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Abstract

This paper is concerned with the existence and multiplicity of positive solutions of the equation —Au +u = u? -2« p<2f=
%, with Dirichlet zero data, in an unbounded smooth domain §2 ¢ RV having unbounded boundary. Under the assumptions:

(hy) 319,19, ..., 7 € RT\ {0}, 1 <k < N — 2, such that
(X1, X0,..., XN)ER < (X1,..., X1, X +T,....,xy) €, Vi=1,2,...k,
(hy) 3R e R\ {0} such that RN \ 2 C {(x1, x2, ..., xy) e RV: Z?’zk+1x}2. < R?

the existence of at least £ + 1 solutions is proved.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Dans cet article on étudie 1’existence et la multiplicité de solutions positives pour 1’équation —Au + u = u” -1« p<2*=
%, avec la condition de Dirichlet u = 0 sur 3£2. Le domaine £2 C RV est non borné et 952 est non borné aussi. En supposant
que les conditions

(hy) 319,79, ..., T e RT\ {0}, 1 <k < N —2, tels que

(X1, X0,..., XN)ER < (X1,..., X1, X +7T,....,xy) €82, Vi=1,2,...,k,
(hp) IR e R\ {0} tel que RV \ 2 C {(x],x2,...,xn) € RV: Z?’=k+1 x]2.<R2}
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soient vérifiées, on démontre que le probléme possede au moins k + 1 solutions.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and statement of the results

In this paper we are concerned with the existence and the multiplicity of solutions to

—Au+u=uP"! ing,
(P) u>0 in £2,
ueH}(R2)

where 2 < p <2*=2N/(N —2) and 2 C RN, N >3, is an unbounded smooth domain with 352 unbounded.
Problem (P) has a variational structure: its solutions can be found looking for positive functions that are critical
points of the functional

E(u) =f(|Vu|2+u2)dx
2

constrained to lie on the manifold
V={ueHj(R): |ulLr)=1}.

However, the usual variational techniques (minimization, minimax methods) cannot be applied straightly, because
of the lack of compactness, due to the unboundedness of 2. Indeed, since the embedding ; : HO1 (£2) — LP(£2) is
continuous, but not compact, the manifold V is not closed for the weak HO1 -topology and, moreover, the basic Palais—
Smale condition is not satisfied by E at every energy level. Furthermore, as we shall see, the situations, one has to
face, are strongly depending on the shape of the domain in which (P) is considered, so the corresponding technical
difficulties can be considerably different.

When RV \ 2 is a ball the existence of a solution to (P) can be, quite easily, proved (see [13]), by minimizing
E on the manifold V, = {u € H,(£2): |u|Lr(@) =1}, H,(£2) being the subspace of HOl (£2) consisting of spherically
symmetric functions, that, as well known [21], embeds compactly in L”(£2). Analogous devices can be used when
RN \ £2 is bounded and it is “nearly” spherical, in a suitable sense, or enjoys of some other kind of symmetry [10]
and, moreover, when £2 is a “strip-like” domain [12].

The question becomes more difficult when RY \ £ has no symmetry properties. Indeed a classical, by now,
result [13] states that, for a very large class of unbounded domains, those satisfying the condition: 3x € RV:
(v(x),x) 20Vx €082, (v(x),x) #0, (P) admits only the trivial solution u = 0. Moreover, even when RN \ 2
is bounded, problem (P) is not easy to handle and cannot be solved by minimization: the infimum of E on V equals
the infimum of ||u||§11(RN) on the manifold {u € H'(R): lulpryy = 1} and is not achieved [4]. Nevertheless, in
this case, a careful analysis of the Palais—Smale sequences behaviour [4] has made possible an estimate of the en-
ergy levels in which the compactness is saved and to give some answers to the existence and multiplicity questions
for (P). The existence of a positive nonminimizing solution to (P) has been proved (see [4,2]) by minimax meth-
ods, and furthermore multiplicity results have been obtained, by using subtle geometric and topological arguments, in
[6-8,19].

When both £ and RV \ £ are unbounded the compactness situation can be even more complex. Indeed, when
RV \ 2 is bounded, the above mentioned result states that a Palais—Smale sequence either converges strongly to its
weak limit or differs from it by a finite number of sequences that are noting but normalized solutions of the limit
problem

—Au4u=ul"! inRV,

(Poo) {ueHl(]RN)
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“travelling to infinity” and infinitely far away each other. When £2 and R¥ \ £ are unbounded and invariant with
respect to a group of translations, it is not difficult to understand that, besides the above described behaviour, a non-
compact Palais—Smale sequence can also look like a solution of (P) (normalized in L?(£2)) “travelling to infinity”,
of course by means of translations that leave £2 invariant. This happens, for instance, when £2 is the complement of a
cylinder: 2 = RN \{(x1,...,xN) € RN Z;VZ,{H x]2. < Rz}, where 1 <k < N —2and R > 0; in fact, if u solves (P),
then u(x — yi)/lule(g), with yi = (x{ ,0,...,0) and x{ i_:>w + 00, is a noncompact Palais—Smale sequence at the
same energy level of the critical point, of E on V, u/|ul1r ). Moreover, we remark that even worse phenomena can
occur, in fact unbounded domains with unbounded boundary exist such that the Palais—Smale condition for the related
energy functional E can fail at every energy level (see [17]).

The question of the existence of solutions of (P) when 2 is an unbounded domain having unbounded boundary is
still very partially investigated. Most of the known existence results concern domains bounded in some co-ordinates
(strip-like, cylinders) (see [23] and references therein), while only recently some existence results have been proved
under suitable condition at infinity on £2 and on 952 [18,17].

The research, we present here, deals with problem (P) when £2 is an unbounded “exterior” domain having un-
bounded boundary. Precisely, we suppose that §2 satisfies the following assumptions:

(hy) there exist k positive real numbers ty, 72, ..., T, 1 <k < N — 2, such that
(x1,x2,...,XxN)€R <+ (X1,...,Xi_1,X +T,...,xNy) €, Vi=1,2,...,k,
(hy) there exists R € R, R > 0, such that

N
RN\.QC{(xl,xg,...,xN)eRN: Z x]2~<R2 .
j=k+1

The main result we obtain is contained in the following

Theorem 1.1. Let §2 be a smooth domain verifying conditions (hy) and (hy). Then problem (P) has at least
(k + 1) solutions, uy,uy,...,ur+1, nonequivalent, in the sense that ¥i # j, i,j =1,...,k + 1, does not exist
(hi,ho, ... hy) GZk such thatu,-(xl,...,xN)zuj(x1 +hiti, x0+hoto, oo Xk RE Tk, Xkt 1y -2 5 XN)-

We stress the fact that, dropping assumption (h;), Theorem 1.1 is not true and moreover (P) could not have
any solution, as one easily understands considering 2 = {(x1, x2,...,xy) € RV: |(x2,...,xn)| > f(x1)}, where
f:R — R is a bounded smooth function such that 0 < infg f <supg f < H, HeRand f/(1) >0Vt eR. 2 is a
domain satisfying the above mentioned nonexistence condition, our condition (hy), but not condition (h;). Moreover
we point out that if in assumptions (hy), (hp) we have k = N — 1 then Theorem 1.1 does not hold, in general. Consider,
for example, D = {(x1, x2, ..., xy) € R¥: |x1| > R}, R > 0: since no solution exists on half-spaces, problem (P) has
no solution on D. Indeed, the proof we carry on does not work when k = N — 1, because in such a case Lemma 4.7
is not true, with g = 2.

On the contrary, a simple example of a domain to which Theorem 1.1 applies, giving the existence of at least two so-
lutions, is obtained considering 2 = {x € R3: dist(x, £) > H}, H € R\ {0}, with £ = {(x, cosx1, sinx}): x; € R}.

We, also, must observe that, in domains verifying the assumptions of Theorem 1.1, but having richer symmetry
properties (as the complement of a cylinder), solutions nonequivalent in the sense of Theorem 1.1 can be identified
by a different kind of translation. Because of this we explicitly state the following corollary, for which, on the other
hand, we have an independent proof, simpler than that of Theorem 1.1.

Theorem 1.2. Let 2 be a smooth domain verifying conditions (hy) and (hy). Then problem (P) has at least one
solution.

The paper is organized as follows: Sections 2 and 3 are devoted to build the variational framework for the study,
namely, in Section 2, after some remarks, the necessary equivariant, Ljusternik—Schnirelmann type, theory is exposed,
while in Section 3 the compactness question is studied. Section 4 contains some basic asymptotic estimates and in
Section 5 the proofs of Theorems 1.1 and 1.2 are displayed.
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2. Notations, preliminary remarks, equivariant theory recalls
Throughout the paper we make use of the following notations:

e LP(D), 1< p<+400,DC R¥, denotes a Lebesgue space; the norm in L? (D) is denoted by | - |, p;
e H)(D), D C RV, and H'(RV) = H](R") denote the Sobolev spaces obtained, respectively, as closure
of C;°(D), and C° (RV), with respect to the norms
1/2

||u||D:I:/(|Vu|2+u2)dx]l/2, ||u||R~=[/(|Vu|2+u2)dx] ;

RN

e if DijcDy,CRN andu e HO1 (Dy), we denote also by u its extension to D, obtained setting u = 0 outside Dj.
Hence for all u € H} (£2)

E(u)=/(|W|2+u2)dxs/(|W|2+u2)dx;

2 RN
e the generic point x = (X1, X2, ..., Xk, Xkt 1, .., xy) € RN =Rk x R¥N=K is denoted by (x1,x2,...,xk, x')
where x' = (X¢41,...,xy) € RV 7K k being the number that appears in assumption (h;), we put also |x'| =

N 241/2.
(Zj=k+1xj) 2

e B(y,r) denotes the open ball of RV, having radius r and centred at y.

We set
m = inf{||ullZy: u€ H'(RY), |ul, gy =1} (2.1)
The infimum in (2.1) is achieved (see [21,5]) by a positive function w, that is unique modulo translation [16] and

radially symmetric about the origin, decreasing when the radial co-ordinate increases and such that

lim |Do)|x|¥ D 2e =g, >0, s=0,1 (2.2)
o0

[x]—+

(see [15] and [5]).
The following proposition shows that, on the contrary, (P) cannot be solved by minimization.

Proposition 2.1. Setting

mg :=inf{Eu): ueV} (2.3)
the relation
mo=m 2.4)

holds and the minimization problem (2.3) has no solution.

Proof. Since we may consider HOl (£2) as a subspace of H!(RY),
mgo = m.
To prove that the equality holds, let us consider the sequence (wy,),en defined by
pxX)w(x — yn)
lp(X)w(x — yu)lp.2

where, Vi € N, y, = (31, )2 -+ Ondks ¥yp) € 2, limy, 5 40 |y, | = +00, w is the function realizing (2.1) and
Y E C®RYM, [0, 1]) is a cut-off function defined by @(x1,%2, ..., %k, x") = @(|x']), §: Rt — [0, 1] being a C* non-
decreasing function such that ¢(s) =0 Vs < R, ¢(s) =1 Vs > R + 1 (where R is the number defined in assump-
tion (hy)). Using (2.2) it is not difficult to verify that

wy, (x) 1= , XxX€82,

(@) 1imy— o0 [P (X)@ (x = yp) — @ (x — yn)|p,RN =0,

2.5
(b) 1imy—s o0 |9 ()0 (x — yu) = @ (& = yu) [ v =0 2
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hence
lim E(wy,)=m. (2.6)

n——+00

Let us now assume u* € V exists so that E(u*) = m, then by the uniqueness of the family of functions realizing (2.1)
u*(x) = w(x —y*) forsome y* € RV,
This is impossible because w(x) > 0Vx e R¥N and RN\ 2 #£0. O
From the above result we can deduce, also, some useful estimates on the L” norm of a critical point and a lower
bound for the energy of a changing sign critical point of £ on V.

Corollary 2.2. Let u be a nontrivial solution of

—Au+4u=plu??u inD,
( p,) 1
u € Hy (D)

with either D = 2 or D =R Then
1/(p—2)
_ m
| p D > (—) . 2.7
n

Proof. By (2.1), (2.3) and (2.4) we have
mlial5 < llii]| 5,
and being u solution of (P,)
& = wlal? o
Thus
m

_p-2
lal? 5 > —
P, u

and (2.7) follows. O

Corollary 2.3. Let ii be a critical point of E on V. If E(it) € (m,2'~2/Pm) then ii does not change sign.

Proof. Let us assume E(it) =, ||, 0 =1, u=u" —ua~ and ut #0, u~ # 0. Then, taking into account that u
solves (P,,) in §2 and using (2.3),(2.4), we obtain

mli*[) o < [a*|g = ulat]) o
hence
m\ P/ P=2
L=lalp g =a"[] o +a[} o> 2<;>
that implies
w=2"rm, ]

Remark 2.4. Obviously, the same conclusion holds true for every changing sign critical point of ||u||]%N on
{ue H'@RN): lul, gv = 1} and every normalized changing sign solution of (P) in §2 or in RV,

We recall, now, some facts about equivariant critical points theory, that is the needful topological framework for
our research.
Let X be a normed space and G a topological group. The action of G on X is a continuous map

GXXQX, [g,ul — gu

verifying the conditions



46 G. Cerami et al. / Ann. 1. H. Poincaré — AN 24 (2007) 41-60

) 1-u=u,
(i) (ghyu = g(hu),
(iii) u +— gu is linear.

The action of G on X is said isometric if
llgull = llull VgeGVuelX.

A set A C X is G-invariant if gA = A forall g € G.

Two elements w, z € X are G-equivalent if g(w) = z for some g € G. We denote by [w] the orbit of w, i.e. the
subspace {gw: g € G}, and by X/G the orbit space, i.e. the quotient space obtained by identifying each orbit to a
point.

Two sequences (Wp)neN, (Zn)neN> Wn, Zn € X are G-equivalent if, for all n € N, w, is G-equivalent to z,,, in other
words, a sequence (g,)neN exists so that g, € G and g, w,, = z,.

Amap f:Y — T,Y C X G-invariant set, T normed space, is G-invariant if

fogW=f(y) VgeGVyeY.
Amap f:Y - X,Y C X G-invariant set, is G-equivariant if

gof=fog Vgegd.

Definition 2.5. Let A, B,Y, B C A C Y be closed G-invariant subsets of a normed space X on which a topological
group G acts. The G-equivariant category of A in Y, relative to B, denoted by cat? (A, B), is the least integer [ such
that there exist (/ 4 1) closed G-invariant subsets of Y, Co, C1, ..., C; and (I + 1) maps h; € C(C; x [0, 1], Y), such
that

I
@AclJc,,  Bcoy
j=0
(1) hj(-, 1) is G-equivariant V¢ € [0, 1], j=0,1,...,/;
®) @)hj(c,O):c YeeCj, j=0,1,...,[;
(>iii) ho(c, 1) e B Yce Cy; ho(B,t) C B Vtel0,1];
(v)Vj=1,2,...,/ Jw; € Ysuchthath;(c,1) € [w;] Vc e C;.

If such a number does not exist, we say that the G-equivariant category of A in Y relative to B is +oc.

Definition 2.6. Let M be a C!, G-invariant manifold embedded in an Hilbert space H on which the topological group
G acts isometrically. Let F € C 1(M,R) a G-invariant functional. The functional F satisfies the G-Palais—Smale
condition, briefly (PS)G, at the level c if for every sequence (u,),, u, € M, such that

F(un)n—>——‘,-)c>oc7 VF(l/tn)n—>_—i-)ooo

there exists a sequence (v,),, G-equivalent to (u,),, relatively compact.

The following Ljusternik—Schnirelmann type theorem provides a lower bound for the number of critical points of
an invariant functional in suitable ranges of its values.

Theorem 2.7. Let H be an Hilbert space on which the topological group G acts isometrically. Let be M C H a
G-invariant CV'- manifold and F € C''(M,R) a G-invariant functional. Put for any ¢ € R

Fe={ueM: F(u)<c},

K‘={ueM: Fu)=c, (VF)(u)=0}.
Consider —oco < a < b < 400, and assume K® =% = K? and that F satisfies the (PS)G for all c € [a, b]. Then F

has at least Catgb (Fb, F9) critical points that are not G-equivalent and to which there correspond critical levels lying

in (a,b).
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Proof. Since F is G-invariant, we have forallu e M, Vg € G

F(u +tg_1v) — F(u)
1t

F'(gu)[v] = lim
t—0
= F'wlg~"vl.
Thus, being the action of G isometric, we obtain
(VF(gu),v) = (VFw),g 'v)=(gVFu),v) YgeG,VueM

and we deduce that VF : M — H is an equivariant map. Furthermore, because of the (PS)G condition, if F has not
critical values in the interval [«, 8] C [a, b], there exists a positive number 6 > 0 for which

IVF@)|>s YueF (o Bl). (2.8)
Indeed, if (2.8) were false, a sequence (u,),, u, € M, would exist so that

F(u")n—>—+)ooc S [a7 /3]1

VF(un)n_)—Jr)OOO.
Thus, a sequence (g,),, gn € G, would exist so that, passing eventually to a subsequence, gnltn _)—+>oov € M. Hence
we infer

F(w)= lim F(guu,)= lim F(u,) =c,

n——+o00 n—+00

[VE@ =, lim [ VF G| = Jim eV Fu| = lim [VF@] =0

contradicting the nonexistence of critical values in [«, 8].

Therefore, using well known methods (see e.g. [24] Lemmas 1.14 and 3.1), a number ¢ > 0 and a continuous
deformation n € C([0, 1] x M, M) can be constructed so that

@) n(t,-) Vrel0,1]is a G-equivariant homeomorphism of M;
(i) n(0,u) =u, VYueM,;
(i) n(r,u) =u, Viel0,1]ifud¢ F ' la—e B+el;

() n(1, FP) C F*;

(v) F(n(-,u)) is nonincreasing Yu € M.

Then, the conclusion follows, by applying classical arguments of the generalized Ljusternik—Schnirelmann theory
(see [24] Theorem 5.19). O

Remark 2.8. The same result could be also proved supposing H Banach, instead of Hilbert, space and under weaker
regularity assumptions on F'.

We end this section pointing out that, in our setting, a noncompact group of translations, G, acting on R and, in
turn, on HY(RNY and HOl (82) is considered. Namely, for all h = (h1, ha, ..., hg) € 7¥, we define T, : RY — R¥, by

Ty(x) = Tn(x1, X2, ., Xk, x') i= (x1 + T1h1, %2 + T2ho, . .., Xk + Tkhi, X)
hence we say that x,y € RN are equivalent if and only if there exists (hy, ha, ..., hi) € 7K such that y=(x1+
Tihy, x2 + ©ho, ... Xk + Tehi, X7).

Clearly £2 is invariant under the action of G.
Analogously, for all h = (hy, ha, ..., hx) € 7K, we define 7, : HY(RN) — HY(RY), by

T () (x) == u(Tp(x)) = u(xy + tihy, x2 + ©2ha, ..., X + Tehi, x')
and we say that u,v € H LRNY are equivalent if and only if there exists (h1, ko, ..., h) € 7¥ such that
v(xX1, X2, .., Xk, X)) = u(xy 4+ Tihy, x4+ ©ho, o X+ Tihg, X0

We remark that the action on H (RN of the group G := {Tj,: h € 7} is isometric, that HOl (82) can be seen as an
invariant subspace of H'(RN), V is an invariant manifold in HO1 (82) and the functional E is invariant.
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3. A compactness result

The purpose of this section is to show that there exists an energy interval in which the compactness of the functional
E is saved.
The result we prove is stated in the following

Proposition 3.1. The functional E satisfies the G-Palais—Smale condition on V at every level ¢ € (m,2'=%/Pm).

Proof. Let (u,), be a Palais—Smale sequence for E constrained on V, e.g.

(a) |“n|p,9 =1,
(b) lim, 4 E(uy,) =c, 3.1
(c) limy— 400 VE\V(”n) =0

and assume
ce(m,2'7%"m). 3.2)

By definition of E, (3.1)(b) implies that (u,), is bounded in HO1 (£2), so there exists ug € HO1 (£2) such that, up to a
subsequence,

(@) up, —uo weakly in H} (£2) and in LP(2), (3.3)
(b) un(x) — up(x) a.e.in £2. ’
By (3.1)(c), there exists a sequence (i), 1y € R, such that
(VEy (uy), w) = /[(Vun, Vw) 4+ upw]dx — wy / lun|”2upw =o(Dwlle  Yw € Hi (2) (3.4)
Q 2
and, in view of (3.1)(a), (b), setting in (3.4) w = u,, we deduce
lim pu, =c. 3.5)
n—-+00
Hence ug solves
—Au+u=clulP2u in £,
{u € H}(£2). (3.6)
Set now
_ (n —up)(x), x€82,
”"(x)—{o, xeRV\ Q.
Then, by (3.3)(a),
vn =0 weakly in #'(R") and L? (R") 3.7)
and
lonllgn = llunll; — lluolls + o(1). (3.8)
Furthermore, by (3.3)(b), the Brezis—Lieb theorem can be applied and it gives
[onl) v = lunlyy o = luoly o +o(D). (3.9)

Let us suppose, now, ||v,||[gy 7 O strongly (otherwise we are done). So, up to a subsequence, ||v,|lgy = ko > 0
Vn € N, for some kg € R. Then, using (3.4), (3.6), (3.8), (3.9), we deduce that k; € R exists such that |vn|§ RN >
ki > 0. ’

Let us decompose, now, RY into N-dimensional hypercubes Q;, having unitary sides and vertices with integer
co-ordinates, and put for all n € N

d,, = max|v,| .
nT en
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We claim that y € R, y > 0, exists such that (up to a subsequence)
dy 2y >0 VnelN (3.10)
Indeed

p p
0 <k <lval) o =D lual} g,
leN

-2
S IIIS\)]( |v"|§»Q1 Z |v"|%7,Q1
leN
-2 )
<dV ke Y llvallp, <db kelloaligw
leN
kp € RT \ {0} independent of i. Thus, in view of (3.1) and (3.8), (3.10) follows.
Let us call, for all n € N, y, the centre of an hypercube Q, in which |v,|p, o, = dy.
If (yy), were bounded, then, passing eventually to a subsequence, we could assume that the y,, for all n, belong
to the same cube Q and, hence, that they coincide. Thus, in Q we would have, for all n, |v,| 202V > 0 and, on
the other hand, ||v,| 5 0 < llvnllgy < k3; as a consequence, by the Rellich Theorem, (v,,), would converge strongly in

L? (@) to a nonzero function, contradicting (3.7). Therefore

[Yn| —> +o00.

n—+00

Let us, now, call ¥y the weak limit, in H'(R"), of the sequence 7,(x) := v,(x + y,). Arguing as before in the
hypercube O centred at the origin and having unitary sides, we conclude that vy £ 0. Moreover, as a consequence
of (3.4), (3.5), 7 is a weak solution, on its domain D, of —Au + u = c|u|?~u and, since |y,| — 400 and £2 satis-
fies (h2), we deduce D = RY, when dist(yy, RN \ Q)n:)w 4+ 00, D = £2 (up to a translation) when dist(y,, RN \ £2)

is bounded.
Now, we claim that

(@) up =0,
(b) vo does not change sign, (3.11)
(€) Un, —, Vo strongly in Hy (D).

Equality (3.11)(a) follows by observing that (3.8) implies
lunll S > lluoll % + 130ll5 + o(D), (3.12)

thus, if ug were not zero, taking into account that vy # 0 and that Corollary 2.2 applies to both u( and vy, we would
infer

5 m\ 2/ (P=2
E(up) = lunlly =2m - (;) +o(D)

and, then
c>2'72rpy

contradicting (3.2).

Assertion (3.11)(b) is a direct consequence of Remark 2.4 and of the arguments of Corollary 2.3.

Let us prove, then, (3.11)(c). Let us assume, by contradiction, that v,, -+ v¢ strongly. Then, setting w, (x) := (v, —
vo)(x), wy(x) — 0 weakly in HY(RM) and in LP(R"), and wy,(x) - 0 strongly in H!(R"). So, we can repeat step
by step the argument before applied to (vy,),, concluding that a sequence of points (z,),, zn € RV, |z, |n ==, T

+o00
and a nonzero function, wy, exist such that

Wy (x) := wy (x + z,) = Wo(x) weakly in H(; (5),
D being either RY or £2, and & being a solution of —Au + u = c|u|”~2u in D. Furthermore the inequality

~ 112 2 2 ~ 12
nllpNy = nllpy = iUnllo — IIVOIID
W llgy = llwallgy = llunlie = lvollp 4 o(1)
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holds, thus

lunll% > 150115 + IolZ5 + o(1)
and, then,

c>2172ry

follows, contradicting (3.2) and giving (3.11)(c). Now, (3.11) and (3.9) imply |Uo|, p = 1 and, by (3.11)(b), we can
suppose 7o > 0 on D. Hence, if D = R¥, the uniqueness of the positive regular solutions to —Au + u = c|u|?2u
in RN implies ¢ = E(7p) = m, contradicting (3.2). Therefore, D = £2 and 0 < dist(y,, RV \ £2) < H for some
H € R*\ {0}. Let us consider the sequence (hy,), = (hpa hno, ... hyi) € ZF such that

Tihpni <yni<tihy;+1), i=12,....k, neN,
and define

u:(xl, X2y eey Xk x’) =u,(x1 + ‘[1/’1,1’1, e X+ 'Ckh,,,k, x’).
The sequence (u}), is G-equivalent to (u,), and converges strongly in HOl (£2) to a function u™* that is a nontrivial
critical pointof Eon V. 0O

4. Useful tools and basic estimates

For what follows we need to introduce a barycenter type function. For all u € L? (R") we set

N 1 N
u(x)_m / |u(y)|dy Vx e R,

B(x.,1)
| B(x, 1)| denoting the Lebesgue measure of B(x, 1), and
1 +
a(x) = [ﬁ(x) - = maxzz(x)] vx e RY;
2 RN
we, then, define 8: L”(RV) \ {0} — RY by

/ummﬁw. @.1)

RN

1
Blu) = —5—

|u|p,RN

We point out that 8 is well defined for all u € L?(RY) \ {0}, because & # 0 and has compact support, that g is
continuous and

(a) ,B(u(x — y)) = ﬂ(u(x)) +y Vue L”(RN) \ {0}, Vy e R, 4.2)
(b) B(w(x)) =0. ’

Remark 4.1. We stress the fact that the above barycenter map has been introduced some years ago by the first and the
third author ([9], pages 265-266).

This map has been useful in many situations; in fact, it has been used also in [6,17,18] and recently, with a very
slight modification, in [3] (actually, in [3] the definition of barycenter map is introduced as a new one and the definition
given in [9] is not quoted).

We set, for all r € RT,

Dy :={(x1,x2, ..., x%,x") eRN: |¥| < r}
and

B, :=inf{Ew): ueV, Bu) € D,}, (4.3)
s0, in particular,

Do :={(x1,x2, ..., x,x) e RV: x’ =0}
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and

By :=inf{E(u): uev, (ﬂ(u))’ = ((ﬁ(u))k+1, (,B(u))k+2, e, (,B(u))N) = O}. 4.4)
We remark that

Bo>B, Vr>0. 4.5)

In what follows, for every y = (y1, ¥2, ..., Yk, Y') e RV, we set
Zy =01, Y2, s 6 1,0,...,0) e RY

and we denote by S, X' and A, respectively, the sets

Si={(x1,x2, .., x0, X)) € RV x| =2}, (4-6)
=S+ 2o, 4.7
A= {oy—l—(l—cr)zy: yex, 06[0,1]}. (4.8)

For every p > 0 we define the operator

Y,: X x[0,1]—V

by
p)[(1 —0)w(x — py) + ow(x — pzy)]
Wy, ol(x) = Y ¥l (4.9)
lp()[(d —)w(x — py) +ow(x — pzy)llp.e
where ¢ € C®(R¥, [0, 1]) is the cut-off function introduced in Proposition 2.1.
We note that
1y, 0)x) = PPN . (4.10)
lp(X)w(x — py)lp.
For every p > 0 we consider, also, the map
£,: X x[0,1] — pA
defined by
Eply.ol=p((1 —0)y+ozy). (4.11)
Proposition 4.2. Let B, be the numbers defined in (4.3). Then for all r € R, there exists u, € R, such that
By =y > m. 4.12)

Proof. Clearly, for all r > 0, B, > m; to prove (4.12) we argue by contradiction and we assume that 5; = m for some
7 > 0. Hence, a sequence (i), must exist such that u,, € V and

{ (@) B(un) € Dy VneN,

Then, by the uniqueness of the minimizers family of (2.1), a sequence of points (y,),, y,» € RV, and a sequence of
functions (x,)n, xn € H LR exist so that, passing eventually to a subsequence, still denoted by (u,),,

() g (1) = 0(x — yu) + xu(x) VxRV,
(i) limy— o0 xn(x) =0 in H'(RY) and in L7 (RN)

(see also [4] Lemma 3.1). Therefore, by (4.2), (4.14) (i) and the continuity of 8, the relation

(4.14)

|B(n) — yu| —> 0

n——+00

holds and, together with (4.13)(i), implies that the sequence (y;,), is bounded. Hence, either the sequence (y,), is
bounded, or it is unbounded, but, in view of the assumption (h1), it can be replaced by an equivalent sequence, still
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denoted by (y,)», contained in a bounded set; so, passing eventually to a subsequence, we conclude that Yn, H—j&ﬂi.

Thus, either (u,), or a G-equivalent sequence, still denoted by (u,),, satisfies
lim u,(x)=wlx —y).
n—+00

Then, by (4.13)(ii),

m= lim E(u)= / (Voo — )|+ (0@ — 7)) dx
2

that is impossible, because  (x) realizes (2.1), @ > 0 in RY and RV \ £ # , so the statement follows. O

Lemma 4.3. Let ¥, ¥, By be as defined, respectively, in (4.7), (4.9), (4.4). Then there exists p € R such that for all
p=p

By < E(W,[y, o). 4.15
o< max (¥,ly.o]) (4.15)

Proof. Taking into account (2.2), (4.2), (4.10), (2.5)(a), it is not difficult to verify that
pEToo’ﬂon[y,O]—py}RNzo Vye X. (4.16)
Thus, for p large enough, 8 o ¥,(X x {0}) is homotopically equivalent in RN \ Dg to pX and, then, there exists
(9,6) € ¥ x [0, 1] such that (8 o ¥,)[y, 6] € Dy, so
Bo < E(%,[9.6]) < max E(¥ly.01).

x|
as desired. O

Corollary 4.4. Let X, ¥, and p as in Lemma 4.3. Let By, r € R, as defined (4.3). Then forall p > p
B, < E(Y,ly,o0]). 4.17
P < max (ply. ol) (4.17)

Proof. Inequality (4.17) is an immediate consequence of (4.15) and (4.5). O

Next step is to establish some, crucial, asymptotic estimates on the energy of ¥, (X x {0}) and of ¥, (X x [0, 1]).
To this end, we need, first, to recall some known results:
Lemma 4.5. For all a,b € R™, for all p > 2, the relation
@+b)?>a” +b”+ (p—1)(a?'b+ab’"")
holds true.

Lemma 4.6. Let g € C(RY) N L®RN) and h € C(RN) be radially symmetric functions satisfying for some o > 0,
b>0yeR

lim _g(x)exp(alxl)x|” =y,

[x|—+

/|h(x)|exp(a|x|)(l + |x|b) dx < 4o00.
RN
Then

lim </g(X+y)h(X)dx) eXp(OéIyI)Iylb:J//h(x)eXp(—axl)dx

[yl—>+o0
RN RN

holds.
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The proof of Lemma 4.5 can be found in [8], while the proof of Lemma 4.6 is in [1].
Now, we state, in the following lemma, a basic, preliminary, asymptotic relation.

Lemma 4.7. Let be k € N, 1 <k < N — 2 and h € C(RN,R) such that h(xy,xa,...,xx,x') = h(x') with h €
CO(RN —* R), then the relation

lim  sup [ f h)[(1 =)o (x — py) + oo (x — pzy)]? dx:| pWN D2 exp(20) =0 (4.18)
pP=>+00 $410,1]

holds for all g > 2

Proof. Since has compact support, there exists R > 0 such that supph C {w e RV K |w| < R} Bn_« (0, R), so
h(x) =0 if x’ > R, furthermore maxgy i = max pN—k h < +00.

In what follows we can, also, suppose p > max(1, R) hence, observing that, for all y € X, |y| > 1 and that w is
radially decreasing when the radial co-ordinate increases, we deduce that Vx € R¥, for which x| < R, wx—p ﬁ) >
w(x — py).

Thus we have

/ h)[(1 =)o (x — py) +ow(x — pzy)]* dx

RN

o[ (oot

{(xeRN: |x'|<R}

c1 € RT\ {0}. So we must show

lim |: /( / (w(x — pv))q dxjgr - .de) dx; dxk:| oD 2 exp(2p) =0 (4.19)

p—>+00
RE By 4(0,R)
with both v = ‘;—’l,ye Yandv=zy,yeX.
Let us evaluate (4.19) when v = ‘“le yeX.

Without any loss of generality, we can assume v = (0,0, ...,0,v’), |v'| = 1. Taking, again, advantage of the
behaviour of w and of its asymptotic decay, we infer, for large values of p,

/( / (a)(x - pv))q dxg41 de) dxq---dxg

RE  By_(0,R)

S 52/(0)(x1,x2, e X (ﬁ— p)v/))qul dy

Rk
< /[ 1 1
<c _
SRk [((p— B2 + Y a2 N-D/2 (lp— R+ x

q
l/2i| dxp---dxyg,

c2,c3 € R\ {0].
So, setting x = (x1, x2, ..., Xg), to obtain (4.19), we have to show that, for all ¢ > 2

0 (N=1)/2 1
li — . — dx =0. 4.20
p—yfoo/<[(p "R+ |,e|2]q/2> cal(p— R 2p O (%20
Rk
When g > 2, (4.20) follows at once because

0 (N=1)/2 1 1 N
~ . = < , ,c5 € R 0}.
([(p - R+ |£|2]q/2> el RP+RPI2 25 = Dotz S Vo)
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Let us, then, consider the case g = 2. Clearly, being R fixed, (4.20) easily comes once we show that

. p (N=1)/2 o2 A
lim S — —  __d;{=0. 4.21)

p—+oo | \ p2 + |2 22D
Rk
Now
e
J 02 + | %2 202 +I% )12 ,o(N_l)/sz 1+ %/p]? e2pl(1+13/p1»)1/2=1]
Z/(;><N—1>/zl phH1=N)/2 i
o 1+ %2 2ol (1+1E)1/2-1]
and forall X #0

1 N=D/2 Ck+1-N)/2
lim { ——

p—+oo\ 1 4 |%|2

Furthermore, when k < NT’I

1 \WV=D2 o pCk+1=N)/2 | \W-Dp2
' 422
(1 + IiI2> 2ol EP)—1] (1 n I)?Iz) (4.22)

et Ao

for large p, while, when k > NT_I, taking into account that

t* a\* 1
max —=[—) —, a>0,
teR+ eCl e CC(

we deduce

1 (N=1)/2 p(2k+l—N)/2
(1 + |£|2) " 20l (1H1FD)2-1]

21— N\@kHI=M2 1 (2k+1-N)/2 1 (N=1)/2
<|\———— —a—  ——— 4.23
( de ) ((1+|x|2)1/2—1> <1+|X|2> ( )

and, since k < N — 2, the right-hand sides of (4.22) and (4.23) belong to L'(R%). Thus, by the Lebesgue Theorem,
(4.21) is true. As a consequence, (4.19) holds true when v = ﬁ, y € X. The argument when v =z, y € X' is quite
analogous, so the statement is proved. O

We are, now, ready to state and prove the main energy asymptotic estimates.

Proposition 4.8. The relations

li E(Y,[y,0]) = 4.24

Jlim max (ply.01) =m, (4.24)
Em[%x” E(II/p[y, o]) <2!=2/py for p large enough (4.25)
XU,

hold.

Proof. In view of (4.7) and of the fact that, Vy € X, lim,_, 1~ |py’| = +00, arguing as for proving (2.6) in Proposi-
tion 2.1, it is easy to show that

pETOOE(wp[y, 0)=m VyeXx,

so (4.24) follows.
In order to prove (4.25), let us put
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Nyly,ol= ”(p(x)[(l —o)wx —py)towlx — PZy)] ||%RN
D,ly,ol= e[ — 0wk —py) +ow(x — ,OZy)]|;RN
for all p > 0, for all (y,o) € ¥ x [0, 1].
We have

Nply,ol= /(cp(x))z[}v((l —)w(x — py) +ow(x — pz)|
RN

+((1 =)o — py) +ow(x — pz,)*]dx

+ /|V(p(x)|2[(1 —)w(x — py) +owlx — pz,)] dx

RN
1
+5 / (Vie@)* ¥((1 = 0)o(x = py) +00(x = pzy))”) dr
RN
< fHV((l — ) —py) + ool — )" + (1 =0)o(x = py) +owlx —pzy)) ] dx
RN

1
+ /(lwml2 - EA(go(x))z)[(l — o — py) +owx — pz,)] dx

RN
= [(1 — (7)2 + 02] /[|Vw(x)|2 + (a)(x))z] dx +2mo (1 — o) /[a)(x — py)]p_la)(x — pzy)dx
RN RN

— /((pAq))[(l —o)w(x —py)+ow(x — ,Ozy)]zdx. (4.26)

RN

Now, setting
€p 1= /[w(x — py)]p_lw(x — pzy)dx = /a)(x — ,oy)[a)(x — ,ozy)]p_1 dx, (4.27)
RN RN

in view of (2.2), by applying Lemma 4.6, we get
lim e,[2p) VD2 exp(2p)] =¢ > 0. (4.28)
p—>+00

Therefore, using Lemma 4.7, we obtain
Nyly, o] < [(1 — 0)2 + 02]m +20(1 —0)me, +0(gp).

On the other hand, using Lemmas 4.5 and 4.7, we deduce

Dyly.o]= f[(l —0)w(x — py) +ow(x — pz)]" dx
RN
+ [(<p1’ —1)[(1 =)o — py) + oo (x — pzy)]” dx
RN
>[1=0)" +o’Jjl) oy + (= D[ =0) "o+ 0P (1 —0)]e, +0(ep)

where ¢, is defined in (4.27).
Hence
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_ Np(y’(f)

E(‘I’p[y, U]) - [Dp(y’o_)]Z/p
- [(1—0)?+0%lm+20(1 —o)me, +o0(s))
S ((I=0) +0P1+(p— DL —0)P~lo+ 0P~ (1 —0)]e, +0(s,))2/P

(1—(7)2—|—o2
< ((I_U)p+gp)2/pm+2my(rr)sp +o(ep),
where
B (1—0)o p—110-0)?+0? =2 | p2
V(")_[(l—o>ﬂ+oﬂ12/ﬂ{ pi s v L ]}'

Since y(1/2) < 0, denoting by 7(1/2) a neighbourhood of 1/2 in which y (o) < ¢ < 0, for all o, and taking into
account (4.28), we obtain, for large p,

sup  E(¥ly,ol) <2'"Pm.

Tx1(1/2)
On the other hand
1— 2 2
lim sup E(Wly,cl)<m- sup (I-0)+o 75 < 21=2/P
P=+00 53 10,11\ (1/2)) 0,10\ (1/2) [(1 —o)? +oP]e/P

completing the proof of (4.25). O
5. Proof of the results

In what follows for all ¢ € R we set
E¢ = {u eV: E(u) < c},
(EC)Jr ={u€E u>0ae.in 2},
(E)" ={ueE“ u<0ae. in 2}.

We, first, give the proof of Theorem 1.2. Clearly, it can be obtained as a straight corollary of Theorem 1.1, nevertheless
we believe interesting to exhibit the following independent argument, because it is considerably simpler than that of
Theorem 1.1 and it need neither strong tools of G-equivariant Ljusternik—Schnirelmann generalized theory, neither
delicate topological invariants.

Proof of Theorem 1.2. By Propositions 4.2, 4.8, and Lemma 4.3, a p > 0 exists such that for all p > p the inequalities
m < mzax E(II/p[y, 0]) < By < Em%x” E(II/p[y, o]) <2172/Ppy 5.1

x|
hold and, moreover, 8 o ¥,[ X x {0}] is homotopically equivalent in RN\ Dy to pX. So let us fix p > p and set
A= mgx E(lI/p Ly, 0]),

L= ng[%),(l] E(¥,ly,a]).

We claim that there exists a critical level ¢* € [By, £]. Arguing by contradiction, let us assume
{ueV: Ew) e[Bo, L], VE|y(u) =0} =4.

Then, by Proposition 3.1, using standard arguments (as displayed in Theorem 2.7), a positive number § € (0, By — .A)
and a continuous function

n:EL — gBo~b (5.2)
can be found so that

nw)=u VueEPS, (5.3)
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Now, let us define H: X x [0, 1] — R" by

H(ly.o]) := Bon(¥ly. ol).

By (5.3) and the choice of §, H([y,0]) = B(¥,[y, 0]), thus, by the choice of p > p, H([X x {0}]) is homotopi-
cally equivalent in RN \ Do to pX'; moreover H is continuous, so a point (y,0) € ¥ x [0, 1] must exist so that

Bon(¥yly,a]) € Do.
This is impossible, because, by (5.2)

H(Z x [0, 1]) N Do =¢.
Therefore, the claim is proved and there exists a critical point u*, of E on V, such that E(u*) = ¢*. By Corollary 2.3
we can assume u* > 0, so v* = (¢*) /P2 y* > 0 solves (P) and, by the maximum principle v* > 0. O
Proof of Theorem 1.1. By Propositions 4.2, 4.8, Corollary 4.4 and (4.16) of Lemma 4.3,a p € R, p > 0, exists such
that for all p > p
m < mzax E(lI/p[y, O]) < B3r < ma})xl E(lllp[y, a]) <2172/Ppy, (5.4)
2 x[0,1]

R being as in assumption (h;), and
|ﬂo'1/p(y,0)|>§ Vye . (5.5)
So, let us fix p > max(p, 6R) and set
A:= mgx E(lI/p [y, 0]),

L= Erlxl[a(l)yfl] E(¥,ly.o]).

Let us choose then A € [A, B3g) and Le (£, 21=2/P;y) such that

[uev:i E@)=A, VEy @) =0}=0,
[ueVv: E@)=L, VEy @) =0}=0.
Let us remark that, if one of this choices were not possible, we would be done, because the functional E constrained

on V would have infinitely many critical values, to which there would correspond infinitely many solutions of (P).
Now, taking into account Proposition 3.1, we can apply Theorem 2.7 to the functional E, on V, subject to the

action of the group G. So, we deduce that E possesses at least cati ; (EX, EA) not G-equivalent critical points, to

which there correspond critical values lying in (A, L).
Now, to conclude the proof, we just need to show that

catiﬁ (EX, EA) > 2catS, (pA, p2). (5.6)

Indeed, being true (5.6), we can infer the existence of at least antg 4(pA, pX) not G-equivalent critical points of E

on V, u;, that, since E(u;) € (.A, /3) C (m, 21_2/1’m), by Corollary 2.3, do not change sign. Hence, in view of the
maximum principle, the existence of at least catg (pA, pX) positive not G-equivalent solutions of (P) follows. The
argument is, then, completed by observing that, by applying Corollary 7.6(ii) in [11] (see also [14]), we obtain

catgA(pA, pX)=k+1 5.7

(for the reader’s convenience, a proof of (5.7) is given in Appendix A).
Let us prove now (5.6). To this end, we show that

g £+ A\t G
(@ cat’ o ((EX)", (E4)7) > catf, (04, p X), (5.8)

(b) cat(gEﬁ)f((Eé)f, (EA)7) = catl, (pA, p ),
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we remark, in fact, that (£ £)+ and (E 5)_ belong to disjoint connected components of E E, because EX < 21=2/ppy.

Obviously (5.8)(a) is true when cat(gEﬁ)Jr((Eﬁ)*, (EY™) = 400, hence let us assume

g LN+ ANty .
cat(Eé)+((E ) L(EY) ) =leN;
this means [ is the least number for which there exist (I + 1) closed G-invariant setsA’E C (E£)+, i=0,1,...,1,

(I + 1) continuous maps 6; : 7; x [0, 1] — (Eﬁ)+, i=0,1,...,0,and [ points w; € (EX)*,i=1,2,...,1, such that

(B =UT (N ¢,
6; (-, t) is G-equivariant V¢ € [0, 1],
0;(u,0)=u Vuel, i=0,1,...,1,
Oi(u,1)e[w;] YueT;,i=1,...,1,
bo(u, 1) € (BN VueT,

pe

Now, we consider

Ki:= (& ow, )T, i=0.1,....1,

¥, and £, being the maps defined in (4.10) and (4.11) respectively. We remark that X; are G-invariant subsets of RN

and, by (5.4) and (5.9),
l
KiCpA, U’Cisz, X C K.
i=0

Let us denote for all x € RN \ Dy, x = (x1, x2,

bo(u, 1) € (EA)" vue (EA)Y, veelo, 1.

i=0,1,...,1,

..., Xk, x"), by IT(x) the unique point belonging to p X and to the

half line containing x and having origin at (xy, x2, ..., Xk, 0).
We define, then, fori =1,2,...,!
Al x[0,1] — pA
by
) = { (1—20x+2tho p(W, 06, (x)), 0<r< S,
hoBob;(¥,ok, 1 (x),2t —1), I<r<y,
where
Qs = { (X1,X2, .., Xk, x) %f x| < |(17(x))i| orx'=0
I (x) if x| > | (T (x)) |
and we define
2o Ko x[0,1]— pA
by
(1 —3)x + 3th(x), 0<r<1,
rG, )= h(Btx+ Gt = DB(¥, 08, (). §<r<3.
hoBoby(¥,08,'(x).3t—2), F<i<I,

where /1: RY — R is the map defined by

X1y Xk, X7)

if |x'| <R,

/

- )| - R
h(x1, .. xx)) = (xl,...,xk,[R+%(|x/|—1e)]x—> if R < |x'| <2R,

(x)

x|
if [x/| > 2R.



G. Cerami et al. / Ann. 1. H. Poincaré — AN 24 (2007) 41-60 59

We remark that the maps A;, i =0, 1,...,[, are well defined: indeed, even if Sp_ I can contain more than one

element, ¥, o Ep_l (x) is uniquely determined; moreover the A;, i =0, 1, ..., [, turn out to be continuous maps having
the following properties

Ai (-, 1) is G-equivariant Vr € [0, 1], i =0, 1,...,1,

Ai(x,0)=x Vxek;, i=0,1,...,1,

ri(x, 1) e[hoBw)] Vxeki i=1,2,....1, (5.11)
M, 1) epX VxekKy,

Mx,t)epX VxepX, Vtel0,1].

Relations (5.10) and (5.11) imply
catg (pA, p2) <1,

so0 (5.8)(a) is proved. An analogous argument gives (5.8)(b), completing the proof. O
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Appendix A

Proposition A.1. Let X' and A as in (4.7) and (4.8), respectively. Then, for every p > 0,
catS, (pA, pZ) =k + 1. (A.1)

Proof. If we set B = (S)* x Dy_j and S = (S)* x SV %=1 then (A.1) is equivalent to cat(B, S) =k + 1.

It is well known that cat(B) = k + 1 (see [20] or [22]), so, by definition of category, cat(B, S) < cat(B) =k + 1
follows.

In order to show that the reverse inequality holds, let us observe that the cohomology algebra H*(B) is an exterior
algebra on k one-dimensional generators and, moreover, the relative cohomology algebra H*(B, S) is a free H*(B)-
module on a (N — k)-dimensional generator. Thus,

(H*(B))H*(B.S) #0,

where H*(B) is the reduced cohomology, (H*(B))* stands for the n-th power and the product is the cup product. As
a consequence, by using Corollary 7.6(ii) in [11] (see, also, [14]) cat(B, S) > k + 1 follows. O
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