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Abstract

Using spatial domain techniques developed by the authors and Myunghyun Oh in the context of parabolic conservation laws,
we establish under a natural set of spectral stability conditions nonlinear asymptotic stability with decay at Gaussian rate of
spatially periodic traveling waves of systems of reaction—diffusion equations. In the case that wave-speed is identically zero for all
periodic solutions, we recover and slightly sharpen a well-known result of Schneider obtained by renormalization/Bloch transform
techniques; by the same arguments, we are able to treat the open case of nonzero wave-speeds to which Schneider’s renormalization
techniques do not appear to apply.
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we study the nonlinear stability with respect to spatially localized perturbations of spatially periodic
traveling-wave solutions u(x, ) = u(x — ct) of a system of reaction—diffusion equations of form u; = u,, + f(u),
where (x,1) e RxR*,u ¢ R”,and f : R* — R” is sufficiently smooth: equivalently, spatially periodic standing-wave
solutions u(x, t) = u(x) of

Up — Clix = Uyx + f(1). (L.1)

For the Allen—Cahn (variational) case f(u) = dF (u), the traveling-wave ODE becomes —cu’ = u” + d F (u), hence
for ¢ # 0 either increases or decreases a Hamiltonian

u'|?
H = T —+ F(I/l),
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from which it follows that periodics exist only for speed ¢ = 0. In this zero-speed case (not necessarily originating from
variational form), Schneider [10] proved nonlinear stability with decay at Gaussian (diffusive) rate by a combination of
weighted energy estimates, renormalization techniques, and a spectacular nonlinear cancellation estimate, all carried
out in the Bloch frequency domain. In the process, he showed that behavior is purely diffusive, with no associated
convection. See also [11,6] and references therein.

However, as described in [1], there exist many other cases for which there exist spatially periodic solutions of
varying speed, in which situation one expects asymptotic behavior driven by nonzero convection as well as diffusion.
In this case, the renormalization argument of [10] does not directly apply.

Meanwhile, motivated strongly by the work of Schneider, we and co-authors have carried out by somewhat different
methods stability of spatially periodic solutions of systems of parabolic conservation laws u; + h(u)y = uyy, for
which convection plays a major role [7,4]. Natural questions are (i) whether these alternative methods might be used
to reproduce the original results of Schneider in the zero-speed case, and (ii) whether, more, they might be able to
treat the nonzero-speed (convective) case left open up to now.

In this paper, we answer both questions in the affirmative, establishing stability and decay at Gaussian rate for the
general case, with no condition on the wave-speed; see Theorem 4.1 in Section 4. Moreover, our nonlinear iteration
method, based on spatial rather than (Bloch) frequency domain, permits an extremely brief and simple proof yielding
new insight even in the zero-speed case treated previously by Schneider.

Note. We have been informed by Bjorn Sandstede that a similar result has been obtained by different means in
[9] using a nonlinear decomposition of phase and amplitude variables as in [1], accommodating also nonlocalized
perturbations in the phase.’

2. Existence and spectral stability assumptions

Any standing wave solution of (1.1) clearly must be a solution of the ordinary differential equation

Uy +cuy — f(u) =0, (2.1)

which is commonly referred to as the profile equation or as the traveling-wave ODE corresponding to the original
system. The existence of periodic orbits of (2.1) is trivial in the case ¢ = 0 where the equation is clearly Hamiltonian
and hence can be directly integrated by quadrature. When the wave-speed is nonzero, however, the existence of peri-
odic orbits is more delicate but still straightforward: it can be treated via ODE/implicit function theorem techniques
as familiar in the conservation law case. Indeed, writing (2.1) as a 2n x 2n system with 2n constraints (periodic-
ity) and two extra parameters (speed and period) yields, generically, a two-dimensional solution set. The techniques
presented in this paper apply regardless of whether ¢ is nonzero and hence we study (2.1) for a general wave-speed
ceR.

Throughout our analysis, we assume the existence of an X-periodic solution i (x) of (2.1). It follows that generi-
cally one expects the periodic orbits to form a two-parameter family of solutions of the profile equation, parameterized
by the wave-speed ¢ and a translation mode xo. More precisely, we make the following generic assumptions:

(H1) f e CX(R) for some K > 3.
(H2) The set of periodic solutions of (2.1) in the vicinity of & forms a smooth two-dimensional manifold {z*0* (x —
st + xo)} with xo, s € R.

We begin our stability analysis by considering the linearization of (1.1) about the fixed periodic standing-wave so-
lution u. Without loss of generality, we assume that u is 1-periodic, i.e. that it (x + 1) = u(x) for all x € R. Considering

nearby solutions of the form

i1(x) + ev(x, 1) + O(e?),

3 In the notation of Theorem 4.1, data ug with Jlig(x + o) —ull 1 ®NHK ®) [, 19x Yol HK(R) sufficiently small.
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where |¢| < 1 and v(-, f) € L*>(R), corresponding to spatially localized perturbations, we see that v satisfies the linear
equation

Vr = Uy +df (W)v.

Since this equation is autonomous in time, we may seek separated solutions of the form

v(x,t) =e*v(x)

which readily yields the spectral problem

v = L{ulv = (37 + cdy + df (i1))v 2.2)

considered on the real Hilbert space L?(R), where here we are considering the linear operator L[u] as having dense
domain in H>(R). As coefficients of L[u] are 1-periodic, Floquet theory implies the L? spectrum is purely contin-
uous and corresponds to the union of the L* eigenvalues corresponding to considering the linearized operator with
boundary conditions v(x 4+ T') = ¢!“v(x) for all x € R, where k € [—, 7] is referred to as the Floquet exponent and
is uniquely defined mod 2. In particular, u € o (L[u]) if and only if the spatially periodic spectral problem (2.2)
admits a bounded eigenfunction of the form

v(x) = e w(x) (2.3)

where w(x + 1) = w(x).

Substitution of the Ansatz (2.3) into (2.2) motivates the use of the Fourier—Bloch decomposition of the spectral
problem. To this end, we follow [2,10] and define the one-parameter family of linear operators, referred to as Bloch
operators, by

Leu] == e ¥ Lule’t*, &e[-m, 7],

operating on Lger([O, 11). The L? spectrum of the linearized operator L[u] is readily seen to be given by the union
of the spectra of the Bloch operators. By continuity of the spectrum on the Floquet parameter £, and the discreteness
of the spectrum of the elliptic operator L[u] on the compact domain [0, 1], it follows that the spectra of L[«] may be
described as the union of countably many continuous surfaces w(§).

Continuing with this functional setup, we recall that any function g € L>(R) admits an inverse Bloch—Fourier
representation

e

1 e
g =~ / eS8 (8, x) dk
b4
-7
where g(§,x) =) jez e>™i* g (€ 4+ 27 j) is a 1-periodic function of x, and (-) denoting with slight abuse of notation
the usual Fourier transform of the function g in the spatial variable x. Indeed, using the Fourier transform we have

2rg(x) = / &) dE =) / o CHDY (& 42w j) dE = f ¢t 2, x) dE,
—00 JELZ "5 -7

where the summation and integral can be interchanged for Schwarz functions g. By similar computations, it is also
seen by Parseval’s identity that the Bloch—Fourier transform g(x) — g(&, x) is an isometry of L2(R), i.e.

T 1
. 2 .
||8||L2(R)://‘8(§,x)| dxd§ =18l 2. 12 (x))- (2.4)
—7 0

Moreover, the Bloch—Fourier transform diagonalizes the periodic-coefficient operator L[u], yielding the inverse
Bloch—Fourier transform representation
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g

1 ,
el g(x) = 27 _/ eisrelelull 5 (e x) de =
—TT

relating the behavior of the linearized system to that of the diagonal operators Lg[u].

We now discuss the spectral stability of the underlying solution u(x) in more detail. To begin, notice that by the
translation invariance of (1.1) the function u’(x) is a 1-periodic solution of the differential equation L[u]v = 0. Hence,
it follows that © = 0 is an eigenvalue of the Bloch operator Lo[u]. From the structure of the equation, it is natural to
assume that translation generates the only null direction of the operator Lo[u]. Indeed, notice by (H2) and the secular
dependence of the periodic on the wave-speed c, that variation in the translation direction xg is the only generator of
1-periodic null-directions of the linearized operator given by Noether’s theorem. With this in mind, following [10],
we make the following natural spectral stability assumptions:

(D1) w=01is asimple eigenvalue of Lo[u]. (Recall that £ = 0 corresponds to co-periodic perturbations.)
(D2) Ro(Le[u]) < -0 |2 for some constant 8 > 0.

Assumptions (D1)-(D2) correspond to “dissipativity” of the large-time behavior of the linearized system and are often
referred to as strong or diffusive spectral stability assumptions [4,7,10].

Remark 2.1. By standard spectral perturbation theory [5], (D1) implies that the eigenvalue w(£) bifurcating from
w=0at £ =0 is analytic at £ =0, with (&) = u1& + &> + O(|€[?), from which we find from the necessary
stability condition 9 (§) < 0 that Rpup = 0 and Rpp < 0. Assumption (D2) thus amounts to the nondegeneracy
condition R # O together with the strict stability condition io Lg < 0 for § # 0. Condition (D2) is never satisfied
in the scalar case n = 1, by Sturm-Liouville considerations, hence the emphasis in the title on systems of reaction—
diffusion equations.

The goal of our analysis is to prove that the above spectral stability assumptions imply nonlinear L' N HX — HX
stability of the underlying periodic traveling wave. To this end, we use this spectral information to obtain bounds on
the linearized solution operator el As we will see, assumptions (D1)-(D2), along with (H1)—-(H2), imply that the
solution operator decays (in a suitable sense) polynomially in time at a fast enough rate to prove the nonlinear stability
of the underlying spatially periodic solution. These bounds are established in the next section, after which we present
our nonlinear iteration scheme.

3. Linear estimates

In this section, we make use of the spectral stability assumptions of the previous section in order to prove bounds
on the solution operator S(¢) := el*)"_ These linearized estimates form the crux of the nonlinear analysis, presented
in the next section. To begin, notice that by standard spectral perturbation theory [5], assumption (D1) implies that
the total eigenprojection P (&) onto the eigenspace of L¢[u] associated with the eigenvalue (&) bifurcating from the
(&, n(€)) = (0, 0) state is well defined and analytic in & for £ sufficiently small, since the discreteness of the spectrum
of Lg[u] implies that the eigenvalue (&) is separated at £ = O from the remainder of the spectrum of Lo[u]. In
particular, there exists an eigenfunction g (x, &) bifurcating from the g (x, 0) = u’(x) state defined for |§| < 1 such
that

Lelulg(x,8) = n()gq(x,§) (3.1)
where, by assumption (D2), the function (£) satisfies the estimate
R(u @) < —015 (3.2)

for some constant 6 > 0.

Our strategy is to treat the high- and low-frequency parts of the full solution operator S(¢) separately since, as is
typical, the low-frequency analysis is considerably more delicate than the corresponding high-frequency analysis. To
this end, we introduce a smooth cut-off function ¢ (¢) such that
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L, if|§]<e,
o) = AN
0, if|§]>2e,

where ¢ > 0 is a sufficiently small parameter, and we split the solution operator S(¢) into its low-frequency part

T

1 .
5050 i= 5 [ 06 P@ M gie. ) ds (33)
and high-frequency part

s

1 R
S8 = 5 / S5 (1 — &) P )M (e, x) de,

-7

by which one may readily check that S(t)g = (S’ (¢) + S/ (¢))g by (2.5). As the low-frequency analysis is more
delicate, we begin by deriving L> — L? bounds on S (t).

Using the fact that L¢[u] is a sectorial operator, and the spectral separation of (&) from the remaining spectrum
of L¢[u], standard semigroup theory [3,8] trivially implies that the bounds

e (1 = & P@))g ] 120,17y S € gl 2q0,11)-

| et (1 = &) PE))oxg 2.1y S 12" gl 20,11

[axe™ st (1 =& PE)gl 201y St " I8l 20.17)0 (34)
for all + > 0 and some constant 6 > 0. Together with (2.4), this yields immediately the following estimate.

Proposition 3.1. Under assumptions (H1)-(H2) and (D1)-(D2), there exists a constant 8 > O such that for all 2 <
p <ooandt >0 we have

_1 _ _
|S" el gy S 1722 P e gl oy

Proof. First, notice the bounds in (3.4) and the triangle inequality imply that

T

|wfﬂ%wﬂhami5fﬂxwl—¢@0P@»é““?@~ﬂh«xmmdé

-7

g
St / HE®! ||L2(x;[0,1]) 3
-

—-m/2 —0
=t gl 2w

for either m = 0 or m = 1, where the final equality is justified by (2.4), thus justifying the first claim by taking m = 0.
To prove the second inequality, note when p = oo Sobolev embedding and the above L? — L? bound imply that

1" @] gy S (157 @] gy - 05" O] ) S 7 4™ gl 2y

The result for general 2 < p < oo now follows by L? interpolation. O

In order to analyze the low-frequency part of the solution operator S(¢), we find it convenient to introduce the
Green kernel

G'(x,1;y):=S"1)8,(x)
associated with S7, and

[GE(x,1; )] = (&) P(E)e™s" 5, (x)]
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the corresponding kernel appearing within the Bloch—Fourier representation of G’, where the brackets [-] denote the
periodic extensions of the given function onto the whole real line. Our first goal is to provide a useful representation for
G! which incorporates the spectral properties (D1)—(D2) of the previous section. To begin, we introduce/recall a bit of
notation. We denote by g (x, £) and g (x, £) the right and left eigenfunctions of the operator L¢[u], respectively, asso-
ciated with the eigenvalue w (§) bifurcating from the (&, 1 (§)) = (0, 0) state. Moreover, we assume the normalization
condition (g (-, §),q(-,§)) 20,17 = 1. Then we have the following representation for the Green kernel G'.

Lemma 3.2. Under assumptions (H1)-(H2) and (D1)—(D2), we have
[GLx, ;)] = ()" @q(x,£)G (7, £),
1

L[ . _
Gl (x.ty)= - / EOI[GLor 1 y)]dE = / NG E)e g (x, £)G(y, £) dE. (3.5)

R R

Proof. The first equality is immediate from the spectral decomposition of elliptic operators on compact spatial do-
mains. Moreover, using the fact that the Fourier transform (either continuous or discrete) of the delta function is unity
we have

SyE.x)=) UG (6 +2mj) =) P E T

JEL JEL
— i€y Z 2 x—y) _ iy [5y (x)]
JEZL
It follows that
l T
Gl(x,t;y) = > / e P (&) P (&)l (£, x) de
—7T
1 T
o / FEED g (6) P (£)e LN 5, ()] d
T
—IT
l T
[ — 1 .
=5 pges y)[GS(x’ t: y)] dé,
—7T

which yields the second equality by recalling that ¢ is supported in [—7, 7]. O

In order to obtain nonlinear stability in the present context, it turns out that one cannot simply use bounds as in
the previous section on the function G': see Remark 3.1 below. Instead, we must take extra care in obtaining our
low-frequency linearized estimates by separating out the slow-decaying translation mode from the faster-decaying
“good” part of the solution operator. To this end, we define the function

Bt y) = — / D (11O G (y, £) di

2
R

and notice that

1 R
Gl (5,1 =W (0200, 1 3) + / FEED G () (g (x, £) — u' (1)) (v, ) dE.
R

By the analyticity of ¢ (x, &) in the variable &, we have that ¢ (x, &) — u’(x) = O(J€]) for || < 1 and hence we expect
the difference G (x,t;y) — u’(x)e(x, t; y) to decay faster than the full Green kernel G’. This is the content of the
following proposition.
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Proposition 3.3. Under the hypotheses (H1)—(H2) and (D1)-(D2), the low-frequency Green kernel G! can be decom-
posed as

Gl(x,t; ) =u' (x)é(x,t;y) + G (x, 1, y)

where, for all t > 0, and 2 < p < 00 we have the estimate
~ _la= _1
sup G/ .65 0|y S A+, (3.6)
y

Moreover, forallt >0,0< j,k,r, j +r < K + 1 we have the bound

j ~ _la— _ Utk
sup[[8{ 0 aye(x, 1; M | 1y gy S A+ 07207 (3.7)
y

Proof. Using the analyticity of the function ¢ (x, £) on the variable £, we have that

- 1 . : -
Gl(x,1;y) = > f G () O(IE))G (v, £) dE

R

and hence the triangle inequality and (D2) yield
~ _ 2
sup | G' (.10 | ooy S 118113 11 ey
y

<(14+n7h

Moreover, noting that (3.5) may be viewed itself as a Bloch—Fourier decomposition with respect to the variable
z:=x —y, with y appearing as a parameter, we may use (2.4) to estimate

sup G/ .13 ) | 2 gy S supl| 9 E)e O (96, 8) = u' ))TD. O 12126
y y

Ssupp @ N e,y SN I | poest oy
y y

<A+,

where we have used in a crucial way the boundedness of . By L? interpolation then, we obtain the desired L? bounds
on G!(x,t;y). Similar calculations yield the corresponding bound on &(x, ¢; y) by noting that y-derivatives do not
improve decay while x- and -derivatives improve decay by a factor of r~1/2 as above. 0O

Remark 3.1. It is important to note that the Green kernel G/ does not decay fast enough in this one-dimensional
setting to close our nonlinear iteration argument presented in the next section. Indeed, using calculations as above (see
also [7]) one can verify that

sup|[ G 11 3) | oy S (14173071
y

forall # > 0 and 2 < p < oo. Thus, by factoring out the translation mode from G we gain an extra 112 decay, which
will end up being sufficient to close our nonlinear iteration arguments.

We now combine the various bounds derived above to obtain estimates on the full Green kernel G (x, ¢; y). First
off, let x (¢) be a smooth cut-off function defined for # > 0 such that x (#f) =0for0 <7 < 1and x(t) =1 forr > 2 and
define

e(x,t;y) = x(e(x, t;y).
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Corollary 3.4. Under the hypotheses (H1)-(H2) and (D1)—(D2), the Green kernel G(x,t; y) decomposes as

Gx,t;y) =u'(x)e(x, ;) + G(x,1; y)
where forallt > 0,2 < p<oo,and0< j, k,r,j+r <K+ 1, we have

e ¢]

~ 3 _1 _
/ G(,t; )g(y)dy S+ 3227 e) g m (3.8)
5 LP(R)
and
o0
. j+k
‘ /a){at"a;e(-,z;wg(y)dy SUA+0720VPD 5 g . (3.9)
5 LP(R)

Proof. The bound (3.8) follows immediately by considering the cases 0 < ¢ < 1 and 7 > 1 separately. Indeed, using
the L? — LP high-frequency bounds in Proposition 3.1 for short time and the L” bound (3.6) of Proposition 3.3
together with the triangle inequality for large time yields the desired result. The bound (3.9) follows similarly, using
the L? bound (3.7) of Proposition 3.3 together with the triangle inequality. O

4. Nonlinear stability

With the above linearized estimates in hand, we are in a suitable position to prove nonlinear stability of the periodic
traveling wave u(x) of the system of reaction—diffusion equations (1.1). Our main result is as follows.

Theorem 4.1. Let u be a periodic standing-wave solution of (1.1) and let ii(x,t) be any solution of (1.1) such that
ot — |l ®NHK R) IS sufficiently small. Then assuming (H1)~(H2) and (D1)—(D2), there exists a constant C > 0 and

a function Y (-, t) € WK-2°(R) such that for allt > 0 and p > 2 we have the estimates
la(-+v 0.0 =] @ ® <Ca +0720D5 g, — i g1y li=o-
la(-+ v 0,1) —al K@) (D S CA+ t)_% lac, - L_tHLl(R)ﬂHK(]R)L:O’

”(wf’ ¥ (s t)”HK(R) <cd+ t)*% ”’Z( - ﬁ||L1(R)ﬁHK(R)|t:0’ .1

and

it — il Ly (2),

YD oy < CA+DT2YPaC 1) =] 1 ik Lo (4.2)

In particular, i is nonlinearly asymptotically L' N HX — HX stable with estimate

”ié—lanK(R)(t)’ I//(’I)HHK(R)gc(l_‘_t)_%Hﬁ(’t)_l'_tnLl(R)ﬁHK(R)|t=O (43)

forallt > 0.

Remark 4.1. The regularity requirements stated here can be reduced to f € C! and smallness of the initial data
vo:=1ii — i in L' N H' as described in Remark 4.2. This is to be compared with Schneider’s [10] assumptions
f € C* and vg small in a weighted H'/?%% space (§ > 0) bounding ||(1 + |x|*)vo|| ¢, hence lvollz1nz00> by Sobolev
embedding.

4.1. Nonlinear perturbation equations

Let i1(x, t) be a solution of the system of reaction—diffusion equations

U =tyx + f(u) + cuy
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and define u(x,t) = u(x + ¥ (x, 1), t) for some unknown function v : R2 — R to be determined later. Moreover, let
u(x) be a stationary solution and define

vx,)=u(x,t) —ulx)= ﬂ(x +Y(x, 1), t) —u(x). 4.4)
Lemma 4.2. For v, u as above, we have

Up — Upx — f(u) —cux = (8 — L)' (x)¥ (x,1) + 0 R
— (3 + ) S+ (' (v, 1) —ii(x)) — df (i(x))) e, (4.5)

where

2 -
Ri= vy = 0 + (00 + v, 1) 5 _‘f"w = 0(|v|(|wt| + [Waxl) + (“‘1“"_7@'”]")@0”2)

and
S:= vy = O(|vl - [¥xl).
Proof. Using the fact that it; — i1, — f (i) — cit, =0, it follows by a straightforward computation that

U+ fU) —uyy —cuy = ﬁxwt - ﬁth - (gxl/fx)x + f(’:i)l/f)n (4.6)

where it is understood that the argument of the function u and its derivatives appearing on the right-hand side are
evaluated at (x + v, t). Moreover, by another direct calculation, using the fact that

L(ﬁ’(x)) = (83 + c0y + df(ﬁ))ﬁ/(x) =0
by translation invariance, we have

(0 — L)’/_l/(x)w =ux Py — (Ux Uy )x — (Cliy + Uy )Yy = Uy — (UxPx)y +df(ﬁ)1/fx-
Subtracting, and using the facts that, by differentiation of (u + v)(x,t) = u(x + ¢, 1),

iy + v =ity (1 4+ 9y),

U + v =ity + Uy, 4.7
so that

. _ Yx

Uy — Uy —Vy = —(Uy + V) ——,

X X X ( X X)1+1//x

L _ (4

Uy — iy — v =—(Uy + vy)—, 4.8

t— U — v (U *)1+wx (4.8)
we obtain

ur+ fu) —txy = (0 — L)ﬁ/(x)w +ux ¥ — vy — (VP

v L
) O+ df @),

Yielding 4.5) by Ve ¥y — 0 = (V) x — (V) and (V¥ )x = (WP )xx — (WPx)x. O

+ <(’/_‘x + )

Corollary 4.3. The nonlinear residual v defined in (4.4) satisfies

@ — L= (3 — L)' c)¥ + Q + Ry — (3 +07)S + T, (4.9)

where
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Q= f(v(x, 1) +ia(x) — f(a(x)) — df (i(x))v = O(Jv|*), (4.10)
_ {4
R:= - 4.11
VY — vy + (U + vy) 1+ v, > ( )
S:=vi = O([v]l¥xl), (4.12)
and
T:=(df (v +i) —df (@) px = O(Jv][Y]). (4.13)
Proof. Straightforward Taylor expansion comparing (4.5) and it; — f(u) —uxx —cuy =0. 0O
4.2. Integral representation/y -evolution scheme
Using Corollary 4.3 and applying Duhamel’s principle we obtain the integral (implicit) representation
o
v, ) =u' ()Y (x, 1) + / G(x,t; y)vo(y)dy
—0oQ
o0
+f f Gx,t—s;)(Q+Ry— (05 + 85)5 +T)(y,s)dyds
0 —oo
for the nonlinear perturbation v. Thus, if we define 1 implicitly via the formula
o0
Vx, 1) :=— / e(x, 13 y)vo(y) dy
—0o0
r o0
— / / e(x,t—s; y)(Q + Ry — (BS + ayz)s + T)(y, s)dyds,
0 —oo
we obtain the integral representation
o
v(x, 1) = / G(x,t; y)vo(y)dy
—00
t o0
+/ / Gx.t —s:9)(Q+ Ry — (35 +07)S+ T)(y. s)dyds. (4.14)
0 —o0
Moreover, differentiating and recalling that e(x, ¢; y) = 0 for 0 < ¢ < 1 we obtain
o
BEOM (x, 1) = — / oEome(x, 13 y)uo(y) dy
—00
t o0
- / / ool e(x.t —s:y)(Q+ Ry — (35 +87)S + T) (. s)dyds. (4.15)
0 —o0

Together, these form a complete system in the variables (v, 8,]‘ Y, 00 y), 0 <k <1,0<m< K+ 1. In particular,
given a solution of the system we may afterward recover the shift function .

Now, from the original differential equation (4.9) together with (4.15), we readily obtain short-time existence and
continuity with respect to ¢ of solution (v, ¥, V) € HX by a standard contraction-mapping argument treating the
linear d f (it)v term of the left-hand side along with Q, R, S, T, vy’ terms of the right-hand side as sources in the heat
equation.
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4.3. Nonlinear iteration
Associated with the solution (u, ¥, ¥) of the integral system (4.14)—(4.15), we define

()= sup |, ¥, ¥ | gy A + )Y
0<s <t
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(4.16)

By short-time HX (R) existence theory, the quantity ||(v, ¥, )| HK (R) 1s continuous so long as it remains small.
Thus, 71 is a continuous function of ¢ as long as it remains small. We now use the linearized estimates of Section 3 to

prove that if 5 is initially small then it must remain so.

Lemma 4.4. For all t > 0 for which n(t) is sufficiently small, we have the estimate

n(t) < C(Eo +n(1)?)

Jor some constant C > 0, so long as Eo := ||v(-, 0) || L1 (rynmk () IS also sufficiently small.

Proof. To begin, notice that by the descriptions of Q, T, R, and § in Corollary 4.3 we have that
2 2
” (Qa Rx’ T)(a t) ”LI(R)QLZ(R) g ” ('U, Ux, wt’ wx)”Hl(X;R)(t) + ” (U, Ux, Il/ta ‘ﬂx) ” HZ(X;R)(t)
Sn@*A+n7"7
so long as |[(vx, Y¥x) (-, Dl Lom®) < |I(v, I/IX)HHK(X;R) () < n(t) remains bounded, and likewise

2 2
” (8t - 8)%)5(" t)”L'(R)ﬁLZ(R) S ”(U’ I/fx)” Hz(x;]R)(t) + ” (v, wx)H H3(x;R)(t)
Sn*A+072

Thus, applying the bound (3.8) of Corollary 3.4 to representations (4.14)—(4.15), we obtain for any 2 < p < oo the

bound
t
1 1
[oC D] Ly S A +D72ETYPT2E 42 /(1 +1 =) =) 2021 5T ds
0

< (E0+n(t)2)(1 +t)—min(%(l—l/lﬂ)+%,%(1—1/P)+1)
< (Bo+n0)?) (1 + 07207103
and similarly using (3.9) we have

t

N g _Lla- _1 _
| W v Dy S A +0728 ‘/P>Eo+n<r>2f(1+t—s) 2D (145) 7 ds
0

1 1
S(Eo+n@)?) A+ 2071~z

4.17)

(4.18)

yielding in particular that || (¥, V)| yx+1 is arbitrarily small if Eo and 7(t) are,* thus verifying the hypothesis of
Proposition 4.5 below. By the nonlinear damping estimate given in Proposition 4.5, therefore, the size of v in HX (R)
can be controlled by its size in L*>(R) together with HX estimates on the derivatives of the phase function v. In

particular, we have for some positive constants 61 and 6,

4 Note that we have gained a necessary one degree of regularity in v, the regularity of i being limited only by the regularity of the coefficients

of the underlying PDE (2.1).
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t
2 _ 2 _ _ _
[DIC) [y NEZ 4+ (Eo+n(1)?) /e 020=9) (1 4 )73 ds
0
Se—eltE(z)_l_(Eo_l_n(t)z)z(l+t)—3/2
< (Eo+ 0021+,

This estimate together with (4.18) in the case p = 2 completes the proof. O

Proposition 4.5. Let m > 1 be an integer. Assuming f € C™(R), let v(-,0) € H™(R) (for v as in (4.4)) and suppose
that for some T > 0 the H™(R) norm of v and the H"(R) norms of ¥+ (-, t) and ¥ (-, t) remain bounded by a
sufficiently small constant for all 0 <t < T. Then there are constants 01 and 0 such that

t
Muw;w5(“%@M%®+/fW“NWMMmﬁMWWMwMWWw
0
forall 0 <t <T.

Proof. Subtracting from Eq. (4.6) for u the equation for #, we may write the nonlinear perturbation equation as

v A (Fo 4 i) = f(@) = vex — cox = ¥y — it Px — @x )y + (@)Y, (4.19)

where it is understood that derivatives of i appearing on the right-hand side are evaluated at (x + v (x, ¢), t). Using
(4.8) to replace u, and i, respectively by i, + vy — (i + vx)% and i; + v, — (i + vx)%, and moving the
resulting v, Y, term to the left-hand side of (4.19), we obtain '

(14 Y)vr — vy — vy = (f 0+ @) — f(@)) + (@ +v) ¥

_ _ Vi i
— ((@x +vo)yn), + ((”x + vy) — + f@)yx. (4.20)
I+9yx /),
i
Taking the L? inner product in x of Z;”zo (_114):&1” against (4.20), integrating by parts, and rearranging the resulting

terms, we arrive at the inequality

2 2 2 2
1 IO ”H”’(]R) < _9”3;"“”(" t)”LZ(R) + C(”v("t)“H’”(]R) + |G, Wx)("S)HHm(R))’

for some 6 > 0, C > 0, so long as ||i|| g r) remains bounded, and |[v(-, £) || gm(r) and ||(Y, Yx) (-, )| ym+1 () remain

sufficiently small. Using the Sobolev interpolation || g ||%1m ®) <C BJ’C"H g ||%2 ® +C| g ||i2 ® forC >0 sufficiently

large, we obtain

[0 D gm ) @ < =80 [y gy + C V€D 2y + 1 W V09 )

from which the desired estimate follows by Gronwall’s inequality. O

Proof of Theorem 4.1. Recalling that 7(¢) is continuous so long as it remains small, it follows by continuous in-
duction using Lemma 4.4 that n(t) < 2CEy for all + > 0 provided that Ey < 1/4C and (as holds without loss of
generality) C > 1, yielding by (4.16) the result (4.1) in the case p = 2. Similarly, using (4.17) and (4.18), the result
(4.1) follows for any 2 < p < oo with uniform constant C > 0.

Finally, notice that by (4.4) we have

w(x, 1) —u(x) =v(x, )+ (@, 1) —ia(x + 9 (x, 1), 1)) 4.21)

and hence the size of ii(x,t) — it(x) in L? or HX is controlled by the corresponding size of the function (v +
i) (x, 1) in the respective norm, where we note that ||ty (-, )|l zoc Ry S llitx + vx (-, 1|l Loo(r) . Therefore, using (4.17)
along with the estimate
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t
19 C 0 Loy S Eo(1+0)720=17» +r/(t)2/(1 +1—5) 207D (1 45)73 ds
0
< (Bo+n()?)(1 + 0730710,
which follows by (3.9) for all 2 < p < oo, we obtain (4.2). Similarly we obtain (4.3), which completes the proof. O

Remark 4.2. Integrating by parts in representation formulae (4.14)—(4.15) to exchange the 9, and (8y2 + d;) derivatives

on R and § for —d, and (8}2, — 3;) derivatives on G, and noting that Gy and (G, + G) satisfy L? bounds equal

to the bounds obtained on G times the time-integrable factor (1 4+ ¢)!/?¢~1/2, we could have alternatively closed the

iteration entirely within the space H 1 obtaining L? and H I bounds on x4+, ) —u), ¥y, ¥, and ¥ with the
same rates given in Egs. (4.1)~(4.3) of Theorem 4.1, for data merely small in L' N H'.> To obtain the L? stability
bound (4.2) on (# — i), we could then replace (4.21) with

”f‘('*t) - L_‘”LP(R) S ”i‘( T, t)’t) - L_‘(' +v¥(, ’)) ”LI’(R)
Shvlee + [+ v 0) =il g,

where we have used the fact that ||, || Loo(r) is small, in order to avoid controlling i, (-, t) in L°°(R), and similarly
for the H'! stability bound in (4.3).
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