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Abstract

We consider the following parabolic system whose nonlinearity has no gradient structure:

A= Au+ [v|P 1o, v =pAv+ |uld tu,
u(-,0) =up, v(-, 0) =vp,

in the whole space RY where p,q > 1 and p > 0. We show the existence of initial data such that the corresponding solution to
this system blows up in finite time 7 (1, vg) simultaneously in # and v only at one blowup point a, according to the following
asymptotic dynamics:
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with b =b(p,q, ) > 0 and (T, y) = (I'(p, q), ¥ (p, q)). The construction relies on the reduction of the problem to a finite di-
mensional one and a topological argument based on the index theory to conclude. Two major difficulties arise in the proof: the
linearized operator around the profile is not self-adjoint even in the case © = 1; and the fact that the case u # 1 breaks any symme-
try in the problem. In the last section, through a geometrical interpretation of quantities of blowup parameters whose dimension is
equal to the dimension of the finite dimensional problem, we are able to show the stability of these blowup behaviors with respect
to perturbations in initial data.
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Résumé

Nous considérons le systéme parabolique suivant :

du=Au+ P v,  Gv=pAv+ud
u(-,0) =ug, v(-,0) =vg,

dans tout ’espace RN, ot p, g > 1 et u > 0. Nous prouvons I’existence d’une donnée initiale telle que la solution associée explose
en temps fini 7 (uq, vg) simultanément en u et v, et en un unique point a. Plus présicément, nous prouvons que cette solution a le
comportement asymptotique suivant :
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avecb=b(p,q,un) >0et(I',y) ={(p,q), y(p,q)). La construction de cette solution découle de la réduction du probleme a un
probleme de dimension finie et un argument topologique basé sur la théorie de 1’index pour conclure. Deux difficultés majeures se
sont posées lors de la preuve :

— d’une part, le linearisé autour du profil n’est pas auto-adjoint, méme pas pour u = 1;
— d’autre part, lorsque u # 1, cela brise toute symmétrie dans le probleme.

Dans la derniere section, grace a une interprétation géométrique des parametres du probleme, nous prouvons la stabilité du com-
portement asymptotique des solutions construites par rapport a des perturbations dans les données initiales.
© 2018 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we are concerned with finite time blowup for the semilinear parabolic system:

{a’”=Au+|v|P1v, v =pAv+ul? u, (1.1)

M(',O):u(), U(',O):UO,
in the whole space RY, where

p.q>1, u>0.

The local Cauchy problem for (1.1) can be solved in L®@®RN) x L®(RN). We denote by T =T (ug, vo) € (0, +00]
the maximal existence time of the classical solution (u, v) of problem (1.1). If T < +o00, then the solution blows up
in finite time 7 in the sense that

Tim (1) | ey + 0Ol oory) = +00.

In that case, T is called the blowup time of the solution. A point a € R is said to be a blowup point of (u, v) if (u, v) is
not locally bounded near (a, T') in the sense that |u(x,, t,)| + |v(xy, #,)| = +oo for some sequence (x,, t;) — (a, T)
as n — +00. We say that the blowup is simultaneous if
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limsup [lu(®)|| ooy = limsup [[v(#) || oo mr) = 400, (1.2)
t—T t—T
and that it is non-simultaneous if (1.2) does not hold, i.e. if one of the two components remains bounded on RN x
[0, T). For the system (1.1), it is easy to see that the blowup is always simultaneous. Indeed, if u is uniformly bounded
on RN x [0, T), then the second equation would yield a uniform bound on v. More specifically, we say that « and v
blow up simultaneously at the same point a € R" if a is a blowup point both for u and v.

In the case of a single equation, namely when system (1.1) is reduced to the scalar equation
du=Au—+u”u, uC,0) =u, p>1, (1.3)

the blowup question for equation (1.3) has been studied intensively by many authors and no list can be exhaustive.
Let us sketch the main results for the case of the equation (1.3). Considering u# a blowup solution to (1.3) and T its
blowup time, we know from Giga and Kohn [20] that

1

Vo, €RY x[0.7),  |u(x, 0| <C(T =077,
for some positive constant C, provided that I < p < g%fi orl <p< % with up > 0. This result was extended by

Giga, Matsui and Sasayama [22] forall 1 < p < %—f% without assuming the non-negativity of initial data.

The study of the blow-up behavior of solution (1.3) is done through the introduction of similarity variables:

X—a

= , S
Y VT —t
where a may or may not be a blow-up point of u. From (1.3), we see that Wr , solves the new equation in (y, s) €
RN x [—log T, 400):

Wr.a(y.s) = (T — )7 Tux. 1),

= —log(T —1),

WT,a
p—1
According to Giga and Kohn in [21] (see also [19,20]), we know that: If @ is a blow-up point of u, then

+ | Wral” "' Wr 4. (1.4)

1
aSVVT,a = A‘/VT,a - Ey . V‘/VT,a -

1

Im(T —t)rTu(a+yvT —t,t)= lim Wr,(y,s) = =%k, (1.5)
t—>T §——+00

uniformly on compact sets |y| < R, where x = (p — l)_P+1.

This estimate has been refined until the higher order by Filippas, Kohn and Liu [14], [15], Herrero and Veladzquez
[24], [25], [39], [40], [41]. More precisely, they classified the behavior of Wz ,(y, s) for |y| bounded, and showed that
one of the following cases occurs (up to replacing u by —u if necessary),

e cither there exists k € {1, --- , N},
_ 1
1< ! log s
sup. | Wr.a(y.s) =« [ 14+ > oyt =0( ) (1.6)
IyI<Ks e §

e or there exists an even integer m > 4 and constant ¢, not all zero such that

p—1

sup  |Wra(y,s) — [ 14+e7175) 37 ¢y =o(1),
yi=kel3m)’ jal=m

where the homogeneous multilinear form ,,_,, coy* is non-negative.
From Bricmont and Kupiainen [3], Herrero and Veldzquez [25], we have examples of initial data leading to each

of the above mentioned scenarios. Moreover, Herrero and Veldzquez [23] proved that the asymptotic behavior (1.6)
is generic in the one dimensional case, and they announced the same for the higher dimensional case, but they never
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published it. Note also that the asymptotic profile described in (1.6) with k = N has been proved to be stable with
respect to perturbations in the initial data or the nonlinearity by Merle and Zaag in [29] (see also Fermanian, Merle
and Zaag [12], [11], Nguyen and Zaag [32] for other proofs of the stability).

As for system (1.1), much less result is known, in particular in the study of the asymptotic behavior of the solution
near singularities. As far as we know, the only available results concerning the blowup behavior are due to Andreucci,
Herrero and Veldzquez [1] and Zaag [43] where the system (1.1) is considered with u = 1.

When p = 1, according to Escobedo and Herrero [8] (see also [9]), we know that any nontrivial positive solution
of (1.1) which is defined for all x € RY must necessarily blow up in finite time if

, 1 N
pg>1, and "XpAFL N
pqg —1 2
and both functions u(x, t) and v(x,t) must blow up simultaneously. See also [10] for the case of boundary value
problems.
In [1], the authors proved that if

pg>1, and g(p(N—-2)<N+2 or p@N—-2)<N+2, (1.7)
then every positive solution (u, v) of (1.1) exhibits the Type I blowup, namely that there exists some constant C > 0
such that

lu@lLo@nyy < Cu@), Nv@OllLowyy < Co(), (1.8)
where (u, v) solves the following ODE system

=/

W =", v =i, @(T)=u(T)=+oo,

whose solution is explicitly given by

_p+l _ g+l
u@)=r@ —1) ra-t, v(@)=y(T —1) ri-l
where (I, y) is defined by

1 1
yp=r<p+ ),Iﬂ=y<4+ ). (1.9)
pq—1 pqg—1

The estimate (1.8) has also been proved by Caristi and Mitidieri [4] in a ball under assumptions on p and g different
from (1.7). See also Deng [6], Fila and Souplet [ 13] for other results relative to estimate (1.8).

The study of blowup solutions for system (1.1) is done through the introduction of the following similarity variables
for all a € RY (a may or may not be a blowup point):

ASS a+l
Cra(y,s) =T —t)ri-tu(x,t), VWraly,s)=(T —1)ri-Tv(x,1),

X —a (1.10)
where y= = , s=—log(T —1).
—t

From (1.1), (7,4, ¥7,4) (or (P, V) for simplicity) satisfy the following system: for all (y, s) € RY x [—1log T, 4+00),

1 1
@¢=A®——wv®—(p+ )¢+ww”u
2 p —1
1 +1 (1.11)
2 pg—1

Assuming (1.8) holds, namely that
VaeRY, | ®7q(8)loo@yy + 1Wr.a(®)llo@yy) <C, Vs> —logT,

and considering a € RV a blowup point of (u, v), we know from [1] that (remind that we are considering the case
when © =1)
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e cither (P74, ¥r,4) goes to (I', y) exponentially fast,
e or there exists k € {1, --- , N} such that after an orthogonal change of space coordinates and up to replacing (u, v)
by (—u, —v) if necessary,

k
1
Ora() =T = (p+ DI Y (67 =2 +0 (E) ,

i=1

k (1.12)
C1l 1
wr,a<y,s>=y—;(q+1)yz(y;_2)+o(;>,
i=1
where (I", y) is given by (1.9) and
2pq +p+
cr=ci(p,q)= PaTpT4 (L13)

8pg(p+1D(g+1)’

and the convergence takes place in Cfo . (RN) for any £ > 0.

In the first case, we have other profiles, some of them are different from those occurring in the scalar case of (1.3), see
Theorem 3 and 4 in [1] for more details. Note that the value of ¢ given in (1.13) was not precised in [1], but we can
justify it by explicit computations as in [1].

Beside the results already cited, let us mention to the work by Zaag [43] where the author obtained a Liouville
theorem for system (1.1) that improves the results of [1]. Based on this theorem, he was able to derive sharp estimates
of asymptotic behaviors as well as a localization property for blowup solutions of (1.1). For other aspects of sys-
tem (1.1), especially concerning the blowup set, see Friedman and Giga [16], Mahmoudi, Souplet and Tayachi [26],
Souplet [37].

In this paper, we want to study the profile of the solution of (1.1) near blowup, and the stability of such behavior
with respect to perturbations in initial data. More precisely, we prove the following result.

Theorem 1.1 (Existence of a blow-up solution for system (1.1) with the description of its profile). Consider a € RV .
There exists T > 0 such that system (1.1) has a solution (u, v) defined on RN x [0, T') such that:

(i) u and v blow up in finite time T simultaneously at one blowup point a and only there.
(ii) There holds that

ptl X —a C
(T —t)ri—Tu(x,t) — ®* <—,
(\/<T ~Dllog(7 - r>|) pogay, VOB — D] -
| ) .
(T T ur 1) — v * SRS —
VT =Dllog(T =) ) || o ny ~ v/ 1log(T = )]
where
1 1
O () =T(1 +blz[2) 7T and W (z) =y (1 +blz|?)” 7T, (1.15)

with (I, y) given by (1.9) and

(pqg —1)2pg+p+q)
’ ) | 1.1
=) = g DA DA .

(iti) Forall x #a, (u(x,1), v(x, 1)) = (u*(x), v*(x)) € C2(RV\{0}) x CZ(RN\{0}) with

p+1

q+1

blx —al2 \ piT blx —al?2 \ piT

u*(x)~T _ble—al” and v*(x)~y _blx—al” 7
2|log|x — al] 2|log|x — al|

as |x —al — 0.
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Remark 1.2. The derivation of the blowup profile (1.15) can be understood through a formal analysis in Section 2
below. However, we would like to emphasize on the fact that the particular value of b = b(p, g, ) > 0 given in (1.16)
is crucially needed in various algebraic identities in the rigorous proof.

Remark 1.3. The initial data for which system (1.1) has a solution blowing up in finite time 7" at only one blowup
point a and verifying (1.14) is given by formula (4.2), which is expressed in the original variables as follows:

_r+rl | AT 1 - —
MO(X)ZT p[qt1 {ﬁ(do—i-dl'x a)X0< * 4 )

|log T|? JT K/[logT|T
CD*( |x —al ) 2bT'(ppe+ 1) ’
VIlogT|T/  [logT|(pg —1)
_qtl Ay(q+l)< x—a) |x —al
vo(x)=T ri-1 | ——-—|do+d;-
’ { o7 \ 7T ) O\ K Jllog TIT
\y*( x—a ) 2by (g + 1) ’
J1log T|T [log T|(pg — 1)

where (I, y) is given by (1.9), A and K are positive constants fixed sufficiently large, dy € R and d; € RV are
parameters in our proof, and xg € Cg"([O, 400)) with supp(xo) C [0,2] and xo =1 on [0, 1].

Remark 1.4. We will only give the proof when N = 1. Indeed, the computation of the eigenfunctions (Lemma 3.2) of
the linearized operator S 4+ M defined in (3.4) and (3.5) and the projection of (3.3) on the eigenspaces (Lemma 3.4)
become much more complicated when N > 2. Besides, the ideas are exactly the same.

Remark 1.5. Note that the constructed solution in Theorem 1.1 is of Type I, which means that it satisfies (1.8).
Therefore, our result indicates that there exist solutions to (1.1) exhibiting the Type I blowup for all p,qg > 1 and
N > 1, even when (1.7) doesn’t hold.

Remark 1.6. The result of Theorem 1.1 holds for more general nonlinearities than (1.1), namely that the nonlinear
terms in (1.1) are replaced by

F(u,v)=|ul” " 'u+ fu,v,Vu,Vv) and G(u,v)= vy + g(u,v,Vu, Vv),
where

| f(u, v, Vi, Vo) < C(L+ Jul” + o] 7 + [Vul™ + V[,

lg(u, v, Vu, Vu)| < C(1 + |u|P? + |v]|? + |Vu|? + |Vv|*?),

and
1 1 1
0sp<PUtD gy p 0ep o PUTD g PatD
P+l p+s3pg+5 q+5pq9+3
1 1 1
0=p2<gq, 05512<q(p4+1)7 0572<%, OSS2<%'
* P+apqta q+3r4+3

Note that in the setting (1.10), the terms f and g turn to be exponentially small. Therefore, a perturbation of our
method works although we need in addition some parabolic regularity results in order to handle the nonlinear gradient
terms (see [7] and [38] for such parabolic regularity techniques). For simplicity, we only give the proof when the
nonlinear terms are exactly given by F(u, v) = |v|?~!v and G (u, v) = [u|? " 'u.

Remark 1.7. Our method can be naturally extended to the system of m equations of the form

dui = piAui + i 1P iy, i=1,2, m— 1, (1.17)
Oty = I/LmAum + |”1|pm_1’41’ .
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where p; > 1 and u; >0 fori =1,2,---,m. Up to a complication in parameters, we suspect that our analysis yields
the existence of a solution for (1.17) which blows up in finite time T only at one blowup point a € RY and satisfies
the asymptotic behavior: fori =1,2,--- ,m,

(T —)%uj(x,t)~y |1+ Blx —af? ) ast — T,
(T —0)|log(T —1)|

where B = B(p;, i) > 0, y; is given by

V]pmzymam, Vi{tlzyi“i for i=12--,m—1,
and
o 1 p 0 - 0\ /1
(0%) 0 -1 P2 0 1
Am—1 o - 0 -1 pm-
fom pm O -+ 0 -1 1

As a consequence of our techniques, we show the stability of the constructed solution with respect to perturbations
in initial data. More precisely, we have the following result.

Theorem 1.8 (Stability of the blowup profile (1.15)). Let (ig, Vo) be the initial data of system (1.1) such that the
corresponding solution (ii, ) blows up in finite time T at only one blowup point & and (ii(x, 1), 9(x, 1)) satisfies
(1.14) with T = T and a = a. Then, there exists a neighborhood #4 of (ilg, Do) in L2 (RN) x L®®RN) such that for
any (ug, vo) € #y, system (1.1) has a unique solution (u, v) with initial data (ug, vo) which blows up in finite time
T (uo, vo) at only one blowup point a(ug, vo). Moreover, parts (ii) and (iii) of Theorem 1.1 are satisfied, and

|T (o, vo) — T'| + la(ug, vo) — al — 0

as (ug, vo) = (@, Vo) in L2 (RN) x L®RY).

Remark 1.9. With the stability result, we expect that the blowup profile (1.15) is generic, i.e. there exists an open,
everywhere dense set %4 of initial data whose corresponding solution to (1.1) either converges to the steady state (1.9)
or blows up in finite time at a single point, according the asymptotic behavior (1.14). In particular, we suspect that a
numerical simulation of (1.1) should lead to the profile (1.15). Up to our knowledge, the only available proof for the
genericity is given by Herrero and Veldzquez [23] for the case of equation (1.3) in one-dimensional case. As in [23],
a first step towards the genericity of the profile (1.15) is to classify all possible asymptotic behaviors of the blowup
solution of (1.1) which was established in [1] (see also [43]) in the case when u = 1.

Let us now give the main idea of the proof of Theorem 1.1. Our proof uses some ideas developed by Merle and Zaag
[29] and Bricmont and Kupiainen [3] for the equation (1.3). This kind of method has been proved to be successful for
various situations including parabolic and hyperbolic equations. For the parabolic equations, we would like to mention
the work by Masmoudi and Zaag [27] (see also the earlier work by Zaag [42]) for the complex Ginzburg—Landau
equation with no gradient structure,

du=~14+18)Au+1A+18)ul”'u—au, (1.18)
where u(t) :x e RN = u(x,1) € C, p> 1, (B, 8, @) € R3 satisfying
p—8—Bs(p+1)>0.

There are also the works by Nguyen and Zaag [31] for a logarithmically perturbed equation of (1.3) (see also Ebde
and Zaag [7] for a weakly perturbed version of (1.3)), by Nouaili and Zaag [33] for a non-variational complex-valued
semilinear heat equation, or the recent work by Tayachi and Zaag [38] for the nonlinear heat equation with a critical
power nonlinear gradient term,
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2
du = Au~+ |u|”u+ pu|Vu| T with p>3, u> 0.

When p — +o0, this equation is reduced to

du=Au+ e + pu|Vul?,

which is studied in [ 18]. There are also the cases for the construction of multi-solitons for the semilinear wave equation
in one space dimension by Cote and Zaag [5], for the wave maps by Rapha¢l and Rodnianski [34], for the Schrodinger
maps by Merle, Raphaél and Rodnianski [30], for the critical harmonic heat flow by Schweyer [36] and for the
two-dimensional Keller—Segel equation by Raphaél and Schweyer [35], Ghoul and Masmoudi [17].

One may think that the method used in [29] and [3] should work the same for system (1.1) perhaps with some
technical complications. This is not the case, since the fact that u 7 1 breaks any symmetry in the problem, and makes
the diffusion operator associated to (1.1) not self-adjoint. In other words, the method we present here is not based on a
simple perturbation of the equation (1.3) treated in [29] and [3]. More precisely, our proof relies on the understanding
of the dynamics of the selfsimilar version (1.11) around the profile (1.15). In the setting (1.10), constructing a solution
for (1.1) satisfying (1.14) is equivalent to construct a solution for (1.11) such that

@)(y,s) - (j)(y,s) - (j) (%) R (g) a5 o too,

Satisfying such a property is guaranteed by a condition that (AE”) belongs to some set ¥4 (s) C L¥(RY) x L®RY)
which shrinks to 0 as s — 400 (see Definition 4.1 below for an example). Since the linearization of system (1.11)
around the profile (\1/*) gives N + 1 positive modes, N (A;H) zero modes, and an infinite dimensional negative part
(see Lemma 3.2 and Remark 3.3), we can use the method of [29] and [3] which relies on two arguments:

— The use of the bounding effect of the heat kernel (see Proposition 5.3) to reduce the problem of the control of
(?8) in 74 (s) to the control of its positive modes. Note that the linearized operator around the profile, that is
€ + M defined in (3.4) and (3.5), is not self-adjoint. This is one of the major difficulties arising in this paper.

— The control of the positive modes thanks to a topological argument based on the index theory.

In addition to the difficulties concerning the linearized operator mentioned above, we also deal with the number
of parameters in the problem (p, g, and u) leading to actual complications in the analysis. According to the gen-
eral framework of [29], some crucial modifications are needed. In particular, we have to overcome the following
challenges:

(i) Finding the profile (®*, U*) is not obvious, in particular in determining the values of b given by (1.13), which
is crucial in many algebraic identities in the rigorous analysis. See Section 2 for a formal analysis to justify such
a profile. We emphasize that the formal approach actually gives us an appreciated profile to be linearized around
(see (2.8) and (2.9)).

(ii) Defining the shrinking set ¥4 (see Definition 4.1) to trap the solution. Note that our definition of ¥} is different
from that of [29]. Here, we follow the idea of [27] to find out such an appreciated definition for ¥} . In particular,
it comes from many relations in our proof, one of them is related to the dynamics of the linearized problem stated
in Proposition 5.3.

(iii) A good understanding of the dynamics of the linearized operator J# + M + V of equation (3.3) around the
appreciated profile (¢, ¥) given in (2.8) and (2.9) is needed, according to the definition of the shrinking set #j4.
Because the behavior of the potential V defined in (3.6) inside and outside the blowup region is different, the
effect of the linearized operator is therefore considered accordingly to this region. Outside the blowup region, the
linear operator .77 + M + V behaves as one with fully negative spectrum, which greatly simplifies the analysis
in this region (see Section 5.2.4). Inside the blowup region, the potential V is considered as a perturbation of the
effect of 7 + M, therefore, a good study of the spectral properties of .77 + M is needed. Note that the linear
operator s 4+ M is not diagonal, but it is diagonalized (see Lemma 3.2). Using this diagonalization, we then
define the projection on subspaces of the spectrum of J# 4+ M (see Lemma 3.4).
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For the proof of single blowup point (part (i) of Theorem 1.1), we use part (ii) and an extended result of [21] that
is called no blow-up under some threshold criterion for parabolic inequalities (see Proposition 4.7). The derivation of
the final profile (u*(x), v*(x)) (part (iii) of Theorem 1.1) follows from part (ii) by using the same argument as [42]
and [28].

The rest of the paper is organized as follows:

— In Section 2, we first explain formally how we obtain the profile (®*, W*) and give a suggestion for an appreciated
profile to be linearized around.

— In Section 3, we give a formulation of the problem in order to justify the formal argument. We also give the
spectral properties of the linear operator . + M as well as the definition of the projection on eigenspaces of
I+ M.

— In Section 4, we give all the argument of the proof of Theorem 1.1 assuming technical results, which are left to
the next section.

— Section 5 is central in our analysis. It is devoted to the study of the dynamics of the linearized problem. In
particular, we prove Proposition 5.3 from which we reduce the problem to a finite dimensional one.

— In Section 6, we give the proof of Theorem 1.8. Since its proof is a consequence of the existence proof (part (if)
of Theorem 1.1), thanks to a geometrical interpretation of quantities of blowup parameters whose dimension is
equal to the dimension of the finite dimensional problem, we only explain the main ideas of the proof there.

2. A formal analysis
In this section, we give a formal analysis leading to the asymptotic behaviors described in (1.14) by means of
matching asymptotic. For simplicity, we shall look for (u, v), a positive solution of (1.1) in one dimensional case. By

the translation invariant in space, we assume that (u, v) blows up in finite time 7 > 0 at the origin, and write (®, V)
instead of (®r 4, Y ,) for short. From the transformation (1.10), the behavior (1.14) is equivalent to showing that

ptl q+1
blvI2\ ~Pa-T blvI2\ ~pa-T
m»w~r<rwﬁi) de%®~V<PP£i) , @.1)
s s
as s — 400, where I', y are defined in (1.9) and b is given in (1.16).
We use here the method of [27] treated for the complex Ginzburg—Landau equation, which was slightly adapted

from the method of Berger and Kohn [2] for equation (1.3). Following the approach of [27], we try to search formally
for system (1.11) a regular solution (®, W) of the form

® _ y 1 y
(v,s) =g x +;(D1 ﬁ +---,

(2.2)
Wiy =wo (22 )+ Lw (L) 4.
vs/)os NG
Injecting (2.2) into (1.11) and comparing elements of order SLJ with j =0, 1, ---, we obtain for j =0,
1
—%@6— Pt -+ W) =0,
i pq+ | where z= 7 (2.3)
SR VAN B Y ) s
2 pqg —1
and for j =1,
1 _
F(z):= E<I>’1 + (2 @ — p¥l - 5@6—@5:0,
2 pqg —1 2
2.4)
qg+1

mm:§%+(
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Solving system (2.3) equipped with data at zero
©o(0)=T and WYo(0)=v,
we derive
2 — L 2 _ g+l
Do(z) =T (1 +bz") r-T and Yo(z) =y +bz") ra T, (2.5)

for some integration constant b, and (I", y) is given by (1.9). Since we want (¥, W) to be regular, we impose the
condition

b>0.

Let us now determine the value of b in (2.5). To do so, we first evaluate F and G at z = 0 by using (2.5) to find

1 1
(”+ )d>1<0>—py"‘1w1(0>+2b(”+ )F=0,
Pq — pq —1

1 —
+1 _ +1
( a )‘l—’l(O)—qu 1d>1(0)+2ub( 1 )V —0.
pg—1 pg —1
Using the definition of (I", y) given in (1.9), one can simplify this system and obtain
2bT 1 2b
®,(0) = M and W;(0) = M (2.6)
rg—1 pg—1

Let us now expand (®, W) in power of z, namely
®1(z) = ©1(0) + diz + daz* + O,
Wi (2) = W1 (0) +erz + ez’ + O@).

Injecting these forms into (2.4) and expanding F and G in powers of z, we obtain at the order z,

1 P
(— + y—) di — pyP e =0,

2.7)

2 T
1 1 T4
—qU97'dy+ | =+ — | e1 =0,
2y
which yields

1 1 1
0= <§yl’+1 + Erq“ + 2Ty = (pg - 1)r4y1’> el := Aey.

A straightforward computation gives A < 0, hence,
d 1=e€1= 0.

For the terms of order z2 in the expansion of F' and G, we have

1 1 202p(g+ D(p— D(g+ 6b>p(g + 1
(_+_)d2_g€2+ plg+D(p 2)(61 wW_bpath
y?P T 4 (pg—1) pq—1
1 1 20%q(p+ (g —1 +1) 6ub’q(p+1
<_+_>e2_gd2+ q(p+1)(g 2)(ppc ) _oubZqlp+ D)
re y r (pg —1) pq—1
plg+1)

Multiplying the second equation by
and e; disappear leading to

_ (pg —1D2pg+p+q)
4pg(p+ g+ DA+’

which is the desired result. Note that our computation fits with the result of the case & = 1 by combining (2.5), (1.12)
and (1.13).

EESIE then combining with the first equation, we find that the coefficients of d»
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In conclusion, we obtain the following profile for (®(y, s), ¥(y, 5)):

(P(y, ), W(y,s)) ~ (@(y.5), ¥(y,5),

where
oy P\ TR 2bT(put 1)
(p(yvs)—q)()(ﬁ)'F;q)l(o)—r(l‘i‘T) m (28)
g+l
g Y1 B bly*\ 7T 2by(q + )
Ilf(y,s)—‘lfo(x)—i-;‘lfl(())—)/<1+T> TR 2.9

with b given in (1.16).
3. Formulation of the problem

In this section, we give a formulation for the proof of Theorem 1.1. We will only give the proof in one dimensional
case (N = 1) for simplicity, but the proof remains the same for higher dimensions N > 2. We want to prove the
existence of suitable initial data (ug, vg) so that the corresponding solution (u, v) of system (1.1) blows up in finite
time 7 only at one point @ € R and verifies (1.14). From translation invariance of equation (1.1), we may assume
that a = 0. Through the transformation (1.10), we want to find so > 0 and (P (y, so), ¥(y, sp)) such that the solution
(@, W) of system (1.11) with initial data (®(y, s9), ¥(y, so)) satisfies

’@(y,s)—@* (%) — lim H\IJ(y,s)—‘-IJ* (l>

Lo(RN) §—>+00 \/E
where ®* and W* are given by (1.15).
According to the formal analysis in the previous section, let us introduce A(y, s) and Y(y, s) such that
O(y, ) =AM, ) +o(y,s), W(y,s)=T(y,s)+v(,s), (3.2)

where ¢ and ¢ are given in (2.8) and (2.9).
With the introduction of (A, Y) in (3.2), the problem is then reduced to constructing functions (A, Y) such that

lim
§—> 400

=0, 3.1)
Loo(RN)

Jm A oy = Lm TSl Le @y =0,

and (A, T) satisfies the following system:

A _ A Fl(T»Y»S) Rl(yss)
m(T) = (7 +Mve s))<T> * (Fz(A, v, s)) - <R2<y, s))’ G-
where
1
%:(% igu) where Diﬂn:nA—E)wV, n={1, u}, (3.4)
_ o+l p—1
-5 DY
M:(qlfg_ll _%) (3.5)
_ 0 p(yP~t—yr HhY _ (0 W
V(y,s)= (q(qu_l _ Fq_l) 0 = v, 0)° (3.6)
(Fl (T, y,s)) B <|T+ YIPTH () — P — pwﬂ-lr> a7
Fa(A,y,9))  \ 1A+l W (A+¢)—p? —qepi~'A )’ '
and
(RI(M)>_< _8s¢+A¢_%y'V¢_(fq—tll)¢+w > (3.8)
Ra(y,s)) ' '

—00 + uAY = by Vi — (L) y g
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Note that the term (2

s>1,

) is built to be quadratic in the inner region |y| < 2K /s. Indeed, we have for all K > 1 and

sup  |Fi(Y,y, ) <CE)YP?,  sup  [Fa(A,y,s)| < CK)AI%
ly|<2K./s [y|<2K /s

Note also that the term (21) measures the defect preventing (¢, ¥) from being an exact solution of (1.11). Since (¢, ¥)

is an approximate solution of (1.11), one easily checks that

C
IR ()l oo mnvy + 1 R2() [l oo mvy < e 3.9

Therefore, since we would like to make (A, T) go to zero as s — 400 in L®RY) x L®(RN), the dynamics of (3.3)
are influenced by the asymptotic limit of its linear term,

(%+M+V(y,s))(1;> as s — +oo.

From the definition (3.6), we see that the potential V (y, s) has two fundamental properties that will influence
strongly our analysis:

(i) We have (Vi(-,5), Va(,8)) — (0,0) in L (RY) x L7 (RY) as s — +oo, where L (RY) is the weighted L?
space associated with the weight p, defined by

1 v
7

@xmNiz¢

In particular, the effect on V inside the blowup region or in the inner region |y| < K /s will be a perturbation of
the effect of S + M.

(i) Outside the blowup region or in the outer region |y| > K /s, we have the following property: for all € > 0, there
exist K. > 0 and s > O such that

sip Vi) = oy ]+ [Var9) = (—qr | =
SZS67|.V|2KGN/§
In other words, outside the blowup region, the linear operator 5# + M + V behaves as

+1
A+ <_PZ‘1 e )

1
+e —aq*l
2 pq—1

on(y) = (3.10)

Given that the spectrum of JZ is negative (see (3.19) below) and that the matrix has negative eigenvalues for €
and €, small, we see that .77 + M + V behaves as one with fully negative spectrum, which greatly simplifies the
analysis in that region.

Since the behavior of the potential V inside and outside the blowup region is different, we will consider the dy-
namics for |y| > K+/s and |y| < 2K /s separately for some K to be fixed large.

Let us consider a non-increasing cut-off function xg € Cgo([O, +00)), with supp(xo) C [0,2] and xo =1 on [0, 1],
and introduce

_ Iyl
X(¥,8) = X0 <—Kﬁ>’ (3.11)

where K is chosen large enough so that various technical estimates hold. We define

Ae) _ 1 A 3.12
(3)=0-0(3) o

(Qj) is the part of (Q) for |y| > K./s. As announced a few lines above and as we will see in Section 5.2.4, the

spectrum of the linear operator of the equation satisfied by @:) is negative, which makes the control of || A, (s) || Lo R)
and || Y (s) | Lo (r) easily.
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While the control of the outer part is easy, it is not the case for the part of (?) for |y| < 2K./s. In fact, inside
the blowup region |y| < 2K ./s, the potential V can be seen as a perturbation of the effect of 7% + M whose spec-
trum has two positive eigenvalues, a zero eigenvalue in addition to infinitely negatives ones (see Lemma 3.2 below).
Therefore, we have to expand (?) inside the blowup region with respect to these eigenvalues in order to control
IA N Looy1<2k 5) and || Y'(s) oo (y|<2k 5)- TO do so, we need to find a basis where .7 + M is diagonal or at least
in Jordan blocks’ form. Since the operator .77 is contributed from .# and %, let us first recall well-known spectral
properties of the operator .%;,, where n € {1, u}.

o Spectral properties of .£;: Given n > 0, let us consider the Hilbert space L%n (RN, R) which is the set of all
feL? (RN, R) such that

loc
2
1£13, =(f. £),, <-+oo,
where
(f.8), = f FIEPy(y)dy. (3.13)
RN
and p, is defined by (3.10). Note that we can write .% in the divergence form

L= LE div (anv),
Pn

and that %, is self-adjoint with respect to the weight p,. Indeed, for any v and w in L%U (RN | R), it holds that

/ vLwopdy = / w2 vppdy. (3.14)
RN RN
Let us introduce for each o = (¢, --- , on) € NV the polynomial

N

~ Vi
hat = Ca Hoz- 5
0 =ca[ ] e (A/ﬁ >

i=1

where H, is the standard one dimensional Hermite polynomial, i.e.

> d" 2
Hy(x) = (=1)"e" —(e™"), (3.15)
dx"
and ¢, € R is chosen so that the term of highest degree in /1 is ]_[lN= | y,‘.x" . In one-dimensional case, we have
y ) (5] ! oy Y
() =n? ) ————— (=1’ (—) : (3.16)
’ ;O (n=2))!)! Vi

For example,
ho=1, hi=y, hy=y> -2,
hy=y> —6ny, ha=y*— 120y + 122,
The family of eigenfunctions of .Z;, constitutes an orthogonal basic in L%n (RM, R) in the sense that for any different
o and B in NV,

- ol ~
gnha Z_%haa lo| =g 4+ an,

/ a0y (1) dy =0, (3.17)
RN
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and that for any f in L%n (R, R), one can express

f= Z<fv]/~la>pnl’~la: Z f()tﬁa'

aeNN aeNN

Remark 3.1. We remark that for any polynomial P,(y) of degree n, we have by (3.17),

/fla(y)Pn(y),o,](y)dyzo for all |a| > n.
RN

e Spectral properties of 77: Let us consider the functional space L% | (RN, R) x L%M (RN, R), which is the set of all
([) € L},.(RN  R) x L}, (RN, R) such that

loc loc

() ()=

where

() (L)) =0, <l

If we introduce for each o« € NV,

N

N
Vi ~ A Yi
he(y) =aq HO(,‘ (_) and hy(y) =dq Ha,' < ) s (3.18)
E V2 L (5

where H,, is defined by (3.15), and a, and d, are constants chosen so that the terms of highest degree in %, and fza is
TTY., y%, then

he\ | (ha 0\ _ laf(0
%(o)—‘7(0> and ﬁ”(za)— 2(};&)- G19

Moreover, for each (; ) in L%l (RN ,R) x L%M (RN , R), we can write it in the form

()= Z 0 (5) wti (5,)

aeNN

e Spectral properties of 77 + M: As announced in the beginning of Section 3, we switch back to the case N = 1
for simplicity. Of course, our proof remains valid in the case N > 2, though with some complications in the notation.
We want to find a basis where % + M is diagonal or at least in Jordan blocks’ form. More precisely, we have the
following:

Lemma 3.2 (Diagonalization of 7 + M in the one dimensional case). For all n € N, there exist polynomials f,, g,
fn and g, of degree n such that

(‘%ﬂ * M) (Z) - (1 - %) (Z) (3.20)

(% n M) (Jj") =— (ﬁ + w) <{”) (3.21)
&n 2 pq —1 &n

where

and
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E

fn hn—Zj 0
= dpn—2i il » , 3.22

j=0
7 (5]
)= 2" rea i)
M\ S g o o0, 3.23
(gn Igo n,n—2j 0 n,n—2j hn—2j ( )

and the coefficients dp 2, en.n—2;, c?,,’n_zj, én,n—2j depend on the parameters p, q and . In particular, we have

dn,n =(p+ DI, dn,n—2:n(n_ Dpl'(d — w),

(3.24)
enn=(q+ 1y, enn—2=nm—gy(u—1),
and
~ ~ F(p+ 11 —pw)
din=pC. dupa=ntn—DEE
pqg+p+q (3.25)

pqy(g+ 1A —p)
3pg+p+g—1"~

én,n =—qvy, én,n—2 =nn-—1)

Remark 3.3. The spectrum of 7"+ M has two positive eigenvalues Ao = 1 and A1 = 5 correspondlng to eigenvectors
(fo

80) and (f ]) a zero eigenvalue A» = 0 corresponding to eigenvector (f 2) Note that in the case when N > 2, we have

(fo(Y)> _ ((p + 1)F> (fl (y)> _ (fl,i(y))

go(y) @+Dy/) \a 8LiN /) 1<ien’
fz()’)> (fz,ij(y)>

82(y) 82,ij (y) 151',]‘51\/’

fri@y > ((p+1)1“yi
81,i(y) (g +Dyyi

where

> forl1 <i <N,

S2,ij ()’)> (fZ,ji(y)> _ ((P + DIy,

) forl <i#j <N,
82.ij(») 82,ji(y) g+ Dyyiy;

"
B
(
(fz ”(y)> ((p + I)Fyi2> <2pF(1 — 1)

5 ) forl <i <N. (3.26)
82,ii () (g +Dyy; 2qy(n—1)

Proof. For each n € N, we want to find ( ) in the form of polynomials of degree n such that

.\ (B
(j‘f + M) <Gn> = A(G,,) for some A € R. (3.27)

Let us assume that

Fn) - (an n—i) n—i
= ’ , a 0, by, 0.
(Gn ; bn,n—i y n,n # non 7

Plugging this form into (3.27) and comparing elements of the order y"~/ with i € {0, 1, - - - , n}, we have for i =0,

(M O+ g) Id) (Z) —0, (3.28)
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and fori =1,
n—1 an.n—1
M=+ 2 y1a) () =0, 3.29
(M=+"5) )<bn,n_1> (3.29)
andfori =2,3,---,n
(M — )(“"’”“) it —it 1)( Gnn—i+2 ) —0. (3.30)
bn,nfi ,u«bn,nfi+2

Since (an,n, bn,n) # (0, 0), we deduce from (3.28) that det (/\/l - A+ %) Id) = 0, which means that X satisfy

03+ 0 (5g) - o

Hence, either

1 1
A =1-" or aza —_pFD@rh n (3.31)
2 pqg—1 2
Substituting these values of A into (3.28) yields
nr r
(an,n>:<(p+ ) ) lf)\,Z)\_i_, and (an,rL):(p ) =
bn,n (g + 1y bn,n —qy
Note that for these values of A given in (3.31), we have by a direct computation fori =1,2,--- ,n,
- 2
det(/vl —(A+U)Id) S L(PRat e o a0,
2 4 2\ pg-—1
whence, we obtain from equation (3.29),
(er2) =)
bn,nfl 0 '
and from equation (3.30) by induction,
()= G2 == )
bn,n—3 bn,n—S 0 '
The couples (“" = ;), (Z:: j) ... are respectively determined from (Z:Z)A’ (a:: ;) ... through equation (3.30).
Since the terms of highest degree of &, and h,, are y™, and h,, and h,, are even (or odd respectively) if m is even
integer (or odd), we can rewrite the expression of ( ) in terms of ( /) and ( ) for j=0,1,---,n as stated in (3.22)
and (3.23).

In order to precise the values of ( "1-2) and ( = 2) let us compute (;" ”:Z).
—For L. = A4, we use (3.30) with i i=2to get

_ nr r 1
(a,,,n 2> - 1)M1( (p+1 ) — (- 1)< (pu+ ))'
bun—2 u(g + 1y v(g+n
Recalling from the definition (3.18) that 4, (y) = y* —n(n — 1)y" > +---, and ﬁn(y) =y"—nn—Duy" 24,
we deduce from (3.22) that

(dn,n—Z) =I’l(l’l _ 1)< dn,n ) + <an,n—2> _ n(n _ 1)<pF(1 — ,u,))’
€n,n—2 Hénn bn,n—2 qy(u— 1)

which is (3.24).
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—For A = A_, we similarly have

~ -1
(o)l ()
bpn—2 pq—1 —Kqy

nn—1) < prpa(1 + 1)+ (p+ ng) + (pg — 1] )

T 3pgtptg—1 —qy[pg(1+ 1)+ (p + 1ug) + n(pg — 1]
Noticing from (3.23) that

(f?n,n—Z) _ I’l(l’l . 1)< Czﬁ,n ) + (%n,n—Z)’
€n.n-2 M é€nn bn,n72
hence, (3.25) follows after a straightforward calculation. This concludes the proof of Lemma 3.2. O

For the sake of controlling (f}) in the region |y| < 2K./s, we will expand (f}) with respect to the family

{(ho,l ), (fz(l) }nz() and then with respect to the family [(g:) (g) ]nzo' We start by writing

Ay, s) ha(y) A 0 A_(y,s)
= n n A , 3.32
(T(y,s)) 2,0 (s)( 0 )+Q (S)(hnu))+ <T<y,s>) 332

(note that this identity is precisely the definition of (?:)) where M is a fixed even integer satisfying
M24[1+|IMIIoo+2 max IVi(y,S)I)], (3.33)
yeR,s>1,i=1,2

with || M|s = max {qu_l + ;q—Jr_ll, pyP~1+ ;q—tll} (in view of the definition (3.5) of M, this is indeed a suitable

norm for (2 x 2) matrices). As we will show in Section 5.2.3, the choice of M is crucial and allows us to successfully
use a Gronwall’s inequality in the control of the infinite-dimensional part (Q:), and

e Q,(s) and Q,(s) are the projections of (%) on (ho") and (ﬁo) respectively, defined by

Ay (h
o Ah
(). () (. ],
A®@) ),
0n(s) = jo—iy = ———3- =T, (T) (3.35)
() )) V. ),
. (1;:8 ;;) =T1_ () is called the infinite-dimensional part of ({), where I1_ 4 is the projector on the subspace

of Ly, x L, where the spectrum of " is lower than % Note that for alln < M,

<<$-) (hon)> = (A=), =0 and <<1Ar_> (h0>> = (Y= ha),, =0. (3:36)

e We also introduce I p =Id — I1_ 57, and the complementary part

() =mew(3)- () - ()

which is called the finite-dimensional part of (Q), and which satisfies for all s,

<<A+(y,s)> (A(y,S))>=0 (3.37)
Ti(y,5)) \T-(y,5) ' |
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We will expand it with respect to the basis of eigenfunctions of ¢ + M computed in Lemma 3.2, namely the family
fn .fn } f 11 .
{( ). () ey 88 Tollows:

8n 8n
hn()’) A 0
% ou("y") + o )

(A+(y, S)) _
TJr(yv S)

n<M
=y 9n<s)(f "0 )> +6, (s)(f”(y )), (3.38)
oy gn(y) &n(y)

where 0, (s) = P, M(?) and 5,1 (s) = 13,,, M([T\) are projections of ([T\) on (g’) and (g:) respectively. This is possible,

since from Lemma 3.2, we can express 6, (s) and G,(s) in terms of Q,(s) and Qn (s) as follows:

Lemma 3.4 (Definition of the projection on the modes (g’;) and (g’i) ). We have

7]
~ A
Op = Z An+2j,n Qn+2j + Bn+2j,n Qn+2j = n,M<T>v (3.39)
=0

and

M—n
7]

~ ~ ~ ~ ~ A

Op = Z An+2j,n Qn+2j + Bn+2j,n Qn+2j =Iam <T> (3.40)
=0

where the coefficients Ay 2jn, Buy2jn, A,H_zjﬁ and I§n+2j,nf0rj =0,1,2,--- depend on p, q and . In particular,
we have

q p
P A S (3.41)
" TQpg+p+q) " y@pg+p+q)
and
€nt2.n p+ 1) €nt+2,n
A =— : and B = - . 3.42
" T 2pg +p +q) k2 (q +1) y22pg+p+q) 642

Remark 3.5. From Lemma 3.4, we obviously see that when a function is of the form Y w, (f”) + &n (g), its

~ 8n
Fo

projections on (g:) and (gn

) are respectively w, and @, .

Remark 3.6. The precise values given in (3.41) and (3.42) are crucial in deriving a refined ODE satisfied by the null
mode, that is the ODE given in part (iii) of Proposition 5.3 (see Lemma 5.7 also).

Proof. We first note that the matrix of ’(g”), (g”)} . in the basis [(hé’), (9 )} . is “lower triangular” in the sense
n n n n

hn
that we can express the matrix in terms of (2 x 2) blocks (see (3.22) and (3.23)) as follows:
X, 0 F 0 ... ... e 0 Y
X2 Do 0 F 0 0 Y,
X; | = 0 Ds; 0 F 0 0 Y3 , (3.43)
X4 Dao 0 Dan 0 F 0 Yy
XM DM,M—4 0 ’DM’M—Z 0 ‘F YM

where 0 is the (2 x 2) zero matrix,
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) (%)
Xn = f s Yn = s
(z)

F_ ((p+ Dl g+ 1);/)’

pr —qy
D )i = dn,n—2j €n.n—-2j
nn—2j =\ 5 - .
/ dn,n72j €n.n—2j

Thus, we can express {(hé’), (ﬁo)} . in terms of {(g"), (;”)} . by inverting the matrix associated to system
n ne n n ne

(3.43) resulting in the following:

Yo T 0 0 Xo
Y, 0 T 0 0 X1
Y» Goo 0 T 0 0 X2
s || 0 G 0 T 0 0 X |, (3.44)
Y4 Gio O G2 0 T 0 X4
YM gM,M74 0 gM,M72 0 T XM
where
1
TyQpg+p+q) \pT  —(p+Dr

for some (2 x 2) matrices G; ;.
By extracting the (2 x 2) blocks in (3.44), we derive from (3.32) the expressions (3.39) and (3.40). It remains to
compute (3.41) and (3.42) in order to complete the proof of Lemma 3.4. To this end, we note from (3.44) that

An n An n) (An+2 n An+2 n>
t ) =T, and T ) =G0 = =T Dpi2aT.
(Bn,n Bn,n Bn+2,n Bn+2,n nkn ke

This gives (3.41) and the following formulas for A, > , and B, 47 2:

[972(@dns2.0 + (@ + Ddpi2n) + pPTY(qenion + (@ + Dénsan)].

Apioy=—
T T2y22pg + p + q)?

1
T2y2Qpq +p +q)?

Buton = [¢Ty (pdnton — (P + Ddpsan) + P (pensan — (p + Dénsan)],

where the coefficients dy+2 5, €142.1, jn+2,n and e, 42 , are given in (3.24) and (3.25).
Note that

pl ~
dn+2,n =———€pi2n and dn+2,n =
qy
we then simplify the expressions of A, 12 , and B, 42 , resulting in (3.42). This concludes the proof of Lemma3.4. O
From (3.32) and (3.38), it holds that
A(y,s ~ f A_(y,s
( 6} )) - Y0, (s)<fn (y)> L .(s) <J~Cn (y)> + ( (y )). (3.45)
W9/ = 8n(y) &n(y) T-(y,9)

Note that the decomposition (3.45) is unique.
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4. Proof of the existence result assuming some technical lemmas

This section is devoted to the proof of Theorem 1.1. We will first show the existence of a solution (Q) of system
(3.3) satisfying

A I Lo®) + 1T Le® — 0 as s — 400, 4.1)

which concludes part (ii) of Theorem 1.1 (though with no estimate of the error). The proof of parts (i) and (iii) then
follows from part (ii). We will give all the arguments of the proof without technical details which are left to the next
section. Hereafter, we denote by C a generic positive constant depending only on p, ¢, ; and K introduced in (3.11).

Given A > 1 and 59 > e, we consider initial data for system (3.3), depending on two real parameters dy and d; of
the form:

Ao(y) A fo(y)> (f1(y)>>
=2 (a4 d 2y, 50), 42
(TO()’)>d0,d1,s0,A 55 ( O<go(y) i) ) ¥ @2

where (g' ), i =0, 1 are defined by (3.22) and yx is introduced in (3.11). The solution of system (3.3) with initial data

(4.2) will be denoted by (?E: :g)do drson” OF by (Qg 3) when there is no ambiguity. Our aim is to show that if A is

fixed large enough, then sy is fixed large enough depending on A, we can also fix the parameters (do, d;) € [—2, 2] so

that the solution @8 ’g)d o, Will be defined for all s > s and converges to (8) as s — 400 in L°(R), meaning
ot 041,50,

that (4.1) holds. According to the decomposition (3.45) and the definition (3.12), it is enough to control the solution

in a shrinking set defined as follows:

Definition 4.1 (Definition of a shrinking set for the components of @) ). Forall A > 1and s > e, we defined ¥4 (s) as
the set of all ([%) € L*°(R) x L°°(R) such that

M+2 M+2
el Loy <

[Ae() Lo ®) <

NO Vs
H A_(y,S) AM+1 H T_(y,s) - AM+1
1+ [y|M+ Lo®) s 1+ [yM+ L®[®R) e
A ~ A
0;) = —7, 10;$)| = —7 for 3<j <M,
s 2 s 2
2

~ A
0; (s)| < = for i =0,1,2,

A*logs
02(s)| < —5—,
s

A A
00| < 5. 161)] < 5.
) S
where A,, T, are defined by (3.12), A_, Y_, 6,, 9~n are defined as in (3.45).

As a mater of fact, one can check that if (?) € ¥4 (s) for s > e, then

M+2
IA(S) Loy + 1T() || Lo R) < N 4.3)

for some positive constant C (see Proposition 5.1 below for the proof). Thus, if a solution (Q) stays in ¥4 (s) for all
s > sp, then it converges to zero in L (R) x L°(R). Our aim is then reduced to proving the following proposition:

Proposition 4.2 (Existence of a solution of (3.3) trapped in ¥a(s)). There exists A| such that for all A > A\, there

exists so,1(A) such that for all so > so,1, there exists (do, d1) such that if (/%) is the solution of (3.3) with initial data at

so given by (4.2), then (Qg;) € Va(s) forall s > so.
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Let us first make sure that initial data (4.2) belongs to ¥4 (sg). In particular, we claim the following:

Proposition 4.3 (Properties of initial data (4.2)). For each A > 1, there exists s0,2(A) > e such that for all sy > 59,2,
we have the following properties:

(i) There exists a rectangle
Dy, C [-2, 217
such that the mapping
0 :R?> > R?
(do, d1) = (6,0, 60,1)

(where 0y; = Pi,M@g) fori =0,1, and ([T\g) stands for (1%8) ) is linear, one to one from Dy, onto

do.dy,s0,A

20

2 2
|:—SA2, Y’%i| and maps 3Dy, into 0 ([—%, %] ) Moreover, it has degree one on the boundary.
0 20 0

(i) For all (dy, dy) € Dy, (f}g) € Ya(so) with strict inequalities except for 6y o and 6y 1, in the sense that

AO,e = TO,e = 07
H Ao,—(y) 1 ” Yo,—(») 1
M+1 Mi2° M+1 M2
I+ |yl s 1+ |yl 50
1 ~ 1 ,
60,1 < —7+  160,j1 < —7 for 3=j =M,
D sn 2
0 0

~ 1

160.i] < - fori=0,1,2,
5o
log so

160,2] <

’

2
So

A
60,0 < —

27 | s —

2
So

Remark 4.4. In some sense, (?3) is reduced to the sum of its components on (g 8) and (g i) the only eigenfunc-

do,dy,s0,A
tions corresponding to the positive eigenvalues of the linear operator 57 + M (Ao =1 and 1| = %; see Lemma 3.2).

In N dimensions, one has to take dyp € R and d; € RY because of the definition of (g g) and (g :) given in Remark 3.3.

The proof of Proposition 4.3 is postponed to Subsection 5.1 (see Lemma 5.2). Let us now give the proof of Propo-
sition 4.2.

Proof of Proposition 4.2. Let us consider A > 1 and s9 > 50,2, (do, d1) € Dy,, where s¢ > is introduced in Propo-
sition 4.3. From the local Cauchy problem for system (1.1) in L>°(R) x L°°(R), we note that for each initial data
(Qg)do dsoA’ system (3.3) has a unique solution which stays in #4(s) until some maximum time s, = s4(do, d).
If s, (do,’dl’) = oo for some (dp, d1) € Dy,, then the proof is complete. Otherwise, we argue by contradiction and
suppose that s (do, d1) < 400 for any (dy, d1) € Dy,. By continuity and the definition of s, we note that the solution
at time s, is on the boundary of ¥4 (s4). Thus, at least one of the inequalities in the definition of ¥4 (s,) is an equality.
In the following proposition, we show that this can happen only for the two components 6y (s,) and 6 (s,). Precisely,

we have the following result:
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Proposition 4.5 (Control of @8) by (6o(s), 01(s)) in Y4(s)). There exists Az > 1 such that for each A > Az, there
exists so,3(A) > e such that for all so > s0,3(A), the following holds:

If(?) is a solution of (3.3) with initial data at s = so given by (4.2) with (dp, d1) € Dy,, and (1%8) € Va(s) for all

s € [so0, $1] for some s1 > so and (Qgi]‘g) € 0V (s1), then:

(i) (Reduction to a finite-dimensional problem) We have

2
A A

(6o(s1),61(s1)) €9 ([_s_z s_2:|> )
1 51

(ii) (Transverse outgoing crossing) There exists 5o > 0 such that

Als) +96)

Vé € (0, &), (’Y‘(sl L)

) ¢ Va(s1+96).

Remark 4.6. In N dimensions, 6y € R and 6; € RV . In particular, the finite-dimensional problem is of dimension
N + 1. This is why in initial data (4.2), one has to take dy € R and d; € RN,

The proof of Proposition 4.5 is a direct consequence of the dynamics of system (3.3). The idea is to project
system (3.3) on the different components of the decomposition (3.45) and (3.12). However, because of the number
of parameters in our problem (p, ¢ and w) and the coordinates in (3.45), the computations become too long. That is
why a whole section (Section 5.2) is devoted to the proof of Proposition 4.5. Let us now assume Proposition 4.5 and
continue the proof of Proposition 4.2.

Let A > A3 and so > max{so 2, so0,3}. From part (i) of Proposition 4.5, it follows that

A AT\?
(6B0(5.). 61(5,)) € 0 ([Tz s—z]) _

*

Hence, we may define the rescaled flow © at s = s, as follows:

®: Dy, — 3([—1,11%)
52
(do, dy) = Z( 0:01) 4y 4, (55)-

From Proposition 4.5(ii), we see that ® is continuous. On the other hand, from Proposition 4.3, we see that when
(do, d1) € 9Dy,, we have the strict inequalities for the other components. Applying the transverse crossing property
given in Proposition 4.5(ii), we see that (Qg;) must leave #4(s) at s = s, hence, s.(dp, d1) = so. From Proposi-
tion 4.3(7), the restriction of ® to the boundary is of degree one. A contradiction then follows from the index theory.

This means that there exists (dy, d1) € Dy, such that for all s > s, (%g ;) dodn s 4 € Y (s). This concludes the proof
0,41,50,
of Proposition 4.2 assuming that Propositions 4.5 and 4.3 hold. O

Let us now use the result of Proposition 4.2 to derive Theorem 1.1.

Proof of Theorem 1.1. Recall that we have already chosen a = 0 at the beginning of Section 4, thanks to translation
invariance of equation (1.1). We have already showed in Proposition 4.2 that there exist initial data of the form (4.2)
such that the corresponding solution (?8) of system (3.3) satisfies (?8) € Y (s) for all s > sg. This means that (4.3)
holds for all s > 5. From (3.2) and (1.10), we then derive part (if) of Theorem 1.1.

If xg =0, then we see from (1.14) that

+1 +1
(0, )| ~T(T —1)" 7T and [v(0,1)| ~y(T —1) P ast— T.

Hence, u and v both blow up at time T at xo = 0. It remains to show that if xg # 0, then x¢ is not a blowup point. The
following result from Giga and Kohn [21] allows us to conclude:
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Proposition 4.7 (No blowup under some threshold). For all Cy > 0, there is ng > 0 such that if (u(x,t), v(x,t)) solves
|8 — Au| < Co(1+1vI”),  [8v— pnAv| < Co(1 +lul?)

and satisfies

_ptl _ g+l
lu(x, )| <no(T —1) »i=1,  |o(x,0)] <no(T —1) ra!

forall (x,t) € B(xg,r) x [T — r2, T) for some xg € R and r > 0, then (u, v) does not blow up at (xo, T).
Proof. Although Giga and Kohn give in [21] the proof only for the scalar case (1.3) (see Theorem 2.1, page 850
in [21]), their argument remains valid for system (1.1) because of the following scaling invariant property of system
(1.1): If (u, v) solves (1.1), then
2(p+1) ) 2(g+1) B
VA >0, uy(x,t),vp(x,0)):=Ari-Tu(Ax,7t), A ra-T v(dx, A1) |,

does the same; and because the semigroup and the fundamental solution generated by nA with 1 € {1, u} have the
same regularizing effect independently from . O

Indeed, we see from (1.14) that

Pt 2 C
sup (T — 1)1 Ju(x, 1)) < &* ( xol/ ) +

0
Ixg| V(T —1)log(T —1) Vog(T —1) ~

[x|<=~
and
g+l |xol/2 C
sup (T —1)ra—T|v(x,t)| < ¥* + -0
x| < ! V(T —1)log(T —1) J1og(T —1)

as t — T, hence, x¢ is not a blowup point of (u, v) from Proposition 4.7. This concludes the proof of part (i) of
Theorem 1.1.

We now give the proof of part (iii) of Theorem 1.1. Using the technique of Merle [28], we derive the existence of
a blowup profile (u*, v*) € C>(R*) x C*>(R*) such that
w(x, 1), v(x, 1) — W*x),v*x) as t—T.

The profile (u*, v*) is singular at the origin, as we will see shortly, after deriving its equivalent as x — 0. Since our
argument is exactly the same as in Zaag [42] used for equation (1.18) with 8 = 0 (no new idea is needed), we just give
the key arguments and kindly refer the reader to Section 4 in [42] for more details. Consider K¢ > O to be fixed large

enough later. If xo # 0 and |xp| is small enough, we introduce for all (§,7) € R x [— fo(x0) 1),

T—19(x0) >
2L g+l
8(x0,§,7) = (T —1o(x0)) P~ u(x, 1), h(xo,&, 7)=(T —to(x0)) P~ Tv(x,1),
where
x=x0+&yT —to(x0), t=rto(xo)+t(T —to(x0)), 4.4)
and 9 (xo) is uniquely determined by
|xol = Ko/(T — to(x0))| log(T — t9(x0))|- 4.5)

From the invariance of system (1.1) under dilation, (g(xo, &, t), h(xg, &, T)) is also a solution of (1.1) on its domain.
From (4.4) and (1.14), we have
C

Sup g(-x()v é’ 0) - CD*(KO) S — 07
€1 <2 log(T—to(x0)) /4 | | [log(T — 1o (x0))|'/4
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and
sup I (xo. £, 0) — W (Ko)| < C ___ o
I£1<2] log(T —to (x0)) |1/4 |log(T" — to(xo)) [/

as xo — 0. Using the continuity with respect to initial data for system (1.1) associated to a space-localization in the
ball B(0, |€]| < |log(T — to(x0))|'/#), we show as in Section 4 of [42] that

sup |g(x0.£,0) — 8k, (7)| < €(x0) > O,
|€1<2] log(T —19(x0))|'/4,0<7 <1

and

sup ‘h(xo, £,0) — /2,(0(1)‘ < e(xp) — O,
|E]<2|log(T —to(x0))|'/4,0<T <1

as xo — 0, where

o 5 — 2L A 9 — gL
8k, () =T —t+bKy) ri=1, hg(t)=y(1 —1+bKjy) raT,

is the solution of system (1.1) with constant initial data (®*(Ky), ¥*(Kjp)).
Making  — 1 and using (4.4), we see that

+1
u*(xo) = lim u(x, ) = (T — fo(x0)) 7T lim ¢(x0. 0, 7)
= T—
_pEl
~ (T —10(x0)) 777" gk (1),
+1
v (x0) = lim v(x, 1) = (T - fo(x0)) P71 lim £(xo, 0, 7)
= T—

1 A
~ (T = 19(x0)) " 7 T gy (1),

as xo — 0. From (4.5), we have

2
|log(T" — to(x0))| ~ 2log|xol, T —to(xo) ~ % as xo— 0,
2Ky log|xol|
hence,
p+tl q+1
blxal2 \ 7aT blxal2 \ 7aT
u*(xp) ~T (Lol) . v(x0) ~y (Lol) ,
2|log |xo| 2| log |xol|

as xo — 0, which concludes the proof of part (iii) of Theorem 1.1, assuming that Propositions 4.5 and 4.3 hold. O
5. Proof of the technical results

In this section, we prove all the technical results used for the proof of the existence of a solution of system (3.3)
satisfying (4.1). In particular, we give the proofs of Propositions 4.3 and 4.5, each in a separate subsection.

5.1. Preparation of the initial data

In this subsection, we give the proof of Proposition 4.3. Let us start with some properties of the set #4 (s) introduced
in Definition 4.1:

Proposition 5.1 (Properties of elements of V4 (s)). For all A > 1, there exists s1(A) > 1 such that for all s > sy, if

([T\E;;) € Val(s), then

AMA+1

@ NAG e qyiz2i 5) T ITO N Looy<2k ) = €775
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.. M+2
@) A A
(iii) Forall y € R, |A(y,s)|+|YT(y,s)| < CAM“‘O%(I + [y|M+,

Proof. Take A > 1, s > 1 and assume that (%ES;) € Vu(s).

(i) If |y| < 2K /s, since we have forall 0 <n < M, |0,| + 16, < CA,,+, by Definition 4.1, we write from (3.45),

A< | D 10l ful + 18l Ful | +1A- (. 9)]

n<M
AM-H AM-H C(K)AM-H
<CY A+ + = A+ D" = ———,
n<M s 2 s 2 \/E

(remember from Lemma 3.2 that f,, g, fu and g, are polynomials of degree n). The same estimate holds for
|T(y, s)|, which concludes the proof of (7).

C"i/f Together with (i), this

5 (3

=[] <

yields the conclusion.

(iii) We just use (3.45) and the fact that for all 0 <n < M, |6, | + 16,| < C% by Definition 4.1 (use again
the information on the polynomials’ degree from Lemma 3.2). This finishes the proof of Proposition 5.1. O

Clearly, Proposition 4.3 directly follows from the following result:

Lemma 5.2. For all A > 1, there exists so(A) > 1 such that for all so > s2, if initial data for equation (3.3) are given

by (4.2) (write (30) := (0) ., for simplicity), then

Aoe=To.=0 H Ao,—(y) H Yo,—(y) _ CA(dol + ld1D
,e e ) 1+|y|M+1 L®(R) 1+|y|M+l LOO(R)_ SOMT+4 s

and all |0, |, |9~0,n| are less than CA(|do| + |d1|)e™°, except:

|60, —

o ji=0,1.
S0

Proof. The proof mainly relies on the projections of @8) on (g;) and (g") defined in Lemma 3.4. Let us start by
estimating the outer part. Note from the definition of x given in (3.11) that we have x(2y, so)(1 — x (v, s0)) = 0.
Thus, from (3.12), A, = Yo,. = 0. For the other components, let us rewrite (4.2) as follows:

Ao _ Ao<y>) <Ao(y>) 1
(T()(y))_(%(y) Ty A @0 =
where
({\o(y)) A ( do (fo(y)> +d (fl(y)>>;
Toy)/) 3 8o(y) g1(y)
the result will then follow by linearity.

From Remark 3.5, we see that all P, M(*r ) and P,, M(? ) are zero, except

A Ad;
Pi,M(A()) = _21 i=0,1.
S0
Using (3.45), we see that
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(Ao,_(w) I (Z\o>_ 0

~ =1_m\ 2 = 0.

Yo,—(¥) Yo
Aoy

It remains to handle (%(y))(x 2y, s0) — 1). Since (x(2y, s0) — 1) =0 for |y| < % s, we see that

Py(x(2y,s0) —1) < Ce™/p,(y), n={1,u},
if K > /8n. Therefore, we derive from Lemma 3.4 and symmetry that

P Ao 2 1
M (%)(X( v,s0)— 1)

Similarly, (5.1) holds with P, s replaced by P, .
Furthermore, we have

< C(n)A(ldo| + |di e, foralln < M.

A(ldol + 1)) 1+ [y
(A0 + 1Mo 1X(2y.50) — 1] £ =22 (1 + |y ————
5o (5 +/50)
CA(ldo| + |d1])
< ——mg A+ M.
50 °
Hence, by a straightforward estimate, we have
A—o(M(x(2y,s0) — 1) _ CA(dol + ld1])
M+1 = M4 ’
141yl L®(R) S 2
and
T_ 02y, s0) — 1 _ CA(dol + |d1])
M+1 - M+4 ’
I+ 1yl Lo°(R) S 2

(5.1)

This concludes the proof of Lemma 5.2. Since Proposition 4.3 clearly follows from Lemma 5.2, this concludes the

proof of Proposition 4.3 as well. O

5.2. Reduction to a finite-dimensional problem

In this subsection, we give the proof of Proposition 4.5, which is the crucial part in our analysis. The idea of the
proof is to project system (3.3) on the different components defined by (3.12) and the decomposition (3.45). More

precisely, we claim that Proposition 4.5 is a direct consequence of the following:

Proposition 5.3 (Dynamics of system (3.3)). There exists Az > 1 such that for all A > A3, there exists s3(A) > 1 such

that the following holds for all so > s3(A):

Assume that for all s € [t, t1] for some T > T > 50, (A(‘Y)) € Va(s), then the following holds for all s € [t, 11]:

Y(s)

(i) (ODE:s satisfied by the positive modes) For n =0, 1, we have

n C
o) = (1-3) 8a0)] = -
(if) (ODE satisfied by the null mode)

CcA3

< —.

, 2
05(s) — ;92(S)
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(iii) (Control of the finite-dimensional part)

j—1

651 < )00, 4 CAT

+1 £ 3 S j S Ma
sT
~ <p+1><q+1> caAi-l
O P A LI N L Py YY)
s 2

(P+1)(51+1>)(s 7)

= + c .
10;(s) <e s |9j(f)|+s—2, Jj=012.

(iv) (Control of the infinite-dimensional part)

L+ M ey [T+ 1M Loy
UZNESY ( Ay, 1) T-0.0) ) + ﬂ
- 1+ |y|M+ Lo(R) 1+ |y|M+1 L®(R) sMT+2

(v) (Control of the outer part)

I Ae() Loy + 1Te ()|l Lo ®)
M+l

NG

(r+D(s—1)

<Ce” 200 (| Ae(DllLo®) + Ie (D)l Lo®)) +

(1+s—1),
where r = min{p, q}.

Because of the number of parameters in our problem (p, ¢ and p) and the coordinates in (3.45), the proof of
Proposition 5.3 is too long. For that reason, we will organize the rest of this subsection in 4 separate parts for the
reader’s convenience:

— Part 1: We assume the result of Proposition 5.3 in order to complete the proof of Proposition 4.5. The proof of
Proposition 5.3 will be carried out in the next three parts.

— Part 2: We deal with system (3.3) to write ODEs satisfied by 6, and 6, for n < M. The definition of the projection
of (?) on (é];”) and ( ) given in Lemma 3.4 will be the main tool to derive these ODEs. Then, we prove items (i),
(if) and (iii) of Proposmon 5.3.

— Part 3: We derive from system (3.3) a system satisfied by (Q:) and prove item (iv) of Proposition 5.3. Unlike the
estimate on 6, and 6, where we use the properties of the linear operator /% + M, here we use the operator .7 .
The fact that M is large enough (as fixed in (3.33)) is crucial in the proof, in the sense that this choice of M allows
us to successfully apply a Gronwall’s inequality at the end for the control of the infinite-dimensional part.

— Part 4: In the shortest part, we project system (3.3) to write a system satisfied by ( ") and prove item (v) of
Proposition 5.3. As mentioned early, the linear operator of the equation satisfied by A and Y, has a negative
spectrum, which makes the control of ||A.(s)| LoRr) and || Y. (s)|| Lo (r) easily.

5.2.1. Proof of Proposition 4.5 assuming Proposition 5.3

We give the proof of Proposition 4.5 assuming that Proposition 5.3 holds. Consider A > A3 and so = —logT >
s3(A), where A3z and s3 are given in Proposition 5.3.

Since (T( )) € ¥4 (s) for all [sg, s1] and (‘;811;) € 7, (s1), part (i) will be proved if we show that for all s € [so, s1]
the following holds:

M+2

[ Ae() Loy + 1 Te(S)llLo®) < N
A_(y,s) T_(y,s) AMH1
H 14 [y|M+! L®(R) H 1+ |y|M+1 L=®) 2s M2
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A/ ~ A/
|9 )< ) |9j(s)|§ o for3<j<M, (5.2)
282 ZST
2

~ A
16; ()] =52 5 for i =0,1,2,

A4 log s
102(5)] < ===

Define A =log A and take so > X so that for all T > 59 and s € [, T + A], we have

1 1 1 2
<-<-<-. (3.3)

T<s<T+A<T+s9=<27, hence, 7
T s

=)
Q

We then consider the two following cases:

Case 1: s < 59 + A. Using Proposition 5.3(iv)—(v) with t = 59, Proposition 4.3 (if) and (5.3), we deduce that

AM—H M+2
Aq(s oo + | (s o0 <———(14+10gA) < s
[ Ae() Loy + I Te(s)llLoo®) < NG ( gA) < WG
H A_(y,s) ‘ T_(y,5) Cc CAM - AMA]
Ty oy 1T+ oy ~ 5™ 5™ 7 25"
CA/-! A/ ,
0O <7 +—F7 =—F7, 3=j=M,
sz sz 252
~ Cc CcA/! A/ ,
10;(s)] < T S T 3<j=M,
s 2 s 2 252
- C 2

provided that A is large enough
To show that |6>(s)| < At logs for all s € [so, so + A], since 05 (sg) < log 0 from item (ii) in Proposition 4.3, we may
argue by contradiction and assume that there is s, € [so, So + A] such that

4logs

A*log s,
52 '

2
Sk

for all s € [s0, s%), [62(s)] <

and  02(sx)| =
Assuming that 6, (sy) > 0 (the case 6>(s) < 0 is similar), we have
d [ A*logs
05 (s5) > —
2(s0) 2 ds < 52 )

on the one hand.
On the other hand, we have from (i) of Proposition 5.3,

A% 24%1ogs,

3 3
s3 3

k]

S=S4

2A%1ogs, CA3
Oh(s,) < — = 4 T
S* s*

and a contradiction follows if A > C + 1. Hence, the estimates given in (5.2) are proved for all s € [sg, so + A].

Case 2: 5 > 5o + A. Using parts (iv)—(v) of Proposition 5.3 with 7 = s — A > 50 and recalling that 7 > 35 from (5.3),
we write

il )LAM+2 CAM+1

[Ae() o) + [ Tel(s)llLe®) < Ce 2pa=D (142),
«/7 Vs
M+1 M
H A_(y;\;—f)—l H T_(y;;—?-l = Cei%)\ A M2 CA?H ’
L+ [yl re® M1+ L=(R) (s/2) 2 s 2
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iz, A cAlm! .
10j(s)] < Ce™ 2 T 3<j<M,
Ky 2 s 2
- (i1 @tD@+D Al cA/-l
16 (s)] <Ce (2+ pa-t )A Tt 3<j=<M,
(s/2) 2 sz
~ (i tb@rd), A2 Cc A?
6501 = ce” () j=0.1.2

P <
(s/2)? + s2 7 252’
It is clear that if A > As for some As > 1 large enough, all the estimates in (5.2) hold, except for the strict inequality
for 6, (s) which is treated similarly as in the first case. This concludes the proof of part (i) of Proposition 4.5.

The conclusion of part (if) directly follows from part (i). Indeed, from item (i), we know that for n =0 or 1 and
w = %1, we have 9,(s1) = a)séz. Therefore, using item (i) of Proposition 5.3, we see that
1

) n C (-n/2)A-C
1) = (1= 2 ) (o) — 5 =
2 sl2 sl2

Taking A large enough gives w8/ (s1) > 0, which means that 6, is traversal outgoing to the bounding curve s > wAs™?
at s = s1. This concludes the proof of part (i7) and finishes the proof of Proposition 4.5 assuming that Proposition 5.3
holds.

Let us now give the proof of Proposition 5.3 in order to complete the proof of Proposition 4.5. The proof is given
in the next three parts.

5.2.2. The finite-dimensional part
In this part, we give the proof of items (i), (ii) and (iii) of Proposition 5.3. We proceed in two steps:

— In the first step, we find the main contribution to the projections P, s and 15,,, um of the various terms appearing in
(3.3).

— In the second step, we gather all the estimates obtained in the first step to derive items (i), (ii) and (iii) of
Proposition 5.3.

— Step 1: The projection of system (3.3) on the eigenfunctions of the operator #” + M. In the following, we will
find the main contribution to the projections P, 5 and P, ps of the five terms appearing in (3.3) (note that we handle
(2 + M)(Q) as one term).

S

o First term: 0 (?) From the decomposition (3.45) and Lemma 3.4, its projection on (gf ':) and (g") is 0 (s) and 67, (s),

respectively:

P8A—9’d13 aA—é/ 5.4
afu()] = m mas ()]s

o Second term: (7 + M)(%). We claim the following:

Lemma 5.4 (Projections of (€ + M)(?) on (;Z) and (g)for n<M). Foralln <M,

(i) It holds that

Puu [(% +M)<1;>] _ (1 - %) 6, (s)

o ssn(3)]- (520

+
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H A_(y,s) H Y_(y,s) 5.5)
1 + |y|M+1 L®(R) 1 + |y|M+1 L®(R)
(i) Forall A > 1, there exists s4(A) > 1 such that for all s > s4(A), lf(f;gg) € V(s), then:

Pow |2+ (2 (1 ")9 (5)

n,M + T - - E n S
B A 1 1 M+1
| Pou [(%+M)( )] (w )9 ©) =€ (5.6)
T pg—1 2 32

Proof. Let us write from (3.45)

(%+M)($) —or+m Y en(s)<f”(”> +én(s>(f"(y))

by 8n(y) §n(y)
- (%+M)<A MO, s)) =L+ La.
M(}’»S)

Using Lemma 3.2, we write

3 1 1 0
b= 3 (1-5)0(f) - (5 ) ])

n<M
From Remark 3.5, we see that

~ 1 1
Pasi (L) = (1=3) 6 (5). &,mm>=—<% 2)0(5)

We now deal with Ly. Let us write L, = :}f(ﬁ;:) + M(?:) :=Ly1+ La>. Using Lemma 3.4, we have

7

[M n] A

Pyy(La) = Z Ani2jnng2j(L21) + Buyojnllyyoi (L)1),
j=0

=z

) [M n] ) ) A

Pyy(L2) = Z Ang2jn g2 (L2,1) + Buy2jn Il (Lo1).
j=0

By the definitions of J#, I1,, and fIm given in (3.34) and (3.35) and the fact that .%;, for n = {1, u} is self-adjoint
with respect to p; (see (3.14)) together with (3.36), we have forallm =n+2j <M,

LN
Mu(La) =11 ($1T> Il /(XIA-(y,w)hm(y)mdy
nw
R

= 2 / A (o) (Ll () o1y
R

m _
= Wmll? f A—(y, $)hm (y)p1dy =0,
R

and

. . (AN A N
Ty (Lo,1) =y (guT_> = ”hm“p#z/ (gqu(y’ S))hm Mppdy
R
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= hmll, f Y_ (v, $)(Lohm () pudy
R
= =2 / Y_(y, $)hm () pudy = 0.
20w ’ a
R

Thus, P, p(L2) = Py,m(L22) and P,, m(L2) = Py, M(L2 2). By straightforward computation, they are controlled by

A_(y,s) T_(,s) A(s)
H Ty LOO(R) H T || ooy’ This concludes the proof of (5.5). Since (Y(S)) € V4 (s) (see Definition 4.1),

the right hand side of (5.5) is bounded by C %, which yields (5.6). This finishes the proof of Lemma 5.4. O
s 2

o Third term: V (§) = (“ﬁ’ )+ We claim the following:

Lemma 5.5 (Power series of V1 and V3 as s — +00). The functions V1(y, s) and V2(y, s) given in (3.6) satisfy

ca 2
Wi < SLED g ek so 5.7)
S
and for all k € N*,
k
1 -
Vitr, ) =3 Wi i)+ Wik(y,9), (5.8)

j=l1
where W; j(y) is an even polynomial of degree 2 j and Wi,k(y, s) satisfies

C(1+ [y*+2)

IWi,k(y,s)IfT, Viyl <+/s, s> 1
Moreover, we have for all |y| < /s and s > 1,
(p—DyP%b C(1+1yh
vl(y,s>+% 20| = . (5.9)
q(g—1DIr172%p C(+yl%
Va(y,s) + Tf( V| = 7y (5.10)

Proof. Since the estimates of V| and V, are the same, we only deal with V. Let us introduce
F(w)= p(w"‘1 -y’

and consider z = , we see from (3.6) that

E
Vi(y,s)=F (‘U*(Z) + ?> ,

where

S 2 -2
WV (2) = y(l +b2) T, E= bylg+w) —_ pg=DCpg+pr+q)
pq—1 4pg(p+ 1@+ D +1)

Note that there exist positive constants co and sg such that | W*(z)| and |\If* (2) + %| are both larger than % and smaller

than cg, uniformly in |z| < 1 and s > s9. Since F(w) is C* for % <|w| < ¢p, we Taylor-expand it around w = W*(z)
as follows: for all s > sg and |z| < 1,

C

E
‘F (w*(z) + ?> - F (V)| <—

N
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k

E 1 ¢
F <\y*(z) + ?) — F(V*(2)) — Z ;Fj(‘lf*(Z)) = sy

Jj=1

where F; = F () (W*(z)) are C*°. Furthermore, we Taylor-expand F(w) and F i (w) around w = W*(0) as follows: for
all s > sp and |z| < 1,

E
‘F <\Il*(z) + ?) —F(W(0))

k k—j
E ‘ C
* * Cjl l k+1 k—j+1
F(llf (z)+;> (v*(0)) — E co,z/ E_ E_O il <Clz|*"" + E |z| 4 +—sk+1‘ (5.11)

Since F(¥*(0)) = F(y) = 0, this yields estimates (5.7) and (5.8) for V;, when |z] < 1 and s > s¢. Since V] is
bounded, (5.7) is also valid for |z| > 1, that is for |y| > /s and for s > 1. Estimate (5.9) directly follows from (5.11)
with k = 1 and the definition of g given in (3.26). This concludes the proof of Lemma 5.5. O

C
<Clz| + —,
S

We now use Lemma 5.5 to derive the projections of (“gx) on (g ") and ( ) More precisely, we have the following:

Lemma 5.6 (Projections of (g; )o (f ") and (f”) ).
(i) Foralln <M and for all s > 1, we have

P viY 4P viY
M\ v, A M\ v, A

M

<= Z (16:()1 + 16: ()] +Z

Q

(16: ()] + 16:(9)1)

§ i=n— i=0 S T
LE(]A=0-9 H T_(y.9)
S 1 =+ |y|M+1 L®(R) 1 =+ |y|M+1 L®(R)

(ii) Forall A > 1, there exists s5(A) > 1 such that for all s > s5(A), lf(l%gg) € VA (s), then:

—for3<n<M,
VY Llp VY <CA"*2
M\ vy PM\VaA) | T

- forn=0,1,2,

=M\ vy A mM\yA )| = 2
Proof. From Lemma 3.4, let us write

]

ViY ViY A VY
Pn,M<V2A) = jZO An+2j,nnn+2j(V2A> + Bn+2j,nnn+2j(V2A), (5.12)
M—n
2
(o _[Z]A o (V0) 4 By oy (1F (5.13)
n,M VoA = n+2j,nlin42j VoA n+2j,nlin42j VoA . .

Thus, it is enough to estimate I1,, (XQI) and ﬁm(“g};) form =n +2j < M. By definition (3.34) and decomposition
(3.45), we write
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M
viY
a1, nm<V2 A) ViXhppr = / VIT_ hnpidy + Y 0i(s) / Vigihmprdy
R

g R i=0
M

+29i(s)/‘/1§ihm,01dy =h+Dh+1s.

i=0 3

Using (5.7), the first term can be bounded by

C H YT_(y,s)

L < —|——
|1|_s 1+|y|M+l

Cl Y=_(y,s)
1 3+m+M d < —
f( + [yl )p1dy < T Mt
R

N

L*(R) L*(R)

Since I, and I3 are estimated in the same way, we only focus on the estimate for /5.

— Ifi >m — 2, we use (5.7) to bound |fR Vlg,-hm,oldy| < %
— Ifi <m — 3, we use (5.8) to show that

C
[ Vigibwmay| < . (5.14)
R s
Let us prove (5.14). We use (5.8) to write

k
1
/Vlgihmmdy= / Vigihmordy +) / Wi,18ihmp1dy
R VIS5 = i<vs

1
+0| g [ asuPigiinlialay |,
IyI<v/s

where we take k to be the largest integer such that i + 2k < m, thatis k = [m_zi_l ]

Since |p1(y)| < Ce™ when |y| > 4/s, the first term can be bounded by Ce™¢. The last term is bounded by sk% <
mc,,. . For the second term, we note that deg(g; W1,;) =i + 2/ <i + 2k < m, hence, we have by the orthogonality

s 2
(3.17),

/ Wiigihmprdy =0.
R

This directly follows that the second term is bounded by Ce™“* and concludes the proof of (5.14). Hence, we have
just proved that

‘ (V]T)‘ C| Y_(y,9)
M, <= \—=r7
V2A N 1+|y|M‘H L(R)
C M m—3 1
+= Y (I6i@I+16:1) + Y = (10:6)] + 16: (5)]). (5.15)
§ i=m-—2 i=0 S 2
Similarly, it holds that
~ (V1T C| A
nm(l >‘§_ (y,MS)l
V2A N 1+|y| + L% (R)
C M m—3 1
+= 2 (BB + Y == (66 + 16 $)]). (5.16)

i=m—2 i=0 S 2
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Injecting (5.15) and (5.16) into (5.12) and (5.13) and making the change of index m =n + 2j, we obtain
p iy 1A Vit
=M vy A M vy A
L% (R) H 1+ |y|M+! L°°(R)>

A_(y.s)
<H1+|y| M
n—3
(16: ()] + 16: (5)1)

+? Z (16 + 16 @)+ —

i=n—2 i=0 S T

T-(,)

i=m-2 =i

M C M 3 —
+ 2 {; > (16 +16:(s)1) + Z (16: ()] + 16; <s>|)}

m=n+1 2

We rewrite the last term as follows:

Y e ¥ C
> I > (1061 + 16i ()] +Z —(16: ()] + 16; (s)|)}
m=n+1 i=m-—2 i=0 S 2
M M m—3
C C Cc ~
{; > (1061 + 16 5)] +Z# 6:)1+16:)) + = (|9i|+|ei|)}
=n+1 i=m-—2 i=0 i=n—2
l c
Z (16: ()] + 16; (1) +Z —(16:(9)] + 16: (5)1).
i=n-2 i=0 S Ea

This concludes the proof of item (i). Using the Definition 4.1 of ¥4 (s), item (if) simply follows from item (i). This
finished the proof of Lemma 5.6. O

Using estimate (5.9) and (5.10), we further refine the estimate concerning the projection of (V;I) on (g) as follows:

Lemma 5.7 (Projection of (XQI) on (Z))

(i) It holds that

M M
Y 2 C -
Pz,M(VzA) +i0w = | Z 10 ()| + Z 16()]
J=0,j#2 J=0
L] A=0-9 H T_(y,5)
S 1+|y|M+1 Lo(R) l+|y|M+1 L®(R)

(ii) Forall A > 1, there exists s¢(A) > 1 such that for all s > s¢(A), lf@gg) € YA(s), then:

Powt (V1) + 260,0)
2M Vo A st

3
< —.
§3

Proof. Using (5.9), (5.10) and decomposition (3.45), let us write for all |y| < /s,

VIT\ _ 6:6) (Wig2) . |~ ,  (Wig; Wig
(VzA) s <W2fz>+ Z 91(S)<W2fj> Zgl(s)(% ,)

Jj=0,j#2

1 (WY 1+ |y* (17
— O =1 I I I Is,
s<W2A_>+ ( 2 IA| 1t h+ LB+ 1+ 15

where



T.-E. Ghoul et al. / Ann. 1. H. Poincaré — AN 35 (2018) 1577—-1630

p(p—1)yP%b q(q — DI 2p
Wi(y)=————"""F—&((), W)= —f ).
pg—1 rq —
We first note that
C M M
P i . J.
oy (l+ 15+ 1)] < = Z |e]<s>|+Z|9]<s>|
Jj=0,j#2 j=0
+£ A_(y,s) H Y-(y,s)
K 1+ IyIM“ L®(R) 14 IyIM“ L>®(R) ’
and
C M M
Pl =5 [ D0 16,61+ 10,
Jj=0,j#2 j=0
N c A_(y,s) H T_(y,s)
S2 1+ |y|M+1 L®(R) 1+ |y|M+1 L®(R)

Therefore, the problem is reduced to prove that

w
P, M( 1gz) 5
Wa f2
To do so, let us write

— P=2p
_p(p—Dy 2) =

— = a4h4(y) + a2h2(y) + aoho,

Wi(y)g2(y) =

and

—1re2p R R R
Wa(y) f2(y) = %fz (y) = Baha(y) + B2h2 + Boho,

where hq, h>, h4 and fzo, fzz, hy4 are defined as in (3.16) with n = 1 and n = u respectively, and
_byPp(p—1(g+1)*

)

rqg—1
blq(g — 1)(p +1)*
Ba=— ,
pqg—1
__4byPp(p—D(g+ DI2(g + 1) +30 — )]
pg—1 ’
gy — 4Tl = D(p + D2pp+ 1) =301 = W]
rqg—1
__byPp(p=DI8(g + D* +4( —p)? I
pqg—1
go— P17l = DI (p +1)* +4(1 = °]
pqg —1

Using the definition of P, js given in (3.39) and the orthogonality (3.17), we see that

\"4 Wig \"4
P2,M< 1g2> = A1 ( ) + ByoIls < 1g2>
Wa 1o Wa fa W2 12

Wig . (Wig
+ A4,2H4< > + B4,2H4< >
W2 fo W2 fa

=Az200 + B2 2o + Asp0s + Bao s,

1611

(5.17)
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where the values of A, By 2, A4 and By are explicitly given by (3.41) and (3.42), that is
q p

Ayp=—rr———, Bp=———"-—,
I'Cpg+p+q) y(2pg+p+q)
4 p+1 €42
Agp=— s Bap= p ,
Cy@pg+p+q) qg+1)y=Qpq+p+q

Gy 12pqy (g + DA —w)
3pg+p+qg—1
A straightforward calculation yields

Az p0p + B oo + Aspoa + Baofa = —2,

from which (5.17) is proved and part (i) follows. Part (i) simply follows from part (i) and Definition 4.1 of ¥4 (s).
This concludes the proof of Lemma 5.7. O

Fi(Y,y,s)

o Fourth term: (;;) ")

). We first claim the following:

Lemma 5.8 (Decompositions of F| and F>). The functions F1(Y,y,s) and F2(A,y,s) given in (3.7) can be decom-
posed for all |A| <1, |Y| <1 as follows: for all s > 1 and |y| < /s,

M+1 M - -
1 y ~
k 1 1 M+2
Fi(Y,y,5)= ) T Z; Fl, <$> + Fl009) || = CITM 4 S
k=2 =0 - -
and
M+1 Mor y q c
k l ! M+2
Fy(A,y.5)— > A 7| Fox (f) + P 9) || S CIAM +
k=2 =0 - -
where Fil, & 18 an even polynomials of degree less than or equal to M and I:"il, (v, 8) satisfies
- Ca+ [y
|F;-{k(y,s)| =< T p—
s 2

On the other hand, we have forall y e R and s > 1,
IF1(F, v, )| < CIYIP, [Fa(A, y, )| < CIALY, (5.18)
where p = min{2, p} and ¢ = min{q, 2}.

Proof. We only deal with Fi(7Y, y,s) since the same proof holds for F>(A, y,s). We first note that in the region
{ly] < +/s} and for s > s for some so > 1, ¥ (y, s) is bounded from above and from below. Thus, we Taylor expand
Fy in term of Y and write
M+1

Fi(Y,y,8) = > Epp@y)Y*

k=2

< C|T|M+2

Now, we expand E1 () in terms of the variable %, and write

< .
M1

Mo
Evc() =Y TEL(Y)
=0

Then, we expand E{ (W) in terms of z = % as follows:

M/2 1

1 J 2i M+2

Ej p (W) = Y eIz < Clz M2,
i=0
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Finally, we set
M/2

Fl ()= Zel zI®and L (v.s) = Ef (W) — F{, (%) , (5.19)

which yields the desired result. This concludes the proof of Lemma 5.8. O

Using Lemma 5.8, let us now find estimates on the projection of (?') (f ”) and (f"). In particular, we claim the
following:

Lemma 5.9 (Projections of( ) on (f") and (f”)) For all A > 1, there exists s7(A) > 1 such that for all s > s7(A), if

(?8) € Va(s), then:

— for3<n<M,

b (P A Fr\| _cA”
n,M F2 n,M F2 _s%’

— forn=0,1,2,
P+ 18, (F1) < &
n,M F2 n,M F2 = S3.

Proof. Let us write from Lemma 3.4 the projections of (2) (f”) and ( ) for n < M as follows:
Fi [Mz_n] Fi ~ (F]
Pum (F2> = ;} Apy2jnllnt2j (Fz) + Bpy2jnlly (F2>’
7]

~ Fl ~ F] ~ A Fl
= A inll i B2l .
M (Fz) XZ(:) n+2j,ntln42j (Fz) + Bny2jnlln <F2>

We see that it is enough to estimate IT,, (% ') and I, ( !) with m =n +2j < M, since it implies the same estimate

for P, p and Pn M- Since the estimates for IT,, and H are similar, we only deal with IT,, ( ) which is defined as
follows:

Fi
Vo2, Ty <F2> - / Fihmprdy.
R

Using Lemma 5.8, let us write

LB
/Flhmpldy— / ZTkZS—Z [Flk([> +F1k(y s):| hmprdy
=0

i<y ¥

+ / Fihyp1dy
[yI>+/s

1
+0 / |hm|<|T|MJr2 M_H>,01dy =h+h+1.
IyI<vs

We use part (iii) of Proposition 5.1 to get the estimate
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M+1
(M+1)? m+M+1)2 [ [ logs 1 C
II3] <CA / I+ 1yl )((S—2 +W pld)’Sw,

2
Iyl<v/s

2
for all s > AZ(MIJI) . From part (ii) of Proposition 5.1 and (5.18), we see that
AM+2)p
|FiI(Y,y, )| < CIY)P < —— =C,
$2
forall y e R and s > A2M+2)_Since /p1(y) < Ce™ for |y| > /5, we then get
|| <Ce™ .

Let us now estimate /1. We write

M k . M2 L
k n.5 [ Lk 2i
Y= (D058 +0;8) + 0| . Fiy ($>=Z PR
j=0 i=0

where ell”}( are the coefficients of the polynomial F 11 « defined in (5.19). We note from part (i) of Proposition 5.1 that
17 (s) ||z < C for all s > A2M+2) from which we derive

Rk Aol (§ LR Ul ) B

where k > 2, and Y4 = Z?”:O (ngj + éjgj). From Definition 4.1 of ¥4 (s), we have

AM+1 Ml CA M u
7| < S (1 [y, |T+|<S7(1+| M,
s 2
which yields
CAk(M—H)
It =k | = = D),
s 2
Hence, the contribution coming from Y_ to the estimate of /; is controlled by CALA::D <<€ - +2 ~forn <M and s large

s 2 s 2

enough. On the other hand, we notice that F ll x (%) Tﬁ is a polynomial function in y where the coefficient of the

MZ log? s C
—g < = forn =0, 1, 2. Note also from the

term of degree m is bounded by > < = +2 for n > 3, and by

2
orthogonality (3.17) that for all polynom1al functlons f of degree n < m, We have fR fhmp1dy = 0. This implies that

log s
74

flv\<fT F1 k(y $)hy, p1dy is bounded by E for n > 3, and by < % for n =0, 1,2. From part (i) of

Proposition 5.1 and the definition of F! 1., given in Lemma 5.8, we deduce that for all / and ,

[y ¢ ¢
/ T U F G )hmprdy| = I =Mz

s 2
Iyl<v/s
This concludes the proof of Lemma 5.9. O

o Fifth term: (g;) We first expand R (y, s) and R(y, s) as a power series of % as s — +o00, uniformly for |y| < 4/s.
More precisely, we claim the following:

Lemma 5.10 (Power series of Ry and Ry as s — +00). For all m € N, the functions R (y, s) and Ry(y, s) given in
(3.8) can be expanded as follows: for all |y| < /s and s > 1,
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1615
m-— 1 2m
CA+|yl*™)
Ri(y,s) — Z TR = =5 — (5.20)
where R; i is a polynomial of degree 2k. In particular,
_b(p+ 1) 6bp(g+1) 2bp(g+D(p—1D@G+n)\ »
Rij=——|—-1+ — 5
pg —1 pg—1 (pg—1)
26T (ppu+1)  4b*q(q — DyP(q + 1)?
- 3 , (5.21)
pg—1 (pg—1)
Ry 1 — by(q+1)< 6bjg(p +1) 2bq(p+l)(q—1)(pu+l)) )
2,1 = - - ) y
pg —1 rqg —1 (pg—1)
2by(q+mp) 46 p(p— DI (pp+ 1)
+ - 3 . (5.22)
pg—1 (pg — 1)

Proof. Let us consider z = % and write from (2.8) and (2.9)

D 26T (pp+ 1)
oy, 5) =" @)+ —, D="ITET

s pg—1

E 2b +
Yo =W+ L, E=EtR

s pg —1

where @*, U* are defined as in (1.15), and b is given by (1.16).
Using the fact that (O*, U*) = (®g, Wy) satisfies (2.3), we can write from (3.8)

D 1 nD E
Ri(y.s) =5 Vo0  + 5 +-A or - PHDD g B — F(¥),
2s 52 (pq —1)s s
E DE D
R2(y’s):i'vz‘l’*+—+ﬁﬁz‘l’*—M—FG P*+ — | — G(®%)
2s s s (pg — s
where F(£) =& and G(§) = &4.

We only deal with R; because the estimate for R, follows similarly. For |z| < 1, there exist positive constants cg
and sq such that |®*(2)|, |¥*(2)],

(z) + %| and |\IJ*(Z) + %| are lager than % and smaller than cg, uniformly in
|z| <1 and s > s¢. Since F (&) is C* for % < |&| < ¢p, we expand it around & = W*(z) as follows

m

D 1 C
k k %
F(‘IJ +?> - F(V )—Z;s—ij(‘I’ (2)) SW’
]j=
where F;(£) are C*°. Hence, we can expand F;(£) around £ = W*(0) and write

D LI " C
* I H*Y - . 21 ~ 2(m— ])+2 o
F(\v +s) FO =3 =D el Z,
j=1 j=1
Similarly, we have

2m -2 C
-~ le* _ > d 2J < Zm,
2 ) ]2(:) Bl

m—1

1
SAW (@) — —Zb 2| < —|z|2’"
j=0
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m—1
U (z) — Z ejz?| < Clz|*™.
Jj=0

Gathering all the above expansion to the expression of R;(y, s), we find that the term of order % is given by

26T ) D 1
_2T(p+1) D(p+ )+pEy"‘1=0,
pg—1 rg—1
2b ) E 1
(note that for Ry, itis — wrg+h B+ )+qDF‘1_1=0)
rg—1 pq—1

hence, (5.20) follows. The formulas (5.21) and (5.22) are obtained by explicit calculations. This concludes the proof
of Lemma 5.10. O

We now use Lemma 5.10 to estimate the projections of (k') on (f:' ) and (g”) as follows:

1
2 8n

Lemma 5.11 (Projections of (g) on (g’;) and (g:)). Forall s > 1 and n < M, we have

— ifnis odd, then

Ri(y,s) ~ Ri(y,s)
P =P, =0, 5.23
"’M<Rz(y,s)> ”’M<R2(y,s)> 62
— ifn>4is even, then
Rl(yvs) =g Rl(yas) C
P, P, < , 5.24
"’M<Rz(y,S)> * "’M(Rz(y,S)) T o 629
—ifn=0and n =2, then
Ri(y,s) ~ Ri(y,s) ~ Ri(y,s) c
P, P P < —, 5.25
°’M<Rz(y,s>> - °’M<Rz<y,s) T2 Ry, 9)) | = 32 62
and
Ri(y,s) C
P < —. 5.26

Proof. Let us write from Lemma 3.4 foralln < M,

M—n
R [ : ] R A~ R
Py m Ry~ ]X:(:) Ant2jnlnt2; Ry + But2jnllni2) R)

7
) Rl |:M n]
P =
()= 2
Jj=0
Since R;(y,s) and R, (y, s) are even functions in y, we deduce that

Hj(Rl(y,s)) = ﬁ,-(Rl(y’s)> =0 if jis odd,
Ra(y, s) Ry(y, s)

which follows (5.23). Now when n > 4 is even, we use (5.20) with m = [%] and write fori =1, 2,

- Ry ~ ~ Ry
Api2jnTlpy2; R + But2jnllni2) R.)

~ 1+ |yl
Ri(y,9)=Ri3(y,5)+O(—r7—). forallly[<s, s>1,
52
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where R; is polynomial in y of degree less than n — 1. It is enough to estimate IT; (g) and Iy (gi) with n <k =
n+2j < M since the same bound holds for P, 3 and 13,,, M- We only estimate Iy (g ) because the same proof holds

1
2
for Ty (g ). From definition (3.34), we write

R
2 Iy, _
Akl 1T <R2>| = / Rihgpidy

R

1

/ Ry shiprdy| + O A / (1+ y")lhklpidy

Iyl<v/s Iyl<v/s

IA

+ /thkpldy <0+ +Ce ™,

NENE

g2+l

where we used the fact that deg(]ély %) <n — 1 < k and the orthogonality (3.17) resulting in fR Iély 2 hgp1dy =0, and

that the integral over the domain |y| > /s is controlled by Ce“*. We have proved (5.24). When n =0 and n = 2,
estimate (5.25) directly follows from (5.20) with m = 1, that is

C(+1y»
IRi(y,$)| = -2

It remains to prove (5.26). To this end, let us write from (5.20)

1 1+ [y
Ri(y,5)=s—2Ri,1(y)+O< 3 ,

where Ry 1 and Ry 1 are given by (5.21) and (5.22). Estimate (5.26) will follow if we show that

R1,1(y)
P ’ =0.
2’M<R2,1(Y))

Using Lemma 3.4 and the orthogonality (3.17) (note that deg(R; 1) =2, i =1, 2), we obtain

R1,1(y)) 1 (q (Rl,l(y)) P (Rl,l()’)>>

P =—— (%n + 211

2’M<R2,1<y> 2+ p+a \T \Roam) " 7 \Roi(y)
1

_ q -2 P2 2
T EI /Rl,lhzmdw;nhznpﬂfRz,lthudy

R R
_ bg(p+1) (_1 6bp(qg+1)  2bp(g+1)(p — 1)(CI+N«))
(rg —DH@2pg+p+9) pq—1 (pg —1)?
bp(g +1) (_1 4 Obra(p+ 1) 2bg(p+1ig = Dipu + l))
(pqg —1)2pg+p+4q) pg—1 (pg — 1)
=0,

after a straightforward simplification. This concludes the proof of Lemma 5.11. O

— Step 2: Proof of itengs (@), (i1) and (iii) of Proposition 5.3. In Step 1, we have obtained all the contribution in the
projections P, ps and P, j for the terms appearing in system (3.3). More precisely, taking the projection of (3.3) on

(;Z) and (g:) for n < M, we see that for all s € [1, 71]:
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— ifn=0and n =1, then

o) - (1-5)6a0)] = 5.

which is the conclusion of part (i) of Proposition 5.3,
— if n =2, then

3

==

65(s) 29()
$) — Z6x(s ,
2 5 2 s3

which is the conclusion of part (i7) of Proposition 5.3,
— if3<n<M,then

CAn—l

n+l

s 2

<

, n—2
6, (s) + (T) O ()

n (p+Dg+ 1)) o) cAm!

24 — <
”(S)+(2+ pq—1 o
andn=0,1,2,
5 n (p+D@+D)\ - C
Qn(S)-F(E‘i‘T 0, (s) SS—Z

Integrating these differential equations between t and s gives the conclusion of part (iii) of Proposition 5.3.

5.2.3. The infinite-dimensional part
We prove item (iv) of Proposition 5.3 in this part. We proceed in two steps:

— Firstly, we project (3.3) using the projector I1_ j;. Recall that T1_ j; is the projector on the subspace of the

spectrum of .7# which is smaller than % Unlike as in the previous part where we used the spectrum of 7 + M.

— Secondly, from the main contribution in the projection I1_ j; of the all terms appearing in (3.3), we write a system
satisfied by (Q:), then use a Gronwall’s inequality to get the conclusion.

Step 1: Projection I1_ j; of the all terms appearing in (3.3). In this step, we will find the main contribution in the
projection I1_ »s of various terms appearing in (3.3).

First term: 9, (/%) From (3.45) and (3.34) and (3.35), its projection is
A A_
Mo |o( ) [=o (5 ):
Second term: (7 + M)(Q) We have the following:

oo () )

where we used the fact that H,,M(gz) + H,,M(g:) =0foralln < M.

Third term: V (%) = (“2 ). We claim the following:

Lemma 5.12 (Projection of (“gx) using T1_ pr).
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(i) Foralls > 1, we have

LT T (T |
o M1 = 1IIL®[R - T M1
LIy o) ST+ e
M C ~
+ Y s (0] + 18a ().
n=05 2
II_ y(VaA) ( C A—
T < (Ml + = ) | ——
H 1+ |y|M+! L®(R) ® S 1+ [y|M+ L®(R)

M C -
+ZW(|9,,(S)| + 16 (5)]).

n=0"%
(ii) Forall A > 1, there exists s§(A) > 1 such that for all s > s3(A), lf@gg) € V4(s), then

_ (V1Y) T cAM

— <IVilleew) | — 3757 + —
H 14 |y[M+! L®(R) ® 14 [y[M+! L®(R) sMTJrZ

_ 1 (VaA) - cAM

— <IVallLe@) | 3757 + =
H 1+ |)’|MJrl L®(R) ® 1+ |)’|MJrl L®(R) s#

Proof. We only deal with V| Y because the proof for VoA is similar. Let us write Y = Y4 + Y_, where T4 =
My Y =Ad—TI_ »)Y and

Moy Vi) =ViYo — Iy (1Y) + Ty (VITy).
The first term is obviously bounded by

ViT_
1+ |y|M+1

T_
<IVillLe®) W

L®(R) L>®(R)

Note that if | f(y)| < o (1 + |y|¥) for k € N, then I+ m f(y)] < Co. Using this property and (5.7), we obtain the
bound for the second term
My (V1Y)
1+ |y|M+1

T_

C
< — ||
1+|y|M+1

L®(R) s

Leo(R) .

For the last term, let us write from (3.38),

M
My (Vi) =Y T y[Vi(6agn +0a8n)]:
n=0

If M —n is odd, we use (5.8) with k = % hence,
k

H—,M[Vl (Ongn + engn)] = Z

j=1

+ T [WikOngn + 0ngn)] =11 + L.

1

o [H_,M[Wl,j (Ongn + éngn)]]

Since deg(g,) = deg(gy) =n and n + 2k = M — 1 < M, we deduce that I} = 0. Moreover, since |W1,k(y, )| <
Sk%(l + |y|2k+2), we deduce from (iv) of Lemma A.2 that

Hf‘M[Vl (G +9~ngn)]
1+ |y|M+1

_ CUBI+16,)D

M—n+1
2

L®(R) N
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Similarly, when M — n is even, we use (5.8) with k = M{ “ and argue as above to obtain the same estimate. This

concludes the proof of part (i). Part (if) simply follows from part (i) and Definition 4.1 of ¥4 (s). This finishes the
proof of Lemma 5.12. O

Fourth term: (g) We claim the following:

Lemma 5.13 (Projection of (g) using I1_ p). Let (?8) € Va(s). Thenforall A>1and K > 1 introduced in (3.11),
there exists s9(A, K) > 1 such that for all s > s9(A, K), the functions F1(Y,y,s) and F2(A,y,s) defined by (3.7)

satisfy:

2
M mlFi(T,y, $)] _ AN
Ly e = 52
and
2
M_mlFy(A.y. )] _cAvT
14 [y|M+1 Lo@®) | g

where p = min{2, p} and g = min{2, g}.

Proof. We only deal with F; (7Y, y, s) because the similar estimate holds for F>(A, y, s). Since the proof is similar
to the proof of Lemma 5.12, we just give the key estimate. We first notice that for all polynomial functions f(y)
of degree M, we have II_ j/ f(y) = 0. Hence, the conclusion follows once we show that there exists a polynomial
function Fi p of degree M in y such thatforally e Rand s > 1,

(M+2)?

|Fi — Fm| < (1+ [y|M*1, (5.27)

M+1+p
Ky 2
where p = min{2, p}. In particular, we take
M+1 My y
Fiy =TI Y —Fl (=) ].
=t 33t ()]
k=2 =0
To prove (5.27), we recall from Lemma 5.8 that

MZ-HT](Z |:F1 k( )+F] k(y,s):|

We first consider the region |y| > 4/s. From (5.18) and part (ii) of Proposition 5.1(ii), we have

<O 4

M+2

NG

From Lemma 5.9, we know that for all n < M,

F ~ Fy CA"
Pn,M F2 Pn,M F =< ni2

2 s 2
In the region |y| < /s, we use the same argument as in the proof of Lemma 5.9 to deduce that the coefficient of
degree k > M + 1 of the polynomial

M+1 M1 y
Ty —Fl, (—) - Fim
>y (3

k=2

|F1|scmﬁsc( )M—H(1+|y|M“).
s 2

+

. k
is controlled by %, hence,
52
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M+1 . M l y 2M+2 it
T —Fi | =)= Fiu| < —5=— A+ ",
Using part (i) of Proposition 5.1 yields
M+1 . M 1 -, 2M+2 el
DX S F )| = T U M.
k= 1=0" s 2

To control the term | Y| *2, we use parts (i) and (iif) of Proposition 5.1 to get

M+1\ M+1  p41
s o (A) A e

s
21 M+1 .

NG ) A+ yImT)

A collection of all the above estimates yields (5.27). The conclusion of Lemma 5.13 follows from (5.27) by using the

same argument as in the proof of Lemma 5.12. 0O

Fifth term: (gi) From Lemma 5.10, we have the following:

Lemma 5.14 (Projection of (g) using T1_ p1.). The functions R1(y, s) and Ra(y, s) defined by (3.8) satisfy

o

+3 °

2

M_ m[Ri(y.5)]

<
1+|y|M+1 -

Lo®) S

Proof. Applying Lemma 5.10 with m = MTH, we write for all |y| <./s and s > 1,

M/2
; CA+ M) _c(+lyMH)

Ri(y$) = Y s Riky)| < < o
k=1 s 2 S 2

Since deg(R; x) =2k < M, we have I1_ j/R; y = 0. The conclusion simply follows by using (iv) of Lemma A.2. This
ends the proof of Lemma 5.14. O

We are ready to prove part (iv) of Proposition 5.3.

Step 2: Proof of item (iv) of Proposition 5.3. Applying the projection IT_ s to system (3.3) and using the various
estimates given in the first step, we see that A_ and Y_ satisfy the following system:

1
oA =LA — PF
rqg—1

1
HY. =21 — 1F
p

A_+pyP 'Y+ G-y, 9)

T +qTP7 A+ Go_(y,9),

where G — and G, _ satisfy

Gi,—-(y,5) < IV T_ N CAM  CcAM+2?

— <IVillew | —— —,

ENTTLECY P e TN P =
and

Gz,,(y,s) - ”V ( )” A N CAM N CA(M+2)2

—_— <IVallewy | — -

L+ Y | Lo ) ®) T+ | oy 252 JRzESE
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Using the semigroup representation of .%;, with n f {1, u}, we write for all s € [7, 71],

s

, 1
A_(s) =S OGN _(1)+ f =52 <—LA(S/) +pyPIr_(s) + Gl,(s’)> ds’'

pq —1

T

/ 1
T_(5) =0 L (1) + / e (‘LT L)+ TP AL + Gz,(s’>> ds'.

pq—1

T

Using part (iii) of Lemma A.2, we get

H A_(s) S Ml ) ‘ A_(7)
1+|y|M+1 Loo— 1+|y|M+1 L0
N
/
+ p+1 /\e—#(s—s’) ' Ai(é;\/l) - /
pq—lr L4 [y M+ o
s ( ,
p—1 — ML (s T_(s) /
+py /e i 1+ |y|M+! Loods
T
s
+ / M= | GLOn D
T+ 7 |
T
and
H T_(s) — ML (5 g ‘ T_(7)
1+|y|M+1 Loo_ l+|y|M+1 Lo
N
/
+ qg+1 /e—MzH(s—s’)' T_(SM) 1 ds’'
pq—lr L+ |y[MHH] oo
[ (s)
M+1 ’ A_(s
+qu_1/e_T(S_S) _ s/
J 1+|)’|M+1 Lo
s
+ / e~ M=) _sz—_(yﬁ’li)l ds'.
1+|y| Lo
T
If we set A(s) = H 14:\|;|(1‘S4)+1 Lo + H 1J:r|;\(1‘54)+1 Lo’ then we have

A(s) < e T D (T)

s

Ml
—{—/6 H (s Y)(“M”oo + I Villze + ||V2||Loo)k(s/)ds/

T

N 2
Cme oy (AMEDT o g AM
—i—C/e 5— (s s)(W s +S/2>+E ds/,
s 2 s’/ 2
T

+1 -1 g+l -1
where || M || = max #4—}7)/” ,%+qrq .

Since we have already fixed M in (3.33) such that

M = 4([Mlloo + 1+ [VillLe + 1 V2llL),
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g—1

p—1
and that A(M+2? (s’ R ) < AM for s’ large enough, we then apply Lemma A.1 to deduce that

AM
M+2
s 2

eMTHS)»(s) < e%(s_f)eMTﬂfk(r) + Ce' s
which concludes the proof of part (iv) of Proposition 5.3.

5.2.4. The outer part 3
We prove part (v) of Proposition 5.3 in this subsection. Let us write from (3.3) a system satisfied by A, = (1 —

x(2y,$)A and Y, = (1 — x 2y, )Y

- - +1
3sAe=$1Ae— P
p

lixe + (1= xQy, s)(Fi(T,y,5) + Ri(y, )

— A(s) (asx(Zy, s)+AxQ2y,s)+ %y -Vx 2y, S)) +2div(AVx(2y,s)),

> > q+1
95 Y, ZZLTQ - »

1% + (1= xQ2y,s)(Fa(A, y,8) + Ra(y, 5))

1 .
—Y(s) <8sx(2y, s) +unAxQ2y,s)+ 3V VxQ2y, S)) +2pdiv(YVx 2y, 5)),
where
Fi(Y,y, ) =T+ 917 0+ 9) =P, Fa(A,y, ) =|A+0"7 (A +9)—¢?.
Using the semigroup representation of ., with € {1, .} and parts (i)—(ii) of Lemma A.2, we write for all s € [, 71],

~ _ptl oo ~
1Al <e 7T DA (1) oo

S
+1 / 3
+fe_#(s—s) (H(l — xQ2y.sNFi(s))

T

=Xy DRIE e )

N

T

ds’
LOO

1
’A(S’) <3sx(2y, s+ Ax 2y, s+ 7 Vx 2y, s’))

N

_pHl C
+ / e [0\ XN P

V1—e 6=

and

~ _gtl ~
ITe)lze <e 7T To(0) I 1oo

N
+1 / 3
+/e—p"q—_l(s—S) (H(l — x 2y, s F>(s")

T

A= x @y DR )

s
— Ll gy / / / 1 /
+ | e pa T Y(s) 8sx(2y,s)+MAx(2y,s)+§y-Vx(2y,s)

T

ds’'
LDO

N
_ g+l

+ / e pa—1 (S_S/)ic
V1—e =5

T

IT()Vx 2y, sHlL~ds’.

From the definition (3.11) of x and part (i) of Proposition 5.1, we have
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1
HA(S/) (8sx(2y, s+ AxQ2y,s)+ 7 Vx 2y, s’))
LOO

1
+ ”T(s/) (Bsx(Zy, s +uAxQ2y,s") + A Vx 2y, s'))
LOC

<cl1 1 Als' oy - cAM+1
= + KZS/Z (” (S )"LOO(U‘SK\/;/) + “ (S )”LOO(IylS[(\/;/)) = T’

and

IAG)V xRy, 5L + 1TV X (2y, s) |1
CAM+1

/

C
= xT (1AM o0y + ITE 12k ) <

N

Recalling from (3.9) the bound for R and R, we have

C
[0 =x@y s DRG] o = 50 i= 102
We also have

[ - @y )

N 2! nyP—1 v /
SOOI e FIXEOIEL o Y ITe)l
r+1

< ———— I Te(s) I,
20pg—1)" ¢

for K large enough, where

r=min{p, q}.
Similarly,

+1

< Rl
s = 30—y 1Al

[a=x@y.snEe)
If we set A(s) = || Ae(s)]| 2o + || Te(s)| 2o, then we end up with

ol oo
A(s) < e P10 (r)

S
ol 1 CAM+] CAM+]
+/e pa1 O *)< rt A(sh) + ds’'.

+
2(1761 - 1) \/? s’V 1 — e—(s—s’)

Applying Lemma A.1, we finally obtain

T

M+1

(s—1T++/s—1).

A(s) < e T () + c4

NG

Since supp(1 — x (y,5)) C supp(l — x(2y, s)), we have [ Allzo < [[Allz and | T,z < [|Tel|zo. This concludes
the proof of part (v) of Proposition 5.3.

6. Stability of the constructed solution

In this section we give the proof of Theorem 1.8. The proof strongly relies on the same ideas used in the proof
of Theorem 1.1. That is the use of finite-dimensional parameters, the reduction to a finite-dimensional problem and
the continuity. As the proof of Theorem 1.1, we only give the proof of Theorem 1.8 in the one dimensional case
for simplicity, however, the same proof holds for higher dimensions. We claim the following which directly follows
Theorem 1.8:
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Pr0p0s1t10n 6.1. Let (i1g, Vo) be the initial data of system (1.1) such that the correspondmg solution (it, 0) blows up in
finite time T at only one blowup point a and (t(x, 1), 0(x, 1)) satisfies (1.14) with T = T and a = a. Then, there exist
By > 1, so > 1, a neighborhood &y, of(T @) in R? and a neighborhood %4 of (iig, o) in L®(R) x L>®(R) such that

the following holds: for any (ug, vo) € %4, there exists (T, a) € E, such that for all s > s, (1%;“8) € VB, (s), where

A1a(y,8) =Pr.a(y.5) —@(y.5), Tra(y,s)=V¥ra(y,s) =V (,s). (6.1)

Here, (®r,4, VT o) is defined as in (1.10), where (u, v) is the unique solution of (1.1) corresponding to the initial
datum (ug, vo) and the profiles ¢ and  are given by (2.8) and (2.9) respectively.

Indeed, once Proposition 6.1 is proved, we deduce from part (ii) of Proposition 5.1 and (1.10) that (1.14) holds
for (u, v). Then, Proposition 4.7 applied to (u, v) shows that (u#, v) blows up at time T at one single point a. Since
part (iii) of Theorem 1.1 follows from part (ii), we conclude the proof of Theorem 1.8 assuming that Proposition 6.1
holds.

Let us now give the proof of Proposition 6.1. The proof is analogous to the case of equation (1.3) treated in [29]
(see also [38]). For the reader’s convenience, we give here the main idea of the proof. The interested reader is kindly
referred to the stability section in [29] and [38] for more details.

We consider (i1, 1) the constructed solution of system (1.1) in Theorem 1.1, and call (i1g, Vo) its initial data in
L*®(R) x AL°°(R), and (T, a) its blowup time and blowup point. From the construction method given in Section 4, we
consider A > 1 such that

A .
<A (S)) € “I/A(s) foralls > —logT,

T(s)
where
R N ~ _ (pt+Ds YR s A _
A9 =009 =09, bns)=e mli(atye™s F—e™), (6.2)
A A A (g+1Ds s A
TG, 5) =V, 5) =¥ (v, s), W(y,s)=e 1o (a fye: - e—S) , (6.3)

and ¢, ¢ are defined in (2.8) and (2.9).
Let ¢p > 0, we consider (uq, vg) € L (R) x L (R) such that

(ho, g0) = (uo — i, vo — Vo), llhollzeew) + lgoll L) < €o.

We denote by (u, v),,,4, the solution of system (1.1) with the initial data (ug, vo), and by T (ug, vo) < +o0 the
maximal time of existence from the Cauchy theory in L (R) x L*°(R).

Our aim is to show that, if €y is small enough, then T (ug, vg) < +00 and (u, v),,y, blows up in finite time
T (uo, vo) only at one blowup point a(uq, vg) with

IT (uo, vo) — T| + la(uo, vo) —a| — 0 as ey — 0.

Moreover, there exist B > 1 and 5o > — log T large enough such that

<AT,a (s)
TT,a (S)
where At 4 and Y7 , are defined in (6.1).

Introducing for all x e R and 7 € [0, min{T (ug, vo), T}),

) € Vp(s) foralls > s,

(h(-xvt)’ g(-x9t)) = (M()C, l) - ﬁ(xvt)v U(.X, t) - f)(x, t))v

we see from (6.1), (6.2), (6.3) and (1.10) that for any o € [— log T, — log(f — T (uo, v0))+),
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AT,a,uo,vo(y’ SO) = [\O(T’ a’ MO, UO’ yv UO)

[ PN
=1+ 011 [A 00) + 0z 00)| - 0, 50)
p+l_ (ptDoy 90 A
T+ (I 47)raTe T h (ze_T, 7 —e—"O), (6.4)
TT,a,uo,vo (y,50) = :TO(T, a, ug, vo, ¥, 00)

= (14 D [T 00) + ¥ (2,00) |~ ¥ 50,

gq+1 _ (g+Dog oy A~
L 4r)rte il g (ze_T, 7— e—%) , (6.5)
where
T=(T —T)e™, z= wWl+t+a, a=(a —Ez)eaTO, so = og — log(1 + 7). (6.6)

In view of (6.4) and (6.5), (1—;3)(T, a, uop, vo, 0g) appears as initial data for system (3.3) at time s = sg(o9, 7) and
our parameters is now (7', a) replacing (dp, d1) in (4.2). In particular, we have the following property:

Proposition 6.2 (Properties of initial data (f—;g)(T, a, ug, vo, 09) given in (6.4) and (6.5)). There exists By =
Bo(M, /i) > 1 such that for any B > By, there exists oé(B) > 1 large enough such that for any oy > 06, there exists
€o(00) > 0 small enough such that

o — ol Loo vy + lvo — Doll oo my < €0(00),
and the following hold:

(i) There exists a set

90
= A 2Be™(pg—1) . _BeT2(pg—1)
DB, o,u0,v0 C (T,a)‘IT—TI§—2, la —al < ——— ¢,

o'O bo‘o

whose boundary is a Jordan curve such that the mapping
(T, @)+ (60.0,00.1)(T, a, uo, vo,00), so=00—log(l +1),

(where 0y ; = Pi,M([—;g) fori=0,1and (1—;3) stands for (f%g)(T, a, ug, vo, 00)), is one to one from Dg. oy uy.vy ONLO

N+1
[_%’ %:| . Moreover, it is of degree —1 on the boundary.

(i) For all (T, a) € Dp.oy.ug.v» (IY\S) verifies

_ BM+2 B BM+2
Ao, < o Yoe < ,
0,e \/E 0,e \/E
Ao, (y) BM+! Yo, (y) BM*!
ENNEE DNEER PR IR
0
_ B] = A] .
00,1 < —7»  100,j| < —7 for 3=j =M,
sn 2 $p 2
0 0
= B2
160.i] < — fori=0,1,2,
So
- B*logs
1,2 < =20,

S0
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60,0 < ol = 5
0,0 _S(%’ 0,1 _Sg.
Proof. The proof directly follows from the expansion of (f%g) given in (6.4) and (6.5) for (T, a) close to (f", a). It

happens that the proof is completely analogous to the case of equation (1.3) treated in [29] (see also [38]). For this
reason, we omit the proof and kindly refer the interested reader to Lemma B.4, page 186 in [29] and Lemma 6.2 in
[38] for analogous proofs. 0O

With the result of Proposition 6.2 in hands, we are ready to complete the proof of Proposition 6.1. Recall that in the
existence proof given in Section 4, we had to specific choice of the two parameters (do, d1) € R? appearing in (4.2)
in order to guarantee that (%Ef;) doudh € V4 (s) for all s > so for some A > 1 and s9(A) > 1 large enough. In particular,
we choose (dp, d1) € Dy, so thatoihe initial data at s = s of (3.3) is small in ¥4 (sg). Together with the dynamics of
system (3.3) given in Proposition 5.3, we show that it stays small in ¥4 (s) up to s = so + A for some A =1log A (see
Subsection 5.2.1). In the case s > 59 + A, we didn’t use the data at s = 59, we only used Proposition 5.3 to derive
the smallness of the solution. In particular, we derive the so-called reduction of the problem to a finite-dimensional
one (see Proposition 4.5). Then the topological argument for the finite-dimensional problem involving two parameters

(do, dy) allows us to conclude the existence of (dy, d;) € Dy, such that the solution of (3.3) with initial data (4.2)

is trapped in #4(s) for all s > s9. Now, starting from (1—;3)(T, a, ugp, v, op) at time s = so and applying the same

procedure as for the existence proof including the reduction to a finite dimensional problem (see Proposition 4.5) and
the topological argument involving the two parameters (7', a), we end-up with the existence of (T (1o, vo), a(uo, vo)) €

ﬁB,ao,uo,vo such that system (3.3) with initial data at time s = s, (%’)(T(uo, vg), a(ug, vo), ug, vg, 0g), has a solution

([_T\)oo,uo, % such that

A
(- (s)) € ¥Vp(s) foralls > sg.
() ug,v9,00

By definition, (%’)(T(uo, vo), @(ug, Vo), to, Vg, 0p) is the initial data also at time s = s defined in (6.4) and (6.5),

of (é) , another solution of the same equation (3.3). From the uniqueness of the Cauchy problem, both solutions
up,v0,00

are equal and have the same domain of the definition and the same trapping property in #5(s). Reminding that

() 70,009,000 000,09, (¥ 8) 18 defined for all (v,s) € R x [ —log T (uo, vo), —log((T (o, vo) — T (uo, v0))+)],

which implies that

T (uo, vo) = T (uo, vo)

and
(A(S)) = <{\(S)> € ¥p(s) foralls > sg.
TG/ Fuo.v0).ao.vo)mowoco N L) g vp.00

This concludes the proof of Proposition 6.1 as well as Theorem 1.8.
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Appendix A. Some elementary lemmas.

The following lemma is the integral version of Gronwall’s inequality:
Lemma A.1 (A Gronwall’s inequality). If A(s), a(s) and B(s) are continuous defined on [so, s1] such that

A(s) S/\(So)-i-/Oé(f)/\(f)df+/ﬂ(f)dt, 50 <8 <1,

50 50



1628 T.-E. Ghoul et al. / Ann. I. H. Poincaré — AN 35 (2018) 1577-1630

then

s s T

A(s) <exp fa(r)dr k(s0)+fﬂ(r)exp —/a(r/)dr/ dt

50 50 50

Proof. See Lemma2.3in[21]. O
In the following lemma, we recall some linear regularity estimates of the linear operator .%;, defined in (3.4):

Lemma A.2 (Properties of the semigroup e*<"). The kernel e (y, x) of the semigroup e* “n s given by

"(y,x) ! exp( 'ye_r/z_”z) Ve >0 (A1)
y’x = T 4 N ’ >V, .
[4r(1 — )]V 4n(l —ev)
and "% is defined by
e“‘(f"g(y)=/eff"(y,x)g(x)dx- (A2)

RN
We also have the following:

0 | effngHLm(RN) < gl o, for all g € L(RY).
.. @ . N
(i) ‘ e™“ndiv(g) HLOO(RN) WHgHLm(RN)for all g € L*(R"Y).

i) If |g(x)| < (1+|x|M+1)forallx e]RN then

AT (g())| = Cem FE A+ M, vy eRY,
(iv) Forall k > 0, we have
H - m(g) H 8
1+ |y|M+k Lo°(RN) - 1+ |y|M+k Lo°(RN)
Proof. The expressions of e (y, x) and ™% are given in [3], page 554. The proof of (i)—(ii) follows by straight-

forward calculations using (A.1) and (A.2). For (iii)—(iv), see Lemmas A.2 and A.3in [27]. O
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