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Abstract

We study singularity structure of Yang—Mills flow in dimensions n > 4. First we obtain a description of the singular set in terms
of concentration for a localized entropy quantity, which leads to an estimate of its Hausdorff dimension. We develop a theory of
tangent measures for the flow, which leads to a stratification of the singular set. By a refined blowup analysis we obtain Yang—Mills
connections or solitons as blowup limits at any point in the singular set.
© 2018 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Given (M", g) a compact Riemannian manifold and E — M a vector bundle, a one parameter family of connec-
tions V; on E is a solution to Yang—Mills flow if

A

” = —D%f Fy,.

This is the negative gradient flow for the Yang—Mills energy, and is a natural tool for investigating its variational
structure. Global existence and convergence of the flow in dimensions n = 2, 3 was established in [16]. Finite time
singularities in dimension n = 4 can only occur via energy concentration, as established in [18]. More recently this
result has been refined in [5,21] to show concentration of the self-dual and antiself-dual energies. Preliminary investi-
gations into Yang—Mills flow in higher dimensions have been made in [7,15,22].

In this paper we establish structure theorems on the singular set for Yang—Mills flow in dimensions n > 4. Our
results are inspired generally by results of harmonic map flow, specifically [12—14]. The first main result is a weak
compactness theorem for solutions to Yang—Mills flow which includes a rough description of the singular set of a
sequence of solutions. A similar result for harmonic map flow was established in [12]. Moreover, a related result on
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the singularity formation at infinity for a global solution of Yang-Mills flow was established in [9]. We include a
rough statement here, see Theorem 4.1 for the precise statement.

Theorem 1.1. Fix n > 4 and let E — (M", g) be a vector bundle over a closed Riemannian manifold. Weak H!2
limits of sequences of smooth solutions to Yang—Mills flow are weak solutions to Yang—Mills flow which are smooth
outside of a closed set X of locally finite (n — 2)-dimensional parabolic Hausdor{f measure.

The first key ingredients of the proof are localized entropy monotonicities for the Yang—Mills flow, defined in [9],
together with a low-entropy regularity theorem [9]. Fairly general methods allow for the existence of the weak limit
claimed in Theorem 1.1, and the entropy monotonicities are the key to showing that the singular set is small enough to
ensure that the weak limit is a weak solution to Yang—Mills flow. The arguments are closely related to those appearing
in [9,12,19].

The second main result is a stratification of the singular set. This involves investigating tangent measures associated
to solutions of Yang—Mills flow. In particular we are able to establish the existence of a density for these measures
together with certain parabolic scaling invariance properties. One immediate consequence is that we can apply the
general results of [23] to obtain a stratification of the singular set. See §5 for the relevant definitions.

Theorem 1.2. For 0 <k <n — 2 let

¥ = {Zo € ¥ |dim (@0 (1)) =k.Viu* € TZO(IL)} .

Then dimp (Xy) < k and X is countable.

The third main theorem characterizes the failure of strong convergence in the statement of Theorem 1.1 in terms
of the bubbling off of Yang—Mills connections. Again, an analogous result for harmonic maps was established in
[12]. The proof requires significant further analysis on tangent measures, leading to the existence of a refined blowup
sequence which yields the Yang—Mills connection. We give a rough statement below, see Theorem 6.1 for the precise
statement.

Theorem 1.3. Fix n > 4 and let E — (M", g) be a vector bundle over a closed Riemannian manifold. A sequence of
solutions to Yang—Mills flow converging weakly in H'? either converges strongly in H'-2, and the (n —2)-dimensional
parabolic Hausdorff measure of ¥ vanishes, or it admits a blowup limit which is a Yang—Mills connection on S*.

A corollary of these theorems is the existence of a either Yang—Mills connection or Yang—Mills soliton as a blowup
limit of arbitrary finite time singularities. For type I singularities the existence of soliton blowup limits was established
in [22], following from the entropy monotonicity for Yang—Mills flow demonstrated in [8]. The existence of soliton
blowup limits for arbitrary singularities of mean curvature flow was established in [ 10], relying on the structure theory
associated with Brakke’s weak solutions. A preliminary investigation into the entropy-stability of Yang—Mills solitons
was undertaken in [3] and [11]. Those results now apply to studying arbitrary finite-time singularities of Yang—Mills
flow, as all admit singularity models which are either Yang—Mills connections or Yang—Mills solitons.

Corollary 1.4. Fixn > 4 and let E — (M", g) be a vector bundle over a closed Riemannian manifold. Let V; a smooth
solution to Yang—Mills flow on [0, T) such that limsup;_, r ‘Fv, ‘CO = 00. There exist a sequence {(xi,t;, i)} C M x

[0, T) x [0, 00) such that the corresponding blowup sequence converges modulo gauge transformations to either

(1) A Yang—Mills connection on S*.
(2) A Yang—-Mills soliton.
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2. Background

We will begin with a discussion of notation and conventions that are used throughout the paper. We will then
provide general analytic background as well as a review of Yang—Mills flow and its key properties.

2.1. Notation and conventions

Let (E,h) — (M, g) be a vector bundle over a closed Riemannian manifold. Let S(E) denote the smooth sections
of E. For each point x € M choose a local orthonormal basis of 7M given by {3;} with dual basis {¢'} and a local
basis for E given by {u,} with dual basis {(x*)¥} for the dual E*. Let AP (M) denote the set of smooth p-forms over
M and set AP(E):= AP(M) ® S(E). Nextset End E := E ® E*, where E* denotes the dual space of E and take

AP(AdE) :={we A’(EndE) | hwwg = —hgywl}.

The set of all bundle metric compatible connections on E will be denoted by Ag (M). Given a chart containing p € M

the action of a connection V on E is captured by the coefficient matrices I' = (Ffaei ® upg @ uy), where
Vg = F?ﬂei Q s

When sequences of one-parameter families of connections {V/} are in play we will at times drop the explicit depen-
dence on ¢ and i for notational simplicity.

2.2. Weak solutions of Yang—Mills flow

We first recall here the definitions of Sobolev spaces relevant to discussing convergence of connections. Refer to
([18] §1.3) for further information. Using this we give the definition of a weak solution to Yang—Mills flow.

Definition 2.1. Fix Vs a background connection on E. The space H LP(AT(Ad E)) is the completion of the space of
smooth sections of A’(Ad E) with respect to the norm

1 1/p
p
Yl gt ai = Hv“‘)r‘ <0
Yl grr i ad EY) (k—O wef 1| Lo caicad £y

We will say that a connection V is of Sobolev class H'P, and write V € HP, if V = Vet + Y where Y €
H''? (AY(AdE)).

Now, for a vector bundle E — (M, g) over a Riemannian manifold, recall that the Yang—Mills energy of a smooth
connection V on E with curvature Fy is

YM(V) := %f|Fv|2 dv.
M

From this we can consider the corresponding negative gradient flow, which is easily shown to be the Yang—Mills flow:

LAY *
8_1" == szva'

With these definitions in place we can now define the notion of a weak solution to the flow.
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Definition 2.2. A one-parameter family V, = Vo + Y is a weak solution of Yang—Mills flow on [0, T'] if
Y e L'([0,T]; L*(A'(ADE)),  Fy, € L®([0, T]; L*(A*(Ad E))),
and if for all a; € C*°([0, T']; HIZ(AZ(Ad E))) which vanish at t =0,¢ = T, one has

St~

/<Tu%>—(Fv,,vta,)dth=0. @.1)
M

2.3. Blowup constructions

Here we will give a discussion of the construction of blowup limits in the setting of Yang—Mills flow. First we
define the fundamental scaling law.

Definition 2.3. Fix U C R" and consider the restricted bundle E — U. Suppose V; is a smooth solution to Yang—Mills
flow over U on [0, T). Fixing a basis for E, V; is described by local coefficient matrices I';. Given zg = (xg, f) €
U x [0,T) and A € R we define a connection V,)‘ 20 via coefficient matrices

7% (x) = A2 4 (A +X0) - (2.2)
Typically the basepoint zg will be suppressed notationally when understood.

Now consider a sequence {(x;,#;,1;)} C M x R x [0, 00) with A; — 0. Assuming M is compact there exists a

subsequence such that {x;} — xo, € M. Moreover, we can pick a chart around x, so that the tail of the sequence {x;}

is contained within this chart, identified with B; C R”. For sufficiently large i, define a connection Vti via coefficient
matrices

Ti(x) =T ().
We call {V,’ } an (x;, t;, Aj)-blowup sequence. Note the corresponding curvatures are scaled in the following manner,
Fyi(x) = AI'ZFVA;H,,. (hix +x;). (2.3)
points are chosen as a maximal blowup sequence so that the curvatures are bounded, then these blowup solutions

converge to a smooth ancient solution to Yang—Mills flow. However, in our analysis though we will be choosing very
general sequences and taking weak limits.

Observe that the domain of V,i contains B, -1(x;) x [ %], so that the limiting domain is R” x (—o0, 0]. If the

2.4. Parabolic Hausdorff measures

For any 0 <k <n and any Q2 C R”, the k-dimensional Hausdorff measure of 2 is defined by

k . k P k
H () :611%7{5(52) :11({11}16&{2@ | 2 C UBri(Zi),Zi e, ri<éyg.
1 1
This leads to the definition of Hausdorff dimension, i.e.
dimy (Q) = inf {d >0 | H4 () =0).

Next, we define the parabolic metric ¢ on R" x R given by, for (x,1), (y,s) € R" x R,

0 ((x,1). (v,9)) = max { ¥ = yI. Vi =51}

We can obtain the notion of parabolic Hausdorff dimension by using covers by balls with respect to this metric. In
particular, for any 0 < £ <n + 2 and any 2 C R" x R, the £-dimensional parabolic Hausdorff measure of €2 is given
by



C. Kelleher, J. Streets / Ann. I. H. Poincaré — AN 35 (2018) 1655-1686 1659

PLUQ) = ‘Sli_r)r%)Pf(SZ) = ligrl)igf{z:rf |QC U P (zi),2i €1 < 5} ,
i i
where, for zo = (xg, fp) € R" x R,
P (z0) := {z:(x,t) eR" xR ||x —xo| <r, |t — 10| <r2}.
Using this we can then define the parabolic Hausdorff dimension
dimp () :=inf {d > 0 | P4(Q) = 0}.

3. Monotonicity formulas

In this section we observe some energy and entropy monotonicity formulas for solutions to Yang—Mills flow which
are central to the analysis below.

3.1. Energy monotonicity

Lemma 3.1. Let V; be a solution to Yang—Mills flow on M X [t1, r2]. For any ¢ € C(l) (M, [0, 0)),

(-l o= (74

Proof. We differentiate and find that

s,

Wf‘l’ i Fy,, ﬂ)) b2 dV dt.

:_2/ (5725 = F)+ |57 ") #?av.

Integrating both sides over [#1, f2] yields the result. O
3.2. Entropy setup and scaling laws

Let (M, g) be a Riemannian manifold. Let ¢j; > O be a lower bound for the injectivity radius of M. Note that if V;
is a smooth solution to Yang—-Mills flow on M x [0, T'), we can restrict it to any coordinate neighborhood B,,, C R"
is the Euclidean ball in R” centered at the origin. Now fix zq := (xg, fp) € R" x [0, 00), and define

_lr=xo
e 4]t—10]

@ |t —1o)"*

GZO (xs t) =
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We need to move this function onto the manifold M, and so we must localize. For xo € M we let B,, denote the set
of cutoff functions, that is, all ¢ € C(‘)>o (BLM (x0), [0, oo)) such that

¢ €[0, 1], ¢ =1on B%(xo), supp ¢ C B,,, (x0).

In this sense, given zo = (xo, fp) € M x R, for ¢ € By, one may consider the globally defined function ¢G,, : M x
R — [0, 00). Lastly, given zg = (x0, %) € M x R and R € (0, c0), we define

Sr(to) := M x {to — R?},
Pr(z0) 1= Br(x0) x ([10 = K% 10| N (0,00) ).
Tr(to) == M x ([to 4R 1 — RZ] N, oo)) .

Definition 3.2. Assume V; is a solution to Yang—Mills flow on M X [0, T'). For zo = (x0, 1) € M % [0, T), ¢ € By,
and R € [0, min{tp, +/70/2}], let

@, (R; V) =& f |Fy,|” %G, dV,
Sr(to)

W, (R; V) =& / | Fy,|* $2G, dV dt.
T (1)

Next we record a fundamental scaling law for the entropy functionals which is utilized in deriving the monotonicity
formulas under Yang—Mills flow. These monotonicity formulas are shown in ([9]), but we include some brief discus-
sion of some properties for convenience, and also because we utilize some of the calculations in the sequel. We restrict
the lemma to flat space for convenience.

Lemma 3.3. Fix V; a solution to Yang—Mills flow on (R", ggye) X [0, T). For all zo = (xo, t9) € R" x [0, T), and
(0 < R < {/1/2), setting ¢ = 1 in Definition 3.2 yields

oy (R: V) = &g (1: V1),
W (R; V) = Wy (l; VZR> >
where here V,R is the rescaled connection as defined in Definition 2.3.

Proof. Without loss of generality we may take zo = 0. For notational convenience we suppress the subscripts on P,
W, and G. We fix R > 0 and consider a change of coordinates

x =Ry, t = R%s.
Then, rescaling coordinates and recalling the rescaling of the curvature tensor (2.3),

dx = R"dy, dt = R%ds, G(x,t)=R™"G(y,s), Fyr(y) = R*Fy, (Ry).
It follows that

2
®(R: V) = %“/\FVRZS(RM $(NG(. 5)dy
S

2
= %/‘Fv;e(y)‘ d(G(y,s)dy
S
= ®(1; V).

Similarly,
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2
R V) = 5 [ |Foye, R [ 9016090y ds
T

- %/\Fv;e(w\zmy)G(y,s)dyds
T
= lI/(l;VtR).

The result follows. O
3.3. Entropy monotonicities

In this section we recall the monotonicity formulae for ® and W, established in [9]. Again we record the proof on
R" for convenience and as we will use parts of argument in the sequel.

Proposition 3.4. Let V, to be a smooth solution to Yang—Mills flow for (R, ggue) X [0, T). For all zg = (xg, tg) €
R" x [0,T), and 0 < p <r < /19/2, setting ¢ = 1 in Definition 3.2 yields

q)zo(p; Vi) < (I)Zo(r; Vi)

\Ijzo(p; Vi) < \DZQ(I’Q V).

Proof. We begin with the monotonicity statement for . We will include a generic cutoff function for purposes of a
later lemma. We fix R > 0 and consider a change of coordinates as in Lemma 3.3. As described there, it follows that

R* 20
SR V) = & f [P, 9| #2(R0G 3. 5)dy.
NI

A crucial point here is that we are not rescaling the connection as well. One now differentiates and rescales back to
obtain

S PR V)] = 2P(R: V) + R3/<th,x48th>¢2de

Sg I

+ 2R3/<Fvl,t(8gf’)>¢>2de n R3/|Fv|2¢>x—'V¢dx

Sr SR

6]

To address I, we recall some coordinate formulas

B _ 4 b B B B u
Vi ija =9 ijoc + FiMijoc - ijuria’
B B B
ViFlh == (Y, +ViFl,)

Combining these we conclude that

81'F/3

B o= (VkFﬁ +v,Fl

ija kia

B u B
) - Fqujka + ijuria'

With this in mind we manipulate /1,

I =R /xi (Vkﬂ’ja +VFP

kia

2
)F;*kﬁ¢ G dx
SR
+R3/xiF?HFJ’.f<a @ 502G dx —R/xiFﬁmrggkaﬂ&de
SR SR
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— 2R3 B 2
_2R/ (ViFf,) Foipd?Gdx

Sr
3 B
— 2R /vak [+ Fiipd?G | dx
SR
3 B B B 2
—2R /[Fl]aFl‘j‘ﬂ+Fle (VeFs) = 55 Flox Fiig | 76 dx
Sk
—4R3/F5ax 45 (Vi) 9G dx
Sk

—%Q(R;V)+R3/[% X2 F|>—2(x~F, D*F)] ¢°Gdx
Sr
—4R3/F£ax F& 4 (Vi) G dx.
Sk
Also we have
12=2R3/ (F.2E)¢*G dx
SR
=—2R3/t<F, DD*F)¢*Gdx

Sr

=4R3/tF'S Vi (D*F)%$°G dx

ijo

Sr

:R3/[4t|D*F|2_2(XJF, D*F)]¢de—8R3/tF5a(D*F) (Vig) pG dx.
Sk Sk

Combining these calculations gives

L [P(R; V)] = |z|R3/|;uFV, ZDVroti G dx

Sr
3 k B
+4R /(x Fiis =2t (D*F)'y) Fl, (Vi) 6G dx 3.1
Sr
+R3/|Fv|2¢x4V¢dx.
SR

In particular, when ¢ = 1, we have monotonicity, which yields the first claim.
Next we prove the monotonicity of W, only considering the case where ¢ = 1. We fix R > 0 and use the coordinate
change as in Lemma 3.3 once more, and it follows that

2
WR: V) = B [ |Fop ko[ #0)60.9)ayds.
T

Once again, crucially, we are not rescaling the connection. One now obtains

S W(R; Vi)l = 2W(R; V) + ZR/(Fv,,x—laFv,)dﬂdedt

Tr I
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+ 4R/<Fv,,t(3§ff)>¢zcdxdt

Tr L

Nearly identical estimates for /1 and I, as in the case of ® above yield
L [W(R; V)] = ZR/ |t] |% = Fy, — 2D Fy, |2¢2de dt.
Tr

The result follows. O

Next we state the general monotonicity formula for ® and W on arbitrary Riemannian manifolds. The proof is
similar to that of Proposition 3.4, incorporating further estimates due to the presence of the cutoff function. We
state here the result of ([9] Theorem 2), which applies to Yang—Mills—Higgs flow, and we just restrict the result to
Yang—Mills flow. We point out that a similar result was claimed in [2], but uses definitions of ® and W with incorrect
scaling. Note that the notation for ® and W agrees with various other literature, but is reversed from that chosen in
[9]. Moreover, we state an improved statement which is clearly implicit in [9], simply including an extra term in the
inequality which is dropped in the statement in [9].

Theorem 3.5 (/9] Theorem 2, pp.448). Let V; be a smooth solution to Yang—Mills flow on M x [0, T). Then for
70 = (x0,%0) € M x [0, T] and 0 < R} < Ry < min{tyy, \/To/2}, we have

Ry

W, (R1; V) +/r / |t —to] ﬁJth — D}, Fy, 2¢2GZOdthdr (3.2)
Ry T, (1)
< eCRmROy, (Ry; Vi) + C(Ry — R)NYM(Vp),
Ry
@ZO(Rl;Vt)+/r3 / |t — o] ‘ﬁJth — D3, Fy, 2¢2GZ0dVdr (3.3)
Ry Sy(to)

<eCRRIG, (Ry; Vi) 4+ C (Ry — R1) Y M(Vp).

As the statement above makes clear, the functionals ® and W are fixed if the connection satisfies a certain modified
Yang-Mills type equation:

Definition 3.6. Let V; be a nontrivial smooth one-parameter family of connections on R" x (—o0, 0]. Then V; is a
soliton if
*
DV,FVz = % — Fy,.
We end with a useful technical observation showing that the different entropies ® and W are uniformly equivalent,
which exploits the monotonicity

Lemma 3.7. Let V, be a solution to Yang—Mills flow on M x [0, T'). There exists a uniform constant C such that for
70 = (x0,%0) € M x [0, T) and for R with 0 < R < min{ty, +/70/2}, we have

C7'W, (R; V) < D, (2R; V;) < CW,,(2R; V).

Proof. We give the proof on R", in which case the monotonicity does not involve the error term involving the Yang—
Mills energy, with the generalization to manifolds a straightforward extension. Without loss of generality we can
consider the time interval to be [—1, 0] and choose zg = (0, 0). Then we have, using the monotonicity of ® and a
change of variables,
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2R

®(2R) > lfcp(s)ds

s=2R

= / / |Fy|>$>G dV ds
s=R Mx{—s2
t=—4R?

=& / NI__t / |F, 122G dV dt
=R Mx{r)

> cR? / |FiI>¢*GdVdt
Tr(0)

= cV(R).

Analogously we have
2R

®(R) < lfcp(s)ds

s=2R
= / / |Fs|>¢*>G dV ds
s=R Mx{—s2)
t=—4R?
3
= & / zﬁ / |F,|>$>GdV dt
t——R2 M x{t}
< CR? / |F,|>¢>GdV di
Tr(0)
= CU(R).

The result follows. O
3.4. Epsilon-regularity

A central phenomenon in understanding the singularity formation of geometric flows is that of e-regularity. A result
of this kind for Yang—Mills flow is shown in [9], relying centrally on the monotonicity formula for W and the evolution
equation for the curvature. Once again we only state the result for solutions to Yang—Mills flow though the result is
shown for Yang—Mills—Higgs flow in [9]. We also point out that a similar result is claimed in [2], although it relies on
the incorrectly defined W functional.

Theorem 3.8 (/9] Theorem 4, pp.454). Suppose V; is a solution to Yang—Mills flow on M x [0, T). There exist
constants C, 8, €y > 0 depending on (M, g) and Y M(Vy) so that given zo = (xo,t0) € M X [0,T) and 0 < R <
min{ips, «/0/2} such that

V., (R; V) < ep,

one has

sup |er| ¢ 4
Psr(z0) (6R)
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4. Weak compactness and limit measures

In this section we establish a weak compactness result for solutions to Yang—Mills flow satisfying certain weak
convergence hypotheses. In the first subsection below we establish this theorem, and in the following subsection we
refine the analysis to show a number of properties of the limiting energy densities and defect measures.

4.1. Weak compactness theorem

Theorem 4.1. Suppose {V,i } is a sequence of smooth solutions to Yang—Mills flow over M x [—1, 0] with yM(v;') <
y./\/l(Vi_l) < C. Moreover, suppose {Vi_l} — V weakly in Hllo’CZ(AE (M)), and

oVi—>VtinL2 (M x [=1,0D),
° %—>ﬂweaklymL2 (M x [—1,0)),

o Fyi — Fy, weakly in L2OC(M x [—1,0]).

Then V; is gauge equivalent to a weak solution to Yang—Mills flow, and there exists a closed set X of locally finite
(n — 2)-dimensional parabolic Hausdorff measure such that V; is a smooth solution on (M x (—1,0))\ .

Proof. Set

() Zo(r'vi) VE(O,«/l—I—to)
@, (VI+10: Vi) otherwise.

Now define the concentration set

> = ﬂ {zeM x [—1,0] |1}(minf<l>§ ) zeo},
—00

r>0

where € is the constant of Theorem 3.8. To address the theorem, we divide the proof up into three pieces: Lemma 4.2,
Lemma 4.3, and Lemma 4.5.

Lemma 4.2. X is closed.

Proof. Let 7 lie in the closure of ¥ and {z;}xen € X with z;z — Z. By the definition of X,

2k
k—o0 i— k—o0 i—>o0 2

R x {ty—r?}

11mmf11mmfd>’ (r)—llmmfllmmf L /

T . . 2.
Note that G, — Gz on any closed sets not containing Z. Moreover, for fixed i the function | F}|” isin L'. Therefore we
can fix r > 0, apply the dominated convergence theorem and interchange liminf ordering by an elementary argument

to conclude
4
liminf % r / = liminf lim r— /
i— 00 i—00 k%oo

MX{?—rZ} Mx{f—r2}

Tk

2k
i—oo k—o00

= liminfliminf % r /
Mx{t—r2}

> €.

Therefore 7 € X, so we conclude X is closed. O
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Lemma 4.3. V; is gauge equivalent to a smooth solution to Yang—Mills flow on (M x (—1,0]) \ X.
Proof. Given z € (R"” x (—1,0]) \ X, by construction there exists ro > 0 such that

l}crggfdﬂ;(m) < €.

Passing to a subsequence and applying Lemma 3.7, we obtain an €y upper bound for W, and by Theorem 3.8, we
conclude that
sup Ftk

<5
P&rO(Z)

<
~ (8ro)?

for some universal constant 6 > 0. Applying ([22], Theorem 2.2) we conclude uniform estimates on all derivatives of
8ro

curvature on a parabolic ball of radius =?.

Using the Uhlenbeck gauge-fixing Theorem ([20] Theorem 1.3) and the gauge-patching argument of ([4] Corol-
lary 4.4.8) we can obtain a Coulomb gauge on Bs,. Moreover, by applying elliptic regularity estimates ([4]
Lemma 2.3.11) and the Sobolev inequality we obtain uiliform pointwise estimates for the connection in the Coulomb
gauge on Bsr, . By applying the Yang-Mills flow PDE directly to this gauge-fixed connection and using the previous
estimates ongthe derivatives of curvature we obtain uniform pointwise estimates for the gauge fixed connections on
Psry . Thus for each point zg we have constructed a radius % and a sequence of gauge transformations for which the
paﬁabolic ball of that radius has uniform control along some subsequence of gauge-fixed connections.

Fix a compact set K such that K N ¥ = &. For each z € K there exist arbitrarily large values of k and parabolic
balls centered at z of the type described above. This collection of parabolic balls covers K, and since K is compact
we can choose a finite subcover, and also pass to a subsequence of connections all of which have the bounds described
above. A further application of the gauge-patching result ([4] Corollary 4.4.8) allows us to conclude the existence of
a single gauge transformation, which, when applied to our sequence, yields a sequence of connections with uniform
C"* bounds. By the Arzela—Ascoli Theorem we obtain a further subsequence converging on K. O

Lemma 4.4. X has locally finite (n — 2)-dimensional parabolic Hausdorff measure.

Proof. Fix a compact set K, and some rg > 0. By Vitali’s covering lemma there exists some / € N, {Zk}i=] CKNX
and {rk}f,€=1 C (0, ro) so that the sets { Py, (Zk)}§<=1’ are mutually disjoint and K N X is covered by {Ps,, (Zk)}5<=1- Let
Z := 2 + (0, ?) and fix some § > 0 to be determined later.

The proof requires two different estimates on G on different domains. First, on (M x [tk — 482r,?, te — 82rk])\
Py, (zi) one has

G, <6 e V@G,
Also, for points in By, (x*) x [t — 48%r7, ty — §°r7] one has
sz < Csr .

We will also employ the estimate of Lemma 3.7, in particular

D (R; Vi) = CW,(R; Vy).

Combining the observations above we obtain, for all &, i
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€0 < DL (8rp)

<CV¥, (3’7(; V;)

tk— 82 te— 82
= C8%r} / / Fi Gdeth+C82 / / Fi Gdeth
2 M\Br (xx) 12 By (xx)
t— 52 tk—(szr]%
1/<4a>2 i1?
<ce Y GodVdl + Csr> |Fi[ avar
—482r M\Brk (xx) ty —452}']% Brk (xk)
tk—azr,f
V@ o o 2 2-n i|?
Cee 52,2 i Gz avadr | + | Cor |Fi[ avar
1—482r2 M I Pry (2k) b

Observe that we can estimate /; using Theorem 3.5 via

fe—52r2 et —ri(1+82)

2
2.2 2
rk / t ngdth:(SFk /
n—462r2 M

et —4r(1+82) M

= Vg, (rk\/ 1+ 682 V,’)

2
i Gy dvdr

< €Wy, (102 V] ) + COM(V-))
< COM(V-).
_ 2
Hence, since lims_,q % = 0, we can choose ¢ > 0 sufficiently small so that I} < 3, which then implies that

I, > £, which by elementary manipulations gives

n—2 C
rk < a /

Prk (zk))

12
F}| dVdt.

Therefore we have

1
Py 2 (PRNE) < Z (5r)" 2

F’ dth

<CYM (V—l) .
Sending ro — 0 allows us to conclude that P"~2(X N K) < oo for any compact set K . The result follows. 0O
Lemma 4.5. V; is a weak solution to Yang—Mills flow.
Proof. We verify (2.1) by approximating via cutoff functions which excise the singular set X. To construct these

functions, first consider the coverings constructed in Lemma 4.4. In particular, given any ro > 0 there is some finite
cover { Py, (z,-)}ﬁz1 of X, for some [ € N with r; < r¢ satisfying
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l
Y P 2 PLA(KNE) < CYM(V-), 4.1)
i=1
where here |-| denotes the Lebesgue measure on R"” x R.
Let¢ € Cgo(Pz, [0, 00)) be a standard bump function satisfying 0 <¢ <1 and ¢ =1 on Pj. For all i € N, define

Gir.0) = (— —) .
Let o € C*®([0, T]; L>(A*(Ad E))) and arbitrary and set

n:=ainf(1—¢;) € CP ((R" x (—1,0))\Z).

Note that by definition,  — o almost everywhere as ro — 0. Furthermore, observing that suppn C (R" x (—1,0)) \ %,
it follows from Lemma 4.3 that, setting Yy = Vi — V;, we have

// (F,Dn) dVdt =0.

-1 M
Using this we can estimate

// —(F, Da)dV dt

-1 M

T, 3@ '” —(F, D(a — 1)) dV dt

Bt T o — r] <F, [1 —inf(1 — d),-)]Dot> — <F, a Ad(inf(1 — ¢i))> dvVv dt

ff
/[

E\ \

= I+ DL+ I

3
SZ|IJ|-

First, since we have almost everywhere convergence of « to n and T jsin L? we have lim,, 0 /1 = 0. Similarly since
[1 —inf; (1 — ¢;)] goes to zero uniformly one has that lim,,_, 12 = O For the final term, we observe using Holder’s
inequality and (4.1) that

2
dV dt

lim |13]:< € i [1F 20,7, ) //'v inf (1 ¢

ro—0 1<i<l
L-1 M

1
2

o
. -2 ‘
< Cr})lglollF||L2(u,-P,,.(z,«)) 2 I:ri ’Pri(zz)’]
LI=

IA

1
C hm o |:Zr \Pr,(z,)|:|

i=1
= 0.

The lemma follows. O

Combining the result of Lemma 4.2, Lemma 4.3, and Lemma 4.5, the results of Theorem 4.1 follow. O
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4.2. Structure of limit measures
Assume the setup of Theorem 4.1. Observe that the measures

B

admit subsequences converging in the sense of Radon measures to some limit measures. We can compare these to the
measures induced by the weak H12 limit V to define measures w, v and 7 via

2 i
aV!
dv dt} and { -

2
dth}

2
|Fo| avar > |Fox? avar+v=p,

avi

at

IV
at

2 2
AV di — ‘ dvdi+n.

The remainder of the section consists of a series of lemmas further refining the nature of these measures.
Lemma 4.6. Fix z = (x, 1) e M x [—1,0] and ¢ € B,. Then

O 2= lim R / S0 G (x, 1) du(x, 1)
Tr(2)

exists and is upper semicontinuous for all z € M x [0, 0o0). Moreover,

Y={zeM x (0,00) | e < O(u, 7) < 00}.
Proof. We consider the limit as i — oo in the monotonicity inequality (3.2). In particular, for 0 < R < Ry, let
F(R. dp) = ek | £ / ¢*G.du+ Ce“FRYM(V_))

Tr

We observe that (3.2) implies that

f(R, )F r,-lde) — (CR [\IIZO(R, vi) +CR37M(V_1)]

IA

CR [eC(RO_R)\IJZO(R, Vi) + C(Ry — R)YM(V_y) + CRyM(V_l)]

2
= f(Ro. |Fgy| av).

2
Using that ‘F i ‘ dV converges to du, it follows that f(R, du) is monotone nondecreasing as well. It follows that

limg_,0 f(R,dp) exists, and by elementary arguments the limit defining ® also exists, and is upper semicontinu-
ous. 0O

Lemma 4.7. For P"2-almost everywhere z € X, one has

lim R>™" / ]Fv, |2 dvdt=0, O(u,z) =0, 2) > €.

R—0
Pr(z)

Proof. To show the first claim, let
K;j=1ze3Z| limsup R>™" f |F|>dvdt> j~!

R—0
Pg(2)
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We will show that the (n — 2)-parabolic Hausdorff measure of K; is zero for each j, which suffices. Fixing some
d > 0 we can apply Vitali’s covering lemma to obtain a covering of K; by disjoint parabolic balls Py, (zx) with
7k € K, 5rp <6, suchthat K; C U Psr, (zk)- It follows that there exists C > 0 such that

n—2 . n—2
K; 1
PIAK) < lim Ek (57%)

IA

Cj lim / |Fy|? dV dt
Ns (%)
=0,
where Ns(X) indicates the parabolic §-tubular neighborhood of X, and the last line follows by the dominated conver-

gence theorem. The second claim now follows from the first and the definitions of p, v. O

Lemma 4.8. For P"2-almost everywhere 7 € ¥

. . _ A%
lim lim 4" ‘a—t’
r—>0i—o0

Pr(z)

2
dvdt=0.

Proof. We will show that for any € > 0, the set

Ce:= zeE|hm1(r)1fhm1nfr4 " f ’W' dvdt>e

1—> 00

Pr(2)

satisfies P"~*(C.) < oo. Given this, we can express

r—0 i—o0

¥ :={z € T |liminfliminfr*=" / )%—V[

=0} =3\ (Ucz_n>.

neN

Pr(2)

In particular, ¥’ can be obtained from ¥ by removing a countable union of sets of finite P"~* measure, which has
zero P"~2 measure by a standard argument.

To show P"~#(C,) < oo, fixa 8 > 0, and apply Vitali’s covering lemma to obtain a collection {zz};eny C X and ry €
(0, &) satisfying that { P, (zx)} are mutually disjoint, {Ps,, (zx)} cover X, and furthermore there is some subsequence
{Vzl} so that for all &, i,

2
dVdt > e.

Prk (z)

Using this we obtain

SHCo =Y Grott

k=1

dvV dt

<5 av' |2
— € at

n— i2
< / ‘ﬂ‘ AV di

ot
U20=1 Pi’k (z)
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2
scm,o//(%(zdvfzt

0 B
< Cn, e, YM(VL)),
where the last line follows via the Yang—Mills energy monotonicity. Sending § to zero proves that P"~4(C,) < oo,
finishing the proof. O
Lemma 4.9. The density function ©(u, x) is P"~-approximately continuous at P"~*-almost every x € X. That is,

for all P"2-qa.e. z € ¥ one has that for all € > 0,

lim PP 2 (fwe P () NT | 1O, w) — 01, 2)| > €}) =0.

Proof. Note that for a given x € X, the density ®(u, x) is upper semicontinuous, so the set
Ac:={z10O(u,z) <c}
is open. Therefore for any c1, c2 € [0, 00) with ¢ < ¢, the set A, \ A, is a Borel set and thus measurable. Hence
E; = {z ex| e <o, 2) < %} = Ai\Adne,
2 2

is a Borel set. Note that, by the definition of E;,

pr? (2\ U E,-) =0.
i
For all x € E;, by applying Theorem 3.5 of [17] to the measure 7" ~2 we have that
lim R*"P"2({y € P-(x) N T 11O, w) = O, 2)| > €})
-

= limsup R*"P (P, (z) N (Z\E}))
R—0

=0.

The result follows. O

Lemma 4.10. One has that {V,’} does not converge to V; strongly in Hllo’c2 if and only if P"2(X) > 0 and
v(M x[—1,0]) > 0.

Proof. It follows from Lemma 4.7 that if P"~2(%) > 0 then for P"~2 almost everywhere z € ¥ one has
O, 2) =0 (1, z2) = €,

2 .
hence v (M x [—1,0]) = v (Z) > 0,and § ‘F i ‘ dV dt does not converge to 3 | Fy, }2 dV dt. Therefore {V}} doesn’t

converge to V; strongly in Hllo’f

. Conversely, directly from the definition of v, if v (M x [—1, 0]) > O then {VZ} cannot

converge strongly to V in Hllo’cz. a
5. Tangent measures and stratification

In this section we establish results on the structure of tangent measures along Yang—Mills flow which will be
central in the sequel. First we discuss the space T (i) of all tangent measures of u for z € X. We first show that every
tangent measure is invariant under parabolic dilations. Building upon this, we will associate to each tangent measure
a nonnegative integer which is the dimension of the largest parabolic dilation invariant subspace which is a subset
of the points of maximal density. Using this dimension we can then stratify the set ¥ accordingly. In particular, we
demonstrate enough structure on the tangent measures to apply a stratification result of White [23], which generalizes
Federer’s dimension reduction argument [6].
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5.1. Setup

For the following we set
R :=R" x [0,00), R :=R" x (—00,0].
Definition 5.1. For zg = (xg, fo) € R"” x R and A > 0, define parabolic dilation and Euclidean dilation respectively
by,
P (1) = (A(x = x0), A2 = 10) )
Dy, (%) :=A(x — Xxp).
We may apply parabolic rescaling to a measure as follows: for all A C R” x R, we have

Pooi (W(A) 1= 227" 1 (P2 2(A))
Dig.x (14) (A) 1= A (D 1 A) .

We note that this scaling law reflects the scaling properties for Yang—Mills flow densities, and not a pure parabolic
rescaling of say Euclidean measure.

Definition 5.2. For any zo € X, the tangent measure cone of p at zg, T;,(1), consists of all nonnegative Radon
measures on Rt that are given by

Too () :={u* | Iri > 0, such that P, (u) - p*}.
Fixing zo € ¥ and p* = pkds € T, (n), we set, for any z = (x, 1) € R+

O (u*.z,r):=r / G=(y,$)du}(y).
M x{t—r?)
This is monotonically nondecreasing with respect to r so that the u* density at z, given by
* T *
O(u*, 2) .—rh_r)r(lJ@(M ,2,7),
exists and is upper semicontinuous for z = (x, t) € R**!. Moreover, for any zo € £ and u* € Ty, (1), we set
U(©(w)) =z e R 0(u ) =0 (u".0)].
V(@ (1)) = U (6 (1) N (B x [0).
W (© (1)) = [(x, 0) eR" x R|V(y,s) e R™ 0 (1", (,5) = O (u*, (x + y,s))} .

Definition 5.3. For zg € ¥ and p* € T, (%), let

am(0(u) - |

dim (V (© (")) +2, ifU(Ou") =V (©® W) xR,
dim (V (® (u™*))) otherwise.

5.2. Preliminary results
In this subsection we show various preliminary results on the structure of tangent measures. First we establish the
existence of at least one tangent measure in Lemma 5.4. We then establish parabolic scaling invariance of tangent

measures in Lemma 5.6.

Lemma 5.4. Given a weak limit measure |, 7o € X, and A;j — O there exists a subsequence {A; /} and some nonnega-
tive Radon measure u* on R"*! such that Pzo.a; () = p* as weak convergence of Radon measures on R+
J
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Proof. We fix some small radius r¢ and claim that

sup r7 (Pr(z)) < 00. (5.1)
(z,r)eM x[—1,0]x(0,rg)

In particular, we use a change of variables and Theorem 3.5 to yield

P2 (Pr(z)) = PP lim / |FV,- |2 dV dt
1—>00

Pr(2)
2
= lim rH/ f |Foi|* ¢ aV di
1—>00
t:OS\/;

,
= lim 2" f s/|Fv,-|2¢dVds
11— 00
s=0 S
r

lim Cr—2 / s®(s)ds

i—00

IA

s=0
.
< lim C(®(ro))r—2 / sds
1—> 00
s=0
<C.

Hence, using (5.1), for any A; the sequence of dilated measures P, , (1) is uniformly bounded on all Borel sets in
R"*1 hence by the weak compactness of families of uniformly bounded Radon measures we obtain the existence of
the subsequential limiting measure (. O

Lemma 5.5. For any zp € Z, 0 < r] <rp < 00 a sequence A; — 0 and a blowup sequence v; one has

7r22
_i12

lim //‘xJFV,- +208,V'| Gy dxdr =0.

1—>00 t

2R

Proof. First recall that as convergence of Radon measures on R” we have

_ 12
Fi'| dV — uforallr € (— o0,0].

L
2

Hence, for any R > 0, applying a change of variables we obtain

R* / G.0)dptdt = lim f RIF, 2G(o,o)dv,cart
—
R” x{—R2} l OO]R”X{—RZ}
. R4\ i 2
:ili)rgo / —+ Fl0+ki2t(x0+)nix)‘ Go,0)dV,dt
R" x{—R2}
i WiR* | il
= lim / i |Fi[ Geyavyds (5.2)

R x {tg—R2A2}



1674 C. Kelleher, J. Streets / Ann. 1. H. Poincaré — AN 35 (2018) 1655-1686

= i AR
)\,-ILnO /( iR)”"
]Rn

=0 (1, 20),

where the last line follows from Lemma 3.7. In particular, the & functional is approximately constant in R for the

t=tg—R2\?

connections V;, and hence using (3.3) we obtain the result. O
For @ Cc R" x R we will use p*| Q2 to denote the restriction of the tangent measure to 2.
Lemma 5.6. For any zo € ¥ and u* € T, (i), the quantity p* | R"™* is invariant under all parabolic dilation, i.e.
Pe (1" RH) =t REH
Proof. First we observe that

Pe (17 [R) =Pe ({(1af.1) 11 € (=00.01})

={(Detup). k%) It € (—o0, 00

:{(DK <M1>,K2l) |te(—oo,0]}.

Thus, to prove the lemma it suffices to show that for all ¥ < 0, for all ¢ € (—o00, 0],

Dy (/L*L) =u;.
K2

Since « is arbitrary this is equivalent to demonstrating this at # = —1. To prove this it suffices to show the result for
multiplied by an arbitrary smooth positive function. We will take advantage of this by inserting a factor of the Greens
function G = G 0,0), then multiplying by an arbitrary compactly supported positive function. This will allow us to
take advantage of monotonicity formulae to obtain the result. In particular, we will show that

e / $ ()G (kx, —Ddu*, = / pOG(x, —1)dp, (53)
Rn

Rn

for any ¢ € Cé (R™). We attain the claim (5.3) if we can show that

n— —i 2
lim 4 “24/¢(Kx)G(Kx,—1)(F_K,2 dx | =o. (5.4)

1—>00

R)‘l
For notational simplicity we will remove both the sequence index i and the bar from the connection. Manipulating the
integrand by applying the change of coordinates xx = y yields,

Kn74

. ¢ (cx) | F_—2 (0] Gliex, —1) dx
R x{-1}
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Set R(x) := % Then by a calculation similar to (3.1), where the final term vanishes since the cutoff function ¢ no
longer depends on the parameter R, we see that

Do (L v)] =& [@RK: V)]

=2k
=1 / 1] |£ = F —2D*F|* $G dx
S 1

K

+% / ((x~F —2t(D*F)), V¢~ F)Gdx.
N

=1

Taking the limit as i — 0o, we have that the first quantity vanishes by Lemma 5.5. For the second we apply weighted
Holder’s inequality for an arbitrary € > 0,

= / ((x2F =2t (D*F)),V¢~F)Gdx

S -1

K

¢ 2 € 2 2
=3 f |(x=F =2t (D*F))[ Gdx+ — / IVoI? |FI* G dx.
S N

1 1

The first factor vanishes with another application of Lemma 5.5. The integrand of the second term is bounded by the
monotonicity of @, using an argument similar to (5.2). Sending € — 0 therefore yields (5.4). The result follows. O

5.3. Stratification of tangent measures

Lemma 5.7. For zo € ¥ and p* € Ty, (1), the following hold.

(1) Forall ze R", ©(u*, z) < Ou*,0).
() If z € R satisfies © (u*, z) = O (u*, 0), then for all . > 0 and v € R

@(u*,z—i—v):@(u*,z—i—Pw).

Proof. For u* € T;,(1), there exists some sequence r; — 0 such that P, ,, (u) — u*. We first observe how the
rescaling law for @ is reflected in the definition of ®. In particular, since we are integrating over a space slice we
apply the scaling law for D, and change variables to yield

4

OPr(),z,1) = 7/GZPA(M)
Sy

4 _
- %/(A"P;Gpm)) (xPru)

)4
=25 [ Geon
P (Sr)

= O, P1.(2). A7).

Using this, for any » > 0, and z = (x, ) € R+
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O (u*.z) <O (u* z.r)
= 11m0® (Pz(),ri (/"L)’ Z7 r)
ri—>

=r1_iin0® (,u,Zo—l— (rix,rizt),rir) (5.5
<0 (1, z0)
=0 (u"0),

where we have applied the upper semicontinuity of ®(u, -, -) with respect to the last two variables. Thus claim (1)

follows.

To prove claim (2), observe that the hypothesis ®(u*, z) = ©(u*, 0) implies that the inequalities of (5.5) are

equalities. This implies that ® (u*, z, r) = ©(u, zo), namely, it is constant with respect to r. By an argument similar
to that of Lemma 5.6, we have that ® (u*, z +v) = ® (z + P, (v)) forany v € R and A > 0. The result follows. O

Proposition 5.8. For zo € ¥ and p* € T, (1),

V(O ) = W (© (", ).
In particular, both V (® (u*,-)) and W (® (u*,-)) are linear subspaces of R". Moreover, U (® (u*,+)) is either
V(O (u*, ), or V(O (u*, ) x (—00,a] for some 0 <a < oo and © (u*, -) is time-independent on (—oo, a).

Proof. First we show that W(®(u*, -)) C V(O(u*, ). Fix (x,0) € W (© (u*, -)). Since the second component is
identically zero it suffices to verify that (x,0) € U (® (u*, -)). Note that by definition of W (® (u*, -)), choosing
y = —x as in its definition,

O (1%, (x,0)) = O (1", (x —x,0)) = © (1*,0).

It follows that W (® (u*, 1)) C V (O (u*, -)).

Now we show the containment V (® (u*,-)) C W (® (u*, -)). First note that V (® (u*, -)) is closed under scalar
multiplications from Lemma 5.6. Next, for any nonzero x € V (® (u*, -)) we have that forall A > 0 and all v € R+,
by applying Lemma 5.7 (2), and using the parabolic scaling invariance of ® from Lemma 5.6,

® (,u*, (x,0) + v) =0 (u*, (x,0) + P;Lv)
=0 (1", Py-1 ((x,0) + Pv)) (5.6)
=0 (u*,Py-1 (x,0) +v).
By the upper semicontinuity of ®, sending A — oo yields

Ou*, (x,0) +v) < O, v).

On the other hand, since v — P, -1 (x, 0) € R +1 we can replace v > v — P, -1 (x, 0) throughout the equalities in (5.6)
and obtain that

® (,u*, (x,0) + v —Py-1 (x, 0)) =0 (/L*, v) )

Again sending A — oo and utilizing the upper semicontinuity of ® (u*, -) yields

O™, (x,0) +v) = O(u*, v).

Hence we have ® (u*,v) = © (u*, (x,0)+v), and so we conclude V (® (u*,-)) C W(O (u*,-)) so that
V(O ) =W(Ou*,-)).

Note that by definition of W (® (u*,-)) it is closed under linear combinations since for all (x,0), (v,0) in
W (© (u*, -)) we have that for all (y, s) € R"H, just iterating its definition twice

O (u* (x+v)+y.9)) =0 (1", (x +y.5))
=0 (1", (0.9).
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Therefore by equality of V (® (u*, -)) to W (® (u*, -)), with the combined scaling invariance and linear combinations
invariance both are linear subspaces of R”.

Now we prove the remaining statement of the proposition concerning the structure of U (® (n*, -)). Suppose
that 7 := (x,1) € U (® (u*,-)) with t < 0. Then for all w := (y,s) € R"*! with s <t and for all A > 0, using
Lemma 5.7 (b)

O (1", Py-1(w)) = O (1*, w)
=0 (" z+w—2) (5.7
=0 (u*, z4+Py-1(w—2)).

In particular, take A € (0, 1), and note that consequently
yields

N

77 = =< 1t. So taking (5.7) and replacing w — Py (w) in

O(u* w)=0 (" z+w—P-i(2). (5.8)

Taking A — 0, we see that ® (u*, w) < ® (u*, z + w). Taking (5.8) again and instead replacing w — w + P,-1(z2),
we conclude that

O (1" w+P-1 () =0 (u* z+w).
Again sending A — 0 we obtain that
O (u*,z) =0 (u* z+w).
We conclude that for any z := (x,1) € U (® (u*, -)) with <0, for all w := (y, s) with s <t,
O (1" w)=0(u* z+w). (5.9)

Then choosing w = z, iterating (5.9), applying the parabolic scaling invariance of ® from Lemma 5.6, and the upper
semicontinuity of ® (u*, -), one has

O (1*,0)= O, ) =0 z+2) =" =O(u*, mz)
=0 (u*, (mx, mt))
=0 (u*, P (mx, mt))
=0 (1" (x. 7))
<O (4. (x.0).
Combining this with Lemma 5.7 (1) we conclude that (x,0) € V (® (u*, 1)) = W (® (u*, -)). Therefore
O (1*, (0,1)) = O(u*, (x,0) + (0, 1)) = O(u*, 0)

It follows that (0,7) € U (® (u*, -)). It follows that ® (u*, -) is actually time independent for ¢ < 0. Therefore for all
t <0,

V(O () = U (0 () N (B x ().
Lastly, if z = (x,1) € U (® (u*, -)) with ¢ > 0, then we can repeat the argument above to show that © (u*,-) is

time-independent up to . We set a to be the value of the maximal time 7 > 0 for which this time independence exists
on. Then we have U (® (u*,-)) =V (O (u*, -)) x (—00, a], which concludes the proof. O

We can now establish Theorem 1.2, which we restate for convenience.

Theorem. For 0 <k <n —2 let

= {z0 € T|dim (O (1*,-)) <k, Vu* e T,,(w)}.
Then dimp (X) < k and X is countable.
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Proof of Theorem 1.2. This is a direct consequence of ([23] Theorem 8.2). To connect directly to the notation of
that paper, the function f is given by the density function. Hypothesis (1), the subsequential compactness of blowup
limits, is established in Lemma 5.4. Hypothesis (2) is clear from the construction of blowup limits. Hypothesis (3),
the parabolic scaling invariance of the limit functions, is established in Lemma 5.6. The theorem thus applies to give
the claimed statement. O

6. Characterization of strong convergence

In this section we prove Theorem 1.3 (stated more precisely as Theorem 6.1 below), which characterizes when the
weak convergence in H'2 for sequences as in Theorem 4.1 can be improved to strong convergence. In particular, we
know this means that the defect measure is nontrivial, and we use this to obtain refined estimates on tangent measures,

eventually leading to a further blowup sequence which yields the required Yang—Mills connection.

Theorem 6.1. Suppose {Vti } is a sequence of smooth solutions to Yang—Mills flow on [—1, 0] with

av!
sup 3
1

Mx[—1,0]

2 2
—i—‘Ft,-‘ )dth<oo.

Furthermore, suppose {V; } = V7 weakly in Hlij’f. Then exactly one of the following holds:

e There exists a blowup sequence converging to a Yang—Mills connection on S*.
e One has

’FVI,- ’2 dV dit — |Fy|* dV dt

as convergence of Radon measures, and hence {Vf} — VX strongly in Hllo’cz. Thus VX is a weak solution of
Yang—Mills flow satisfying P"~2(Z) = 0.

Proof. We adopt the setup of the previous sections in this proof. In particular, we assume we have a particular blowup
sequence together with a limiting tangent measure u*. Moreover, various results from §4.2 were established which
apply to almost every point in the singular set. We will assume without loss of generality that our tangent measure
arises from a blowup sequence around one of these points, so that the Lemmas of §4.2 apply. In particular, in the
discussion below we will refer to a sequence {V{ } but this will refer to a blowup sequence, not the original given
sequence of the statement.

Lemma 6.2. For t € (—4, 0], we have H"~* [E?] > 0.

Proof. Suppose to the contrary there is some #p € (—4, 0] such that 7—["’4(22:)) = 0. Then for all € > 0, there exists
some 8, > 0 and a covering of E;‘; of the form {B;, (x;)}ien, with x € 2;"0 and 0 < r; <8, satisfying

00
n—4
. < €.
Dyt <e
j=1

Now, because [Bl\ (U jen Br;(x j))] = 0, then by a diagonalization argument we may choose a subsequence

{V;} such that

. 1 2

lim 1 / Py, [ av =o. ©.1)
0

i—00 2
BI\Ujen Br; (x))

Furthermore we will use (3.3) to estimate the curvature on balls in the cover. We choose a cutoff function ¢ for a
ball of radius 1, and further fix some radius R. Note that for the compact set supp ¢ there is a uniform estimate for the
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L? norm of the Yang—Mills energy. This follows from the argument of Lemma 5.4, which shows that the sequence of

blowup measures is uniformly locally finite. In particular, there exists K < oo such that

2
/ ’Fz‘ dV <K.
o

supp ¢
Hence using (3.3) we estimate for all i, j € N,

it 1 4 2 5
] / Py | av = £ / Fot| 62G iV
By (x)) By (xj)x{(to+r)=r7)
f%Q(V’ (xj,t0+r2-),rj)
<20V (xj.10+72) R) + CK (R~ 1)
R4 2
<K /' ’FA¢dV+CKm—U)
R x{tg+r7 —R?)

<C(R,K).

Therefore we have that

3 / )F"dV<2Z/

Ujen Br, () JENE, ()
< 1_1—4
=C).7]

jeN
< Ce.

Choosing € < 1€6_OC and combining with (6.1) yields, for i sufficiently large,

[

Also, using Lemma 4.8 we have

i 12
. aVv!
fim ‘a—/
i—00
Py

Using Lemma 3.1 we find that for any ¢ € CSO(BQ) and —4 < t; < tp <0 one has

n
- F Fi[ ) pav =
2 ‘ | ‘ 1 ¢dV =—
By By

dV<—O

V!

2 . ,
¢ +<V¢>4F’, azv;>> av di.

(6.2)

6.3)

6.4)

Combining (6.3)—(6.4) shows that the limiting measure i} (¢) is independent of time for ¢ € (—4, 0]. Applying (6.2)

again yields

.12 12
%/‘F;) avdi <! sup /‘F, av
re[—1,0]
Py 31
<1 dV+o(i)
By
=%

This is a contradiction to the assumption that (0,0) € ¥*. O
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Proposition 6.3. There is a linear subspace P of dimension (n — 4) such that for all t < 0 one has that supp(p}) = P.

Proof. First, by Lemma 4.9, we have that © (v, z) = © (u, z) is P"~2-approximately continuous at z for z € ¥ and
® (u, z) is upper semicontinuous with respect to z, we conclude that for P2_almost all z € ©*, we have

© (u*,z) = O (1, 20) -
Also, it follows from Lemma 5.7 that
O (u*,z) <O (u*,0) =0 (1, 20).
Hence for P"~2 ae. z € Iy,
O (u*,z) =0 (u*,0). (6.5)

We now show that in fact all points in X, have maximal density. In particular, by Proposition 5.8 there is some set
8 C R" with H"~*(8) = 0 and an (n — 4)-dimensional plane # C R” such that § N # = &, and

SF=8NP

for all #. We claim that in fact § = @. Suppose to the contrary we had some z € 4. Note that by construction, it must
hold that 0 < ®(u*, z) < ©(u*, 0). By Lemma 5.7 (2) we have that for all w € P,

O(u*,2)=0u* w+(z—w) =0 (k" w+Prz—w)).
Applying this for w € B/~#(0) € # and A € [1 — ¢, 1] yields a set of positive 7" 2-measure in =* on which
Ou*, ) =0(u*, z) < B(u*, 0), contradicting (6.5). O

Using this characterization of the singular set of the blowup limit, we can refine our estimates on the blowup
sequence to obtain further structure on the blowup limit. Without loss of generality we can assume that = R"™*
R" is the standard embedding in the first n — 4 coordinates, and we express a general point as X = (x, y) where
x € R* y e R"™*. We first show two lemmas which give improved vanishing results for the time derivative of the
connection as well as for the curvature in directions along the singular locus.

Lemma 6.4. Given the setup above and 0 <t] <ty < 1, one has

—1

. V!

lim TS
i—00

— n
2 B

2 ot 2
9 ) —
+ 30| Fy| | avar=o.
j=1

Proof. We first observe that by rescaling the result of Lemma 4.8 we observe that

—1

. avi
i [ [ |5

— n
2 B

2
dV dt =0. (6.6)

Now let &; = 2%. Since we know that the limiting density ® is a multiple of the Hausdorff measure of the given
. Yj

R"~% on each time slice, applying the monotonicity formula (3.2) with centers (Xo, #p) = ((0, & j) , 0) implies that for
any p > 0 we have

1 —r?
i i2
0= lim /r/ / X820 26y v drdr

i—00 Il
P M 42

1 —r?
i i2
> lim cp/r/ / )2 A% gy arar.
472

i—o00
0
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Note that the second equality follows since, for a given p, on By we have that there is a constant C, € (0, 00)
dependent solely on p such that G()ygjd)z >C, €(0,00).
Next we apply Fubini’s theorem to switch the integration bounds dr dt to dt dr. In that case we have that if we set

2

‘(xfsn#Fvi +28, V]
I 1) 1= cpr/ ' v

It]

B

then applying Fubini’s theorem to the regions corresponding to the variables r and ¢ give that

—4p2 /=1
0= lim / /I(r t)drdt+/ / I (r, t)drdt—i—/ / Ii(r,t)drdt
—4p2 P W= W=

Then for 0 < #; < t; < 1, if we choose p <1, so that [—t22, —t12] C [—1, —p2] (the unions of the temporal domains of
the first two integrals) then we can conclude that since the sums are 0 and the arguments of each integral are positive,

‘(X S,)—‘FV,+2t3r
0= lim //
1—>00

dvV dt

5B

2
_tl

2 .
> lim |t1|—1//%‘(x—g,-)4Fv,-‘ —c v
i—00 4

-2 B1

= lim || I/f ‘(x £) - v,‘ dv dt.
Y

The second inequality follows using the Cauchy—Schwarz inequality, and the final line follows from (6.6). Now ob-
serving that §; = 2 we see that for all X = (x, y) € B; we have that K(X —&)), %M > 1. The result follows. O

2
dvdt

Lemma 6.5. Given the setup above, there exists (y,t) € BI’ /24 X [—%, —%] such that

avi 2
lim sup r TS
i—000<r<]

B4 (y) B x{y}x[~1,0]

dxdtdy =0,

n—4

[ 2
lim sup 27" / / Z‘%JF;‘ dxdtdy =0.

i—000<r<]
B4 (y)x[t—r2,1] B x{y}
Proof. To begin we show a preliminary statement using maximal functions. Let

fi: Bl C R - [0, 00), fily) = / 10, V;|? dx dt

(B x{y})x[-1,0]

gi:B;’_4x[—l,—%]—>[0,oo), gily,t) = / Z‘S,JF’ dx.

1
Bixiy) 1=
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Using these two quantities, we define two local Hardy-Littlewood maximal functions of f; on BY ~*and gi on Bi’*“ X
[—1, —%] by, for y € Bi’_4,

M(fi)(y) = sup r*" f £ dy.
0<r<l1
B ()
Furthermore for (y, t) € B;’_“ X [—1, _é],
t

M(g)(y, 1) = sup r*™" / / gidydr.
O<r<l1
1=r? B} (y)
By applying Lemma 6.4 we can choose a subsequence such that || g4 fidy < 4~ Combining this with the Hardy—
1

Littlewood weak L' estimate we obtain a subsequence such that

py M z2 < & [ pdysca
Bn4

In particular, for I chosen sufficiently large we have
UM =271 | = 27 < 3u(B17).
i>I
Thus BI’*“\ Uizl {yIM(f;) > 27"} is nonempty, and any point y in that set satisfies
Am M (f)(y) =0.
Combining this with an identical argument yields (y, ) € B, /2 X [—%, —}T] and a further subsequence such that
lim M(gi)(y,1) =0, lim M(fi)(y)=0
11— 00 11— 00

The result follows. O

For the following Lemma we will suppress bundle indices for notational simplicity. Moreover, we will refer to

coordinate directions ()a—, with unbarred indices, and = directions with barred indices. For an index which runs over

both types of vectors we use / and J.

Lemma 6.6. One has

s //wx) |Fv|\ dxdi

— 52R4
t
=4f/((vj¢2)p~,j—¢ (&), )Fk,dxdt ay //gb dxdt
1—83 R* 1—83 R4

Proof. With the notational conventions as described above we have
Vi (FryFry) =2Fpy (ViFry)
=—2F1; (VyFg + ViFy)
=41y (V)
=—4V; (F1 Fy) —4 (Vi Fyp) Fyy.

6.7)
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Lastly, we expand out
2
\FI"=F1sF1y = FijFij + F5F5+ F; F + B by (6.8)
If we differentiate (6.8) and apply (6.7) to the resulting terms then this breaks down into

2
Ve IFI2) = —4v; [Fy | - 495 [y | - 495 [ Fig | - 495 [
—4(V,F3i) Fyy = 4(V5F5) Fg =4 (V5F5) Fg =4 (Vi F7) Fg 6.9)
=—4 (Vj [FijFEi + FI’j FE] + Vj [FﬁFE + FifFEiD +4DFy .

With these pointwise quantities, we integrate (6.9) with a cutoff function ¢ and obtain

t
i) 2 2
3 /f¢“mWWm@“m

1—83 R
t
=—4/f¢2vj [ Fij s + F P dxdt—4//¢ V3| FigF + Fij | dxar
1—83 R 1—83 R

t
+4//¢2(DjF”)FE1dxdt

1—82 R*
t 1
2 d 2
—4 / /(v,-¢> ) (Fij F =+ Fi Fg) dvde — 458 f /qb (FijFgi + FiyFig) dxdr
1—83 R* 1—83 R*

t
—4//¢2(a,v,)FE,dxdt

1—82 R4
t
:4//((vj¢2)F,j—¢ (a—v))Fkldxdt ay //qb Fk, dxdt ,
1—82 R4 1—82 R4

asrequired. O

We will use this lemma in conjunction with “Allard’s strong constancy lemma,” an effective version of the Diver-
gence Theorem which we restate here for convenience.

Lemma 6.7. (/1] pp. 3) Suppose v, f, and Z are smooth on B and satisfy
Vy=f+divZ

and
NNy + 1 Z1 s,y <6.

Then for all 51 > 0, there is a §y > 0, depending on §1 and IIwIILl(Bl) such that, whenever § < §,
Hl/f - JHLI(B.) <38

where V denotes the average value of W on Bj.
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Lemma 6.8. Given a (y,t) € BI‘E1 X [—%, —%] as in Lemma 6.5, there exists a universal constant A and sequences

x; — 0, 8; — 0 such that
U | Foi (v, y, ) dx dt
N vi| (x,y, by
By (xi)x[1=87.1]
= max { 8> / |Foi|* &, y, 1) dxdr | ¥ e B}
2
Bg‘i ®x[t—82,1]

Proof. Given (y, 1), we fix some A > 0, then as each blowup connection Vli is smooth we may first choose a constant
8; which is the smallest positive number such that

max 6172 / ‘Fi

Bg"_ ®x[t—82,1]

2
Fy.0|¥eBtt =2 (6.10)
2

Choosing x; as some point in realizing the maximum defined above, all that remains to check is that §; — 0, x; — 0.
First, suppose §; > 8o > 0. Fix ¢ € Cgo(Bgo, [0, 1]), and let

vori=ig? [ [ o]

2 p4
=8 Bs,

2
(x,y,8)dxds.

Now observe that the result of Lemma 6.6 can be interpreted as Vi = f +div Z, with f and Z defined by the equality.
It follows from Lemma 6.5 that

l_gIgonHLl(Bglo—“) + ||Z||L1(Bg‘0_4) =0.
Then we observe using Lemma 6.7 and (6.10) that

1' 827}1
i %0 /

Psy (0.3).1)

2 _
dvdt= lim ¥

i—o00

F/

Bg‘o
= ,-llr?o‘354/ (¥ — v +v) dx (6.11)
Bg‘o

= Jim 50‘4||¢—$I|L1<R4>+2§W
0

<9,

T A

This contradicts that ((0, y), ) € *, hence §; — 0. Now we note that the sequence ((x;, y), t) develops concentration
of |F,’ , and hence must limit to a singular point, which forces x; — 0. O

With this sequence we can perform a further rescaling to finally obtain a Yang—Mills connection as blowup limit.
In particular, define the blowup sequence
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Ti(x,y,0) = 8T ((xi, yi) + (8ix, 8:y), t; + 871).

Let us observe some basic properties of this blowup sequence. In particular, by rescaling the estimates of Lemmas 6.5
and 6.8 we obtain

) ~ 2 ~: 2 1 nd
0 _ ‘F‘ (0,0, ) dx di = max )F’ (x,0.0)dxdr | x €87 B4}
2

A

B} x[-1,0] Bl ®x[-1,0]

~i 12

0= lim sup r*" / / ‘% dxdtdy,

1=00 0, - (6.12)

re(.55;) BI4(0) B4, x{0}x[—5;2,0]
25;
n—4 2

0= lim sup r>" / / S| = F| dxaray.

z—>oore(0’4|Ti) il J

B4 0)x[—r2,01 B, x{y} /™
5

Lemma 6.9. The sequence {%t’ } converges strongly to a nonflat Yang—Mills connection on S*.

Proof. We use the estimates of (6.12) and argue as in the estimate (6.11) to show an energy estimate of the form

~. 12
Fil avar < foralzes ' (BY). (6.13)
t 2 i 2

P%((;,O)»O)

Given this, we can complete the proof as follows. There is a local H 2 estimate for 5} and hence we can choose a
subsequence so that V,i — VX weakly in Hll(;?: (R"™ x (— 00, 0]). However, using (6.12) we have that

ave
at

R x (—00,0]

2 nd 2
9 _
+ 3[R | avar=o.
=1

Using (6.13) and Theorem 3.8 we obtain convergence of %t’ to %too in C*%(K) for any compact set K C R" x
(—00, 0]. In particular, using (6.12) we obtain

€ §/|f,°°|2 dx < o0,
A
R4

hence %too is not flat. The result follows. O
Lemma 6.9 finishes the proof of the theorem. O

Proof of Corollary 1.4. Without loss of generality by an overall rescaling we assume 7 > 2. Choose any sequence
{t;} — T, and observe that the sequence of solutions given by restricting the given solution to [#; — 1, ;] satisfies the
hypotheses of Theorem 4.1. By hypothesis that T is maximal we know that £ # &. As shown in Theorem 4.1 the point
z € X is a point of entropy concentration. Thus we can choose a sequence of radii r; — 0 and rescale the parabolic
balls P, (zo) to unit size, to obtain a sequence of solutions with finite, nonzero entropy. It follows easily that the
hypotheses of Theorem 4.1 hold for this sequence. If the sequence does not converge strongly in H'2, Theorem 1.3
yields the further blowup sequence which converges to a Yang—Mills connection on S*. If this sequence does converge
strongly in H!-2, as the W functional is becoming constant along the blowup sequence, the second term of the entropy
monotonicity formula of (3.2) converges to zero, which implies that the blowup limit is a soliton. O
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