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Abstract

In this paper we give a detailed study of the global attractors for parabolic equations governed by the p-Laplacian in a heteroge-
neous medium. Not only the existence but also the infinite dimensionality of the global attractors is presented by showing that their
e-Kolmogorov entropy behaves as a polynomial of the variable 1/¢ as ¢ tends to zero, which is not observed for non-degenerate
parabolic equations. The upper and lower bounds for the Kolmogorov e-entropy of infinite-dimensional attractors are also obtained.
© 2011 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

In order to describe the long-time behaviour of many dissipative systems generated by the evolution of PDEs in
mathematical physics, one often uses the notion of the so-called global attractor, which is a compact invariant set in
the phase space X which attracts the images of all bounded subsets under the temporal evolution. If the global at-
tractor exists, its properties guarantee that the dynamical system reduced to the attractor A contains all the nontrivial
dynamics of the initial system. One of the important questions in this theory is in what sense the dynamics reduced
to the attractor are finite or infinite dimensional. It is well known that usually for regular (non-degenerate) dissipa-
tive autonomous PDEs in a bounded domain £2, the Kolmogorov e-entropy H, (A, X) of their attractors A has the
asymptotic property such as:

Ci1182]log,(1/¢) < Ho (A, X) < C2|82|log,y(1/¢),

where |£2| denotes the volume of §2 and C; (i = 1, 2) are some constants independent of |£2].
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In contrast to non-degenerate parabolic PDEs, not so much is known on the long-time behaviour for the degenerate
case (see [6,12,8,5]). In particular, the degenerate parabolic equations of the form

E;—b::A,,u(x,t)—i—u(x,t), (x,1) € £2 x [0, 00),
E) Y u@.n=o0, (x.1) € 982 x [0, 00),
u(x,0) =ug(x), x €S2,

with Apu = div(|Vu|P~2Vu), p > 2 are investigated in our previous paper [3], where the following features are
revealed:

(a) infinite dimensionality of attractor,

(b) polynomial asymptotics of its e-Kolmogorov entropy,

(c) difference of the asymptotics of the e-Kolmogorov entropy depending on the choice of the underlying phase
spaces,

which one cannot observe in non-degenerate cases.

Remark 1. It is also known that some non-degenerate parabolic equations in unbounded domains may possess infinite-
dimensional global attractors. For these cases, however, the asymptotics of their Kolmogorov entropy are always
logarithmic (see [4]).

Remark 2. It should be noted that the usual method for obtaining lower bounds of the Kolmogorov entropy (or
dimension) of attractors is based on the instability index of hyperbolic equilibria (see [13]), which in turn requires
a differentiability of the associated semigroup with respect to the initial data. However, this method may not be
applicable for degenerate parabolic equations, since the associated semigroups are usually not differentiable.

The main purpose of the present paper is to give a detailed study of the global attractors for much more wider class
of parabolic equations with p-Laplacian in a heterogeneous medium, that is

ou

5:Apu(x,t)—g(x,u(x,t))+h(x), (x,1) € 2 x [0, 00), (ED)
Ep Y uwx,n=0, (x,1) € 382 % [0, 00), (E2)
u(x,0) =up(x), x €S2, (E3)

where £2 is a bounded domain in RY with smooth boundary 3£2.

The present paper is composed as follows. In Section 1, we first prepare basic results on the existence, uniqueness
and regularity of solutions of (E1)—(E3) and under these preparations, the existence of the global attractor for the
semigroup generated by (E1)—(E3) will be presented in Section 2. The infinite dimensionality of the global attractors
and the asymptotics of their Kolmogorov entropy is given in Section 3. In particular, we show that its Kolmogorov
entropy admits polynomial asymptotics which shed light on completely new phenomena (see Remark 1). We here note
that one cannot apply the direct approach developed in [3] for (E),, so to achieve our goal, it requires new ideas. To
carry this through, we rely on some comparison results and some special scale transformations which will play a very
important role in our arguments. Thus parabolic equations with p-Laplacian of the form (E1) give natural examples
of dissipative equations of mathematical physics in heterogeneous media with infinite-dimensional attractors. We
especially emphasize that the method developed in this paper has a general nature and can be applied to other classes
of degenerate evolution equations.

2. Existence of global solutions and a priori estimates
In this section, we investigate the solvability of the initial-boundary value problem (E),. To this end, we assume

that g(x, &) can be decomposed into two parts, the monotone part go(x, §) and the non-monotone part g (x, &), i.e.,
g(x,8)=go(x,&) + g1(x, &) and we further assume that gg, g satisfy the following conditions:
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(@) go(x,0)=0, @(x, £) e C(2 x R!) and go(x, &) is monotone increasing with respect to & for all x € £2.
() g1(x,&) € C(2 x R and g (x, &) is a globally Lipschitz function with respect to £, i.e., there exists a constant
L > 0 such that

sug!gl(x,@—g](x,n)y<L|s—n| V& neR. (1)

Then (E), admits a unique global solution in the following sense.

Theorem 1. Assume that (a) and (b) are satisfied. Then, for any ug, h € L2(2), there exists a unique solution u of
(B)p satisfying

ueC([0,T1; L*(£2)), Viu, € L*(0, T; LA(£2)), Apue L} (0, T1; L*(£2)),

ue L”(O, T; Wol’p(Q)), Go(u) € L0, T),

t||Vu||€p(_Q), tGo(u) € L*°(0,T), VT €(0,00),

where Go(u) = [o, Go(x, u(x, 1)) dx, Go(x, &) = [5 go(x,5)ds.
Furthermore S(t) :ug(-) — u(-, t) is continuous in the strong topology of Lz(.Q).

Proof. By assumption (a), it is immediate to see that u — —A,u + go(-, u) is monotone in LZ(.Q). However, from
(a) alone it is impossible to say whether it is maximal monotone in L2(£2). Hence, to show the existence of solutions
for (E),, we cannot rely on the solvability of abstract evolution equations governed by maximal monotone operators
with Lipschitz perturbations (see [1]). To cope with this difficulty, we introduce some approximation procedure and
make use of L*°-Energy Method (see [10,11]) and the smoothing effect of the p-Laplacian in L°°-space.

Step 1. Let ug, h € L°°(£2) and consider

a—u—Apu—i—8IM(u)—i—g(x,u)ah, (x,1) € 2 x [0, 00),
®Y o o)
P u(x,t)=0, (x,1) €082 x [0, 00),
u(x,0) =ug(x), x €S2,

where Ij(-) is the indicator function of the closed convex set {u € L*(2); |u| < M a.e. x € 2}:

[0 if lu(x)| < Mae.xef2,
T () = { +o0o otherwise
and 01y (-) denotes its subdifferential operator given by
0 if u(x)| <M,
aly(u) = { [0, +00] ifu(x)=M, 3)
[—00,0] ifu(x)=-—M.

Here we define ¢y (-) by

%nwn{p + Iy iflux)|<Maexef, ue Wg*l’(sz),
+00 otherwise.

om(u) = {

Then ¢u(-) is a lower semicontinuous convex functional from L2(£2) into [0, +00] and its subdifferential appm(+)
satisfies

0om () = —Apu + 01y (),
D(pm) = {u € WP (2); |u(x)| < M ae. x € 2},
D@¢y) = {u € D(pm); Apu e L*(2)).

By putting B(u) = g(-, u(-)), we can reduce our approximate equation (E)[IL’[ to the following abstract equation:

d
(AB)Y d—L;(t)-i-a(pM(u(t))—i-B(u(t))Bh, u(0) = uo.
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In order to assure the existence of global solutions of (AE)" , we apply Theorem III and Corollary IV of [9] by taking
H=L*(Q), 0" () =emu(), B(t,) = B(-) = g(-,u(-)). To this end, we need to check compactness condition (A1),
demiclosedness condition (A2) and boundedness conditions (A5) and (A6) given in [9]. In fact, for any L > 0, the
level set {u; @up(u) + ||u||%1 < L} is compact in L?(§2) by virtue of Rellich’s compact embedding theorem, which
assures (A1). The demiclosedness of the operator B :u — B(u) = g(-, u(-)) in L>(§2) x L*(£2) (i.e., the graph G(B)
of B is closed in L%(.Q) X L%)(.Q) endowed with the strong topology L? and the weak topology Lﬁj) is easily derived
from (a) and (b), whence (A2) follows. As for the boundedness condition, since u € D(d¢y) implies that |u(x)| < M,
we easily get

whence follow (AS) and (A6). Thus we see that for any ug € D(dpy) = {u; |u(x)] < M} and h € L*(£2), (AE)pM

admits a global solution u satisfying u € C([0, T]; L2(£2)), /tuy, \/ZApu e L%(0, T; L2(£2)) VT > 0. Furthermore,
the uniqueness follows easily from the monotonicity of u = —A ,u+go(-, u(-)) in L2(£2) and the Lipschitz continuity
of u > g1(-,u(-)) in L2(£2).

A priori estimate 1. We multiply (E)ﬁ‘,” by |u|"~%u and integrate over £2 to get

o1 d
] 2 Ju )]

NG 1)/|u|r_2|Vu|pdx+/8]M(u)|u|r_2udx
2 2

+/go<x,u>|u|’*2udx </{|g1<x,u>| + [ [}l 2 dx
2 Q
< Ll + C(1+ el poo) fullpr

Here we used (1) and the fact that 3y (u)|u|”~2u >0, go(x, u)|u|"~2u > 0, which are assured by (3) and (a). Hence,
by Gronwall’s inequality, we have

o < (luollzr + C(1 + |lhllL=)T)e .

sup ||u(t)|
0<t<T

Here letting r — oo, we obtain (see [10,11])

sup [lu@®) |, < (luolizoe + C(1+ |hll<)T)e" =:Cr. (4)
T

SIS

For each ug € L*°(£2) and T > 0, fix M so that C;7 < M, then by virtue of (3) and (4), we find that 0137 (u(¢)) =0
vt € [0, T'], which implies that u(¢) gives a solution of (E), on [0, T].

Step 2. Let ug, h" € L°°(82), ug — ug, h" — h in L%(£2) as n — oo, and let u” be the global solution of (B), with
Uy = ug, h=hn",ie.,

B)pn uf —Apu" + go(x, u”) = —gl(x, u") +h", up(0) = ug.
A priori estimate 2. We first note that the monotonicity of go(-, £) and the definition of G imply

&
Go(x,$)=/go(x,S)ds<go(x,§)$~

0

Hence, multiplying (E), , by u", we get

1d
5 7l O+ 1V O, +Gol @) < (Js1 () 2+ [47] 2) | 0] 12

<L @) |72 + (€ + |1 ) | @) 2 (5)
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whence it follows that
T

sup ||u 07+ / (|vu"®|?, + Go(u" ®))) dt < Co(lluoll 2, Il 2). (©6)

t<
SIST 0

Next multiply (E), », by #(u"), and integrate over [0, 7] with respect to 7, then we have
d (1
) s+ 125 (19001 + 6ol 0)

< (ler @ O 2+ 12" [ 2)e @), 2 < lf|| ("), 122+ Co.

sup z(—||w O, +Go(u (t)) / | ("), |3, dt < ()

0T

Hence, from Eq. (E), ,, we derive the a priori bound
IVi(=apu™ + go(x.u"))l 20y < Co. Q=2 x(0,T). (8)

However, this does not assure the boundedness of ||/7A ,u" || 12(0)- Nevertheless, by applying a comparison theorem,
which will be given in Lemma 1, between u” and v¥, solutions of (17) satisfying (20), we can derive some a priori
estimate for u” in L™(£2) as follows. We first note that v™ also satisfy (15), so by the same reasoning as used
for (12), we can obtain the a priori bound for vt L2(02)- Then integrating (15) on [0, 7], we derive, by Poincaré’s
inequality, the a priori bound for vt Lr() depending only on |luoll 120y, I7]l12()- Hence the right-hand side of
(20) is bounded by some constant independent of n on [, T] for each § > 0, which together with (18) yields the
following estimate:

V6>0,3C;=C6,Co) st sup [u" (D) (g < Cs,

SIS

whence, by (8), it follows that

SupT||go(~, u" (1)) HLOC(.Q) <G, | Apu” ||L2(6,T;L2(Q)) < Gs. ©)

XX

Convergence. w = u™ — u” satisfies
= (Apu™ = Apu") + (go(x, u™) = go(x, u")) = = (g1 (¥, u™) — &1 (x, u")). (10)

Multiplying (10) by w and using the monotonicity of u + —A u + go(-, u) in L2($£2) and condition (b), we get

1d 2 2

L fwols < Lwo |
whence it follows that

[w® | 2 < ug —ug| 2™

which implies that {¢#"} forms a Cauchy sequence in L?(£2). Thus, in view of (6), (7) and (9), we find that there exists
a subsequence of {u"} denoted again by {u"*} such that

u" — u strongly in C([O, TI; LZ(Q)), and a.e. (x,1) € Q,
gi(x,u") = gi(x,u) strongly in C([0, T1; L*(£2)),

Vu" — Vu weakly in Lp([O, TI; Lp(.Q)),

«/t_u? — Jrtu, weakly in LZ(Q),

go(x, u") = go(x,u) weakly starin L*(Qs),

Apu" — A,u  weakly in L?(Qs), 0s=R x[8,T], V§>O0.
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Here we used the demiclosedness of go(:, u), —A,u, i.e., their graphs are closed in H x Hy,, where H; and Hy,
denote L2(Qs) endowed with the strong topology and the weak topology respectively. Furthermore, by virtue of the
lower-semicontinuity of ||Vu||i,,, Go(u), we easily see that [[£]Vu|P || Looo.7: 11 (2))> 190@) | 110,15 11Go @)l Lo (0,1)
are all bounded. O

Remark 3. If g (x, u) € C(£2 x R!) satisfies g(x, 0) =0, g (x,7) =2 —KV(x,7) € 2x R!, then by putting go(x, 7) =
glx, 7))+ Kt ((80).(x,7) > 0), g1(x, 7) = —K, we find that g(-, u) falls within our class.

In particular, g(x, t) = C1(x)|t|?! 27 — Cz(x)|r|q2_27: (2 < q2 < q1 < +00) satisfies (a) and (b), provided that
Ci(x), C2(x) € L®(£2) and 0 < ¢ < C1(x) Vx € 2. Since g (x, T) = [7[271(C1(x) (g1 — D[99 — C2(x) (g2 —
1)) >—K V(x,7) e 2 xR

As for the a priori bounds for solutions of (E1)-(E3), we obtain the following result.

Theorem 2. Assume that (a) and (b) are satisfied and let 13—3\_/2 < p <o00,uUp € L%(2) and h € L®(2). For the case

1312 < p <2, we further assume
|g0(s)| = kols|"t? — ki (0, ko, k1 > 0). (11)

Then, for any 0 < 81 < 82 < 83 < 1, there exist constants Cy1, C, C3 depending on 81, 82, §3 but not on the initial data
ug € LZ(Q) such that every solution of (E1)—(E3) satisfies

||u(t)”L2(Q)<C1 Vvt € [81, +00), (12)
”u(t)HLOO(Q) Cy Vte[8,+00), (13)
||u(z)||cl,a(m C3 Vte[83, +00). (14)

Proof. Multiply (E1) by u, then the same argument as for (5) gives

d
5 7w 12, + 1Vull?, + Gow) < L{|u@) |32 + (C + Il 2) lull 2 (15)

Then by Poincaré’s inequality, we get for the case p > 2

L2+l < (16)
2 dr 2TV 12372

for some y1, y» > 0. Hence Ghidaglia-type estimate (see [13]) assures (12). For the case N < p <2,(11) yields the
same estimate as (16) with p =2 + 6, whence follows (12).

In order to derive the L°°-estimate, we need the following lemma.

+2

Lemma 1. Let v* be the unique solution of
~ 9 ~
v,izApvi—ko|vi| vi—gl(vi):l:(lhl—i-kl), vi|, =0 (17)

with the initial condition v*(x,0) = %|ug(x)| respectively, where k =0for p>2and k =kiforp<2(i=0,1).
Then the solution u of (E), satisfies

v (x, ) <ulx,t) <vtx, 1) fora.e. (x,t) € £2 x [0, 400). (18)

Proof. Let u™(x,t) be the unique solution of (E) p with h and u¢ replaced by || and |ug| respectively.
Then it is easy to see that u™ > 0 and (u™ — v™) satisfies

(u+ — v+)t = Apu+ — Apv+ — go(u+) +zo|v+|0v+ —E] — g1 (u+) + g1 (v+). (19)

Multiply (19) by [ut — vT]T =max(u ™' (x, 1) — vt (x, ), 0). Then noting that
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(Apu™ = Apu™, [u” ] )=V ([« =" )7, <0
(G (+)+ko\v+\ v = [ut —ot]T) < Eo(\ﬂ*\gf—\vﬂgv*,[u*—v*]*)<07
(—e1(@") + a1 (v" )’[M*—v+]+)<L||[u+—v+]+||iz’
we get
[ = T 05 < [ = v T @] o™

whence follows 0 < u™ < v*. By much the same argument as above, we also find u < u™. Thus repeating this
procedure for u™ (the solution of (E), with 4 and u replaced by —|A| and —|ug|) and v™, we obtain (18). O

Proof of Theorem 2 (continued). Since Eqgs. (17) have the simple form, the L>-estimate for v* has been fully
investigated by many authors. For instance, Theorem 3.2 of Chapter 5 of [2] gives the estimate:

)4 ] q%‘s ; 8 N(lf—(})
sup|vi(x,t)| < max l,C(tN + —) //|vi| dxdt (20)
xXeS t 0o

where 6 =246 forp<2,§=pfor p>2andq=p(N +2)/N.

Here [2] requires the condition p < 4§ < pN +2  which is obviously satisfied for p > 2. As for the case where
]312 < p < 2,since 75 + < pimplies 2 < pN+2 we can choose a sufficiently small 6y such that p <246y < pNJr2
If 6y < 0, itis clear that (11) is satisfied with 6 and k; replaced by 6y and kg + k1 respectively. As is seen in the proof
of Theorem 1, a priori estimate 2, v* satisfy (16) with p = p or p =2 + 0. Hence, integrating this on [z, 7 + 1], we
get, by (12)

sup||vjE
>1
Thus the estimate (13) is derived from (18), (20) and (21).
Now we can rewrite (El) as u;(x,t) = Apu(x,t) + h(x t), where h(x 1) =—golx,u(x,1)) —g1(x,u(x,t)) +
h(x). Note that (13) assures he L*°(£2 x [82, 400)). Consequently, by virtue of Theorem 1.2 in Chapter 10 of [2],
we can derive the C1*(§2)-bound for u on [83, +00). O

||L8(t,t+1;L6(.Q)) <Cu 2D

3. Global attractor and Kolmogorov’s e-entropy

Let @ be a Banach space. The set A C @ is called a global attractor of the semigroup S(z) in @ if the following
conditions are satisfied:

(1) The set A is a compact subset of the phase space @.
(2) 1Itis strictly invariant, i.e., S(t). A=A forall t > 0.
(3) For every bounded subset B C @, lim,_, o dist(S(¢) B, A) = 0, where dist(X, Y) =sup .y infyey |x — yllo.

Our existence result for global attractors of (E1)—(E3) in @ = L2(£2) can be stated as follows.

Theorem 3. Let all the assumptions in Theorem 2 be satisfied. Then the semigroup S(t) associated with Egs. (E1)-
(E3) possesses a global attractor A in the phase space L%(2) which is globally bounded in Cle(2) witha € (0, 1]
and has the following structure: A := Ko := {u(0); {u(t)},cr1 € K}, where K is the set of all bounded solutions of
(E1)—(E2) defined on R!, i.e.,

K= {{u(t)}teR]; u(t) is a solution of (E1)—(E2) on R!, sup ||u(t) ||L2 < —l—oo}.
reRl
Proof. In order to prove the existence of the global attractor .4 for (E1)—(E3), it suffices to show that the semigroup

S(t) associated with (E1)—(E3) is continuous in the topology of LZ(SZ) for each ¢t > 0 and that there exists a pre-
compact absorbing set 5 in L?(£2) such that for every x € L2(£2), there exists 7 = T'(x) > 0 such that S(t)x € B
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Vt € [T, +00). (See [13, Theorem 1.1].) For our case, the first property is assured by Theorem 1 and the second by
Theorem 2. The characterization of A in terms of K is derived by standard arguments. O

Next we present lower bounds for Kolmogorov’s e-entropy of the attractor 4 in @ = L?(£2) (1 < p < 00), denoted
by H, (A, @), which is defined by the base 2 logarithm of N; (A, @), that is, H(A, @) :=log, N (A, @). Here we
denote by N;(A, @) the minimal number of ¢-balls in @ that covers A (recall that A is a compact set in @). From
now on we assume that p > 2, h =0 and g(-, u) satisfies the following assumption.

(Dg There exist an open bounded subset w of §2 and o > 0 such that g% (x, u) = g(x, u) + ou satisfies:
(D1 There exist a(s), p = 0 and h(x, s, v) satisfying

—ptl 1
s 77 g¥(x,s72v) =a(s)|v|’h(x,s,v), (x,5,v) €w x[0,1]x R,

h(x,s,v), h;(x, s,v) € C(cT) x [0, 1] x Rl), h(x,s,0)=0,
a>0, aeL'0,1), sa> e L'(0,1).
(D2 There exist C > 0 and § > 0 such that

I°|hx, s, 0)[ < CPI'™, (x,5,0) €@ x [0, 11 x [0, 1].

Then our result on the infinite dimensionality of global attractors for (E1)—(E3) is as follows.

Theorem 4. Let (1), be satisfied and assume that (E1)~(E3) possess a global attractor A in the topology of L2(2).
Then the fractal dimension of A is infinite.

The presentation of condition (I), might be somewhat obscure. In order to clarify the meaning of this condition,
we show below that it covers a very large class of nonlinearity.

(Ex.1). Let g(x, u) = —au + by (x)|u|?"2u — bo(x)|u|®2"%u, @ > 0,2 < g2 < q1, b1, b € C(@), then g(-, u) satis-
fies (I)g.
In fact, since g% (x, u) = by (x)|u|!~2u — by (x)|u|2~2u, we get

1 —p+l =l -l
s 772 g% (x,s72v) =5 72 {by(x)s 72 0|92y — by(x)s 72 |v|q2_2v}

@—p _ a—9 _
=512 [0 272 {by(x)s 72 [o]1 R — by (x)v}.

Hence we can put

n-r )
a(s)=sr72, p=qgy—2>0, h(x,s,v) =bi(x)s P2 |v|!"" 2y — by(x)v.

Then it is easy to see that

h(x,s,v), hy(x,5,v) € C(£2 x [0, 1] x RY), h(x,s,0)=0,
1 1

_ — 2g7—2 —
|a|L1=/sql%szds=p 2, |sa2|L1=fss qﬂz—zpds= P 2,
q2—2 2q —4
0 0
I [hx, s, 0)[ < Clol® ™ = Cll'™, (x,s5,0) €@ x [0, 11 x [0, 1],
5=qz—2>0.

(Ex.2). Let g(x,u), g, (x,u), g/ (x,u) € C(@ x RY), g/ (x,0) = —a <0, g(x,0) =0, then g(-, u) satisfies (I),.
In fact, we first note that

gx,u) =g(x,0)+ g, (x,0)u+ /(u —1)g,(x,t)dt, g%(x,u) = /(u —1)g(x,t)dt.
0 0
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Then we get
sP= 21)
—p+l 1 —p+1 ;
s 72 g%(x,s72v) =577 / —2v gy (x, 1) dt
0
v
; ; 1 1
2y 2)gv(x szt) 72 dt
0
v
L
(v—1)gy(x,s721)dt,
0
and we put

v
p=0, h(x,s,v):/(v—t)gv( %t)dt, a(s):sF[;.
0

Hence we obtain

v

h(x,s,v),h;(x,s,v):fg”(x ;2 )dteC(a)x [0, 1] XRI) h(x,s,0)=0,

0
1 1
3=p 2 6-2p p—2
lalpr = | sp2ds =(p—2), ‘sa ’Ll = [ssr2ds= —
0 0
[v]
L 1 4
| h(x, s, v)| = /(v—t)g 1) dt g/‘l—— i (x, s721)| dt |v]
v
0
< lg" e, 9)|Iv, (x,s,v) ewx [0, 11 [0, 1], §=1.

(x, s)ew [0 1]
In order to establish the estimate from below for e-Kolmogorov entropy of our global attractor .4, we rely on the
following fact.

Lemma 2. Let I~ be the set of all bounded solutions of (E1)—(E2) on R je, K~ = {{M(t)}IERI_; u(t) satisfies (E1)—
(E2) on R, sup, g1 [[u(®)|l;2 < 400}, where RL := (=00, 0] and let K™ (1) be the section of K~ att =t € R!, i.e,
K=@) ={u@); {u(®)},cg1 € K™} Then K~ (0) C A holds true.

Proof. Put B=J, Rl I~ (). Then, since B is bounded in L?(§2), for arbitrary n > 0, there exists 7 > 0 such that
dist(S(T)B, A) < n. For any ag € K~ (0), there exists ay € K~ (—T) C B such that S(T)ar = ag. Hence we get

dist(ag, A) = dist(S(T)ar, A) < dist(S(T)B, A) <n, Vn>0,
which implies dist(ag, A) =0, i.e., ag € A=A Vag € K~ (0). Thus £~ (0) C A is derived. O

Before we proceed to the proof of Theorem 4, we prepare a couple of results on the following auxiliary equation:

E) { wy = pa(APw —a(@®)|w|h(x,t, w)), (x, 1) ewx(0,1),
p

(22)
wlpe =0, tel0,1], w(x,0) =wo(x), xc€cow,

where py = m. As for the solvability of this equation, the following result holds.
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Lemma 3. Let (I)g be satisfied. Then for every wo € L (w), there exists To = To(||wo L) > O such that (E); admits
a unique solution w on [0, Ty] satisfying

w € C([0, Tol; L*(@)) N C((0, Tol; Wy P (@) N L®(w x (0, Tp)),
Viw VA pw e L2 (o x (0, Tp)). (23)

Furthermore there exists a (sufficiently small) ey > 0 such that if ||wo||L~ < &o, then the solution w of (E); given
above can be continued up to [0, 1] and satisfies sup,co 1) llw(#)||L < 1.

Proof. We again apply the L°°-Energy Method as in the proof of Theorem 1 (Step 1). Take 0 < a,,(t) € C([0, 1]) so
that a,, (1) — a(¢) in LY (0, T) and «/7a, (t) — «/ta(t) in L2(0, T) as n — o0o. Put M = ||wg|| .~ + 1 and consider the
following equations:

wy e pa(pr” — 8IM(w”) —an(t)|w”}ph(x,t, w")) inw x (0, 1),

w"|,, =0, r€[0.1], w'(x,0) =wo(x), xe€w, (24)

By
d
where d1ys(-) is the subdifferential of I3;(-), given by (3). As in the proof of Theorem 1, we can reduce (E)i;f‘,/,l
to some abstract Cauchy problem such as (AE)Y, and apply Theorem III and Corollary IV of [9] by taking H =
L2(2), ¢'(-) = paom (), B(t, w) = pea,(t)|w|Ph(x,t, w). Here we note that wo € D(@¢pp) = {u; |u(x)| < M =
llwoll Lo 4 1}. Thus the existence of solutions of (24) is verified.

A priori estimates. We first note that

v

/h’r(x, s, 7)dt

0

|h(x,s,v)| = < Lo(lvl) vl

Lo(r) =max{}h;(x,s, V| xew, se[0,1], |v] < r}.

Here £¢(r) is monotone increasing in r € [0, 400). Then, as in the proof of Theorem 1 (a priori estimate 1), by
multiplying (E);;f‘,’,’ by |u|""%u, we get

1 < Patn ) [w" O] Lo ([ w" O ] ) [w" )

1d, , ,
porrl LU L

t

|U<wwu+/%umww%wmwwm>

0

w0

prds, with £1(r) = par?Lo(r).

Then letting r — oo, we obtain (see [10,11])
t
lw" @) ] < lwollze +/an(s)z(|| w'(s)| ) ds,  with £(r) = £1(r)r. (25)
0
Here define a positive number § and choose 7 such that
Ty
8:;, /a(s)ds<§. (26)
L(M)+1 2
0
Then, since a, — a in LI(O, 1), there exists N such that
Ty
/an(s)ds<8 Vn > N. 27
0
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We claim that
|w" @ < lwolle +1=M V€0, Tol, Vn>N. (28)

To see this, we put
t
(1) = llwoll L~ + / an()L([|w" (s) ||Loo) ds.
0

Then it is clear that z"(t) € C([0, 1]) and ||w" (#)| L < z"(t) Vt € [0, 1]. Hence, since £(-) is monotone increasing,
7" (-) satisfies

t

(1) < flwol Lo~ +fan(S)€(Z"(S))dS Vi € [0, 1], (29)
0
and hence
") < |lwollpe +1=M Vit €]0,Tol, Vn > N. 30)

In fact, if (30) does not hold, there exists 7y € (0, Tp) such that 7" (f9) > M, then since z"*(¢) is continuous on [0, 1]
and 7" (0) = |Jwo||L~ < M, there exists 11 € (0, fy) such that

") =M, ") <M Vrel0,n).
Hence, by (26), (27) and (29), we get
131 1
M =2"(t1) = |woll = + / an($)£(2" (5)) ds < woll > + (M) f an(s) ds
0 0
<llwollzoe +€(M)/{e(M) + 1} < llwollz~ + 1= M,

which leads to a contradiction. This yields (30), whence follows (28). Hence I3 (w"(t)) =0 Vt € [0, Tp], Vn > N,
so w(t) satisfies

w}' € pa(Apw" —ay ()| w" " h(x, 1, w")), (x,1) €w x (0,Tp), n>N. 31)
By virtue of (28), multiplication of (31) by w" gives

1d

2dt
where Cp denotes a general constant depending only on ||wp|| L. Hence we get

|w" )] + pa| V0" @) |7, < Coan@), 1€ 0, To), n >N,

0<1<Th

Ty
sup w3 +/HVw”(t)H’L’,, dt<Cy Vn>=N. (32)
t<T

0

Furthermore, the multiplication of (31) by rw} gives
2 Dal d 1 2 1 2
tur @ + 2 S @12, < Coanrluf 0] 2 < 5|t @ + 5 Crlan o]
Then integrating this on [0, Tp], by (32) we get
P
[ Viwy ”Lz(wx((),To)) + ||\/2pr” ”LZ(wx(o,To)) + 0<s:1£TOt||Vw"(t) HLP < Co. (33)
Convergence. Since —A , is monotone in L?, we easily see that U (1) = w" (1) — w™(¢) satisfies

1d ~ ~
Sar U132 < Pa(an@h (x, 1, 0" (@) = amOF (x, 1, w™ (), UD)) 5,
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where E(x, s,v) = |v|?h(x, s, v) satisfies

R (x,5,0) = plv]P"2vh(x, s, v) + 0|, (x, 5, V)
1

= |v|p(p/h;(x,s,rv)dr + 0 (x, s, v)) e C(@x [0, 1] x RI).
0

Then, in view of (28), we have, forall n,m > N
C

|E(x, t,w(x, t)) — rl(x, t,w"(x, t))| < o‘w"(x, 1) —w"(x,1)

, (x,n)ewx]0,Tp].

Hence, again by (28), we get
1d ~
SN <Jan® = an @] 710" D) [T | 12 + Coam@® U@ 72,
2 dt

d
TN 2 < Colan®) = an @]+ Coan UM 1o nom > N.

Then we obtain

To %
sup |[U®)],.<Co /|an(t)—am(t)|dt el an®dt =y > N, (34)
0<t<Ty 0

which implies that {w" (-, #)},,>n forms a Cauchy sequence in C ([0, Tp]; L?(w)). Therefore, by virtue of (33), we can
extract a subsequence of {w" ()} denoted again by {w" ()} such that

w" — w  strongly in C([0, Ty]; L*()), and a.e. (x, 1) € ® x [0, To],

Vw" — Vw weakly in L”([O, Tol; L”(a))),

«/;w:’ — /1w, weakly in Lz(a) x [0, To]),

ViApw" — ViApw  weakly in L* (w x [0, Tp]),

Via, )| w"|Ph(x, t, w" (x, 1)) — Vta@®)|w|h(x,t, w(x, 1))  weakly in L?(o x [0, Tol).
Furthermore, the fact that t|Vw(#)|? € L*°(0, Ty; L'(w)) assures the continuity of w(z) on (0, Tp] in the weak topol-
ogy of Wol’p(a)) and the fact that /7w, ﬁAPw € L%(w x [0, To)) assures the absolute continuity of ||Vw(t)||i,,(w)

on (0, Tp]. Hence, by virtue of the uniform convexity of WO1 P we find that w(r) € C((0, Tp]; WO1 P (w)).
The uniqueness of the solution is derived by exactly the same arguments used for (34) with a,, (-) = a,, (-) = a(-).

Global existence. We first note that by assumption (I), and the same verification as for (25) with a, (), w, (t) replaced
by a(t), w(t), we can obtain

t
|w®)], < llwollz + / a($)paC |w(s) |2 ds. (35)
0

as long as SUPo<s<s lw(s)|Lee < 1 holds true. Here we define g € (0, 1/2) by

| | 1/6
g0 == 36
° 2<21+‘Scpa|a|u(0,1)+1) (0

and claim that if ||wg|| L~ < &9, then

sup |w(®)| o <260 <1, (37)

SIS
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which assures the existence of global solutions. To see this, we put

t
145
20 =lwols + [ a6 pClwes)]
0
then z(¢) is continuous and satisfies ||w(?)| L~ < z(¢) and

t

() < lwoll~ + f a(s)paC(s)"+ ds. (38)
0

In order to prove (37), it suffices to show that supyc,<; 2(#) < 2¢o, provided that ||wo ||z < €. Suppose that this
does not hold, then there exists #; € (0, 1) such that

z(t1) = 2ey, z(t) <2gy Vtel0,1).
Hence, by (36) and (38), we get

I

2e0 = 2(11) < [lwol| = +fa<s)pa0z(s>”5 ds < e+ lalpi ) PaC2 Pede0 < 2¢0.
0

which leads to a contradiction. O

Here we prepare a comparison result which enables us to compare solutions of (E)’p with solutions of simplified
equations.

Lemma 4 Let w be a positive solution of (E)’ on [0, 1] satisfying ||w(x, t)|| Lo wx[0,17) < 1 and (23) with Top = 1,
and let w* satisfy (23) with Ty = 1 and

w; < pa(Apw™ = Caw™),  po(Apw™ 4+ Ca®yw™) <w, 1€(0,1),
w™(x,0) < w(x,0) < wh(x,0).

Then it holds that w™ (x, 1) < w(x,t) <w™(x,1) fora.e x e w, Yt € [0, 1].

Proof. Since |w(x, )]l L @wx[0,17) < 1, by (I)2, it is easy to see that w satisfies
pa(pr — Ca(t)w) <wy < pa(A,,w + Ca(t)w) Vi€ (0, 1).

Hence we get

i(w(t) —wr (@), <Apw) — Apw™ (1) + Ca() (w(t) — w* (1)).

Pa

Multiplying this by [w — wT ]t (¢) = max(w(t) — w(¢), 0), we have

zp dt||[ w1 0], < Ca)||[w —wt] 0|7, ae.re© D).

Then, integrating this on [§, ¢] with § > 0 and applying Gronwall’s inequality, we obtain
[[w = w72 < |[w=w*]" @2l a@ s, (39)

Since [[[w — wT ]t (4+0)||,2 =0, letting § — 0 in (39), we conclude that w(x, t) < w (x, ) fora.e. x € w, vt € [0, 1].
The assertion w™ (x, 1) < w(x, t) can be verified by much the same arguments as above. 0O

Now we are ready to prove Theorem 4.
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Proof of Theorem 4. We introduce a new time scale s* = s¥(¢) by

d ' -
(S)i ES:i:(t) — e[:i:(t) = pa (E:Ffo paC(l(E)dé) P’ te (0’ 1)’

sT(0)=0.

Since e;‘ () is strictly positive and bounded on [0, 1], there exist unique solutions si(t) of (S)*, which are strictly
increasing on [0, 1]. Define

(40)

1
T = s%(1) =/ej§(s)dg, (41)
0

then 0 < T, < py < T;" and s*(r) € [0, TF] ¥ € [0, 1].
Consider

(P) a%w(x,s):A,,w(x,s), (x,5) € RN x (0, +00).

Then the following facts are well known:

(P1) L"-norms are Lyapunov functions for (P), i.e., every solution w(s) of (P) satisfies ||w(s)|zr < |w(0)||zr Vs €
[0, 4+00), Vr € [1, c0].
(P2) (P) admits the following Barenblatt-type solutions
p—1

P52
) i| , [r]l4 =max(r, 0),
+

|x|
(s + §F/N
1

-1 1
p p—2(k\rT

k= -2+ — , =—| — , 4, 0.

(” +N> =7 (N) =

(P3) suppws,y (x,s) is monotone increasing in s.
(P4) (ws,y (x,5))s, Apws,, (x,s) belong to C(R" x [0, +00)).

ws.(x,8) = (s +8)7F |:V - q(

Let K be the unit ball in RY centered at the origin, then by (P2), fixing the parameters 8, y suitably, we can choose
a solution wi (x, s) of (P) so that

0<wi(x,s5) <1 V(x,s) eR" x [0,T,7],
suppwi(-,s) CK Vte [0, Tl+],
fwi (- 7)) =80 Vrell,ocl, 42)

where J¢ is a positive constant independent of r. (Since we can assume that supp wq (-, T1+) = K is small enough to
satisfy |K1| < 1 without loss of generality, if we take ||w(-, T1+)|| L1 = 80, then (42) is satisfied for all r € [1, 00].)

2-p
Furthermore it is easy to see that w,(x, s) :=ew(e 7 x,s) is a solution of (P) and satisfies
0< we(x,s)<e V(x,s)eR" x[0,7,7],
p=2
suppwe(-,s) CK,:=¢ 7 K Vie[0,T}]. (43)

Moreover w, (x — x;, s) also gives a solution of (P) and for sufficiently small ¢, there exists a finite set R, := {x;} C
w such that

(R1) (xi +K)N(xj+Ke) =0, Vxi,xj€Re, i # ],
N(p=2)
1
(R2)  #R. > Cw(—> "
&
#R,

(R3) Jai + ko) €.

i=1
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Consequently, for every m € {0, 1}#R€ ={m=@my,mo, ..., myg,); mj=0orl, j=1,2,..., myg,}, the function
#R,
Wi e (X, 8) = Y miwe (x — x;, 5) (44)

i=1
solves (P) and is supported in w. On the other hand, for ml #* m2, we obviously have
|| Wit (X, 8) — w2 (x, s)||Loo = Sle(x, s)||Loo Vs € [0, T1+]. 45)
Thus we find 2#¢ different solutions of (P) supported in w having the form (44). Furthermore, as for the measurement

in the topology of L" (1 < r < 00), instead of (45), we get

pr+N(p—-2)
e |wix )|

|| Wit (X, 8) — wg2 (X, s)| L VsE€ [O, T1+]. (46)
Here we define new functions Vﬁf (X, 1) via new time scales s¥ () defined by (40) as follows:
Ve (0 = wi e (x,sT(@), €0, 1], (47)
Then, by (40), we easily find

3 d 3
EVn{g(x, 1) = Esi(t)as—iw,ﬁ,g(x, s¥) = ej(z)Apvgs(x, 1),
VE, (x,0) = wy +(x,0), (48)
supp wji ¢ (-, 0) C supp V= (-, 1) Csuppwis (-, Tj7) ¥ €0, 1.
We further introduce new functions @3; . by
TE ()=t OVE (x,0),  eF(1) = eFhoreCa®ds -y eqo ), (49)

Then, by (48), it is easy to see

3 3
—wrj;is(x, ) = ei(t)g v,;ﬁs(x, )+ paCa(t)ei(t)Vﬁfg(x, 1)

at
-1 ~
= pa(ei(t))” Aanaig(x, 1)+ paCa(t)wjg’s(x, 1).
Thus we find
J - ~ ~
o5 060 = pa (B (v, 1) & Ca(iT; (v, 1), 1€[0,1],
W, (x,0) =wg o (x,0), (50)

supp Wy ¢ (-, 0) C supp 15"%1’8(3 t) C supp w,;,’e(-, Tli) vt € [0, 1].

Let W;; ¢ (x, ) be the unique solution of (E)tp on [0, 1] with Wy ¢ (x, 0) = wy ¢ (x, 0), whose existence is assured
by Lemma 3 for all ¢ € (0, gg]. Then, by the comparison theorem given in Lemma 4 (note that ﬁnf g(x, t) satisfy the
regularity required there), we observe

J - - ~ ~
Ewn?,e(xa 1) = pa(pr%,e(xa 1) — a(t)|wr7¢,e|ph(x» t, wr?l,s)),
Wine(x,0) = wy ¢ (x,0), 51)

W= (x, 1) < Wi e(x, 1) <WE (x,1) ae.w, Vie[0,1],
SUpP Wy e (-, 0) C SUpp Wy ¢ (-, 1) C suppwii (-, T7) V£ € [0, 11.

Hence, by virtue of the choice of R, supp W;; . (-, ) does not touch the boundary of w for all 7 € [0, 1]. Therefore, the
zero extension of Wy, (-, 1) to §2, denoted again by w;; (-, #), becomes a solution of (E)’p with w replaced by £2.
We introduce another time scale T = t(¢) € (—o0, 0] by

dt
(1) =pologr, t€(0,1] < 1(1)=e*P D7 1e(—00,0], d—:a(p—Z)t
T
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and define a new function VT/,;, (x,7) by
Wi e (x, ) = Wi e (x,1(1)),  (x,7) € 2 x (—00,0].

Then we have

D Wetr =20 G )
— W (x,7) = — —Wp . (x,
ar  ™° dror ™°
=a(p— z)tpa(prn'i,s - a(l‘)lw,ﬁ’dph(x, z, wn’i,s(t)))

= (AT — 17 g (2, 72 5,0 0)).

Therefore we get

J ~ ~ ~
57 Wie(x, 1) = e PTITN L, Wi e (x,T) — e 7T g% (x, €T Wi e (x, T)),

Wi e (x, 0) = 5 ¢ (x, 1),
supp wji ¢ (-, 0) C supp Wi ¢ (-, ) C supp Wi e (- Tli) V1 € (—00, 0].
Now define
Wi e (X, T) = e Wi o (x,7),  (x,7) € 2 x (—00,0],

then

d 0 ~
— Wi (x, 1) =aW; (x, 1)+ " — Wy . (x,7)
0T ’ ’ T ’

=aW;, (x,7)+ e“(pfl)rApW,;,,a(x, T) — g”‘(x, Wi e (x, 1:)),

whence it follows that

%W,;w(x, ) =A8pWie(x,7) —g(x, Wi o), (x,7) €82 x (—00,0],
Wi e (x,0) = Wy ¢ (x, 1),
Supp wy ¢ (-, 0) C supp Wy ¢ (-, T) Csuppwin e (-, Ti5) YVt € (—00,0].
Thus we observe that
Wi e, D} g €K7 and - W o(x,0) = W6 (x, 1) € K7(0).
Next we put¢; = (0, ..., 1,...,0), ie., the j-th component of &; = &;; (j =1,2,
We(x —x;,1) =Wz, (x,1), te[0,1].
Then, by virtue of (43), (R1) and (51), we see that
supp We (x — xi, 1) Nsupp We(x — xj, 1) =0, i#j, ¥t €]0,1].
Hence we can write

#R,
Wii,e (1) =Y myile(x — x;, 1), 1 €0, 1].

i=1

Therefore, if 711 and m, differ at the i-th component, we have, by (53)

| Wiy o (x, 0) — Wi, £ (x, 0)

1 = Wiy e e, 1) = Wiy o (2, 1)

> |@e(x — 2, 1)

Lr

L
Recalling (51), (47) and (49), we get

We(x —xi, 1) > W, (x —xi, D =e” (Dwe(x —x;, T)).

Hence, since 0 < T} < Tl+, from (P1) and (42), we deduce that

(52)

(53)

..., #R,) and define

(54)
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Hlﬁg(x —xi, 1)

e_(l)H ws(x — Xi, Tf)
ef(l)ng(x — X, T1+)

L" L"

>
2

Lr
pr+N(p=2)

= " . 77|

pr+N(p=2)

>e (Ddoe 7 . (55)

LV

Then, combining (54) with (55), we obtain

pr+N(p=2)

[ Wi, e (x, 0) = Wi, o(x,0) |, = e (DS #

which can be rewritten as

| Wi, ey (2,0) = Wiy (reys (x,0)
2
g=— P k= .
pr+N(p—2) e~ (1)do

L =26, Vee(0,(e0/0)'P),

This estimate implies that balls in L" with radius & > 0 can contain at most one element belonging to {Wp; x5 (x, 0);
m € {0, 1}#R<"E>’3 } € K7(0) and its cardinality can be estimated, by (R2) and (53), as follows

#H{ Wi ey (6, 0); 1 € {0, 1*Raor ) > 2" Raor

N(p=2) Nr(p—2)
4R Sc 1 I _c L pr+N(p—2)
(ke)p = Lo (ka)ﬁ =Lw ke .

Hence, by the definition of N, H, and Lemma 2, we get

Ne(K~(0), L") = 2" Raet

Nr(p=2)
1\ NG
, rejl,oo].

He(A L )>Cw(E

Moreover, since Kolmogorov’s e-entropy of a bounded set of C'(§2) in the topology of L™ is estimated from above
by C(é)N (see [7]), we obtain

N(p-2) Nr(p=2) N
1 p+N(p—2) 1 pr+N(p-2) 1
Col| — <Co| — <He(A L) <C| - Vr € [1, c0l. (56)
ke ke e
To complete the proof of Theorem 4, it remains to recall that dimp (A, L"), the fractal dimension of A, can be
expressed in terms of Kolmogorov’s e-entropy via the definition: dimg (A, L") :=limsup,_, % Lettinge — 0
2%

in (56), we conclude

dimp(A, L")=00 Vre[l,o0l. O

Concluding remarks. (1) For the sake of the simplicity of the presentation, the monotone part go(x, &) of g(x, &)
is here assumed to be single-valued and continuous with respect to £. However, Theorems 1, 2 and 3 hold true with
obvious modifications for any go(x, &), which is a (possibly multivalued) maximal monotone graph in R? for a.e.
x € §2 such that

0€go(x,0),  sup{lzl; z€go(x,8), x €2, |§[<M}<Cy VM >0.

(2) It is clear that Theorem 4 holds true for unbounded domains £2, since the arguments in the proof are always
localized in a bounded domain w.
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