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Abstract

The integral representation problem on BV(£2) for the L'(£2)-lower semicontinuous envelope F of the functional F:u €
w2 2) > f o f(Vu)dx is approached when f is a Borel function, not necessarily convex, with values in [0, +-o00]. The pres-
ence of the value 400 in the image of f involves a pointwise gradient constraint on the admissible configurations, since those
generating the relaxation process must satisfy the condition Vu(x) € dom f for a.e. x € £2. The main novelty relies in the absence
of any convexity assumption on the domain of f. For every convex bounded open set 2, F is represented on the whole BV(£2)
as an integral of the calculus of variations by means of the convex lower semicontinuous envelope of f. Due to the lack of the
convexity properties of dom f, the classical integral representation techniques, based on measure theoretic arguments, seem not to
work properly, thus an alternative approach is proposed. Applications are given to the relaxation of Dirichlet variational problems
and to first order differential inclusions.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Le probleme de représentation intégrale sur BV (£2) pour 1’enveloppe L1(£2)-semi-continue inférieurement F de la fonction-
nelle F:u e W (2) — /. o J(Vu)dx est considéré dans le cas ou f est Borelienne non nécessairement convexe, a valeurs dans
[0, +o0]. La présence de la valeur +oco dans ’image de f implique une contrainte ponctuelle sur le gradient des configurations
admissibles, puisque celles qui jouent un role dans le processus de relaxation doivent satisfaire la condition Vu(x) € dom f p.p.
dans £2. La nouveauté principale consiste en I’absence d’hypotheses de convexité sur le domaine de f. Pour tout ensemble ouvert
borné et convexe £2, F admet une représentation sur BV(£2) tout entier comme une intégrale du calcul des variations au moyen
de I’enveloppe convexe et semi-continue inférieurement de f. En raison du manque des propriétés de convexité de dom f, les
techniques classiques de représentation intégrale, basées sur des arguments de théorie de la mesure, semblent ne pas fonction-
ner convenablement, donc une approche alternative est proposée. Des applications sont données a la relaxation des problemes
variationnels de type Dirichlet et aux inclusions différentielles du premier ordre.
© 2006 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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0. Introduction

Let U be a set, and let F: U — [0, +o0]. Then the approach to the minimization problem for F on U by means of
the direct methods of the calculus of variations naturally leads to the introduction of a topology 7 on U enjoying good
compactness properties, and to the study of the t-lower semicontinuity of F. If F is not r-lower semicontinuous, one
is naturally led to introduce the 7-relaxed functional F of F, defined on the r-closure U of U as the greatest T-lower
semicontinuous functional on U less than or equal to F' on U. Indeed, F turns out to be 7-lower semicontinuous, the
minimum of F on U exists provided F' satisfies suitable coerciveness conditions, and

min F (1) = inf F(u).
uel uel

When f:R" — [0, 4o00[ is Borel, £2 is a smooth bounded open subset of R”, U C WLl(£2), and F is the integral
energy defined by (here and in the following £" denotes the Lebesgue measure on R")

F:ueUH/f(Vu)dﬁ”, 0.1)
2

the above described relaxation process has been widely developed in the last decades for various choices of U, each
one determining a particular variational problem (Neumann, Dirichlet, mixed, etc.), and under different assumptions
on f. We refer to the books [1,2,8,11,14,20,31] for complete references on the subject, also in more general frame-
works.

By choosing 7 equal to the L' (£2)-topology, and under convexity assumptions on f, in [23] and in [10] the case of
the Neumann problem has been treated when U is a Sobolev space, or a space of smooth functions. In these papers,
integral representation results for F have been proved on the space BV(§2) of the functions with bounded variation
in £2. In the same framework, in [22] and [16] the case of the Dirichlet problem has been treated by imposing a
boundary trace condition on the elements of U, and again proving integral representation results for F on BV(£2).

When f is not convex, relaxation processes have been carried out in both the cases of Neumann and Dirichlet
problems when U is a Sobolev space, or a space of smooth functions, and T is either the sequential weak-W! 7 (£2)
topology, with p depending on the choice of U, or the Ll(.Q) one (cf. for example [2,9,14,20,30] and the refer-
ences quoted therein). In these papers integral representation results for F have been proved in Sobolev spaces also
in more general settings, for example by allowing a dependence of f also on the space variable x, under additional
coerciveness and growth assumptions. It has been shown that the relaxation process produces a density convexifi-
cation. For example, when U = W1 (£2) and 7 agrees with the sequential weak*-W % (£2)-topology, it turns out
that

Fu) = / F¥*(Vu)dL"  forevery u € WH™ (), (0.2)
2

where f** is the convex envelope of f, i.e. the greatest convex function less than or equal to f.

We point out that results in the same spirit hold also in different settings. For example, when f is defined on the
set of the n x m matrices and the elements of U are R™-valued, (0.2) still holds provided f** is replaced by the
quasiconvex envelope of f (cf. for example [2,11,31]).

In the above results the gradients of the elements of U are allowed to lie in the whole of R” without any restriction.
When this does not occur, namely when a condition like (unless differently specified, a.e. means £"-a.e.)

Vu(x) e E forae.x e 2,

must be fulfilled by the elements of U for some given subset £ of R”, the corresponding relaxation processes become
pointwise gradient constrained. The treatment of this case can be handled by allowing the value +oo in the target
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space of f. Indeed, in this case the only elements of U that play a role are those that satisfy the following pointwise
gradient constraint

Vu(x) edom f forae.x e $2, 0.3)

where dom f = {z e R": f(z) < 400}

Several situations in applications, for example in elastic-plastic torsion theory, in nonlinear elastomers modeling,
and in optimal control problems, lead to classes of variational inequalities and of relaxation problems on sets of
admissible configurations subject to pointwise gradient constraints of the above type (cf. for example [8,19,27,28,34,
35] and the references quoted therein).

It is clear that, in general, (0.3) can be a very restrictive condition, entailing serious technical difficulties and
hindering the development of a wide range of results like those described in the unconstrained case. Indeed, few results
exist in literature on pointwise gradient constrained relaxation. We quote [20,30,5-7], and the monograph [8] in which
additional gradient constrained variational problems are considered as well. In particular, we quote [4,18], and [3] for
the treatment of the corresponding homogenization processes. In these papers, under various sets of assumptions on f,
and with different choices of U and t, again formulas similar to (0.2) have been proved, where now, since f takes its
values in [0, +-00], f** is the convex lower semicontinuous envelope of f. In particular, in [S] and [6] these formulas
have been extended to BV spaces as well, and some cases in which dom f has empty interior have been treated. In
spite of this, it must be emphasized that all these papers assume the structure condition

dom f is convex, 0.4

that however forestalls the approach in this context to the cases in which the gradients of the admissible configurations
lie in disconnected or finite sets.

Finally, we point out that recently, in [15] and [17], gradient constrained relaxation processes for Neumann prob-
lems have been investigated by allowing a true dependence on the space variable x in f, either under continuity or
just measurability assumptions on the multifunction

x +— dom f(x,-), 0.5)

but assuming that for a.e. x, dom f(x, -) is convex, uniformly bounded, and with nonempty interior. In these papers a
formula like

F(u) =/f**(x, Vu)dL"  forevery u € Wh®(£2), (0.6)
2

where for a.e. x, f**(x, -) is the convex lower semicontinuous envelope of f(x, -), has been proved under continuity
type assumptions on the multifunction in (0.5), but has been shown to fail under just measurability ones. Nevertheless,
in this last case, it must be pointed out that F still has an integral form as in (0.6), but with f** replaced by a suitable
integrand f = f(x, z) convex and lower semicontinuous in the z variable.

In the present paper we study pointwise gradient constrained relaxation processes for functionals as in (0.1) when
assumption (0.4) is dropped.

Actually, very little is known on this problem, and the measure theoretic techniques developed in the above men-
tioned papers seem not to be well suited for this case. Consequently, we propose an approach based on a new technique,
that allows us to treat both the cases of Neumann and Dirichlet problems. More precisely, if f:R" — [0, +-00] is Borel
and £2 is a convex bounded open subset of R”, we prove, in the case of Neumann problems with U = W1 (£2) and
7 equal to the L' (£2)-topology, that (cf. Theorem 3.10)

Fu) = / F*(Vu)dL" + /(f**)""(d‘|1gsz| ) d|Du| forevery u € BV(£2),
2 2

where (f**)* is the recession function of f** (cf. Section 1 for the definition), and, for every u € BV(£2), Vu is
the density of the £"-absolutely continuous part of the R"-valued measure gradient of u, D%u is the £"-singular part
of the gradient of u, |D%u| is its total variation, and dd‘g;;‘ is the Radon—Nikodym derivative of D°u with respect
to | DSul.
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Of course, the above formula agrees with the above recalled one established under (0.4), but we emphasize that
here we do not need to assume any topological or geometrical condition on dom f.

We also observe explicitly that the constraint condition involved in the relaxed problem, at least on Sobolev func-
tions, is given by

Vu(x) € co(dom f) fora.e. x € £2,

where co(dom f) is the convex envelope of dom f.

In the case of Dirichlet problems, we first remark that the only nontrivial results occur when co(dom f) has
nonempty interior (cf. Proposition 4.1). Then we take zo € int(co(dom f)), and consider the case in which U =
Uz, + W(;’OO(.Q) and 7 is again the L'(£2)-topology, where Uz, is the linear function whose gradient is zo and
WOI’OO(Q) the set of the Lipschitz functions on £2 whose (unique) extension on £2 is equal to 0 on 3£2. We prove
that (cf. Theorem 4.5)

- 00 dD® *ok') OO n—
F(u)=/f**(Vu)d£n+/(f**) <d|DSZ|>d|DSu|+/(f )% ((uzy — wyng) dH"!
2 2

82

for every u € BV(2),

where ny, is the unit outward normal to 352 and H"~! the (n — 1)-dimensional Hausdorff measure.

To prove the above results, in both the cases for U, we proceed by means of successive representations of F on
wider and wider function classes, starting from the one of affine configurations. The main novelty of the paper is just
in the techniques introduced to represent F on such space and on the one of piecewise affine functions. By improving
an idea from [24], we are able to approximate every linear function u, by means of a sequence of functions {uj} whose
gradients take only a finite number of values in dom f and such that limj_ 40 [ f(Vup) dL" < f**(2) L7 (82) (cf.
Proposition 3.5). A refinement of this result also provides a tool to replace the boundary datum of a function with a
prescribed linear one without perturbing too much the corresponding energy, thus allowing the treatment of Dirichlet
problems. It also generalizes the so called zig—zag lemma (cf. [14]) to the case of convex combinations of more than
two vectors. The representation of F on piecewise affine functions is then deduced by means of a structure result
establishing that every piecewise affine function u = > j(uz; +sj)xp; can be expressed at each point of a convex
open set £2 as a maximum of minima of some of its components u; + s; whose corresponding P; have a nonempty
intersection with §2 (cf. Theorem 2.1). Finally, the representation on BV spaces is achieved by means of suitable
approximation processes, and of a general inner regularity result for abstract functionals (cf. Proposition 1.7).

We point out that pointwise gradient constrained relaxation problems are related to first order differential inclusions
and Hamilton—Jacobi equations (cf. [29,13], and also [12] where existence results of a.e. solutions of differential
inclusions are proved without assuming convexity hypotheses on the inclusion sets). In fact (for simplicity we discuss
only the particular case of Sobolev functions), when applied to f = Ig, where E is a Borel subset of R" and I is
its indicator function defined as Ig(z) =0 if z € E and Ig(z) = 400 if z € R" \ E, our results imply that for every
ue whi) satisfying Vu(x) € co(E) for a.e. x € £2, there exists {up} in WLo0(£2) such that u, — u in L1(2),
and Vuj(x) € E forevery h € N and a.e. x € £2 (cf. Corollary 3.12). In addition, if int(co(E)) # @, zo € int(co(E)),
and the u above is in uz, + Wol’l(.Q), then {u,} can be taken in u,, + Wol’oo(.Q) (cf. Corollary 4.7).

In both these results {uj;} can be any sequence of solutions of the differential inclusion Vv € E a.e. in £2, possi-
bly satisfying a boundary condition. Conversely, we emphasize that, when f is not merely an indicator function,
if u e Wh1(82) satisfies /. o S (Vu)dL" < 400, an additional difficulty occurs in the selection of the optimal
sequences {uy,}, converging to u in L'(£2), provided by Theorem 3.10. Indeed, beside the differential inclusion
Vup(x) € dom f for every h € N and a.e. x € §2, they must satisfy also the additional minimality condition ex-
pressed by the convergence of { o f(Vup)dL"} to /, o f™*(Vu)dL". Analogous remarks hold in the case of Dirichlet
problems and Theorem 4.5 as well.

Eventually, we observe that our results are connected to those of the recent papers [25] and [26], where a relaxation
phenomenon for Hamilton—Jacobi equations is pointed out by showing that the pointwise supremum of certain a.e.
subsolutions of a Hamilton—Jacobi equation yields a viscosity solution of the corresponding convexified equation.
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1. Recalls and preliminary results

In the present section we recall some notions, and prove some preliminary result, needed in the paper. Eventually,
we establish some notations on the relaxed functionals we will be concerned with.

1.1. Recalls of convex analysis

We recall here some basics of convex analysis. We refer to [32] and [33] for a more complete exposition of the
matter.

For a given S € R" we denote by aff(S) the affine hull of S, defined as the intersection of all the affine sets
containing S. It is clear that aff(S) is the smallest affine set containing S.

For every § € R" we denote by co(S) the convex hull of S, i.e. the intersection of all the convex subsets of R”
containing S. It is clear that co(S) is the smallest convex set containing S.

If C € R" is convex, we denote by ri(C) the relative interior of C, i.e. the set of the interior points of C, in
the topology of aff(C), once we regard it as a subspace of aff(C). We recall that ri(C) # @ provided C # (). When
aff(C) = R" we write as usual ri(C) = int(C). Moreover, we also recall that

17+ (1 —1)zo €ri(C) whenever zg €1i(C), z € C, and r € [0, 1[. (1.1

For v € {0,...,n} and zg,...,z, € R", we say that zp,...,z, are affinely independent if the dimension of
aff({zo, ..., zv}) is v. We recall that if zg, ..., z, are affinely independent, then the expression of each element of
co({zo, .- ., zv}) as a convex combination of zo, ..., z, is unique. In addition, if v = n, then int(co({zo, ..., 2n})) # @
and

int(co({z(), .. .,zn})) = { thzj: tj €10, 1[ forevery j € {0, ..., n}, th = l}. (1.2)
j=0 Jj=0

A subset P of R” is said to be a polyhedral set if it is the intersection of a finite family of closed half-spaces.
Clearly, a polyhedral set is closed and convex. Moreover, a bounded polyhedral set turns out to be the convex envelope
of finitely many of its points.

For every C C R" with 0 € C, the polar C° of C is defined by

C°={xeR" z-x < lforeveryzeC}.
It is clear that polar sets are closed and convex. The result below describes some of their additional properties (cf.

11.20 Exercise in [33]).

Proposition 1.1. Let C C R” be closed, convex, and with 0 € C. Then
C is bounded if and only if 0 € int(C°),
C° is bounded if and only if O € int(C),

and

C is a polyhedral set if and only if so is C°.

Eventually, we recall that for every C C R", the support function o¢ of C is defined by
oc:x €eR" > sup{z-x: ze€C}.

It is clear that support functions are convex, lower semicontinuous, and positively 1-homogeneous. Moreover,
if C CR” satisfies 0 € C, it is easy to verify that

0<oc(x)<1 foreveryxeC°, (1.3)

and, by using Proposition 1.1, that

oc(x)=1 forevery x € 3C°, provided C is compact and convex. (1.4)
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Let f:R" — [0, +00] be convex. Then it is well known that dom f is convex, that f is lower semicontinuous
in ri(dom f), and that the restriction of f to ri(dom f) is continuous. In particular, if int(dom f) # @, then f is
continuous in int(dom f).

For every f:R" — [0, +00] we denote by co f the convex envelope of f, i.e. the function

co f:z€R" > sup{p(2): ¢:R" — [0, +-00] convex, ¢(¢) < f(¢) forevery ¢ € R"}.

Clearly, co f is convex, and co f(z) < f(z) for every z € R". Consequently, co f turns out to be the greatest convex
function on R” less than or equal to f. The representation result below comes from Carathéodory Theorem (cf.
Corollary 17.1.3 in [32]).

Theorem 1.2. Let f:R" — [0, +00]. Then, for every z € R",
v
co f(z) = infztjf(Zj),
=0
where the infimum is taken over all the v € {0, ...,n}, zo,..., 20 € R, and ty, ..., t, €10, 1] such that zg, ..., z, are

affinely independent, le}':o tj=1, and le}':o tjizj =2z.

For every f:R" — [0, +00] we denote by f** the convex lower semicontinuous envelope of f, i.e. the function
defined by

[ :zeR" > sup{¢(2): ¢:R" — [0, +00] convex and lower semicontinuous, ¢ () < f(¢)
for every ¢ e R"}.
Clearly, f** is convex and lower semicontinuous, and f**(z) < f(z) for every z € R". Consequently, f** turns out
to be the greatest convex lower semicontinuous function on R” less than or equal to f.
Proposition 1.3. Let f:R" — [0, 400]. Then ri(dom f**) =ri(dom(co f)) =ri(co(dom f), and
(@) =co f(z) foreveryze ri(co(dom f)) U (R” \ co(dom f) )
We now define recession functions. To do it properly, we recall that for a given f:R" — [0, 4-00] convex, and

zo € dom f, the limit lim;— 40 (f(zo +t2) — f(20))/t exists for every z € R". Therefore we define the recession
function of f by

f*:zeR"— lim f(ZO'HZ)—f(Zo).

t—+400 t

It is well known that f°° is positively 1-homogeneous, and that, if in addition f is also lower semicontinuous, then
the definition of f°° does not depend on zg when it varies in dom f.

1.2. Lower semicontinuity results in BV spaces

Let £2 be an open subset of R”. By BV(£2) we denote the set of the functions in L'(£2) having distributional
partial derivatives that are Borel measures with bounded total variation in £2. BV (£2) is a Banach space with the norm
u € BV(2) = |lull1 (o) + |Dul($2), where, for every u € BV (S2), Du denotes the R"-valued measure gradient of u,
and | Du| its total variation. We refer, for example, to [36] for a complete treatment of BV spaces.

If £2 has Lipschitz boundary, then functions in BV (§2) have traces on 942 in the sense that for every u € BV (S2)
there exists an element in L'(92), still denoted by u, such that

/udiV(pdE":—/w- dDu+/g0~n_Qud'H"_1 for every ¢ € (CI(R”))”.
2 2 082

We also recall that, if £2’ is another open subset of ]Ri such that 2 C £2/, and v € BV(£2' \ £2), then the function w,
defined a.e. in 2’ by w=u in £2 and w =v in £’ \ £2, is in BV(£2’), and
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Dw(E) = /(v —u)ng dH" ' for every Borel set E C 052. (1.5)

By BV, (R") we denote the set of the functions in L)
recall that BV (R") is a Fréchet space.

By Ap(R") we denote the set of the bounded open subsets of R”.

If f:R" — [0, +00] is convex and lower semicontinuous, we define the functional F as

(R™) that are in BV (£2) for every bounded open set £2. We

loc

Fr:(2,u) € Ap(R") x BVioc(R") > /f(W)dc" +/f°°<dc|lg;”|> d|D%ul. (1.6)
u
2 22
It is clear that
Ff(sz,u)sz(vu)dc" for every (£2,u) € Ao(R") x W, (R"). (1.7)

The following lower semicontinuity property holds (cf. for example Theorem 7.4.6 in [8]).

Proposition 1.4. Let f:R" — [0, —|—oo] be convex and lower semicontinuous, and let Fy be defined in (1.6). Then,
for every 2 € Ag(R™), Fr(£2,-) is LY (§2)-lower semicontinuous.

loc
Analogously, if f is a s above, zo € dom f, and §2 € Ao(R") has Lipschitz boundary, we define F(u,,, £2, -) as
Fr(ugy, $2,7):u € BVoe (R")

I—)/f(Vu)dﬁn /fOO( dD"u )d|DSu|+/f°°((um—u)ng)dH”]. (1.8)
982

d|Dsul|
It is clear that

Frlug,2,u) = / F(Vu)dL"  for every 2 € Ao(R") with Lipschitz boundary, u € uz, + Wy (2).  (1.9)

Since (1.5), and the 1-homogeneity of f*° imply
Fp(uzyR2,u)=Fp(2',u) — f(z0)L"(£2"\ £2) whenever zg € dom f, 2 € Ap(R") has Lipschitz boundary,
2" € Ap(R") satisfies 2 € 2, and u € BV(£2') is such that u = u a.c. in 2"\ £2,

the lower semicontinuity result below follows from Proposition 1.4.

Proposition 1.5. Let f:R" — [0, +00] be convex and lower semicontinuous, and let 7o € dom f. Let 2 € Ayg(R")
have Lipschitz boundary, and let Fy(uz,, §2, ) be defined in (1.8). Then Fy(uy,, $2,-) is L! (82)-lower semicontinu-
ous.

Let Bj be the unit open ball of R" centred in 0, and let & be a symmetric mollifier, namely a nonnegative function
in C;°(B1), symmetric with respect to 0, and such that fB adl" =1.Forevery u € L. (R"), n >0, and x € R”, let
us denote by u,(x) the regularization of u at x defined by

1 X —
= [ (
Rn

It is well known that for every > 0, u, € C*°(R"), and that u, — u in LIIOC(R") asn — 0.
The following approximation in energy result for Fy holds (cf. Lemma 7.4.4 in [8]). In it and in the following, for

every £2 € Ag(R") and n > 0, we set 2, ={x € £2: dist(x, 982) > n}.

loc

y)bt(y)dy-

Proposition 1.6. Let f:R" — [0, +-00] be convex and lower semicontinuous, and let Fy be defined in (1.6). Then
Ff(.Qn_, up) < Fp(R,u)  forevery 2 € Ay(R"), u € BVioc(R"), and n > 0.
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1.3. Measure theoretic preliminaries

Let 9 : Ag(R") — [0, +00]. We say that ¢ is increasing if
?(821) < 9(§22) forevery 21,82, € AO(R”) such that 2] C £2;.
We denote by ¥_ the inner regular envelope of ¢ defined by
9_:2 € A(R") — sup{9(A): Ae A(R"), Ac 2},
and say that ¢ is inner regular in £2 € Ap(R") if
V(82) =9_(82).

It is clear that ¥_ is increasing, and that it is inner regular in £2 for every £2 € Ay (R").

Hereafter, if U is a set, @ : Ag(R") x U — [0, +00], and u € U, we denote by ®@_ (-, u) the inner regular envelope
of @ (-, u), namely the function defined, for every 2 € Ayg(R"), by @_(2,u) = O (-, u)_(£2).

For every § € R", every function u on §, xo € R", and ¢ > 0, we define uy, ; as

1 1
UggriX exo—i—?(S—xo)r—);u(xo—i—t(x—xo)). (1.10)

The following inner regularity criterion is proved, also in a more general setting, in Proposition 2.7.4 of [8].

Proposition 1.7. Let @ : Ag(R") x BVoc(R") — [0, +00] be such that for every u € BVoc(R™), @ (-, u) is increasing.
Let 2 € Ag(R™) be convex, u € BVioc(R"), xo € £2, and assume that
liminf @ (82, uyy,) = P (82, u),

t—1-

limsup @_ (xo + (2 — x0), Mxo,l/t) <P_(£2,u).

t—1+

Then
D(R2,u)=D_(2,u).

The following paving result comes from the Vitali Covering Theorem.

Proposition 1.8. Let 2 C R" be open, and let K be a compact subset of R" such that 0 € K and L"(K) > 0. Then
there exist {xp} C 2 and {t;,} C 10, 1] such that the sets {x, +t, K: h € N} are contained in 2, pairwise disjoint, and

c (sz \ o + thK)) —0.

heN

Proof. The Vitali Covering Theorem (cf. for example Corollary 2 at page 28 of [21]) provides a sequence {Cj} of
pairwise disjoint closed balls in §2 with radius less than or equal to diam(K), and £" (2 \ |, ey Cn) = 0. Let { By} the
sequence of the corresponding open balls, then it is easy to verify that also £" (2 \ |,y Br) = 0. Let B be an open
ball centred in 0 and with radius strictly greater than diam(K). Then, if for every 4 € N, x}l is the centre of By and r}:
is its radius divided by the radius of B, we deduce that {r} } €10, 1], and, since 0 € K, that x} +r} K Cx} +r} B =B,
for every h € N. Because of this, the sets {x,& + ré K: h € N} too are pairwise disjoint, and

(2 \Uest+rt0) = (U s ) \ (U ik ) ) = e (oh 480\ (st 518)

heN heN heN heN
— M 1\ pn _ m n
=~ %(rh) L'(B) = ) L(82).

Now, let us set £21 = (e Br) \ UheN(x}l + r}%K). Then, since 21 = (J,en(Bn \ (x}l + r,%K)), £21 turns out to
be open. Consequently, we can repeat the above argument starting from £21 in place of §2, thus getting {xﬁ} C 21 and
{r}%} C 10, 1] such that the sets {x;L + r;lK: i € {1, 2}, h € N} are pairwise disjoint,
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\ ) LBAK) CBAK)
o\ Ui +ik)) = g eren =20 ((heN )\ Ut +40)

heN heN

_LNB\K) _(LNB\K)? ,
- L£"(B) ( \th\IXh-’_rh >_( £7(B) ) L"(£2),
and

o2\ U Ui +in)=e(2\ U +70) = (£L0) o,

ie{l,2} heN heN

By iterating the above argument, we obtain that for every m € N there exist {x;'} € £2 and {r;'} C 10, 1] such that

the sets {xh +rhK. ie{l,...,m}, h € N} are pairwise disjoint, and
LY(B\ K)\"
( \ U U +rik ):(7;(;) )> £N(R).
i€fl,..., } heN

Because of this, we conclude that the sets {XZ + r}ilK : i € N, h e N} satisfy the properties required in the proposi-
tion. O

1.4. Relaxed functionals

Here we define the relaxed functionals that we will consider in this the paper.
For every f:R" — [0, +00] Borel, £2 € Ag(R"), and ug € WLoo(2), we define

F(2,):uel ()~ min{}lim}rnf/ F(Vup)dL: {up) € WHR(R2), up — uin Ll(.Q)} (1.11)
2

and, in order to analyze Dirichlet type problems,

F(uo, 2,):ue Ll (2)—~ min{}liminf/ F(Vup)dL": {up) Cup+ WOI’OO(,Q), up — uin LI(Q)}, (1.12)
—+00

where the minima are trivially attained, since the L!(§2)-topology is metric.

For technical reasons, and to deduce sharper estimates as well, we need to introduce the two additional relaxed
functionals below, analogous to the above ones, but in the uniform convergence topology. To this aim, when no
confusion occurs, we denote, for every £2 € 4yp(R"), by C O(S_Z ) both the space of the continuous functions on 2 and
the usual topology of the uniform convergence on £2. We define

G(2,):uce Co(ﬁ) — min{}liminf/ f(Vup)dL": {up} C Wl,oo(g)’ wp — uin Co(ﬁ)} (1.13)

and

G(ug, 2,-):uce Co(ﬁ) — min{lliimj_nf/ F(Vup)dL": {up} Suo+ W(}’OC(Q), up — uin CO(S_2)}. (1.14)
— 400
2

We recall that, for every £2 € Ao(R") and ug € W (2), F(£2,-) and F(ug, £2, -) are L'(£2)-lower semicontin-
uous, and that G(£2, -) and G (ug, £2, -) are C%(£2)-lower semicontinuous. Obviously,

F(2,u) <G(2,u), F(uo, 2,u) < Gug, 2,u) foreveryueC(2). (1.15)

Finally, we observe that (1.7) and Proposition 1.4 provide

s dD%u —
/f**(Vu)dL" + /(f**) (W) d|D*u| < F(2,u) forevery 22 € Ay(R"), u € BV(£2), (1.16)
2 2
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whilst (1.9) and Proposition 1.5 imply
Hk n k) OO dD%u S k') OO0 n—1 -
F*(Vu)dL" + (f ) dDu] d|D‘u’ + (f ) ((uZO —u)ng) dH" ™" < F(ug,, 2, u)
2 2 082

for every 2 € Ag(R") with Lipschitz boundary, u € BV(£2). (1.17)

2. A representation result for piecewise affine functions

For every E C R", we denote by xg the characteristic function of E defined as xg(x) =1 if x € E and xg(z) =
ifxeR"\ E.
Let u be a continuous function on R". We say that u is piecewise affine if

m
u(x) = Z uz;(x) +s;)xp;(x) forae xeR" (2.1)
for some m € N, z1,...,z, € R?, s1,...,5, € R, and some polyhedral sets Pi,..., P, with nonempty pairwise

disjoint open interiors such that U?:l P; = R". We observe explicitly that the presence of the a.e. requirement in
(2.1) is simply due to the closedness of polyhedral sets. Actually (2.1) holds for every x in U’/": 1 int(P;).

We denote by PA(R™) the set of the piecewise affine functions.

In the theorem below we prove that every piecewise affine function u as in (2.1) can be represented on a convex
open set §2 as a maximum of minima of some of its components u;; + s; for which int(P;) N 2 # ). The result
has been already proved in [4] in the framework of homogenization problems. Here we propose a more direct and
elementary proof.

Given x1, xp € R", we set [x1, xo] = {tx; + (1 — t)xp: t € [0, 1]}, and so on for ]xq, x21, [x1, x2[, 1x1, x2[.

Theorem 2.1. Let u = ZT:] (uz; +sj)xp; be in PAQR"), and let §2 be a convex open subset of R". Then there exist
keNand Ny,..., Ny C{je{l,...,m}: int(P;) N 2 # B} such that

u(x) = zel{Tll,z.l.).(,k} ;mAIIl (uzj x)+ s]) for every x € £2.
Proof. For simplicity, let us assume that for some mg € {1, ...,m}, int(P;) N 2 #P ifand only if j € {1,...,mgo}.
Let us denote by [/ the set of the indexes in {1, ..., mgp} correspondlng to the truly different components of u living

in 2, namely I ={1}U{j €{2,...,mgq}: z; #z; ors; #s; foreveryi € {1,...,j — 1}}, and let A be the subset
of £2 where such components are different, i.e. A = £ \ {x € £2: thereexisti, j € I withi # jand u;, (x) +s; =
uz; (x) +s;}. Itis clear that A is open, dense in §2, and that it possesses a finite number of connected components, say
Ay, ..., Ax. We observe that for every i € {1, ..., k}, A; is open, that u turns out to be affine in A;, and that

forevery p, g € I with p # g itresults that u;, (x) + s, > uz, (x) + 54 for every x € A;,
or that Uz, (x) +sp < Uz, (x) + 54 for every x € A;. 2.2)
Let us prove that for every i € {1, ..., k} there exists N; C [ such that, if
viix eR'— ﬁﬁ(uzj(x) +55),
then
v (x) =u(x) forevery x € A;, (2.3)
and
vi(x) <u(x) foreveryx e 2. 2.4)
To do this, leti € {1, ..., k}, and let us define

N; = {j cl: uzj(x)—}—sj > u(x) for every x EA,'}.



R. De Arcangelis / Ann. I. H. Poincaré — AN 24 (2007) 113-137 123

Then, since u is affine in A;, it is clear that (2.3) holds.

To prove (2.4), we take for the moment x € A \ A;, and fix xo € A;. Then (2.3) implies that {y € [xp, x]: v; <u
in [xp, ¥]} is nonempty, so that it possesses a point that is the farthest from x¢. Call x; such point, and observe that,
by the continuity of v; and of u,

v (x1) = u(xy).
Moreover, by (2.3), x1 ¢ A; and, in particular, x| # x¢. If

Vi (x) > u(x), (2.5)
x1 turns out to be different from x, hence there exists x» € |x1, x[ such that

v; (x2) > u(x2).

Now, we observe that the convexity of £2 implies [xg, x] C £2, so that xo € £2. Moreover, since x € A and £2 \ A is
made up by the intersection of a finite numbers of hyperplanes with §2, x> too can be taken in A and so close to x to
belong to the same connected component of A whose closure contains x;. In such connected component, u = u;, + s;
for some / € I, thus we have that v; (x1) = uz (x1) + s; and v; (x2) > uz (x2) + s;. Consequently, the concavity of v;
implies that v; < uy + s; in [xo, x1[, and, since x| # xo, that

v; (x0) < uz (xo) + 1.
Once we recall that u is affine in A;, (2.2), the previous inequality, and (2.3) imply that u < u, +s; in A;, and hence,
by the definition of v;, that

vi (x2) < Uz (x2) + 51 =u(x2).

This yields a contradiction, since v; (x2) > u(x2). Consequently, (2.5) cannot hold, and, by using also (2.3), we con-
clude that v; (x) < u(x) for every x € A. Because of this, and of the continuity of v; and of u, we deduce (2.4).
By (2.3) and (2.4), the theorem follows. O

We conclude this section by recalling that Example 2.2 in [4] shows that, in general, in Theorem 2.1 the convexity
assumption on §2 cannot be dropped, and not even replaced by a connectedness one.

3. Relaxation of gradient constrained Neumann problems

Let f:R" — [0, +o00] be Borel. In this section we prove the representation result for the functional F in (1.11).

We start with some preparatory convex analysis lemmas. Since the first two need to be established in an
RY-space, with v not necessarily equal to n, the symbol V and the expression a.e. used there will be referred to
the R”-environment and to LV respectively.

Lemma 3.1. Let v € N, let &, ...,y € RY be affinely independent, let 1o, ..., t, € 10, 1[ be such that Z‘;’:o tj=1

and Z‘;:O tji¢; =0, and let w € Ag(R"). Then there exists v € W(}’oo(a)) such that —1 < v(x) <0 and Vv(x) €
{¢0, ..., v} forae. x e w, and LY ({x € w: Vv(x) =¢;}) =1L (w) forevery j € {0, ..., v}.

Proof. Let us set C =co({{p, ..., ¢v}). Then C is a bounded polyhedral set. Moreover, by (1.2), 0 € int(C), and, by
Proposition 1.1, C° turns out to be polyhedral, compact, and 0 € int(C°).

By Proposition 1.8 applied to n = v, £2 = w, and K = C°, there exist {xz} C w and {#} € ]0, 1] such that the sets
{xx + 1 C°: k € N} are contained in w, pairwise disjoint, and L£" (@ \ Uy (xx + % C°)) =0.

Let o¢ be the support function of C. Then it is easy to verify that

oc(x) :max{u;j(x): jE {0,...,v}} for every x € R",

from which it follows that o¢c € PA(RY).
For every k € N and x € x; 4 t;C°, we now define

X — Xk
wk(x)=tkac< " >—tk.
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Then, by (1.3) and (1.4), we deduce that —#; < wy(x) < 0 for every k € N and x € int(x; + 7, C°), and that wi(x) =0
for every k € N and x € d(x; + 1 C°). Consequently, if we define for every x € w,

) wg(x) if k is the only integer such that x € int(xk + t CO),
v(x) =
0 if x ¢ Upen int(xx +%C°),

it turns out that v € Wé’oo(a)), and that —1 < v(x) < 0and Vu(x) € {0, ..., ¢} fora.e. x € w.
Eventually, by the divergence theorem, we have that

0=/Vv(x)d£” :Zﬁ”({x €w:Vox)={¢j})¢;.

w Jj=0
Because of this, since o, ..., ¢, are affinely independent and hence 0 can be uniquely expressed as a convex combi-
nation of ¢, ..., ¢, we also obtain that

L'({x ew: Vox) =¢j}) =1;L"(w) forevery j €{0,...,v}.

This completes the proof of the lemma. O

Hereafter, given {u;} C L7, (R") and u € LY, (R"), we say that u — u in weak*-Lpe (R") if uj — u in weak*-

L*>°(A) for every A € Ap(R"). Analogously, if {uy} C Wli)’coo (R") and u € Wli)’coo (R™), we say that uj, — u in weak*-
WIL’COO (R™) if uj, — u in weak*-W1>°(A) for every A € Ag(R").

Lemma 3.2. Let v € N, let &y, ..., {y € RY be affinely independent, and let ty, .. ., t, € 10, 1[ be such that Z;:O ti=1
and Z‘;:O t;j¢; =0. Then there exists {vj,} C Wll)’coo (RY), with v, — 0 in weak*- Wll)’coo (RY), such that —% <vp(x) <0
and Vv, (x) € (%o, ..., v} for every h e N and a.e. x € RV. In particular, x{xcrv- Vur(n)=t;} > 1 in weak*-Lﬁf’c(R”)
forevery j €{0,...,v}

Proof. An application of Lemma 3.1 with w = ]0, 1[" provides v € W(}’OO(]O, 1[Y) such that —1 < v(x) < 0 and
Vu(x) € {¢, ..., ¢} forae. x €10, 1[Y, and
L£'({x €10, 1[": Vu(x)=¢;})=1; forevery j €{0,...,v}. 3.1

Since v is equal to 0 on 9]0, 1[”, we can extend it by periodicity to the whole R". Call again v such extension. For
every h € N and every x € R”, now we set v, (x) = %v(hx). Then {vy,} satisfies the required properties. In particular,

if Ae Ag(R"), j€{0,...,v}and ¥ € L(A), by the ]0, 1[V-periodicity of x(xerv:vu(x)=¢;} and (3.1), we have that
{ ()=¢;}

h—+00

lim f Xteer: Sy Y ()AL = i f Xivems: vutorme, ()Y () ALY =1; / Y dL,
A A A

from which also the last part of the lemma follows. O

Lemma 3.3. Let n € N and v € {0, ...,n}, let zg,...,z, € R" be affinely indelpendent, and let ty, ..., t, € 10,1]
be such that Z‘/)’:o tj =1 and Zj-:o tjzj = 0. Then there exists {v;} C WIO’COO(R"), with v, — 0 in weak*-

WIL’COO(R”), such that —% <vp(x) <0 and Vuy(x) € {z0,..., 20} for every h € N and a.e. x € R". In particular,
X{xeRn: Vo, (x)=z;} —> tj in weak*-L5 (R") for every j € {0, ..., v}.
Proof. If v =0, then zg = 0 and #y = 1. Then the lemma follows by considering {v,} with v, (x) = —% for every

h € N and every x € R".

If v = n the lemma follows from Lemma 3.2.

Ifve{l,...,n— 1}, we observe that 0 € aff({zo, ..., z,}), and consider an orthogonal matrix R:R" — R” such
that

R(R” x {0,_,}) = aff({z0, ..., 20}),
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where 0,,—, is the origin of R"~". Let us set ¢y = Pr, (R~ z0), ..., L= Pr,(R~!z,), where Pr, is the projection oper-
ator from R” to R". Then ¢p, . .., ¢, turn out to be affinely independent, and Z‘;:o tjgj = Pr,(R™! (le)'zo tjz;)) =0y.

Let {w} C Wl’oo(R”) be given by Lemma 3.2 applied to the above ¢y, ..., {,. Forevery h e N, y = (y1,..., ) €

loc
R”, and x € R", we set 95(y) = wp(y1,..., ) and vy (x) = 95(R™'x). Then v, — 0 in Weak*-Wll)’Coo(R”), and
—% <wp(x) <O forevery h € N and a.e. x € R”. Moreover, since R~! = RT (the transpose of R), we have
(vah(x))T =V, i, (R™'X)R™' =V, 5, (R™'x)RT = (RVyﬁh(R_lx))T for every h e Nand a.e. x € R”,

from which, once we recall that V0, (y) € {(50, 0n—v)s ..., (&, 0p—p)} = {Rz0,..., Rz} for every h € N and
a.e. y € R", we conclude that

Vivp(x) €{z0,...,2y} forevery h € Nanda.e.x e R".
Now, we fix j € {0, ..., v}, and set for every & € N,
Ajpn={xeR" Vu,(x)=z;}, Bjn={yeR" Vwp(y)=¢;}.
Then
Ajp=R(Bj,xR"™") foreveryheN. (3.2)
By (3.2), forevery h € N, A € Ag(R"), and ¢ € L'(A), we have that

/XA‘/,h(x)l/f(x)dﬁnZ / xa() Y (x)dL" = f xa() Y (x)dL" = f xa(Ry)y (Ry)dL"

A Aj,h R(Bj,hXR"’”) Bj,hXR"’”
= / (/XA(RY)l//(Ry)dyl"’d)’v)d)’erl"'d)’n
Rnfv Bj<h
= / </XB_,-,,,(y)XA(Ry)w(Ry)dm-~-dyu> dyy1--- dyn,
]Rnfu RV

from which, again by Lemma 3.2 and Lebesgue Dominated Convergence Theorem, we deduce that
Jim [, ovwae = [ ( [ rakyu iy dyu> dyoer - dy,
A Rr—v RV

=fj/XA(Ry)Iﬁ(Ry) d£”=tjfw(x)d£"
R A
for every A € Ag(R") and ¢ € L' (A).

Because of this, we have that y(crn: vy, )=z} = 1j in weak*—LﬁfC(R”), and the lemma follows also in this case. O

The above lemmas allow us to prove the basic inequality below, that is the starting point for the proof of the
representation result.

Lemma 3.4. Let f:R" — [0, +00] be Borel. Then

inf{}liminf/ S (Vup)dL": {up} C Wl,OO(_Q), up — u; in weak*_Wl,oo(Q)} <co f()L"(£2)
—+00
Q

for every 2 € Ag(R"), z e R".

Proof. Let §2, z be as above. Let us assume that co f(z) < 400, and take ¢ > 0. Then Theorem 1.2 provides
vel0,...,n}, z0,...,2p € R", and 19, ...,1, € ]0, 1] such that zg, ..., z, are affinely independent, Z;zofj =1,

v
Zj:O tjizj =2, and
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v
D 1 fzj) <cof@)+e. (3.3)
o
Because of this, the vectors zg — z,...,2, — z turn out to be affinely independent, and Z;zo tj(zj —z) =0. Let
{vn} C WIL’COO(R”) be given by Lemma 3.3 applied to zo — z, ..., 2y — 2. Then u; + v, — u; in weak*- W1 (), and
X{xeR": 4V, (x)=z;} —> 1 1n weak*-L>°(£2) for every j € {0,...,v}. (3.4)

Consequently, by (3.4) and (3.3), we obtain

inf{liminf/f(Vuh)d[,”: {up) S Wh®(2), up — u, in weak*-Wl"X’(Q)}
h—+400
2
v
< liminf -+ Vup)dC" = liminf Y £" Q2:z4+V =z; :
hlin}_go/f(z—i— V) hlgl—&l-goji(:) ({xe Z+ Vo (x) Z]})f(zj)
P _

= Zt,ﬁn(sz)f(zj) < (co f(z) +€)L"(2) forevery & > 0.
j=0

As ¢ — 0, the lemma follows. O

In the results below we establish some inequalities for G in (1.13). These will provide the representation result
for F in (1.11).

Proposition 3.5. Let f:R" — [0, +0c] be Borel, and let G be given by (1.13). Then
G(R2,u;) < L (R) forevery 2 € Ay(R"), z e R".
Proof. Let £2, z be as above, and take ¢ € [0, 1[. Let us assume that f**(z) < 400, and take z¢g € ri(dom f**).

Then (1.1) and Proposition 1.3 yield ¢tz + (1 — t)zg € ri(dom f**) and f**(tz + (1 — t)z9) = co f(tz + (1 — 1)zp).
Consequently, Lemma 3.4 and the convexity of f** provide

G (2, iz 4(1-1)z) < inf{}liminff F(Vup)dL™: {up} S WH®(2), up — o111z in Weak*'Wl’oo(Q)}
—+00
Q
<o f(rz+ (1 —=0)z0)L"(£2) = f**(tz+ (1 = )z20) L"(2) < (£ (2) + (1 = 1) [ (20)) L" (£2).

Because of this, and of the C%(£2)-lower semicontinuity of G(£2, ), we conclude as t — 1~ that

G(2,u;) < lim}nfa(ﬁ, Uiz (1-nz0) < [ (@)L (82),

r—1-
from which the proposition follows. O
In order to extend Proposition 3.5 to piecewise affine functions, we need the preparatory lemma below.

Lemma 3.6. Ler f R" — [0, +00] be Borel, and let G be given by (1.13). Let 2 € Ag(R™), and let U € Wh1(£2)N
C(2) be such that

G(2,u) < / F*(Vu)dL" < +oo  foreveryu € U. (3.5)
2

Then, for every m € N and every uy, ..., u,, € U, it results that

E(Q,min{ul,...,um})g/f**(Vmin{ul,...,um})dﬁ" < 400 (3.6)m
2
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and

G (2, max{uy, ... un}) </f**(Vmax{u1,...,um}) dL" < 4o0. B Dm
2

Proof. Let us prove the inequalities in (3.6), the proof for those in (3.7) being similar.

We argue by induction on m.

If m =1, (3.5) clearly implies (3.6)1.

Let now m € N, and prove that (3.6),, implies (3.6),,+1. To do this, let uy,...,uy+1 € U, and set u =
min{uy, ..., upy+1} and v = min{uy, ..., u,}. Then, by (3.5) and (3.6),,, there exist {umﬂ} and {v;} in wloo(2)
such that u;'lH'l — U1 in CO(2), vy — v in CO(2), and

limsup/f VuZH'l dL" < /f**(Vum+1)d£” < 400,

h—+00
(3.8)
limsup/f(Vvh)dE" /f**(Vv) dL" < +o00.
h—+00
Now, we observe that min{vy, u) m+1 } — u, and max{vy,, uh+ } — max{v, uy41}in CO(.Q) and that
F(Vminfvy, uf @) = F(Vor () + £(Vup T (0) — £(Vmax{vp, uf T (x))
forevery h e Nand a.e. x € £2. 3.9
Therefore, since clearly (3.8) implies
limsup/f(Vmax v, u ) e <limsup/f(Vvh)d/J" —|—limsup/f(VuZl+1)d£" < +o0,
h—+00 h— 400 h— 400
by (3.8), (3.9), (1.15), and (1.16), we have
G(2,u) < hmlnf/f len vh,u, })d.C"
glimsup/f(Vvh)dE" +limsup/f Vu;'lH'l ac" —hmlnf/f (V max{vp, uf“})dﬁ”
h—+o00 h—+00 h—+o00
/ (Vi) dE" + / V0 AL — G (82, max(v, 1))
</f**(Vum+1)d,C”—i—/f**(Vv)dL”—/f**(Vmax{v,um+]}) dL" < 4o00. (3.10)
2 2 2

By (3.10), inequality (3.6),,+1 and the lemma follow once we observe that, since

f**(Vum+1(x)) + [ (Vv(x)) — [ (V max{v, um+1}(x)) = f* (Vu(x)) forae. x € 2

and
[f**(Vmax{v,um+1})d£" g/f**(Vv)dE”+ff**(Vum+1)d£” < 400,
2 2 2

the last line of (3.10) is equal to fg f(Vu)dL". O

Proposition 3.7. Let f :R" — [0, +00] be Borel, and let G be given by (1.13). Then

G(2,u) < / F*(Vu)dL"  forevery 2 € AO(R”) convex, u € PA(]R”).
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Proof. Let 2, u = Z'le (ug ;T )X P; be as above. Then, by Theorem 2.1, we obtain the existence of k € N and of
Ny, ..., N C{je{l,...,m}: int(P;) N 2 # ¥} such that

u(x)= max min(u,. (x)+s;) foreveryx e 2.
x) iefl,..., k}jeN,-( 5 () +55) y

Let us observe that it is not restrictive to assume that |, o [ (Vu)dL" < +o0, that is
[ (zj) <+oco forevery j €{l,...,m} such that int(P;) N §2 # @. (3.11)

Leti €{1,...,k}, m; be the cardinality of N;, and v; = minjey; (uzj + ;). Then, by Proposition 3.5, (3.11), and
(3.6); of Lemma 3.6 applied with U = {u;; +s;: j € N;}, we obtain

G(2,v) < / F(Vu)dL" < +oo foreveryie{l,..., k}. (3.12)
2

At this point, by (3.12) and (3.7); of Lemma 3.6 applied with U = {v;: i € {1,..., k}}, we deduce the proposi-
tion. 0O

Lemma 3.8. Let f :R" — [0, +00] be Borel, and let G be given by (1.13). Then

G_(£2,u) < / F*(Vu)dL"  forevery 2 € AO(R") convex, u € CI(R").
2

Proof. Let £2, u be as above. Obviously, we can assume that Vu(x) € dom f** for every x € £2. If dom f** contains
only a single point then the thesis follows by Proposition 3.5, therefore it is not restrictive to assume that the dimension
v of aff(dom f**) is bigger than zero.

We first consider the case in which

0 € ri(dom f**). (3.13)
If v =n, let R be the identity matrix on R”. If v < n, let R be an orthogonal matrix such that
R(aff(dom f**)) =RY x {0,_,}. (3.14)

In both cases, let us define the function & by
i:yeR'— u(R_ly),
then, as in the proof of Lemma 3.3, we have that
Vyii(y) = RV,u(R™'y) forevery y e R". (3.15)

Since Vu(x) € dom f** for every x € £2, by (3.15) and (3.14) we infer that, when v < n, Vii(y) has the last n — v
entries equal to zero for every y € RS2. Hence, by taking into account the convexity of RS2, it turns out that # depends
only on (yy, ..., yy,) when y = (y1, ..., y,) varies in RS2. Because of this, we can define u by

ﬁ(}’l,n-,}%) ifl)=n,
ﬁ(y11~~'1yv!ﬁ(yls~--1y1))) ifV<n,

where, if v < n, B:R” — R"7" is any function such that (y, ..., yy, B(¥1,..., )) € RS2 for every (y1,..., ) €
Pr,(R£2). Then i € C'(Pr,(R£2)) and, since Vu(x) € dom f** for every x € £2, we obtain that Via(y) €
Pr, (R(dom f**)) for every y € Pr, (R£2).

Let us fix s € [0, 1[. Then, by (3.13), there exists a compact subset H of ri(Pr, (R (dom f**))) such that

ﬁ:(yl,...,yv)e]R”»—){

sVi(y) e H forevery y e Pr,(RS2). (3.16)

Let A € Ag(R") be convex and such that A C §2. Then obviously Pr,(RA) C Pr, (R£2). Let {ii;,} € PA(R") be such
that fij, — sii in WH%°(Pr, (RA)). Then, by (3.16), we obtain that

Vi (y) € K for every h € N large enough and a.e y € Pr,(RA), (3.17)
K being a suitable compact subset of ri(Pr, (R(dom f**))).
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For every h € N let us now define the functions i, and uy by
Up: (1 yn) ER > dip(yr, - s yv)
and
up:x € R" — i, (Rx).
Then obviously {u,} € PA(R"), and
up — su  in WHo(A). (3.18)

Moreover, by (3.17) we deduce the existence of a compact subset K of ri(dom f**) such that

Vup(x) € K forevery h € N large enough and a.e. x € A. 3.19)
At this point, by the convexity of A and Proposition 3.7, we obtain
G(A,up) < / F*(Vup)dL"  forevery h €N, (3.20)
A
whilst, by (3.18), (3.19), and the local Lipschitz continuity of f** in ri(dom f**), we have

lim /f**(Vuh)dﬁ” = / f*(sVu)dL". (3.21)

h—+o00
A A

Therefore, by (3.18), the C 0(A)-lower semicontinuity of G(A, ), (3.20), (3.21), and the convexity of f**, we obtain

E(A,su)gkim}rnfa(A,uh)é/f**(Vu)dL"—i—(l — $)L"(2) £**(0)
2

for every s € [0, 1] and every A € Ay(R") convex with A C £2. (3.22)
Now, we observe that the convexity of £2 yields
sup{G(A,u): A€ Ay(R"), Aconvex, AC R} =G_(2,u). (3.23)

Therefore, taking the limits in (3.22) first as s tends to 1 and then as A increases to £2, by (3.13), (3.22), again the
C%(A)-lower semicontinuity of G(A, -), and (3.23), the lemma follows if (3.13) holds.

In the general case, if (3.13) does not hold, we only have to take z¢ € ri(dom f**) and consider the function fj
defined by fo:z € R" = f(z0 + 2). We have, with the obvious meaning for the symbols adopted,

5@ =f"(zo+z) foreveryzeR", (3.24)

Go(A,v) =G(A,uz, +v) forevery A e Ay(R") and v € C°(A), (3.25)
and

0 e ri(dom f£;*). (3.26)

Therefore, by (3.25), (3.26), the previously treated case applied to fy, and (3.24), we obtain that

G_(2.u) < / o (Vu —z0)dL" = f £ (Vuydc”,
2 2

from which the lemma follows also in the general case. O

Lemma 3.9. Let [ :R" — [0, +00] be Borel, and let F be given by (1.11). Then
dD%u
d|Dsu|

F_(2,u) < f F*(Vu)dL" + /(f**)oo< )d‘DSu’ for every 2 € Ag(R") convex, u € BV(£2).
2 2
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Proof. Let £2, u be as above. Since convex open sets have Lipschitz boundary, the zero extension of u from £2 to R”
is in BV(R"). Call again u such extension.

Let A € Ag(R") with ACR, A being also convex, and take n > 0 so small that AC Qn_' Then, by (1.15), the
convexity of A, Lemma 3.8, and Proposition 1.6, we infer

Fo (A uy) < / F¥(Vup)dL" < / £ (Vuy)dL”
A 2y
Kk n sk OO dD*u S
< | fAVuydl" + (f ) 41D d\D u| for every n > 0 small enough.
Su
Q Q

Taking the limits first as 7 tends to 0 and then as A increases to §2 in the above inequalities, by the L'(A)-lower
semicontinuity of F_(A, -), and the inner regularity of F_, we deduce the lemma. O

We are now able to prove the representation result.
Theorem 3.10. Let f :R" — [0, +00] be Borel, and let F be given by (1.11). Then

F(2,u)= / A (Vu)dL" + /(f**)oo<digzzl> d|DSu| for every 2 € Ag(R™) convex, u € BV(£2).
19 2

Proof. By (1.16) and Lemma 3.9, the theorem follows if we prove that
F(2,u)=F_(2,u) forevery 2 € Ay(R") convex, u € BV(£2).

To do this, we exploit Proposition 1.7 with @ equal to the restriction of F to Ap(R") x BVjoc(R™).

It is clear that for every u € BVjoc(R"), F(-, u) is increasing.

Let 2 € Ap(R™) be convex, and let u € BV(§2). As in the proof of Lemma 3.9, it is not restrictive to assume
that u € BV(R"). Let xg € £2, t € ]0, 1], and let uy, ; be defined in (1.10). Then the L1(£2)-lower semicontinuity of
F($£2,-) implies that

liminf F($2, 1y, () > F(2,u).
t—1-
Moreover, since by means of a change of variables it is easy to verify that

limsup F_ (xo + (2 = x0), ttxg, 1/1) < F-(£2, 1),

t—11

also the last requirement of Proposition 1.7 is fulfilled by @. Consequently, Proposition 1.7 applies, and the theorem
follows. O

From Theorem 3.10 we deduce the following corollary, in which the constraint condition is emphasized.
Corollary 3.11. Let g : R" — [0, 400[ be Borel, and let E be a Borel subset of R". Then

inf{}limj_nf/ g(Vup)dL": {up} C Who(2), Vup(x) € E for every h e Nand a.e. x € §2,
— 400
Q

up — uin L‘(Q)}

o[ dD*¢
= [+t wae + [ g+ 1) < dleZ|>d|Dsu|
2 2

for every 2 € Ay (R") convex, u € BV (£2).

Proof. Follows from Theorem 3.10 appliedto f =g+ Ig. O
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Eventually, Theorem 3.10 provides information on the structure of the set of the solutions of first order differential
inclusions.

Corollary 3.12. Let E C R" be Borel. Then, for every 2 € Ag(R") convex, and u € W1 (§2) such that Vu(x) €
co(E) for a.e. x € $2, there exists {u} in W12 (2) such that up — u in LY(82), and Vu,(x) € E for every h e N
and a.e. x € §2.

Proof. Follows from Corollary 3.11 applied with g = 0, once we recall that (Ig)** =1 woE: O
4. Relaxation of gradient constrained Dirichlet problems

Let f:R" — [0, +0oc] be Borel. In the present section we exploit the previous results to represent the functional
defined in (1.12).
First of all, we point out that, when dealing with gradient constrained Dirichlet problems, a condition like

int(co(dom f)) # @ 4.1)

turns out to be necessary in order to avoid trivial cases, as shown in the result below (cf. also Lemma 3.6 in [6]).

Proposition 4.1. Ler f:R" — [0, 400] be Borel with int(co(dom f)) = @. Let 2 € Ag(R"), ug € WIL’;’O (R™) satisfy
Vuo(x) € aff(dom f) for a.e. x € §2, and let F(ug, 2, -) be given by (1.12). Then
Jo F(VwdAL" ifu=uqa.e. in 2,

for everyu € L'(£2).
+00 otherwise

F(uo, 2,u) = {
Proof. It is clear that
Jo F(VwydL" if u=upa.e.in £2,

for every u € L' (£2). (4.2)
+00 otherwise

f(uo,ﬂ,u)é{

To prove the reverse inequality, we show that if v € ug+ WO1 " (£2) is such that f o f(Vv)dL" < 400, then v = uy.
Clearly, this holds if dom f = {0}.
If this is not the case, let v be as above, and let us assume for the moment that

aff(dom f) =R" x {0,_,} forsomevef{l,...,n—1}. 4.3)
Then, since Vv(x) € dom f for a.e. x € £2 and Vug € aff(dom f) for a.e. x € £2, by (4.3) we infer that v — ug €
WOI’OO(SZ) and that V1 (v —ug) =--- =V, (v —up) =0 a.e. in £2. Because of this, we get that v = uy.

When (4.3) is dropped, let us observe that int(co(dom f)) = ¥ implies aff(dom f) #R". Letve {l,...,n — 1} be
the dimension of aff(dom f), and let

A:yeR"+— May+beR"
be an affine transformation such that det M4 = 1, and A(aff(dom f)) =R x {0,_,}. Let us set

fa:zeR" > f(A_l(z)), ué:y eR" > ug(A(y)) +b-y, vy eR" > v(A(y) +b-y.
Then f4 is Borel and satisfies (4.3) with f4 in place of f, Vu{)‘(y) € aff(dom f,4) for a.e. y € A~1(2), v4 €
ug‘ + WOI’OO(A_I(.Q)), and fA*‘(Q) fa(Vohydor = f_Q f(Vv)dL" < +oo. Therefore, by the particular case above

considered, we conclude that v4 = ué, that is v = ug.
The above considerations imply the reverse inequality of (4.2), that completes the proof of the proposition. O

The lemma below allows us to compare the functionals in (1.13) and (1.14), and is the key lemma to recover the
results of Section 3 for the treatment of the relaxation of Dirichlet problems.

Lemma 4.2. Let f:R" — [0, +00] be Borel and satisfy (4.1). Assume that 0 € int(co(dom f)), and let G and
G(,-,-) be given by (1.13) and (1.14) with ug = 0. Then

G(0,2,u) <G(R2,u) forevery 2 e AO(R”), ue PA(R") with compact support in S2.
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Proof. Let §2, u be as above. _
Cleaily, we can assume that G (£2, u) is finite, so that, if £2 is the open set defined by %) ={x € £2: u(x) #0}, so
is also G(£2p, u). Consequently, there exists {u,} C W20 (§20) such that u;, — u in C°(£2), and

G0, = tim [ fTupar” (44
20

(note that this holds also if 29 = 0).

Since 0 € int(co(dom f)), by Proposition 1.3 it follows that f**(0) < +o00. Let & > 0. Then, again by Proposi-
tion 1.3 and by Theorem 1.2, there exist v € {0, ..., n}, &, ..., & € dom f affinely independent, and #y, ..., #, € ]0, 1]
with 3% _t; = 1, such that 3% _1;5; =0, and

D HFED S O Fe. 4.5)
j=0

Let {vt} C WlL’COO(R") be given by Lemma 3.3 applied to the above &, ..., &,. Then vy — 0 in weak*—WI})’fo(R”),
and —% < vk(x) < 0and Vug(x) € {&o, ..., &} forevery k € Nand a.e. x € R". In particular, x{rerr: Vi, (x)=¢,} = 1;
in weak*-Ls (R").

Let {e4} be a sequence of positive numbers converging to 0, and observe that, for every h € N, C), =
{x € 201 lup(x)| = supg lup — ul + e} is a closed subset of R". In fact, if » € N and {xz} S Cj converges to

x € R", the continuity of u and of u;, implies that

lu)| = Lm |u(x)| > lim |up(xx)|—sup lup —ul > ey > 0.
k——+o00 k——+00 20

In addition, since u has compact support in §2, we also have that x € C, € 20 C £2, so that x € £2. Because of this,
and of the continuity of u;,, we conclude that x € Cj,, and hence that Cy, is closed in R”.

Let zg,...,2, € dom f be affinely independent and such that 0 € int(co({zo, ..., 2,})). Then (1.2) provides
50.---25n €10, 1[, with ?_s; = 1, such that Y%_;s;z; = 0. For every h € N, let v) € Wy"(2 \ Cy) be
given by Lemma 3.1 applied to the z; and s; above with v =n and w = £2 \ C;. Then —1 < vg(x) <0 and

va(x) €{zo,...,2n} forae. x € £2 \ C,. Moreover, since vy — 0 in CY(£2), we can find k;, € N such that
lim L'({x € 2\ Cp: vy, (x) < v(x)}) =0. (4.6)
— 400

For every h € N, we now set
t+supg |lup —ul+ep if1 < —supg |up—ul—en,
xn:teR— 10 if —supg, lup —ul —ep <t <supg lup —ul + én,
t —supg, lup —ul —ep ift > supg lup —ul +éep,
and

X (up(x)) if x e Cy,
max{vg, (x), v)(x)} ifx € 2\ Cy.

wh(x)Z{

Then, since x,(un(x)) =0 for every x € dC;, and 0Cj, C §2, we have that {w;,} C Wé’oo(.Q). Moreover, it is not
difficult to verify that w, — u in C 0(2).
Let now m € N. We have

/f(th)dE"
2

=/f(wh)d£” + / f(Vug,)dL" + / f(Voy)dc”

Ch {xe2\Ch vy, ()20 ()} (xe2\Ci: v, (1) <v) (1)}
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< f f(Vup)dL" + / F (Vo) dL" + 'er{{)laxn} f(zj)ﬁ”({x € 2\ Cp: vy, (x) < vg(x)})
2 2\Ch e

< f f(Vup)dL" + f f (V) dL" + je%laxn} F@EHL ({x € 2\ Cht v, (x) < v}j(x)})
£20

Usm@\co
for every h € N with h > m,

from which, together with (4.4), the properties of {vg, }, (4.5), and (4.6), we deduce that
G, 2,u) < liminf/ F(Vwy)dL" < G (R0, u) + (f**(0) + &) L" (9 \ ﬂ ck).
h—+00 K>m
Q >

Now, we observe that

U M c=2.

meNk>m
therefore, as m increases and ¢ goes to 0, we obtain
G(0,2,u) <G(R0,u) + F*0)L" (2 \ K0). 4.7)
Finally we observe that, since u € PA(R"), then £"(9£2p) = 0. Consequently, since trivially
G($20,u) + G (2 \ 20, u) < G(2,u),
by (4.7), (1.16), and (1.15), we obtain
G(0,2,u) < G(20,u) + f(0)L" (2 \ 20) < G(20,u) + G (2 \ 20, u) < G(2,u)
from which the lemma follows. O

Lemma 4.3. Let f:R" — [0, +00] be Borel and satisfy (4.1). Assume that zo € int(co(dom f)), and let F(um, )
be given by (1.12). Then

F(“zw‘gv”) gff**(Vu)d,C" +/(f>k*)oo( dD%u >d|DSu|
2 2

d| Dsul

for every 2 € Ag(R") convex, u € BV(82) such that u — u, has compact support in 2.

Proof. Let 2 be as above, and assume for the moment that zo = 0, so that, by Proposition 1.3, f**(0) < 4o0.
Moreover, let us first consider the case in which u € Cé (£2) and |, o S (Vu)dL" < +o0.

Let r € [0, 1[, and let {u} € PA(R") be a sequence of functions with compact support in £2 such that u; — fu in
W1.2°(£2). Then, since Vu(x) € dom f** for every x € £2, and since 0 € int(co(dom f)) = int(dom f**) by Proposi-
tion 1.3, it turns out that Vuj, (x) belongs to a fixed compact subset of int(dom f**) for every & sufficiently large and
a.e. x € £2. Because of this, of the continuity of f** in int(dom f**), and of the convexity of f**, it then follows that

h— 400

lim /f**(Vuh)dE”=/f**(tVu)d/J" gr/f**(vM)dc"Jra — 1) )L (£2). (4.8)
2 2 2

Let now G(0, -, ) be given by (1.14) with ug = 0. Then, by the C%(2)-lower semicontinuity of G0, £2,-),
Lemma 4.2, Proposition 3.7, and (4.8) we obtain that
G(0, 2, tu) < liminf G(0, 2, up) < liminf G(£2, up) < liminf[ F**(Vuy)dL"
h—+00 h— 400 h—~400
Q

< / VWAL + (1= 1) f0)L"(£2),
2
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from which, together again the CY($2)-lower semicontinuity of G (0, £2, ) and the finiteness of **(0), we conclude
that

G(0, 22, u) <liminfG(0, 2, tu) g/f**(W)dﬁ” for every u € C}(£2). 4.9)
t—1—
2

_Ifuis in BV(£2) has compact support in §2, then clearly u € BV(R") and, by the L'(£2)-lower semicontinuity of
F(0, £2,), (1.15), (4.9), the finiteness of f**(0), and Proposition 1.6, we obtain

F(0, 2,u) < liminf F(0, 2,u,) < liminf G(0, 2, u,) < liminf/ F*(Vuy)dL”
n—0t n—0t n—0t
2

n—0+

o ( dD* ,
<ff**(w)dc"+/(f**) (dwsb"t')dwm
22 2

that completes the proof of the lemma when zg = 0.
Finally, the case when zg # 0 follows from the previous considered one applied to fp:z € R" — f(z0 + 2), as in
the proof of Lemma 3.8. O

< limsup{ / F*(Vup)dL" + 01 L" (2 \ ‘Qn_)}
2y

’

Lemma 4.4. Let f:R" — [0, 400] be Borel and satisfy (4.1). Assume that 7o € int(co(dom f)), and let F(uZO, )
be given by (1.12). Then

— dDS
F(Mz(), Q, I/l) g / f**(vu) dﬁn +/(f**)oo<(:1|D—s?t|> d|DSM| 4 /(f**)w((uzo _ M)n_Q)dHn_l
Q Q 2
for every 2 € Ag (]R") convex, u € BV(£2).
Proof. First of all, we observe that
Fug,, 2,u) < 1imlir+1ff(um, xo+1(82 —xo),u) forevery 2 € Ag(R"), u € L, (R"). (4.10)
t—

Indeed, let £2, u be as in (4.10), and let us take ¢ > 1 such that F(um, xo +1(£2 — xp), u) < +00, so that there exists
{up} Cuyy + W()l’oo(xo +£(£2 — x0)), with u, — u in LY (xg + 1 (§2 — xp)), and

lim inf / F(Vup)dL" < F(ug, X0 + 1(2 — x0), u). 4.11)
— 400
xo0+1 (82—x¢)

For every h € N we set, as in (1.10),

1
Up = gy (x0) + (un — uz, (XO))XOJ = 1z, (x0) + ;(“h (x0 +1(- — x0)) — u(xp)).
Then, since

Uz, (xo) + (uzo — Uz, (XO)) = Uz,

X0,t
it follows that
1,00 1,00
Up € Ugy(xg) + (uzo — uzo(xo))x()’t + Wy (82) =uz + Wy (2) forevery h e N.
Moreover

Vh > Uz (x0) + (U — uzy(x0)), , in L'(£2),



R. De Arcangelis / Ann. I. H. Poincaré — AN 24 (2007) 113-137 135

and

n

1
/f(Vvh)dC" = [ S (Vup)dL" forevery h e N.
Q2 X0+t (£2—x0)

This, together with (4.11), yields

1" F (129, 82, 75 (x0) + (U — Uz (x0))xg.0) < " }limlnf/ F(Vop)dL" < F (g, x0 + 1 (82 — x0), u). (4.12)
—+00
2

In conclusion, (4.10) follows by (4.12) and the L1(£2)-lower semicontinuity of F (g, £2, ), since

Uz, (x0) + (I/t — Uz (x()))xo,t —u

in L'(2)ast— 1.

Let now £2 € Ap(R") be convex, u € BV(£2), and let us define & as the extension of u to the whole R” obtained by
defining &4 = uz, in R" \ 2. Then u € BV|oc(R"). Let us fix xo € £2, and take 7 > 1. Then the convexity of §2 yields
2 Cxo+ (2 — x0) and spt(di — uz,) S xo + (82 — x0).

By Lemma 4.3, we have that

_ oo [ dD%i N
Flugro+i@—soa)< [ romars [ () (d u>d|DSu|

d|Dsi|
xo+1(£2—x0) xo+1(£2—x0)
= / FEVuydL" + £ (z0) L ((x0 + (2 — x0)) \ 12)
2
w00 [ dD%u s w0 [ AD% A
+/(f ) (dlDSM|>d|D u|+/(f ) (dlDSm)dw il. (4.13)
2 982

At this point, once we recall that, by (1.5), Dit = (uz, — uw)ngH" ! on 382, by (4.13), the finiteness of f**(zo),
and the 1-homogeneity of (f**)°°, we infer that

lim sup F(um,xo +1(8£2 — xp), ﬁ)
t—11
0 dD® S ok ) OO n—
gff**(W)dﬁ”+f(f**) <d|DSZ|)d’D u|+/(f ) ((uzy — wyng) dH* " (4.14)
2 2

82

Therefore, by (4.14) and (4.10), since clearly F (u,, §2, 1) = F (u,, §2, u), the lemma follows. O
The previous lemmas allow us to prove the representation result for the functional in (1.12).

Theorem 4.5. Let f:R" — [0, +00] be Borel and satisfy (4.1). Assume that zq € int(co(dom f)), and let }7(1410, )
be given by (1.12). Then

£ 2

d|Dsu|

>d|DSu| + /(f**)“((um —ung)dH"!
a0
for every 2 € Ag (]R") convex, u € BV(£2).
Proof. Follows from (1.17) and Lemma 4.4. O
As in the case of Neumann problems, from Theorem 4.5 we deduce the corollaries below. In the first one the

constraint condition is emphasized. The second one provides information on the structure of the set of the solutions
Dirichlet problems with linear boundary data for first order differential inclusions.
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Corollary 4.6. Let g:R" — [0, +00[ be Borel, and let E be a Borel subset of R" with int(co(E)) # @. Let zg €
int(co(E)). Then

inf{}liminf/ g(Vup)dL": {up} Cugy + WOI’OO(Q), Vuy(x) € E forevery h e Nand a.e. x € §2,
— 400
2

up —> uin Ll(.Q)}

s dD? . 00 _
= f (g + Ip)™ (Vu)dL" + / ((g+1p)™) (C”D—5Z|>d|D*u}+ / ((g+ 1)) ((uzy — wng)dH" ™!
2 2 082

for every 2 € Ay (R”) convex, u € BV (82).
Proof. Follows from Theorem 4.5 appliedto f =g+ Ig. O

Corollary 4.7. Let E C R" be Borel with int(co(E)) £ 0. Then, for every zg € int(co(E)), 2 € Ag(R") convex, and
UE Uy + Wol’l(.Q) such that Vu(x) € co(E) for a.e. x € $2, there exists {up} in uz, + WOI’OO(Q) such that up, — u in
LY(2), and Vuy,(x) € E forevery h e Nand a.e. x € 2.

Proof. Follows from Corollary 4.6 applied with g = 0, once we recall that (/g)** =1 om0

References

[1] H. Attouch, Variational Convergence for Functions and Operators, Pitman, London, 1984.
[2] G. Buttazzo, Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations, Pitman Res. Notes Math. Ser., vol. 207,
Longman Scientific & Technical, Harlow, 1989.
[3] L. Carbone, D. Cioranescu, R. De Arcangelis, A. Gaudiello, Homogenization of unbounded functionals and nonlinear elastomers. The case of
the fixed constraints set, ESAIM Control Optim. Calc. Var. 10 (2004) 53-83.
[4] L. Carbone, A. Corbo Esposito, R. De Arcangelis, Homogenization of Neumann problems for unbounded functionals, Boll. Un. Mat. Ital.
Sez. B Artic. Ric. Mat. 2-B (8) (1999) 463-491.
[5] L. Carbone, R. De Arcangelis, On the relaxation of some classes of unbounded integral functionals, Matematiche 51 (1996) 221-256 (special
issue in Honour of Francesco Guglielmino).
[6] L. Carbone, R. De Arcangelis, On the relaxation of Dirichlet minimum problems for some classes of unbounded integral functionals, Ricerche
Mat. 48 (Suppl.) (1999) 347-372 (special issue in memory of Ennio De Giorgi).
[7] L. Carbone, R. De Arcangelis, On a non-standard convex regularization and the relaxation of unbounded functionals of the calculus of
variations, J. Convex Anal. 6 (1999) 141-162.
[8] L. Carbone, R. De Arcangelis, Unbounded Functionals in the Calculus of Variations. Representation, Relaxation, and Homogenization, Chap-
man & Hall/CRC Monogr. Surv. Pure Appl. Math., vol. 125, Chapman & Hall/CRC, Boca Raton, FL, 2001.
[9] L. Carbone, C. Sbordone, Some properties of I'-limits of integral functionals, Ann. Mat. Pura Appl. (4) 122 (1979) 1-60.
[10] A. Corbo Esposito, R. De Arcangelis, Comparison results for some types of relaxation of variational integral functionals, Ann. Mat. Pura
Appl. (4) 164 (1993) 155-193.
[11] B. Dacorogna, Direct Methods in the Calculus of Variations, Appl. Math. Sci., vol. 78, Springer, Berlin, 1989.
[12] B. Dacorogna, P. Marcellini, General existence theorems for Hamilton—Jacobi equations in the scalar and vectorial cases, Acta Math. 178
(1997) 1-37.
[13] B. Dacorogna, P. Marcellini, Implicit Partial Differential Equations, Progr. Nonlinear Differential Equations Appl., vol. 37, Birkhéuser, Boston,
1999.
[14] G. Dal Maso, An Introduction to I"-Convergence, Progr. Nonlinear Differential Equations Appl., vol. 8, Birkhduser, Boston, 1993.
[15] R. De Arcangelis, S. Monsurrod, E. Zappale, On the relaxation and the Lavrentieff phenomenon for variational integrals with pointwise mea-
surable gradient constraints, Calc. Var. Partial Differential Equations 21 (2004) 357-400.
[16] R. De Arcangelis, C. Trombetti, On the relaxation of some classes of Dirichlet minimum problems, Comm. Partial Differential Equations 24
(1999) 975-1006.
[17] R. De Arcangelis, E. Zappale, On the relaxation of variational integrals with pointwise continuous-type gradient constraints, Appl. Math.
Optim. 51 (2005) 251-277.
[18] U. De Maio, T. Durante, Homogenization of Dirichlet problems for some types of integral functionals, Ricerche Mat. 46 (1997) 177-202.
[19] G. Duvaut, J.-L. Lions, Inequalities in Mechanics and Physics, Grundlehren Math. Wiss., vol. 219, Springer, Berlin, 1976.
[20] I. Ekeland, R. Temam, Convex Analysis and Variational Problems, Stud. Math. Appl., vol. 1, North-Holland, Amsterdam, 1976.
[21] L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, Stud. Adv. Math., vol. 5, CRC Press, Boca Raton, FL, 1992.



R. De Arcangelis / Ann. I. H. Poincaré — AN 24 (2007) 113-137 137

[22] M. Giaquinta, G. Modica, J. Soucek, Functionals with linear growth in the calculus of variations, Comment. Math. Univ. Carolin. 20 (1979)
143-156.

[23] C. Goffman, J. Serrin, Sublinear functions of measures and variational integrals, Duke Math. J. 31 (1964) 159-178.

[24] F. Hiisseinov, Relaxation of multidimensional variational problems with constraints of general form, Nonlinear Anal. 45 (2001) 651-659.

[25] H. Ishii, P. Loreti, Relaxation in an L°°-optimization problem, Proc. Roy. Soc. Edinburgh Sect. A 133 (2003) 599-615.

[26] H. Ishii, P. Loreti, Relaxation of Hamilton—Jacobi equations, Arch. Rational Mech. Anal. 169 (2003) 265-304.

[27] B. Kawohl, On a family of torsional creep problems, J. Reine Angew. Math. 410 (1990) 1-22.

[28] D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and Their Applications, Pure Appl. Math., vol. 88, Academic
Press, New York, 1980.

[29] P.-L. Lions, Generalized Solutions of Hamilton—Jacobi Equations, Pitman Res. Notes Math. Ser., vol. 69, Longman Scientific & Technical,
Harlow, 1982.

[30] P. Marcellini, C. Sbordone, Semicontinuity problems in the calculus of variations, Nonlinear Anal. 4 (1980) 241-257.

[31] C.B. Morrey, Multiple Integrals in the Calculus of Variations, Grundlehren Math. Wiss., vol. 130, Springer, Berlin, 1966.

[32] R.T. Rockafellar, Convex Analysis, Princeton Math. Ser., vol. 28, Princeton University Press, Princeton, 1972.

[33] R.T. Rockafellar, R.J.-B. Wets, Variational Analysis, Grundlehren Math. Wiss., vol. 317, Springer, Berlin, 1998.

[34] T.W. Ting, Elastic-plastic torsion of simply connected cylindrical bars, Indiana Univ. Math. J. 20 (1971) 1047-1076.

[35] L.R.G. Treloar, The Physics of Rubber Elasticity, Clarendon Press, Oxford, 1975.

[36] W.P. Ziemer, Weakly Differentiable Functions, Grad. Texts in Math., vol. 120, Springer, Berlin, 1989.



