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Abstract
We establish the uniqueness of the higher radial bound state solutions of
Au+ f(u)=0, xeR". (P)

We assume that the nonlinearity f € C(—00, 00) is an odd function satisfying some convexity and growth conditions, and has one
zero at b > 0, is nonpositive and not-identically 0 in (0, ), positive in [b, 00), and is differentiable in (0, c0).
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction and main results

In this paper we establish the uniqueness of higher bound state solutions to
Au-+ f(u)=0, xeR", (P)

in the radial situation. That is, we give conditions on f under which

" n—1 /
w(r)+—u@r)+fu)=0, r>0,nz=2,
r

u'(0) =0, rl_i)r(r}lou(r) =0, (1)

has at most two solutions, one with #(0) > 0 and one with u(0) < 0, having a certain number of zeros.

Any nonconstant solution to (1) is called a bound state solution. Bound state solutions such that u(r) > 0 for all
r > 0, are referred to as a first bound state solution, or a ground state solution. The uniqueness of the first bound state
solution of (1) or for the quasilinear situation involving the m-Laplacian operator V - (|Vu|™~2Vu), m > 1, has been
exhaustively studied during the last thirty years, see for example the works [2-7,10,11,13-15,17-20].
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We will assume that the function f : R — R is continuous, and that f satisfies ( f1)—(f2), where:

(f1) fisodd, f(0) =0, and there exist § > b > 0 such that f(s) >0 for s > b, f(s) <O, f(s) #£0 for s € [0, b1,
F(B) =0, and limg_, », F(s) = 00, where F(s) := fos f@®) dt.
(f2) f is continuous in [0, 00), continuously differentiable in (0, o) and f’ € LYo, 1).

Our first result deals with the uniqueness of the k-th bound state in space dimension 2 < n < 4:
Theorem 1.1. Let 2 < n < 4, k € N, and assume that f satisfies (f1)—(f2). If in addition f satisfies
(fo) (5) ()= "52 forall s > B,
then problem (1) has at most one solution satisfying u(0) > 0 which has exactly k sign changes in (0, 00). Moreover,

if there exists a solution with k > 1 sign changes, then there exists exactly one solution with j sign changes for
j=1,...,k—1such that u(0) > 0.

Our second result is a strong improvement of the one in [8], where we established uniqueness of the second bound
state solution in the superlinear case. The uniqueness of the first bound state solution under more general assumptions
than those of Theorem 1.2 below is already known, see [10,20].

Theorem 1.2. Assume that f satisfies (f1)—(f2). If [ satisfies

(f3) f(s)= f'(s)(s—P), foralls > B, and
(fa) (5Y ()= %52 forall s > B,

then problem (1) has at most one solution satisfying u(0) > 0 which has exactly one sign change in (0, 00). The same

conclusion holds if instead of ( f3)—(f4), f satisfies

(fs) Y;;S) decreases for all s > B, and

(fo) %gn%, when n > 2.

As will be seen in Section 4.2, the following result is an immediate consequence of Theorem 1.2:

Corollary 1.1. If f satisfies (f1)—(f2) and f’ decreases in (B, o), then problem (1) has at most one solution satisfying
u(0) > 0 which has exactly one sign change in (0, c0).

To the best of our knowledge, there is only one work (besides [8]) concerning the uniqueness of higher bound
states: Troy, see [21, Theorems 1.1, Theorem 1.3] studied the existence and uniqueness of the solution to (1) having
exactly one sign change in dimension n = 3 for

s+1, s<—1/2,
f(s) =14 —s, se€(=1/2,1/2),
s—1, s=>1/2.

Note that in this case b =1, 8 = 1 ++/2/2, and for s > B,

F ’() b, 1 _n-2 forall s > B
)= —>-—=— orall s > .
f 2412727 2 |,

' The oddness of f is not essential, this assumption can be relaxed to a sign condition: f(0) =0, and there exist 5™ > 0 > b~ such that f(u) > 0
foru>bT, f(u) <0foru <b~,and f(u) <O, f(u)#0, foru € (0,bT) and f(u) >0, f(u) £0, foru € (b—,0).
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Hence, according to our Theorem 1.1, in this case problem (1) has at most one solution with exactly k zeros in (0, co)
for any k € N. Other typical example of a function f satisfying the assumptions of Theorem 1.1 is

fs)=s?—s1, p>qg>0,

with no other restriction if n = 2, and with p? 4+ g2 < 1 when n = 3. We note also that this function satisfies ( f5)
for any p > g > 0, and satisfies (f¢) if p + g <2/(n — 2) (which reads p + ¢ < 2 when n = 3). Hence from Theo-
rem 1.2 we obtain that problem (1) has at most one solution with exactly one sign change in (0, co) when p +¢g <2/
(n—2).

The existence problem has been treated by several authors. We can mention the work of Berestycki and Lions [1],
where the existence of infinitely many radially symmetric solutions of our problem when f is an odd function is
established by using variational methods, and the work of Jones and Kiipper [12] where the authors use a dynamical
systems approach and the Conley index. Also, we mention the work of McLeod, Troy and Weissler in [16], where
they established the existence of solutions with a prescribed number of zeros when f : R — R is locally Lipschitz
continuous and satisfies appropriate sign conditions and is of subcritical growth:

2
F)=ClulP'u+g). u=0,1<p< Lz
where C is a positive constant, and g(u) = o(u”) as u — oo, )

i.e., it is superlinear and subcritical. We will treat the existence problem in a forthcoming paper, where we will prove
existence of solutions having any prescribed number of sign changes under a more general asymptotic assumption
than the one contained in (2) and also for the sublinear case.

Finally we describe our approach. In order to prove our results we will study the behavior of the solutions to the
initial value problem

o+ oy + f)=0, r>0,n=2
u0) =a, uw'(0)=0 (3)

for @ € (0, 00). As usual, we will denote by u(r, o) a C? solution of (3).

Our theorems will follow after a series of comparison results between solutions to (3) with initial value in some
small neighborhood of o*, where u(-, «*) is a k-th bound state, that is, u(-, ®*) is a solution to (3) which has exactly
k — 1 sign changes in (0, co) and lim,_, o u(r, @*) = 0. The crucial property used to prove our uniqueness results is
the following:

Key Property. There exists a left neighborhood of o™ such that for any « in this neighborhood, the solution u(-, a)
has exactly k — 1 simple zeros in (0, 00), and there exists a right neighborhood of «* such that for any « in this set,
the solution u(-, o) has exactly k simple zeros in (0, 00) (see Fig. 1).

In Section 3 we follow the ideas of Coffman, see [3], and use the function ¢(r, @) = %u (r, &) to study the behavior
of the solutions between two consecutive extremal points.

In Section 4.1 we prove that under the assumptions of Theorem 1.1, the Key Property holds for any k € N. The main
tool we use is the functional

- F o r(s,a) ri(s,a)
06 ) =45 e )

where H (s) is chosen appropriately so that

N

and the functional W defined by

—2r¥(s,a)F(s)+ H(s), s#b,

W(s,a)=r(s, ot)\/(u’(r(s, o), a))2 +2F(s),

introduced in [10]. Here r (s, o) denotes the inverse of u between two consecutive extremal points.
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u(r)

Fig. 1. Illustration of the Key Property for k = 2.

Section 4.2 is devoted to the proof of Theorem 1.2. We do so by considering the celebrated functional introduced
first by Erbe and Tang in [9]:

F n—1 n
P(s’a):_zn_(s)r (s, )  r'(s,)
f r'(s, ) (r'(s, a))?
(also used by [19,20] to establish uniqueness of the first bound state) and the functional W (used also in [18]) defined
by

—2r'"(s,a)F(s), s#b

W(s,oc) =", oz)\/(u’(r(s,0(),05))2 +2F(s),

where r (s, ) denotes the inverse of u before the first minimum point. Under the assumptions of Theorem 1.2 we can
prove the Key Property only for k = 2. (For k = 1 it is proved in [6] for the superlinear case.)

2. Preliminaries

The aim of this section is to establish several properties of the solutions to the initial value problem (3). Clearly,
this solution is unique at least until it reaches a double zero.

Proposition 2.1. Let f satisfy (f1)—(f2) and let u(-, o) be a solution of (3) which is defined in (0, 00). Then:

(1) There exists C(a) > 0 such that |u(r,@)| < C() forall r > 0.
(i1) If u(-, o) is monotone in some interval (rg, 00), then

lim |u(r, Ol)| ={ where { is either bor0, and lim u'(r,a)=0.
r—o00 r—00

Proof. Let u(r, «) be any solution of (3) which is defined and of class C 2(0, 0o) and set

[ a) = (u'(r, @))” +2F (u(r, @)). 4)
A simple calculation yields

21— 1)
—

I'(ra) = — W (r, @), (5)
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and therefore, as n > 2, we have that [ is decreasing in r. Moreover, since F(s) is bounded below by F(b), we have
that

F(a) > F(u(r,a)) > F(b)

and thus (i) follows from the assumption that F'(s) — 0o as |s| — co.

Assume next that u is monotone in (rg, 00) for some rg > 0. Then lim, _, oo u(r, @) = L and from (i) L is finite. As
I decreases and F (u(r,a)) — F(L), we have that lim,_, » t’(r, &) = 0. Moreover, from the equation and applying
L’Hopital’s rule twice, we conclude that

0= lim ———— = lim lim = lim
r—00 r2 r—oo 2r r—00 2r r—oo 2prh—1 2n

Hence L =0, &b and (ii) follows. O

ur) =L W) () "W _ f)

It can be seen that for o € (b, 00), one has u(r, @) > 0 and u'(r, ) < 0 for r small enough, and thus we can define
the extended real number

Zi(a) = sup{r >0 | u(s, ) >0and u'(s, o) <0 forall s € (0, r)}.
Following [17,18] we set
M ={a>b: u(Zi(@),e) =0and u'(Z;(a), ) <0},
Gi={a>b: u(Zi(e),a) =0and u'(Z(a), ) =0},
P = {a > b: u(Zl(a),a) > 0}.
If our problems have a solution, then N # . Let
Fo= {a e Ni: W/ (r,a) <O forall r > Zy () }.
For o ¢ F> we define
Ti(«) :=inf{r > Zi(a): u'(r,a) =0},
and if o € ]7"2, we set T (o) = 00. Also, for o € N7\ .7?2 we can define the extended real number
Zs(a) :=sup{r > T1(a) | u(s,a) <Oand u'(s, ) > 0 forall s € (T} (), r)}.
Let now
Fr=laeN \ Fo: u(Za(), o) <0},
N ={a e N \ Fo: u(Zy(a), ) =0 and u'(Zr(e), @) > 0},
Gr=laeN \ Fo: u(Za(), ) =0and u'(Z(e), ) =0},
Pr=FoUF.
For k > 3, and if NVj_| # ¥, we set
Fi= {a € M (=% (r, ) <O forall r > Zr—1(@)}.
For o € NVj_ \fk, we set
Ti—1 () ;= inf{r > Z_1(a): u/(r,a) =0},
andif o € ]?k, we set Ty () = oo. Next, for o € NVj_; \J’Ek, we define the extended real number
Zi(a) :=sup{r > Tr_1 () | (=D*u(s, ) <0 and (= D¥u/(s, @) > 0 forall s € (Ti=1(a), 1)}

Finally we set
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Fie = o e Nimi \ Fi: (=D*u(Zi(@), @) <0},

Nie= o e Nioi \ Fi: u(Zi(@), @) =0 and (= D*u(Zy (), @) > 0},
G = {@ € Nioi \ Fi: u(Zi(@), @) = 0 and ' (Zy (), ) =0},

Pr =.7?kak.

Concerning the sets AV, and P;, we have:
Proposition 2.2. The sets N and Py, are open.

Proof. The proof that N}, is open is by continuity and follows as in [6] with obvious modifications, so we omit it.
The proof that Py is open is based in the fact that the functional / defined in (4) is decreasing in r, and « € Py if
and only if & € Nj,_1 and I (r1, o) < O for some 71 € (0, Z;()).
Let o € Py and assume first that Z; (o) = oo. From Proposition 2.1, lim,_, o, u(r, ®) = £b, implying that

lim 1(r,a) = 2F(£b) < 0.
r—>0o0

Assume next Zi(«) < oo and hence o € Fy. Then Zi(«) is either a maximum point for u with u(Zy(«), ) <O,
or a minimum point of # with u(Zy(«), @) > 0 implying that either

0< —u"(Z(@), @) = f(u(Zi (@), @)
and hence —b < u(Zy (), @) <0, or

0> —u"(Zr(@), @) = f(u(Zi(@), @)

and thus 0 < u(Zy (), @) < b (u(Zy (o), ) # £b from the uniqueness of the solutions and since u (0, o) = «). There-
fore

1(Zi(@), a) =2F (u(Zk (@), ) <O.

Conversely, if « ¢ Py and o € N;_1, then o € G U Ny, and thus the claim follows from the fact that I (r, a) >
I (Zi(a), ) = 0forallr € (0, Zx(«)). Hence the openness of Py follows from the continuous dependence of solutions
to (3) in the initial value  and from the openness of N;_;. O

Finally in this section we establish the existence of a neighborhood of o™ € G so that solutions with initial value
in this interval cannot be decreasing for all » > 0.

Proposition 2.3. Let a* € Gy, k > 2. Then there exists 8y > 0 such that (a* — 8¢, o* + 80) € Nx_1 \fk.

Proof. Since a* € Gy, there exists T > Ty_(o*) such that (—1)%u’(z, «*) > 0. By continuity, there exists 89 > 0 such
that

(—D*/(r,0) >0 forall @ € (a* — 80, &* + &),
implying that

Ti—i(@) <t foralla € (a* — 8, a* + ),
and thus

(a*—So,Ol*-l-S())CNk—l \.7?1( O

Lemma 2.1. Assume that f satisfies (f1)—(f2) and let k € N. If a* € Gy and there exists n1 > 0 such that

(a*, @ + 1) C M, (6)

then there exists np > 0 such that (o*, «* + 12) C Pr+1-
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Proof. Let @ € (@, ™ + 1) so that Ty («;) is defined. If T () = oo, then o € Py and we are done, so we may
assume that Ty («) < oo. Without loss of generality we may assume that u (-, «*) is decreasing in (Tx—1(a™), Zy(a™))
so that T («) is a minimum point for u(-, &) and therefore u (T} («), &) < 0 and

0> —u"(Ti(), @) = f(u(Tx (), @)),

implying that u (T (), ) < —b. Let us denote by 7 (-, &) the inverse of u(-, &) in (Tp—1 (), Ti ().
Let now ¢ > 0. Since

lim I(r, oz*) =0,

r—Zi(a*)

there exists r* > 0 such that
I(r*,ot*) <e, u(r*,a*) >0,

and therefore by continuity, there exists 1} € (0, 1) such that for all @ € (a*, @* + 1), Zg() > r* (u(r*, o) > 0)
and

1(r*, ) <2e.
Since [ is decreasing in r, we have that

I(r,a) <2¢ forallr >r*andalla € (a*’a* + ’7/1)’
hence

|u'(r,0)| < \J2|F(b)|+2¢ forallr >r*,

and thus, from the mean value theorem we obtain that

b b
r(=b,a)—r|—z,a )2 —
2 2K
for some positive constant K. Let now
E(r,a)=r*""VI@ a).
Then
E'(r,a) =40 — 1)r2"_3F(u(r, (x)),
implying that
E(r, oe*) JL>0
as r — Zi(a*) and thus we may assume that
E(Zk(a),a) < L+¢ fori large enough.
Integrating E’ over (Zi (), r(—b, a)), we find that

r(—b,a)
E(r(=b,a),a) — E(Zx(@), @) = —4(n — 1) / "3 F(u(t, )| dt
Zi (@)

and thus
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r(—b,a)
E(r(=b,a),a) < L+&—4(n — 1)(Zi(@)™" / |F(u(t, )| dr
Zi (@)
r(—=b,a)
<L4s—40n—1)(Ze(@)™ / |F(u(t, )|t
r(=%.a)
<L4e—40n—1)(Ze(@)™ <r(—g, oz) — r(—b, a)) |F(b)]

w3 b
<L+e—201—1)(Z(@)’ 3?|F(b)|.

If Zy (a™®) = o0, by taking n, € (0, n’l) small enough, we conclude that E(r(—b, o), ®) < 0 and thus « € Py for all
a € (o, a* + mp). If Zx(a™) < o0, the same conclusion follows by observing that in this case L =0 and Zj(«) is
bounded below by /2, where 7 the first value of r > 0 where u(-, *) takes the value 8. O

3. Behavior of the function ¢(r, @) = %u(r, o)

We will study the behavior of the solutions to the initial value problem (3). To this end, a* € Gy is fixed and
a € (a* — 8, a* + 8p), where 8y > 0 is given in Proposition 2.3. ‘

Under assumptions ( f1)—(f2), the functions u(r, o) and u’(r, o) = g—”r‘(r, o) are of class C! in (0, 00) x (b, 00). We
set

u

9
o, a) = a—(r, a).
(07

Then, for any r > 0 such that u(r) # 0, ¢ satisfies the linear differential equation
" n—1 / / _
¢'(re)+ ——¢' () + ['(ur0))p(ra) =0, n>2,

00,a) =1, ¢'(0,a) =0, @)
where ' = ()a_r
Set
u(r) =u(r a), @(r) =@, a).

Proposition 3.1. Ler f satisfy (f1)—(f2). Then (i) between two consecutive zeros ry < rp of u' there is at least one
zero r* € (r1, rp) of ¢. (ii) Furthermore, if a € Gy, then ¢ has at least one zero in (Ty—1 (), Zr (o).

Proof. Let r; < rp be two consecutive finite zeros of u’ (hence u has at most one zero in (rq, 7)) and assume by
contradiction that ¢ (r) does not change sign in (r{, r2). Since u € C 2(0, 00) and ¢ € C1(0, 00), by differentiating the
equation in (1) we obtain that v = u’ and ¢ satisfy

pw, n—1, ’ n—1
v v+ () - v=0, ®)
r r2
and

1

n—1, ,
¢t ——¢ +fwe=0 )
for all 7 such that u(r) # 0. Hence multiplying (8) by "¢ and (9) by "~ v and subtracting, we obtain

(r"_1 (Vo — vgo/))/ =0 — Dr">ve. (10)

Assume first that v, ¢ > 0 in (7, r2). Integrating (10) over (r, r2) we find that
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N r)e(r) > r{ T (e (),

a contradiction with the fact that from our choice of the sign for v, it must be that v'(r2) < 0 and v'(r;) > 0. (If
u(r) = 0 for some 7 € (r1, r2), we integrate (10) over (r1, 7 — ¢) and over (¥ + ¢, r2), use the continuity of v, v/, ¢
and ¢’, and then let € — 0 to obtain a contradiction.) Hence ¢ must have a first zero in (r, rp). If either v or ¢ are
negative in (r1, r2) the proof follows with obvious modifications.

Let now « € Gi. If Zy () < 0o, the claim follows from (i). If Z(«) = 0o, assume by contradiction that ¢ does
not change sign in (T (), 00). We may assume without loss of generality that u’(r) > 0 and ¢(r) > O for all
r € (Tx_1(a), 00). From u/(r) > 0 for all r € (Tj_1(«), 00), and u(r) — 0 as r — oo, we find that there exists
ro > Tx—1(a) such that —b < u(r) < 0 for all r € (rg, 00) implying

(r”flu’)/ =—r""1fw) <.

Thus "~ !4’ decreases in (rg, 0o) implying that
lim "~ 'u'(r) = L €0, 00). (11)
r—00

From the equation we find that

” n-—
u'(r)y=-—

. 1u’(r) - f(u(r)) <0 forall r € (rg, 00),

and thus v = u” < 0 for all r € (rg, o0). On the other hand, integrating (10) over (Ty_{ (), r), for r € (rg, 00), we
find that

P (0 —v9) (1) = (Tie1 (@) 0 (Tee1 (@)@ (Timt (@) + (1 = 1) / "u()e(t) d

Ti—1()
ro

>m—1) / ")) dt =co >0
Ti—1(a)
for some positive constant cy. Hence,
0> "1 (Ne(r) > r" (e’ (r) + co,
which from (11) implies that ¢’ (r) < —cg/ " lv(r)) < —c for some positive constant ¢ and therefore
o(r) < e(rg) —c(r —rg) > —00  asr — 00,

a contradiction. O
In what follows, r (s, ) denotes the inverse of u(r, @) in the interval [0, T («)]. We have

Proposition 3.2. If f satisfies (f1)—(f3), then @ is strictly positive in (0, r(b, ®)), where r(s, a) denotes the inverse
of u(r, ) in the interval [0, Ty (a)].

Proof. Multiplying the equation in (7) by =l — B) and integrating by parts over (0,r), r < r(f, o), we have that
o' (P — B) — /r"_lu/(r)w’(r) dr + / f’(u(r))(p(r)(u(r) — /fi)r"_1 dr =0,
0 0
and a second integration by parts yields
f (f (@) (u@) = B) = f(u®))p@)" " dit ="' (' (Ne(r) — ¢’ (") (u(r) — B)). (12)

0
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Using now that from (f3), f/(u(r))(u(r) — B) — f(u(r)) <0 for r € (0, (B, @)), we have that if ¢(r) = 0 for the
first time at some r € (0, r (B8, @)), then —¢'(r)(u(r) — B) < 0, which is a contradiction since ¢’(r) < 0 at such point.
Therefore go(r) > 0in [0, r (B, a)).
Let now f be continuous in [0, 00), continuously differentiable in (0, co) with f e L(0, 1), satisfying (f1) with
=b, f J in (b, 00), and b < ,8 < B. Let us denote by u(-, «) the solution of the initial value problem (3) with f
replaced by f By the previous argument, ¢(r) > 01in [0, r(,B )). Since u(-, o) = u(-, ) as long as they are greater
than b, and b < ,B < B, we obtain that r(ﬁ a) > r(B, «) and thus p(r, @) = ¢(r, @) > 0 in [0, r(,B «)). Since ,3 is any
number in (b, B), the result follows. O

Our next result is an improvement of [8, Lemma 3.1], where we proved it under an additional superlinear growth
assumption on f.

Proposition 3.3. Let f satisfy (f1)—(f2) and (fs)—(fe). If the first zero z > 0 of ¢ occurs in (0,r (B, a)], then p(r) <0
forr e (z,r(b,a)) and ¢'(r(b, @)) <0.

Proof. The proof follows step by step the ideas in [8]. Let the first zero z > 0 of ¢ occur in (0, r (8, a)], set U, := u(z)
and assume U, > 8. We will show that
U.f'(Uz)
f(WU)
If not, then by (f5) we have that

(s —U) f'(s) - sf’(s)
f(s) f(s)

and we can argue as in the proof of Proposition 3.2 (with 8 replaced by U;) to obtain the contradiction

> 1.

<1 foralls > Uy,

/ (f (@) (u@) = U) = f(u@))o0" " dt = 2" (' () () — ¢ () (u(z) — Uz)) =0.
0
We conclude that there exists ¢ > 0 such that
U, f ) 2
-1+ =
rwon T Te
Moreover, from ( f5)—(fe), it must be that ¢ > n — 2. Then, since by ( f5), the function
Cu(r)f’(u(r)) _
Sfu(r))
is increasing in (0, r (b, «)), we have that
u(r) f'(u(r)) >
— -2
f(@))

is nonpositive in (0, z) and nonnegative in (z, (b, «)).
Let us set v(r) =ru’(r) + cu(r). Then v satisfies

¢(r) = f(u(r))<c

-1 / ’
v+ f(um)v =9 @),

and, as long as ¢(r) does not change sign in (z, r), with r € (z, r (b, @)), we have

v//+n

r r

o>/z”*‘q)(t)qb(t)dr=/z"*‘(¢Au—vAgo)dr
0 0

"' (r) — ¢ (N (), (13)
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and therefore

PV (r) — ¢’ (rv(r) <0, (14)

implying in particular that v(z) < 0. On the other hand, using that ¢ > n — 2 we have that

V) =rd' (N +Cc+ D' ) <r’ )+ — D' (r) = —rf(u(r)) <0

for all » € (0, 7 (b, ®)). Now we can prove that z is the only zero of ¢ in (0, r (b, «)). Indeed, if ¢ has a second zero
at z1 € r (b, ), then from (14), it must be that v(z;) > 0, contradicting v'(r) < 0 in (0, r (b, a)). Hence ¢ has exactly
one zero in (0, r (b, a)].

Finally, evaluating (14) at r = r (b, ), we find that

@(rb, )V’ (r(b,a)) — ¢'(r(b, @) v(r(b, @) <0,
implying ¢’ (r (b, a)) <0. O

4. Uniqueness of bound states

Assume that a* € Gi. The following result deals with the existence of a neighborhood V of «* such that any
solution to (3) with & € V has its minimum values satisfying U < — g and its maximum values satisfying U > B.

We observe that u(-, ) is invertible in each interval (7;_ (), T; (@), To(a) =0,i = 1,2, ...,k — 1, and we denote
by r(-, @) its inverse at the intervals where u decreases and by 7 (-, &) its inverse at intervals where u increases.

Lemma 4.1. Let f satisfy (f1)—(f2), and let a* € Gi. Then, there exist a > 0 and §1 > 0, such that for any a €
(a* =81, a* 4+ 381), u(-, @) has exactly k extremal points in [0, Ty—1 («*) 4+ a). The extremal values E of u(-, o) satisfy
E < —B if E is a minimum value, while E > B if E is a maximum value. Moreover, if a1 < oy are two values in
(a* — 81, a™ +81), then

(i) the corresponding solutions uy and uy intersect between any two of their consecutive extremal points, and
(ii) there exists an intersection point in (Ty—1(a™), Zi(a™)).

Proof. Let §g be given as in Proposition 2.3. The assumption a* € Gy implies that the functional defined in (4) satisfies
I(Zk (oz*), a*) =0,

and thus I (r, «*) > 0 for all r € (0, Zg («*)). In particular, for any i = 1,2, ...,k — 1, we have
2P (u(T; (o). o)) = (T (o). ) >

implying that |u(T; («*), «™)| > B. Hence, from the continuity of u and 7;(«) for a € (a* — &g, ™ + &p), we conclude
that there exists 8; < 8o such that the first assertion of the lemma holds.

From Proposition 3.1, for each i = 1,2, ...,k — 1, there exists r* € (T;—(a™), T; (@™*)) such that ¢ (r*, a*) = 0.
Hence without loss of generality we may assume that there exist ¥~ < r* < r¥ such that p(r*, a*) <0 < @(r—, a*).
By continuity, there exists 61 € (0, §1) such that e(r~,a)>0and p(rt,a) <O0forall o € (a* — 81, a* + 81). Since

(%)

u(r,op) —u(r,ay) =/<p(r, o)da,

o]

which is positive at r = r~ and negative at r = r ™, and thus (i) is proved. (ii) follows in the same way. O
4.1. Proof of Theorem 1.1

In order to prove Theorem 1.1, we need to establish several properties of the solutions to (3) in the neighborhood
of a bound state solution. We recall that in Theorem 1.1, 2 <n <4.
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Let m < M be such that r (s, ), the inverse of u(r, @), is defined and decreasing in [m, M]. For s € [m, M] we set

_ F o r(s,e) r2(s, o)
Q6= )

where 7/ (s, o) = dsr(s o) and

—2r%(s, ) F(s) + H(s),

H'(s) = —4(n =D 2 (s)
_ i

Then,
0y = L5, 0) = (2(n . 4(5) (s)) .0 (15)
as f

r'(s, a)

Similarly, for m < M such that (s, o) the inverse of u(r, &), is defined and increasing in [, M], we define
s )r(s , o) }72(5‘,0()
[ ey (7 (s, @))?

(s, a) = Kr(s,ot) and

O(s,a) = —4 — 27 %(s, ) F(s) + H(s),

H'(s) = —4( 2)F(>
s)=—4n —2)—().
f

Note that if ( f) holds, then Q’(s, &) > 0 for all s € [m, M] and Q’(s, o) < O for all s € [, M].
Let now a and §; be as in Lemma 4.1, let «q, oy € (@* — 8, a™ + 8), with @] < ap, and for j =1, 2 set

ui(r)y=u(r o)), ri(s)=r(s,a;), and Q;(s)=0(s, ;).
Let

M1, m be the i-th consecutive local maximum and minumum values of u,

and

M>, my be the i-th consecutive local maximum and minumum values of u»

for r € [0, Ty—1 (@) + a]. The behavior of the solutions for r > Ty_; (a™) will be studied separately. We have

Proposition 4.1. Assume that f satisfies (f1)—(f2) and (f), and let o* € Gy. Then, there exists 82 ; € (0, 81), with §;
as in Lemma 4.1, such that for any a1, o € (@* — 82,5, ™ + 82.;) with o) < ay we have that if

My <My and Q1(M1) > Q2(M>),
then

my>my and Qi(m1) > Qz(m2).

In order to prove this result we need a separation lemma, so for j = 1,2 we consider the functional W; defined
below, introduced in [10]:

Wj(s)_r](s)\/ r](s) ) +2F(s), selmj, M;].
The functional W; is well defined in this interval, since (u’j(r))2 +2F(uj(r)) > 0forr [0, Tr—1(a*) +al.

Lemma 4.2. Assume that f satisfies (f1)—(f2), and let a* € Gi. Let a1, ap € (@* — 81, a* + 81) with o) < ap and §;
as in Lemma 4.1. Assume that there exists U € [—B, B] such that

ri(U) =2rnU) and W (U) < Wy (). (16)
Then

r1(s) > r(s), Wi(s) < Wa(s), forallse[-B,U].
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Proof. Clearly, |r{(U)| > |r5(U)|, and thus | > r» in some small left neighborhood of U. Hence, there exists ¢ €
[—8, U) such that

Wi < Wa, ri>ry, and r{<ry inlc,U).

Next, we will show that W — W> is increasing in [c, U). This will imply that the infimum of such c is —8, proving
the lemma.
From the definition of W;(s) we have

oW, T2+ 0= 200,67
§) = .
os D1/ @ (5)))? +2F (s)
As F(s) <0 for s € [—8, B], we have that the function
h(p) —2F(s) (n—2)p ’

T VPP 1 2FG) | PPt 2FG)

is decreasing, and thus, for s € [¢, U), and using that |u (1 (s))| < |u},(r2(s))|, we obtain

(% - %)(s) =h(|u} (r1()]) = 2(Jus(r2())]) > 0

as we claimed. O

Proof of Proposition 4.1. We will first show that r{ (M) < r2(M1). As Q> is strictly increasing, M| < M3, and
Q1(M1) > Q2(M>), it holds that Q1 (M) > Q2(My).

Let M* denote the i-th maximum value of u(-, «*). Since u’(r (M*, ™), «*) =0 and 4§(M*) > 0, by continuity
there exists 82 ; < &1 such that for any a1, a2 € (@™ — 82, @* 4 82.;), we have

4§(M1) > —ra(Mp)uy(ra(My)),
and hence
4§(M1)r2(M1)u'2(r2(M1)) + (r2(MD)* (uh (r2 (M) < 0.
Therefore,
0<(Q1— Q2)(My)
:4§(M1>rz(M1)u’2(rz(M1)) + (2 (M) (w2 M)+ 2F (M) 73 = ) (M)
< 2F(M)(r? — r3)(M)),
implying
ri(My) <r2(Myp)

as claimed.
From Lemma 4.1 there exists a greatest intersection point U; of | and r; in [max{m, my}, M1].
Let us set

U =min{—8, U;}.

We will show that

(01— 0)(U) >0, and ——(U) < —=(U). (17)
|”1| |rz|
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We distinguish the following cases according to the position of U;:

Case 1. U; € [B, M1]. We will prove first that

I (s) < ~2(s), forallse[Us, M.

|ry] I3
Indeed, since ul(rl (M1)) = 0, we have that this inequality holds for s = Mj. Assume now that there exists ¢ €
Uy, My) such that

ri r
—(s) < —~(s), forallse (s, M) and (t)— ()

I 751 r 1| |75
As

d
—(” )m— O]~ il = <,)( ~ )0 >0,
ds 73]

|l’1|
we obtain a contradiction.
Assume next that there exists ¢ € [8, Uy) such that

()< —2(s), forallse(r,My) and —(1) = —=(1).
I 751 Ir 1| Ir 2|

Then, from ( f5),

(01— 02)(s) =4 (—()——( ))<<5>/<s)—u)<0 s e M)
PR 1] f 2 ’ !

implying that
0> —2F(0)(r{(t) —r3(1)) = (Q1 — Q2)(t) > (Q1 — Q2)(M}) > 0,
a contradiction. We conclude that

(Q1— 02)(B) > (@1 — Q2)(M1) >0
implying

—(/3) —(ﬁ) and  r1(B) =r2(B).

Iril 3]
Thus (16) in Lemma 4.2 is satisfied with U = 8, and we conclude that r;(—8) > r2(—8) and Wi (—8) < Wa(—5),
implying (17) at U = —8.

Case 2. Uy € [—8, B]. In this case W1 (U;) < Wa(U;) and r1(Uy) = ra(Uy), hence by Lemma 4.2, we conclude
Wi(—B) < Wa(—p) implying that (17) holds.

Case 3. U; € [max{m, m3}, —B]. In this case it is straightforward to verify that

(01— 02)(Up) >0,

and hence in this case (17) also holds.
To end the proof, assume that there exists T € (max{m1, m3}, U] such that

r—}(s)<r—?(s), for all s € (r, U],
|r1| |r2|
and
—( )——( ).
Iril Il

Then,
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, r %) F\’ n—2
(Q1—02)(s) =4<—,(S) — —,(S)><<—> (s) — ) <0, se(r,U]
|71| |72| b 2

implying that

0> —2F(0)(r}(r) —r3(1)) = (Q1 — 02) (1) > (Q1 — Q2)(U) > 0,

a contradiction, and thus

r r
—~(s) < —=(s), foralls € [max{mi,ma},U).
I 751
Therefore,
max{mp,ma} =my, (01— 02)(s) >0, forallse[m,U),

which yields Q1(m1) > Q>(m1). Since Q» increases and m > my, it follows that Q1(m1) > Q2(m2), ending the
proof of the proposition. O

Similarly we set

m1, M the i-th consecutive local minumum and maximum of u;,

and

M2, M the i-th consecutive local minumum and maximum of u5,

for r € [0, Tr—1 (™) +al.
We have the following result.

Proposition 4.2. Assume that f satisfies (fD)-(f2) and (f), and let a* € Gi. Then, there exists Sz,i € (0, 61), with 6,
as in Lemma 4.1, such that for any o1, ap € (@* — 82.;, ™ + 82.;) with a1 < ap we have that if

iy >my and Q1(n1) > Q2(m2),

then

My <M, and Q\(My)> Q>(M).
Proof. It follows from Proposition 4.1 considering v(r, &) = —u(r, ). O
Combining Propositions 4.1 and 4.2 we obtain the following result.

Proposition 4.3. Assume that f satisfies (f1)—(f2) and (fx), and let «* € Gy. Let § = min; {82 ;, 52,,}, andlet ay, o) €
(a* =6, a* +6).

(i) If'k is even, then the k-th extremal points Ty_1 (o ;) are minima,

my>my and Q1(my) > Q2(m2),

wheremj =uj(Tr—1(c;)), j=1,2.
(i) If'k is odd, then the k-th extremal points Ty (« ;) are maxima,

My <M; and Q1(My)> Q2(M>3),

where Mj = u;(Tr—1(a;)), j =1,2.
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Proof. As Tp(a;) =0 is the first extremal point of u ;, we have
ur(To(ar)) = oy < a2 = uz(To(@2)).
Moreover, as o; > 8, H is decreasing in [, c0) and therefore
Qi(a1) = H(a1) > H(az) = Q2(2).
Hence, for the first extremal points, the assumption of Proposition 4.1 holds and thus,

ur(Ti(an)) > uza(Ti(a2)), and Qi (u1(Ti(an)) > Q2(u2(Ti(x2))).
Applying alternatively Proposition 4.2 and Proposition 4.1 we obtain the result. O

We proceed now to our final step. To this end, we may assume without loss of generality that k is odd, so that
Ti—1(rj) is a maximum point, and we fix § as given in Proposition 4.3.

Proposition 4.4. Assume that f satisfies (f1)—(f2) and (fy), and let a* € Gi. Let ay,a € (¢* — 8§, a™ + 8) with
o) < ap.
If a1 € Gr UN, then an € Ni,

Zi(ay) > Z(ar)  and  |u' (Zi(a))| < |uh(Zi(@2))- (18)
Ifo(z (S gk, then o] € fk.

In order to prove this result we need the following separation lemma which can be found in [8, Lemma 4.4.1]. Its
proof is very similar to that of Lemma 4.2 and thus we omit it. For j =1, 2, let

. 2
S; :==inf{s € (u;(Zr(a))), M;): |u/] (rj())|” +2F(s) > 0},
where M; =u ;(Ti—1(«;)). We note that §; = 0 if and only if «; € Gy UN;.
Lemma 4.3. Assume that f satisfies (f1)—(f2), and let o™ € Gy. Let a1, ay € (@™ — 8, a* + 8) with o) < ap. Assume
that there exists U € [0, B] such that
ri(U) 2rnU) and Wi (U) < Wy(U). (19)
Then, S1 = S> and

ri(s) > ra(s), Wi(s) < Wa(s), and |u/l (r1 (s))| < |u/2(r2(s))

, se[S1,U).

Proof of Proposition 4.4. Let r; denote the first intersection point of u; and uy in (Tx—1 (™), Zr(a*)) guaranteed
by Lemma 4.1(ii) and U; = u(ry). Arguing as in the proof of Proposition 4.1, Cases 1 and 2, this time with U =
min{B, Uy}, we obtain that (19) holds. Hence, by Lemma 4.3, we have S1 > S,

ri(s) > ra(s),  Wils) <Wa(s), and |uf(ri(s))] <|uy(r2(s))| foralls e[Sy, U).

If o1 € G UN, then Sy = 0 implying S, = 0 and ay € Gy U Nj.. As Zi(ap) = r1(0) > r(0) = Zi(an) and
lu} (Zi(e1))| < |ub(Zi(a2))| we conclude that oy € Ng.
If oy € Gg, then S, =0. As |u/2(Zk(a2))| =0, we conclude that S| > 0 implying o1 € Fx. O

Proof of Theorem 1.1. Suppose o* € G;. We will prove that N] = (a*, 00) and G| = {a*}. Indeed, assume that
(B,a®) NN # @ and let

y =sup{a € (B, a*) | e M1}

By Proposition 4.4, y < o*. By Proposition 2.2, y ¢ N1 and y ¢ Py. Also, y ¢ G, by Proposition 4.4. Hence, N} C
(™, 00). Consider the set

{a > ¥ | (a*,ot) CNl}.
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From Proposition 4.4, this set in nonempty. Let y denote its supremum. If ¥ < 0o, by Proposition 2.2, 7 ¢ N; and
7 ¢ P1. Since 7 ¢ G1 by Proposition 4.4, we have a contradiction and hence, ¥ = oo and N7 = (a*, 00). Since this
holds for any «* € G;, we conclude G| = {a*}.

Let k > 1 and let o* € G. We will prove that Gy = {@*} and N}, = (a*, 00).

First we note that o* € G implies o* € A; fori =1,2,...,k — 1. Set

of =supf{e € [B.a*] | ePi}.

Since B € Py, f is well defined. Moreover, as P is open and o* € NV, we have that 8 < a] < a*. As Py and NV are
open, a} ¢ N1 U P1. Hence, ] € G, and arguing as above, we can prove that

Gi={af} and N =(af,00). (20)
If k > 2, we set
o = sup{oc c [oc’f,a*] | = 772}.

From (20) we can use Lemma 2.1 to obtain that the set {« € [a],a*] | @ € P2} # ¢ and thus o is well defined and
of <aj. Since k > 2, a* € N> and as N> is open, we also have o} < o*. Using again that A; and P, are open we
obtain «j ¢ N, U P>. Hence, as aj € N, we have that o} € G>. Now we can argue as above we to prove that

B<af<aj<a*, G={aj} and N;=(a},0). 1)
Repeating this process, for i < k, we can define

af = sup{oc € [af_l,a*] ‘ a € 73,-},
and we have

peoi<aj<<a <o’ G=faf).  Ni=(a}.00).
For i =k, we set af = ™, and arguing as above we conclude

G ={af} and N = (af, 00). (22)

Hence, there exists at most one solution of (1) with exactly k — 1 sign changes in (0, 0c0). O

4.2. Proof of Theorem 1.2

In what follows we use the ideas of Pucci, Serrin and Tang in [19,20]. For s € (u1(T1(a1)), —B] we set

F (s, ) r'*(s, o)
P(s,a) = —-2n—(s) —
f7rs,e) (s, )

5= 2r't (s, ) F (s).

Then,

, P F\' \r" (s, )
PG,a)=—@G,0)=(n—2-2nl—)(6))—. 23)
as f r'(s,a)
By (f4) it holds that P’(s,«) > 0 for all s € (u (T1 (1)), —B].
In this case we can prove the analogue of Proposition 4.1 but only for the first maximal and minimal points of u
and uy. Let now o, as € (a* — 6§, a™ + §), with a1 < ap, and set

Pi(s) = P(s,a1), Py(s) = P(s, ),
my =uy(T1(a1)), ma = uy (T (a2)).
We have

Proposition 4.5. Assume that f satisfies (f1)—(f1), or (f1)=(f2) and (f5)—(f¢), and let a* € Gi. Then there exists
8 € (0, 681), 81 as in Lemma 4.1, such that for any oy, ap € (o — 8y, ™ + 82) with o) < «y it holds that

miy>mo and Py(my) > Py(my). 24)
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In order _to prove this result we need the following variations of Lemma 4.2, so for j = 1,2 we consider the
functional W; defined below,

~ _ 2
Wj(s)=rl l(s)\/(u’j(rj(s))) +2F(s), selmj,ajl.
From Lemma 4.1, the solutions u#; and u; intersect at a first r; > 0. Set Uy = u1(r;) = us2(ry).

Lemma 4.4. Let f satisfy (f1)—(f2). Let a1, a0 € (@* — 81,a™ + 81) with oy < ap and 8y as in Lemma 4.1. If
Uj € [—8, B] then

r1(s) > ry(s) and W] (5) < Wg(s), foralls e [-B,Uj).

Proof. Clearly, |ri(U | > |ré(U 1)|, and thus r; > r> in some small left neighborhood of U;. Hence, there exists
c € [—B, Uy) such that
Wi < W, ri>ry, and ri<ry in[c,Uj).

Next, we will show that W; — W5 is increasing in [c, Ur). This will imply that the infimum of such ¢ is — 8, proving
the theorem. ~
From the definition of W (s, o) we have
oW 2(n — D)r" % (s, ) F(s)
——G,0)= )
ds ' (r (s, o), @)/ (' (r (s, @), @))2 + 2F (s)

and thus, for s € [c, Uy),

1 aW, AW,
( (s) — 5 (S))
S

2m—1)\ 0s
. . S
W 1) 4 162 +2F () b (2(s) ) Wh(ra())? +2F (5)
n—2 1 1
> <s>|F<s>|( - )
[y (1 DI @ 162 +2F () b (o) (h(ra(5))2 + 2F (s)

= 0. O

For the case when f satisfies (f5)—(fs) we use [8, Proposition 4.1.2]. Even though in this proposition we assumed
f superlinear, this assumption is not used in the proof, so we state it here without proof.

Lemma 4.5. Let f satisfy (f1)—(f2) and (fs5)—(fe). Then there exists 6y € (0,81] such that for all o1,y €
(a* — 83, a™ + 8) with oy < oy it holds that

ri(s) >ra(s) and Wi(s) < Wals), forallse[—B,Upp),
where Upy =b if Uy > B, and Up; = Uy if Uy < B.

Proof of Proposition 4.5. Let §; be as in Lemma 4.5. As in [9,20], we set

n—1_y

o n
S12(8) = === ().
N

Then

S15(5) = S12(5) F() ((r5(5))” = (] (5))°). (25)
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Let

U =min{—8, Uy}.

We will prove first that m| > m, and that for all s € [m, U) we have

Sia(s) <1, [F{(®)] > [r5(s)

If U; > —pB then U = —B. If f satisfies (f3), then from Proposition 3.2(i), Uy < B and from Lemma 4.4, using
that F(—pB) =0, we have that S12(U) < 1 and r1(U) > rp(U). If f satisfies (f5)—(fs), we use Lemma 4.5 to obtain
the same conclusion. Thus, |ri(U)| > |ré(U)|. On the other hand, if U = Uy, we also have that S1»(U) < 1 and
I (U)] > I3 U).

From (25) we have that S12(s) is increasing as long as |ri(s)| > |r§ (s)|, for s < U. If (26) does not hold for all s €
(max{m1,ms}, U), then at the largest point so where it fails, we must have that |ri (s0)| = |ré (s0)| and r1(sg) > r2(so)
implying that S12(sg) > 1, a contradiction. Thus (26) holds in (max{m1,m»>}, U), and hence m| = max{m1, m3}.

Next we prove that Py > P, in [m1, U]. From the definition of P; and P> we have

o . F mhoy 2w
Py — P)(U) = 2—1>U+2_U<1 7 )
(P 2)(U) <(ré)2 (ri)z ) nf( ) |ri(U)| |V§(U)|

>< ry B rt )(U)
“\ep? o2

r 2 I 3_2
=|—|1-S8;,=— U)>0.
((ré)z[ 12}"?_2})( )>
In order to finish our proof, we note that from the proof of [8, Proposition 4.2.1], it follows that (f5)—(fs) im-
ply (f1). Hence, from ( f1) and (26),

, r1(s) > ra(s). (26)

n—1

i F ' "
(P1 — P2)/(s) = (S12(s) — 1)(n -2- 2n<?) (S)) —(s) <0,

)

implying that Py > P, in [m1, U]. In particular, P;(m1) > P>(m1). Now, since Pz’ > (0, we have that P,(m1) >
P>(my), and thus P;(m1) > P>(m>), ending the proof of the proposition. O

The analogue of Lemma 4.3 for the case k = 2 can be found in [8, Lemma 4.4.1], we state it below for the sake of
completeness. For j =1, 2, we set

Wj(s) = fj(s)\/(u/j (Fi () +2F(s)), se[mi@)),S))

where
3; = supfs € (mj, uz(Za2(@))): (u(7;(5)))* +2F(s) > 0}.

Lemma 4.6. Assume that f satisfies (f1)—(f2), and let a* € Gy. Let a1, ap € (@™ — 83, a® + 87) with a| < ap and &
as in Lemma 4.5. Assume that there exists U € [— 8, 0] such that

r(U)=rU) and Wi (U) < Wo(U). (27)
Then,

S1 <5

and

71(s) > 2(s), Wi(s) < Wals), and u)(Fi(s)) <ub(F2(s)), se (U, Sl
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We define

5 _ F i ls,0) (s, a)
G =27 D T T a0)?

P’ _ r_9 F\ (s, o)
woo=(n=2=m() ) T

- P
S12(8) = == (),
N

§1,(5) = S12(5) F() (F3(9))” = (71 (9))7)- (28)

— 2" (s, ) F (s),

Proposition 4.6. Assume that f satisfies (f1)—(f4), or (f1)=(f2) and (f5)—(f¢), and let o™ € G,. Then there exists
8 € (0, 8) such that for ay, ay € (a* — 8, a* + 8) with oy < ay it holds that: if a1 € Gy UN,, then ay € N>,

Zo(a1) > Za(op)  and  |u}(Za(a))| < |uh(Z2(a2))
and if ay € Gy, then a1 € F>.

, (29)

Proof. We prove the proposition only in the case that f satisfies (f1)—(f4), the other case corresponds to [8, Propo-
sition 4.4.1]. Let m* denote the minimum value of u(-, a*). Since u’(r (m*, a*), a*) = 0 and —2n§(m*) > 0, by
continuity we may choose é € (0, §7) small enough so that

F _ ;e
—Zn?(ml) > Fa(mp)ub(F2(my)),

for all q, ap € (a* — 8, a® + §) and hence

F n— e - n /(=
—2n7<m1)(fz<m1>) Yy (Fam1)) = (Fa(m))" (uh (Fa(m 1)) > 0. (30)

On the other hand, from (24) in Proposition 4.5, we have that Py (m1) > P>(m2) and thus, using my < m; and the fact
that P, decreases, we find that

Pi(my) = Pi(m1) > Pr(m3) = Pr(m2) > Pr(my).
Therefore,
0> (Py— P1)(m)
_ _zng(ml)(fxml))"”u’z(fz(ml)) — (F2mn)" (uh (F2(m1)))? = 2F (my) (75 — 7}) (my)
implying, by (30),

ri(my) <ra(my).

From Lemma 4.1(ii), there exists an intersection point in (71(a*), Z2(a™)). If 7 denotes the first of such points
and if Uy =u(r;) = ua(ry), then Uy € (u1(T1 (™)), 0]. Let us set

U = max{—g8, Uy}
We will show that U satisfies (27) in Lemma 4.6, that is,
F(U) 27(U), and Wi(U) < Wa(U). (1)

We distinguish two cases:

Case 1. U; € [m, —pB]. We will first prove

f}’l—l f}’l—l _ _ _
;/ (s) < Zf, (s) and Pi(s)> P»(s) forallse[m;,U;]. (32)
1 2
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Observe first that S;2(m;) =0 and S12(U;) < 1. If there exists a point ¢ € (mq, U;) such that 5’120) =0, then
71(t) =7 (t) and hence, from the definition of Uy,

-n—1

_ r

S =10 <1,
)

implying S12(s) < 1 for s € [m1, Uy]. _
On the other hand, from the second equation in (28), using that S;>(s) < 1 and ( f4), we obtain

SECRCRIGEIGIES
(Pr—P)'(s)=(S2—D|(n—2-2n|— — |(s) > 0.
f Iy

Hence, for all s € (m1, Ur), Pi(s) — Pa(s) > Py(m1) — Pa(my) > 0.
Next we will prove that

r1(s) > ra(s), and ;—1(s) < ;—%(s) for all s € (U;, —B]. (33)
1 2

From the definition of U, :—1 < ?—% at U;. Assume by contradiction that (33) does not hold. Then, there exists a first
1 2

point ¢ € Uy, —p) such that

;—}(z)zf—f(r) and  7i(s) > Fa(s), foralls e (U, 1],

1 )
implying
- Am\'"?
S]z(t):(_ > =D>1.
(1)

From the definition of P; and P, we have that
(P — DPy)(t) = 2(Diy — i} F (1) =27} 2(3 — Ff) F (1) < 0.

On the oth_er h_and, from (32), we have that (P — 132)(01) > 0. Since F_’z(mz) <0 and P, decreases in (ma, —pB), we
have that P,(U;) < 0. Hence, as D > 1, we conclude that

(P — DP>)(U;) > 0.

From the last equation in (28) we obtain that S, is increasing in (U7, ) implying that S15(s) < D. Finally, using ( f3)
we deduce

(PL—DP)(s)={(Sip—D){n—-2-2n{— — ](s) >0
S ry

forall s € (UI, t) and thus

(Py — DPy)(1) >0,
a contradiction. Hence, (32) follows, and, since F(—g8) =0, also (31).

Case 2. U; € [—8,0). In this case U= U_I, and (31) trivially holds.
Hence, by Lemma 4.6, we have S < 53,

r1(s) > ra(s), Wi(s) < Wa(s), and u] (ri(s)) <us(ra(s)) foralls e (U, Si].

If o1 € Go UM, then S; = 0 implying S = 0 and ap € G2 U N2, As Za(ay) = 71(0) > 72(0) = Zr(an) and
u' (Za (1)) < uh(Z2(a2)) we conclude that oy € N>.
If @ € Go, then S» = 0. As uy(Z>(a2)) = 0, we conclude that S < 0implying o) € F>. O
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Proof of Theorem 1.2. Let o* € G,. Then, a* € N} and since 8 € Pj, we can set

of = sup{a IS [,B,a*] |a IS Pl}.

Arguing as in the proof of Theorem 1.1, we deduce that &} € G;. Under assumptions (f1)-(f3), G1 = {a]} by [10],
and under assumption ( f1)—(f2) and ( f5)—(fe), the same result holds by [20]. Hence N} = (off, 00). Let

A={a>a" () CN2}.

By Proposition 4.6, A is not empty. Let @ = sup A and assume & < oo. Since P, and N, are open, @ ¢ N U P,
hence, as NV = (Otik, 00), we have that & € G,. But from Proposition 4.6, there exists § > 0 such that (¢ — §, @) C P>
implying that @ is not the supremum of A. Hence we conclude that & = oo and thus A2 D (a*, 00). Since this is true
for any a* € G, we conclude that G, = {«*}. O

Finally, we prove Corollary 1.1.

Proof of Corollary 1.1. We only need to prove that if f’ decreases in (8, 00), then (f3) and (f) are satisfied. Indeed,
we have

f@) = fs) - f(ﬁ)=[f/(t)dt > f'($)(s = B),

and (f3) is satisfied.
Since ( f1) can equivalently written as

it follows that if f’(s) < O for some s > B, (f4) holds at such point. Now, as

2
F(s)—/f(t)dt f(s)(s—ﬁ)—/(t—ﬂ)f(t)dt Fo)s =By — f1i) =P ’3)

if f/(s) > 0, multiplying by f’(s)/f?(s) we obtain that
/ / / 2
Ff ) < (s =B)f'(s) _1<(s—ﬁ)f(s)) <1< n+2
fr f(s) 2 f(s)

27
and thus (f3) is always satisfied.
Hence, from Theorem 1.2, problem (1) has at most one solution with exactly one sign change. O
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