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Abstract

Here we study the interaction and the configuration of spikes in a double condensate by analyzing least energy solutio
coupled nonlinear Schrödinger equations which model Bose–Einstein condensates of two different hyperfine spin sta
the interspecies scattering length is positive and large enough, spikes of a double condensate repel each other and
two separate spikes. In contrast, spikes of a double condensate attract each other and behave like a single spike if the i
scattering length is negative and large enough. Our mathematical arguments can prove such physical phenomena. W
Nehari’s manifold to construct least energy solutions, and then use some techniques of singular perturbation problems
the asymptotic behavior of least energy solutions. It is shown that the interaction term determines the locations of the tw
and the asymptotic shape of least energy solutions.

Résumé

Nous étudions l’interaction et la disposition des pics pour un condensat double. Notre méthode utilise l’analyse des
avec énergie minimale des deux équations de Schrödinger couplées non linéaires qui modèlent le condensat de Bose
pour deux états des spins différents hyperfinis. Si la longueur de dispersion entre espèces est positive et suffisamm
les pics pour un condensat double se repoussent, et se comportent comme deux pics séparés. En revanche pour u
double s’attirent et se comportent comme un seul pic ; la longueur de dispersion entre espèces est négative et suffisam
Nos arguments mathématiques établissent rigoureusement ses phénomènes physiques. Nous utilisons d’une part l
Nehari pour la construction de solutions avec énergie minimale et d’autre part les techniques de problèmes de pe
singulière pour la dérivation du comportement asymptotique de la solutions avec énergie minimale. Nous démontro
terme d’interaction détermine la position des pics et la forme asymptotique des solutions avec énergie minimale.

MSC:primary 35B40, 35B45; secondary 35J40

Keywords:Coupled nonlinear Schrödinger equations; Least energy solutions; Spikes; Sphere-packing

* Corresponding author.
E-mail addresses:tclin@math.ccu.edu.tw (T.-C. Lin), wei@math.cuhk.edu.hk (J. Wei).

© 2005 L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

© 2005 L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
0294-1449/$ – see front matter
doi:10.1016/j.anihpc.2004.03.004

© 2005 L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



404 T.-C. Lin, J. Wei / Ann. I. H. Poincaré – AN 22 (2005) 403–439

Einstein
g

gth

f

. Due to
e range by
negative
o contract.
ving the
occur

ndensate
itive and

trap

at spikes
g length

h,
ere is
per is to
ration of

tials
1.1) with
d

elevant.
1. Introduction

We consider the following system of singularly perturbed nonlinear Schrödinger equations
ε2�u − λ1u + µ1u

3 + βuv2 = 0 in Ω,

ε2�v − λ2v + µ2v
3 + βu2v = 0 in Ω,

u,v > 0 in Ω,

u = v = 0 on∂Ω,

(1.1)

whereΩ ⊂ R
N (N � 3) is a smooth and bounded domain,ε > 0 is a small parameter,λ1, λ2,µ1,µ2 > 0 are

positive constants;β �= 0 is a coupling constant. Hereβ > 0 means attractive interaction of solutionsu andv, on
the other hand,β < 0 means repulsive interaction of solutionsu andv. As we will see later, the sign ofβ has a
vital role on the asymptotic behavior of least energy solutions of (1.1).

Problem (1.1) arises in the Hartree–Fock theory for a double condensate i.e. a binary mixture of Bose–
condensates in two different hyperfine states|1〉 and |2〉 (cf. [12]). Physically,u and v are the correspondin

condensate amplitudes,ε2 = h̄2

2m
andµj = −(Nj − 1)Ujj , whereh̄ is Planck constant,m is the atom mass,Nj

is a fixed number of atoms in the hyperfine state|j〉. Besides,N1,N2 � 1, β = −N2U12 and Uij = 4π h̄2

m
aij ,

whereajj ’s anda12 are the intraspecies and interspecies scattering lengths. The sign of the scattering lena12

determines whether the interactions of states|1〉 and|2〉 are repulsive or attractive. Whena12 > 0 i.e.β < 0, the
interactions of states|1〉 and |2〉 are repulsive (cf. [29]). In contrast, whena12 < 0 i.e. β >0, the interactions o
states|1〉 and|2〉 are attractive. For atoms of the single state|j〉, whenajj < 0 i.e.µj > 0, the interactions of the
single state|j〉 are attractive.

Spikes may appear in a single condensate when the s-wave scattering length is negative and large
Feshbach resonance, the s-wave scattering length of a single condensate can be tuned over a very larg
adjusting the externally applied magnetic field. As the s-wave scattering length of a single condensate is
and large enough, the interactions of atoms are strongly attractive and the associated condensate tends t
Donley et al. (cf. [8]) observed anisotropic atom bursts that explode from a single condensate, atoms lea
condensate in undetected forms, andspikesappearing in the condensate wavefunction. It seems spikes may
in a double condensate when the intraspecies scattering lengthsajj ’s are negative and large enough i.e.µj ’s are
positive and large enough. However, the interactions of spikes have not yet been observed in a double co
even though Gupta et al. (cf. [18]) have successfully obtained double condensates of Fermi gas with pos
negative interspecies scattering lengths.

The interspecies scattering lengtha12 plays an important role in a double condensate. Without the effect of
potentials, when the interspecies scattering lengtha12 is positive and large enough, the states|1〉 and|2〉 may repel
each other and form segregated domains called phase separation (cf. [19,24,29]). It is natural to believe th
of states|1〉 and|2〉 may repel each other and behave like two separate spikes as the interspecies scatterin
a12 is positive and large enough. In contrast, if the interspecies scattering lengtha12 is negative and large enoug
spikes of states|1〉 and |2〉 may attract each other and behave like one single spike. However, until now, th
not any theoretical and experimental result to support such physical phenomena. The main goal of this pa
prove such physical phenomena by our mathematical arguments. We study the interaction and the configu
spikes in a double condensate, especially for positive and largeµj ’s, λj ’s and|β|. The positive constantλj is from
the chemical potential of the state|j〉. Without the effect of trap potentials, we may use large chemical poten
λj ’s to persist spikes of a double condensate. By rescaling and some simple assumptions, the problem (
very largeµj ’s, λj ’s and|β| is equivalent to the problem (1.1) withµj ’s, λj ’s and |β| as positive constants an
ε > 0 as a small parameter.

In this paper, we study the asymptotic behavior of so-called least-energy solutions which are physically r
By this, we mean
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(1) (uε, vε) is a solution of (1.1),
(2) EΩ [uε, vε] � EΩ [u,v] for any nontrivial solution(u, v) of (1.1),

whereEΩ [u,v] is the energy functional defined as follows:

EΩ [u,v] := ε2

2

∫
Ω

|∇u|2 + λ1

2

∫
Ω

u2 − µ1

4

∫
Ω

u4 + ε2

2

∫
Ω

|∇v|2 + λ2

2

∫
Ω

v2 − µ2

4

∫
Ω

v4

− β

2

∫
Ω

u2v2, for u,v ∈ H 1
0 (Ω). (1.2)

As ε ↓ 0, there are two spikes for bothuε andvε, respectively. Ifβ < 0, these two spikes repel each other and
boundary of the domain repels these spikes. As a result, the locations of two spikes reach a sphere-packin
in the domainΩ . Physically, in each single state|j〉, there is a corresponding spike which repels the other spik
the other state ifβ < 0. On the other hand, ifβ > 0, these two spikes bound each other, and the locations o
spikes reach the innermost part of the domain, due to the repelling effect of the domain.

Now we state our main result of this paper as follows:

Theorem 1.1.There exists a constantβ0 = β0(N,λ1, λ2,µ1,µ2) ∈ (0,
√

µ1µ2 ) such that the following holds:

(1) For any β ∈ (−∞, β0) and ε sufficiently small,(1.1) has a least energy solution(uε, vε). Let Pε be a local
maximum point ofuε andQε be a local maximum point ofvε.

(2) If 0< β < β0, then|Pε − Qε|/ε → 0 and

d(Pε, ∂Ω) → max
P∈Ω

d(P, ∂Ω),

(1.3)
d(Qε, ∂Ω) → max

P∈Ω
d(P, ∂Ω).

Furthermore,uε(x), vε(x) → 0 in C1
loc(

�Ω \ {Pε,Qε}) and let

Uε(y) := uε(Pε + εy), Vε(y) := vε(Pε + εy)

then asε → 0, (Uε,Vε) → (U0,V0) which is a least-energy solution of the following problem inR
N

�U0 − λ1U0 + µ1U
3
0 + βU0V

2
0 = 0 in R

N,

�V0 − λ2V0 + µ2V
3
0 + βU2

0V0 = 0 in R
N,

U0(0)= maxy∈RN U0(y), V0(0)= maxy∈RN V0(y),

U0,V0 > 0 in R
N, U0,V0 → 0 as|y| → +∞.

(1.4)

(3) If β < 0, then we have

ϕ(Pε,Qε) → max
(P,Q)∈Ω2

ϕ(P,Q) (1.5)

where

ϕ(P,Q) = min
{√

λ1 |P − Q|,√λ2 |P − Q|,√λ1 d(P, ∂Ω),
√

λ2 d(Q,∂Ω)
}
. (1.6)

Furthermore,uε(x), vε(x) → 0 in C1
loc(

�Ω \ {Pε,Qε}), and if we let

Uε(y) := uε(Pε + εy), Vε(y) := vε(Qε + εy),

then

U (y) → w (y), V (y) → w (y)
ε 1 ε 2



406 T.-C. Lin, J. Wei / Ann. I. H. Poincaré – AN 22 (2005) 403–439

g plane
sting

r

milar

a

l

Takagi
gularly
, we

and the
wherewi(y), i = 1,2, is the unique solution of
�wi − λiwi + µiw

3
i = 0 in R

N,

wi(0)= maxy∈RN wi(y), i = 1,2,

wi > 0 in R
N, wi(y) → 0 as|y| → +∞.

(1.7)

Some remarks are in order.

Remarks.

1.1. It will be proved in Section 3 that problem (1.4) admits a least-energy solution. By the method of movin
(usingβ > 0), all solutions of (1.4) must be radially symmetric and strictly decreasing. It is an intere
question to study the uniqueness of(U0,V0).

1.2. Functionϕ(P,Q) in (1.6) has been introduced in [14], whenλ1 = λ2 = 1. Condition (1.5) shows that fo
β < 0 (repulsive), the two spikes of the least energy solution will reach a sphere-packing position inΩ .

1.3. It is well-known that (1.7) admits a unique radially symmetric solution (see [20]). Moreover,wi(y) =√
λi/µi w(

√
λi y), wherew(y) satisfies

�w − w + w3 = 0 in R
N,

w > 0 in R
N, w(0)= maxy∈RN w(y),

w(y) → 0 as|y| → +∞.

1.4. The condition thatβ < β0 <
√

µ1µ2 reflects the restriction of the techniques we used. We remark that si
condition has also been imposed in the study of systems of competing species [3]. Forβ � √

µ1µ2, we do not
know if any least-energy solution exists. For example, ifλ1 = λ2 = µ1 = µ2 = 1, then problem (1.4) admits
solution(√

1

β + 1
w(y),

√
1

β + 1
w(y)

)
.

However, we even do not know if such a solution is a least-energy solution.
1.5. Theorem 1.1 can be generalized to multiple-state case:

ε2�uj − uj + µju
3
j + ∑

i �=j βij u
2
i uj = 0 in Ω,

uj > 0, j = 1, . . . , n, in Ω,

uj = 0 on∂Ω,

if eitherβij < 0, ∀i �= j , or βij > 0, ∀i �= j but the matrix

M = (βij ) is positively definite, whereβii = µi .

The proof is similar. The other cases are more involved.
1.6. We have restricted ourselves to the spatial dimensionN � 3. If N � 4, the nonlinearityu3, v3 becomes critica

or super-critical. It is unknown if similar results can be obtained forN � 4.

The main idea in proving Theorem 1.1 is by energy expansion, which has been introduced by Ni and
[26,27] in dealing with singularly perturbed Neumann problems and later extended by Ni and Wei [28] in sin
perturbed Dirichlet problems. In the case ofβ > 0, since we do not know the uniqueness of solutions to (1.4)
use an idea of [4], where a simplified proof of the results of [27] and [28] is obtained. In the case ofβ < 0, the
main difficulty is to compute the interactions between the two spikes. Note that both the boundary effect
interaction between spikes areexponentially small. Thus we have to make careful estimates.
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We remark that singularly perturbed Neumann or Dirichlet problems have been studied in many papers
eral principle is that the interior spike layer solutions are generated by distance functions. We refer the read
articles [1,6,7,9,10,14,15,17,22,31–33] and the references therein. On the other hand, the boundary pea
tions are related to the boundary mean curvature function. This aspect is discussed in the papers [2,5,16,2
and the references therein. A good review of the subject is to be found in [25]. Our result here seems to be
attempt in studying systems of singularly perturbed problems.

The organization of the paper is as follows:
In Section 2, we extend the classical Nehari’s manifold approach to a system of semilinear elliptic equa

order to find a least energy solution to (1.1). Hereafter, we need the condition thatβ < β0. In Section 3, we use
Nehari’s manifold approach and symmetrization technique to study limiting ground state solutions to (1.
then shown that forβ < 0, ground state solutions do not exist, while for 0< β < β0 ground state solution exis
and must be radially symmetric and strictly decreasing. Section 4 to Section 8 contains several parts of t
of Theorem 1.1. The main idea, as we mentioned earlier, is to expand the least energycε := EΩ [uε, vε] where
(uε, vε) is a least energy solution constructed in Section 2. Section 4 proves the upper bound forcε asβ > 0, and
Section 5 gives the upper bound forcε asβ < 0. Section 6 is an intermediate step where the first approximatio
the least energy solution is given. Section 7 gives the lower bound forcε asβ < 0, and Section 8 shows the low
bound forcε asβ > 0.

Throughout this paper, unless otherwise stated, the letterC will always denote various generic constants wh
are independent ofε, for ε sufficiently small. The constantσ ∈ (0, 1

100) is a fixed small constant.

2. Nehari’s manifold approach: existence of a least-energy solution to (1.1)

In this section, we use Nehari’s manifold approach to obtain a least energy solution to (1.1). Nehari’s m
approach has been used successfully in the study of single equations. Recently, Conti et al. [3] have used
manifold to study solutions of competing species systems which are related to an optimal partition pro
N -dimensional domains. Here we use Nehari’s manifold to find least energy solution with spikes.

We define the so-called Nehari’s manifold as follows:

M(ε,Ω) =
{
(u, v) ∈ H 1

0 (Ω) × H 1
0 (Ω)

∣∣∣∣ ε2
∫
Ω

|∇u|2 + λ1
∫
Ω

u2 − β
∫
Ω

u2v2 = µ1
∫
Ω

u4

ε2
∫
Ω

|∇v|2 + λ2
∫
Ω

v2 − β
∫
Ω

u2v2 = µ2
∫
Ω

v4

}
. (2.1)

Now we consider the following minimization problem

cε := inf
(u,v)∈M(ε,Ω),
u,v�0, u,v �≡0

EΩ [u,v] (2.2)

whereEΩ [u,v] is defined at (1.2).
Note that, forN � 3, by the compactness of Sobolev embeddingH 1

0 (Ω) ↪→ L4(Ω),M(ε,Ω) andcε are well-
defined. Now we show that

Lemma 2.1.Suppose thatβ < β0 <
√

µ1µ2. Then forε sufficiently small,cε can be attained by some(uε, vε) ∈
M(ε,Ω) and it holds that

C1ε
N �

∫
Ω

u4
ε � C2ε

N , C1ε
N �

∫
Ω

v4
ε � C2ε

N , (2.3)

whereC1,C2 are two positive constants independent ofε andβ.
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Proof. We first note that if(u, v) ∈ M(ε,Ω), then

EΩ [u,v] = 1

4

(
ε2

∫
Ω

|∇u|2 + λ1

∫
Ω

u2 + ε2
∫
Ω

|∇v|2 + λ2

∫
Ω

v2
)

= 1

4

[
µ1

∫
Ω

u4 + 2β

∫
Ω

u2v2 + µ2

∫
Ω

v4
]
. (2.4)

Let (un, vn) be a minimizing sequence. Then by Sobolev embeddingH 1
0 (Ω) ↪→ Lq(Ω) for 1 < q < 2N

N−2, we

see thatun → uε, vn → vε (up to a subsequence) for some functionsuε � 0, vε � 0 in L4(Ω) and hence

EΩ [un, vn] → 1

4

[
µ1

∫
Ω

u4
ε + 2β

∫
Ω

u2
εv

2
ε + µ2

∫
Ω

v4
ε

]
= cε. (2.5)

By Fatou’s Lemma, we have

cε � 1

4

(
ε2

∫
Ω

|∇uε|2 + λ1

∫
Ω

u2
ε + ε2

∫
Ω

|∇vε |2 + λ2

∫
Ω

v2
ε

)
, (2.6)

ε2
∫
Ω

|∇uε|2 + λ1

∫
Ω

u2
ε � µ1

∫
Ω

u4
ε + β

∫
Ω

u2
εv

2
ε , (2.7)

ε2
∫
Ω

|∇vε |2 + λ2

∫
Ω

v2
ε � µ2

∫
Ω

v4
ε + β

∫
Ω

u2
εv

2
ε . (2.8)

We claim that

Claim 1. The inequalities(2.3)holds forβ < β0 whereβ0 <
√

µ1µ2 is a generic constant.

Proof. We first prove the upper bound. Forε sufficiently small, we choose test functionsu and v such
that support(u) ⊂ Bδ(P ) and support(v) ⊂ Bδ(Q), where P and Q are distinct points inΩ and 0< δ <
1
4 min{d(P, ∂Ω), d(Q,∂Ω),

|P−Q|
2 }. Then it can be shown easily that

cε � CεN . (2.9)

Combining (2.9) with (2.5), we obtain that
∫
Ω

u4
ε � C2ε

N ,
∫
Ω

v4
ε � C2ε

N .
To prove the lower bound, we divide into two cases.
Forβ < 0, we have

ε2
∫
Ω

|∇un|2 + λ1

∫
Ω

u2
n � µ1

∫
Ω

u4
n

and hence

min(λ1,1)Cε

√√√√(∫
Ω

u4
n

)
� µ1

∫
Ω

u4
n (2.10)

where

Cε := inf
1

ε2
∫
Ω

|∇u|2 + ∫
Ω

u2∫
4 1/2

. (2.11)

u∈H0 (Ω), u�0, u �≡0 (

Ω
u )
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),
0

.

al)
By the results of [28], forε sufficiently small, we haveCε � C0ε
N/2 for some fixedC0 > 0. This yields that∫

Ω
u4

n � C1ε
N sinceun �≡ 0. So we have

∫
Ω

u4
ε � C1ε

N by Fatou’s Lemma. Similarly, forβ < 0, we obtain∫
Ω

v4
ε � C1ε

N .
Forβ > 0, similar arguments leading to (2.10) give

µ1‖un‖2
L4 + β‖vn‖2

L4 � min(λ1,1)C0ε
N/2, (2.12)

µ2‖vn‖2
L4 + β‖un‖2

L4 � min(λ2,1)C0ε
N/2. (2.13)

Now we setβ0 ∈ (0,
√

µ1µ2 ) as a constant such thatβ0 < (min(λ1, λ2,1)C0)/(2C
1/2
2 ). Then by (2.12) and (2.13

we may obtain that
∫
Ω

u4
n � C1ε

N ,
∫
Ω

v4
n � C1ε

N . By Fatou’s Lemma, we have proved (2.3) in the case of<

β < β0. �
Next we consider fors, t > 0

β(s, t) = EΩ [√s uε,
√

t vε]. � (2.14)

We claim that

Claim 2. β(s, t) attains a unique maximum point(s0, t0) with s0 > 0, t0 > 0.

Proof. It is easy to calculate that

β(s, t) = s

[
ε2

2

∫
Ω

|∇uε|2 + λ1

2

∫
Ω

u2
ε

]
− µ1

4
s2

∫
Ω

u4
ε + t

[
ε2

2

∫
Ω

|∇vε |2 + λ2

2

∫
Ω

v2
ε

]
− µ2

4
t2

∫
Ω

v4
ε

− 1

2
βst

∫
Ω

u2
εv

2
ε .

We consider the following quadratic form

Q(s, t) := µ1

4
s2

∫
Ω

u4
ε + µ2

4
t2

∫
Ω

v4
ε + β

2
st

∫
Ω

u2
εv

2
ε . (2.15)

If 0 < β <
√

µ1µ2, thenQ(s, t) is positively definite since the matrix

Σ :=
(

µ1
4

∫
Ω

u4
ε

β
4

∫
Ω

u2
εv

2
ε

β
4

∫
Ω

u2
εv

2
ε

µ2
4

∫
Ω

v4
ε

)
(2.16)

is positively definite. Here we have used Hölder inequality and the fact that bothuε andvε are nonzero functions
If β � 0, Σ is still positively definite. Hence by (2.7), (2.8), and‖uε‖L4,‖vε‖L4 > 0, we have

µ1

∫
Ω

u4
ε > (−β)

∫
Ω

u2
εv

2
ε , µ2

∫
Ω

v4
ε > (−β)

∫
Ω

u2
εv

2
ε ,

and

det(Σ)= 1

16

[
µ1µ2

∫
Ω

u4
ε

∫
Ω

v4
ε − β2

(∫
Ω

u2
εv

2
ε

)2]
> 0. (2.17)

So Q(s, t) is a positively definite form, which implies thatβ(s, t) is concave and hence it has a unique (loc
maximum point.
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t
Let (s0, t0) be the unique maximum point ofβ(s, t). We need to show thats0 > 0, t0 > 0. Suppose not, withou
loss of generality, we may assume thats0 > 0, t0 = 0. Then we have∂β(s0,0)/∂s = 0, ∂β(s0,0)/∂t � 0. That is

ε2
∫
Ω

|∇uε|2 + λ1

∫
Ω

u2
ε = µ1s0

∫
Ω

u4
ε, (2.18)

ε2
∫
Ω

|∇vε|2 + λ2

∫
Ω

v2
ε � βs0

∫
Ω

u2
εv

2
ε . (2.19)

Hence the constantβ must be positive. Using (2.7) and (2.18), we have

µ1s0

∫
Ω

u4
ε � µ1

∫
Ω

u4
ε + β

∫
Ω

u2
εv

2
ε . (2.20)

Then by Holder inequality, (2.20) gives

s0‖uε‖2
L4 � ‖uε‖2

L4 + β

µ1
‖vε‖2

L4. (2.21)

Moreover, by (2.19) and (2.21), we obtain

min(λ2,1)Cε � βs0‖uε‖2
L4 � β

(
1+ β

µ1

)
C

1/2
2 εN/2 (2.22)

which may get contradiction if 0< β < β0 andβ0 is sufficiently small such that

β0

(
1+ β0

µ1

)
C

1/2
2 � 1

2
min(λ2,1)C0,

whereC0 is a positive constant such thatCε � C0ε
N/2 (cf. [28]). Therefore we have proved thats0 > 0, t0 > 0.

By definition,(
√

s0 uε,
√

t0 vε) ∈ M(ε,Ω). That is

ε2
∫
Ω

|∇uε|2 + λ1

∫
Ω

u2
ε = µ1s0

∫
Ω

u4
ε + βt0

∫
Ω

u2
εv

2
ε , (2.23)

ε2
∫
Ω

|∇vε|2 + λ2

∫
Ω

v2
ε = µ2t0

∫
Ω

v4
ε + βs0

∫
Ω

u2
εv

2
ε . (2.24)

Consequently, (2.23), (2.24), (2.7) and (2.8) give

µ1s0

∫
Ω

u4
ε + βt0

∫
Ω

u2
εv

2
ε � µ1

∫
Ω

u4
ε + β

∫
Ω

u2
εv

2
ε , (2.25)

µ2t0

∫
Ω

v4
ε + βs0

∫
Ω

u2
εv

2
ε � µ2

∫
Ω

v4
ε + β

∫
Ω

u2
εv

2
ε . (2.26)

On the other hand

EΩ [√s0 uε,
√

t0 vε] � cε = 1

4

[
µ1

∫
Ω

u4
ε + 2β

∫
Ω

u2
εv

2
ε + µ2

∫
Ω

v4
ε

]
, (2.27)

EΩ [√s0 uε,
√

t0 vε] = 1

4

[
µ1s

2
0

∫
u4

ε + 2βs0t0

∫
u2

εv
2
ε + µ2t

2
0

∫
v4
ε

]
. (2.28)
Ω Ω Ω
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the
Sinces0, t0 > 0, (2.27) and (2.28) imply that (2.25) and (2.26) are equalities, i.e.

µ1(s0 − 1)

∫
Ω

u4
ε + β(t0 − 1)

∫
Ω

u2
εv

2
ε = 0, (2.29)

µ2(t0 − 1)

∫
Ω

v4
ε + β(s0 − 1)

∫
Ω

u2
εv

2
ε = 0. (2.30)

Since det(Σ) > 0, we see immediately thats0 = 1, t0 = 1. This implies that(uε, vε) ∈ M(ε,Ω), and hence(uε, vε)

attains the minimumcε. �
Next we claim that

Lemma 2.2.(uε, vε) is a least-energy solution of(1.1).

Proof. Certainly,(uε, vε) has least-energy, if it is a solution of (1.1). By usual elliptic regularity theory (using
fact thatH 1

0 (Ω) ↪→ L4(Ω) is compact), we see that there exists two Lagrange multipliersα1, α2 such that

∇EΩ [u,v] + α1∇G1[u,v] + α2∇G2[u,v] = 0 (2.31)

whereu ≡ uε, v ≡ vε,

G1[u,v] = ε2
∫
Ω

|∇u|2 + λ1

∫
Ω

u2 − µ1

∫
Ω

u4 − β

∫
Ω

u2v2, (2.32)

G2[u,v] = ε2
∫
Ω

|∇v|2 + λ2

∫
Ω

v2 − µ2

∫
Ω

v4 − β

∫
Ω

u2v2. (2.33)

Let

F(s, t) = EΩ [√s u,
√

t v] + α1G1[√s u,
√

t v] + α2G2[√s u,
√

t v].
Then by (2.31), we have

∂F

∂s
(1,1)= ∂F

∂t
(1,1)= 0.

From the proof of Lemma 2.1, we obtain

∂

∂s
EΩ [√s u,

√
t v]|{s=t=1} = ∂

∂t
EΩ [√s u,

√
t v]|{s=t=1} = 0.

Hence

α1

[
ε2

∫
Ω

|∇u|2 + λ1

∫
Ω

u2 − 2µ1

∫
Ω

u4 − β

∫
Ω

u2v2
]

+ α2

[
−β

∫
Ω

u2v2
]

= 0,

α1

[
−β

∫
Ω

u2v2
]

+ α2

[
ε2

∫
Ω

|∇v|2 + λ2

∫
Ω

v2 − 2µ2

∫
Ω

v4 − β

∫
Ω

u2v2
]

= 0,

which are equivalent to

Σ ′
(

α1
)

= 0 (2.34)

α2
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that

that

has
where

Σ ′ =
(

µ1
∫
Ω

u4 β
∫
Ω

u2v2

β
∫
Ω

u2v2 µ2
∫
Ω

v4

)
. (2.35)

Here we have used the fact that(u, v) = (uε, vε) ∈ M(ε,Ω). By the same argument in Lemma 2.1, we have
for −∞ < β <

√
µ1µ2, det(Σ ′) > 0 and henceα1 = α2 = 0. This proves that

∇EΩ [u,v] = 0

and hence(u, v) is a critical point ofEΩ [u,v] and satisfies (1.1). By Hopf boundary lemma, it is easy to show
u > 0 andv > 0, which completes the proof of Lemma 2.2.�

We need another characterization ofcε, which will be useful later.

Lemma 2.3.If −∞ < β < 0, then we have

cε = inf
u,v∈H1

0 (Ω),

u �≡0, v �≡0

sup
s,t>0

EΩ [√s u,
√

t v]. (2.36)

If 0< β < β0, then we have

cε � inf
u,v∈H1

0 (Ω),

u �≡0, v �≡0

sup
s,t>0

EΩ [√s u,
√

t v]. (2.37)

If 0< β < β0 and the functionEΩ [√s u,
√

t v] has a critical points0 > 0, t0 > 0, then we have

cε � EΩ [√s0 u,
√

t0 v]. (2.38)

Proof. Let us denote the right-hand side of (2.36) or (2.37) bymε. Firstly, by Lemma 2.1,cε is attained at(uε, vε) ∈
M(ε,Ω). By Claim 1 in Lemma 2.1,EΩ [√suε,

√
t vε] attains its maximum at(1,1). Hence

mε � cε = EΩ [uε, vε] = sup
s,t>0

EΩ [√suε,
√

tvε]. (2.39)

On the other hand, fixu,v ∈ H 1
0 (Ω),u � 0, v � 0, and let (s0, t0) be a critical point ofβ(s, t). Then

(
√

s0 u,
√

t0 v) ∈ M(ε,Ω),

cε � EΩ(
√

s0 u,
√

t0 v) � sup
s,t>0

EΩ [√s u,
√

t v]

and hencecε � mε.
Now we need to show thatβ(s, t) has a critical point, which is equivalent to show that the following system

a solution(s, t)

µ1s

∫
Ω

u4 + βt

∫
Ω

u2v2 = ε2
∫
Ω

|∇u|2 + λ1

∫
Ω

u2, (2.40)

βs

∫
Ω

u2v2 + µ2t

∫
Ω

v4 = ε2
∫
Ω

|∇v|2 + λ2

∫
Ω

v2. (2.41)

If 0 < β < β0, this is our assumption. Ifβ < 0, then by (2.39), we may assume that

0< supEΩ [√s u,
√

t v] < C. (2.42)

s,t>0
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ays

.

of
In this case, the matrix

Σ ′ =
(

µ1
∫
Ω

u4 β
∫
Ω

u2v2

β
∫
Ω

u2v2 µ2
∫
Ω

v4

)
must be nondegenerate. In fact, if det(Σ′) = 0, then

EΩ [√s u,
√

t v] = s

(
ε2

2

∫
Ω

|∇u|2 + λ1

2

∫
Ω

u2
)

+ t

(
ε2

2

∫
Ω

|∇v|2 + λ2

2

∫
Ω

v2
)

− 1

4

(
s

√√√√µ1

∫
Ω

u4 − t

√√√√µ2

∫
Ω

v4

)2

which implies that sups,t>0 EΩ [√s u,
√

t v] = +∞, contradicting to (2.42). Therefore (2.40) and (2.41) alw
have a solution, and we may complete the proof of Lemma 2.3.�

3. Some preliminaries: problems inR
N

In this section, we analyze some problems inR
N . Firstly, we considerwi , i = 1,2, which are solutions of (1.7)

By scaling,

wi(y) =
√

λi

µi

w(
√

λi y) (3.1)

wherew is the unique ground state solution of
�w − w + w3 = 0 in R

N,

w > 0 in R
N, w(0)= maxy∈RN w(y),

w(y) → 0 as|y| → ∞.

(3.2)

By Gidas–Ni–Nirenberg’s Theorem [13],w is radially symmetric and strictly decreasing. By a theorem
Kwong [20],w is unique. This then implies thatw is nondegenerate (see [27]), i.e.

Kernel(�− 1+ 3w2) = span

{
∂w

∂y1
, . . . ,

∂w

∂yN

}
. (3.3)

Moreover, we have the following asymptotic behavior

w(r) = ANr−(N−1)/2 e−r
(
1+ O

(1

r

))
, asr → +∞,

w′(r) = −ANr−(N−1)/2 e−r
(
1+ O

(1

r

))
asr → +∞

 (3.4)

for some generic constantAN > 0.
We denote the ground state energy ofw as

I [w] = 1

2

∫
RN

|∇w|2 + 1

2

∫
RN

w2 − 1

4

∫
RN

w4.

Then it is easy to see that

1

2

∫
|∇wi |2 + λi

2

∫
w2

i − µi

4

∫
w4

i = λ
(4−N)/2
i µ−1

i I [w]. (3.5)
RN RN RN
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ym-
For−∞ < β <
√

µ1µ2, we may define an energy functional given by

I [u,v] =
∫

RN

(
1

2
|∇u|2 + λ1

2
u2 − µ1

4
u4

)
+

∫
RN

(
1

2
|∇v|2 + λ2

2
v2 − µ2

4
v4

)
− β

2

∫
RN

u2v2 (3.6)

for u,v � 0 andu,v ∈ H 1(RN).
To study the first and the second integrals of (3.6), we let

Iλ,µ[u] =
∫

RN

(
1

2
|∇u|2 + λ

2
u2 − µ

4
u4

)

for u � 0 andu ∈ H 1(RN), whereλ andµ are any positive constants. Then we have

Lemma 3.1.infu∈N Iλ,µ[u] is attained only by
√

λ/µw(
√

λ |y|),
where

N =
{
u ∈ H 1(RN)

∣∣∣∣ ∫
RN

|∇u|2 + λ

∫
RN

u2 = µ

∫
RN

u4
}
.

Proof. It is easy to see that infu∈N Iλ,µ[u] is equivalent to

inf
u�0, u �≡0,

u∈H1(RN)

∫
RN |∇u|2 + λ

∫
RN u2

(
∫

RN u4)1/2
.

The rest follows from the standard argument.�
The next lemma is not so trivial.

Lemma 3.2.infu∈N ′ Iλ,µ[u] is also attained only by
√

λ/µw(
√

λy),
where

N ′ =
{
u ∈ H 1(RN)

∣∣∣∣ ∫
RN

|∇u|2 + λ

∫
RN

u2 � µ

∫
RN

u4
}
.

Proof. Let un be a minimizing sequence andu∗
n be its Schwartz symmetrization. Then by the property of s

metrization, we have∫
RN

|∇u∗
n|2 + λ

∫
RN

(u∗
n)

2 �
∫

RN

|∇un|2 + λ

∫
RN

u2
n,

µ

∫
RN

u4
n = µ

∫
RN

(u∗
n)

4,

which gives rise to

Iλ,µ[u∗
n] � Iλ,µ[un]. (3.7)

Hence, we may assume that eachun is radially symmetric and strictly decreasing. Sinceun ∈ H 1(RN), andun

is strictly decreasing, it is well-known thatu (r) � Cr−(N−1)/2. Sou → u (up to a subsequence) inL4(RN),
n n 0
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whereu0 also radially symmetric and decreasing. By Fatou’s Lemma,u0 ∈ N ′. Hence infu∈N ′ Iλ,µ[u] can be
attained byu0.

Suppose now that∫
RN

|∇u0|2 + λ

∫
RN

u2
0 < µ

∫
RN

u4
0. (3.8)

Thenu0 ∈ (N ′)0 – the interior ofN ′. By standard theory,u0 is a critical point ofIλ,µ[u], i.e.

∇Iλ,µ[u0] = 0. (3.9)

However,〈∇Iλ,µ[u0], u0
〉 = ∫

RN

|∇u0|2 + λ

∫
RN

u2
0 − µ

∫
RN

u4
0 = 0

which is a contradiction with (3.8). Henceu0 ∈ ∂N ′, i.e.∫
RN

|∇u0|2 + λ

∫
RN

u2
0 = µ

∫
RN

u4
0.

By Lemma 3.1,u0 = √
λ/µw(

√
λ|y|). �

Foru,v ∈ H 1(RN), we define

M1 =
{
(u, v) ∈ H 1(RN) × H 1(RN)

∣∣∣∣
∫

RN |∇u|2 + λ1
∫

RN u2 − β
∫

RN u2v2 = µ1
∫

RN u4∫
RN |∇v|2 + λ2

∫
RN v2 − β

∫
RN u2v2 = µ2

∫
RN v4

}
.

The following is the main theorem in this section.

Theorem 3.3.Consider the following problem

I0 := inf
u,v�0, (u,v)∈M1,

u �≡0, v �≡0

I [u,v]. (3.10)

(1) If 0 < β < β0 <
√

µ1µ2, thenI0 is attained. Let(U0,V0) be a minimizer ofI0, where(U0,V0) satisfies(1.4),
thenU0,V0 are radially symmetric and decreasing.

(2) If β < 0, thenI0 is never attained and

I0 = (
λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

)
I [w]. (3.11)

Proof. (1) Suppose 0< β < β0 <
√

µ1µ2. Let (un, vn) be a minimizing sequence ofI0 and(u∗
n, v

∗
n) be the corre-

sponding Schwartz symmetrization. By Theorem 3.4 of Lieb [23],∫
RN

u2
n(x)v2

n(x)dx �
∫

RN

(u∗
n)

2(v∗
n)2. (3.12)

Sinceβ > 0,

I [u∗
n, v

∗
n] � I [un, vn] (3.13)

and
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g,
r for

19) does

ng.
∫
RN

|∇u∗
n|2 + λ1

∫
RN

(u∗
n)

2 − β

∫
RN

(u∗
n)(v

∗
n)2 � µ1

∫
RN

(u∗
n)

4, (3.14)

∫
RN

|∇v∗
n|2 + λ2

∫
RN

(v∗
n)2 − β

∫
RN

(u∗
n)

2(v∗
n)2 � µ2

∫
RN

(v∗
n)4. (3.15)

Therefore

I0 = inf
(u,v)∈M1

I [u,v] � inf
(u,v)∈M∗

1

I [u,v] ≡ I1 (3.16)

where

M∗
1 =

{
(u, v) ∈ H 1(RN) × H 1(RN)

∣∣∣∣∣
u,v radially symmetric and decreasing∫

RN |∇u|2 + λ1
∫

RN u2 − β
∫

RN u2v2 � µ1
∫

RN u4∫
RN |∇v|2 + λ2

∫
RN v2 − β

∫
RN u2v2 � µ2

∫
RN v4

}
. (3.17)

Now we want to show thatI0 = I1, and we may studyI1 instead. Since(u, v) radially symmetric and decreasin
we have compactness inL4(RN). As for the proof of Lemma 2.1, we may prove that there exists a minimize
I1 called(u0, v0) which is radially symmetric and decreasing.

By similar arguments as in the Claim 1 of Lemma 2.1, we deduce that
∫

RN u4
0 � C1,

∫
RN v4

0 � C1, provided that
β < β0. This implies thatu0 �≡ 0, v0 �≡ 0.

As for the proof of Lemma 3.2, we must have either∫
RN

|∇u0|2 + λ1

∫
RN

u2
0 − β

∫
RN

u2
0v

2
0 = µ1

∫
RN

u4
0 (3.18)

or ∫
RN

|∇v0|2 + λ2

∫
RN

v2
0 − β

∫
RN

u2
0v

2
0 = µ2

∫
RN

v4
0. (3.19)

We claim that both (3.18) and (3.19) should hold. Suppose not. We may assume that (3.18) holds but (3.
not hold. So we have

∇I [u0, v0] + λ∇G1[u0, v0] = 0

for some Lagrange multiplierλ. We claim thatλ = 0. In fact,

λ
〈∇G1[u0, v0], u0

〉 = 0, i.e.

λ

(
2
∫

RN

|∇u0|2 + 2λ1

∫
RN

u2
0 − 2β

∫
RN

u2
0v

2
0 − 4µ1

∫
RN

u4
0

)
= λ

(
−2µ1

∫
RN

u4
0

)
= 0

and henceλ = 0. Here we have used the fact thatu0 �≡ 0. This shows that(u0, v0) ∈ M1. HenceI0 = I1 can be
achieved by a radially symmetric pair(u0, v0). As for Lemma 2.1 and 2.2, using the fact that 0< β <

√
µ1µ2, we

may prove that(u0, v0) must satisfy (1.4).
On the other hand, any minimizer ofI0, called(U0,V0), must satisfy

�U0 − λ1U0 + µ1U
3
0 + βU0V

2
0 = 0 in R

N,

�V0 − λ2V0 + µ2V
3
0 + βU2

0V0 = 0 in R
N,

U0,V0 > 0, U0,V0 ∈ H 1(RN).

(3.20)

As β > 0, by the moving plane method (see [30]),(U0,V0) must be radially symmetric and strictly decreasi
This finishes (1) of Theorem 3.3.
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(2) Let β < 0. By choosingu = √
s
√

λ1/µ1 w(
√

λ1(y − Re1)), v = √
t
√

λ2/µ2 w(
√

λ2 (y + Re1)), where
R � 1,

e1 =


1
0
...

0

 ,

we compute the maximum of

β(s, t) = I [u,v].
By choosingR large enough, we see that∫

RN

w2(√λ1 (y − Re1)
)
w2(√λ2 (y + Re1)

) → 0 asR → +∞

and hence

lim
R→+∞ maxβ(s, t) �

(
λ

(4−N)/2
1 µ−1

1 I [w] + λ
(4−N)/2
2 µ−1

2 I [w]).
So

I0 �
(
λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

)
I [w].

Next we claim that

I0 �
(
λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

)
I [w].

In fact, let(u, v) ∈ M1 andβ < 0, then

I [u,v] � 1

2

∫
RN

|∇u|2 + λ1

2

∫
RN

u2 − µ1

4

∫
RN

u4 + 1

2

∫
RN

|∇v|2 + λ2

2

∫
RN

v2 − µ2

4

∫
RN

v4 (3.21)

and ∫
RN

|∇u|2 + λ1

∫
RN

u2 � µ1

∫
RN

u4,

∫
RN

|∇v|2 + λ2

∫
RN

v2 � µ2

∫
RN

v4.

Hence

inf
(u,v)∈M1

I [u,v] � inf
(u,v)∈M2

[
1

2

∫
RN

|∇u|2 + λ1

2

∫
RN

u2 − µ1

4

∫
RN

u4

+ 1

2

∫
RN

|∇v|2 + λ2

2

∫
RN

v2 − µ2

4

∫
RN

v4
]

(3.22)

where

M2 =
{
(u, v) ∈ H 1(RN) × H 1(RN)

∣∣∣∣
∫

RN |∇u|2 + λ1
∫

RN u2 � µ1
∫

RN u4∫
2

∫
2

∫
4

}
.

RN |∇v| + λ2 RN v � µ2 RN v
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e sys-

m,
By Lemma 3.2, the right-hand side of (3.22)

�
(
λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

)
I [w]. (3.23)

This proves thatI0 = (λ
(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2 )I [w].
Finally we prove thatI0 is never attained. In fact, supposeI0 is attained by some(u0, v0). Then(u0, v0) ∈ M1.

By Maximum principle,u0, v0 > 0. Then by Lemma 3.2 again

I0 = I [u0, v0] >
1

2

∫
RN

|∇u0|2 + λ1

2

∫
RN

u2
0 − µ1

4

∫
RN

u4
0 + 1

2

∫
RN

|∇v0|2 + λ2

2

∫
RN

v2
0 − µ2

4

∫
RN

v4
0

�
(
λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

)
I [w]

which is a contradiction! This completes the proof of (2) of Theorem 3.1.�
Next theorem concerns a problem on the half-space

R
N+ = {

(y1, . . . , yN) ∈ R
N | yN > 0

}
. (3.24)

Consider
�u − λ1u + µ1u

3 + β uv2 = 0 in R
N+ ,

�v − λ2v + µ2v
3 + βu2v = 0 in R

N+ ,

u, v � 0 in R
N+ , u, v → 0 at + ∞,

u = v = 0 on∂R
N+ .

(3.25)

Theorem 3.4.Problem(3.25)has no solution unlessu ≡ 0, v ≡ 0.

Proof. For single equation, similar theorem has been proved in [11]. Now we follow the same idea for th
tem (3.25). First, by Hopf Boundary Lemma

∂u

∂yN

< 0,
∂v

∂yN

< 0 on∂R
N+ . (3.26)

Multiplying the u-equation by∂u/∂yN , thev-equation by∂v/∂yN , adding them together, and integrating the
we obtain

0=
∫

RN

(�u)
∂u

∂yN

+
∫

RN

(�v)
∂v

∂yN

= −1

2

∫
RN

[(
∂u

∂yN

)2

+
(

∂v

∂yN

)2]

which contradicts to (3.26). �
Finally, we compute some interaction integrals which will be useful later.

Lemma 3.5.Assume thatλ1 � λ2 and |P − Q|/ε � 1. Then we have

(1) w

(√
λ1

|x − P |
ε

)
w2

(√
λ2

|x − Q|
ε

)
= w

(√
λ1

|P − Q|
ε

)(
1+ o(1)

)
w2

(√
λ2

|x − Q|
ε

)
· e−√

λ1〈 Q−P
|Q−P | ,

x−Q
ε

〉
.
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a ball
(2) If λ1 < λ2, then∫
RN

w2
(√

λ1
|x − P |

ε

)
w2

(√
λ2

|x − Q|
ε

)
dx

= w2
(√

λ1
|P − Q|

ε

)
εN

(
1+ o(1)

) ∫
RN

w2(
√

λ2 y)e−2
√

λ1〈 Q−P
|Q−P | ,y〉 dy. (3.27)

(3) If λ1 = λ2, then we have

w2(1+σ/4)

(√
λ1

|P − Q|
ε

)
� ε−N

∫
RN

w2
(√

λ1
|x − P |

ε

)
w2

(√
λ2

|x − Q|
ε

)
dx

� w2(1−σ/4)

(√
λ1

|P − Q|
ε

)
. (3.28)

Proof. (1) Letx = Q + εy. Sinceλ1 � λ2, using asymptotic expansion (3.4) ofw, we then have

w

(√
λ1

|x − P |
ε

)
= w

(√
λ1

|Q − P + εy|
ε

)
= (

1+ o(1)
)
w

(√
λ1

|Q − P |
ε

)
e−√

λ1〈 Q−P
|Q−P | ,y〉

. (3.29)

(2) If λ1 < λ2, then similar to (3.29), we have

w2
(√

λ1
|x − P |

ε

)
= (

1+ o(1)
)
w2

(√
λ1

|Q − P |
ε

)
e−2

√
λ1 〈 Q−P

|Q−P | ,
x−Q

ε
〉
. (3.30)

By Lebesgue’s Dominated Convergence Theorem (using the fact thatλ1 < λ2), we have∫
RN

w2
(√

λ1
|x − P |

ε

)
w2

(√
λ2

|x − Q|
ε

)
dx

= (
1+ o(1)

)
w2

(√
λ1

|P − Q|
ε

)
εN

∫
RN

w2(
√

λ2 y)e−2
√

λ1 〈 Q−P
|Q−P | ,y〉 dy.

(3) Forλ1 = λ2, the proof is similar. �
Remark 3.1.If λ1 = λ2, N = 1, then∫

R1

w2
(√

λ1

(
y − P

ε

))
w2

(√
λ2

(
y − Q

ε

))
dy = 2

+∞∫
0

(
1

cosh(2
√

λ1 y) + cosh(2
√

λ1 |P − Q|/ε)
)

dy.

4. Upper bound for cε whenβ > 0

In this section, we study the asymptotic behavior of the least energy solution for the following problem in
�u − λ1u + µ1u

3 + βuv2 = 0 in BR,

�v − λ2v + µ2v
3 + βu2v = 0 in BR,

u, v > 0 in BR,
(4.1)
u = v = 0 on∂BR,
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t
whereβ > 0, and give an upper bound forcε whenβ > 0. Hereafter,BR is the ball of radiusR with the center a
origin.

The following is the main theorem in this section.

Theorem 4.1.Let 0< β < β0 <
√

µ1µ2 and consider the following problem

IR := inf
(u,v)∈MR

IR[u,v] (4.2)

where

IR[u,v] = 1

2

∫
BR

|∇u|2 + λ1

2

∫
BR

u2 − µ1

4

∫
BR

u4 + 1

2

∫
BR

|∇v|2 + λ2

2

∫
BR

v2 − µ2

4

∫
BR

v4 − β

2

∫
BR

u2v2,

for u,v ∈ H 1
0 (BR),

and

MR =
{
(u, v) ∈ (

H 1
0 (BR)

)2
∣∣∣∣
∫
BR

|∇u|2 + λ1
∫
BR

u2 − β
∫
BR

u2v2 = µ1
∫
BR

u4∫
BR

|∇v|2 + λ2
∫
BR

v2 − β
∫
BR

u2v2 = µ2
∫
BR

v4

}
.

Then forR sufficiently large,IR is attained and the minimizer, called(UR,VR), is radially symmetric and strictly
decreasing and is the least energy solution to(4.1). Moreover asR → +∞, we have

IR � I0 + c1 exp
[−2(1− σ)

√
λ1 R

] + c2 exp
[−2(1− σ)

√
λ2 R

]
, (4.3)

IR � I0 + c3 exp
[−2(1+ σ)

√
λ1 R

] + c4 exp
[−2(1+ σ)

√
λ2 R

]
, (4.4)

whereI0 = I [U0,V0] which is given in Theorem3.3, andc1, c2, c3, c4 > 0 are constants.

Proof. The first part of the statement follows from the same proof in Theorem 3.3 (1). Let(UR,VR) satisfy
�UR − λ1UR + µ1U

3
R + βURV 2

R = 0 in BR,

�VR − λ2VR + µ2V
3
R + βU2

RVR = 0 in BR,

UR = UR(r), VR = VR(r), UR > 0, VR > 0 in BR,

UR(R) = VR(R) = 0.

Then by standard estimates, we have

UR(r) �
(
A0 + o(1)

)
e−(

√
λ1−σ)r , VR(r) �

(
B0 + o(1)

)
e−(

√
λ2−σ)r (4.5)

for σ small, whereA0,B0 are two positive constants.
By comparison principle, one sees that asR → +∞

UR(R − 1),−U ′
R(R − 1)∼ A0R

−(N−1)/2 e−√
λ1(R−1), (4.6)

VR(R − 1),−V ′
R(R − 1)∼ B0R

−(N−1)/2 e−√
λ2(R−1). (4.7)

To obtain an upper bound forIR , we use the variational characterization ofIR . To this end, we take(U0,V0)-
ground-state solution constructed in Theorem 3.3 and a cut-off function

η(y) =
{

1, |y| < R − 1,

0, |y| > R.

Then it is easy to see that forR large the functionIR[√s U0η,
√

t V0η] has a local maximumsR = 1+ o(1) >

0, t = 1+ o(1) > 0. By same argument as in Lemma 2.3, we can compute
R
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IR � IR[√sR U0η,
√

tR V0η] � I [U0,V0] + c1 e−2
√

λ1(1−σ)R + c2 e−2
√

λ2(1−σ)R (4.8)

for some positive constantsc1, c2. Here we have used the fact that∫
RN

∣∣∇(U0η)
∣∣2 + λ1

∫
RN

(U0η)2 �
∫

RN

|∇U0|2 + λ1

∫
RN

U2
0 + c1 e−2

√
λ1(1−σ)R,

∫
RN

∣∣∇(V0η)
∣∣2 + λ2

∫
RN

(V0η)2 �
∫

RN

|∇V0|2 + λ2

∫
RN

V 2
0 + c2 e−2

√
λ2(1−σ)R.

This proves (4.3).
As for the lower bound (4.4), we extendUR,VR to wholeR

N by the following way: letVi,R, i = 1,2 satisfy{
�V1,R − λ1V1,R = 0 in R

N \ BR−1,

V1,R(R − 1)= UR(R − 1), V1,R → 0 at∞,
(4.9)

{
�V2,R − λ2V2,R = 0 in R

N \ BR−1,

V2,R(R − 1)= VR(R − 1), V2,R → 0 at∞.
(4.10)

Let

�UR =
{

UR(r), r � R − 1,

V1,R(r), r � R − 1,
�VR =

{
VR(r), r � R − 1,

V2,R(r), r � R − 1.
(4.11)

Then we have, for alls, t > 0 that

I [√s �UR,
√

t �VR] = s

[
1

2

∫
RN

|∇�UR|2 + λ1

2

∫
RN

�U 2
R − µ1s

4

∫
RN

�U4
R

]

+ t

[
1

2

∫
RN

|∇�VR|2 + λ1

2

∫
RN

�V 2
R − µ2t

4

∫
RN

�V 4
R

]
− β

2
st

∫
RN

�U 2
R

�V 2
R

� IR[√s UR,
√

t VR] + s

2

∫
RN\BR−1

(|∇V1,R|2 + λ1|V1,R|2)
+ t

2

∫
RN\BR−1

(|∇V2,R|2 + λ2|V2,R|2) − s

2

∫
BR\BR−1

[|∇UR|2 + e1U
2
R

]
− t

2

∫
BR\BR−1

[|∇VR|2 + e2V
2
R

] − β

2
st

∫
BR\BR−1

[V 2
1,RV 2

2,R] + β

2
st

∫
BR\BR−1

[U2
RV 2

R] (4.12)

wheree1 = λ1 − µ1s
2 U2

R , e2 = λ2 − µ2t
2 V 2

R .
Let Z1,R be such that{

�Z1,R − λ1Z1,R = 0, R − 1< r < R,

Z1,R(R − 1)= UR(R − 1), Z1,R(R) = 0.

By a standard argument on elliptic partial differential equations, it is easy to check that∫
|∇Z1,R|2 + λ1Z

2
1,R �

∫ [|∇UR|2 + λ1U
2
R

]
.

BR\BR−1 BR\BR−1
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Moreover, by (4.6), we may obtain∫
BR\BR−1

|∇Z1,R|2 + λ1Z
2
1,R �

[ ∫
BR\BR−1

(|∇UR|2 + e1U
2
R

)] + o(1) s U2
R(R − 1).

In addition,

s

2

[ ∫
RN\BR−1

(|∇V1,R|2 + λ1|V1,R|2) −
∫

BR\BR−1

(|∇Z1,R|2 + λ1|Z1,R|2)]

= s

2

[ ∫
∂BR−1

(Z1,RZ′
1,R − V1,RV ′

1,R)

]

= s

2
UR(R − 1)

(
Z′

1,R(R − 1)− V ′
1,R(R − 1)

)
(R − 1)N−1|SN−1|

� − s

2
U2

R(R − 1)α1 for someα1 > 0

where|SN−1| is the area of the unit-sphere inRN .
Hence

s

2

[ ∫
RN\BR−1

(|∇V1,R|2 + λ1|V1,R|2) −
∫

BR\BR−1

(|∇UR|2 + e1U
2
R

)]
� − s

2
U2

R(R − 1)α0

for someα0 > 0. (4.13)

Similarly

t

2

[ ∫
RN\BR−1

(|∇V2,R|2 + λ2|V2,R|2) −
∫

BR\BR−1

(|∇VR|2 + e2V
2
R

)]
� − t

2
V 2

R(R − 1)β0

for someβ0 > 0. (4.14)

On the other hand,UR � V1,R , VR � V2,R , hence

β

2
st

[ ∫
BR\BR−1

(U2
RV 2

R − V 2
1,RV 2

2,R)

]
� 0.

Therefore combing (4.12)–(4.14), we obtain

I [√s �UR;√t �VR] � IR[√s UR,
√

t VR] − s

2
U2

R(R − 1)α0 − t

2
V 2

R(R − 1)β0.

Now we takesR, tR such that

I0 � sup
s,t>0

I [√s �UR,
√

t �VR] = I [√sR �UR,
√

tR �VR]

� IR[√sR UR,
√

tR VR] − c3 e−2
√

λ1(1+σ)R − c4 e−2
√

λ2(1+σ)R

� sup
s,t>0

IR[√s UR,
√

t VR] − c3 e−2
√

λ1(1+σ)R − c4 e−2
√

λ2(1+σ)R

� IR − c3 e−2
√

λ1(1+σ)R − c4 e−2
√

λ2(1+σ)R

which gives a lower bound onI . Here we have used Eqs. (4.6) and (4.7).�
R
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g

g

Finally we consider the attractive caseβ > 0 in a general domain.

Lemma 4.2.For β > 0 (attractive case), we have

cε � εN
{
I0 + c1 e−2

√
λ1(1−σ)Rε + c2 e−2

√
λ2(1−σ)Rε

}
(4.15)

whereI0 is given in(3.11)andRε = 1
ε

maxP∈Ω d(P, ∂Ω).

Proof. Choosing a pointP0 ∈ Ω such thatd(P0, ∂Ω) = d0 = maxP∈Ω d(P, ∂Ω), and lettingRε = d0/ε, we see
that Lemma (4.2) follows directly from Theorem 4.1 sinceH 1

0 (BεRε (P0)) ⊂ H 1
0 (Ω). �

5. Upper bounds forcε whenβ < 0

In this section, we compute some upper bounds forcε, using Lemma 2.3, whenβ < 0 (repulsive).
Let wi be the unique solution of (1.7). FixP ∈ Ω . We definewi,ε,P to be the unique solution of the followin

problem{
ε2�wi,ε,P − λiwi,ε,P + µiw

3
i

(x − P

ε

)
= 0 in Ω,

wi,ε,P = 0 on∂Ω.
(5.1)

Let

wi,ε,P = wi

(
x − P

ε

)
− ϕi,ε,P , Ωε,P = {y | εy + P ∈ Ω}. (5.2)

The study ofwi,ε,P is contained in Section 4 of [28]. There it is assumed thatλi = µi = 1. But an easy scalin
argument gives the following lemma.

Lemma 5.1.

(1) − ε logϕi,ε,P (P ) → 2
√

λid(P, ∂Ω) asε → 0. (5.3)
(2) Let Vε,i(y) = ϕi,ε,P (P + εy)/ϕi,ε,P (P ). Then asε → 0 (up to a subsequence), Vε,i(y) → Vi(y), whereVi(y)

is a solution of{
�Vi − λiVi = 0 in R

N,

Vi(0)= 1,Vi > 0 in R
N.

(5.4)

(3) sup
y∈Ωε,P

∣∣e−√
λi(1+σ)|y|Vε,i(y)

∣∣ � C for any0< σ < 1. (5.5)

Lemma 5.2.

(1)
1

2
ε2

∫
Ω

|∇wi,ε,P |2 + λi

2

∫
Ω

w2
i,ε,P − µi

4

∫
Ω

w4
i,ε,P

= εN
[
λ

(4−N)/2
i µ−1

i I [w] + (
ai + o(1)

)
ϕi,ε,P (P )

]
(5.6)

for someai > 0, i = 1,2.

(2)
∫
Ω

w2
1,ε,P w2

2,ε,Q = εN

[ ∫
RN

w2
1

(
y − P

ε

)
w2

2

(
y − Q

ε

)](
1+ o(1)

)
. (5.7)
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Proof. (1) follows from the computations given in [28]. For (2) we note that∫
Ω

w2
1,ε,P w2

2,ε,Q �
∫
Ω

w2
1

(
x − P

ε

)
w2

2

(
x − Q

ε

)

= εN

[ ∫
RN

w2
1

(
y − P

ε

)
w2

2

(
y − Q

ε

)](
1+ o(1)

)
. (5.8)

To obtain the other side of the inequality, we note that

w1,ε,P �
(
1+ o(1)

)
w1

(
x − P

ε

)
, x ∈ BεR(P ) ∪ BεR(Q),

w2,ε,Q �
(
1+ o(1)

)
w2

(
x − Q

ε

)
, x ∈ BεR(P ) ∪ BεR(Q).

Hence∫
Ω

w2
1,ε,P w2

2,ε,Q �
(
1+ o(1)

) ∫
BεR(P )∪BεR(Q)

w2
1

(
x − P

ε

)
w2

2

(
x − Q

ε

)

�
(
1+ o(1)

)
εN

∫
RN

w2
1

(
y − P

ε

)
w2

2

(
y − Q

ε

)
dy. (5.9)

Combining (5.8) and (5.9), we obtain (5.7).�
Let us denote

Iε(P,Q) =
∫

RN

w2
1

(
y − P

ε

)
w2

2

(
y − Q

ε

)
dy, (5.10)

δε(P,Q) = ϕ1,ε,P (P ) + ϕ2,ε,Q(Q) + Iε(P,Q). (5.11)

By Lemmas 5.1 and 3.5, we can easily arrive at the following estimate.

Lemma 5.3.Supposed(P, ∂Ω)/ε � 1, d(Q,∂Ω)/ε � 1, |P − Q|/ε � 1. Then we have

exp

[
−21+σ ϕ1+σ (P,Q)

ε

]
� δε(P,Q) � exp

[
−21−σ ϕ1−σ (P,Q)

ε

]
. (5.12)

Set

β(s, t) = EΩ [√s w1,ε,P ,
√

t w2,ε,Q]
and(sε, tε) be such that∂β

∂s
(sε, tε) = ∂β

∂t
(sε, tε) = 0. Then we have

ε2
∫
Ω

|∇w1,ε,P |2 + λ1

∫
Ω

w2
1,ε,P = µ1sε

∫
Ω

w4
1,ε,P + βtε

∫
Ω

w2
1,ε,P w2

2,ε,Q,

ε2
∫
Ω

|∇w2,ε,Q|2 + λ2

∫
Ω

w2
2,ε,Q = µ2tε

∫
Ω

w4
2,ε,Q + βsε

∫
Ω

w2
1,ε,P w2

2,ε,Q.

Note that(s , t ) is unique. Similar to the proof of Lemma 5.3 of [28], we obtain that theorem
ε ε
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sε = 1+ O
(
δε(P,Q)

)
, (5.13)

tε = 1+ O
(
δε(P,Q)

)
. (5.14)

We are now ready to compute

EΩ [√sε w1,ε,P ,
√

tε w2,ε,Q]
= sε

2

[
ε2

∫
Ω

|∇w1,ε,P |2 + λ1

∫
Ω

w2
1,ε,P

]
− s2

ε

4
µ1

∫
Ω

w4
1,ε,P

+ tε

2

[
ε2

∫
Ω

|∇w2,ε,Q|2 + λ2

∫
Ω

w2
2,ε,Q

]
− t2

ε

4
µ2

∫
Ω

w2
2,ε,Q − β

2
sεtε

∫
Ω

w2
1,ε,P w2

w,ε,Q

= EΩ [w1,ε,P ,w2,ε,Q] + ∂EΩ

∂s
[√s w1,ε,P ,

√
t w2,ε,Q]

∣∣∣∣{s=t=1}
(sε − 1)

+ ∂EΩ

∂t
[√s w1,ε,P ,

√
t w2,ε,Q]

∣∣∣∣{s=t=1}
(tε − 1)+ O

(
εNδ2

ε (P,Q)
)

= εN

[
2∑

i=1

λ
(4−N)/2
i µ−1

i I [w] + (
a1 + o(1)

)
ϕ1,ε,P (P ) + (

a2 + o(1)
)
ϕ2,ε,Q(Q)

− (
1+ o(1)

)β

2
Iε(P,Q)

]
. (5.15)

Therefore we have

Lemma 5.4.For β < 0 (repulsive case), we have

cε = inf
u,v�0, u,v �≡0,
(u,v)∈M(ε,Ω)

EΩ [u,v]

� εN
[
λ

(4−N)/2
1 µ−1

1 I [w] + λ
(4−N)/2
2 µ−1

2 I [w] + (
a1 + o(1)

)
ϕ1,ε,P (P )

+ (
a2 + o(1)

)
ϕ2,ε,Q(Q) + (

a3 + o(1)
)
Iε(P,Q)

]
(5.16)

wherea1, a2, a3 are three positive constants.(In fact,a3 = −β
2 .)

6. Asymptotic behavior of least-energy solution: a first estimate

In this section, we study the asymptotic behavior of(uε, vε) – the least energy solution ofEΩ . Our main result
of this section is the following.

Theorem 6.1.For ε sufficiently small,uε has only one local maximum pointPε andvε has only one local maximum
pointQε. Furthermore

(1) if β < 0 (repulsive case), then we have

d(Pε, ∂Ω)

ε
→ +∞,

d(Qε, ∂Ω)

ε
→ +∞,

|Pε − Qε|
ε

→ +∞, (6.1)

and letU (y) := u (P + εy), V (z) := v (Q + εz), then
ε ε ε ε ε ε
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Uε → w1(y), Vε(z) → w2(z), (6.2)

ε|∇uε|, uε(x) � C e−(1−σ)
√

λ1|x−Pε |/ε, (6.3)

ε|∇vε|, vε(x) � C e−(1−σ)
√

λ2|x−Qε |/ε. (6.4)

(2) if 0< β <
√

µ1µ2 (attractive case), then we have

d(Pε, ∂Ω)

ε
→ +∞,

d(Qε, ∂Ω)

ε
→ +∞,

|Pε − Qε|
ε

→ 0, (6.5)

and letUε(y) := uε(Pε + εy), Vε(y) := (Qε + εy), then(Uε,Vε) → (U0,V0) where(U0,V0) is a least-energy
solution of (1.4), and(6.3),(6.4)hold foruε, vε respectively.

The proof of Theorem 6.1 is divided into two cases:β < 0 andβ > 0. Let us first considerβ < 0 (repulsive
case). We proceed with a few claims

Claim 1 (assumingβ < 0).

d(Pε, ∂Ω)

ε
→ +∞,

d(Qε, ∂Ω)

ε
→ +∞.

Proof. Suppose not. Without loss of generality, we may assume thatd(Pε, ∂Ω)/ε � C and thatd(Pε, ∂Ω) =
|Pε − �Pε|, �Pε ∈ ∂Ω . Further, we can assume that�Pε = 0 and that the normal derivative at�Pε is pointing at thexN -
direction. Now letUε(y) := uε(�Pε + εy), Vε(y) := vε(�Pε + εy). Then asε → 0, (Uε,Vε) → (U,V ) in C1

loc(R
N+),

where(U,V ) a solution of
�U − λ1U + µ1U

3 + βUV 2 = 0 in R
N+ ,

�V − λ2V + µ2V
3 + βU2V = 0 in R

N+ ,

U,V ∈ H 1(RN), U = V = 0 on∂R
N+ ,U,V � 0.

(6.6)

By Theorem 3.4,U,V ≡ 0.
We show that this leads to a contraction. In fact, assuming thatd(Pε, ∂Ω)/ε → η0 � 0, then sincey0 =

(0, . . . ,0, η0)
T is a local maximum point forUε andUε,Vε → 0 in C1

loc(R
N+), we have that aty = y0

(−λ1 + µ1U
2
ε + βV 2

ε )Uε � 0 (6.7)

which implies that eitherUε(y0) = 0 or Uε(y0) � 1
2

√
λ1/µ1. So Uε(y0) � 1

2

√
λ1/µ1 and henceU(y0) �

1
2

√
λ1/µ1. A contraction toU ≡ 0. �

Remark 6.1.Claim 1 also works forβ > 0 case.

Next we claim that

Claim 2 (assumingβ < 0).

|Pε − Qε|
ε

→ +∞.

Proof. Suppose not. Let us assume that|Pε − Qε|/ε � C and letUε(y) = uε(Pε + εy),Vε = vε(Qε + εy). Then
asε → 0, (Uε,Vε) → (U0,V0) which satisfies

�U0 − λ1U0 + µ1U
3
0 + βU0V

2
0 = 0 in R

N,

�V0 − λ2V0 + µ2V
3
0 + βU2

0V0 = 0 in R
N,

1 N

(6.8)
U0,V0 > 0, U0,V0 ∈ H (R ).
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id-

te)
By Theorem 3.3,

I [U0,V0] > I0 =
[
λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

]
I [w].

On the other hand

lim
ε→0

ε−NEε[uε, vε] � I [U0,V0] > [λ(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2 ]I [w]
which contradicts to the upper bound ofE[uε, vε] in (5.16). �
Claim 3 (assumingβ < 0).

Uε(y) = uε(Pε + εy) → w1(y) asε → 0,

Vε(z) = vε(Qε + εz) → w2(z) asε → 0.

Proof. By Claim 2, |Pε − Qε|/ε → +∞. Let Uε(y) = uε(Pε + εy), Ṽε(y) = vε(Pε + εy). Then (Uε, Ṽε) →
(U0, Ṽ0) andṼ0 ≡ 0. HenceU0 satisfies{

�U0 − λ1U0 + µ1U
3
0 = 0 in R

N,

U0 > 0, U0 ∈ H 1(RN).

By the uniqueness ofw1, we see thatU0 ≡ w1(y). Similarly,Vε(z) = vε(Qε + εz) → w2(z) asε → 0. �
Claim 4 (assumingβ < 0). For ε sufficiently small,Pε,Qε are unique, i.e.uε has a unique(local) maximum point
Pε, andvε has a unique(local) maximum pointQε.

Proof. Suppose not. Supposeuε has two local maximum pointsPε,1,Pε,2. Then there are two cases to be cons
ered as follows:

Case 4.1: Suppose|Pε,1 − Pε,2|/ε � C. This can be excluded by the fact thatw1 has a unique (nondegenera
maximum point, similar to Section 3 of [28].

Case 4.2: Suppose|Pε,1 − Pε,2|/ε → +∞. In this case, we will have

lim
ε→0

ε−N

[
ε2

2

∫
Ω

|∇uε|2 + λ1

2

∫
Ω

u2
ε − µ1

4

∫
Ω

u4
ε

]
� 2λ

(4−N)/2
1 µ−1

1 I [w]

and

lim
ε→0

ε−NE[uε, vε] �
(
2λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

)
I [w]

which contradicts to the upper bound of (5.6).
Similarly, vε can only have one local maximum point.�

Claim 5 (assumingβ < 0).

uε(x)vε(x) → 0 uniformly inΩ.

Proof. This follows from Claims 3 and 4. In fact, since

Uε(y) := uε(Pε + εy) → w1(y),

Vε(z) := vε(Qε + εz) → w2(z),

|Pε − Qε| → +∞,

ε
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f

we haveuε(x)vε(x) → 0 in BεR(Pε) ∪ BεR(Qε). OutsideBεR(Pε) ∪ BεR(Qε), we haveuε(x)vε(x) uniformly
small. �
Claim 6 (assumingβ < 0). (6.3)and (6.4)hold.

Proof. In fact, the equation foruε becomes

ε2�uε − λ1uε + (µ1u
2
ε + βv2

ε )uε = 0.

OutsideBεR(Pε), uε(x) <
√

λ1 · σ/2/8
√

µ1. So outsideBεR(Pε), we have

ε2�uε − λ1uε = (−βv2
ε − µ1u

2
ε)uε � −λ1

σ

2
uε.

Hence

uε(x) � C e−
√

λ1(1−σ/2)

ε
|x−Pε |.

By Harnack inequality,

ε|∇uε| � Cuε(x) � C e(−√
λ1(1−σ))/ε|x−Pε |. �

It remains to considerβ > 0 (attractive) case. Claim 1 still works. So we haved(Pε, ∂Ω)/ε, d(Qε, ∂Ω)/ε →
+∞. Next we claim

Claim 7. Supposeβ > 0. Then|Pε − Qε|/ε → 0.

Proof. We first prove that|Pε − Qε|/ε � C. Suppose not. That is|Pε − Qε|/ε → +∞. Then as in the proof o
Claim 3, we setUε(y) = uε(Pε + εy), Vε(y) = vε(Pε + εy). Then(Uε,Vε) → (U0,V0) which solves (6.8) with
U0 > 0, V0 � 0. Similarly, we scale atQε , and set�Uε(z) = uε(Qε + εz), �Vε(z) = vε(Qε + εz). Then(�Uε, �Vε) →
(�U0, �V0).

If V0 ≡ �U0 ≡ 0, then we obtain

EΩ [uε, vε] = ε2

2

∫
Ω

|∇uε|2 + λ1

2

∫
Ω

u2
ε − µ1

4

∫
Ω

u4
ε − β

2

∫
Ω

u2
εv

2
ε + ε2

2

∫
Ω

|∇vε|2 + λ2

2

∫
Ω

v2
ε − µ2

4

∫
Ω

v4
ε

= µ1

4

∫
Ω

u4
ε + µ2

4

∫
Ω

v4
ε + β

2

∫
Ω

u2
εv

2
ε � µ1

4

∫
Ω

u4
ε + µ2

4

∫
Ω

v4
ε

� εN
([

λ
(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2

]
I [w] + o(1)

)
.

We may assume thatV0 �≡ 0. Then we have

lim
ε→0

ε−NEΩ [uε, vε] � inf
U,V �0, U,V �≡0,

(U,V )∈M1

I [U,V ] = I [U0,V0].

Here we have used the fact that 0< β <
√

µ1µ2. On the other hand, the upper bound in Lemma 4.2 gives

lim
ε→0

ε−NEΩ [uε, vε] � inf
U,V �0, U,V �≡0,

(U,V )∈M1

I [U,V ] = I [U0,V0].

So(Uε,Vε) → (U0,V0) which is a ground-state solution. SinceU0,V0 attains its maximum at zero, we see thatvε

must also attain a local maximum nearPε. This contradicts|Pε − Qε|/ε → +∞. In fact, |Pε − Qε|/ε → 0. �
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Claim 8 (assumingβ > 0). Pε,Qε are unique.

Proof. We first claim that

�U0(0) < 0, �V0(0) < 0. (6.9)

Suppose not , we may assume that�U0(0) = 0. Let ϕ(r) = U0(r) − U0(0), ψ(r) = V0(r) − V0(0). Then we
compute

�ϕ = �U0(r) = λ1
(
U0(0)+ ϕ

) − µ1
(
U0(0)+ ϕ

)3 − β
(
U0(0)+ ϕ

)(
V0(0)+ ψ

)2
,

�ϕ + [−λ1 + 3µ1
(
U2

0 (0)+ U0(0)ϕ
) + β

(
V0(0)+ ψ

)2]
ϕ + βU0(0)

(
2V0(0)+ ψ

)
ψ + µ1ϕ

3

= λ1U0(0)− µ1U
3
0 (0)− βU0(0)V2

0 (0)= �U0(0)= 0.

Sinceβ > 0, ϕ � 0,ψ � 0, we have

�ϕ + C(r)ϕ � −βU0(0)
(
2V0(0)+ ψ

)
ψ � 0,

whereC(r) � 0. By the strong maximum principle, eitherϕ ≡ 0 orϕ < 0, which is impossible. Hence�U0(0) < 0
which yields thatNU ′′

0 (0)= �U0(0) < 0.
Suppose nowuε has two maximum pointsPε,1,Pε,2. Then|Pε,1 − Pε,2|/ε → 0. SinceUε → U0 in C2

loc, and
U ′′

0 (0) < 0, it is easy to see thatPε,1 = Pε,2. �
Claim 9 (assumingβ > 0).

ε|∇uε|, |uε| � C e−√
λ1(1−σ)|x−Pε |/ε,

ε|∇vε|, |vε| � C e−√
λ2(1−σ)|x−Qε |/ε.

Proof. Sinceuε, vε are uniformly small outsideBεR(Pε) ∪ BεR(Qε), we see thatuε satisfies

ε2�uε − λ1uε � −λ1
σ

2
uε onΩ \ [

BεR(Pε) ∪ BεR(Qε)
]
.

Then Claim 8 follows from standard maximum principle and Harnack inequality.�

7. Lower bound for cε in the case ofβ < 0 (repulsive case)

In this section, we establish the following lower bound forcε in the case ofβ < 0.

Theorem 7.1.Assume thatβ < 0 (repulsive case). Then we have

cε � εN
[
(λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2 )I [w] + (
a4 + o(1)

)
ϕ1,ε,Pε (Pε)

+ (
a5 + o(1)

)
ϕ2,ε,Qε (Qε) + (

a6 + o(1)
)
I1+σ
ε (Pε,Qε)

]
(7.1)

wherePε,Qε are the two(unique)maximum points ofuε, vε respectively, anda4, a5, a6 are three positive con
stants, andσ ∈ (0, 1

100) is any fixed constant.

Assuming Theorem 7.1, we can finish the proof of (3) Theorem 1.1.
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to

s

Completion of the proof of (3) of Theorem 1.1.Comparing the upper and lower bound ofcε, we obtain(
a4 + o(1)

)
ϕ1,ε,Pε (Pε) + (

a5 + o(1)
)
ϕ2,ε,Qε (Qε) + (

a6 + o(1)
)
I1+σ
ε (Pε,Qε)

�
(
a1 + o(1)

)
ϕ1,ε,P (P ) + (

a2 + o(1)
)
ϕ2,ε,Q(Q) + (

a3 + o(1)
)
Iε(P,Q), for all P,Q,

which then implies that

δ1+σ
ε (Pε,Qε) � min

(P,Q)∈Ω2
δε(P,Q) (7.2)

and hence (using (5.12)) limε→0 ϕ1+σ (Pε,Qε) � max(P,Q)∈Ω2 ϕ(P,Q). Now lettingσ → 0, we obtain that

lim
ε→0

ϕ(Pε,Qε) � max
(P,Q)∈Ω2

ϕ(P,Q). �
From Theorem 6.1 (1), we have a first order approximation foruε, vε. However, this is not good enough

obtain the second order expansion ofcε. We follow (and simplify) the method in [28] by expandinguε, vε . The
main difficulty and the main difference lies in the computation of interactions betweenuε andvε . See the definition
of φ1,ε,P andφ2,ε,Q.

Without loss of generality, we may assume that

λ1 � λ2. (7.3)

Fix P ∈ Ω , we definew1,ε,P to be the unique solution of (5.1) withλi = λ1,µi = µ1. We also define

w1,P := w1

(
x − P

ε

)
.

Similarly, we can definew2,ε,Q,w2,Q.
Next we setφ1,ε,P to be the unique solution of{

ε2�φ1,ε,P − λ1φ1,ε,P + βw2
2,ε,Qφ1,ε,P + βw1,ε,P w2

2,ε,Q = 0 in Ω,

φ1,ε,P = 0 on∂Ω,
(7.4)

andφ2,ε,Q to be the unique solution of{
ε2�φ2,ε,Q − λ2φ2,ε,Q + βw2

1,ε,P φ2,ε,Q + βw2,ε,Qw2
1,ε,P = 0 in Ω,

φ2,ε,Q = 0 on∂Ω.
(7.5)

Remark 7.1.Sinceβ < 0, both (7.4) and (7.5) have a unique solution. The functionφ1,ε,P measures the interaction
from spike atQ to spike atP . Similarly, the functionφ2,ε,Q measures the interactions from spike atP to spike
atQ.

Finally we set

w̃1,ε,P = w1,ε,P + φ1,ε,P , w̃2,ε,Q = w2,ε,Q + φ2,ε,Q, (7.6)

wherew1,ε,P , w2,ε,Q have been studied in Section 5.
We now studyφ1,ε,P . To this end, we need to introduce two functions: letb ∈ SN−1 and we defineΨ1,b(y) to

be the unique solution of

�Ψ1,b − λ1Ψ1,b + βw2
2(y)Ψ1,b + β e−〈b,y〉w2

2(y) = 0, Ψ1,b ∈ H 1(RN), (7.7)

andΨ2,b(y) to be the unique solution of

�Ψ2,b − λ2Ψ2,b + βw2
1(y)Ψ2,b + β e−〈b,y〉w2

1(y) = 0, Ψ2,b ∈ H 1(RN). (7.8)

Then we have
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Lemma 7.2.(1) Supposeλ1 � λ2. Then∥∥∥∥e
√

λ1(1−σ)|y|
(

φ1,ε,P (Q + εy) − w1

( |Q − P |
ε

)
Ψ1,

Q−P
|Q−P |

(y)

)∥∥∥∥
L∞(Ωε,Q)

→ 0 (7.9)

asε → 0, wherey = x−Q
ε

, Ωε,Q = {y | εy + Q ∈ Ω}.
(2) If λ1 < λ2, then we have

|φ2,ε,Q| � o

(
w1

( |P − Q|
ε

))
. (7.10)

If λ1 = λ2, then we have∥∥∥∥e
√

λ2(1−σ)|y|
(

φ2,ε,Q(P + εy) − w2

( |Q − P |
ε

)
Ψ2,

P−Q
|P−Q|

(y)

)∥∥∥∥
L∞(Ωε,P )

→ 0 (7.11)

asε → 0, wherey = x−P
ε

, Ωε,P = {y | εy + P ∈ Ω}.

Proof. (1) We note that fory = x−Q
ε

w1,ε,P w2
2,ε,Q ≈ w1,P w2

2,Q ≈ w1

( |P − Q|
ε

)
· e−√

λ1〈 Q−P
|Q−P | ,y〉

w2
2(y). (7.12)

Hence

w−1
1

( |Q − P |
ε

)
φ1,ε,P (x) → Ψ1,b(y) asε → 0.

The decay estimate follows from the equation sinceλ1 � λ2.
(2) Similarly,

w2,ε,Qw2
1,ε,P � w2,Qw2

1,P = o

(
w1

( |P − Q|
ε

))
e−〈 P−Q

|P−Q| ,y〉
w2

1(y).

This proves (7.10).
(3) The proof of (7.11) is similar to that of (7.9).�
Set now

s1[u,v] = ε2�u − λ1u + µ1u
3 + βuv2, (7.13)

s2[u,v] = ε2�v − λ2v + µ2v
3 + βu2v. (7.14)

Then we have

s1[w̃1,ε,P , w̃2,ε,Q] = ε2�(w1,ε,P + φ1,ε,P ) − λ1(w1,ε,P + φ1,ε,P )

+ µ1(w1,ε,P + φ1,ε,P )3 + β(w1,ε,P + φ1,ε,P )(w2,ε,Q + φ2,ε,Q)2

= µ1
[
(w1,ε,P + φ1,ε,P )3 − w3

1,P

] + 2β(w1,ε,P + φ1,ε,P )w2,ε,Qφ2,ε,Q

+ β(w1,ε,P + φ1,ε,P )φ2
2,ε,Q. (7.15)

Similarly

s2[w̃1,ε,P , w̃2,ε,Q] = µ2
[
(w2,ε,Q + φ2,ε,Q)3 − w3

2,Q

] + 2βw1,ε,P (w2,ε,Q + φ2,ε,Q)φ1,ε,P

+ β(w + φ )φ2 . (7.16)
2,ε,Q 2,ε,Q 1,ε,P
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Recall that

δε(P,Q) = ϕ1,ε,P (P ) + ϕ2,ε,Q(Q) + Iε(P,Q).

We then have

Lemma 7.3.

‖s1‖L∞(Ω) + ‖s2‖L∞(Ω) � Cδ1−σ
ε (P,Q), (7.17)

‖s1‖L1(Ω) + ‖s2‖L1(Ω) � CεNδ1−σ
ε (P,Q), (7.18)

whereσ ∈ (0, 1
100) is a fixed number.

Proof. We considers1 only. Actually,s1 contains three terms. The first term can be bounded byc|w3
1,ε,P −w3

1,P |+
cw2

1,P |φ1,ε,P |.
Note that by Lemma 5.1 (3),

|w3
1,ε,P − w3

1,P | � Cϕ1,ε,P (P ). (7.19)

By Lemma 7.2, we see that

|φ1,ε,P | � Cw1

(
P − Q

ε

)
·
∣∣∣∣Ψ1,

Q−P
|Q−P |

( |x − Q|
ε

)∣∣∣∣e−√
λ1(1−σ)| x−Q

ε
|

and hence

|w1,P |2|φ1,ε,P | � Cw1

(
P − Q

ε

)∣∣∣∣w1

(
x − P

ε

)∣∣∣∣2∣∣∣∣Ψ1,
Q−P
|Q−P |

( |x − Q|
ε

)∣∣∣∣
� Cw

2(1−σ)
1

( |P − Q|
ε

)
. (7.20)

Combining (7.19) and (7.20), we obtain that∥∥µ1
[
(w1,ε,P + φ1,ε,P )3 − w3

1,P

]∥∥
L∞(Ω)

� Cδ1−σ
ε (P,Q). (7.21)

The second term can be estimated as follows∣∣2β(w1,ε,P + φ1,ε,P )w2,ε,Qφ2,ε,Q

∣∣ � |w1,P ||w2,Q||φ2,ε,Q| � w1

( |P − Q|
ε

)
|φ2,ε,Q|

� Cw
2(1−σ)
1

(
P − Q

ε

)
.

The third term∣∣(w1,ε,P + φ1,ε,P )φ2
2,ε,Q

∣∣ � C|φ2,ε,Q|2 � Cw
2(1−σ)
1

( |P − Q|
ε

)
. �

We now decompose

uε(x) = w̃1,ε,Pε + fε,
(7.22)

vε(x) = w̃2,ε,Qε + gε.

Substituting the decomposition ofuε andvε into the equations foruε andvε, respectively, we obtain thatfε satisfies

ε2�fε − λ1fε + 3µ1w̃
2
1,ε,Pε

fε + βw̃2
2,ε,Qε

fε + 2βw̃1,ε,Pε w̃2,ε,Qεgε

+ o(1)f + o(1)g + s [w̃ , w̃ ] = 0. (7.23)
ε ε 1 1,ε,Pε 2,ε,Qε
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Similarly, gε satisfies

ε2�gε − λ2gε + 3µ2w̃
2
2,ε,Qε

gε + βw̃2
1,ε,Pε

gε + 2βw̃1,ε,Pε w̃2,ε,Qεfε

+ o(1)gε + o(1)fε + s2[w̃1,ε,Pε , w̃2,ε,Qε ] = 0. (7.24)

Next we claim that

Lemma 7.4.

(1) ‖fε‖L∞(Ω) + ‖gε‖L∞(Ω) � Cδ1−σ
ε (Pε,Qε), (7.25)

(2) ε2
∫
Ω

|∇fε|2 + λ1

∫
Ω

f 2
ε + ε2

∫
Ω

|∇gε|2 + λ2

∫
Ω

g2
ε � CεNδ2(1−σ)

ε (Pε,Qε). (7.26)

Proof. Without loss of generality, we may assume that

‖fε‖L∞(Ω) � ‖gε‖L∞(Ω), ‖fε‖L∞(Ω) = fε(xε).

We first prove a weaker result:

‖fε‖L∞(Ω) � Cδ(1−σ/2)/2
ε (Pε,Qε). (7.27)

In fact suppose not. That is‖fε‖L∞(Ω) � δ
(1−σ/2)/2
ε (Pε,Qε). We let

f̃ε(y) := fε(Pε + εy)

‖fε‖L∞(Ω)

.

Thenf̃ε(y) satisfies

�yf̃ε(y) − λ1f̃ε(y) + 3µ1w̃
2
1,ε,Pε

f̃ε + βw̃2
2,ε,Qε

f̃ε + 2β
w̃1,ε,Pε w̃2,ε,Qε

‖fε‖L∞(Ω)

gε

+ o(1)f̃ε + o(1)= 0 in Ω.

Sincew̃1,ε,Pε w̃2,ε,Qε = O(w1((Pε − Qε)/ε)) = O(δ
(1−σ/2)/2
ε (Pε,Qε)), thenf̃ε(y) satisfies

�yf̃ε − λ1f̃ε + 3µ1w̃
2
1,ε,Pε

f̃ε + βw̃2
2,ε,Qε

f̃ε + o(1)= 0 in Ωε,Pε (7.28)

where

Ωε,Pε = {y | εy + Pε ∈ Ω}.
Note that atyε = (xε −Pε)/ε, f̃ε(yε) = maxy∈Ωε,Pε

f̃ε(y) = 1. We claim thatxε ∈ BεR(Pε), i.e. |yε| � R, for some
R > 0. Suppose|yε| → +∞. Thenw̃1,ε,Pε → 0. Moreover, atyε, by (7.28), we have

�yf̃ε(yε) = λ1f̃ε(yε) + o(1)f̃ε(yε) − βw̃2,ε,Qε (yε)f̃ε(yε) + o(1)� 0.

Hencef̃ε(yε) = o(1), and we get a contradiction. So|yε| � R.
On the other hand, asε → 0, f̃ε(y) → f0(y), in C1

loc(R
N), wheref0 satisfies

�f0 − λ1f0 + 3µ1w
2
1f0 = 0, |f0| � 1.

By the nondegeneracy ofw1, f0(y) = ∑N
j=1 aj

∂w1
∂yj

for some constantsaj , j = 1, . . . ,N. Sincefε(x) = uε(x) −
w̃ , then
1,ε,Pε
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1).
∇yfε(0)= −∇y[w1,ε,Pε + φ1,ε,Pε ],
∇yf̃ε(0)= − 1

‖fε‖L∞
∇y[w1,ε,Pε + φ1,ε,Pε ] = − 1

‖fε‖L∞
∇y

[
w(y) − ϕ1,ε,Pε (Pε)V1,ε,Pε (y) + φ1,ε,Pε

]
= O

(
1

‖fε‖L∞

[
ϕ1,ε,Pε (Pε) + w1

(
Pε − Qε

ε

)])
� O

(
O(δ

1−σ/4
ε (Pε,Qε))

δ
(1−σ/2)/2
ε (Pε,Qε)

)
.

Here we have used Lemmas 5.1 and 7.2. Hence∇yf̃ε(0) → 0 which implies that∇f0(0) = 0, and
∑N

j=1 aj ·
∇ ∂w1

∂yj
(0)= 0. Soaj ≡ 0, f0(y) ≡ 0 andf̃ε(y) → 0 in C1

loc(R
N). However,f̃ε(yε) = 1, |yε| � R. A contradiction!

So we have proved‖fε‖L∞(Ω) = O(δ
(1−σ/2)/2
ε (Pε,Qε)). Thus‖fε‖L∞(Ω)+‖gε‖L∞(Ω) � Cδ

(1−σ/2)/2
ε (Pε,Qε).

This implies

w̃1,ε,Pε w̃2,ε,Qεgε = O
(
δ1−σ
ε (Pε,Qε)

)
, (7.29)

w̃1,ε,Pε w̃2,ε,Qεfε = O
(
δ1−σ
ε (Pε,Qε)

)
. (7.30)

Substituting the estimates (7.29) and (7.30) into (7.23) and (7.24), we can use similar argument to prove (
To prove (2), we multiply (7.23) byfε, and integrate by parts. Then we may obtain∫

Ω

(
ε2|∇fε|2 + λ1f

2
ε

)
�

∫
Ω

w2
1,Pε

|fε|2 + |β|
∫
Ω

w2
2,Qε

|fε|2 +
∫
Ω

|w̃1,ε,Pε ||w̃2,ε,Qε ||gε||fε| + o(1)

∫
Ω

f 2
ε

+ o(1)

∫
Ω

|fεgε| +
∫
Ω

|s1[w̃1,ε,Pε , w̃2,ε,Qε ]||fε|

� CεNδ2(1−σ)
ε (Pε,Qε) + o(1)

∫
Ω

|fεgε|. (7.31)

Here we have used Lemma 7.3. Similarly multiplying (7.24) bygε and integrating by parts, we obtain∫
Ω

(
ε2|∇gε|2 + λ2g

2
ε

)
� CεNδ2(1−σ)

ε (Pε,Qε) + o(1)

∫
Ω

|fεgε|. (7.32)

Adding (7.31) and (7.32) proves (2).�
Now we may computecε and complete the proof of Theorem 7.1: using Lemma 7.3,

cε = EΩ [uε, vε]
= ε2

2

∫
Ω

|∇uε|2 + λ1

2

∫
Ω

u2
ε − µ1

4

∫
Ω

u4
ε + ε2

2

∫
Ω

|∇vε|2 + λ1

2

∫
Ω

−µ2

4

∫
Ω

v4
ε − β

2

∫
Ω

u2
εv

2
ε

= EΩ [w̃1,ε,Pε , w̃2,ε,Qε ] + ε2
∫
Ω

∇w̃1,ε,Pε∇fε + λ1

∫
Ω

w̃1,ε,Pεfε − µ1

∫
Ω

w̃ 3
1,ε,Pε

fε

+ ε2
∫
Ω

∇w̃2,ε,Qε∇gε + λ2

∫
Ω

w̃2,ε,Qεgε − µ2

∫
Ω

w̃ 3
2,ε,Qε

gε

− β

2

∫
Ω

[2w̃1,ε,Pε w̃
2
2,ε,Qε

fε + 2w̃ 2
1,ε,Pε

w̃2,ε,Qεgε] + o
(
εN δε(Pε,Qε)

)
= E [w̃ , w̃ ]
Ω 1,ε,Pε 2,ε,Qε
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+ µ1

∫
Ω

(w3
1,Pε

− w̃ 3
1,ε,Pε

)fε + µ2

∫
Ω

(w3
2,Qε

− w̃ 3
2,ε,Qε

)gε

+ β

[∫
Ω

(w1,ε,Pεw
2
2,ε,Qε

− w̃1,ε,Pε w̃
2
2,ε,Qε

)fε + (w2,ε,Qεw
2
1,ε,Pε

− w̃2,ε,Qε w̃
2
1,ε,Pε

)gε

]
+ o

(
εNδε(Pε,Qε)

)
= EΩ [w̃1,ε,Pε , w̃2,ε,Qε ] + o(εNδε

(
Pε,Qε)

)
.

It remains to computeEΩ [w̃1,ε,Pε , w̃2,ε,Qε ]. Note that

EΩ [w̃1,ε,Pε , w̃2,ε,Qε ] = ε2

2

∫
Ω

|∇w1,ε,Pε |2 + λ1

2

∫
Ω

w2
1,ε,Pε

− µ1

4

∫
Ω

w4
1,ε,Pε

+ ε2

2

∫
Ω

|∇w2,ε,Qε |2 + λ2

2

∫
Ω

w2
2,ε,Qε

− µ2

4

∫
Ω

w4
2,ε,Qε

+ ε2
∫
Ω

∇w1,ε,Pε∇φ1,ε,Pε + λ1

∫
Ω

w1,ε,Pεφ1,ε,Pε − µ1

∫
Ω

w3
1,ε,Pε

φ1,ε,Pε

+ ε2

2

∫
Ω

|∇φ1,ε,Pε |2 + λ1

2

∫
Ω

|φ1,ε,Pε |2

+ ε2
∫
Ω

∇w2,ε,Qε∇φ2,ε,Qε + λ2

∫
Ω

w2,ε,Qεφ2,ε,Qε − µ2

∫
Ω

w3
2,ε,Qε

φ2,ε,Qε

+ ε2

2

∫
Ω

|∇φ2,ε,Qε |2 + λ2

2

∫
Ω

|φ2,ε,Qε |2

− β

2

∫
Ω

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2 + o
(
εNδε(Pε,Qε)

)
� ε2

2

∫
Ω

|∇w1,ε,Pε |2 + λ1

2

∫
Ω

w2
1,ε,Pε

− µ1

4

∫
Ω

w4
1,ε,Pε

+ ε2

2

∫
Ω

|∇w2,ε,Qε |2 + λ2

2

∫
Ω

w2
2,ε,Qε

− µ2

4

∫
Ω

w4
2,ε,Qε

− β

2

∫
Ω

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2 + o
(
εNδε(Pε,Qε)

)
= εN

[
λ

(4−N)/2
1 µ−1

1 I [w] + λ
(4−N)/2
2 µ−1

2 I [w] + (
a1 + o(1)

)
ϕ1,ε,Pε (Pε)

+ (
a2 + o(1)

)
ϕ2,ε,Qε (Qε)

] − β

2

∫
Ω

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2

+ o(εNδε

(
Pε,Qε)

)
.

Supposeλ < λ first, then by Lemma 7.2,
1 2
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φ1,ε,Pε (x) ∼ w1,ε,Pε (Qε) · Ψ1,bε

( |x − Qε|
ε

)
,

w1,ε,Qε (x) ∼ w1,ε,Pε (Pε)e−〈bε,y〉,
φ2,ε,Qε ∼ o

(
w1,ε,Pε (Qε)

)
,

wherebε = (Qε − Pε)/|Qε − Pε |.
So we have

−β

2

∫
Ω

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2

� −β

2

∫
BεR(Qε)

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2

�
(

−β

4

)
εN

∫
RN

(
e−〈bε,y〉 + Ψ1,bε (y)

)2
w2

2(y)dy · (w1,ε,Pε (Qε)
)2

� a6Iε(Pε,Qε) � a6I
1+σ
ε (Pε,Qε)

wherea6 > 0 is a positive number, using Lemma 3.5.
Similarly, for λ1 = λ2,

−β

2

∫
Ω

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2

� −β

2

∫
BεR(Pε)

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2

+
(

−β

2

) ∫
BεR(Qε)

(w1,ε,Pε + φ1,ε,Pε )
2(w2,ε,Qε + φ2,ε,Qε )

2

�
(

−β

2

)
εN

∫
BR

(
e−〈bε,y〉 + Ψ1,bε (y)

)2
w2

2(y)dy
(
w1,ε,Pε (Qε)

)2

+
(

−β

2

)
εN

∫
BR

(
e〈bε,y〉 + Ψ2,−bε (y)

)2
w2

1(y)dy
(
w2,ε,Qε (Pε)

)2

� a6I
1+σ
ε (Pε,Qε).

Thus we have

cε � εN
[
(λ

(4−N)/2
1 µ−1

1 + λ
(4−N)/2
2 µ−1

2 )I [w] + (
a4 + o(1)

)
ϕ1,ε,Pε (Pε)

+ (
a5 + o(1)

)
ϕ2,ε,Qε (Qε) + (

a6 + o(1)
)
I1+σ
ε (Pε,Qε)

]
,

wherea4, a5, a6 > 0 are three positive numbers.
This proves Theorem 7.1.

8. A lower bound for cε in the case ofβ > 0 (attractive case)

We obtain a lower bound forcε, assuming thatβ > 0. LetPε,Qε be the unique local maximum points ofuε, vε,
respectively. Recall that by Theorem 6.1,|P − Q |/ε → 0.
ε ε
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tain
We may assume that, passing to a subsequence, thatPε (or Qε) → x0 ∈ �Ω . Thus

dε = d(Pε, ∂Ω) → d0 = d(x0, ∂Ω), asε → 0.

(Note thatd(x0, ∂Ω) may be 0.)
Givenσ > 0, we choose a numberd ′

0 > 0 so that

vol
(
B(x0, d

′
0)
) = vol

(
Ω ∩ B(x0, d0 + σ)

)
chooseσ ′ > 0 slightly smaller thanσ with d ′

0 < d0 + σ ′.
Now consider aC∞ cut-off functionηε such that

ηε(s) = 1 for 0� s � dε + σ ′, ηε(s) = 0 for s > dε + σ, 0� ηε � 1, |η′
ε| � C.

Let ũε = uεηε(|Pε − x|), ṽε = vεηε(|Qε − x|). Then using estimates (6.3) and (6.4) of Theorem 6.1, we ob
that

cε � EΩ [tuε, svε] � EΩ̃ [t ũε, sṽε] − εN exp

[
−2

√
λ1

ε
(dε + σ ′)

]
− εN exp

[
−2

√
λ2

ε
(dε + σ ′)

]
for all t, s ∈ [0,2], where

Ω̃ = Ω ∩ B(xε, dε + σ).

Let Rε = d ′
ε/ε, whered ′

ε is chosen such that

vol
(
B(0, d′

ε)
) = vol

(
Ω ∩ B(xε, dε + σ)

)
.

Using Schwartz’s symmetrization, we have∫
B(0,d ′

ε)

(ũ∗
ε)

2(ṽ∗
ε )2 �

∫
Ω̃

ũ2
εṽ

2
ε

and hence (sinceβ > 0)

EB(0,d ′
ε)

[t ũ∗
ε , sṽ

∗
ε ] � EΩ̃ [t ũε, sṽε].

Now we choose,t∗, s∗ such that

EB(0,d ′
ε)

[t∗ũ∗
ε, s

∗ṽ∗
ε ] � EB(0,d ′

ε)
[t ũ∗

ε , sṽ
∗
ε ], ∀t, s � 0.

Then

EB(0,d ′
ε)

[t∗ũ∗
ε, s

∗ṽ∗
ε ] � EΩ̃ [t∗ũε, s

∗ṽε]

� cε + εN exp

[
−2

√
λ1

ε
(dε + σ ′)

]
+ εN exp

[
−2

√
λ2

ε
(dε + σ ′)

]
,

EB(0,d ′
ε)

[t∗ũ∗
ε, s

∗ṽ∗
ε ] = sup

t,s
EB(0,d ′

ε)
[t ũ∗

ε , sṽ
∗
ε ] � εN inf

u,v�0, u �≡0, v �≡0,
(u,v)∈MRε

IRε [u,v]

� εN

{
I0 + c3 exp

[
−2(1+ σ)

√
λ1

ε

(
dε + o(1)

)] + c4 exp

[
−2(1+ σ)

√
λ2

ε

(
dε + o(1)

)]}
where the last inequality follows from Theorem 4.1.

Thus

cε � εN

{
I0 + c3 exp

[
−2(1+ σ)

√
λ1 (

dε + o(1)
)] + c4 exp

[
−2(1+ σ)

√
λ2 (

dε + o(1)
)]}

. (8.1)

ε ε
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Completion of proof of (2) of Theorem 1.1. If β > 0, then combining the lower and upper bound ofcε, we obtain

c3 exp

[
−2(1+ σ)

√
λ1

ε

(
dε + o(1)

)] + c4 exp

[
−2(1+ σ)

√
λ2

ε

(
dε + o(1)

)]
� c1 exp

[
−2(1− σ)

√
λ1

ε

(
d0 + o(1)

)] + c2 exp

[
−2(1− σ)

√
λ2

ε

(
d0 + o(1)

)]
.

This then shows thatd(Pε, ∂Ω), d(Qε, ∂Ω) → maxP∈Ω d(P, ∂Ω) since|Pε − Qε| → 0. �
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