Mt k)=t /// KA Ty oy (g — ) F (1,80 —a — q) f(t, e(~q + b))k, a,b.q)dadbdg
with
ik, a,b,q) =ag,; (k,y(=q —a),8(b —a —q),e(—q +b))p(q + Bk).

Using the notation for Littlewood—Paley cutoffs from Section 2.6, we decompose dyadically with respect to the output
variable k, and the maximum of the input variables. More precisely, we decompose M = k.7 Mk (1, k) by setting

Mg () =1 /// KR T (g~ a)) T —a—q) [ (e(—q + b)ug.sk.ab.q)dadbdg,

(4.33)
with
nk.(k.a,b,q):=ag,s (k,y(=q—a),é(b—a—q),e(—q+ b))p(q + pk)
(4.34)
x ok ()@ (I(q +a,b—a—q.q —b)l).
We then distinguish two main cases depending on the relative sizes of J and K by splitting
M= M|+ M, M= Z Mk.J, My = Z Mk, J. (4.35)

J>K—-10 J<K-10

The first term corresponds to the case when the maximum of three input variables is larger or comparable to the output
frequency k, while in the term M the frequency k is dominant.

Case 1: Estimate of M. We begin by treating the case when & is not the dominant frequency and distinguish several
subcases. Note that since K < J + 10 we have

wi, gk, a,b,q)=pk jk,a,b,q)p<ji20(q + Bk).

Subcase 1.0: Small times t < 1. It is easy to see that

IMi@ll2 S a3 S e

Therefore, we can assume in the following that r > 1.

Subcase 1.1: Low Frequencies 27 <t76/13 Due to the bound (3.14), for K < J + 10 on the support of wx j we have

k. (k,a,b,q)| <27,

Using the support properties of ;x ; we can then estimate

||MK,J(t>||Lz§r~2"/2s1;p///]w,ﬂhmhq)f(y(—q—a))fw(b—a—q)f(e(—q +b))| dadbdg

2% 7l [|f loslita +a.b—a - a.q - )| dadbag

S12K/207237 63,
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Summing over K < J + 10 with 2/ < t_% gives us
Y MOl St (4.36)
K—10<J

2J <4~6/13

From now on we may assume 27 > t~%/13_In the next step we compare the size of the integration variables a and b
to 27. Without loss of generality we may assume that max{|a|, |b|} = |b|, and consider terms of the form

M5t k) =t /// ol (KA H2D) Ty — a)) F(8(b—a — q) F(e(—q + b))
xpuk,jk,a,b,q)pp(b)dadbdq.

Subcase 1.2: B > J —20 and J < 0. In this case we resort to the identity (1/2ith)d el (K +a7+2ab) — pit(—k>+q7+2ab)
to integrate by parts in a, leading to

4.37)

Mk 1.8 = M}(,],B + M%,J’B + {similar term},
with
My 5= ///e”("‘2+"2+2“b)f(y(—q —a) f (b —a—q)) fe(—q +b)mi(k.a,b,q)dadbdq.

vp(b)
2ib "’

Wll(k, a, b, Q) = aa[l‘LK,](ks a, b? C])]
and
Misn = /// P HRHCRUD G Ty (g —a)) F (b —a— @) [le(—q +b)mak,a, b, g)dadbdg,

¢B(b)
2ib
with a similar term arising when 9, hits the second profile f
We will now denote, for any symbol m,

ma(k,a,b,q) :=ug yk,a,b,q)

mt(k, €, m,n) =m(k,a,b,q), (4.38)

where a, b, g are given by the change of variables

(€, m,n)=(y(—q —a),8(b—a—q),e(—q +Db)) (4.39)
performed before. Notice that, in view of the support restrictions (in particular J ~ B) and Proposition 3.5,

1/4 3/4
L. L2

w,x,y,2

-1 _1 -1 1 P
IF = myllz S IF " myll G, y, DI°F myl
obx,y,z vz

1/4 3/4 B
= IIMIIIIIL/%K ”Vt;,m,nm?”é < QKH+D/2)1/4 (o (K=31)/2)3/4

J,m,n
<277,
Since
1 —itk®> & T—l~ T—l~ Tl
Mg p=e }—Tj:llmi(]: u, F~u, Fu),
see the notation in Section 2.6, we can bound, by Lemma A.1, the above estimate on F _lmrf, and the linear esti-

mate (3.1),

1 =1 1 F—1~3
”MK"],B”Lz S, IIF m]”L%UL}Y )‘1”}— “”Loo

~ ~ o3
52%—] [IIfIILoo ||3kf||L2] < 2§—Jt—3/28315_

Vi £3/4
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Therefore, summing over all indices in the current configuration, we obtain the bound

1 K_j.323.,-23
Yo Ml S Y 27 e Sime,

K<J+10 K<J+10
1>27 > =6/13 1>27 > =6/13
J~B J~B

which suffices!
Turning to ./\/l%( 7. > one proceeds similarly by observing first that

1, % -1 8,1/2 271, 80,1/2 K+17)/2
IF - malley o, SUF - mall s oL PFtmly <20,

Therefore,
2 -1, ¢ 2—1~2 it K+J)/2,—3—a 3
IME sl SIF 7 m3l oy IF @Gl 2 S 2520 i 74,
which, after summing over all indices in the current configuration, leads to the acceptable bound

2 K+J)/2,—3—a 3 « ,—3—a_3
o IME gl S Y 2K e Spmaee],

K<J+10 K<J+10
l>2$>tt;6/13 1>27 >¢=6/13

Subcase 1.3: B> J — 20 and J > 0. Integrating by parts in b as in the case J < 0, matters reduce to estimating

Y. M+ Y, Mg

K<J+10, K<J+10,
B~J,J>0 B~J,J>0

We will only discuss the latter sum, which is slightly more delicate. Arguing as in Section 4.2.1 to replace f by g,
(in particular, using again the change of variables (4.39)), observe that

Y M= /// o1 KL =) o (0) 8y (1) 803 (M) (1€, m, 1))

K<J+10,
B~J,J>0

QJ(—VK +dm) .

X@<j+10(k) ¢(Bk — (yl —dm +en))dldmdn,
—yl+dm

which can also be written as

2 [~
Z M%(,J,BZe ik /qb(p),rf,P(gGl’gaz»gos)dps

K<J+10
B~7,J>0
222
T1.p(8o1+ 802 8) 1= // e/ g (080, (M) 8oy (M)Vy p (k. m, n) dm dn,
@ (—yLl+dm)
Vj,p(k7m7n) = §0J(|(£7m7n)|)¢51+10(k)w7

where, in the last integral, ¢ always stands for £ = y (Bk + dm — en — p). Observe that the Fourier transform of the
kernel vy, is easily bounded by

IF vspll 277
By using Lemma A.2, we thus get that

2 -J 192 71 —itd2 £—1
|3 MEus] S 2 ozl ™ F g e e F g 1o

K<J+10 J=0
B~7,J>0

3

3

< 22*18_1 < &
~ 34a ™ 34’
7=0 13 13

which leads to the desired estimate.
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Subcase 1.4: B < J — 20. We now consider the term Mg ; g, when B < J — 20. Here again, the difficulty lies in
estimating the contribution of J < 0; we will focus on it and omit the case J > 0. Observe that on the support of
this oscillatory integral we must have |a| + |b| ~ 28 « max{|a + q|, |b —a — q|, |b — q|} ~ 27 It then follows that
lg1 =27 . We can then integrate by parts in g. More precisely we can write

5 -
> Mkus, k)—r/// R4 4200) Ty (—g — ) J3(b —a — q)) Fle(~q + b))
B<J—-20 (4.40)
pk.g(k,a,b,q)p<j-20b)¢ (q)dadbdq,
and, similarly to what was done above, obtain
Z M g5t k) =My ; + M,
B<J—20
with

MK g —///eit(—k2+q2+2ab)f(y(_q —@)Mf(e(—q+b))m3(k,a,b,q)dadbdq,

(q)
m3(k,a,b,q) = 3q[ _21 . ](psj—zo(b),

and
My = /// 1R [ 5oy (g — a)) F (5 (b — a — ) [ (e(—q + b)) |ma(k, a, b, g) dadbdg,

®,(q)
my(k,a,b,q) :=ug jk,a,b,q)p<y— 2o(b)—q

Direct computations show that the following bounds hold (by using again the convention (4.38) and by denoting
(w, x, y, z) the dual Fourier variables of (k, !, m,n) as in Appendix A):

~_ K _
|7 1’”2“@4%2522 g

S 2(K+J)/2.

We can then proceed exactly as we did for the terms M | k.s.pand M3 k.s.p above, applying Lemma A.1 and obtaining
the desired bounds. This shows that the term M in (4. 35) satisfies the estimate (4.32).

Case 2: Estimate on M. In this case the variable kK dominates all the others. Again we distinguish the case of small
and high frequencies.

Subcase 2.1: t <1 or 2K < 1=%/13_ Here we can proceed exactly as in Subcase 1.1 above to deduce the desired
estimate.

Subcase 2.2: 2K > t76/13_In this case we integrate by parts in time. Let us denote the oscillating phase in (4.33) by
&=k, a,b,q) =—k>+q*+ 2ab,

and observe that for K > J + 10, on the support of the integral, we have |k| >> |al, |b], |¢| and, in particular, |P]| P k2.
Integrating by parts in time via the identity d;e!*® = (1/i ®)e’*®, we get
t t
/MK,,(s, kK)yds =1S"(t,k) — S'(1,k) + / Sl(s, k)ds + / S%(s, k) ds + {similar terms},
1 1

1 " e T 4.41)
S (t, k)= e fly(—q—a) féb—a—q))f(e(—q +b)o(k,a,b,q)dadbdq,

S, k) := /// 1", fy(—q —a) f(8(b —a — ) f(e(—q +b))a (k,a, b, q) dadbdq,
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with similar terms arising when 9; hits the second or the third profile f, and

1
k,a,b,q) = ———— k,a,b,q).
o(k,a,b,q) i@(k’a’b’q)uK,J( a,b,q)

It is not hard to verify that it satisfies, again by using the notation (4.38),
<23U=K),

1710%],; 1

for J <0. For J > 0 the bound above would have an extra factor of 27/ 2. This loss can be tolerated for 27 <l 3 by
proceeding as we do below, while for 2/ < r!/3 one can rely on the a priori H> bound of Proposition 3.4 to obtain the
desired estimate. We leave the details of this simpler case to the reader.

Using Lemma A.1 we have

1 3(I-K)y o1~ 1~ 2 3(J-K),—1_23
ST )1l 2 S22V BN F 10 o (| F e S22Y 780 e,

which after summation in J, K over the current range of indices, leads to the acceptable contribution

3 logt
P e

K>J+10
2](2[—6/13
. . P 2 .
Finally, recalling that 8, f = e~"/(=%+V)|y|24, we can estimate
2 3(J-K i T—1~12 3(J-K),—1,3
152l S 12209, Fll 2| F @l S22V 700 e,
which again largely suffices since
SRR P )
K>7110 !
1>2K 54=6/13

This concludes the proof of (4.32), and of the weighted L2%-bound for NV, L.V

To complete the estimate of N, , see (4.25), one needs to control the smoother remainder term Ny, v, in (4.26).
This can be estimated exactly as in Section 4.1.3 where we treated the similar term Ny ., see the formula (4.12).
Therefore, we omit the details.

4.3. Estimates for Ng

We now look at the regular part

47 Nr (1, k) = ///e”q’(””"’")f(z, O Ft,m) f, nurk, £,m,n)dedmadn,

Ok, l,m,n) = —k%+ 0% —m? —|—n2,

(4.42)

where the measure wr is defined in Proposition 3.5, and want to show that this is a remainder term. In particular we
will establish the following Lemma which contains also an estimate for the L,fo norm of Nz (¢, -) to be used in the
next section.

Lemma 4.2. Under the a priori assumptions (1.24) we have

IR )l e S &7 (1) 7%, (4.43)
t

H/akNR(r,s)dsH < ednlla-e, (4.44)
0 L2
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Proof. We will use (3.15) from Proposition 3.5:

m -n

91972 0% 8% g (k, €, m, n)| < min(k], 1)~ min(1¢], 1'% min(jm], 1)~ min(|n|, 1)! =% (4.45)

for61,607,03,04=00r1,0] +6,+65+04 <3.
We decompose

Nr(t, k) := Z Nirmn(t, k)

K,L M,N€eZ
NiLun (t, k) = /// MG £ ) 1, m) Ft.m)@y yyiir ke €om,n)dedmdn,

9 ks Lo ) = g (K)o (Opp (m)gn (n).

(4.46)

Without loss of generality, for the rest of this proof we will assume
L<MZ<N.

Let us begin by recording some basic estimates: under our bootstrap assumptions, see (1.23)—(1.24), we have

/ gk () F () dk < min(2K 275K /2y,

R

[ ok ok ol ak S min (25720142, 27K ), @
R

/ |k [k (k™! Fo dk S 27K 21y 4=eey
R

where we used Hardy’s inequality in deriving the last two estimates. For example, we have used that
~ ~ K ~
/|¢K(k)k—1f<k>|dk52K/2||k—1f||Lz S27 1Sl 2
R

Proof of (4.43). The case |f| < 1 is immediate, so we will assume that ¢ > 1. Integrating by parts and using the bounds
(4.47) and (4.45), we can estimate

1 ~ l=——1~
Wi 1015 25 [[[[|7t. 00000 (o Fm s Femg g,y s tommpnth emm)|
dtdmdn

3
< g_ézK,+L,+M,+N, min(2E, 275E/2¢poy p~M/2p 3« =N/2;3—a
~t

where we denoted K_ = min(0, K). Summing over L, M and N gives the desired bound:
3
1
> |NKLMN(f,k)|§t5/4-

L<M<N

Proof of (4.44). We now prove the weighted L? bound. Adopting the notation (4.46) we calculate
4’ (N (1, k) = 1(t, k) + T (1, k),

1(t,k) = ///e”q’(k’z’m’")f(t, O f(t,m) f(t,n)oxmurk, €, m,n)dedmdn, (4.48)

11(t,k) = —2itk///e”q)(k’f""’”)f(t,E)f(t,m)f(t,n),u,R(k,E,m,n)dEdmdn.
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We will focus on the more complicated estimate of 117 (¢, k). Again we decompose according to (4.46):

I1(t,k):= Z Higpun(t, k)
K,L,M,NeZ (4.49)
Igmun(t, k) =—2itk///e”q>(k’e’m’")f(t,Z)f(l,m)f(t,n)gKLMN/LR(k,K,m,n)dﬁdmdn.
We now distinguish between the cases K > N + 10 and K < N + 10.
Case 1: K > N + 10. In this case we have |®| > k> 2 22K and we can resort to integration by parts in s:
t t t
/IIKLMN(S, k)yds =—2tA(t, k) + 2/ A(s,k)ds + /2sB(s, k)ds, (4.50)

0 0 0

. k ~ ~ ~
— t®(k,l,m,n)
AgLun(t k) = /// ey GO T ) [amg (ks tm.m) dedmdn,

— 1P (k,L,m,n)
By Lun (k) = /// e e ST O T Tyt £, m) dEdm dn.

To estimate A we integrate by parts in the frequencies m and n similarly to what was done above in the proof of
(4.44). Using the bootstrap bounds (4.47) and the bounds on ug (4.45), we get

[AkLmn(t, k)|
9% (k,,m,n) | ——
mz///‘f(t E)Bman Kqﬁ?ZNg ) f(t m) f(t mugrk, £, m n))’dﬁdmdn

;'1221( +LAM-AN-_9=K nin@L 275L/2p0y . 0= M/2h—a H=N/2f—a

Using the above bound and summing over the current configuration,

3

&
Y Ak @Bl S Y 2K Ak v @ B lx S 17

|t|5/4
L<M<N L<M<N
K>N+10 K>N+10

Turning to Bxrmn, split it first into
_ it®(k,L,m,n)
By Ly (t.k) = /// e S0ty MG OTCm Tl €m,m) dedmdn

+///ez@(k,e,m,n)mf(t,[)f(t,m)atf(t,n)gKLMN,uR(k,E,m,n)dﬁdmdn
+ {similar term}
= Bhpyn (6, k) + B yyn (¢, k) + {similar term}.

Let us consider first B}(LMN. Integrating by parts in m and n, and using that [|9; f||Lz < 8?t‘1, we see that

| 1 ~ k@ ynkbomn) | =———
|BKLMN<z,k>|§W///\affa,aaman( e oy L Fa, i t.m,m)|

dtdmdn
3
|j|12 IK- AL +M_+N_ =K =" 2L 9=M/2i5—a 2=N/2h—a
This L bound leads to an acceptable contribution:

3

&
> Bk @Rl S Y 2P IBkyy Rl S S

t5/2°
L<M<N L<M<N
K>N+10 K>N+10
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To estimate By ,,, first notice that

16330 Fll 2 < )3 2 S | S e,

having used (2.23). Then we can integrate by parts in £ and m to obtain

1 kg k,¢,m,n) 1=
|B%<LMN(t,k)|5W/ﬂ|aeam( o O~ Tk, &, mm))a Fe, m)
dtdmdn

3

& 1

| |122K +L_+M_+N_ 2 K 2 L/2 O(.sz/ztzfa.sz/ztpofl’
t

which, after summing over all current indices, leads to an acceptable contribution:

3

8
o IBRiun @RI S Yo 2KPIBR Ly Rl S 55

L<M<N L<M<N
K>N+10 K>N+10

Case 2: K < N + 10. We distinguish two subcases depending on the size of N.

Subcase 2.1: 2V > t1/4 We integrate by parts in £ and m, and use again (4.47), to obtain
[ Ixpmn(t, k)l

|t|2///‘3[8 k@ ey ks € ) < f(t e)—f(t m)ur(k, £, m, n))f(t n)’d@dmdn

&3
<& K pK-FAL+M_+N_ 5—L/2,5~a »=M/2; 5~ o=5N/2;po
~ e ’
which, after using this to estimate the L? norm and summing over all current indices, gives an acceptable contribution

3
&
> Mhkeuv@ Bl S Yo 2P v Bl £ e

L<M<N< L<M<N
N >f1/4 2N > 174

Subcase 2.2: 2V < t!/4 Integrating by parts in £, m, and n leads to the bound
Ik Lmn (2, k)|

1 1~ 1= 1~
S oz ] mdate (G700 T m s Fm ki i b))

3
8 1 1 1
zé 2K QK L A+M_+N_ o—L/2pj~a o=M/2pj~a »=N/2j~a

which gives

K/2 &
>, Mkeun@ Bl S 3 25 Ikin (0l S
L<M<N L<M<N
2N§t1/4 2N511/4

This concludes the proof of (4.44). O
5. Pointwise estimate

In this section we prove the key L bound. Recall Duhamel’s formula

i, f(t,k) = [N+ +N_ + N+ Ng],
(5.1)
Na(t, k) =///e”<—’<2+f2—m 1) Fe, 0) F(t, m) F(t, m)s(k, €, m, n) dedmdn,
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together with Proposition 3.5. Our aim is to find asymptotics for such expressions, and show that f(t, k) satisfies an
ODE whose solutions are bounded in L,‘:O, uniformly in time.

5.1. Three stationary phase lemmas

Lemma 5.1. For k, t € R, consider the integral expression

-~

o (p)
P

181,82, g31(t, k) = /// &m0 (y (Bk — p + 8m — en))ga(m) g3 (n)

Ok, p,m,n) =—k2+(,3k—p+8m —en)z—mz—i—nz,

dmdndp (52)

for an even bump function ¢ € C3°, and with g := (g1, g2, g3) satisfying

gl oo + 1K) gDl 2 + (6) 4 g' Dl 2 < 1, (5.3)
for some o > 0. Then, for any t € R,

a1, g2, 83100 = Toe [P 0t BN s (e—p -+ R0 L dp

5.4
+O(t|7' 7.
The remainder O (|t|~'=%/3) is uniform in k.

Note that the assumptions (5.3) above are consistent with taking g(k) = a; (k) f (k), —2 <i <2, where the coeffi-
cients a; (k) are as in Remark 3.6, in view of our a priori assumptions (1.23), (2.11), and Lemma 2.4.

Proof of Lemma 5.1. This is a nonlinear stationary phase argument with amplitudes of limited smoothness, and
singularities in the integrand. We assume from now on that 7 > 0; the case ¢ < 0 can be easily deduced by taking the
complex conjugate of 1.

Step 1: The case |p| <t73 Let us define
V_(p)=d(Pe(pt?).  Wi(p)=a(p)—¥_(p).
and correspondingly let

Vi(p)

Iilgl, g2, g31(1, k) := /// &m0y (y (Bk — p + 8m — en))ga(m)g3(n) dmdndp. (5.5)

Let us look at /_ and observe that, since the dp integral is understood in the p.v. sense and ¢_ is even, we have

Llgrgagal(r 0 = [Jf [1080m g1y gk = p -+ om — emgatmigs )

- —_qV_(p) 60
/1 OROMD g, (Bk + 5m — en))g2(m)ga(m) |~ 2 dm dndp.
It follows that we can estimate |I_(t, k)| < A + B, with
A ‘ — W_(p)l
= || lrtr Bk = p-t-sm — e — g1y Bk m — e |[ga s 0] =P dmdnp
ik, pomyn) it dk,0,m,n) — [W_(p)l 57
B:/// etPvep ) g e |g1(y(,3k+5m—6n))g2(m)gg(n)| Dl dmdndp.

Using the assumption on the derivative of g; in (5.3) we can estimate

V4
‘gl(y(ﬂk —p+dm—en)) —gi(y(Bk +dm — En))( N / |1 (¥ (Bk + z + 8m — en))|dz
0

SIpI"Y2Igh
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and therefore obtain

V- (p)] -
A S8 282 L llgsll L /H—m dp < (0~
For the second term in (5.7) we have

V- (p)|

BS // t|p* — 2p(Bk + 8m — en)| |g1 (¥ (Bk + 8m — €n))g2(m)g3(n)| dmdndp

SOkl gl /|w_<p)|dp <=2

This shows that /_ is a remainder term, and from now on we concentrate on /[g1, g2, g31(¢, k), often simply denoting
it I+.
In a similar way, one can show that

et / P, (y (= p + )26 (—p + BR)g3 (e (—p + ﬂk))@ dp

T

=2tk / HEPHO g (3 (= p + BK)) g2 (=p F BN g (e(—p + phy) P

t dp+ 0@~ 1793,

Step 2. We change variables from (m, n) to (a, b) by letting m =8(a — b — p + k) and n = e(—p + Bk — b). This
gives

1+(t,k)=e—”’<2/e”<—l’+ﬁk>21(k,p)ﬂ dp,  J(k, p) :://ez”“hG(a,b;p,k)dadb,
p

(5.8)
G(a,b; p.k) :==g1(y(a — p+ Bk)g2(8(a — b — p + pk))g3(e(—p + Bk — b)).
We then decompose, for a parameter p > 0 to be determined,
b4
J = 7G(0,0; p.k)+J1+ 4+ Ja,
Ji= // 10 G a, b p. k) @(lalt' ) (bli' =) dadb = =G (0,0; p., k),
(5.9)

12://e2im”c;(a,b;p,k)[1 — ¢(la|t'/*7")] da b,
Jy = //ez”“”G(a,b; p. k) e(lalt'>=")[1 = (|blt'/*~?)] da db.
Notice that since the integral in dp is supported on |p| = 73 it will suffice to show that Ji,i=1,2,3,are O(t’]""/ 3)

to obtain that their contributions to /., through (5.8), are acceptable remainder terms.
Integrating successively in a and b, one obtains that

// 1 ("> al)p(t* b)) dadb = /27 / (P IGQIT )13 b) db
(5.10)
7z 2 2\ _ T -2
=90+ 0 ==+ 007,

Therefore, we can write

Ji= // 1[G a,b; p.k) = G(0,0; p. k)] (lalt' >~ )p(lblt'*~P) dadb + O ~2).
Arguing as above, using the a priori bounds on the derivative of g, we see that

|G (a, b; p, k) — G(0,0; p, )| < (lal + 16D211g" 1211817 0 < (lal + 1b) /22147,
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which gives us
|11|§//|G(a,b; p. k) — G(0,0; p, k)| p(lalt>Pyp(Iblt"*~Pydadb + >
St(—1/2+p)(5/2)[1/4—a+t—2§t—l—(x+(5/2)p+t—2.

To treat J, we integrate by parts in b and estimate

1 1 5
|J2|§;‘//gez”“”BbG(a,b;p,k)[l—<p(|a|t1/2_p)]dadb‘

1 _ _
S Slgilizella™ (1= g(al 27"

1/4—p/2 ’ 192~ —1—p/2—
St P g 2 € g e S TR

~ | =

Notice that we have used the linear estimate (3.1) and the a priori assumptions (5.1) to deduce ||e

A similar estimate can be obtained for J3 by integrating by parts in a:
/3] < K1 + K>
1 1,
K= ;) // 52 0,Ga, bs p. k) p(lalt! 271 —¢<|b|r1/2*p>]dadb\
1 1,
Ky = ;)//Eez”“bG(a,b; p. k)¢ (lalt' /2Py /2701 —go(|b|t1/2_p)]dadb‘.
The term K can be estimated analogously to J, above so we can skip it. For K, we have
1 _ _
Ky S~ 1" [g1(a— p+ phyg'(lale 77 12

t
8 H / l—e(b—p +,3k|t1/2_p)eiz[f(a—b)er(fb)z]
b—p+Bk

= bgs-ndb|

N

1 _ _ N _ _
St TR g 1R e - 16T = @B 2O 2 g o
-

N

I—p
Choosing p = «/3 concludes the proof. 0O

From the proof of the above lemma, we record the following corollary.

Lemma 5.2. For k,t € R, consider the integral expression

Ligi. g2 g31(t. k) = // PPN g1 (3 (Bk 4 Sm — en))ga(m)g3(n) dm dn.,
with ®(k, p,m,n) = —k? + (Bk + 8m — en)> —m? +n? and g = (g1, g2, g3) satisfying
lg®ll oo + 1K) gD 2 + (6) 4 g' Dl 2 < 1,

for some o > 0. Then, for any t € R,

2 o (v B 22 OBR g3 (k) + O (1]~ ~/3).

Llgi, g2, 831(t, k) = ]

The remainder O(|t|~'=%/3) is uniform in k.

Proof. Simply notice that the trilinear operator L in (5.11) coincides with J (k, p = 0) in (5.8).

To deal with expressions such as those in (5.4), we will use the following:

/ei:[—<a7b)2+b2]8b[gz(a - b)g3(_b)]deL2

1515

Bl St12

.11

(5.12)

(5.13)



1516 P. Germain et al. / Ann. 1. H. Poincaré — AN 35 (2018) 1477-1530

Lemma 5.3. For K € R, t > 0, consider the integral expression

1(t,K) =p.v./ei"‘2g(x)de (5.14)
x—K

for ¢ € S, and g satisfying

lgllzoe + (04 g 2 < 1, (5.15)
for some o € (0, i). Then, for large t > 0 we have

1(t, K) = h(t, \/11|K)g(K) + O(jt| /) (5.16)
where the remainder is uniform in K, and we denote
¥ (0)e p.v. /ef2xy+fx2¢(|x||t|—2“+2/’)d—x for >0,
h(—t,y) g for t<O.

h(t,y) = (5.17)

Proof. We only deal with the case ¢ > 0; the case ¢ < 0 can be deduced by taking the complex conjugate. Introduce a
parameter 0 < p < /2, which we will optimize at the end of the proof. In what follows we will often omit the p.v.
notation where it is understood. A change of variables gives then

. 1
h(V1K) = (0) / e”xz—w(r%—h“ﬂx — K|)dx
K
/ itx? wix_ = ) (t%—2a+2p|x —K)dx + O(t—%+2a—2p).
Next, we decompose
I=A+B,

A:/ 2 )lﬂ( — )¢(|X_K|tl/2—20l+2p)dx’ 518)

W( K) _
B:/ §0) = [1—(x — K|e'/2720720) ] ax
For the first term we have

: —K
A _g(K)/eltxzw(x © )fﬂ(|x _K|t1/2—2a+2p)dx

& - K i
/Ig(x) (K)|W§0(|x — K|t'/?722F20y gx
o(|lx — K |¢1/272a+20)
Sl /
[x — K|
§t1/4—a(t—1/2+20(—2p)1/2St_p.

dx

For the second terms we write
B =B+ Bz,

B = [ €0 T 1= g = K22l o i,

b= [ 0 TSR 1= g = K] = g 2],

We can see directly that Bj is an acceptable remainder:

(5.19)

1 _ —
|Bl|§||g||Loo/ |X_K|[1—<o(|x—1<|r”2 220 o (lxle'27) dx

5 t1/2—2a+2pt—1/2+a S t—a+2p.
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For B; notice that we are away from the singularity of the integrand as well as from the stationary point x = 0. We
can then integrate by parts in x to show this is also a remainder. In particular we can estimate

1, 1 -K
|Bal = '/ 2o (g P D1 g — I ][1 = (il )] )

1
S ;(Cl + C2+C3),

where

IC1| < —|g €3] [1—(x — K|e'2722720)][1 — p(|x]t"/27*)] dx

R
cals [ & x["’ff Bl =gt — k1220201 |[1 - g el . (5.20)

K
<
IC31 < /|g<x)| —

We can bound the first term by

B 1 B 1/2
IC11 S NIg/ || otV /3 20 F20 (/W[l—w(lxltm “)]dx>

< glfA=a (1220420 | (41/2-201/2 < (1=Ta/242p,

[1— g(lx — K|11/2720420)] ‘a [ (1= g(lx|t/27)) ])dx.

We can estimate the second term by
[w (x—K)
x—K

Finally, C3 can be bounded similarly. Optimizing over p leads to the choice p = /3, which gives the desired re-
sult. O

|Cal S ligllzot /> [1 = g(lx = Kl 27220)] ][ g S 13020,

5.2. Asymptotics for Ns + N
Let us recall Proposition 3.5 and that we have decomposed, see (4.4),

i0, f(t,k) = [NS + N+ Ng].
(5.21)

Nt k) = /// QKA T 0y T m) £ (e, )k, €, m, n) dedmdn.
By Lemma 4.2, |INg| < t5 77> which will be an acceptable error. Therefore, we focus on Ns+Nyp.

5.2.1. Setting up the spectral measure
We now want to derive asymptotics for Ny + N7. For this purpose it is convenient to rewrite slightly the ex-
pressions for the measures us(k, €,m,n) = uy(k,€,m,n) + p_(k,€,m,n) and pp(k,€,m,n) = ut(k, L,m,n) +
uy (k,€,m,n) by going back to the decomposition of ¥ (x, k). In particular, it follows from the definitions in (2.19)
and (2.20) that we can write {¥g(x, k) + ¥ (x, k) as
Vs(x, k) +r(x, k) =y (x, k) + Y- (x, k),
Y (2, k) = [T ()™ 1. (k) + (€™ + Ry (ke ™ ) 1_(0) ] x4+ (x), (5.22)
Yo (e, k) = [(e™ + R_(b)e ™)1 (k) + T (—k)e™ ™ 1_ (k) | - (x),
in order to distinguish more easily the contribution from positive and negative x and k.
By definition see (3.18)—(3.19), we can write

ustk, t,m,n)+pupk,£,m,n)=vy(k,€,m,n)+v_(k,£,m,n), (5.23)
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where

Vi(k,ﬂ,m,n)=/llfi(x,k)l/fi(x,E)l/fi(x,m)l/fi(x,n)dx
R

= Y / XL ag, s (k, €, m,n)ePiks . V1 . gdimx. o< ¢ (5.24)
B.y.8.ee{-1,+1}p

= Z a;tyge(k,é,m,n)@(ﬁk—yﬁ—}—ém—en), o+ = x4
B.y.8,ee{—1,+1}

By (5.22) the coefficients can be written

afgt},ge(k, £,m,n) = aﬂi(k) -af(i) -ai(m) -aX(n) (5.25)
where
T (k) ife=4+1,k>0
1 ife=+1,k<0
+ _ 9
a® =1, ife=—1,k>0 (5.26)
Ri(—k) ife=—-1,k<0
and
1 ife=4+1,k>0
v ) T(=k) ife=4+1,k<0
Ge®=YR (k) ife=—1.k>0 (5:27)
0 ife=—-1,k<0.
According to (5.23) we have
Ns+NL=1"+1I"
(5.28)

T, k) = ///e”(_kz""ez_’"z"'"z)f(t,E)f(t,m)f(t,n)vi(k, ¢, m,n)dtdmdn.

We now proceed to find asymptotic expressions for these integrals. The upshot of these calculations is stated at the
end of the subsection in Lemma 5.4.

5.2.2. Asymptotics for IT
Using formula (5.24) we can write

It k) = ///eit(—k2+£2_m2+n2)a;)/8€(k, 2, m,n) fN(t, E)f~(t, m)fN(t, n)
ﬂ,}/,(S,EE{fl,Jrl} (5.29)

x@t (Bk —yL+8m —en)dtdmdn.

Since we are often going to have sums over all possible sign combinations, for brevity we will adopt the short-hand
notation

Z = Z . (5.30)
* B,y.8,ec{—1,+1}
Recalling the formula (4.7),
_ T k) ~
k)=./=6 — =,
(k) \/: 0+ T 14

we can change variables and split into three parts as before:

It (k)= \/gla“(t,k) —iZy (t, k) + T . (t, k), (5.3D)
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where, denoting

gr () =al ([t y) (5.32)

(omitting the time variable), we have

0 e —m24n?) T
L k) = 3 [[ B GG g (Bt s~ en)gg (g ) dmn,(5.33)
*

I‘t(t, k)= Z /// eit(—k2+(—l7+ﬁk+8m—en)2—m2+n2)a;‘ (k) g;“(y(—p + Bk +8m — €n))
*

() (5.34)
p
gy(m)gj(n) ) dmdndp,
and
I{i/_)r(l, k) = Z///eil(—k2+(—P+}3k+8m—en)z—m2+n2)%g;-(y(_p n ,Bk +8m — en))
* (5.35)
g5 (m)gd () U (p)dmdndp.
Asymptotics for I+. This is similar to the case of flat NLS treated in [34]; it follows from Lemma 5.2 that
Lah = Za; (k) g (yBh) g (8BR)g (eBk) + O(l1]717P3)
(5.36)

l” y ag (k) a; (yBk)a; (8Bk)at (pk) F(y ) F(0BK) F(ep) + O(e| 7173,
For k > 0, recall from (5.26) that ail(k) =T k), afl (k) =0, afl (—k) = R4 (k), so that the sum in (5.36) reduces to

T(—k) Y. af(ykay (ka (k) f(yk) f(8k) f(ek)

y.8,ee{+1,—-1}
=T (—k) al (yk) fyk ay (8k) f(8k) a; (ek) f (k)
(Ve{;,:—l} ' ><8€{+2:1,—1} ’ ><ge{+21;_1} ) (5.37)

=Tk (TH) J®) + R0 F (=0 ) (T FK) + R (0 F () ) (T 00 F ) + R (0 F(—h) )

=T (=K)|T k) F k) + R () F(—R) (T () k) + R (k) F(—)).
Similarly, since for k < 0 we have al, (k) = 1, a¥, (k) = Ry.(=k), al,(—k) = T (—k) and a” | (—k) = 0, the sum in
(5.36) is given by
Z +(7/k)a Skyat (k) f (k) F (k) f(ek)
y,8,ee{+1,—1}

+Re() Y. af(—ykag (- ag (=8k)a} (—ek) f(—yk) F(—0k) f(—ek) (5.38)

y,8,ee{+1,—1}
= | O Fk) + Ry ()| T (—k) F(=k) + Ry (—k) F ()| (T (=k) (=) + Ry (=) F(K)).
In conclusion, if we define
NELLIK) = [T ®) Fk) + Ry (k) F(—h) [ (T (k) F k) + Ry (k) F(—k)) (5.39)

we have

0 = [ TERN W10 + (IFRP T + R WA IR 1G] + 0017, (540
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Asymptotics for I‘J,r . We now use Lemmas 5.1 and 5.3 to derive asymptotics: we see that I‘J,r is an operator of the form
(5.2) with g = (g}, g5, gb) satisfying the assumptions (5.3). Applying Lemma 5.1 we then obtain

i k) =Y af (O1lg). gf eF 1t k)

b (q + Bk)

TS dq +O(|t]7' 7273,

=Y [ gt e Charet (e ELETE

R
Applying Lemma 5.3 to this last expression, noticing that the assumptions (5.15) hold, we obtain

Tt k) = r:—lze—“kzha, —VItBk)ag (k) g (vBk) gy 8Bk gt (efk) + O(lr] 7' /) (5.41)

where & denotes the function from (5.17) with ¢ (0) = ;/3(0) = 1/+/2m. To write out more explicitly the sum (5.41)
we proceed as above, using the formulas (5.26) and looking at the cases k > 0 and k < 0, eventually obtaining

T (1, k) = =itk [h(t IO T (=N F1(0)14 (k)
' I’ o (5.42)
+ (he. =V LTE P T + e O R (N LA )1 () | 4+ 01|~ =73,

where N[ £1(k) is defined in (5.39).

The term I+ This is a remainder term that decays faster than |¢|~ 1=r and therefore does not contribute to the
asymptotic behav1or of solutions. To see this, we can change variables as done before, cfr. (4.12) and (4.22), and write
the term in (5.35) as

. s 1242 -~
I, k= Y ajk) / ML (k) 11, q) U (Bk — q) dg (5.43)
Befl,—1}
where, similarly to (4.14),

It,g)= Y  yée // b,y (q — a)gy (1,8(b —a+)3L (1, e(b+q))dadb.
y,8,ee{—1,+1}

In particular, arguing as in (4.15) and (4.18), we have
@Il + 1 18,102 S €7,

for |¢| > 1. Using this it is not hard to see how to estimate (5.43), so we just sketch the argument. When the integral is
taken over |¢| < |¢|~'/2, we can directly use Holder’s inequality to bound the LZ° norm of (5.43) by

+ —1/4 31,1—5/4
I @107 S el =%

If instead |¢| > |t|~!/? in the support of the integral in (5.43), we can integrate by parts in ¢ obtaining the bound

- / 8,97 1. =00l )T Bk — )| dg

= ﬂ[nﬁ“ulmng 114 10,1 012 ] S e 1=,

5.2.3. Asymptotics for T~
Using formula (5.24) we can write

b= Y /// R e bom,n) F(e, 0 (o m) F(e.n)
B.y.8,ee{—1,+1) (5.44)

x@_(Bk — y€ +8m — en) dtdmdn.
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As before, we can write ¢_ (k) = \/Z 8o — &k) + 1//(k) change variables and split
T (t,k) =\/§Io(t,k) +ily(t, k) + Iy (1, k) (5.45)
where
Iy (1, k) = Z// it (—k2+(Bk+8m—en)t—m?+n?) = 7§ _(k) g, (v (Bk + 8m — en))g; (m)g- (n)dmdn, (5.46)
k

Iy=) /// e T 0 () g (v (= p o+ B+ S — en)
k

~ (5.47)
g5 (m)g- (n) ‘p;” ) dm dn dp.
I;,r(t, k)= Z ///eil(—l’€2-§-(—[7+}3k+6m—En)z—m2+n2)%g]7 (y(—p + Bk + 8m — en))
* (5.48)

g5 (m)gZ (n) ¥ (p)dmdndp,

and we have denoted

g, () i=a; () [t y). (5.49)

The term (5.48) is a remainder term which satisfies
Iz, L Sefle] =,

as it can be seen by applying the same argument used for the term 7y, . in (5.35) and (5.43) above.

Asymptotics for Z,; . By Lemma 5.2,

Iy (1,k) = // " ag (k) g, (v (Bk +a))gy (8(Bk +a — b))g: (e(Bk — b)) dadb
(5.50)

= Za,g (k)ay, (yBK)ag (8Bk)az (€pk) F(yB) F(6BK) Feph) + O (1|~ =),
For k > 0 we have all(k) =1,a_,(=k)=0, ail(—k) =T (k) and a_, (k) = R_(k), and therefore the above sum is
> ay(vkyay (8kag (ek) f(yk) f(8k) f (ek)

y,8,e€{l,—1}

+R(—k) ) a, (~ykay (—8k)ag (—ek) =y k) f(=8k) f(—ek) (5.51)

y,8,e€{l,—1}
= 1 F 0P F k) + R (=) |T (k) F(=k) + R_ (k) F &) (T &) F (k) + R_ (k) F(K)).
Similarly, since for k <0 we have a__| (k) =T (—k), a_, (k) =0, and a_;(—k) = R_(—k), we obtain
Tk Y. a;(vkay (k)aZ (k) F(yk) F(5k) F(ek)
y.8.ee{l,—1} (5.52)
= T(0)|T (=) Fk) + R (=k) F (b [ (T (—k) F (k) + R— (k) F(—k)).
By letting

NTLA®R) = [T ®) F(—k) + R_(k) F )| (T () F(—k) + R_ (k) (k) (5.53)
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we have showed that
[(170P 7t + R-(—NTLF160 ) 14 ) + T RN IR 1 (6]

+0(jt|7173).

T

Iy (t, k) = ]

(5.54)

Asymptotics for I; . From the formula (5.47), the definition (5.49), and the properties (2.11), we see that I; is an
operator of the form (5.2) appearing in Lemma 5.1, with ¢ = (g,,, &5 » 8. ) satisfying the assumptions (5.3). Applying
Lemma 5.1 we then obtain

Ty (k)= ag()Ilg, . g5 1t k)

b(q + Bk)

TS dq + O(|r|717273).

T _in? g2 — —
=Y agz k) e ik /e”q g, (—vq)gy (—8q)87 (—€q)
*
R
Applying Lemma 5.3 to this last expression, noticing that the assumption (5.15) holds, we obtain
b4

I,(t, k)=
v (k) ]

> e n, —BRa, (kgy (BRI, (BBKIZ () + Ot~ =), (5.55)

*

To write out more explicitly (5.55) we proceed as above, using the formulas (5.27), to get

Ly (. k)= f:—le‘”"z[(ha, VIO FE)P T+ 1t TR (—HNF160) 14 ()
(5.56)
+h(t, =T ONTLF01- (0| + 0~ =),

Putting together the results above, starting from the decomposition of i d; f in (5.21), the definitions of Z; and
7Z_ in (5.28), their decompositions (5.31) and (5.45) and using the asymptotic expansions obtained in (5.40), (5.42),
(5.54) and (5.56), and the estimate (4.43) for N'g, we have obtained the following

Lemma 5.4. Let f be the profile defined in (1.7). Under the a priori assumptions (1.23)—(1.24) we have, for k > 0,

o Fo = [ Fron T P TR 1 RN
i9, k) = m'[\fz TN [f](k)+\/: Faol f(k)+\/:R—( DN 710

_ie_ikzlh(t, —\/mk)T(—k)N+[f](k)+l€_lkzth([, _\/mk)lf(k)Pf(k) (557)
Fie (e, IR (ONTLF®] + 077,
and
P PN B N LA AN N \/E_—
i9; f( k)—4n|t|[\/:|f( oI f( k>+\f2R+( ONFLI®) +, 5T ON LK)
—ie M (e, IO TR P F (k) — ie (e, =/t Ry (—ON*LF1Gk) (5.58)

+ie (e, JIOT (ON LK) | + 0~ =),
where we are using the notation (5.39) and (5.53) for Ni[f], and h is as in (5.17) with ¥ (0) = 1/4/2m.
5.3. The asymptotic ODE and proof of the L* bound

We now want to analyze the ODE (5.57)—(5.58) and identify the necessary structure that will guarantee the bound-
edness of its solutions. To this end let us define

~ ~ 1 .
Z@) = (Fk), F(=k), b, y):= E[\/g_ i hr, y)] (5.59)
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where, see (5.17) and recall the choice ¥ (0) = 5(0) =1/4/2m,
) 1 . ) 1
—ie™ it y) = —= / S —g (x|l ) dx, 1> 0, (5.60)
21 Ix
and h(t,y) =h(—t,y) whent < 0.
Recall that £ is an odd function in y. In what follows we will sometimes omit the dependence of b and & on the

variable ¢. With the above definitions, the equations (5.57)—(5.58) become

~ 1 ~ ~ — I
i9, F () =~ [/ F 02T + b= IO T RN L1160 + b(— 0 R-(ON 1K)

(5.61)
+0(t|7'7),
and
~ 1 ~ ~ N
0 (k)= [b(/ﬂknf(—k) 2 F (k) + b(—/ 1t O RN TL£1(k) + b(—\/mk)T(k)N’[f](@] (5.62)
+0(t|7'77).
It is then convenient to write (5.61)—(5.62) in matrix form. Recalling the definition of the (unitary) scattering matrix
_( T® Rk gy (TR R-(K)
Sk) = (R_(k) Tk ) ST (k) = (R+(k) T® > (5.63)
using the definitions in (5.39) and (5.53), we see that
NFLF1Kk) = |(S(K) Z (k)1 |2(S(k)Z(k))1, (5.64)
N1tk = |(S(k)Z(k))z|2(S(k)Z(k))2,
where the index j = 1, 2 denotes the j-th component of a vector. We then have obtained the following:
Lemma 5.5. The equation (5.57)—(5.58) can be written in vector form as
i Z(t k)= ;A(t, KZ(t, k) + 0t~ =F), (5.65)
for p € (0, /10), where
A(t, k) == b(/Itlk)diag(1Z11, 1 Z21?) + b(—/1t1k) S~ diag (1(SZ)11%, [(SZ)2 ) S. (5.66)

To understand (5.59)—(5.60) for large ¢ we will use the following lemma:

Lemma 5.6. Let c(t, y) = —ie’i3’2h(t, y) be the expression in (5.60). For all y € R and t > 0 such that y > |t|'/* we

have
T _
et ) - \E\ ST (5.67)
In particular, from the definition of b and h in (5.59)—(5.60) above, we have the following: fort > 0
1
bty = ———=| ST vz
‘ Y 227 Y Y (5.68)
OIS IvIT2 y <=4,
while fort <0
1 i 2
b,y = =+ e STzl
van (5.69)

1 _2iy? -
bty = == STy
2

421
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Proof. Using (4.6), we write
T
cy)=c(y)+c2(y) + ESIgn(Zy),

1 i2xy ix? 1 —2a+2
c =— /e e — D) —(x|r 2% T2P) dx,
1(») m/ ( )l.xcﬂ(l | )

1 oo 1
) i= = [ € ol ) < 1,
Y N2 1x [(p ]
In ¢ we see that the integrand is bounded by |x| which, for |x| < | y| 714, gives the desired bound. For |x| > | y| =14
instead we can integrate by parts to obtain:
: ; 1
elzxy(elxz _ 1)_(ﬂ(|x|t_2a+2p)dx
X
x>y ~1/4
1 i2xy ix? 1 —2a+42
< e >ax((e — 1 =g(lx|r P)) dx (5.70)
y X
lx|=y|~1/3
1 1
5 |y_| / (W + 1)<p(|x|t72°‘+2p)dx + / (p/(|x|t—2a+2p)t72a+2p dx S |y|71/2’
x| >y ~1/4 [x|=[y|~1/4

having used that |y| > [¢|'/4 > |£|72**2 > |x| on the support of the integral. A similar integration by parts argument
can be used to estimate ¢, by showing

1 1 1
g _t—2a+2p 4+ — / ;dx 5 |y|—1/2.

5y 1
‘/EIny_[¢(|x|t—2a+2p) _ 1]dx
X Iyl Iyl

xltha—Zp

This gives us (5.67). (5.68) follows since b(y) = 1/(4w)[«/7/2 + c(y)] and c is odd. The bounds (5.69) are also a
direct consequence of (5.67) since h(t, y) = h(—t, y) for t <0 gives c(t, y) = ez"yzc(—t, y). O

We can now prove our main proposition about asymptotics for Z (k).

Proposition 5.7. Let S be the scattering matrix (5.63), for k > 0, define self-adjoint matrices

1
So = diag(1Z11%, 1Z2%).
2V12” (5.71)
S = S~ diag(1(S2)11%, 1(52)21%)S,
W iag(1(S2)11%, 1(S2)2°)
and
So(t, k), t>0
S(t, k) := 1 (5.72)
1(k < |t|7")So(t, k) + 1(k > ItI*/’)E[So(t,k) + S, k)], 1 <0.
Define the modified profile
/ d
. K
W (t, k) :=exp (z/S(t,k) m)Z(t,k), (5.73)

0
where Z(k) = (f(k), f(—k)) is the solution of (5.66)~(5.65).
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Then, for every |t1| < |t2|, t1t2 > 0, we have
(W (b1, k) — W(t2, )| S efln| "/, (5.74)

for p € (0,a/10).
In particular, |\W(t, k)| = |Z(¢t, k)| is uniformly bounded, and W (t) is a Cauchy sequence in time. If we denote
Waico (k) its limits as t — 00, these are the asymptotic profiles appearing in (1.9) and (1.14) respectively.

Proof. Let us look at the case ¢ > 0 first. For small frequencies |k| < 1 we see from the properties of 7 and R4 in
(2.10) that

S(k) — S(0) =S(k) — <_01 _Ol) = O(|k]). (5.75)

Under our a priori assumptions on the boundedness of |Z(k)|, and since
S(0) "' diag(1(S(0)2)11%, 1(S(0)Z)21*) S (0) = S(0)~'diag(| 2212, 1Z11*) S (0)
=diag(|1Z11%,1Z21%),
we see that, for all |k| <¢~°, we have
A(t, k) = [b(t, N1k) + b(t, —/1k)1diag(1Z11%, | Z21%) + O (1] ™*)

1
= —diag(|Z11%,1Z21%) + O(|t| ") = Sy(t, k) + O(|t|~").
T s(1Z11%,1Z21%) + O(|t| =) = So(t, k) + O(|t| ")

In the case of larger frequencies |k| > t~* we can write

A k) — ——=diag(1Z1%. 1 22%)|

1
2V2r
< |pvik) - ;‘|diag(|21|2, |Z2%)| + 1b(=/tk)1| S diag(1(S2)1 1%, 1(S2)2%) S|
2V2m
SO,
having used (5.68) in Lemma 5.6 with y = k1t > t1/4 Tt follows, see the definitions (5.66) and (5.71), that
A(t, k) =So(t, k) + O(|t|°), t>0. (5.76)
Let us now look at the case ¢ < 0. For small frequencies we can deduce as before that
A(t, k) =So(t, k) + O(|t| ™), <0, [kl <1t|7". (5.77)
When |k| > |¢t|~” we use instead (5.69) in Lemma 5.6 to obtain, see the notation (5.71),
At k) = %So(t,k) + %81 (1, k) + %eZik2tSo(t, k) — %ezl'szsl (t,k) + O (|| P). (5.78)

We now look at the ODE (5.65)—(5.66) and use (5.76)—(5.78), and the definition of the modified profile W in
(5.72)—(5.73), to see that, for t > 0 we have

i W(t, k)= 0(t|"'=),

from which the conclusion (5.74) follows immediately when 0 < #; < t>.
For t < 0 we see instead that

1 1 ‘ ,
0, W (1K) = < B 1K = 1) 5[ Sy = S 000 |+ 0117170,

(5.79)

t
. ds
B(t, k) == exp (z /S(t,k) : +S).
0
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We can then integrate the right-hand side in the above equation between , < t; < 0, and exploit the oscillations of the
factors e~ 2k°1 , for |k| > ¢t~”, to integrate by parts. Using the bounds

|8, Bt, k)| S eflel ™

0 f e, b = 3. B S |ud @) 1 Seda+1en7" 2,

~

we obtain the desired conclusion (5.74). O
Conflict of interest statement
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Appendix A. Useful bounds
A.l. Proof of Lemma 2.1

In this section, we give the proof of Lemma 2.1. We focus on m, the case of m_ being completely similar. Recall
that m . solves

2m (x, k) + 2ikdem o (x, k) = V(x)my (x, k). (A1)

It also solves the Volterra equation

+o00
my(x,k)=1+ / Di(y =)V (y)m4(y, k) dy, (A.2)
X
where
T Q2kx _
mm:/&mﬁz—f—ﬂ (A.3)
2ik

0

We will denote

ogm4(x,k)=m4(x,k) and 8,gm+(x,k) =n4(x, k).

By differentiating in k the Volterra equations solved by m ., we obtain immediately that

[ele] —+00

i (6, k) = / De(y — 1)V (rivg (v, Ky dy + / De(y — 1)V (ms (v, k) dy (A4)
[ee] “+o0

i (x, k) = / De(y — )V (0t (v, )y + / Dy — )V (g (v, k) dy (AS)

+oo
+ / Bit —x)V (m (v, k) dy.

We first prove the existence of m with the desired behavior at 400 by solving the Volterra equation (A.2) for
X > xg, xq sufficiently large. More precisely, we can set

m4(x,k)—1

k) =(k
24 (x, k) = (k) WL



P. Germain et al. / Ann. 1. H. Poincaré — AN 35 (2018) 1477-1530 1527

and look for z4 bounded solution on [x¢, +oo[ of

2y(x, k) —Lzy = —0)V(y)dy (A.6)

with

Lzy(x)= = )/Dk(y—X)V(y)W+(y)Z+(y k)dy.

Wi
By using that uniformly in x and k, we have | Dy (2)| < &;—), we obtain that again uniformly in %,

+00

(k) /
Di(y —x)V(y)d <1
W) (Y —x)V(y)dy N

L (x0,+00)

and

1
Lzl 20 (xg, +00) S 124 125 (xg, 4-00) W4 (X0)

therefore Id — L is invertible on L°°(xq, +00) for xo sufficiently large and there exists a unique solution with
lz4 Lo (xg. +00) S 1. This proves the existence of m with the desired asymptotic behavior on [xg, +-00[. Since m
solves a linear ODE this completely determines m on R. To get the estimates for x < xp, we can use the Gronwall
lemma.

For —1 < x < x¢, we have from (A.6) that uniformly in &,

X0
|24 (x, k)| §1+/(y)|V(y)| lz+ (v, Ddy, Vx, —1=<x=<xo
X

and hence we find |z (x, k)| < 1.
For x <0, we have again uniformly in k that

0
|24 (x, b ,<Vl+i/<x— YOV (y )||z+(y, )|dy<l+/(y WV (y )||z+(y,k)|
{x) (x) () ()

X

and hence we find again by Gronwall that z4 (x, k)/(x) is bounded.
To estimate n1 (x, k) and ri(x, k), we proceed in the same way on the Volterra equations (A.4), (A.5) by using
that uniformly in x, k, we have

. x)? . (x)3
IDe(x)] S Wv [Dp(x)] S W

Let us turn to the x derivatives. By taking the x derivative in (A.2), we get that

+oo
dom (1, ) = — / ARV (pym (v, K) dy. (A7)

X

By using the estimate for m_, we then find uniformly in & that

|9y (x, k)| < / [V(»)ldy SWI ()

for x > 0 and that
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0
|0xm 4 (x, )| S 1 +/|yl IVnldy $1
X

for x <O0.
The estimates for 0; d,m 4 follow by differentiating in k the equation (A.7).

A.2. Basic multilinear estimates

Let us consider
To(fis fou f3) = B! /// Gk, £,m, m) J3 (0 o(m) Ja(n) dEdm dn.

We will denote (w, x, y, z) the dual variables of (k, £, m, n). In other words,

1 .
/// efz(wk+x€+ym+zn)a(w,x’ y, Z) dw dxdy dz.

wlk,l,m,n)= o)

We shall prove that
Lemma A.1. The operator T,

e maps L™ x L™ x L — L? with norm bounded by ||a(x, y, z, w)||L%JLi. L

e maps L*® x L™ x L? — L? with norm bounded by ||o(x, y, z, w)||szXL§, i
Proof. We observe that for every g € S(R),
(To(f1, f2, f3):@)12 = //// alk, €,m,n) fi(0) fo(m) f3(m)3k) dk dt dm dn

- ////a(w,x, y,2) fi(x) () f3(2)g(—w)dwdx dydz.

Therefore, we easily get that

|(TaCfis for 1), @12| Sldllizar, Azl falls falleligll 2

and

|(Ta(f15 f2r 13, @) 12| S leellzz oy Al ll P2l ll f3 2 18l 2

which, by duality, proves the desired result. O

Similarly, define

Us(fi. fou f3) = F! //E(k,m,mﬁ(k—m—n)fz(m)fa(n)dmdn.

Lemma A.2. If1 < p,q,r,s < oo satisfy % + é + % + % =1, the operator Ug maps LP x L9 x L" — LS with norm
bounded by ||B|| 1.

Proof. Simply notice that

1
Up(f1. f2. [3) = N /,B(w —x,x—y,x —2) fi(x) 2(0) f3(z)dxdydz,

and argue by duality. O
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