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Abstract

Here we study the interaction and the configuration of spikes in a double condensate by analyzing least energy solutions of two
coupled nonlinear Schrodinger equations which model Bose—Einstein condensates of two different hyperfine spin states. When
the interspecies scattering length is positive and large enough, spikes of a double condensate repel each other and behave lik
two separate spikes. In contrast, spikes of a double condensate attract each other and behave like a single spike if the interspecie
scattering length is negative and large enough. Our mathematical arguments can prove such physical phenomena. We first us
Nehari’s manifold to construct least energy solutions, and then use some techniques of singular perturbation problems to derive
the asymptotic behavior of least energy solutions. It is shown that the interaction term determines the locations of the two spikes
and the asymptotic shape of least energy solutions.
© 2005 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Résumé

Nous étudions I'interaction et la disposition des pics pour un condensat double. Notre méthode utilise I'analyse des solutions
avec énergie minimale des deux équations de Schrédinger couplées non linéaires qui modelent le condensat de Bose et Einstei
pour deux états des spins différents hyperfinis. Si la longueur de dispersion entre espéces est positive et suffisamment gande
les pics pour un condensat double se repoussent, et se comportent comme deux pics séparés. En revanche pour un conden:
double s’attirent et se comportent comme un seul pic ; la longueur de dispersion entre espéces est négative et suffisamment petite
Nos arguments mathématiques établissent rigoureusement ses phénomenes physiques. Nous utilisons d’'une part la variété c
Nehari pour la construction de solutions avec énergie minimale et d’autre part les techniques de problémes de perturbation
singuliére pour la dérivation du comportement asymptotique de la solutions avec énergie minimale. Nous démontrons que le
terme d’interaction détermine la position des pics et la forme asymptotique des solutions avec énergie minimale.
© 2005 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction

We consider the following system of singularly perturbed nonlinear Schrédinger equations

ezAu—A1u+,u1u3+/3uv2:O in 2,
€2AV — hov + v + Bulv =0 in$2,
u,v>0 ing,

u=v=0 onas2,

(1.1)

where 2 c RY (N < 3) is a smooth and bounded domain; 0 is a small parametek, A, 1, up > 0 are
positive constantss £ 0 is a coupling constant. Heg> 0 means attractive interaction of solutiansndv, on
the other handg < 0 means repulsive interaction of solutiongndv. As we will see later, the sign ¢f has a
vital role on the asymptotic behavior of least energy solutions of (1.1).
Problem (1.1) arises in the Hartree—Fock theory for a double condensate i.e. a binary mixture of Bose—Einstein
condensates in two different hyperfine statgsand |2) (cf. [12]). Physically,u andv are the corresponding

condensate amplitudes? = ”Ez andu; = —(N; — 1)U;;, wheref is Planck constantn is the atom massy;

is a fixed number of atoms in the hyperfine state Besides, N1, N> > 1, B = —NpU1p andU;; = 471%:1,7,
wherea;;’s anday» are the intraspecies and interspecies scattering lengths. The sign of the scatteringgngth
determines whether the interactions of stafesand|2) are repulsive or attractive. When, > 0 i.e. 8 < 0, the
interactions of statedl) and|2) are repulsive (cf. [29]). In contrast, when, < 0 i.e. 8 >0, the interactions of
stateg1) and|2) are attractive. For atoms of the single stgtg whena;; < 0i.e.u; > 0, the interactions of the
single statej) are attractive.

Spikes may appear in a single condensate when the s-wave scattering length is negative and large. Due tc
Feshbach resonance, the s-wave scattering length of a single condensate can be tuned over a very large range |
adjusting the externally applied magnetic field. As the s-wave scattering length of a single condensate is negative
and large enough, the interactions of atoms are strongly attractive and the associated condensate tends to contrac
Donley et al. (cf. [8]) observed anisotropic atom bursts that explode from a single condensate, atoms leaving the
condensate in undetected forms, @pikesappearing in the condensate wavefunction. It seems spikes may occur
in a double condensate when the intraspecies scattering lemgthsire negative and large enough i.g.'s are
positive and large enough. However, the interactions of spikes have not yet been observed in a double condensats
even though Gupta et al. (cf. [18]) have successfully obtained double condensates of Fermi gas with positive and
negative interspecies scattering lengths.

The interspecies scattering lengi» plays an important role in a double condensate. Without the effect of trap
potentials, when the interspecies scattering lengihs positive and large enough, the statBsand|2) may repel
each other and form segregated domains called phase separation (cf. [19,24,29]). It is natural to believe that spikes
of stateg1) and|2) may repel each other and behave like two separate spikes as the interspecies scattering length
a2 is positive and large enough. In contrast, if the interspecies scattering lengthnegative and large enough,
spikes of stategl) and|2) may attract each other and behave like one single spike. However, until now, there is
not any theoretical and experimental result to support such physical phenomena. The main goal of this paper is to
prove such physical phenomena by our mathematical arguments. We study the interaction and the configuration of
spikes in a double condensate, especially for positive and laygeA ;'s and|g|. The positive constarit; is from
the chemical potential of the statg). Without the effect of trap potentials, we may use large chemical potentials
Aj’s to persist spikes of a double condensate. By rescaling and some simple assumptions, the problem (1.1) with
very largeu ;’s, A;'s and|g| is equivalent to the problem (1.1) wifla;’s, A ;’s and || as positive constants and
€ > 0 as a small parameter.

In this paper, we study the asymptotic behavior of so-called least-energy solutions which are physically relevant.
By this, we mean
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(1) (ug,ve) is a solution of (1.1),
(2) Eolue, ve] < Eglu, v] for any nontrivial solutionu, v) of (1.1),

whereE[u, v] is the energy functional defined as follows:

2 2
g A e A
Eolu,v] :=7/|Vu|2+71/u2——‘ffuu?/w%;
2 2

2 2

2 M2 4
v — — v
/ 4
2

7}

- g/uzvz, foru, v € H}(£2). (1.2)
2

As ¢ | 0, there are two spikes for both andv,, respectively. If8 < 0, these two spikes repel each other and the
boundary of the domain repels these spikes. As a result, the locations of two spikes reach a sphere-packing positior
in the domains2. Physically, in each single staltg), there is a corresponding spike which repels the other spike in
the other state iB < 0. On the other hand, # > 0, these two spikes bound each other, and the locations of two
spikes reach the innermost part of the domain, due to the repelling effect of the domain.

Now we state our main result of this paper as follows:

Theorem 1.1.There exists a constagh = Bo(N, A1, A2, u1, u2) € (0, /uw12) such that the following holds

(1) For any B € (—o0, Bp) and e sufficiently small(1.1) has a least energy solutiof., v.). Let P, be a local
maximum point ofi, and Q. be a local maximum point af..
(2) If 0< B8 < Bo, then| P, — Q.|/e — 0 and

d(P.,382) — maxd(P, 352),
Pe2 (1.3)

d(Qe,082) — ;pg;(d(P, 982).
Furthermore u, (x), ve (x) — 0in CL.(2 \ {P., O.}) and let
Ue(y) :=ue(Ps +¢y), Ve (y) :=ve(Pe +€y)
then ass — 0, (Us, Ve) — (Ug, Vo) which is a least-energy solution of the following probleniith
AUy — MUo+ U3 + BUgVE =0 inRY,
AVo—doVo+ p2VE+ BUEVo=0 inRY,
Uo(0) =max,cgy Uo(y),  Vo(0) =max,cgy Vo(y),
Uop, Vo>0 inRN, Up, Vo— 0 as|y| — +oo.

(3) If B <0, then we have
@(Pe, Qc) > max _¢(P, Q) (1.5)
(P,Q)ef2?

1.4

where

@(P, Q) =min{yA1|P — O, VA2|P — Q1. /Aa1d(P,3R2).v/22d(Q, 352)}. (1.6)
Furthermoreu,(x), ve(x) — 0in C&,C(ﬁ\ {P., O.}), and if we let

Ue(y) :=ue(Pe +ey), Ve(y) :=ve(Qe + €Y),
then

Ue(y) = wa(y), Ve(y) = wa(y)
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wherew; (y), i =1, 2, is the unique solution of
Aw; — Ajw; + ,bLiw? =0 in RN,
w; (0) =max,cgy wi(y), =12, 2.7
w; >0 INnRY, w;(y) >0 as|y|— +oo.

Some remarks are in order.

Remarks.

1.1.

1.2.

1.3.

1.4.

1.5.

1.6.

It will be proved in Section 3 that problem (1.4) admits a least-energy solution. By the method of moving plane
(using 8 > 0), all solutions of (1.4) must be radially symmetric and strictly decreasing. It is an interesting
question to study the uniqueness 6%, Vo).

Functiong(P, Q) in (1.6) has been introduced in [14], when = A» = 1. Condition (1.5) shows that for

B < 0 (repulsive), the two spikes of the least energy solution will reach a sphere-packing position in

It is well-known that (1.7) admits a unique radially symmetric solution (see [20]). Moreayéy) =

i T w(/A; y), wherew(y) satisfies

Aw—w+w3=0 inRV,
w>0 inRY, w(0)=max gy w(y),
w(y) —> 0 as|y| = +oo.

The condition tha8 < Bo < /12 reflects the restriction of the techniques we used. We remark that similar
condition has also been imposed in the study of systems of competing species BERgf12, we do not
know if any least-energy solution exists. For examplegi& A2 = u1 = u2 = 1, then problem (1.4) admits a
solution

[ 1 [ 1
( mw()’), mw()’))

However, we even do not know if such a solution is a least-energy solution.
Theorem 1.1 can be generalized to multiple-state case:
SZAIA]‘ —uj —I—,uju? + Zl‘;&j ﬂijuizuj =0 ing,
Mj>0, j=1,...,n, inQ,
uj=0 onos,
if either B;; < 0,Vi # j, or B;; > 0, Vi # j but the matrix
M = (B;;) s positively definite, wherg;; = ;.

The proof is similar. The other cases are more involved.
We have restricted ourselves to the spatial dimensien3. If N > 4, the nonlinearity:3, v3 becomes critical
or super-critical. It is unknown if similar results can be obtained\og 4.

The main idea in proving Theorem 1.1 is by energy expansion, which has been introduced by Ni and Takagi

[26,

27]in dealing with singularly perturbed Neumann problems and later extended by Ni and Wei [28] in singularly

perturbed Dirichlet problems. In the cased# 0, since we do not know the uniqueness of solutions to (1.4), we
use an idea of [4], where a simplified proof of the results of [27] and [28] is obtained. In the cAse 6f the

main difficulty is to compute the interactions between the two spikes. Note that both the boundary effect and the
interaction between spikes azgponentially small Thus we have to make careful estimates.
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We remark that singularly perturbed Neumann or Dirichlet problems have been studied in many papers. A gen-
eral principle is that the interior spike layer solutions are generated by distance functions. We refer the reader to the
articles [1,6,7,9,10,14,15,17,22,31-33] and the references therein. On the other hand, the boundary peaked solu
tions are related to the boundary mean curvature function. This aspect is discussed in the papers [2,5,16,21,34—36]
and the references therein. A good review of the subject is to be found in [25]. Our result here seems to be the first
attempt in studying systems of singularly perturbed problems.

The organization of the paper is as follows:

In Section 2, we extend the classical Nehari's manifold approach to a system of semilinear elliptic equations in
order to find a least energy solution to (1.1). Hereafter, we need the conditiof th@,. In Section 3, we use
Nehari's manifold approach and symmetrization technique to study limiting ground state solutions to (1.1). It is
then shown that fop < 0, ground state solutions do not exist, while fox(8 < 8o ground state solution exists
and must be radially symmetric and strictly decreasing. Section 4 to Section 8 contains several parts of the proof
of Theorem 1.1. The main idea, as we mentioned earlier, is to expand the least enesglf; [u., v.] where
(ue, ve) is a least energy solution constructed in Section 2. Section 4 proves the upper boandggr> 0, and
Section 5 gives the upper bound farasg < 0. Section 6 is an intermediate step where the first approximation of
the least energy solution is given. Section 7 gives the lower bound fas s < 0, and Section 8 shows the lower
bound forc. asg > 0.

Throughout this paper, unless otherwise stated, the I€ttgill always denote various generic constants which
are independent af, for e sufficiently small. The constant € (O, 1—%)0) is a fixed small constant.

2. Nehari's manifold approach: existence of a least-energy solution to (1.1)

In this section, we use Nehari’'s manifold approach to obtain a least energy solution to (1.1). Nehari’s manifold
approach has been used successfully in the study of single equations. Recently, Conti et al. [3] have used Nehari’s
manifold to study solutions of competing species systems which are related to an optimal partition problem in
N-dimensional domains. Here we use Nehari’'s manifold to find least energy solution with spikes.

We define the so-called Nehari’'s manifold as follows:

2 2 2 2,2 4
&% [ IVul®+ a1 [que— B [quve=p1 [ou
M(s,.Q):{(u,v)eHOl(.Q)xHol(.Q) S8 e AP $2 4}. (2.1)
&% [ IVVIP+ 22 [ovo = B [quvo=p2 [pv
Now we consider the following minimization problem
Ce 1= inf Eolu, v] (2.2)
(u,v)eEM (e,52),
u,v=0, u,v£0

whereEq[u, v] is defined at (1.2).
Note that, forN < 3, by the compactness of Sobolev embed(ﬂfg}q.Q) < L), M (¢, 2) andc, are well-
defined. Now we show that

Lemma 2.1.Suppose thas < Bo < ./u1e2. Then fore sufficiently smallc, can be attained by some., v.) €
M (e, £2) and it holds that

CleN </u§<C26N, CleN </v§<C2€N, (2.3)
Q Q

whereC1, Co are two positive constants independent @ind S.
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Proof. We first note that ifu, v) € M (e, £2), then

Eolu,v]= ( /|Vu| —i—)»l!u +e¢ /|Vv| +)\29/ )
i[ulfu +2,8/u v +,ng/ 4} (2.4)

Let (u,, v,) be a minimizing sequence. Then by Sobolev embedﬂég@) — L1(2) for 1 < g < 55, we
see thatt,, — u,, v, — v (Up to a subsequence) for some functiaps> 0, v > 0 in L#(£2) and hence
1
Eqluy,, vyl — Z[Ml/u?‘f' 2,3/”§U€2+M2/ U?:| =Cg. (25)
Q Q Q

By Fatou’'s Lemma, we have

e > ( /|Vu8|2+k1/u +e /|Vv| +,\2/ 3) (2.6)
Q2 2

/|Vu8| +k1/ Ml/“ +ﬁ/u8v€2, 2.7)

/|Vv5|2+szv Mz/v +,8/u§v3 (2.8)

Q Q
We claim that

Claim 1. The inequalitieg2.3) holds forg < So wheregp < ./it1/t2 is a generic constant.

Proof. We first prove the upper bound. Fer sufficiently small, we choose test functioms and v such
that suppoiiz) C Bs(P) and suppo(tv) C Bs(Q), where P and Q are distinct points inf2 and O< § <
Imin{d(P,822),d(Q, 352), £52}. Then it can be shown easily that

ce <CeV. (2.9)

Combining (2.9) with (2.5), we obtain that, u? < CoeV, [, v < Coe™
To prove the lower bound, we divide into two cases.
For 8 <0, we have

e [19unl2 420 [ 2 < [t
2 2

2
and hence
min(i1, 1)Ce (fﬁ) g,u/u;‘ (2.10)
2 2
where
2 \v4 2 2
C.:= inf € JolVul+Jgu (2.11)

ueHY($2), u=0, u#0 (fquh/?
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By the results of [28], for sufficiently small, we haves, > Coe™N/? for some fixedCo > 0. This yields that
[oup > C1eV sinceu, # 0. So we havef, uf > C1e" by Fatou's Lemma. Similarly, fop < 0, we obtain

fg U? > C1eN.
For 8 > 0, similar arguments leading to (2.10) give

pallunl?s+ Bllvnll, = min(ag, 1) Coe™/?, (2.12)
p2llvnll?s + Bllun 124 > min(rz, 1)Coe™/2. (2.13)

Now we setBg € (0, ./it1i12) as a constant such thég < (min(iq, A2, 1)Co)/(2C21/2). Then by (2.12) and (2.13),
we may obtain thaf, uy > C1€", [, vt > C1€". By Fatou's Lemma, we have proved (2.3) in the case ef 0

B<pBo. O

Next we consider fos, r > 0
B(s.1)=Eq[Vsue, /v O (2.14)

We claim that
Claim 2. B(s, t) attains a unique maximum poitsp, 79) with so > 0, 79 > 0.

Proof. Itis easy to calculate that

2 2
£ A 1 € A2 w2
B(s. 1) =s[5/|ws|z+ 7qu] - Zszfuhtb/ma% E/UE} - th/vé‘
2 2 2 2

Q 2
1
- E,Bst / ufvf
2
We consider the following quadratic form

(s, 1) = %szfug—l— %IZ/U?—G— gst/ugvez. (2.15)
2 2 2

If 0 < B < . /u1pz, thenQ(s, t) is positively definite since the matrix
5= (%f.@ ug %fg ”31}62) (2.16)

%fg ”gvez % f.Q U?
is positively definite. Here we have used Holder inequality and the fact thaubathd v, are nonzero functions.
If 8 <0, X is still positively definite. Hence by (2.7), (2.8), afi@; || ; 4, |vell .4 > O, we have

u1/u§> (—ﬁ)fufvf, Mz/vf> (—ﬁ)/uﬁvf,
22 22 2

2

2
det(X)= %[uluzfugfv?—ﬁz(fufvf) i| > 0. (2.17)
2 @

2

and

So Q(s, 1) is a positively definite form, which implies that(s, ) is concave and hence it has a unique (local)
maximum point.
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Let (so, o) be the uniqgue maximum point @f(s, r). We need to show thap > 0, 7o > 0. Suppose not, without
loss of generality, we may assume th@t- 0, 1o = 0. Then we havég(sg, 0)/ds =0, 38(so, 0) /9t < 0. That is

82/|Vu5|2+)»1/u2:u1s0/u?, (2.18)

2

f|Vve| +)»2/ ﬂSO/ W22, (2.19)

Hence the constarft must be positive. Using (2.7) and (2.18), we have

paso [t < [ut+p [ a2 (2.20)
2

Q2 2
Then by Holder inequality, (2.20) gives

sollue || < llue ||L4 + il ”ve” (2.21)
Moreover, by (2.19) and (2.21), we obtain

min(i2, 1)Ce < Bsolluc||?4 < ﬁ<1+ %)c;/zew (2.22)
which may get contradiction if & 8 < g and g is sufficiently small such that

1
,30<1+ %)c;/z < 5 min(iz, 1)Co,

whereCy is a positive constant such th@at > Coe™/2 (cf. [28]). Therefore we have proved that> 0, 7o > 0.
By definition, (\/sous, v/Tove) € M (e, £2). That is

52f|w€|2+11/u§=ms0/u +ﬁto/ uv?, (2.23)
2 o) 2 2
82f|Vvs|2+)\2/v€2=M2to/v +ﬁso/ 2,2 (2.24)
2 2 2 2
Consequently, (2.23), (2.24), (2.7) and (2.8) give
,ulso/u?—i—ﬁto/ugvezSulfu?+ﬂ/u§v3, (2.25)
2 2 2 2
paio [+ o [t < [[ufp [ a2 (2.26)
2 2 2 2

On the other hand

E.Q[\/_Oua \/—Ove 12c =

N

[ [t 2s [z [ ] (2.27)
2 2 2

1
Eqlsoue, Viove] = [M1S§/u§+Zﬂsoto/ufvaruztS/vf]- (2.28)

4
17 2 2
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Sincesp, to > 0, (2.27) and (2.28) imply that (2.25) and (2.26) are equalities, i.e.

pato-1) [ ut+ -1 [u2s? =0 (2.29)
2 2

palto— 1) / vé+ Blso— 1) / uzv? =0. (2.30)
2 2

Since detX) > 0, we see immediately thag = 1,70 = 1. This implies thatu., ve) € M (e, £2), and hencéu,, v.)
attains the minimuna,. O

Next we claim that
Lemma 2.2.(u., v,) is a least-energy solution fL.1).

Proof. Certainly,(u., v.) has least-energy, if it is a solution of (1.1). By usual elliptic regularity theory (using the
fact thatHol(Q) — L*(£2) is compact), we see that there exists two Lagrange multipligrs, such that
VEg[u,v]+a1VG1lu, v] + a2VGolu,v] =0 (2.31)

whereu = u,, v = v,,

Gl[u,v]=82/|Vu|2+k1/u —m/ ,3/ (2.32)
2 2

Gg[u,v]=52/|Vv|2+A2/v —uzfv4 ﬂ/uzvz (2.33)
2 2

Let

F(s,t) = Eq[V/su, vVt vl + a1G1[/s u, V1 vl + 02G2[ /s u, v/t v].
Then by (2.31), we have

a—F(l 1) = —(1 1)=0
From the proof of Lemma 2.1, we obtain

%EQ[\/EM, Vvl ==y = %EQ[«/E% Vi v]|g==1 =0.

Hence

051|: fqul +)»1/u —2,”] ﬂ/ 2 2:|+a2|: ﬂ!
al[ ,3/ :|+052|: /lel +A2!v —2M2! 4—/35!”21)2}:0,

which are equivalent to

5 <a1> o (2.34)

o2
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where

Y = (2.35)

( mfout Blo u2v2>
B g WP Jo vt )
Here we have used the fact th@at v) = (u., v,) € M (e, £2). By the same argument in Lemma 2.1, we have that
for —oco < B < /12, det(X’) > 0 and hence = az = 0. This proves that

VEo[u,v]=0

and hencéu, v) is a critical point ofE; [u, v] and satisfies (1.1). By Hopf boundary lemma, it is easy to show that
u > 0 andv > 0, which completes the proof of Lemma 2.20

We need another characterizatiorcgf which will be useful later.

Lemma 2.3.If —oo < 8 < 0, then we have

ce= inf  SupEg[v/su,1vl. (2.36)
u, vEHO(.Q) s,t>0
uz0, v£0

If 0 < B < Bo, then we have

Ce > |nf sup Eql«/su, v/t vl. (2.37)
u, ‘UEH (£2), 5,t>0
uz#0, vséO
If 0 < B < Bo and the functiorE[/s u, 4/t v] has a critical pointsg > 0, 1o > 0, then we have

ce < Egly/sou, v/tovl. (2.38)

Proof. Letus denote the right-hand side of (2.36) or (2.37)hyFirstly, by Lemma 2.1¢, is attained atu., v.) €
M (e, £2). By Claim 1 in Lemma 2.1Eq[/su., 4/t v¢] attains its maximum atl, 1). Hence

me < ce = Eqlug, ve]l = SUp Eo[/sug, v/1ve]. (2.39)

s,t>0

On the other hand, fix, v € Hol(.Q),u > 0,v > 0, and let(sg, 7o) be a critical point of 8(s,t). Then

(V/sou, /tov) € M(e, £2),
ce < Eg(/sou, v/Iov) < SUp Eg[/su,/1v]

s,t>0

and hence, <m
Now we need to show tha(s, r) has a critical point, which is equivalent to show that the following system has
a solution(s, 1)

,uls/u +,3t/ V¥ =c¢ f|Vu| +)»1/ , (2.40)
2

Bs /u v +u2tfv =¢ /|VU|2+AZ/U2. (2.41)
2 2 2 2

If 0 < B < Bo, this is our assumption. |§ < 0, then by (2.39), we may assume that

O< supEgp[/su,1v] <C. (2.42)

s,t>0
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In this case, the matrix
= uifout Bl )
B ouv?  uzfqv?
must be nondegenerate. In fact, if det{ = 0, then

2 2
i3 3 [2) o [t )
2 (7] o o
2
—%(s Ml/u“—t Mz/v“)
2 Q

which implies that sup,_o Eq[/s u, V1 v] = 400, contradicting to (2.42). Therefore (2.40) and (2.41) always
have a solution, and we may complete the proof of Lemma 23.

3. Some preliminaries: problems inR¥

In this section, we analyze some problem®&M. Firstly, we considetw;, i = 1,2, which are solutions of (1.7).
By scaling,

A
w; (y) = \/;w(\/TiY) (3.1)

wherew is the unigque ground state solution of

Aw—w+w3=0 inRY,
w>0 inRY, w(0) = max;cgy w(y), 3.2)
w(y) —> 0 asly| — oc.

By Gidas—Ni—Nirenberg’s Theorem [13}; is radially symmetric and strictly decreasing. By a theorem of
Kwong [20], w is unique. This then implies that is nondegenerate (see [27]), i.e.
Jw ow

Kernel(A— 1+ 3w?) = spa ——} (3.3)
dy1 dyn

Moreover, we have the following asymptotic behavior

1
w(r):ANr_(N_l)/ze_’<1+ 0(—)), asr — +oo,
r (3.4)
1
w'(r)=—Ayr-WN-D/2e <1+ 0(—)) asr — +oo
r
for some generic constanty > 0.
We denote the ground state energyuo@s

Iwl== | |V - - = .
[w] 2/|w|+2fw 4/w
RV RY R¥

Then it is easy to see that

1 Ai i 4-N)j2 —
E/Ww,-ﬁ—i—é/w?—j/w?:kg )/ W; Hw. (3.5
RN RN RN
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For—oo < 8 < /u1m2, we may define an energy functional given by

1 A 1 A
Iu,v]= /(EWMIZ + ?1142 — %u‘l) + / <§|Vv|2+ EZUZ — %v‘l) — g / u?v? (3.6)
RN

RN RN

for u, v >0 andu, v € HL(RV).
To study the first and the second integrals of (3.6), we let

1 A 7
b lul = / <§|Vu|2 + Euz - Zu4>

Ry

for u >0 andu € HX(R"), wherex andu are any positive constants. Then we have

Lemma 3.1.inf, e I, [u] is attained only by/%/ w(+/A|y)),

where
/|Vu|2+A/u2=u/u4}.
RN

RN RN

N= {u e HY®RY)

Proof. Itis easy to see that ipf\ I, .[¢] is equivalent to

inf fRN |Vu|2+)\‘/‘RN u2

10, u0, (fgv uh/?
ueHY(RY)

The rest follows from the standard argumenta
The next lemma is not so trivial.
Lemma 3.2.inf,cn I, ;. [u] is also attained only by/A/u w(v/Ay),

where
/|Vu|2+k/u2<u/u4}.

RN RN RN

N = {ueHl(RN)

Proof. Letu, be a minimizing sequence amg] be its Schwartz symmetrization. Then by the property of sym-
metrization, we have

/|vu,’;|2+/\/(uj;)2</|vun|2+x/u,§,
RN RN RN RN

u/uﬁ=u/(u,’§)4,
RN

RN
which gives rise to
IA,;/,[”Z] < 1A,;L[”n]~ (37)

Hence, we may assume that eaghis radially symmetric and strictly decreasing. Singee H(R"), andu,,
is strictly decreasing, it is well-known that, (r) < Cr~V=Y/2_ Sou,, — ug(up to a subsequence) iif(RV),
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whereug also radially symmetric and decreasing. By Fatou’'s Lemimas N'. Hence infey: I, ,[u] can be
attained byu.
Suppose now that

/IVuo|2+X/u%<u/ug. (3.8)
RN RN RN

Thenug € (N")° —the interior ofN’. By standard theoryq is a critical point ofl; . [ul, i.e.

VI . [uo]l =0. (3.9
However,
(VI uluol, uo) = / |VM0|2+)»/M%—M/M8=O
RN RN RN

which is a contradiction with (3.8). Heneg € dN’, i.e.
/ |Vuo|2+)\/1,tg:u/ug.
RN RV RN

By Lemma 3.140 = A/ w(x/Aly)). O

Foru,v e HY(R"), we define

2 2 2,2 4
Mlz{(u v) € HY(RY) x H(R") Jrw IVul” 421 Jg u® = B Jgn ™0™ = [ u }

Jan V024 22 fon v = B [ u?v?2 = pa fpy v?
The following is the main theorem in this section.

Theorem 3.3.Consider the following problem

Ip:= inf I[u,v]. (3.10)
u,v=0, (u,v)eMq,
u#0, v£0

(1) If 0< B < Bo < /12, thenly is attained. Let{ Uy, Vo) be a minimizer ofy, where(Uy, Vo) satisfieq1.4),
thenUy, Vp are radially symmetric and decreasing.

(2) If B <0, thenIy is never attained and
4-N)/2 — 4-N)j2 —
Io= (M2t 4 a5V 2o Y 1w, (3.11)

Proof. (1) Suppose & 8 < o < /w12. Let (u,, v,) be a minimizing sequence & and(x}, v;}) be the corre-
sponding Schwartz symmetrization. By Theorem 3.4 of Lieb [23],

/ uf () (x) dx < f wp?wn?. (3.12)
RN RN

Sincep > 0,
Iuy, vyl < Iuy, vy] (3.13)

and
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f IVuil? + 11 / wH?—p / W W) < pa / Wi, (3.14)
RN RN RN RN
[1viiea [wn?-p [wpten?<u ot (3.15)
RV RN RN RN

Therefore
Ip= inf [Iu,v]> inf Iuvl=0 (3.16)

(u,v)eMy (u.v)eM;
where

f]RN |V14|2 + A1 fRN u? — B /RN u?v? < fRN ut
Jaw V12 422 fgn v7 = B fon uPv? < iz [y v*
Now we want to show thaly = I3, and we may study; instead. Sincéu, v) radially symmetric and decreasing,
we have compactness itf (RV). As for the proof of Lemma 2.1, we may prove that there exists a minimizer for
I called(ug, vg) which is radially symmetric and decreasing.
By similar arguments as in the Claim 1 of Lemma 2.1, we deducefthat§ > C1, [pv vg > Ca, provided that
B < Bo. This implies thatg # 0, vg #£ 0.
As for the proof of Lemma 3.2, we must have either

/|Vuo|2+A1/u§—ﬁ/u%vé:/q/ug (3.18)

u, v radially symmetric and decreasing
} (3.17)

M} = {(u, v) € HY@RY) x HY(RY)

RN RN RN RN

or
/|Vvo|2+A2/v%—ﬂ/u%v%:uzfvé. (3.19)
RN RN RN RN

We claim that both (3.18) and (3.19) should hold. Suppose not. We may assume that (3.18) holds but (3.19) does
not hold. So we have

VI[uo, vol + AVGiluo, vo] =0
for some Lagrange multipliex. We claim thatx = 0. In fact,

(VGl[uo, vol, uo> =0, i.e.

( /|VM0| +2A1fu0 Zﬂfuovo 4u1/u0>—k( 2leug>=0

RN RN RN RN
and hence. = 0. Here we have used the fact that=£ 0. This shows thatug, vp) € M1. Hencelp = I1 can be
achieved by a radially symmetric pdirg, vg). As for Lemma 2.1 and 2.2, using the fact that @ < ./u1u2, we
may prove thatug, vg) must satisfy (1.4).
On the other hand, any minimizer &f, called(Uyp, Vo), must satisfy

AUo — *1Up + U+ BUoVE =0 inRV,

AVo—AVo+ poV@ + BUEVo=0 inRV, (3.20)

Uo, Vo>0, Up Voe HY(RY).
As 8 > 0, by the moving plane method (see [3QJ)Jo, Vo) must be radially symmetric and strictly decreasing.
This finishes (1) of Theorem 3.3.
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(2) Let g < 0. By choosingu = /s /A1/u1 w(v/A1(y — Re1)), v = /1 /A2/m2w(v/A2 (y + Re1)), where
R>1,

0
we compute the maximum of
B(s,t) =1[u,v].
By choosingR large enough, we see that
f wz(\/A_l (y— Rel))wz(\/); (y+ Re1)) >0 asR — +oo
RN
and hence
Glim _maxp(s. 1) < (N2 w4+ 48N st Tw).
So
To < (M2t N2 1y,

Next we claim that
(4— N)/2 —1

4— 2 _
Io> (3! +a5 N2 1w,
In fact, let(u, v) € M1 andg < 0, then
1 A 1 A
I[u,v]2§/|Vu|2+?1/u2—% u4+§/|Vv|2+?2/v2—%/v4 (3.21)
RN RN RN RN RN RN
and
fqu|2+)\1/u2<m/u4,
RV RN RV
/|Vv|2+sz02<u2/v4.
RN RN RN
Hence
A
inf  Ifu,v] > |nf [ /|W| + 1/ 2 ﬂ/u“
(u,v)eMy (u,v)EM3 4
RN
+§/|Vv|2+?2/v2—72/v4} (3.22)
RN RN RN
where

S IVul? + 11 fon u? < pa fon u4}

={(u,v) e H*@®RY) x HYR"Y)
{ fRN |VU|2+)\.2fRN UzgﬂszN 'U4
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By Lemma 3.2, the right-hand side of (3.22)
> (N2 SN2 . (3.23)

This proves thafg = (A2 7t + 2525 Y 1w,
Finally we prove thafy is never attained. In fact, suppo&gis attained by soméug, vg). Then(ug, vg) € M1.
By Maximum principle ug, vg > 0. Then by Lemma 3.2 again

1 s A1 2 M 2 M2 4
Iozl[uo,vo]>§f|Vuo| —i—?/ ug— 7 o+ /|Vvo| +?/ vg — vy Vg

RV RV RV R¥ RV RY
(A(4 N)/2 _1+/\(47N)/2;L51)I[w]

which is a contradiction! This completes the proof of (2) of Theorem 3.

Next theorem concerns a problem on the half-space

={01....yn) eRY | yy > 0}. (3.24)
Consider

Au — A+ pu + B uv?=0 inRﬁ,

AV — AoV + oV + Bulv =0 inRﬁ,

u,v=0 inRﬁ,u,v—>0 at + oo,

u=v=0 onaRY.

(3.25)

Theorem 3.4.Problem(3.25)has no solution unless=0, v=0.

Proof. For single equation, similar theorem has been proved in [11]. Now we follow the same idea for the sys-
tem (3.25). First, by Hopf Boundary Lemma

o g onaRY . (3.26)
dyN oyN

Multiplying the u-equation bydu/dyy, the v-equation bydv/dyy, adding them together, and integrating them,
we obtain

o-fimi fooii =) ()]
3yN B YN dyn
RN
which contradicts to (3.26). O
Finally, we compute some interaction integrals which will be useful later.
Lemma 3.5.Assume that; < A2 and|P — Q|/e > 1. Then we have
x—P X —
) w(m - ')w2<Jx’z'g—Q')
P— — _ P -
_ w<¢71 | Q')(l—i—o(l))wz(\/)G M) e VAR ),
& &




T.-C. Lin, J. Wei/ Ann. |. H. Poincaré — AN 22 (2005) 403-439 419

(2) If A1 < A2, then

[ o 2

RN

- '”2(& u)‘€N(1+ o(1)) f w2(/Apy) & G dy, (3.27)
&
RN
(3) If A1 = A2, then we have

v (il <o fur(Vin (Vi B2 o
RN

P —
< w2d-9/4 (\/)»_1 ﬂ) (3.28)
&
Proof. (1) Letx = Q + €y. Sincer1 < A, using asymptotic expansion (3.4)of we then have
—P —P
w<\/)\71|x l):w(\/)le +€y|)
€ €

=(1+ 0(1))w</71 M) e VAalig=r ), (3.29)
€
(2) If A1 < A2, then similar to (3.29), we have
(Vi ) = oy (Vi O e 2R (3:30)
€

€

By Lebesgue’s Dominated Convergence Theorem (using the factthat.,), we have

[

RN

= @ropu(via P )N [urrape 2R ay

]RN
(3) Foriy = A2, the proofis similar. O

Remark 3.1.1f A1 =i, N =1, then

+00
R[wz(m <y ) §>)w2(ﬁ2 (y B %)) W=z [ <cosr(2my> +coir(2¢mp - Ql/s)) -

0

4. Upper bound for ¢ when g > 0

In this section, we study the asymptotic behavior of the least energy solution for the following problem in a ball
Au — dqu + pul + Buv2=0 in Bg,
Av—kzvji-,uzv3+/3u2v=0 in Bg, 4.1)
u,v>0 inBg,

u=v=0 0noBg,
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whereg > 0, and give an upper bound foy wheng > 0. HereafterBy is the ball of radiusk with the center at
origin.
The following is the main theorem in this section.

Theorem 4.1.Let0 < 8 < Bo < /w142 and consider the following problem

Ip = inf Ig[u,v] (4.2)
(u,v)eEMp
where
1 A 1 A
IR[u,v]zE/lvmz—}—%/uz—%/u4+§/|Vv|2+72/v2—%/v‘l—g/uzvz,
Bgr Br Bg Br Bgr Bgr Bg

for u, v € H}(Bg),

and
Jop IVul? + 1 [ u? = B [ uPv? =1 [ u4}
Iy |Vv|? +22 [, v2 — B s, u?v? = w2 g, v

Then forR sufficiently large / is attained and the minimizer, callédr, Vr), is radially symmetric and strictly
decreasing and is the least energy solutiofad). Moreover a — +o0, we have

Mg = {(u, v) € (H3(Bg))?

Ir < Io+c1exd—2(1— 0)y/Aa1 R] + coex —2(1— o)v/A2 R], (4.3)
Ig > Io+ csexp—2(1+ 0)y/A1 R] + caexp[—2(1+ 0)v/A2 R], (4.4)

wherelg = I[Up, Vo] which is given in Theorei®.3, andcy, c2, c3, ¢4 > 0 are constants.

Proof. The first part of the statement follows from the same proof in Theorem 3.3 (1jUgetVg) satisfy
AUR — MUg + U3 + BURVZ =0 in Bg,
AVRg — 2V + 2V + BUZVR =0 in Bg,
Ur=Ur(r), Vr=Vg(@), Ur>0, Vg>0 inBg,
Ugr(R) = Vg(R)=0.
Then by standard estimates, we have
Ur(r) < (Ao+ o)) e V1= Vp(r) < (Bo+o(1)) & Wiz (4.5)

for o small, whereAg, Bg are two positive constants.
By comparison principle, one sees thatRas> +oo

Ur(R — 1), —Uk(R — 1) ~ AgR=N=D/2g~VAa(R-D) (4.6)
V(R —1),—V4{(R — 1) ~ BgR~(N~D/2g=V72(R=D) (4.7

To obtain an upper bound fadtz, we use the variational characterizationlgf To this end, we takéUp, Vp)-
ground-state solution constructed in Theorem 3.3 and a cut-off function

1, |y|<R-1,
n(y)=
0, |y|>R.

Then it is easy to see that f& large the function'z[/s Uon, v/t Von] has a local maximunig = 1+ o(1) >
0,tr =1+ 0(1) > 0. By same argument as in Lemma 2.3, we can compute
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® < IR[/5R Uon, /8 Vonl < I[Uo, Vol + c1 & 2VRMA-0OR 4 ) g=2Vh2(1-0)R

for some positive constantsg, c2. Here we have used the fact that

/|V(Uon)| +/\1/(U0n)2 /|VU0| +A1/U0+c1e 2/ A-0)R,

(4.8)

RN RN RN
/ IV (Vom) 2 + 22 / (Vom? < / IVVol2 + 22 / V2 4 cpe VP00,
RN RN RN

This proves (4.3).

As for the lower bound (4.4), we exteritk, Vx to wholeR” by the following way: letV; g, i = 1,2 satisfy
AVig—*Vig=0 inRN\ Bg_1, “9)
Vir(R—1)=Ugr(R—-1), Vig— 0 atoo, '

{ AVog —A2Vog=0 inRN\ Bg_q,

(4.10)
VZ’R(R—].):VR(R—].), V2,R—>0 atoo.
Let
— Ur(r), r<R-1, — Vr(@), r< 1,
U — R(r) Ve = R(r) (4.11)
Vir(@r), r=2R-1, Vor(r), r=R-—1
Then we have, for alt, r > 0 that
1 — _
15 T, JVR]—s[ /IVU 2+ /UZ—% UI‘%}
RN
1 =2, M (2 pat [=a4] B 7272
+[|:§/|VVR| +7/VR—T VR _ESt/URVR
RV RV RN RN

S
<R[V Ur, V1 VR] + > / (IVVLRI? + 21l Ve rI?)

RN\Bg_1
t Ky
+5 f (|vvz,R|2+xz|Vz,R|2)—§ f [IVURI? + e1U3]
RN\Bg_1 Br\Br-1
! VVel2 2 B 2 2 B 2021 (412
-5 [IV Vgl +e2VR]—Est [Vl)RVZ)R]—i—Est [U2V3] (4.12)
BRr\Br-1 Br\Bgr-1 Br\Bg-1

wheree; = A1 — ﬂUI%, e2 =M\ — N_Ztv2
Let Z1 g be such that

{AZLR —MZ1g=0, R—-1<r<R,
Z1R(R—1)=Ur(R-1), Z1r(R)=0

By a standard argument on elliptic partial differential equations, it is easy to check that

/ IVZ1 gl + 022 < / [IVURI?+ 21U3].
Br\Br-1 Br\Br_1
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Moreover, by (4.6), we may obtain

/ |vzl,R|2+xlziR<[ / (|VUR|2+61U,23)}+0(1)sU,%(R—1).

Br\Bgr-1 Br\Bgr-1
In addition,
S
5[ / (IVVLRI? + 21| Ve rI?) — f (IVZyrI? +x1|zl,R|2)}
RN\Bp_1 Br\Bgr-1
S
= EI: / (Zl,RZ/l,R - Vl,va/’R)]
0Bgr-1
S , _ _
= éUR(R —1)(Zy (R = 1) = V{ (R = D)(R — DN sV

< —%U,%(R — 1oy for somews >0

where| SV ~1| is the area of the unit-spherelt{".

Hence
) S
5[ / (IVVLrI? + 22 Ve gI?) = / (IVURIZ+ elvﬁ)} < —5UR(R = Do
RM\Bg_1 BR\Br-1
for somexg > 0. (4.13)
Similarly
t t
5[ f (IVV2 rI2 4 22| V2 r1?) — / (IVVg|? +62V§)} <—5Vi(R= Do
RN\Bg_1 Br\Br-1
for somepg > 0. (4.14)
On the other hand/z < V1., Vk < Va.g, hence
gst[ / (U3VE — VfRVZ%R)} <0.
BR\Bgr-1

Therefore combing (4.12)—(4.14), we obtain
N

1[5 Ug; vVt VRI < IR[Ns Ug, v/t VR] — 5

Now we takesg, r such that

Io< sUpI[V/sUg. vt VRl = I1/5g Ur, Vg V]

s,t>0

UZ(R — 1)ap — %V,%(R ~1)po.

IR[/SR Ur, VIR VR] — ce™ VAR _ ) g=2V02(l+0)R
SUD TR[V/5 Ur, /i V] — cae 2R _ oy 2240k

5,t>0
<Ig —c3 g 2Va1(1+o)R _ ca e~ 2/A2(1+0)R

<
<

which gives a lower bound ofy. Here we have used Eqs. (4.6) and (4.7
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Finally we consider the attractive cage- 0 in a general domain.

Lemma 4.2.For 8 > 0 (attractive case)we have
e <&V {Io+ crem VAR 4 o) g2V/72(-0)Re) (4.15)
wherelp is given in(3.11)and R, = % maxpc d(P,082).
Proof. Choosing a pointPy € £2 such thatd( Py, 0§2) = dp = maxpc d(P, 982), and lettingR, = dp/¢, we see
that Lemma (4.2) follows directly from Theorem 4.1 sin@g(Beg, (Po)) C H}(2). O
5. Upper bounds forc, wheng <0
In this section, we compute some upper boundg fousing Lemma 2.3, whef < 0 (repulsive).

Let w; be the unique solution of (1.7). FiR € 2. We definew; . p to be the unique solution of the following
problem

2p A + 3(X_P) 0 inQ
ESAW; o p — Aiw; w——) = .
ie, P iWie, P T HiW; e (5.1)
Wi g P =0 onodsf.
Let
x—P
Wie,p = Wi — — Qi P 2. p={yley+ P e} (5.2)

The study ofw; . p is contained in Section 4 of [28]. There it is assumed that u; = 1. But an easy scaling
argument gives the following lemma.

Lemma5.1.
(1) —¢loggie p(P) — 2/0d(P,382) ase— 0. (5.3)

(2) Let Ve i(y) =ie,p(P +€y)/¢ie p(P). Then as — 0 (up to a subsequencey, ; (y) — V;(y), whereV; (y)
is a solution of

AV; —A;Vi=0 inRV,
{V,»(O):l,w>o in RN (5.4)
©) sup eV +obly, ()| <C forany0<o <1. (5.5)
VES2 p
Lemma5.2.
1 A i
1) 582/|Vwi,e,P|2+ é/w,%ap - ZI wi, p
22 2 2
= eV N2 ] + (a1 + 0(D) @i, p(P)] (5.6)

forsomeg; > 0,i=1,2.

@ Q/ iFopudog=e"| [ud(s- 1 )u3(v-2)]a+ow) (5.7)

RN
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Proof. (1) follows from the computations given in [28]. For (2) we note that

_Pp _
/wf,g’PwiS,ngw%(x - )w%(x BQ)
2 22
P
:ﬁ’[/wf(y—;)w%(y—%)](l+0(l)).
RN

To obtain the other side of the inequality, we note that

x—P

Wie p 2 (1+0(1))W1( ) X € Ber(P) U Ber(Q),

wz,s,Q>(1+0(1))w2(x Q), x € Ber(P) U Bor(Q).

Hence
x—P x—0
[utoridio=@row) [ wd(TF)u3(*9)
Q Ber(P)UB:r(Q)
P 0
> (1+0(1))8N f w%(y - ;)w%(y - ;) dy.
RN

Combining (5.8) and (5.9), we obtain (5.7)0

Let us denote

P
I(P, Q) = / w%(y - ;)w%(y - %) dy,

RN
8:(P, Q) Z‘Pl,e,P(P) +‘P2,£,Q(Q) + I (P, Q).

By Lemmas 5.1 and 3.5, we can easily arrive at the following estimate.

Lemma 5.3.Supposel/ (P, 382)/e > 1,d(Q,32)/¢ > 1, |P — Q|/¢ > 1. Then we have

1+o ,,14+0 l-0, ,1-0
exp[——2 s Q)]gas(P, Q)<exp[——2 e Q)].
Set

B(s, 1) = Eqlv/swie p, vVt woe ol

and(s,, ;) be such thatf (s, ) = 2 (s., 1,) = 0. Then we have

2 2 2 4 2 2
€ /|vw1,s,P| +A‘1\/w1,g’PZMlswal,g’P+ﬂt5\/\w1’g’Pw2’8’Qa

Q Q Q Q

2 2 2 4 2 2

& /|Vw278,Q| +k2/w2yg’Q=,u2t8/w2’s’Q+f3s8/wl’€’Pw2’€’Q.
Q Q Q 7]

Note that(s,, t.) is unique. Similar to the proof of Lemma 5.3 of [28], we obtain that theorem

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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se =14 0(8:(P, ), (5.13)
te =1+ 0(3:(P, Q). (5.14)

We are now ready to compute

EQ[\/EwlsP \/EU)ZS Q]

52
= |: /IleePI +)Ll/wlgp:| Z,ul/wfgp
2
le| 2 2 12 2 2
+§[8 /|Vw2’g,Q| +k2/w25Q] —ZMZ/w 260~ sSZS/wlyg,wa’g’Q
17 2

2 2

(s¢ — 1

{s=t=1}

te — 1+ 0(eV82(P, 0))
{s=r=1}

0Eg
= E.Q[wl,s,P, WZ,S,Q] + T[\/Ewl,s,P, \/;w2,g,Q]

+—[\/EwlsP \/_w2£ Q]

2
=&V [ZAE“‘N” 2ut wl + (a1 + 0(D)pre.p(P) + (a2 +0(1)02.6.0(Q)
i=1

(1+ o(l)) p I.(P, Q)} (5.15)
Therefore we have

Lemma 5.4.For 8 < O (repulsive casg we have

Ce = inf Eqlu, v]
u,v20, u,v#£0,
(u, v)eM(e Q)
4— 2 _ 4-NY/2 _
eV U w) + 45V ] + (a1 + 0(D) pre.p (P)

+ (a2 + 0(1))(P2,5,Q(Q) + (a3 + o)) (P, Q)] (5.16)

whereas, az, a3 are three positive constantdn fact, a3 = —%.)

6. Asymptotic behavior of least-energy solution: a first estimate

In this section, we study the asymptotic behaviotiof, v.) — the least energy solution @. Our main result
of this section is the following.

Theorem 6.1.For ¢ sufficiently smallg, has only one local maximum poift andv, has only one local maximum
point Q.. Furthermore

(1) if B <O (repulsive caskg then we have

d(Pg, 082 d(Qg, 082 P, —
(Pod@) o Qe AP0l (6.1)
& & &

and letU (y) :=ue(Ps + £y), Ve (2) :=v.(Q¢ + £2), then
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U — wi(y), Ve(z) = wa(z), (6.2)
e|Vug|, ue(x) < C e Amohik=ril/e, (6.3)
e|Vvel, ve(x) < C e AmoViali—Ql/e (6.4)

(2) if 0 < B < /12 (attractive case)then we have

d(Pe,d2) 0 dQe02) o 1P-0Qd (6.5)
€ € €

and letU, (y) := us(P: + €y), Ve (y) := (Q¢ + €y), then(U,, V,) — (Ug, Vo) where(Uy, Vp) is a least-energy
solution of (1.4), and(6.3), (6.4) hold for u,, v, respectively.

k]

The proof of Theorem 6.1 is divided into two casgsk 0 andg > 0. Let us first consideg < 0 (repulsive
case). We proceed with a few claims

Claim 1 (assuming3 < 0).

d(Pg, 082) d(Q,082)
— = 400, —_—
€ 3

+00

Proof. Suppose not. Without loss of generality, we may assumedt@t, 352)/e < C and thatd (P, 3§2) =
| Pe — Pe|, P. € 952. Further, we can assume tht= 0 and that the normal derivative &t is pointing at thexy -
direction. Now letU, (y) := u, (Ps + €y), Ve(y) := ve (P + £y). Thenas — 0, (U, V;) — (U, V) in CL . (RY),
where(U, V) a solution of
AU — U + U3+ BUV?=0 inRY,
AV — 2V + puoV3+ U2V =0 inRY, (6.6)
U VeH®RY), U=V=0 onaRY,U,V=>0.
By Theorem 3.4,V =0.
We show that this leads to a contraction. In fact, assuming dk&t, 952)/e — no > 0, then sinceyp =
(0, ...,0,n0)" is alocal maximum point fot/, andUy, V. — 0 in C&)c(R-}X)’ we have that ap = yg
(—A1+ U% 4+ BVAHU. >0 (6.7)

which implies that eithetUc(yo) = 0 or Us(Yo) > 3+/A1/11. SO Ue(Yo) > 3+/A1/11 and hencel (yo) >
$/A1/p1. A contraction toU =0. O

Remark 6.1.Claim 1 also works fog > 0 case.
Next we claim that

Claim 2 (assuming3 < 0).
|Pe — Qs

£ = 4.
&

Proof. Suppose not. Let us assume th&t — Q.|/e < C and letU, (y) = u.(P; + €y), Ve = v.(Q, + €y). Then
ase — 0, (U, V) — (Uo, Vo) which satisfies
AUy — mUo+ pu1Ug + BUgVE =0 inRY,
AVo— Vo + p2V@ + BUEVo=0 inRY, (6.8)
Uo, Vo>0, Up Voe HY(RY).
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By Theorem 3.3,

4-N)/2 — 4-N)/2 —
I[Uo,vO]>Io=[A§ V2t ag uzl}l[w].

On the other hand
. — 4-N)/2 — 4-N)/2 —
lim e~ Eelue, vel > U0, Vol > [ 2ugt + 25V 2z M (w)

e—0

which contradicts to the upper bound Bfu,, v.] in (5.16). O

Claim 3 (assuming3 < 0).

Us(y) = ue (P +ey) - wi(y) ase — 0,

Ve(z) = ve(Qe +€2) > w2(z) ase — 0.
Proof, By Claim 2, |P, — Q.|/e — +00. Let Up(y) = ue(Pe + £y), Ve(y) = ve(Ps + £y). Then (U, V) —
(Uo, Vp) andVy = 0. Hencelj satisfies

AUp —MUo+ U3 =0 inRY,
Up>0, Upe HLRN).

By the uniqueness afi1, we see that/p = w1(y). Similarly, V. (z) = ve(Q¢ + €z) —> w2(z) ase - 0. O

Claim 4 (assumings < 0). For ¢ sufficiently small P, Q. are unique, i.eu, has a uniqudlocal) maximum point
P., andv, has a uniquélocal) maximum poinQ..

Proof. Suppose not. Supposg has two local maximum pointB; 1, P 2. Then there are two cases to be consid-
ered as follows:

Case 4.1: Suppos®, 1 — P: 2|/e < C. This can be excluded by the fact that has a unique (nondegenerate)
maximum point, similar to Section 3 of [28].

Case 4.2: Supposg@; 1 — P.2|/e — +o00. In this case, we will have

2
1 Al M1 4-N)/2 —
lim ¢ 1"[5/|W8|2+?/u§—Z u;‘} > 202w
2 2 2
and
L 4-N)/2 — 4-Nyj2 —
lim ¢ NElue, vel = (228 M2 urt 425205 1w
which contradicts to the upper bound of (5.6).
Similarly, v, can only have one local maximum pointg
Claim 5 (assuming3 < 0).

ug(x)vg(x) — 0 uniformly in$2.

Proof. This follows from Claims 3 and 4. In fact, since

Ue(y) :i=ue(Pe +y) = wa(y),

Ve(2) = v (Qe + €2) = w2(2),

P. —
P Qel
&
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we haveu, (x)ve,(x) = 0 in Byr(P) U B.r(Q.). OutsideB.g(P:) U B.r(Q:), We haveu,(x)v.(x) uniformly
small. O

Claim 6 (assuming3 < 0). (6.3)and (6.4) hold.

Proof. In fact, the equation fot, becomes
ezAug — AUe + (,ulug + ,vi)ug =0.
OutsideB. g (Pe), us(x) < +/A1-0/2/8 /1. So outsideB. g (P.), we have

2 _ a2 2y, 5 3.2
e Aue — Mg = (—Bvg — piuyduy > Mzug.

Hence
A1(1—0/2
e_¢ 100/ D—pil

us(x) <C

By Harnack inequality,

e|Vue| < Cug(x) < Ce(—\/K—l(l—U))/SIX—Ps\. 0

It remains to consideg > O (attractive) case. Claim 1 still works. So we hal@., 0§2) /¢, d(Q., 082) /s —
+00. Next we claim

Claim 7. Supposes > 0. Then|P, — Q.|/e — 0.

Proof. We first prove thatP. — Q.|/e < C. Suppose not. That iP, — Q.|/e — +o0. Then as in the proof of
Claim 3, we seU,(y) = us(Ps +€y), Ve(y) = ve(Pe + €y). Then(Ue, Ve) — (Uo, Vo) Which solves (6.8) with
Ug > 0, Vo > 0. Similarly, we scale ap., and set, (z) = ug(Qp + €2), Ve(z) = v:(Q¢ + £2). Then(U,, V,) —
(Uo, Vo).

If Vo= Ug =0, then we obtain

2 2
€ 1 M1 B e A2 2
EQ[M.S,UE]ZE/|VM5|2 Ef Z/ ;‘ E/u§v§+— |Vv;;|2+—fv62—7/v;1
2 Q Q Q 2 Q Q
Mn1 4, M 4 B 2 Mn1 4, M2 4
27/’484_7 U€+§/8 2?\/“84_7/1)6

2 2 2
We may assume thaf ¢ 0. Then we have

lim 6™V Eglue, ve] > inf 11U, V1= I[Uo, Vol.
=0 U.V0, U,V#0,
(U,V)eM,

Here we have used the fact thak(B < ./u102. On the other hand, the upper bound in Lemma 4.2 gives

lim e N Eolug, ve] < inf 1U, V]=I[Ug, Vol.
e—0 U,V=>0, U,V#0,
U.V)eM,
So(Ue, V) — (Ug, Vp) Which is a ground-state solution. Sintlg, Vp attains its maximum at zero, we see that
must also attain a local maximum ney. This contradict$P, — Q.|/¢ — +oo. Infact,|P. — Q.|/e - 0. O
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Claim 8 (assumings > 0). P, Q. are unique.

Proof. We first claim that
AUp(0) <O, AVp(0) <O0. (6.9)

Suppose not , we may assume thal/o(0) = 0. Let p(r) = Ug(r) — Up(0), ¥ (r) = Vo(r) — Vo(0). Then we
compute

Ag = AUo(r) = 11(Uo(0) + ¢) — u1(Uo(0) + ¢)° — B(Uo(0) + ¢) (Vo(0) + v)°,
Ag + [=21+ 3u1(UZ(0) + Uo(0)p) + B(Vo(0) + ¥)*Je + BU0)(2Vo(0) + ¥) ¥ + p1¢°
= 21Uo(0) — ;12U5(0) — BU6(0) V5 (0) = AU(0) =O.
Sinces > 0,9 <0, ¥ <0, we have
Ag + C(r)g = —BUo(0)(2V0(0) + ¥) ¥ >0,

whereC (r) < 0. By the strong maximum principle, eithei= 0 or ¢ < 0, which is impossible. Henc&Up(0) < 0
which yields thatV U (0) = AUp(0) < 0.

Suppose now, has two maximum point®; 1, P. 2. Then|P; 1 — P 2|/¢ — 0. SinceU, — Up in Cf)c, and
Uy (0) <0, itis easy to see thad, 1 = P.2. O

Claim 9 (assumings > 0).
e|Vug|, lug| < Ce*«/)n_l(1*0)|x*1’s|/€’

e|Vugl, [ve| < Ce*«/)»—z(lfﬂ)\X*Qs\/e.
Proof. Sinceu,, v, are uniformly small outsid®,z (P,) U B.r(Q.), We see that, satisfies

o
e2Aus — Aue > —Mue ONS2\ [Bsr(P:) U Bsr(Q0)].

Then Claim 8 follows from standard maximum principle and Harnack inequality.

7. Lower bound for ¢, in the case of < O (repulsive case)
In this section, we establish the following lower bound dpiin the case o8 < 0.

Theorem 7.1.Assume thag < O (repulsive case Then we have

ce = N[O AN TTw] + (aa + 0(D)pre, b (Pe)
+ (a5 + 0(1)p2.6,0. (Qe) + (a6 + o(D) X (Py, 00)] (7.1)

where P,, Q. are the two(unique)maximum points of,, v, respectively, anda, as, ag are three positive con-
stants, and € (0, 1—%,0) is any fixed constant.

Assuming Theorem 7.1, we can finish the proof of (3) Theorem 1.1.
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Completion of the proof of (3) of Theorem 1.1. Comparing the upper and lower boundcgf we obtain
(aa+ o) g1, p. (Pe) + (a5 + 0(D)p2., 0. (Qe) + (a6 + 0(1) I (P, Q)
< (a1+0(D)pre.p(P) + (a2 +0(1)@26,0(Q) + (a3 +0(1) (P, Q), forall P, Q,
which then implies that

Y7 (P, Q)< min _8.(P, Q) (7.2)
(P,Q)ef2?

and hence (using (5.12)) lim o™ (P, Q;) > maxp gye2 (P, Q). Now lettingo — 0, we obtain that

lim o(Pe, Q) > max o(P,Q). O
e—0 (P,Q)ef2?

From Theorem 6.1 (1), we have a first order approximatiorufon,. However, this is not good enough to
obtain the second order expansioncef We follow (and simplify) the method in [28] by expanding, v.. The
main difficulty and the main difference lies in the computation of interactions betweandv. . See the definition
of ¢1.c.p aNdg2 ¢ 0.

Without loss of generality, we may assume that

A1 < A2 (7.3)

Fix P € 2, we definew; . p to be the unique solution of (5.1) withy = A1, u; = n1. We also define

()
w1 p = w1 .
£

Similarly, we can definevz ;. o, w2 .
Next we set1 . p to be the unique solution of

e2AP1ep — Mb1ep + ﬁwig,Qm,a,P + ﬂwl,g,ng,&Q =0 ing, (7.4)

¢1ep=0 0NdL2, '
and¢z ¢, o to be the unique solution of

62Ad2e.0 — M2B2.e.0 + BwE, ph2eo+ Pwacowi, =0 N2, (7.5)

$2.0=0 o0nds2. ’

Remark 7.1.Since$ < 0, both (7.4) and (7.5) have a unique solution. The funcfipn » measures the interactions
from spike atQ to spike atP. Similarly, the functiong, . ¢ measures the interactions from spikePato spike
atQ.

Finally we set

wl,s,P =Wiep + ¢l,8,P7 wZ,s,Q =w2e0 + ¢2,8,Q’ (76)

wherewy ¢ p, w2 o have been studied in Section 5.
We now studyps . p. To this end, we need to introduce two functions:Het SN-1 and we definaly ,(y) to
be the unique solution of

AW — MW+ B ()W + e P wi(y) =0, W, € HIRY), (7.7)
andy ;(y) to be the unique solution of
AWz, — doWop + Buwi(Wop + pe PV wi(y) =0, ¥, e HIRY). (7.8)

Then we have
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Lemma 7.2.(1) Suppose.; < A2. Then

_ |Q — P|
evhid-olbl (¢l,8,P(Q +ey) — w1< >‘1/1 0-P (y)) -0
& Il L®(£2.0)
ase — 0, wherey = % Q:.0={yley+ Qe 2}.
(2) If A1 < A2, then we have
[P — 0]
26,0l <0<w1< - ))
If A1 = A2, then we have
— P
ex/E(l—cr)yl((bz’g’Q(P +ey) — w2<|Q |>lp2 - (y)> -0
£ *[P=Q] L>®(2,.p)

ase — 0,wherey ==L @, p ={y| ey + P € 2.

&

Proof. (1) We note that foy = 2=<

&

s s (IP=0OI\ gy s
Wie PW, o “wl.,sz,Q”““( . )© Ve ().

Hence
_ —P
Wy 1<|Q87|>¢1,5,P(X) — W1,(y) ase— 0.

The decay estimate follows from the equation sikgeg Ao.
(2) Similarly,

[P — O\ —(2=2 .y
W2, QWi p S w200 p = 0(w1< - e =0 wl(y).

This proves (7.10).
(3) The proof of (7.11) is similar to that of (7.9).00

Set now

s1lu, v] = e2Au — Au + ulus + ﬂuvz,
solu, v] = e2Av — AoV + sz?’ + ﬁuzv.

Then we have

~ ~ 2
silwie p, W2 e 0l = A(wie, p + P1e,p) — A1(Wie p + @Le P)

+ p1(wiep + ¢1ep) + BWie p 4+ P1e ) W2k 0 + B2e.0)?
= Ml[(wl,s,P + ¢1,8,P)3 - wiP] + ZIB(wl,a,P + ¢1,8,P)w2,s,Q¢2,s,Q

+ B(Wie.p + PLeP)P5 0 -
Similarly

s2l1e,p, Wae, 0] = o[ (W2e,0 + $2.,0)° — wg’Q] +2Bwie p(W2e,0 + P2.6,0)PLe P

+ B(Woe,0 + d2.60)05, p-

431

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)
(7.14)

(7.15)

(7.16)
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Recall that

3e(P, Q) =@16,P(P) + 92.6,0(0) + I(P, Q).
We then have

Lemma 7.3.
Isallzoeqe) + Is2llzo(2) < C8E7 (P, Q), (7.17)
Is1ll L1y + Is2ll 210y < ceNsto(p, 0, (7.18)

whereo € (0, 3) is a fixed number.

Proof. We consides; only. Actually,s; contains three terms. The first term can be boundedby, , —w? ,|+

cw? pldrepl.
Note that by Lemma 5.1 (3),
w3, p—wi pl < Corep(P). (7.19)

By Lemma 7.2, we see that

P — —_—
|¢1,8,P| < Cw1< Q) . ‘w]_ o_p (|)C Q|>
€ el &

e Vi(l-0) 2|

~

and hence
w1, p 2léne.pl < Cw1<P = Q)‘wl<x - P) ? ‘”L.%(lx - QI)‘
< wa(lo)(lpgin). (7.20)
Combining (7.19) and (7.20), we obtain that
lualwier +dre.p)® = wd p]| o) < C87 (P Q). o

The second term can be estimated as follows

[P — 0|
|2B(w1e,p + @16, P)W2e, 0926, 0| < lwi pllwz olld2e 0] < w1< - |¢2.6,0]

(P -
< wa(l U)<—Q>.

I
The third term

201-0) ( |P — QO
|(wye,p + ¢l,g,P)¢%’S’Q| < Clpoe 0’ < Cwl( 0)( - .

We now decompose

Ue(x) = Wie p, + fe (7.22)
ve(x) = wz,s,Qg + ge. |

Substituting the decomposition ®f andv, into the equations far, andv,, respectively, we obtain that satisfies

SZAfs —Aife + 3[’«1@%5,1)6 fe+ Isz,g, 0 fe+ 2:311}1,8,["5 wZ,s,QS 8e
+0(Q) fe + 0o(1)ge + s1 W1 p., W26, 0,1 =0. (7.23)



T.-C. Lin, J. Wei/ Ann. |. H. Poincaré — AN 22 (2005) 403—-439 433

Similarly, g, satisfies

82Ag5 — A28 + 3/1«21%5,87(2888 + ,Bwig,pggs + 2,311)1,3,& wz,s,Qg fe
+o(L)ge +0(1) fe + s2[Wne p,, W2e,0.1=0. (7.24)

Next we claim that

Lemma 7.4.

1) I fellooc) + IgellLoo(2) < C8E7 (Pe. Qe), (7.25)

@) £? / IV fel?+ 1 / fZ+€ / IVgel® + A2 / g2 < CeNs2I (P, 0,). (7.26)
2 2 2 2

Proof. Without loss of generality, we may assume that

| fellLoo(2) = llgellLe(2), | fellLoo(2) = felxe)-

We first prove a weaker result:

I fell ooy < COE/212(P,, Q). (7.27)
In fact suppose not. That jsf; || Lo (2) > aél_"/z)/z(Ps, Q.). We let
= (P; +¢€y)
F(y) = LePeren)
| fellLoe(e2)

Then f,.(y) satisfies

Wie, P, W2e,Q,

Ay fe() = M fe) +3maibd . p fo + B3, o, fc + 2B
e i Il fellLo(2)

+o)fe +0(1)=0 ing.
Sincedy.. p, 2.0, = O(W1((P: — Q) /6)) = 0L 7?/2(P., 0.)), then f.(y) satisfies
Ayfe—Aafe + 3wl p fo + i3, o fo+0o(1)=0 in&p, (7.28)
where
Q¢ p, ={yley+ P € 2}.

Note that aty, = (x; — Pe)/e, fe(ye) = MaXeg, 5 fe(y) = 1. We claim thak, € B,z (P;), i.e.|y.| < R, for some
R > 0. Supposey.| — +oc0. Thenwy . p, — 0. Moreover, ab., by (7.28), we have

Ay fo(ve) = A fe (ve) + 0() fe (ve) — Biz.e.0, (¥e) fe (ve) + 0(1) < 0.

Hencef: (y:) = o(1), and we get a contradiction. $o.| < R.
On the other hand, as— 0, f.(y) — fo(y), in CE.(RV), where fo satisfies

Afo—rifo+3mw? fo=0, |fol < 1.

By the nondegeneracy afy, fo(y) = Z]/.V:laj%"% for some constants;, j = 1,..., N. Since f; (x) = uc(x) —
. J
W1e, p,, then
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Vyfs 0)= _Vy[wl,a,Ps + ¢1,8,Pa]’

v, f(0)= ——+ 1
P N fellre Il fell oo

1 P, — Qeﬂ) <0<61 AP, Qs))>
=0 —— e P+ <0 .
<||fs||Loo [‘”1’ pe(Fe) wl( £ A=0/22(p, 0,)

Here we have used Lemmas 5.1 and 7.2. Heﬁpﬁg(O) — 0 which implies thatV f5(0) = 0, and Z;V:laj .
Va“’l (0)=0.So0a; =0, fo(y) =0andf:(y) — 0in CL (R"). However,f;(y:) = 1, |y:| < R. A contradiction!

—0/2)/2 —0/2)/2

So we have proveflf; | () = 05 7/?/2(P, 0c)). Thusl| fell o) + Il ge () < C8E7"22(Py, Q0).
This implies

Wie, P W2e, 0,8 = O (8277 (Pe. Qp)), (7.29)

wl,s,Pg wZ,e,QS fe= 0(351_6(])8, Qe)) (7.30)

Substituting the estimates (7.29) and (7.30) into (7.23) and (7.24), we can use similar argument to prove (1).
To prove (2), we multiply (7.23) by, and integrate by parts. Then we may obtain

/(€2|st|2+)\lf32) </wipg|fg|2+|ﬂ|/w§,Q5|f8|z+/|w1,s,pg||wz,g,gs||gg||fg| +o(1>/f82
2 2 2

2 2

+0(1)/|fsgs|+/ Is1[W1e, P, » W26, 0,111 fel
2 2

Vy[wl,s,Ps + ¢1,5,Pg] = vy [w()’) — @Ple, P, (Ps)vl,s,Pg )+ (pl,s,Pg]

<CeNs2=(p,, 0.) +0o(2) f | fegel- (7.31)

Here we have used Lemma 7.3. Similarly multiplying (7.24)byand integrating by parts, we obtain

/ (£%1Vgel? + 1282) < CeN o2 (Pe, Q) +0(1) / | fege- (7.32)
Q
Adding (7.31) and (7.32) proves (2).O

Now we may compute, and complete the proof of Theorem 7.1: using Lemma 7.3,

= Eqolue, ve]
1 M2 B
——/|ws|+ /2—— —f|wg|+—/ v [u-f 22
2 2
:E_Q[wl)g’Pg,wz’g’Qg]“—gzv/vﬁl,g)ngfg+Al/wl,€,ng€_l"l’l\/wj:ig’l)gfé‘
2 2 2
+82/vw2,e,QSVge +)L2/w2,e,Qggs _ﬂZ/wza,g,Qgge
2 2 2
B
2 [zwla Pngg Qs f8+2w15 Pe w2£ nge]+0(8 0 (Pg, Qa))

2
= Eg[W1e p., W2e,0,]
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3 ~3 3 ~3
‘i‘,ul/A(w;L,p‘E - wl,g’Ps)f&‘ +,U«2/(w2,Q5 - wz’sng)gg
2 2

2 ~ ~2 2 ~ ~2
+ ﬂ[/(wl,g,Png,g,Qg — Wi, P W), o) fe + (W2e,0,WT . p, — wz,g,QSwl,g,pg)gs}
2

+0(8N88(P£7 Qs))
= Eq[Wie,p,, wZ,e,Qg] + O(SN‘SE(Psa Qe))

It remains to comput& [y ¢, p,, W2,¢, 0, 1. NOte that

2
~ ~ € Al 251
Eq [wl,s,Pgs w2,s,Q5] = E / |vw1,s,Pg|2 + 7 / wie,Pg - I wis,Pg
2 2 2
2
A2 2 Hn2 4
t5 IVwae 0.1+ ?/wZ,a 0.~ 7 | Y2e0.
2 2 2

2 3
+&° | Vwie p Ve rp -H»l/ Wie, P, Ple, P — Ml/ Wi, p,PLe, P
2 2 o)

& A
+E/|V¢l,s,Pg|2+?/|¢l,s,Pg|2
2

+
™

2
Z/sz,g,Qng,g,Qg +)\2/w2,a,Q8¢2,£,Q8 — MZ/wg,g’Q‘Ed’Z,s,Qs
1?) 17 2

\
|

2

& 2 Al 2 n1 4

5 /|le,s,Ps| +7/w1,g,Pa - Z/wl,s,Pg
2

2
& 2, r2 [ 2 4
t5 | Vwaeo "+ ?/WZ,E,QS - I/wZ,e,QS

Q Q Q

- g / (Wie,p, + O1e,p) 2 (W2e,0, + ¢2.6,0.)% +0(V 8 (P, Qp))
2

4— 2 — 4— 2 —
= NV ] + 25N  w] + (a1 + 0(D)gr e, (Pe)

+ (a2t 0)g2c.0, 0] - & / (Wie.p, + G1e.p)2(Wae.0, + b20.0,)2
2

+0(eV8:(Pe, Q).

Supposé.1 < A first, then by Lemma 7.2,
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|x — Qel
@1,6,p.(X) ~ w1 p.(Qc) - Y1p, <% ,
Wi, 0, (%) ~ i p, (Pp) € P,
26,0, ~ o(wl,s,P,,3 (Qs))»
wherebe = (Qc — Po)/|Qc — Pe.
So we have
—g /(wl,s,PE +¢l,8,Pg)2(w2,s,Q5 + ¢275,Q£)2
Q
B
>-5 (Wie,p, + GLe.2) (W20, +$2.,0.)°
B:r(Q:)
> LAWY —(be.y) 202(v)dy - 2
Z 1)¢ (e + Y15, (y)) w5(y)dy (wl,s,Pg(Qs))

RN
> aple (Pe, Q¢) > apl}™ (Pe, Q)

whereag > 0 is a positive number, using Lemma 3.5.
Similarly, for Ay = A2,

B
=5 [ e +61ep) W2 0. + 926,07
2

B
P _E (wl,e,PS + (/J)l,e,Pg)Z(WZ,e,QS + ¢2,8,Qg)2

Ber(Pe)
+ <_§> / (wiep, + ¢1,£,Ps)2(w2781Q€ + ¢2’5’Q€)2
Ber(Qe)
> <_§>8N /(e—wf,y) + W5 (1)) wi() dy(wie b (00)°
Bg
B\~ (be> ) 22 ?
+ > € (e + W2 _p, (y)) wi(y) dy(w2’5*Q8 (Pg))

Br
> apl 7 (Pe, Qo).
Thus we have
e 2 N[V Put STV ] + (as+ 0(1) gL, p, (P)
+ (a5 + 0(1))p2.6.0. (Qe) + (as + o(D) I (Ps, Q0]
whereay, as, ag > 0 are three positive numbers.

This proves Theorem 7.1.
8. Alower bound for ¢, in the case off > 0 (attractive case)

We obtain a lower bound faf,, assuming thag > 0. Let P, Q. be the unique local maximum pointsaf, v,,
respectively. Recall that by Theorem 6.2, — Q.|/e — O.
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We may assume that, passing to a subsequencePilfat Q,) — xo € 2. Thus
de =d(P;,082) — do=d(xg,052), ase— 0.

(Note thatd (xo, 3§2) may be 0.)
Giveno > 0, we choose a numbdg > 0 so that

vol(B(xo, dy)) = vol(£2 N B(xo, do + o))

chooser’ > 0 slightly smaller tham with dgy < do+ o’
Now consider aC* cut-off functionn, such that

ne(s)=1 forO<s<de+o0', n(s)=0 fors>d.+o0, 0<n. <1, |[n]<C.

Letii, = uene(|Ps — x|), Ve = vene(|Q — x|). Then using estimates (6.3) and (6.4) of Theorem 6.1, we obtain
that

2V/h1

&

2V/2

&

ce > Eqltue, sve]l > Egltie, sve] — eV exp[— (ds + 0/)] —eV eXIO[— (d: + a/)}
for all ¢, s € [0, 2], where

Q=920 B, de +0).

Let R, =d] /e, whered] is chosen such that

vol(B(0,d,)) =vol(2 N B(x,, d; + 0)).

Using Schwartz’s symmetrization, we have
[ @ [

B(0.d;) Q
and hence (sincg > 0)

Epo.ayltity, s0;] < Egltie, sve].
Now we chooset*, s* such that

Epo.a)lt™iy, s*0;]1 > Epo.ayltiy, sv;],  Vt,s > 0.
Then

Epo.ayltiiy, s*0;] < Eglt*ite, s™ve]

2y/M1

&

222

&

<ce+eV exp[— (dy + o’)] +eN exp[— (dy + a’)],

~ ~ ~x o~ N
Epo.altiiy, s*0;] = SUPEp.ay)ltity, sU;] > € IR, [u, v]
t,s

inf
u,v>0, u#0, v#£0,
(u,v)EMp,

where the last inequality follows from Theorem 4.1.
Thus

Ce > eN{Io +c3 exp[—z(l%a)\/k_l (ds + 0(1))} +ca exp[—z(l%w)h—z(ds + o(l))} } (8.1)

> 5N{Io +c3 exp[—
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Completion of proof of (2) of Theorem 1.1.If 8 > 0, then combining the lower and upper bound gfwe obtain

€3 e><|0[—2(1+70)ﬁ—1 (de + o(l))} +cq exp[—z(lJrfg)‘/k_2 (de + o(l))}
<a exp[—w(do + o(l))] +c2 exp[—z(l_fm(do + o(l))].

This then shows that(P,, 0£2),d(Q,, 382) — Maxpco d(P, 382) since|P, — Q.| — 0. O
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