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Abstract

We prove global existence of nonnegative weak solutions to a degenerate parabolic system which models the interaction of two
thin fluid films in a porous medium. Furthermore, we show that these weak solutions converge at an exponential rate towards flat
equilibria.
© 2011 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider the following system of degenerate parabolic equations

{ atf = ax(faxf) + Rax(faxh)y
dh =0c(fOr f) 4+ Rudx[(h — f)dch] + RO (forh),

which models two-phase flows in porous media under the assumption that the thickness of the two fluid layers is small.
Indeed, the system (1.1) has been obtained in [4] by passing to the limit of small layer thickness in the Muskat problem
studied in [3] (with homogeneous Neumann boundary condition). Similar methods to those presented in [4] have been
used in [6,8], where it is rigorously shown that, in the absence of gravity, appropriate scaled classical solutions of
the Stokes’ and one-phase Hele-Shaw problems with surface tension converge to solutions of thin film equations

(t,x) € (0,00) x (0, L), (1.1)

dh + 0x(h*d3h) =0,

with a = 3 for Stoke’s problem and a = 1 for the Hele-Shaw problem.
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Fig. 1. The physical setting.

In our setting f is a nonnegative function expressing the height of the interface between the fluids while i > f is
the height of the interface separating the fluid located in the upper part of the porous medium from air, cf. Fig. 1. We
assume that the bottom of the porous medium, which is located at y = 0, is impermeable and that the air is at constant
pressure normalised to be zero. The parameters R and R, are given by

R:= _ht and R, := M—_R,
P—— P+ K+
where p_, u_ [resp. p4, n+] denote the density and viscosity of the fluid located below [resp. above] in the porous
medium. Of course, we have to supplement system (1.1) with initial conditions

SO = fo, h(©)=ho, xe€(0,L), (1.2)

and we impose no-flux boundary conditions at x =0 and x = L:
oxf=0h=0, x=0,L. (1.3)

It turns out that the system is parabolic if we assume that hg > fy > 0 and R > 0, that is, the denser fluid lies
beneath. Existence and uniqueness of classical solutions to (1.1) have been established in this parabolic setting in [4].
Furthermore, it is also shown that the steady states of (1.1) are flat and that they attract at an exponential rate in H>
solutions which are initially close by.

In this paper we are interested in the degenerate case which appears when we allow fy =0 and hg = fy on
some subset of (0, L). Owing to the loss of uniform parabolicity, existence of classical solutions can no longer be
established by using parabolic theory and we have to work within an appropriate weak setting. Furthermore, the
system is quasilinear and, as a further difficulty, each equation contains highest order derivatives of both unknowns
f and h, i.e. it is strongly coupled. In order to study the problem (1.1) we shall employ some of the methods used in
[2] to investigate the spreading of insoluble surfactant. However, in our case the situation is more involved since we
have two sources of degeneracy, namely when f and g :=h — f become zero. It turns out that by choosing (f, g) as
unknowns, the system (1.1) is more symmetric:

{ 0 f =+ R)ox(fOxf) + RO (fxg),
0rg = Ry 0x(g0x f) + Ry 0x(g0x8),

since, up to multiplicative constants, the first equation can be obtained from the second by simply interchanging f
and g. Corresponding to (1.4) we introduce the following energy functionals:

(t,x) € (0,00) x (0, L), (1.4)

L
R
£1(f. 8) :=f[<f1nf—f+ 1>+R—<glng—g+1)]dx
w
0

and
L
&(f.8) = f [f?+ R(f +g)*] dx.
0

It is not difficult to see that both energy functionals £ and &; dissipate along classical solutions of (1.4). While in the
classical setting the functional & plays an important role in the study of the stability properties of equilibria [4], in
the weak setting we strongly rely on the weaker energy £ which, nevertheless, provides us with suitable estimates
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for solutions of a regularised problem and enables us to pass to the limit to obtain weak solutions. Note also that &;
appears quite natural in the context of (1.4), while, when considering (1.1), one would not expect to have an energy
functional of this form.

Our main results read as follows:

Theorem 1.1. Assume that R > 0, R, > 0. Given fy, go € L2((0, L)) with fo > 0 and go > 0 there exists a global
weak solution (f, g) of (1.4) satzsfymg

(1) f20,20in(0,T) x(0,L),
(i) f,g € Loo((0,T), L2((0, L)) N L2((0, T), H' (0, L)),

forall T >0 and

L L T
/ P dx / fowrdx = /
0 0 0

(1 +R)focf+ Rfaxg)axdedt,

L L

St— o\..h

L
/g(T)w dx — f govdx=—Ry /(gaxf +80:8)0x Y dx dt
0 0 0
forall € Wgo (0, L)). Moreover, the weak solutions satisfy
@ D], =hl e, =lgol.

®)  &(f(T), (D)) + [—Ia fP t 17508l }dxdt<51(f0»go),

©  &(f(T), (D) + [F(A+R)d. f + Rog)” + RR,g(dy f + 0,8)*]dx dt < & fo, g0)

Ot — N TT—
St~ o\h

for almost all T € (0, 00).

Remark 1.2. If fy = 0 for instance, a solution to (1.4) is (0, g) where g solves the classical porous medium equation
0;g = R;,0x(g0yg) in (0, 00) x (0, L) with homogeneous Neumann boundary conditions and initial condition go.

Additionally to the existence result, we show that the weak solutions constructed in Theorem 1.1 converge at an
exponential rate towards the unique flat equilibrium (which is determined by mass conservation) in the L-norm:

Theorem 1.3 (Exponential stability). Under the assumptions of Theorem 1.1, there exist positive constants M and w
such that

L

2
1
g(t) — Z/godx

0 2

<Me ™™ forae t>0.

L 2
o= [ nas] +
0

2

Remark 1.4. Theorem 1.3 suggests that degenerate solutions become classical after evolving over a certain finite
period of time, and therefore would converge in the H?-norm towards the corresponding equilibrium, cf. [4].

The outline of the paper is as follows. In Section 2 we regularise the system (1.4) and prove that the regularised
system has global classical solutions, the global existence being a consequence of their boundedness away from
zero and in H'((0, L)). The purpose of the regularisation is twofold: on the one hand, the regularised system is
expected to be uniformly parabolic and this is achieved by modifying (1.4) and the initial data such that the comparison
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principle applied to each equation separately guarantees that f > ¢ and g > ¢ for some ¢ > 0. On the other hand, the
regularised system is expected to be weakly coupled, a property which is satisfied by a suitable mollification of d, g
in the first equation of (1.4) and 9y f in the second equation of (1.4). The energy functional &; turns out to provide
useful estimates for the regularised system as well. In Section 3 we show that the classical global solutions of the
regularised problem converge, in appropriate norms, towards a weak solution of (1.4), and that they satisfy similar
energy inequalities as the classical solutions of (1.4) for both energy functionals £ and &;. Finally, we give a detailed
proof of Theorem 1.3.

Throughout the paper, we set L, := L, ((0, L)) and W; = W,l, (0, L)) for p €[1, o0], and H?® := H2*((0, L)) for
a € [0, 1]. We also denote positive constants that may vary from line to line and depend only on L, R, R, and ( fo, g0)
by C or C;, i > 1. The dependence of such constants upon additional parameters will be indicated explicitly.

2. The regularised system

In this section we introduce a regularised system which possesses global solutions provided they are bounded in
H' and also bounded away from zero. In Section 3 we show that these solutions converge towards weak solutions
of (1.4).

We fix two nonnegative functions fj and go in L (the initial data of system (1.4)) and first introduce the space

Hp:={f € H*(0,L): 3x f(0) =, f(L) =0}.

We note that for each ¢ > 0, the elliptic operator (1 — 828)%) : Hl% — L is an isomorphism. This property is preserved
when considering the restriction

(1—e287) : {f € C*™([0, L]): 3x f(0) =3 f(L) =0} — C*([0,L]), a€(0, D).
Given f, g € Ly, we let then
fi Ge=(1-¢%%)""g, @.1)

and consider the following regularised problem

O fe=(1+ R)0x(feOx fe) + Rax((fs - S)BXG6)5
08 = Ry 0x ((ga - g)asz) + R;.0x(8:0x&e),

supplemented with homogeneous Neumann boundary conditions

Foo=(1-¢%2)"

(t,x) € (0,00) x (0, L), (2.2a)

Ox fe = 0x8e =0, x=0,L, (2.2b)
and with regularised initial data
-1 -1
[ = for = (1-6%%) " fo+e,  g:0)=goe:=(1-6;) go+e. (2.2¢)
Note that the regularised initial data ( fo., gos) € H 123 x H 123 and, invoking the elliptic maximum principle, we have
Joe 2> €, 80s = €. (2.3)

Letting Fo := (1 — 5233)—1f0 and Go, := (1 — 5283)_15'0, we obtain by multiplying the relation Fo; — 828§F08 = fo
by Foe and integrating over (0, L) the following relation

L
|%%+ﬁmmﬁ=fmhw@mem,
0

which gives a uniform Lj-bound for the regularised initial data:

I foellz < I follz+evVL and  [lgocll2 < lgoll2 + &v/L. (2.4)

Concerning the solvability of problem (2.2), we use quasilinear parabolic theory, as presented in [1], to prove the
following result:
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Theorem 2.1. For each ¢ € (0, 1) problem (2.2) possesses a unique global nonnegative solution X, := (f:, g¢) with
fes 8 € C([0,00), H') N C((0, 00), Hz) N C'((0, 00), L2).
Moreover, we have

fe > ¢, ge=¢ forall (t,x) € (0,00) x (0, L).

In order to prove this global result, we establish the following lemma which gives a criterion for global existence
of classical solutions of (2.2):

Lemma 2.2. Given ¢ € (0, 1), the problem (2.2) possesses a unique maximal strong solution X, = (fs, g:) on a
maximal interval [0, T4 (¢)) satisfying

fer 8 € C([0, T1(e)), H') N C((0, T1-(e)), Hz) N C'((0, T4()), L2).
Moreover, if for every T < T4 (¢) there exists C (e, T) > 0 such that

feze/24Ce,T)7!, ge>e/2+C, 7)™, and n[lgl);]”Xs(t) |1 <C(e.T), (2.5)
1el0,

then the solution is globally defined, i.e. T4 (¢) = c0.

Proof. Let ¢ € (0, 1) be fixed. To lighten our notation we omit the subscript ¢ in the remainder of this proof. Note
first that problem (2.2) has a quasilinear structure, in the sense that (2.2) is equivalent to the system of equations:

X+ AX)X =F(X) in(0,00) x (0, L),
BX =0 on (0, 00) x {0, L}, (2.6)
X(0) = Xy on (0, L),
where the new variable is X := (f, g) with Xo = (fo, g0), and the operators B and F are respectively given by
R(f —)0xG
BX :=0,X, F(X):=9 .
x (X) x(R,L(g—e)axF
Letting
_(A+R)f O
a(X):= < 0 Rug )’
the operator A is defined by the relation A(X)Y := —0d,(a(X)Y). We shall prove first that (2.6) has a weak solution
defined on a maximal time interval, for which we have a weak criterion for global existence. We then improve in
successive steps the regularity of the solution to show that it is actually a classical solution, so that this criterion
guarantees also global existence of classical solutions.
Given « € [0, 1], the complex interpolation space Hé”‘ =[L,, Hé]a is known to satisfy, cf. [1],
za:{Hz“, a <3/4,
B l{fer? o, f=0forx=0,L), a>3/4
Furthermore, for each 8 € (1/2, 2] we define the set

Vii={feHf e/2<f),

which is open in Hé. Choose now y :=1/2 — 2§ > 0, where £ € (0,1/18). We infer from (2.2c), that Xg €

V;{é X Vleg. In order to obtain existence of a unique weak solution of (2.6) we verify the assumptions of [1, Theo-
rem 13.1]. With the notation of [1, Theorem 13.1] we define

(o,8,r,7):=3/2-3§,14+&,1-&,-8), 26 :=3/2 — 3¢.

Since 1 —& — 1/2 > y, we conclude that Vllg_s C C? ([0, L]), meaning that the elements of a(X) belong to C¥ ([0, L])
for X € V;{é X Vllgfs. Since a(X) is positive definite, we conclude in virtue of y > 2@ — 1 that
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(A, B)eCl= (Vg © x Vs .90, L)),
the notation 53(0, L) being defined in [1, Sections 4 and 8]. Moreover, since (1 — 823)%)_1 e L(L,, Hé) we also have
FeCl=(V'¢ x Y1 g-¢),

whereby, in the notation of [1], H ¢ = Hgs because |&| < 1/2, cf. [1, Eq. (7.5)]. Thus, we find all the assumptions of

[1, Theorem 13.1] fulfilled, and conclude that, for each X € Vé, there exists a unique maximal weak H 133/ 2_g-solution
X = (f, g) of (2.6), that is

g€ C([O, T,), Vllg_é) N C((O, T)), Hé/lfé) n Cl((O, ), ngl/2*3é)’

and the first equation of (2.6) is satisfied for all ¢ € (0, 74) when testing with functions belonging to Hé/ 2+3S. More-

over, if X|[0, T] is bounded in Hllg X Hllg and bounded away from 3V113—E for all T > 0, then T = oo, which yields
the desired criterion (2.5).

We show now that this weak solution has even more regularity, to conclude in the end that the existence time of
the strong solution of (2.6) coincides with that of the weak solution (of course they are identical on each interval

where they are defined). Indeed, given § > 0, it holds that X € C([§, T4.), H§/2_35) ncl(s, 1), ngl/z—x). Hence,

if 0 < 2p < 2, we conclude from [1, Theorem 7.2] and [7, Proposition 1.1.5] that X is actually Holder continuous

X € CP(I8, T), HY > 727).
Choosing p :=£& and u :=1 — 6§ > 0, we have that Hgﬂ%é*zp — CH([0, L)), so that the elements of the matrix
a(X (1)) belong to C#([0, L]) for all ¢ € [8, Ty). Defining 21t := 2 — 8¢ > 0, we observe that u > 21 — 1 and

(A(X), B) € C*([8, T+), E(0, L))).
Finally, with 2v :=3/2 4 &, our choice for £ implies
(X (@), F(X)) € HE 2 x CP(18, Ty), Hg") C HY ™2 x C*(18, Ty), HY'™2),
and the assertions of [1, Theorem 11.3] are all fulfilled. Whence, the linear problem
Y+ AX)Y =F(X) in(5,T;) x (0, L),
BY =0 on (8, T+) x {0, L}, 2.7)
Y(§)=X(5) on (0, L),
possesses a unique strong H2Y-solution Y, that is

Y e C([8, T), Hg' 2 x HF )N C((6, Ty), HE' x HE')NC' (8, T, HE' ™2 x Hg'™?).

In view of [1, Remark 11.1] we conclude that both X and Y are weak H;/ 2_3§-solutions of (2.7), whence we infer
from [1, Theorem 11.2] that X =Y, and so

g e C(8. T, Hg ) nC(6. 1), Hy*F) n € (6. 7). Hy ).

Interpolating as we did previously and taking into account that § was arbitrarily chosen, we have f,g €
Co(18, Ty), C'*([0, L)) if we set 49 < &. Hence, we find that

(X(©®), (AX), F(X))) € La x C°([8, ), H(H} x H, Ly x Ly) x (Ly x L2)),

where ’H(Hé X Hé, L> x L) denotes the set of linear operators in Ly x L, with domain leg X Hé which are negative
infinitesimal generators of analytic semigroups on L, x L3, and, in virtue of [1, Theorem 10.1],

X €C((8, Ty), H x HR) N C((8, T4), Ly x L)

for all § € (0, T}+). Hence, the strong solution of (2.6), which is obtained by applying [1, Theorem 12.1] to that
particular system, exists on [0, 7) and the proof is complete. O
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The remainder of this section is devoted to prove that 7. (¢) = oo for the strong solution (f;, g-) of (2.2) con-
structed in Lemma 2.2. In view of Lemma 2.2, it suffices to prove that (f, g;) are a priori bounded in H' and
away from zero. Concerning the latter, we note that we may apply the parabolic maximum principle to each equation
of the regularised system (2.2a) separately. Indeed, owing to the boundary conditions (2.2b), the constant function
(t,x) — ¢ solves the first equation of (2.2a) and (2.2b) while we have fy. > ¢ by (2.2c). Consequently, f; > ¢ in
[0, T (e)) x [0, L] and, using a similar argument for g., we conclude that

feze, ge =¢ forall (1,x) €[0, T-()) x (0, L). (2.8)

Next, owing to (2.2b) and the nonnegativity of f; and g., it readily follows from (2.2a) that the L{-norm of f; and g,
is conserved in time, that is,

1feO, =l foellt =l foll1 + &L, lge®|, = lgoelli = llgoll + &L (2.9)

for all ¢ € [0, T (¢)). The next step is to improve the previous L'-bound to an H'-bound as required by Lemma 2.2.
To this end, we shall use the energy &£ for the regularised problem, see (2.13) below. As a preliminary step, we collect
some properties of the functions (F,, G.) defined in (2.1) in the next lemma.

Lemma 2.3. For all t € (0, T4 (¢))

|70l <0l 6], <] (2.10)
[ Fel, <[ofe@l [0:Ge], < ||8xge<f> > 2.11)
slrFe], <@y el8:Ge®], < o8], @.12)

Proof. The proof of (2.10) is similar to that of (2.4). We next multiply the equation F, — 8233F5 = f by —Bst,
integrate over (0, L) and use the Cauchy-Schwarz inequality to estimate the right-hand side and obtain (2.11)
and (2.12). O

Lemma 2.4. Given T € (0, T4 (¢)), we have that

E1(fe(T). ge(I)) //( |0c fel* +

Proof. Using (2.11) and Holder’s inequality, we get

R |0x8el )dxdt <E1(£:(0), g:(0)). (2.13)

L

d R
e = / 0, (folog(f2)) + —3, (5. log(ge)) dx

ll.
0
L

fe—¢ 8 —¢

=—/((1+R>|axfg|2+ 8f 1 fe0:Ge + R Eg 3y 8e0y Fe + R|3cge|* ) dx
& £

0

<=1+ R)|0x fell5 + RlI9: fell2119: Gell2 + R0 ge 12110 Fell2 — Rll0xge 13

1 s 1+2R )
S —7 0 fell3 = 19 fll3 = 2R 11D fe 12112 8¢ ll2 + R0 ge 13

1 2
— 5 19x fellz = 1+2RII 0xge -

Integrating with respect to time, we obtain the desired assertion. O
Since zInz — z+ 1 > 0 for all z € [0, 00), relation (2.13) gives a uniform estimate in (¢, ¢) € (0, 1) x (0, T+ (¢))

of (0 fe, 0xge) in L2((0, T), Ly x L) in dependence only of the initial condition ( fo, go). Indeed, on the one hand,
since Inz < z — 1 for all z € [0, 0c0), we have
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zlnz—z+1<z2z-1)—G@—1)=@E—1)> forallz>0, (2.14)
so that
; R
E1(foe, 80e) < /((fOs - D>+ R—(gOe - 1)2) dx < Cy (2.15)
0 2
for all ¢ € (0, 1) by (2.4). On the other hand, owing to the Poincaré—Wirtinger inequality and (2.9), we have
1 I fe @11
®|, < ) — —| fe@®) + ——— < C(|[ox fe@®) |, +1).
[0l < |0 = Z1£OL ] += 7 (locfe@ ], +1)

A similar bound being available for g., we infer from (2.13), (2.15), and the nonnegativity of & that, for T €
0, T+ (e)),
T T
JUsOL + el ar<c [+ a0+ ool
0 0
< C[T + E1(foe. 80e) ] < Co(T). (2.16)

We next use this estimate to prove that the solution (fe, g¢) of (2.2) is bounded in Lo ((0,T), H L' HY) for all
T < T4(e). While the estimates were independent of & up to now, the next ones have a strong dependence upon &
which explains the need of a regularisation of the original system.

Lemma 2.5. Given (¢, T) € (0, 1) x (0, T4 (¢)), there exists a constant C (e, T) > 0 such that the solution (f, g¢) of
(2.2) fulfills

| £ 1+ |8 jp <CE.T) forallt €10,T. 217

Proof. We prove first the bound for f,. Given z € R, let ¢(z) := z2 /2. With this notation, the first equation of (2.2a)
reads

0 fe — (L+ Rq(fe) = R ((fe — £)8:Ge).
Multiplying this relation by ;g (f:) and integrating over (0, L), we get
L L
f b fodng(fo)dx — (1 + R) / 92(f)dhq (f2) dx = R / 9 ((fo — £)xG2)arg (f2) dx.
0

0 0
Using an integration by parts and Young’s inequality, we come to the following inequality

L

L
1+R d 2 1 R? 2
I/ fede fell3 + — o la(oll; < SV fela + = / fo[0x((fs — £)0:Ge)] dx.
0
Whence, we have shown that
J L
2 2
IVF fel3 + A+ R [[ca(fo]; < B2 / [£2(07Ge)” + fe (B f0)*(0:G )] dx, (2.18)
0

and the second term on the right-hand side of (2.18) may be estimated, in view of (2.8), by

L L L
/ Fe(@ f)?(3:Ge)? dx < é / 20 f:)? (0, Ge)? dx = ! / (0:q(f)) (9. Ge)? dx
0 0

&
0

1
< 10 Gel o (o).
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Now, since G, is the solution of G, — 828)%Gg = g, with homogeneous Neumann boundary conditions at x =0, L, and
« = &, the elliptic maximum principle guarantees that G, > ¢. Hence, —¢ ¢ < g¢, and therefore, for x € (0, L),
g = €, the ellipt principle g tees that G, > ¢. H 292G, < ge, and therefore, fi 0,L

X L

—sanGg<x><fggdx< lel and azang<x)</gsdx< g1,
0 x

so that 82||8XG5 loo < llgell1- In view of (2.9), we arrive at

L
1
/ fe@ f2)* (3:Ge) dx < g o (fo) |5 < C@) [asq (£ (2.19)
0

Concerning the first term on the right-hand side of (2.18), it follows from (2.8) and (2.12) that

L L
1 4 4
[ rei6) ar< k[ e o< a6, < Slavo a3
0 0

In order to estimate ||g(f:)|lco, We choose x, € (0, L) such that Lf;(x;) = || fell1- By the fundamental theorem of
calculus, we get

X

1
q(fe)(x) = q(fe)(xe) + / deq(fe)dx < mllfall? +~VL|dq(f)], forallxe(0,L).

Xe

Summarising, we obtain in view of (2.18) and (2.19), that

d
- |oca (£ |5 < Ce)(1+ Naxge13) (1 + |:a (f)|3), (2.20)
and from (2.16) and (2.20)

t
|9xa(£:®) |5 < (1+ | 9ca(foo)|13) CXP<C(8)/(1 + 10 113) ds) <C(e,T), t€l0,T]
0

Since f, > ¢, we then have
|8x o ()]3 < C(e, T) forall €0, T].

Using (2.9) and the Poincaré—Wirtinger inequality, we finally obtain that
| fe@)] ;1 <C(e, T) forallz €[0,T].

Moreover, due to the symmetry of (2.2a), g, satisfies the same estimate as f,, and this completes our argument. [
Proof of Theorem 2.1. The proof is a direct consequence of Lemma 2.2, the lower bounds (2.8), and Lemma 2.5. O

We end this section by showing that, though & is not dissipated along the trajectories of the regularised sys-
tem (2.2), a functional closely related to &£, is almost dissipated, with non-dissipative terms of order ¢.

Lemma 2.6. For e € (0,1) and T > 0, we have
T
2 2
52,s(f£(T)sgs(T))+/[f£|(l+R)8xfa+R3sz| +RR#85|8x(Fs+gs)| ]dt

0
T

<Ez,g(fOs,gOs)~I-8szge(t)dt, (2.21)
0



592 J. Escher et al. / Ann. 1. H. Poincaré — AN 28 (2011) 583-598

with 0¢ = |18y fe I3 + 13:g¢ 15 and

L
266 (fer 8e) i= (L + R fe I3 + Rllgell3 + R / (Fege + Ge fo) dx. (2.22)
0

Proof. We multiply the first equation of (2.2) by (1 + R) f + RG. and integrate over (0, L) to obtain

L

L

/ O fe ((1 +R)fe + RGS) dx =— / fg((l + R)d, fe + Rang)zdx + 1 (2.23)
0 0

with

L
L= sR/SxGS((l + R)0, fe + R0, G, ) dx.
0

Thanks to Holder’s inequality and (2.11), we have

116l <eR(L+ RY(119: G llolldx fell2 + 19:Gel13) < eC (1135 fo 115 + 13 ge 13)- (2.24)
Similarly, multiplying the second equation of (2.2) by R(F: + g.) and integrating over (0, L) give

L L
R / e (Fe + go)dx = —RR, / g3 Fe + yg0)dx + e (2.25)
0 0
with
L
L :=¢RR, / 0x Fe0yx (Fg 4+ go)dx.
0

Using again Holder’s inequality and (2.11), we obtain
11,6 < eRR, (185 Foll3 + 19 ge 121192 Fell2) < eC (113 felI3 + 18x82113).- (2.26)

Observing that

L

L
/a,fg((l —|—R)fg—I—RGg)dx—l—R/B,gg(Fe—l—gg)dx
0 0

L L
1+R d R d
= TE”fg”gJrle/c;g(a,Fg—eza)%a,Fg)der EE||gg||§+1e/Fg(a,Gg —e29}19,G,) dx
0 0
L L
ld 2 2 2
ZEE (1+R)||fe||2+R”g€”2+2R FeGedx | +&°R | (0:G:0,0x Fe + 0y F0,0xG¢)dx
0 0
L
ld 2 2 2
ZEE (1+R)||fs”2+R”g€”2+2R (F€G€+8 8szasz)dx s

0
we sum (2.23) and (2.25), use (2.24) and (2.26) to obtain
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L
%%((1 + R fell3 + Rllgell3 + 2R /(FsGs + 828ng3sz) dx)
0
L L
< —/fg((l + R)d, f2 + RBXGg)zdx — RRM/gS(axFS + 0cge) > dx + £Cr0s.
0 0
Since

L L
2/(F£Gs + 62, F.0,G,)dx = /(2FEGS — &2G 3l F, — e*F,31G,) dx
0 0

L
= /(Gsfa + Fege)dx,
0

the claimed inequality follows from the above two identities after integration with respect to time. O
3. Weak solutions

Given T € (0, 00], we let Q7 :=(0,T) x (0, L). Furthermore, given ¢ € (0, 1), we let (f, g-) be the global
strong solution of the regularised problem (2.2) constructed in Theorem 2.1. We shall prove that (f;, g-) converges,
in appropriate function spaces over Qr, towards a pair of functions (f, g) which turns out to be a weak solution of
(1.4) in the sense of Theorem 1.1.

Recall that, by (2.8), (2.4), (2.9), and (2.13), (fe, g-) satisfies the following estimates

@ fi=>e, 8e =€ on Qe
)l foell2 + llgoell2 < Il foll2 + llgoll2 + 2V'L,
© | =lflli+eL, e, =lgoli+eL, 3.1

t
1 R
@ & (fel), ge () + f (5 ENALEE mnaxga@ ds < E1(f:(0), g:(0)),
0
for t > 0. Using (3.1), we show that:

Lemma 3.1 (Uniform estimates). Let h € { f, g, F, G}. There exists a positive constant C4(T') such that, for all (¢, T) €
0,1) x (0, 00), we have

T

() / (Je )3 + e )] 2) dt < Ca(T), (32)
0
T

(ii) f [ache @ |Gy, di < CatT). (3.3)
0

Proof. The estimate for 4, in Ly(0, T, H') is obtained from the energy estimate (2.13), by taking also into account
relations (2.9), (2.10), (2.11), (2.15), the nonnegativity of £, and the Poincaré—Wirtinger inequality as in the proof
of (2.16). In order to prove the second estimate of (3.2), we note that, since H' is continuously embedded in L, and
(fe) isbounded in L»(0, T, H! ), (f¢) is uniformly bounded with respect to € in Lo, (0, 00; L1) N L2(0, T; L) for all
T > 0. The claimed L3-bound then follows from the inequality || fz ||§ < fe ||§o Il f<ll1. Next, an obvious consequence
of the definition of Fy is that || F¢ ||, < || fell p for p € [1, 00], from which we deduce the expected bound in L3 for (F).
A similar argument shows that (g.) and (G,) satisfy the second estimate in (3.2).
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In order to prove (ii), consider first 7 € {f, g}. From (3.2) and Holder’s inequality we obtain that (f;0y f:),
((fe —€)0xGe), ((ge —€)0x Fe), and (g:9x g¢) are uniformly bounded in L¢;5(Q7). Therefore, the equations of (2.2a)
may be written in the form 0;/4, = 0y H;’, for some function Hsh which is uniformly bounded in L¢/5(Q7) and satisfies
homogeneous Dirichlet conditions Hsh 0 = Hsh (L) =0. Given ¢ € W61, we have

[(3held) L, | =

L L
/4:3fo dx /H;’amdx
0 0

Consequently,
ENRG) ||(W61), < ||Hf(z)||6/5 fort € (0, T),

and the families (9 f¢), (0;g¢) are both uniformly bounded in L¢,5(0, T'; (Wél)’).
Finally, we have ((1 — £202)plg) 1, = (p|(1 — £203)q), for all p,q € HE, and choosing p := (1 — &232)7'd, fs,
qg=(1—¢23>)""¢ with ¢ € W}, we have
—1 —1
(O Felgyr, =((1—707) " 0, fe|o), = (0, £ (1 - £°07) ),
—1 —1
= (0.1 |(1-¢207) " 9),, = —(H]|(1 - £°57) " 0.9).

Since (1 — 828)%)’1 is a contraction in Lg, we obtain that

@ Felo)Ls| < [ B [gs] (1= £37) " g < | g sl

and the assertion (ii), when & = F, follows at once. Invoking a similar argument for (G.), we complete the proof. O

This lemma enables us to use a result from [9] and show that (f;), (g:), (F¢), and (G;) are relatively compact
in Ly(0,T; C*([0, L])), provided that o € (0, 1/2). This will allow us to identify a limit point for each of these
sequences, and find in this way a candidate for solving (1.4). Indeed, we have:

Lemma 3.2. Given h € {f, g, F, G}, and a € (0,1/2), there exists a subsequence (hg,) of (hg) which converges
strongly in Ly (0, T; C*([0, L])).

Proof. Invoking the Rellich—Kondrachov theorem, we have the following sequence of embeddings
H'< c*([0,L]) = (W), a<1/2,

with compact embedding H' < C%([0, L]). Furthermore, in view of Lemma 3.1(i), the family (k) is uni-
formly bounded in L,(0, T; H'), while, by Lemma 3.1(ii), (d:h,) is uniformly bounded in L;(0, T; (W61)’).
Whence, the assumptions of [9, Corollary 4] are all fulfilled, and we conclude that (%.) is relatively compact in
Ly(0,T; C%([0, L])). O

3.1. Construction of weak solutions

Using the uniform estimates deduced at the beginning of this section, we now establish the existence of a weak
solution of (1.4). Owing to Lemma 3.2, there are f, g, F, G € L2(0, T; C*([0, L])) such that, for « € (0, 1/2),

foo. = 1> Sep = & F,, — F, Ge, — G in Ly(0,T;C%([0, L])). (3.4)

Furthermore, by Lemma 3.1(i), the subsequences (0y f¢,), (9x8¢,). (0xF,), and (9xGg,) are uniformly bounded in
the Hilbert space L>(Q7). Hence, we may extract further subsequences (denoted again by (fg,), (gs,), (Fs,), and
(G¢,)) which converge weakly:

Ox for = Ox fy 0x8ep — 0x g, Oy Fgp — 0y F, 0xGg, = 0xG  in L2(Q7). (3.5)
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In fact, we have that

f=F and g=G ae.inQr. (3.6)

Indeed, (3.6) follows by multiplying the relation F;, — 81%33 F, = f=, by a test function in H', integrating by parts,
and letting then k — oo with the help of (3.4) and (3.5). In view of (3.4)—(3.6), we then have

SerOx fo, = fOx f, fer0xGe — fOxg inL1(Q7),
8er Ox Fey — g0y f, 8er0x8e — &0xg in L1(Q7). 3.7

Using the fact that ( f, g.) are strong solutions of (2.2), we obtain by integration with respect to space and time
that

L L
/fsk(T)lﬁdx—/fOEdeXZ—/[(l+R)fak3xfgk+R(fak — £1)0: G, |0, dx dt,
0 0

Or
L L

/gek(T)!ﬁ dx _/gOEkl/fdx = _R/L /[(gsk - 8k)angk +gskaxgek]ax1/f dxdt, (3.8)
0 0 or

forall T >0, ¢ € (0, 1), and € WL.. Since

Soe, = fo and  gog, — go in Lo (3.9)

by classical arguments, we may pass to the limit as k — oo in (3.8) and use (3.4), (3.5), (3.7), and (3.9) to conclude
that (f, g) is a weak solution of (2.2) in the sense of Theorem 1.1. The fact that (f, g) can be defined globally follows
by using a standard Cantor’s diagonal argument (using a sequence 7,, /' 00).

3.2. Energy estimates for weak solutions

Letting ¢ — 0 in the relation (3.1)(c), we find in view of (3.4), that
lrol, =1fll.  [e®], =lgll. 1€, 00).
We show now that the weak solution found above satisfies the energy estimate

R
1+2R

51(f(T),g(T))+/<%|8xf|2+

or

for T € (0, 00). Recall that, by Lemma 2.4, we have

|axg|2) dxdt < £ (fo. 80) (3.10)

1 R
E1(fer (T), g6, (T)) + / (5|axfsk 12+ T 2R %8a |2> dx dt < E(foe» 80er) (3.11)

or

for all k£ € N. On the one hand, note that (3.4) and Fatou’s lemma ensure that
E(f(T),g(1)) < 1}{11%)1(1)%1 (fer(T), 8o, (T))  for T € (0, 00), (3.12)
while (3.5) implies
/ 10, f12dx dt < liminf/ |9y fo |>dx dt,
k— 00
Or or

/|8xg|2dxdt<1}€minf/|8xggk|2dxdt. (3.13)
—00
or Oor
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We still have to pass to the limit in the right-hand side of (3.11). By (3.9), we may assume that (foe,) and (gog,)
converge almost everywhere towards fp and g, respectively. Furthermore, since 0 < xInx — x + 1 < 1 + 2x3/2 for
x >0, we have

3/2 3/2

[ o0 o = fo -+ 11 <112 [ £302 < 1B+ 2ED 1 < €L
E E

for all k£ € N and all measurable subsets E of (0, L), meaning that the family ( fo,, In fos, — foe, + 1) is uniformly
integrable. Clearly, the same is true also for (gog, In gog, — g0¢, +1). We infer then from Vitali’s convergence theorem,
cf. [5, Theorem 2.24], that the limit of the right-hand side of (3.11) exists and

lim &1 (foe, 80s) = E1(fo, 80)-
k—o00

Whence, passing to the limit in (3.11), we obtain in view of (3.12) and (3.13) the desired estimate (3.10).
Finally, we show that weak solutions of (1.4) satisfy

E(f(T), g(T)) + / [£((1+ R)3x £+ Rdxg)” + RRug (D f + 859)*] dx dt < E(fo. 80) (3.14)
or
for T € (0, 00). In virtue of (3.4), (3.5), and (3.6) we have

VI = Vf ocfoy —0f and 8,Gg — dyg inLa(Qr)
which implies that \/ fe, 0x fe, — /f0x f and / fe,0x G, — /fOxg in L1(Q7). Consequently,

Ve (L4 R)By fo, + R3:Gr) = v/ f (1 + R)3c f + Rdcg) in L1(Q7),

and, by a similar argument,

V/8e; (0x Fey + 0x8e,) = /8(0x f +0xg)  in L1(Qr).

Now, owing to (3.2), the sequence (g, ) defined in Lemma 2.6 is bounded in L>((0, 7)) and we then infer from
Lemma 2.6 that both (/fe, (1 + R)0y fo, + R9xG,)) and (\/Ze; (9 Fe, + 0x8s,)) are bounded in L(Q7). The pre-
vious weak convergences in L1 (Q7) may then be improved to weak convergence in L,(Q7) (upon extracting a further
subsequence if necessary) and we can then pass to the limit in (2.21) to conclude that (3.14) holds true, using weak
lower semicontinuity arguments in the left-hand side and the property gxo¢, — 0 in L,((0, 7)) in the right-hand side.

3.3. Exponential convergence towards equilibria

In this last part of the paper we prove our second main result, Theorem 1.3. The proof is based on the interplay
between estimates for the two energy functionals £; and &, with the specification that we use £; to estimate the time
derivative of the stronger energy functional &>, and obtain exponential decay of weak solutions in the L,-norm. Recall
from (3.1)(c) that

_ llgoll1 b= llge, O I1

and By:
L L

Il foll1 | fer, (D11
Ap = —— =
k 2 + &k L

for all k € N and ¢ € [0, 00). Introducing

L
&k R Ek
Fr = /[(fgk 1n(£—k> — fo + Ak) + R_M(gak ln<gB_k) — 8 T+ Bk)i| dx
0

L
/ {(for = AD? + R[(fer — A + (8ep — Bi)* + (85, — Bi) (Fe, — Ax)
0

SR

+

+ (fer — A(Gg, — By)]} dx,
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we infer from (3.1)(c) and the proofs of Lemmas 2.4 and 2.6 that

L L
dfk 1d
/|:8tf8k1nf8k atgé‘klngski|d-x+__/{(l+R)f52k+R[géz‘k+f8kG8k +g8kF8k]}dx
,LL
0 0

dr 2d
1 2
_Euaxfek”z 1728 ———110x8e, 15 + e C3 (119 S I3 + 108, 15)
1 , R
< —§|I3xfsk||2 Y12R ———l0xge, I3

provided k is large enough. Using the Poincaré—Wirtinger inequality, we find a positive constant Cs such that

dFy
- < —Cs(Il for — Akll3 + lge, — Bell3) (3.15)

for large k and all ¢ € (0, 0c0). We show now that the right-hand side of (3.15) can be bounded by —wF; for some
small positive number w. Indeed, arguing as in Lemma 2.3, we find that

L
/ [(e, — B (Fo — A+ (for — AL (Goy — Bi)] dx
0

< llge, — Bill2ll Fey — Akllz + | fer — Akll21Ge, — Bl
<2llge, — Brllall for — Axllz < Il e — Akll3 + llge, — Bell3- (3.16)

Recalling (2.14), we end up with

I fer — Akll3 + llge, — Bell3

fsk fek fsk 8y 8y &8s
[ (Akl (Ak) +1)+Bk(3kln<3_k)_3_k+l)}dx
R.Be) [ R
2111kin{Ak, I;e k } /[(f& (ft) s +Ak> R <g£k ln<g};:) — g + Bkﬂdx. (3.17)
0

Combining (3.15), (3.16), and (3.17), we conclude that if || fo||; > 0 and || go|l1 > O, then

dFy
— @) < —wF(t
T (1) < —wFi(1)
for some positive constant w and k sufficiently large. Whence,

| fee ) - Ak”L2 + [ gec () - Bk”L2 <Ce™™,

which yields, for k — oo, the desired estimate by (3.4) and (3.6), as stated in Theorem 1.3.

If fo =0 [resp. go = 0], then f =0 [resp. g = 0], while g [resp. f] is a weak solution of the one-dimensional
porous medium equation and converges therefore even in the L,-norm to flat equilibria (if fy = 0, then uniqueness of
solutions to (2.6) implies that f; = ¢ and 0;g; = R, (g:9x&¢)), cf. [10, Theorem 20.16]. Convergence in this stronger
norm is due to the fact that comparison methods may be used for the one-dimensional porous media equation, while
for our system they fail because of the structure of the system.
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