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Abstract

We consider the motion of a rigid body immersed in a bidimensional incompressible perfect fluid. The motion of the fluid is
governed by the Euler equations and the conservation laws of linear and angular momentum rule the dynamics of the rigid body.
We prove the existence and uniqueness of a global classical solution for this fluid—structure interaction problem. The proof relies
mainly on weighted estimates for the vorticity associated with the strong solution of a fluid—structure interaction problem obtained
by incorporating some viscosity.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous étudions le mouvement d’un corps rigide immergé dans un fluide parfait incompressible bidimensionnel. Le mouvement
du fluide est modélisé par les équations d’Euler, et la dynamique du corps rigide est régie par les lois de conservation des moments
linéaires et angulaires. Nous prouvons 1’existence et I’unicité d’une solution globale classique pour ce probleme d’interaction
fluide—structure. La preuve repose essentiellement sur des estimées a poids pour la vorticité associée a la solution forte d’un
probleme d’interaction fluide—structure obtenu en incorporant de la viscosité.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we continue our investigation of the Cauchy problem for the system describing the motion of a
rigid body immersed in an incompressible perfect fluid. In [27], the global existence and uniqueness of a classical
solution were established when the rigid body was a ball. Here, the rigid body may take an arbitrary form. To be
more precise, we assume that the rigid body fills a bounded, simply connected domain S(r) C R? of class C' and
piecewise C? and which is different from a ball, and that it is surrounded by a perfect incompressible fluid. For the
sake of simplicity, both the fluid and the solid are assumed to be homogeneous. The domain occupied by the fluid is
denoted by £2(r) =R?\ S(r). The dynamics of the fluid is described by the Euler equations, whereas the motion of
the rigid body is governed by the balance equations for linear and angular momentum (Newton’s laws). The equations
modelling the dynamics of the system read then

i—i’+(u-V)u+vp=o in 2(r) x [0, T, (1.1)

divu=0 in () x [0, T], (1.2)

u-n=H+rx—mnt)-n ondS@) x[0,T], (1.3)

mh” = / pndl’ in [0, T], (1.4)
aS(t)

Jr' = /(x—h(t))L-pndI" in [0, T, (1.5)
aS(t)

ux,0)=alx) VxeSf2, (1.6)

hO0)=0eR? #W@O)=beR?, r(0)=ceR. (1.7

In the above equations u (resp., p) is the velocity field (resp., the pressure) of the fluid, and % (resp., r) denotes
the position of the center of mass (resp., the angular velocity) of the rigid body, y* = (—y2, y1) if y = (y1, y2), and
dS(t) = 052(¢t). Note that we have assumed the center of mass of the solid to be located at the origin at time ¢ = 0.
We have denoted by n the unit outward normal to d$2(¢). The continuity equation for the velocity (1.3) means that the
normal component of the velocity is the same for the fluid and the rigid body on 95(¢). In other words, the fluid does
not enter into the rigid body. The (positive) constants m and J are respectively the mass and the moment of inertia of
the rigid body. They are defined by

m=/ydx, J=fy|x|2dx,

S S

where y denotes the (uniform) density of the rigid body. In Newton’s law (1.4) (resp., (1.5)), we notice that the only
exterior force (resp., torque) applied to the rigid body is the one resulting from the fluid pressure integrated along the
boundary 95(¢). For a derivation of (1.1)—(1.5), we refer e.g. to [13].

As for many fluid—structure interaction problems, the main difficulties come from the fact that the system (1.1)-
(1.7) is nonlinear, strongly coupled and that the domain of the fluid is an unknown function of time. Several papers
devoted to the study of this kind of systems have been published in the last decade. More precisely, when the dynamics
of the fluid is modelled by the Navier—Stokes equations, the existence of solutions has been studied in [5,6,2,16,19,
20,15,28,7,8,33] when the fluid fills a bounded domain, and in [29,21,30,34,12] when the fluid fills the whole space.
The stationary problem was studied in [29] and in [9]. The asymptotic behavior of the solutions has been investigated
(with simplified models) in [37] and in [26].

When the fluid is perfect, the only available result is the one by the authors [27] when the solid is a ball and the
fluid fills R?. Notice, however, that a theory providing classical solutions to this kind of problems seems desirable for
control purposes, as most of the control results for the Euler flows involve classical solutions. (See e.g. Coron [3,4],
and Glass [14].)
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Fig. 1. Configuration at r = 0.

In order to write the equations of the fluid in a fixed domain, we perform a change of variables. Denoting by S the
set occupied by the solid at # = 0 (see Fig. 1) and by £2 = R?\ S the initial domain occupied by the fluid, we set

t

_ __ [cosf(t) —sind(r)
e(t)_/r(s)ds’ Q) = (sin@(l) cos6(t) ) (1.8)
0

and
v(y. 1) = QM)*u(Q(1)y +h(t),1),
q(y,0)=p(QM)y +h(),1), (1.9)
1ty = QW)*W ().

Then, the functions (v, g, [, r) satisfy the following system

av

§+[(v_l_ryl).V]v+er‘+Vq=0 in 2 x [0, T], (1.10)

divv=0 in £ x[0,T], (1.11)

v'nz(l+ryL)~n ondS x [0, T], (1.12)

ml’:/‘qndf‘—mrlj‘ in [0, T], (1.13)
N

J/:/qn-yJ‘dF in [0, T, (1.14)
N

v(y,0)=a(y) Vyeg, (1.15)

1(0)=b, r(0)=c. (1.16)

The study of the Cauchy problem for the system (1.10)—(1.16) is more tricky than for the system considered in [27]
(rigid ball). When comparing both systems, we first notice the presence of the additional terms —r(y* - V)v and rv+
in (1.10), ry* - n in (1.12) and —mrl* in (1.13). Moreover, the angular velocity  fails to be constant here, and its
dynamics, which is governed by (1.14), has to be taken into account. Besides some modifications in the computations
and in the analysis (see below Lemmas 2.1, 6.1 and the section devoted to the uniqueness of the solution), the main
difficulty comes from the presence of the term —r(y~ - V)v in (1.10), which looks difficult to control as |y| — oo.
The idea is to first replace y* by a truncated vector y,{: in (1.10), and next to derive appropriate estimates to pass to
the limit in the modified equation. As a matter of fact, the theory of weighted estimates for singular integrals (see e.g.
[32]) does not provide any estimate of the form

|||y|vv||L2(]R2) <C|r(y1) C“ﬂ””LZ(RZ)’
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for any choice of the weight function f. The key observation thanks to which we shall be able to control the term
—r(yt - V)v is that [y|Vv € L?(£2) whenever curlv € L®(£2) N L} (£2) (with 6 > 2) and v € L*(R2) (see below
Proposition 2.2).

A Navier-Stokes based system similar to (1.10)—(1.16) has been recently studied in [18,11,10], but it should be
noticed that the global existence of strong solutions in the 2D case has not been proved because of the term r (y* - V).

Before stating the main result of the paper, we introduce some notations borrowed from Kikuchi [23]. If V denotes
any scalar-valued function space and u = (u1, u2) is any vector-valued function, we shall say that u € V if u; € V for
all i, for the sake of simplicity. Let T be any positive number, and let Q7 = 2 x (0, T). B(2) (resp., B( O7)) is the
Banach space of all real-valued, continuous and bounded functions defined on Q2 (resp. 0O7), endowed with the L>®
norm. For any 6 > 0, Lé (£2) denotes the space of (class of) measurable functions @ on £2 such that

0lzy@ = [ lomiy dy <cc.
2

Finally, for any A € (0, 1), C*(£2) (resp., Cc*0%(Q7)) is the space of all the functions w € B(£2) (resp., w € B(Q7))
which are uniformly Holder continuous in y with exponent A on £ (resp., on Q7). B,(y) will denote the open
ball in R? with center y and radius r. At any point y € 082 (=9S), n = (n1, np) will denote the unit outer normal
vector to 352 and 7 = (71, 1) will denote the unit tangent vector T = —n+. For any scalar-valued function w, we set
curlw = (dw/dyz, —0w/dy1) and Vo = (dw/dy1, dw/dy2), while for any vector-valued function v = (vy, v2), we set
curlv = dvz /0y — dv1/dyz, divv = vy /9y + dv2/dy2 and Vv = (dv;/9y;)1<i, j<2- The main result in this paper
is the following one.

Theorem 1.1. Let 0 > 2,0 < A < 1, a € B(2) N H (), ge R2, and ¢ € R. Assume that diva =0, (a — b — cyL) .
nlys =0, lim)y 0 a(y) =0, and curla € Lé (£2) N CH(82). Then there exists a solution (v, q,l,r)of (1.10)—(1.16)
such that

0. 2% VueB(Dr). VaeC(Qr). veC! (0,71 L2@) NC(0.T) H'(@),

Such a solution is unique up to an arbitrary function of t which may be added to q.

In the above theorem, we have denoted by H! (£2) the homogeneous Sobolev space
H' (@2)={qe L. (2)]|VqeL*2),

where g € leoc(.a) means that g € L?(£2 N By) for any open ball By C R? with By N 2 #40.
Notice that, with the above regularity, the solution v satisfies the following property

lim v(y,t)=0 (1.17)
[y|—o0

uniformly with respect to ¢ € [0, T']. Indeed, v € W (Q7) N C([0, T1; L?(£2)), which implies (1.17) thanks to a
simple modification of Barbalat’s lemma.
The kinetic energy of the system is given by

1 2 1 2 1 2
E(z)=§m|l(z)\ +§J\r(r)} +§/’v(y,t)| dy.
2

A great role will be played in the sequel by the scalar vorticity w := curl v, which will be proved to be bounded in
L(]9 (£2) N L®°(£2). (The initial vorticity wq := curla € Lé (£2) N L°°(£2) by assumption.) An integral term of the form
/. o f(@(y,1)dy, where f:R — R is any continuous function such that f(w) is integrable, is termed a generalized
enstrophy.

Using the regularity of the solution provided by Theorem 1.1 and the incompressibility of the flow associated with
v — I —ry™ (see below), we readily obtain the following result.
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Corollary 1.2. Let (a, b, c¢) be as in Theorem 1.1. Then the kinetic energy and all the generalized enstrophies of the
solution given in Theorem 1.1 remain constant.

In particular, any L”-norm of the vorticity is conserved along the flow.

A large part of the proof of Theorem 1.1 rests on the machinery developed in [23] to prove the existence of classical
solutions to the Euler system in an exterior domain. However, unlike [23], a fixed-point argument cannot be applied
directly to the Euler system, due to a lack of pressure estimate. On the other hand, when we compare the assumptions
of our main result to those required in [23], we note that

(1) no additional assumption has to be made here in order to insure the uniqueness of the solution;
(2) the initial velocity a has to belong to H'(£2).

The intrusion of an L2-estimate in a classical theory, which may look awkward at first sight, is nevertheless neces-
sary. Indeed, the boundedness of the speed of the rigid body cannot be proved without the aid of the conservation of
the kinetic energy of the system solid+fluid. Thus, a feature of the problem investigated here is that we need estimates
both in L%°(£2) and in L2(£2).

To prove Theorem 1.1 we proceed in three steps. In the first step, we construct a strong solution of an approximated
system in which the Euler equations have been replaced by the Navier—Stokes equations (with suitable boundary
conditions and with y* replaced by a truncated vector yfg depending on some parameter R). In the second step,
we demonstrate that the vorticity associated with the strong solution of the Navier—Stokes system is bounded in
L>®(£2)N Lé (£2), uniformly with respect to the viscosity coefficient v and to the parameter R. These estimates,
combined with a standard energy estimate, provide the velocity estimates needed to pass to the limit as R /' oo and
v — 0. In the final step, we prove that the solution to (1.10)—(1.16) has the regularity depicted in Theorem 1.1.

The paper is outlined as follows. Section 2 contains some preliminary results. Section 3 is devoted to the existence
of strong solutions to the approximated Navier—Stokes system. In Sections 4 and 5, we prove some energy and vorticity
estimates needed to pass to the limit as R — oo and v — 0. Finally, the proof of Theorem 1.1 is given in Section 6.

2. Preliminaries
2.1. Extension of the velocity field to the plane

In the system (1.10)—(1.16), we can extend v to R? by setting v(y,t) =1(t) + r(t)y* forall y e Sandall r > 0.
Then divv =0in R? x [0, T] and D(v) =0in S x [0, T], where

1/0v, Oy
DWii==—+—]

2\ oy Oy
We are led to introduce the following spaces
H={¢ e L*(R?) |div($) =0inR*, D(¢)=0in S} 2.1
and
V=|{pecHl|poecH (2)] 2.2)

We define a scalar product in L2(R?) which is equivalent to the usual one

(u,v)y:z/u-vdx—i—y/u-vdx.

2 S

The spaces L?(R?) and H are clearly Hilbert spaces for the scalar product (+,-)y. Notice that for every u € H there
exists a unique (I, r,) € R? x R such that u =, + r,y* in S (see e.g. [35, Lemma 1.1, pp. 18]). It follows that for
allu,ve™

(u, v), =/u-vdx+mlu Ay + Jryry.
Q
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The space V is also a Hilbert space for the scalar product

(,v)y:=,v), + / Vu :Vudx.
Q

A first technical result is the following

Lemma 2.1. Let u,v € V and suppose that u|o € H?($2) and that curlu = 0 on 3S. Then we have the following
identity

d

/v . a—ud[' :/K(v -1 —rvyl) . (u -1, —ruyL)dF —I—/(r,,u “THryv-T4ryryy-n)dl, (2.3)

n
3s as as

where Kk denotes the curvature of 9S.

Proof. For the sake of simplicity we assume that the domain S is of class C?, the extension to the general framework

being straightforward. We may extend 7 as a vector field of class C' on a neighborhood of 8. Since divu = 0 and
divv =0 in D’ (R?), we have that

(u—lu—ruyJ‘)-nz(v—lv—rvyJ‘)%:O ondSs.

By using the above equations, we deduce that

(v—"1y —ryy*) - V[(u—1l, —ruy*t) -n] =0 onas. (2.4)
Since curlu =0 on 9§, we infer that
(v—lv—rUyJ‘)~(Vn)*(u—lu—ruyL)+(v—lv—rvyL)-(g—u +runL):0 on dS
n
hence
du 1L 1 1y Ou 1y L
v~%=/((v—lv—rvy )-(u—lu—ruy )—l—(lv—i-rvy )~%—ru(v—lv—rvy )n . (2.5)

On the other hand, since divu = 0 and curlu =0 on 9.5, we have that

ou _ au\*t
on ot

where T = —n. The above equation implies that
1\ Ou
(lv—f—rvy )-a—dF= rou-tdrl. (2.6)
n
s s

Gathering (2.5) and (2.6), we obtain the result. O
2.2. Velocity versus vorticity

The following result, which relates the velocity of the fluid to the vorticity, the velocity of the rigid body and the
circulation of the flow along 9§, will play a great role later.

Proposition 2.2. Let | e R?, r € R, C e Rand w € L' (§£2) N L% (2). Then there exists a unique vector field v € B(£2)
fulfilling
curlv=w in$2, 2.7
divv=0 in$2, (2.8)
v-n:(l+ryj‘)-n onas, 2.9)
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/v~rdF=C and (2.10)
EN

lim wv(y)=0. 2.11)
[y|=>+o0

Furthermore, v € LP(£2) Vp € (2, +00], Vv € LP(£2) Vp € (1, +-00) and there exist some positive constants K , KI’7
such that
Ivllzr2) < Kp(Il+ 17|+ ICl + lloll i@y + loliLx) Vp e 2, +o], (2.12)
IVvllLey < K, (L1 + 171 +1Cl + lollLre)  Vp e (1, +00). (2.13)

If in addition v € L*(2) and w € Lé(.Q) with 6 > 2, then f_Q wdy = —C, |y|Vv € L3(2) and there exists some
positive constant K" such that

[191Vo] 2o <K (LT Ir + @l o) + IIwIILg?(Q))- (2.14)

Proof. As the proof is very similar to the one of [27, Proposition 2.3], we limit ourselves to pointing out the main
differences.

First Step: Reduction to the case | =0, r =0, and C =0.

Let us introduce

Ry := sup |y|.
yeas

(i) Reduction to the case | =0 and r = 0.
We need the following lemma.

Lemma 2.3. Let | € R? and r € R. Then there exists a vector field dy € COO(RZ, Rz) such that divd; =0 on R? and

di(y) = l+ryl if 1yl < Ro,
0 iflyl=Ro+1.

Proof of Lemma 2.3. It is sufficient to pick any function § € C*°(R™, R*) such that

] 1 ifs<Ro,
9(5)_{0 ifs > Ro+ 1,

and to set d1 (y) :=curl@(|y]) y - IT) +r0(lyDy*t. O

Setting v; := v — dj, we see that (2.7)—(2.11) is changed into

curlvy =wj :=w —curld; 1in £2, (2.15)
divv; =0 1in £2, (2.16)
vi-n=0 onds, .17
/vl-rszcl :=c—r/yi-fdr and (2.18)
aS S

lim vy(y)=0. (2.19)
|yl—+o0

Notice that w; € L' (£2) N L™(£2), as curl d; € CJ°(R?).
(ii) Reduction to the case C = 0.
We need the following lemma.

Lemma 2.4. There exists a vector field dy € C'(R?, R2) such that divd> =0, do(y) =0 for |y| > Ro+1,d» -n=0
ondS and [yody-Tdl =1.
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Proof of Lemma 2.4. We pick a function € C3(R?, R*) suchthat S ={y e R? | y(y) > 1}, ¥(y) = L and Vi #£0
on S, and ¥ (y) =0 for |y| > Ro+ 1. Then da2(y) = curl  fulfills all the requirements of the lemma, except possibly
fa s dr-tdl"=1.As fa s d> - TdI" # 0, the last condition may be satisfied thanks to a normalization. O
The change of unknown function
vy =v; — Cidy
transforms (2.15)—(2.19) into

curlv) =wy :=w; — Cicurld, in £2, (2.20)
divv; =0 in £2, 2.21)
vo-n=0 onds, (2.22)
/ vp-tdl" =0 and (2.23)
EN

lim wvy(y)=0. (2.24)
[y|—>+o0

Notice that wy € L1(£2) N L®(£2), as dr(y) =0for |y| > Ro+ 1.

Second Step: Construction of a solution to (2.20)—(2.24).

Proceeding as in [27, Proposition 2.3], one obtains the existence and the uniqueness of the solution v = dj 4+ C1d> +
vy € B(2) of (2.7)—(2.11).

Third Step: LP?-estimates.

The estimates (2.12) and (2.13) may be proved as in [27, Proposition 2.3]. Assume now that v € L%(£2) and that
w€E L}) (£2), with 6 > 2. For each R > Ry let £2p := §£2 N Bg(0). The following result is needed.

Lemma 2.5. Let v: 2 — R2 pe a function such that v € H! (82g) forany R > Ry and curlv € LY(2). Assume further
that v € L?(2). Then the following Stokes’ formula holds true

/curlvdy =— / v-tdrl. (2.25)

2 S

Proof of Lemma 2.5. An application of the usual Stokes’ formula in £2g yields

/curlvdy:— f v~rdF—/v-rdF, (2.26)

2 lyl=R as
where 7 := —n' and n denotes the unit outward normal to 9§2z. As v € L2(£2), there exists a sequence R, /' oo

such that ¢, :== R, jl V=R, |v|>dI" — 0 as n — oco. Hence, by Cauchy—Schwarz inequality,

2
(/v~rdF> < / lv|?dr - / |7)?dl = 27e, — 0.

|yI=Rn [yI=Rn |y|=Rn

Letting R,, — o0 in (2.26) yields (2.25), since curl v € L'(£2). O

It follows from Lemma 2.5 and (2.7), (2.10) that

/wdy:—/v-rdf:—C,

2 aS

hence [, w2(y)dy =0 and |C| < Const(||w|| o (2) + ||w||Lé(_Q)).
We now turn to the estimate (2.14) for v =d| + C1d> + v2. As d1(y) = da(y) =0 for |y| = Ro + 1, we only have
to prove the following result.
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Lemma 2.6. Let wy € L®°(2) N Lé (£2) with fQ w2 (y)dy =0, and let vy denote the solution of (2.20)—(2.24). Then
there exists a constant Ky > 0 (independent of w,) such that

“ |y|Vuv2 ||L2(Q) < K2(||C02||L°°(.Q) + ||w2||Lg)(Q))~ (2.27)

Proof of Lemma 2.6. Let us introduce the following weights on R>

1/2
p( =141y and Ig(y) =In(2+|yl?). (2.28)
Since w» € Lé(SZ) N L%°(£2) (with & > 2), we obtain (with the notations of [1]) that

@ € W)P(2) = {weD(2)| p(w(y) e LP(2)} Vpel2,0]
and

wy e Wy 2(2) = (Wy ()
where

Wy () == {w e D'(2) | (0(Mlg() ' w e L*(2) and Vw € L*(2)}.

It follows then from [1, Remark 2.11] that there exists a function ¥, € le ’2([2), with Y € W12 P (§2) for all p €
(2, 0], such that —Ayp = w, in §2 and ¥ =0 on 9S. Recall that, with the notations of [1], a function w belongs to
le’p(.Q) with p > 2 (resp. p =2) if p(y) " 'w(y) € LP(2) (resp., (0 (M)Ig(y) " 'w € L3(2)), dw/dy; € LP(£2) and
p(»)d*w/dy;dy; € LP($2) for all i, j. It follows that ¥, := curl yr, belongs to W7 (£2) (C B(£2)) for all p € (2,6]
and it fulfills (2.20)—(2.22) and (2.24). As 5 € L?(£2) and fg w2(y)dy = 0, we infer from Lemma 2.5 that (2.23)
holds as well for v,, hence vy = v, by [23, Lemma 2.14]. We conclude that |y|Vuv; € L?(£2), and that (2.27) holds
true. This completes the proof of Lemma 2.6 and of Proposition 2.2. O

Remark 2.7. It may occur that |y|Vv ¢ L%(£2) when v ¢ L2(£2). Indeed, let ¥/ (y) = — 5 In|y| denote the classical

L
fundamental solution of Laplace’s equation in R?, and let v(y) :=curly(y) = % |}>7 forye 2 := R2 \ B1(0). Then

(2.7)—(2.11) are fulfilled with w =0, = (0,0) r =0 and C = 1. It is easy to see that v € L?(£2) if and only if p > 2,
and that |y|Vv € LP(£2) if and only if p > 2. Note that (2.25) also fails to be true for v.

3. Navier-Stokes approximation for the fluid

To solve (1.10)—(1.16), we follow an idea of P.-L. Lions ([25]). Namely, we replace the Euler equations by the
Navier—Stokes equations and we supplement the system with the boundary condition rotv = 0 on 9S. As the term
ry* - Vv may be unbounded with y, we first study an approximated system in which the (unbounded) vector y* is
replaced by the (bounded) vector yI%, which is defined for each number R > R by

= yo ISR,
R myL if |[y| > R.

We then consider the following system

Pl [(v—1-ryg) V]v+rvt —vAv+Vg=0 in£2 x[0,T], (3.1

divv=0 in £ x[0,T], (3.2)

veon=~+ry")-n ondSx[0,T], (3.3)

curlvy=0 ondS x[0,T], (3.4

ml’ =/qn dI' —mrl*+ in[0, T], (3.5)
N

Jr’:/qn~yJ‘dF in [0, T, (3.6)

N



148 J. Ortega et al. / Ann. I. H. Poincaré — AN 24 (2007) 139-165

v(y,0)=a(y) yes, 3.7
1(0)=b, r(0)=c. (3.8)

Proceeding as in [27], we may prove the following result.

Proposition 3.1. Let a € H'(2), b € R? and ¢ € R be such that
diva=0 in $2,
a~n:(b+cyL)-n on dS.
Then for any T > 0O the system (3.1)—(3.8) admits a unique solution (vf, qf, lf, rf) with
vReL?(0,T; HX(2)) N C(10, T]; H'(2)) N H'(0, T; L*(£2)),
gfker?0,1; ' (2)), 1Ren'(0,T;R?), rRen'0,T;R).

4. First passage to the limit
In this section, we pass to the limit as R — oco.
4.1. Some estimates
We first prove an energy estimate for the system (3.1)—(3.8).

Proposition 4.1. Let a € H'(£2) be a function satisfying

diva=0 in$2 and a~n=(b+cyj‘)-n on dS. 4.1)
Then there exists a positive constant C = C(S,m, J, ||k ||L~(5s)) independent of R and v such that the unique strong
solution (v§, q‘{", IR Ry of (3.1)—(3.8) satisfies

vy

t
/|u§(y,r)|2dy+m|1§(t)|2+J|r§(t)|2+v//|w§(y,s)|2dyds
2 02

< eC“'[/\a(y>!2dy +mlb|* + J|c|2} vr €0, T1. (4.2)
2

Proof. In this proof, we drop the sub and superscripts (v = vf) for the sake of readability.
Multiplying (3.1) by v and integrating over §2 x (0, ¢) for any r < T we get

t ! ! ;
//g—lt)-vdyds—i—//[((v—l—ry,%)~V)U]-vdyds—/U/AU'Udyds+//vq'vdyds
0Q 02 0 £ 0%

=hLh+bL—-5L+1,=0.
After some integrations by parts we obtain I = 0 and
m J 57
Li=|=>+=r?]|,
4 [ > 11~ + 3 ]0
hence
1

/|u(y,t)|2dy+m\1(t)|2+J|r(r)|2+2v//|w|2dyds
2 02
t

2 2 2 81}
< [ la) | dy +m|b|* + Jlc|* +2v %mdﬂ 4.3)
2 008
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According to Lemma 2.1 we have that

a
/v-a—vdfz//dv—l—ryl|2d1"+2/rv-rd1"+/r2y-ndF,
n

35S 3s 3s 3s
hence there exists a positive constant C; = C (S, ||« || (ss)) such that

9
‘/v.a—vdf‘<C1(/|v|2d1"+|l|2+r2).
n
BN EN

Using a trace inequality, we see that there exists a positive constant Cy = C»(S) such that

1

/|v|2dF<C2/|v|2dy+—/|w|2dy.
2C

N 2 2

It follows that there exists a positive constant C = C(S,m, J, ||| > s)) such that

13 t
/‘f —dF ds < {f/|v| dyds+mf|l| ds+J/r ds} f/IVv|2dyds
0 0 2

which, combined to (4.3), yields

/|v(y D dy +mlio) ]+ 7|ro]? +v//|Vv| dyds

0 £
t
/|a(y)| dy+m|b|2+J|c|2+vC{//|v| dyds+m/|1| ds+]/r ds} (4.4)
02 0

An apphcatlon of Gronwall’s lemma gives then
t
/|v(t)|2dy+m|l(t)|2+J|r(t)|2+v//|Vv|2dyds <eC“f{f|a(y)|2dy+m|b|2+1|c|2}.
2 0 £ 2

The proof is completed. O

Let us now introduce the vorticity o := curl vX. Then
R e L2(0,T; H} () nC (10, T L*(2)) N H' (0, T; H~'(£2)).

Taking the “curl” in (3.1) results in

dofk .
az (R =18 —rBy%) Vol —rEDr(y): Vo =0 in2 x1[0,T] (4.5)
where
Yiyj
{DR(y)},» =R1jy>r |;|3j (4.6)

Eq. (4.5) has to be supplemented with the boundary condition wf =0ondS x [0, T] and the initial condition wf 0) =
curla in £2.
The next result asserts that a)f remains bounded in L2(0, T’; HOl (82)) uniformly with respect to R.

Proposition 4.2. Let a € H'(2) be a function fulfilling (4.1). Then there exists a positive constant C independent of
R such that

t
/|w§(y,t)|2dy+2u//\w§(y,s)|2dyds <C Viel0,T]. (4.7)
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Proof. Scaling in (4.5) by w, we obtain after some integrations by parts

1 t t
9 R
/< Dy ,a)§> ds+v//|Va)§’2dyds—//rf(DR(y):va)wf(y,s)dyds:O.
ot H~xH]
0 0 £ 0 £

Then (4.7) follows from (4.2) and (4.6). O

4.2. Passage to the limit R — oo

In what follows, we fix v > 0 and we let R — +4-00. According to Propositions 4.1 and 4.2, the functions vf and
@R are bounded in L(0, T; H'(£2)) (as v > 0 is kept constant) and the functions /R and rX are bounded in L>(0, T).
Therefore, there exist a sequence Ry ' oo and some functions v,, € L0, T; HY(2)), w, € L*(0, T; HOl ), 1, e
L>®(0, T;R?) and r, € L*(0, T) such that

vl ~ v, inL*(0,T; H'(£2)),

ol ~w, inL*(0,T; Hy (£2)),

lf" -, in L°°(0, T; Rz)-weak*,

rf" —r, in L*°(0, T)-weaksx
as k — 4o00. Clearly

divv, =0 in £ x [0, T] 4.8)
and

vyon=(ly+ryt)-n ondSx[0,T] (4.9)
We now aim to take the limit in (4.5). For any f € L2(0, T; L*(£2)), we have that fDpg, — 0in L%(0,T; L*(£2)),
hence

rRDr (y): Vol ~0 inL?*(0,T; L*(2)).

R R L
Ly

Since div(v5* — 1" Yg,) =0, we obtain that

(vf" — lfk — rfk yIJgk) . Va)fk = div(a)fk (vf" — lf" — rfk yljgk)). (4.10)
Pick any R > 0. It follows from (4.5) that the sequence (Ba),lf"/at) is bounded in L>(0, T; H 2(£2g)). An application
of Aubin’s lemma gives that (for a subsequence)

ol — w, in L2(0, T; L2 (2p)),
hence

wRe (vf" —[Re rf"yljgk) = wy(vy =1, — r,,yJ‘) in D'(2g x (0, 7))
and therefore, using (4.10),

(e — 1 —rByg ) - Vol > (v, =1, —ryy ') Voo, inD'(2r x (0,T))
as k — 4-o0. It follows that w, fulfills the equation

dw,y
ot

Clearly, the equations w, = curl v, and w, |35 = 0 are satisfied. We now turn to the initial condition. Let us introduce
the Hilbert space

—vAwy, +[(vy =1, — rVyL) V]w,=0 inD'(2x(0,T)).

H:= {(p € H} (£2)? | divg =0 and /|g0(y)’2,o(y)2dy < oo}
2



J. Ortega et al. / Ann. I. H. Poincaré — AN 24 (2007) 139-165 151

endowed with the norm ||¢||3, := f_Q (Ve >+ p () ?le(»)|?) dy. It may be seen that the sequence (vf")t is bounded
in L3/%(0, T; H'). (Scaling in (3.1) by a test function ¢ € L>(0, T; H), the result follows at once in integrating by
parts in the integral term fOTf_Q (v-Vv) - ¢ dydt and in using the boundedness of vf in L3(0, T; L*(2)).)

Observing that the first embedding in

H'(2)C Lf)(y),zdy(sz) CH

is compact and that L?(£2) C H' compactly, we deduce from [31, Corollary 4] that the sequence (v]fe k) is relatively

compact in both C([0, T']; H') and L%, T; LIZ) (-2 dy (£2)). Extracting a subsequence if needed, we may assume that
v =y, inC(0.TEH)NLA (0, T:L2 5, (2)

as k — +o0. Therefore, we conclude that
vy(0) =a, “4.11)
w,(0) =curla. 4.12)

Finally, we show that v, satisfies a variational equation associated with the system (3.1)—(3.8) (with R = +00). To
this end we introduce two families of Hilbert spaces. For all R > Ry, let

Hg:={peH|p=0for|y| >R},
Vr:={peV|p=0for|y| >R}

‘Hg and Vg are closed subspaces of H and V, respectively. Noticing that Vg is dense in Hg and identifying Hpg
with H’,, we obtain the diagram

VRCHREH/RCV};

where V}, denotes the dual space of Vg with respect to the pivot space Hg. Therefore, we may write for any ¢ € Vg
and any ¥ € Hg

W, 9)y =V, 9)r,
where the symbol (-, -) g denotes the duality pairing between V}e and Vg. The following result reveals that (v, [,, ry)
is a weak solution of the Navier—Stokes problem (3.1)—(3.8) (with yg replaced by y).
Proposition 4.3. For all R > Ry, v, = (v,), is bounded in L*/>(0, T; (V)'), and for any
@ € L*(0,T; Vg) N L=(0, T; L®(£2))
we have that

T

/{(vL,rp)Rij/Vv,,:Vgody}dt
0 2

T

—V//{K(Uv_lv_ruyL)-((p—lw—rwyL)+(r<pvv+ru<p)-f+rvr¢yon}d1“dt
09s

T

=//{(lv+rvyl—vv)'Vvv—ruvvl} -pdydr. (4.13)
00

Proof. By using (3.1)~(3.8) and the fact that vX* is bounded in L>°(0, T; H) N L2(0, T; V) N L3(0, T; L*(£2)), we
easily check that (vf"), is bounded in L3/2(0, T; (Vg)') and that
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b\

vak : Vo dy} dr

[0, +

- v//{/c(vf" — 1B — Ry D) (o — 1y —rpy ) + (rpuR +rReg) v+ rRery y n}drde
0as

T
= [ [0 o = ul) v - () ) paya
0 £

for any ¢ € L3(0, T; Vg). If in addition @ € L°°(Q7), then (4.14) yields (4.13) in the limit k — co. O
5. Some estimates for the Navier-Stokes problem

In this section, we prove some estimates for the velocities v,, [,,, r, and for the vorticity
w, =curlv,.
Recall that w, fulfills the following system

dw,y

at
w,=0 ondS x|[0,T],

wy(y,0) =wp(y) VyeR.

+ (v,) -1, — rvyl) -Vw, —vAw, =0 in 2 x [0, T],

These estimates will be used in the next section to pass to the limit in (5.2) and in (4.13) as v — 0.

5.1. Energy estimate

The following (energy) estimate for the functions v,, /,,, 7, is an obvious consequence of Proposition 4.1.

(4.14)

(5.1

(5.2)

(5.3)
(5.4)

Proposition 5.1. Let a € H'(2) be a function satisfying (4.1). Then there exists a positive constant C =

C(S,m, J, |lkllL>(as)) such that for any v > 0 and for a.e. t € [0, T']

/|vv(y, D dy +mllL ) + I o] < eC“’[/la(y>|2dy +m|b|? + J|c|2].
2 22

5.2. Vorticity estimates
We have the following estimate.
Proposition 5.2. Let wg € LY(2) N L>(2). Then for all p € [1, +00] and for all t € [0, T] we have that

Ha)v(t) HL”(Q) < ”a)OHLP(Q)

Proof. Multiplying (4.5) by ¢ € L?(0, T; HO1 (£2)) and integrating with respect to time, we have that

t

t t
dwR
/< " ,<p> ds—V/(Awf,w)H_lelder/((vf—lf—rfﬁ)'vwfv‘P)H—'le ds
0 ! H-1xH] / 0 , 0

— /rvR(DR : va,gp)H,leOl ds =0.
0

(5.5)

(5.6)
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The above equation easily yields that

t t
9 R
/ w”,(p ds+v/fVa)§oV<pdyds
at H1><H1
02

t

/f v — IR —rBy%) - Vedyds —/rff(DR :Vol)pdyds =0. (5.7)

0 2
Now, we analyze each integral and consider two cases:
Case 1 (p > 2). As the function |w,|” 2w, cannot be a priori taken as a test function, we are led to truncate it. For
any M > 0 let Ty € C(R) denote the function

M ifa>M,
TM(a):{a if —M<a<<M,
—M ifa<-—-M.
For every § > 0, let ¥/5 € C°°(£2) be the function defined by
Vs (y) =exp(—8p(y)), (5.8)
where p(y) is defined in (2.28). We have that
V() = —8—— (), (5.9)
p(y)
and that
|| Iyl?
AYs(y )—(522—+ (Z——z»m(y). (5.10)

We consider for each M > 0 and for each § > 0, the following test function
-2
¢ = [Tu ()| Tu (0f ) .
We easily check that ¢ € L%, T; H(} (£2)) and that

V¢(y>=[<p—1>(Vw5)1w5<M ()TM( )}\TM(wf)\”‘zw

By using this test function in (5.7), we obtain that for every ¢ € [0, T']

t
[ Pt )ty - [ Fuenpsay+ oo =1 [ [1965 o)1 cyvaavas
2 2 0 R
t

o /f p(iy) (Vo) | Ta (@) [T () dy ds
// (yy>(”5TM(“’5)——pp [T ()] )IT (@F) "2 ys(y) dy ds

/ f Dg: Vol [ Tu (o) |77 Ta (@) s dy ds =0, (5.11)
where we have defined the function
a
Fuy(a) ;=/|TM(0)|P*2TM(a)do = %|TM(a)|p +MP (jal - M)" VaeR.

Using Cauchy—Schwarz inequality in (5.11), we obtain that
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t

/ Fu (R (0) s dy < f Fu (o) s dy + C{ws f [Vor | 2o lof | 12 ds
2

2 0

2
40 [ 18] 102y 8 [ 18] 2
0 0

! 12
o, 1958 0 [ 1msscrer) s
0 2

where C = C(v, m) is a constant. Taking the limit R — oo in above equation, using (4.2), (4.7) and the convexity
of Fy;, we obtain that there exists a constant C’ = C’(v) such that

/FM(wv(t))lﬂady</FM(wo)1ﬁadY+C/3-
2 2

Taking M > ||woll L (e) and letting § — 0, we get

/ Fu(wy(@®))dy f |wo(»)]” dy. (5.13)
2

Finally, letting M ' oo, we obtain by the monotone convergence theorem
o () HLP(Q) < llwollLr(s2)-
Thus, taking the limit as p — oo we conclude that
v () HLOO(Q) < lwollLe(2), foranyz e [0;T].
Case 2 (1 < p <2). Let us now consider the test function
= (jof] +€)" s
whose gradient is

= (lof| +)" 7 ((p = Dlof | +&) Vol ys - —=(jof | +¢)" ol ys.

p(y)

Replacing ¢ and Vg by their new expression in (5.7), we obtain after some calculation that

t
fHe wR(y,t>)wady+v/f (| +2)"((p = D|oof| +&)|Vor Pys dyds

/H wo(y)) 5dy+v//H Aw(;dyds—S// ok v —1B) |k * (|oR | + )" *ys dyds

+f f/(DR Vo) (|oR| +€)" ol ysdyds, (5.14)
0 2
where
7 p2_ . lal(al+e)P"'  (al +e)P — &P
Hs(a)_/(|6|+8) odo = T oD Va e R. (5.15)

0

Using Cauchy—Schwarz inequality in (5.14), we obtain for some constant C > 0 (independent of ¢, §, v, R)
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t

/ (@ (D) s dy < fH wo(y))l//ady+Cv8// (0F)ps dyds

2 0 £
t

1) 2 2
+ o (” ”5 “LZ(.Q) ”a’f “L“(.Q) + |lf|”w§ ||L2(.Q))ds
0

C _ 2
+ m”’f ||L°°(O,T)e 6R/“VU§ “LZ(Q)ds' (5.16)
0

By using (4.2), (4.7) we deduce from the above equation that there exists a constant C’ = C’(v, &, p) such that

/ H, (0R (7. 1)) s dy < / He(00()) Y dy + C'8 + e,

From the convexity of H, we get, by letting R — oo, that

/He(wu(y,t))llfady</He(wo(y))wsdy+c’5~
2 2

Therefore, letting § — 0, we obtain

/H a)u(y,t) /H a)o(y)

Finally, taking the limit as ¢ — 0, we conclude that

/|wv(y,t>|”dy</|wo(y>|"dy, Vi €[0,T]

2 ko)

and by letting p — 1, we have that for all p € [1,2) and all 7 € [0, T']

“wv(t)||Lp(Q) ”w()”L/’(.Q) O
Proposition 5.3. Let wy € L' (§2) N L%°(2) be a function such that

/Iwo(y)l p(»)?dy < oo,

for a positive constant 6 > 1. Then there exists a positive constant C > 0 such that for all v > 0 we have that

f oy (y, )] p(»)? dy <’ / lwo(|p(»?dy Vrelo,T]. (5.17)
2 2

Proof. To prove this result we proceed as above by choosing a convenient test function ¢. Pick two numbers p > 1
and ¢ > 0, and take

¢, 0 =00, 0p»’ = (|0 3. 0] + )" ol 0, PN Y5 ().

We can easily check that ¢ € L2(0, T; H, (£2)) with

Vo= (e +(p = D]l ) (|0f[+ )" Vol 0 W50 + (|of [+ )"0 V[ ¥5] ).

Therefore, replacing ¢ by ¢ in (5.7), we obtain after some calculations that
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/ He (o0, 0)p (30 ys(y) dy — / He (00(») 0 () ¥s(y) dy
2 2
t

o [ [+ o= Dl (ol +e)" V0l o) v dyas
0 2
t
+Vf/(|w§| +6)" 2ok Vol - V[P ys](y)dyds
0 £
t
[ 8 =18 = rf) - V]G (o avs
0 2
t
—[/((vf — 1R~ rRyR) V[0 ]0)) (|0f | +£)7 7 (0F) dy ds
0 2
t

- / R / (Dr - VoB) (|0R (5. 1)] +€)" 2R (v, )9 () s () dy ds = 0
0 2

where H, is defined by (5.15) and G, is defined by
a
Ge(a) = /a(s +(p—Dlol)(lo] +&)" " do =lal*(la| + £)" "> — H.(a).
0

We shall use the following relations:

v[o? i P —5L} o ,
[0%ws] () { SO 255y [P )
204+ 6%y)> 820 —D|y]> 28 82|y|2}
Al p? = - -— ’ :
(0" ¥s] () { POL I pivesel (AR TS0

In the expression (5.18), some terms can be treated by using the following equalities:

_ 1
/(!w§|+s)” zwfwaf-V[pewa](y)dy=—;f(\wf|+8)pA[90‘/f8](y)dy

2 2
€ R p—1 9 el B 9-2 )
+—p_1/(lwv|+e) Alp ws](y)dy+p(p_1)/(ap(y> 0)p()’ s (y)y -ndr,
2 as
t t
[ [t =t =) L uslGe o) avas = [ [ (0 =18 Vo vs]G ol avas
0 £ 0 £

and

[ (O =15 = k) VI w0 +0) (o) 0

= [ 1) Ty ol +)" e

Consequently, by passing to the limit R — oo, we obtain that

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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t
C
/Hs(my,t))p(y)@ws dy é/Hs(wo(y)),O(y)el/fa dy + {61 +v;2}//(|wv| 1 6)P ()% dy ds
2 0 £

2
t C t
01 [ [ Gawrnevsaras + S22 [ [ (ot o0 s dyas
02 0 2
p
+——s [ 1605) =)o) 23y ] ar. (5.24)
BN

where
Ci=O+3]ve® =L (g, and Cr=2(0*+6+6%).

The fact that ||v, — I, ||Lo(Q,) remains bounded as v \ O readily follows from Propositions 2.2, 5.1 and 5.2. (See
below Section 6.1.) Now, letting € — 0, we obtain thus for some constant C3 > 0

t

1 1 C
;/ywu<y,r)|”p<y>9wady<;/\wo|”p<y)9mdy+{cl +u?2+c3}// wul?p () W dyds.  (5.25)
2 2 02

Applying Gronwall’s Lemma and then using the monotone convergence theorem in the limit § — 0, we obtain that
there exists a positive constant C > 0 such that for all p € (1,2),v € (0,1) and 7 € [0, T']

/ lou (v, 0|7 p(3)° dy < e f loo()|P 0 () dy.
22 2
Now, we have in the limit p — 17

/va(y,t)lp(y)edy <ec’/|wo(y)|p(y)9dy
2 2

and the proof is complete. O
6. Proof of Theorem 1.1
6.1. Passage to the limit v — 0

It follows from (5.5) that /, and r, are bounded in L°°(0, T'). On the other hand, the quantity fa gV - Tdlis also
bounded in L*°(0, T'). Indeed, using Lemma 2.5 (v, € L3(2) by (5.5)), we obtain

/vv-rdF:—/curlvvdy:—/a)vdy

s Q 7]
hence, by (5.6),

/Uu : z'd]"’ < ||(Uv||L1(Q) < ||w0||L1((z)' (6.1)
3S

As w, is bounded in L®(0, T; L' (£2) N L®(£2)) by (5.6), it follows from Propositions 2.2 and 5.1 that v, is bounded
in L*°(Qr) and in L*°(0, T; wbhr(2)) Vp € [2, 4+00). Using in addition Proposition 5.3 with 8 > 2, we see that
(y* - V)v, is bounded in L>(0, T'; L?(£2)). Therefore, we infer that for some sequence v N\ 0 and some functions

ve L®(0,T; WhP(£2)) Vpel[2,+00) with
Ot Vv e L®(0,T; L*(£2)),

weL®(0,T; Ly(2) NL®(2)),

1€L™(0,T) and reL™(0,T),
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we have that

vy, =~ v in L°°(O, T; Wl’p(.Q))-weak*, Vp €[2, +00),

(vt V)vy, = Ot V)v in L®(0, T; L*(£2))-weaks,

oy, = o in L%®(07)-weaks,

ly, =1 in L*™(0, T)-weakx,

ry, =7 in L®(0, T)-weaks
as k — +o00. (To see that w € L*(0, T; Lé (£2)) it is sufficient to notice that ”ka”LOO(O,T;LZ(SZ)) < C for some
constant C > 0 independent of k and ¢, and to do k — oo and next ¢ — 1. Here, ||a)||'ig(m = f_Q loM9]y|? dy.)

We now turn to the pointwise convergence of (v,, ). According to Proposition 4.3 (v],) is bounded in L3720, T; Vi)

Pick any p > 2. Observing that the first embedding in

W' (Bgr(0)) N'Hg C C(Br(0)) NHg C Hr C Vg

is compact, we deduce from [31, Corollary 4] that (v,),~¢ is relatively compact in C (2g x [0, T]) for any R > Ry.
Therefore, we obtain that

veBOr) (6.2)

and that v,, converges to v uniformly on each compact subset of 2 x[0,T] as k — +oo.

We now aim to establish the uniform convergence of the sequences (/,,) and (r,,). The key point is that the
correspondence which to (/, ) € R? x R associates the continuous map y — (I +ryL)-n on 35 is a one-to-one linear
map (hence an isomorphism onto its image) when S is not a ball, as is showed by the next result.

Lemma 6.1. Let S be a bounded simply connected domain which is of class C' and piecewise C?, and which is
different from a ball. Then the only couple (I,r) € R? x R for which (I +ry*) -n=0forall y €3S is (I, r) = (0, 0).

Proof of Lemma 6.1. Let y = y(0), o € [0, 0,], be an anticlockwise parametrization by arc length of 95, y being
of class C? on each interval [o;, oiy1] where 0 =09 < 01 < --- < 0}, denotes an appropriate subdivision of [0, 0}].
Thus T =dy/do on [0, 0] and dt/do = «n on each interval (o;, 0;1), where n = 71 denotes the unit outer normal
vector to d(R? \ §) and « denotes the curvature of 3§, which may assume nonpositive values. Derivating with respect
to o € (07, 0i41) in

(l+ryt)-n=0 (6.3)
yields
r— (l + ryl) kTt =0. 6.4)

If (I —i—ryJ-) -t =0forsome o €[0;,0;4+1] (0<i<p—1),thenr =0and/-n=0on [0, 0,], which gives [ = 0. If
(I +ryt) -t 0 for each o € [0, opl.thenk =r/((l + ry1) - 1) is continuous and piecewise C!, hence y = y(0) is
of class C2 on [0, op]. A second derivation gives then

d
(l—i—ryl) . (—Kr +/<2n> +rn-kt=0. (6.5)
do
Combining (6.3), (6.4) and (6.5) we obtain that
dx
r— =0 on(0;,0i+1).
do

If r # 0, then « has to be constant on each interval (o}, 0;41), and also on [0, o,,] by continuity. This implies that S is
a ball, contradicting the hypotheses. Therefore r = 0, and we conclude as before that/ =0. O

Modifying (if necessary) /,, and r,, on a zero measure set, we infer from (4.9), Lemma 6.1 and from the continuity
of v,, on 85 x [0, T'] that /,, and r,, are both continuous on [0, T']. Furthermore, using the uniform convergence of
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vy, tovon dS x [0, T], we infer that /,, (resp., r,, ) converges uniformly to [ (resp., r) on [0, T'], hence [ € C([0, T'])
(resp., r € C([0, T))).

It is then easy to see that the sequence (vl’,k) is bounded in L>(0, T; V}Q) and that vf)k — v in L0, T; V}Q) for any
R > Ryp.

Therefore, taking the limit K — oo in (4.13) yields

T
/{(v’,gﬁ)R +/((v —1—ryt) - Vu+roth) -<pdy}dt =0 (6.6)
0 2
forall ¢ € LZ(O, T;Vg). As
T
[ o] < Clglzg
0

for some constant C > 0 independent of ¢ and R, we see that v’ € L2(O, T;V") (V' denoting the dual space of V with
respect to the pivot space H), and that

T

/{(v’,(ﬁ)—i—/((v—l—ryJ‘)-Vv—l—er‘) -<pdy}dt:0 Vo e L*(0,T; V), (6.7)
0

where (-,-) denotes the duality pairing between V and V. Obviously, (1.11), (1.12), (1.15) and (1.16) hold true. On
the other hand [V, V']1,2 = H, hence by a classical result in [24]

ve ([0, T, H), (6.8)
and we infer from Holder inequality and (6.2) that
veC([0,T],LP(£2)) Vpe[2,+00).
In particular, it follows from [36, Lemma 1.4] that
ve Cy(0,T1, WHP(22)) Vpe(2, +o0)
and that
lim v(y,t)=0 Vrel0,T].

[yl—>+o00
We now turn to the equation satisfied by w. Using (4.8), (5.2) may be rewritten as
oy, + div((vy, — Ly, — ry y ) oy,) — veAwy, =0. (6.9)

Clearly, (vy, — I, — r,)kyL)a)vk -~ @Ww-1- ryl)a) in L (£2g x (0, T'))-weaks for any R, hence, letting k — +00 in
(6.9) we obtain

o +div((v =1 —ryHo) =0 inD'(Qr). (6.10)
Finally, passing to the limit in (5.1), (6.1) we get

w =curlv, (6.11)

‘/v . rdF‘ <llwoll 1) (6.12)

a8

6.2. Existence of a classical solution of (1.10)—(1.16)

In this section we prove that all the equations in (1.10)—(1.16) are satisfied in the classical sense. More precisely,
we prove that v, Vv, and v, belong to B(Q7) and that Vg € C(Q7). We begin with the following result.
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Lemma 6.2. There exists a constant H > 0 such that for all y,z € 2 and all t € [0, T]

lv(v. ) — vz )| < Hly — zlx (Iy — zl), (6.13)
where

. forr > 1,
x(r) = { 1+In(l/r)  forO<r<1.

Proof. Applying Lemma 2.3 with [ =[(¢), r = r(t), we may write

U(y,t)zdl(y’f)‘Fvl(y,f),

where d; € C([0, T], W5°(£2)) satisfies d| (y, 1) =1(t) ~|—r(t)yL for |y| < Rp, d1(y,t) =0for |y| > Ro+ 1, and vy
fulfils curlv; = w1 := w — curld; and divv; =01in £, vi -n=00n3S, lim|y|— 100 V1(y,?) =0, and

/vl -rdF:fv~tdF—r(t)/yl~tdF =C1(1).
s s N

(Note that the function C(¢) is continuous.) Then, by virtue of [23, Lemma 2.14],
vi(y, 1) =curl G(wi)(y, 1) + A1 (@0)ui(y),

where curl G(w;)(y, 1) = 2m)~! f_Q curl G(y, z)w1(z, t)dz, G(y, z) denoting the Green function for the exterior zero-
Dirichlet problem, A1 (¢) = C1(¢) — f gscurlG(wy)-tdlM, and u; € W1 (£2) is some irrotational and solenoidal flow
satisfying u1 -n =0o0n a5, fas uy-tdlr=1and u;(y) = 0 as |y| = +00. (See [23, Lemma 1.5] for the existence
of the vector field u1.) Then, by virtue of [23, Lemma 2.4], vy and v satisfy (6.13). O

Remark 6.3. In [23], A; takes the following form

Al(t):/vl(y,O)-rdF—/curlG(wl)-rdF.
3B 3B

The result in [23, Lemma 2.4] remains nevertheless valid with this new definition of A (¢).

The vector field v being quasi-Lipschitz (see (6.13)), it follows from Osgood’s criterion (see e.g. [17, Corol-
lary 6.2]) that the Cauchy problem

d
d—f =v(y. 1) = 1(t) — r()y,
y(to) = Yo

has a unique solution y(r). We may therefore define the flow associated with v — [ — ry® as the solution of the
following system

d 1
EU‘”(y) =v(Us. (), 8) = 1(s) = r(s)Us, (y)F,
Ui(y)=y.
Asv e B(Qr). 1€ C([0,T]). r € C([0,T]), and (v — I —ryt)-n=00n9S x [0, T], we see that Uy ;(y) is defined
for all (s, ¢, y) € [0, T1? x 2. The following result comes from [22].
Lemma 6.4. There exist two constants § > 0 and L > 0 such that
Us ) = Us i)| < L(Is =5 + 1t —1° + |y = §I°)  V¥s,5.1,7€[0,T], ¥y,j € 2.

The following uniqueness result is similar to a result given in [25, Proof of Theorem 2.5]. Its proof is left to the
reader.
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Lemma 6.5. Let v € L*°(Q7) be such that divv =0 on 2 x (0,T) and v-n =0 on 30S x (0,T), and let w €
L0, T; L'(£2) N L>®(£2)) be a solution of

9
a—‘: +divivw) =0 inD'(2 x (0, 7)) (6.14)
such that w|;—g = 0. Then o =0.

Let w(y, t) := wo(Uop,;(y)), where wp := curla. As div(v — 1 — ryL) =0, we infer as in [23, pp. 70-71] that for all
te[0,T]

/ @(y.0)]dy = / oo ()| dy.
2 2

hence @ € L>(0, T; L'(£2) N L (£2)). It follows from Lemma 6.5 (applied to @ — @ and v — [ — ry") that
Using once again the fact that the Lebesgue measure is preserved by Uy ;(y), one may show that
/w(y, ndy = / wo(y)dy,

2 2

hence

C(f)=/U-rdF:—/wo(y)dy:COnst.
3s 19

On the other hand, we infer from Lemma 6.4 that
we C**(Qr). (6.15)

Then we derive the following result.
Lemma 6.6. ;’7 e B(Qr) for j=1,2.
J

The proof is virtually the same as the one for [23, Lemma 2.10].
The following result contains the fact that Vv € C([0, T, L?(£2)), which will be used later when proving that
v/ =dv/dr € B(Or).

Lemma 6.7. v € C([0,T]; L?(£2)) for any p € [2,+o0], Vv € C([0,T]; LP(82)) for any p € (1,+00), and
Ot Vv e C(0, T]; L*(£2)).

Proof. We need the following
Claim. w € C([0, T, Lé,(.Q) N L>(82)) for any 6’ € (2,0).

Pick any number 0’ € (2,0). We readily infer from (5.17) and (6.15) that w € C([0, T']; Lé/(.Q)). On the other
hand, wg is Holder continuous on £2 by assumption, and we infer from Lemma 6.4 that

|Uos(y) = Uy (0| < LIt —1'1° ¥yeR, ¥i,t' €[0,T1.

Thus, the vorticity @ (y, t) = wo(Up ;(y)) belongs to the space C([0, T'], L°°(§2)). The claim is proved.
The proof of the lemma is completed by using Proposition 2.2, (6.8), the claim, and the fact that [ € C([0, T']),
reC([0,T]),and [, v-1dI =Const. O

Lemma 6.8. v' € B(07) N C([0, T1, L2(£2)).
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Proof. Let f denote the function ((v — 1 — ryL) - V)v + rvt extended by 0 on §, and let PP denote the orthog-
onal projector from L%(R?) (endowed with the (-, -), scalar product) onto H. We infer from Lemma 6.7 that
f e C([0, T1; L>(R?)), hence Pf € C([0, T]; H). It follows that

f (v=1=ryt) - Vo+rvt)-ody=(f,0)y = Pf.¢), = (Pf,g) YpeV.
2
Thus (6.7) may be rewritten

T
/(v’ +Pf,p)dt =0 YpeL*0,T;V),
0
which implies that
V+Pf=0 inL%*0,T; V).
Thus v/ € C([0,T], H), ' =1, € C([0, T]) and ' = r € C([0, T]). We now decompose v as
v(y, 1) =v2(y, 1) +di(y, 1) + Cida(y), (6.16)

where vy solves (2.20)—(2.24) (with wa(y,t) = w(y,t) — curld;(y,t) — Cicurlda(y)), di (resp. d») is given by
Lemma 2.3 (resp. Lemma 2.4), and C| = fasa -tdll —r fas yJ- - 7dI’. Derivating with respect to time in (6.16),
we obtain

vV =) +d] — (r//.yL : tdF)dz(y).
as

As I’ € C([0,T]) and r' € C([0,T]), d] € B(Qr). The fact that v) € B(Qr) may be found in [23, Proof of
Lemma 2.11]. Therefore, v € B(Q7). O

Corollary 6.9. v e C' ([0, T], L>(22)) N C([0, T], H'(2)).
Proof. This is a direct consequence of Lemmas 6.7 and 6.8. O

It remains to prove the existence of a pressure g (y, t) satisfying (1.10) and (1.13)—(1.14) in a classical sense. As
v € C([0, T, H), we infer from (6.7) that for every ¢ € [0, T']

ml/~l¢+Jr/r¢+/(v’+(v—l—ryJ‘)~Vv+er‘) ~pdy=0 Voe). (6.17)

2

In particular,

f(v/ +(—=Il=ryt) - Vo+rvt) . ¢dy=0 V¢ e C(2) with dive =0.

2
By [36, Propositions 1.1 and 1.2], there exists a function ¢ € L0, T; ﬁl(ﬂ)) such that for a.e. t € (0, T)

VA (v=1—ryt) - Vo+rvt +Vg=0. (6.18)
Asv', (v—I—ryt)-Vvand rvt belong to C(Q7)NC([0, T; L%(£2)), adding a function of time to ¢ if necessary we

see that g € C([0, T]; H! (£2)) and Vgq € C(O7). Picking any ¢ € V, we infer from (6.17)—(6.18) and the divergence
formula that

ml' -1y + Jr'rg =/Vq '¢dy=fdiv(q¢)dy=/qn -¢dr.
2 2 2S5
Therefore (1.13) and (1.14) hold true.
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6.3. Uniqueness of the solution

Finally, we prove the uniqueness of a classical solution to the problem (1.10)—(1.16).

163

Assume given two solutions (vl,ql,ll,rl) and (v2, qz, 12,r%) of (1.10)=(1.16) with the regularity depicted in

Theorem 1.1. We introduce the functions
v=0o! =12, q:q1 —qz, r=rl—r 1=1"-P?

which fulfil the following system

o (' =1'=r'yY) VYot (v =1 =ryY) - V)2 +rlvt 4 + Vg =0 inQ2x[0,T],
divv=0 in £ x[0,T],
v~n=(l+ryL)~n on dS x [0, T,
ml’:/qnd]"—m(rllL—i-rlu) in 0, 71,
3s
Jr’=/qn~yJ‘dF in [0, T1,

S
v(y,00=0 Vyeg,

[(0)=0 r(0)=0.

In order to prove that (v, [, r) = (0, 0, 0), we establish some energy estimate for (6.20)—(6.26).
Multiplying (6.20) by v and integrating over £2 x (0, t), we obtain that

t t t
O://v,~vdyds+/f((vl—ll—rlyJ‘)-V)v~vdyds+f/((v—l—ryl)-V)vz-vdyds
0 £ 02 02

t t
+//rv2L~vdyds+fqu-vdyds=11+12+l3+14+l5.
02 02

We now study each integral term. We easily have that

1
I = E/.‘11(1‘)’2dy.
Q

Next, some integrations by part give that
I, =0.

On the other hand, we have that

t t t
13:/f(v'V)vz'vdyds_//(1'V)vz'Udyds—//(ryJ‘~V)v2~vdyds=I31+132+I33.
0 £ 02 02

We can estimate each part:

t

1311 < IVl 20 f/|v|2dyds,

0 2
! 12 12 1 !
< [hol([19eP o) ( [ura) ds<EHvzllLoo(o,T;m»[f(flledHIllz)ds]
0 2 2 0

2

(6.19)

(6.20)

(6.21)
(6.22)

(6.23)

(6.24)

(6.25)
(6.26)

6.27)
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and
! ) 12 172
|133|</|r<s>|</|y|2|w2| dy) </|v|2dy) ds
0 2 2
1 t
< IV o 2 /( |v|2dy+|r|2) ds
0 2
On the other hand,
t 212 12 2 12 15 t 2 2
|14|<f|r(s>|</|v | dy) (/|v| dy) a5 < 31w ris2 /(/m dy +Ir] )ds
0 2 2 0 2

Finally we have that

t t
15=//q(l+ryi)-ndrds=%|l(t)|2+§|r(t)|2+m/l'(rlu)dS=’51+’52+’53
00S 0
with
t

|Is3] < %Hl2 |01 /(|l|2 +[r]?) ds.
0

Thus, we have that
t
f|v(r)|2dy+m|1(r)|2+J|r(t)|2<C f<f|v|2dy+m|l|2+J|r|2) ds
2 0 2

and by Gronwall’s Lemma, we obtain that
v=0 In2x(0,7) and (,r)=(0,0) in(0,T).

Using (6.20) we conclude that Vg = 0 in £2 x (0, T'), which proves that the solution of our problem is unique (up to
an arbitrary function of ¢ for ¢). The proof of Theorem 1.1 is achieved. O
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