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Abstract

We consider sign changing solutions of the equation —A, (u) = |u|? “lyin possibly unbounded domains or in RY. We prove
Liouville type theorems for stable solutions or for solutions which are stable outside a compact set. The results hold true for m > 2
andm —1 < p < pc(N,m). Here p.(N, m) is a new critical exponent, which is infinity in low dimension and is always larger than
the classical critical one.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

MSC: 35B05; 35B65; 35J70

Keywords: Degenerate PDEs; Stable solutions; Critical exponents; Rigidity results

1. Introduction and statement of the main results

We consider u € Cllo’g’ (£2) weak solution of
—Ap () =ul”"lu in 0, (1

where A,, denotes the m-Laplacean operator, m > 1, £2 C RY is any domain (bounded or not) and u is a possibly
unbounded function which may change sign.

The main results of this paper will be collected in Theorems 1.5, 1.7-1.10 and 1.11 below and they will be con-
cerned with Liouville type rigidity results for suitable solutions of (1).
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We recall that u is said to be a weak solution of (1) if

/|Vu|m_2(Vu,V(p)dx=/ P lupdx Vo e CX(R2). )
2 2
In some cases we will also consider the problem
{—Am(u)=|u|1’_lu in £2, 3)
u=0 on d52.

We also recall that the C!® regularity assumption is natural in this setting due to the results in [11,21,27]. See also
[20] for related results. The aim of this paper is to prove various non-linear Liouville type theorems for the above
considered problems (2) and (3).

Liouville type theorems for the semilinear case m = 2 have received much attention in the last decades. We refer to
the papers [17,18] for the case of non-negative solutions and subcritical values of the exponent p (see also [2,4]) and to
the works [14,15] for the case of changing-sign solutions belonging to one of the following families: stable solutions,
finite Morse index solutions or (more generally) solutions stable outside a compact set of §2 (see Definition 1.2 below).
The results proved in [14,15] also cover the case of supercritical values of the exponent p. More precisely, it is proved
that they hold true for 1 < p < p.(N), where p.(N) is a second critical exponent, which is always larger than the
classical critical one.

For the quasilinear case m # 2, Liouville type theorems for non-negative weak solutions have been proved in [26].
These results hold true for the corresponding subcritical range of values of the exponent p. To the best of our knowl-
edge no Liouville type result is known for changing-sign solutions in the case m 7 2. The main purpose of the present
work is to prove such a kind of results for solutions which are either stable, with finite Morse index or stable outside
a compact set.

The proofs of our results are different from those of [17,18,26,2,4]. Of course, as in the above papers, an important
tool is the choice of suitable test functions and our techniques are inspired by the methods developed by the second
author in [14,15].

We start with the following

Definition 1.1. We recall (see [7,8] and [3]) that, given a bounded domain w, if p € Ll(a)), p=20,1<p<oo,the
space H, ;’p (w) is defined as the completion of C L(@) (or, equivalently, C*°(»)) under the norm

Il 1.0 = lLr@) + 1 DVllr@.p) “)
where ||Dv||€p(w’p) = [, |Dv|’pdx.

In this way H; "7 (w) is a Banach space and H /}'z(a)) is a Hilbert space. We also recall that H,}’P may be defined as
the space of functions having distributional derivatives represented by a function for which the quantity in (4) is finite.
These two definitions are equivalent if the domain has piecewise regular boundary.

Moreover, we define Holf (w) as the closure of C (») (or CX°(w)) in H;’p ().
The linearized operator of (2) at u is given by

Lu(v,(p)zf|Vu|m_2(Vv,Vg0)dx+/(m—2)|Vu|’"_4(Vu,Vv)(Vu,Vg0)—p|u|p_1v<pdx.

Q 2
In this paper we will be mostly concerned with the case m > 2. In this case, if we consider
p=|Vul"? (5)
then p € Llloc(.Q) by the cle regularity of u. Therefore we can consider v € H;:IZOC(SZ) and ¢ € CCl (£2) and the

linearized operator is well defined for such (v, ¢).
Also, by density arguments, we can consider the case v € H/;foc
K C £2, and the linearized operator is well defined for such (v, ¢).
Observe that, besides the fact that many of our estimates work only in the case m > 2, in the case | <m < 2
the weight |Vu|™ 2 might not belong to the space Llloc(.Q). This prevents the use of classical estimates in weighted

Sobolev spaces and in this case it is not even clear which definition of stability would be the natural one.

(£2) and ¢ € HO1 ’E(IC), for some compact set
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Definition 1.2. We say that a weak solution u € Cl’“(.Q)

loc

e is stable if

Lu(p,9) 20,
Vo e CH(R),

e has Morse index equal to K > 1 if K is the maximal dimension of a subspace Z C C Cl (£2) such that L, (¢, ¢) <0
foranyp € Z, 9 #0,
e is stable outside a compact set IC C §2 if L, (¢, ¢) > 0 for every ¢ € CC1 (£2\ K).

We recall that the stability condition translates into the fact that the second variation of the energy functional is
non-negative. Therefore all the minima of the functional are stable weak solutions of the equation —A,, () = |u|?~u.

Remark 1.3. It is well known that, if « has finite Morse index, then u is stable outside a compact set. Also, for future
use, we point out that, if u is stable, for any ¢ € H(} ’3 (K), for any compact set IC C §2, we have

p/|u|’"1¢2 <(m—1)/|w|’"—2|w|2. (6)
22 2

Exploiting the technique introduced in [14,15], we prove the following

Proposition 1.4. Let 2 be a smooth domain bounded or not of RN. Let u € Cllo’g (£2) be a stable solution of (2) with
p > (m — 1) and m > 2. Then, for every

[ 2p—(m—1)+2 p(p—(m—l)))
yell
(m—1)

and for any integer k with

kMM{&; }
p—(m—1)
there exists a positive constant C = C(p,m, k, y) such that
+
f(|W|'"|u|V—1w'"k+ |u| PV ) <cf V" D (7
Q Q

for all test functions ¥ € CC1 (2)ywith0< ¢ < 1.
Proposition 1.4 provides an important estimate on the integrability of u and Vu. As we will see, our non-existence
results will follow by showing that the right-hand side of (7) vanishes under the right assumptions on p and £2. More

precisely, as a corollary of Proposition 1.4, we can state our first Liouville type theorem.

Theorem 1.5. Let u € Cllo’g (RN) be a stable solution of (2) with m > 2. Assume that

3

m—1) < p<oo, ingm(m—“Ll),
pr

3

(m—1) < p < pe(N.m), lfN>m(m—+1),
pr

with
[m =N —=mP>+m?m—=2) —m?(m — DN +2m2/(m = DN = 1)
(N —m)[(m — )N — m(m + 3)]

Pe(N,m) = ) (8)

Then, u =0.
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N(m—1)+m

We observe that the critical exponent p.(N, m) is always greater than the classic critical exponent —5——

When m = 2 it reduces to the one found in [15], namely

(N—2)>—4N +8JN —1
(N —2)(N —10)
if N > 10, which appears also in the study of the bifurcation diagram for positive radial solutions of the equation
(see [19)).

In our setting the operator is non-linear and the equation has to be understood in the weak sense. Also the solutions
are not C2, this causing some technical difficulties that we overcome by an iterate use of Young’s inequality and
Holder’s inequality, that allows us to carry on the proofs considering the equation only in the weak sense.

We now point out a useful variation of Proposition 1.4:

pc(Na 2) = pc(N) =

l,a

Proposition 1.6. Let 2 be a domain bounded or not of RN. Let u € Cioc

m > 2 and p > m — 1. Then, for any

[ 2p—(m—-1+2 P(p—(m—l)))
ye|l
(m —1)

(82) be a stable solution of (2). Assume

and for any integer k

k}max{p—HI/;Z}

p—
there exists a positive constant C = C(p,m, k, y) such that
/(|W|’"‘2}V(|u|y7u)}2+ ulP 7 )2 < c/(m|m—2|v¢|2) ©
$2 2

forall y € C1(2) with 0 < ¥ < 1.

We observe that Proposition 1.6 is a weighted version of Proposition 1.4, because of the presence of the weight
|Vu |’”_2 in (9). We note that this weight is 1 when m = 2, and that, in this case, Proposition 1.6 reduces to the above
Proposition 1.4. As a consequence of Proposition 1.6 we obtain a bound on the possible decay of the gradient of stable
solutions of (2), according to the following

Theorem 1.7. Let u € Cllo’f (RN be a stable solution of (2) with m > 2. Assume that there exists a suitable constant
C > 0 such that
|Vu(x)| < Clx|?

for x e RN and large |x|.

If
N~|—(,3(m—2)—2)<m><0
p—1
for some
[.2p—<m—1)+2 p(p—(m—l)))
ye|l; )
(m —1)
then u = 0.

We recall that all the minima of the energy functional are stable solutions. Also it is possible to show that a solution
which is monotone in some direction, is stable (see Lemma 6.2 here or Lemma 7.1 in [16]). This allows us to prove
that, if £2 is a smooth coercive epigraph then any positive solution is monotone thanks to the moving plane technique,
and therefore it is stable.

Consequently, a classification result for non-negative solutions follows when the assumptions of Theorem 1.5 are
fulfilled and £2 is a smooth coercive epigraph, without assuming that the solution is stable. More precisely we have
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Theorem 1.8. Let 2 be a smooth domain in RN . Assume that 2 is a C>%-smooth coercive epigraph, meaning that

loc

2 ={" xn) eRY: o(x) <xn}
(RN R) and

where ¢ € Clzo’C

lim ¢(x") =+oo.

[x/| =400

Suppose that m > 2. Let u be a non-negative solution of (3) with

3
(m—1) < p<oo, ingm(m—“Ll),
m—
3
(m—1)<p < p:(N,m), ifN>m(m4+1),
m —

where p.(N,m) is given in (8). Then u =0.

2,

We remark that the assumption that the coercive epigraph is C,_.

plane technique.

A Liouville type result for solutions stable outside a compact set is somewhat more complicated, since suitable
integrability estimates need to interplay with an appropriate Pohozaev type identity. The Pohozaev identity [22] has
been extended to quasilinear degenerate operators by P. Pucci and J. Serrin [23], and by M. Degiovanni, A. Musesti
and M. Squassina [10]. We give here (see Corollary 8.3 below) a self-contained proof which can be carried out in our
case with simple arguments.

These tools will allow us to obtain the following

-smooth in Theorem 1.8 is needed for the moving

Theorem 1.9. Let u € Cllo’g (RN be a solution of (2) which is stable outside the compact set K. Assume m > 2 and

(m—1) < p < oo, fN<m,
N@m—1
{(m—l)<p<u, if N >m. 10)
N —m
Then u =0.
The result of Theorem 1.9 is sharp: if p = W, we will prove in Proposition 10.1 that there exist positive
radial solutions of the form
1 1 m—1 N—m
AT (N (B2 5 )\ T
u;. (1) =u)\(r)=)\< _m-L ) . A>0, (11)
Am=T 4 ym=T

which are stable outside a sufficiently large ball. The proof of the stability of such solutions depend on Hardy’s
inequality.

If in Theorem 1.9 we assume that m < N and that p is supercritical with respect to the classic critical exponent,
while it is subcritical with respect to the new critical exponent p.(N,m), i.e.,

Nim—1 3
Nem=-Dtm . iy Mt

N —m m—1 (12)
Nm—1)+m m(m + 3)

<p<pc(N,m), ifN>—-—
N —m P < pe( ) m—1

we are not able to conclude that any solution stable outside a compact set is the trivial one (we recall that this is true
when m = 2, as proved in [15]). In any case, we are able to prove that any such solution decay at infinity faster than

radial solutions (which are classified in [1]):

Theorem 1.10. Let u € Cllo’g (RN be a solution of (2) which is stable outside the compact set K. Assume that m > 2
and assume that (12) holds. Then

lim || 7 u(x) = 0. (13)

|x]—00
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As a consequence, we will obtain:

Theorem 1.11. Let u € Cllo’éx (RN) be a radial solution of (2) which is stable outside a compact set IKC and m > 2.

Assume that

N@m—1 3
(m )+m<p<oo, lngm(m—i- )7
N-—m m—1
N@m—1 3
Nem=DAm o Nom). ifn >0+
N-—m m—1

with p.(N, m) as in Theorem 1.5. Then u = 0.

Finally, we note that for p > p.(N, m), positive bounded radial solutions always exist (see [1,13]). For m =2 all

these solutions are stable as it was shown in [15].

The rest of the paper is organized as follows. Sections 2 and 3 contain the proofs of the auxiliary integrability
estimates of Propositions 1.4 and 1.6. Sections 4, 5, 7, 9, 11 and 12 are devoted to the proofs of the main results.
Section 6 discusses the relation between monotone and stable solutions. The Pohozaev type Identity needed for our

purposes is contained in Section 8. Section 10 contains the example that shows the sharpness of Theorem 1.9.

2. Proof of Proposition 1.4

The proof is inspired by the techniques developed in [14,15] for the semilinear case m = 2.

Step 1. We claim that for any y > 1 and for any 0 < € < ,/y, there exists a constant C¢ possibly depending on €

and m, such that

(y—ez)f|w|"’|u|y—‘¢m </|u|”+y¢m+Cef|w|m|u|y+<m—”
22 2 22

for any non-negative ¢ € C2°(£2).
To prove this, let us consider @ = |u|” ~'ug™. We use @ as test function in (2). Since

VO =mlul’ " ug™ " Vo + ylul” T (Vu)e™

we get

y/|W|'"|u|V*1<pm=—m/|Vu|'”*2(w,Vso)|u|yflugom*1+/|u|P+W
2 2 2

and therefore

y/ivm’"mv—lgom<m/|Vu|’"‘1|w||u|V¢m—1 +/|u|p+npm.
2 Q 0

y+in—=1)

m—1
Writing [u|? = |u|! D%+ =51 and exploiting Young’s inequality with exponents m and —5 we have

y/|W|m|u|V—1¢"’<e2/|w|’"|u|y—1¢’"+ce/|V<p|'"|u|y+<’"—“+/|u|P+Vgo'"
2 2 2 2

that is (14).

Step 2. We set

Y y+D* 5\ 1
*Ee = ( 4 te y — €2

(14)

5)
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and we claim that there exists a positive constant 8 = B(p, m, y, €) such that

a/ |u|PtY o™ <ﬂ/ V™ |7 T =D (16)
2 2

for any non-negative ¢ € C2°($2).

~ —1 m
To prove this, we use the stability assumption with @ = |u| = ugp 2. Since
- +1 r=l m mooy=l m_
Vo = <_)/ > )|u|y2 ©2Vu + 5|u|y2 up? 1V(,o
recalling (6), we get

2 2

P I+y - m _ -

mﬂuw%’% (T) /|Vu|’"|u|V 1¢“+7/|Vu|’" 2uH Vet
2 2 2

1
+m%/|Vu|"“‘|u|y<p’"”|w|. (17)
2

-2 —1
By writing [u|" ! = || [ =D 2 2 =

m > 2), we get

and using Young’s inequality with exponents -5 and 7 (recall that

2 2
m _ _ € _ _
T / Q" V" Vgl < / Vue" |u]” =g + C / IVl |ul? "D
2 Q Q
Also, by Young’s inequality with exponents "+ and m, we obtain

Y+ 1 m—1 1y m—1 62 m,_ m 1y—1 " my,, 1 y+(m—1)
m—— | Vul" "™ Vel < = [ [VulPeTlul™" 4+ Co [ Vel ™ ul :
2 2 2

As a consequence of (17), we get

1 2
—mlilflulp”w’K [(—y; ) +62:|/|Vulm|u|y_]<pm+(Cé+Cé’)/|ch|m|u|V+(m_l). (18)
2 2 2
By (14) and (18),

1\? 1
Lﬁuv’%m <| (=) +e /|u|f’%""+c6/|w|m|u|”<’"*”
m—1 2 y —€?
2 2 2

+<c;+C;/)/|V¢|'"|u|y+<'"—”
2

1\?2 1
() ] ez v
)/ — €
2 22

where we take C" = (C. + C/) + [(VT+1)2 + €] (yléz) Ce, so that

2
|: p - - ((V‘Zl) +62) 1 2j|/|u|p+y¢m<C;///|V§0|m|u|y+(ml)'
m— y —€
2 2

By setting C” = B and recalling (15), we get (16).
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Remark 2.1. We have that
1)? 1 1)?
fim| P _(&£DT o __r _+D
>0 m—1 4 y —€? m—1 4y
and, as follows by elementary calculus —£5 — % > 0 for
2p—(m—=1)+2{p(p—(m—1))
yell;
(m—=1)

Therefore under our assumption, we can assume that o > 0 for € small.

Remark 2.2. Combining (14) and (16), we get that

- 1 C B
/|Vu|’"|u|y el < 2/|u|"+y|«>|m+ ¢ 2/|v¢|m|u|r+<m n
Yy —€ y —€
2 2 2
<é€f|V¢|m|u|”<’"*” (19)
2
. od C,
for example with C, = o + y—le2 B

Step 3. We claim that there exists a constant C = C(p, m, k, y) > 0 such that

/ Pk < f |V " 20)
2 2

To prove this, let ¥ € C2°(£2) with 0 < ¢ < 1 and take ¢ = *. Note that Vg = ky/* =1 Vs and so, by (16),

/|u|p+ywmk<C\/\|M|J/+(mfl)wm(k71)|vw|m
2 2

. }/+(:—ﬂ*1) . p—(r—l)
<C|:/(|uly+(m—l)wm(k—l))%:| rty |:/(|V1ﬂ|m)%:| p+y 21
Q Q
where this makes sense since p > m — 1. Also
m(k — 1)<&> > mk (22)
y+m—-1)
since we assumed k > %. Consequently, recalling that 0 < ¢ < 1, we have

ytm=1) p=m=1)
+ k k Pty m pty Pty
uPHr gy <Ol Py [V p=im=h
2 2 2

and consequently

Pty
[yt < [ vy
2 2

that is (20).
Step 4. There exists a constant C = C(p, m, k, y) > 0 such that

A
/ Vul )y < C / vy "D 23)
2 2
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for any ¥ € C°(82) such that 0 < ¢ < 1. Indeed, we consider (19) for ¢ = 1//]‘ (thence Vg = kl/fk_l V1), obtaining

/ V| ™ |u|” ~ g < c/ || T =Dy mE=D g
2 2

y+m—1) p=(m=1)

<C|:/(|u|y+(m—1)wm(k—1))%} Py |:/|V1//|m%i| Py
2 2

and so, by taking into account (20), we get (23).

Conclusion. The thesis of Proposition 1.4 follows by collecting the estimates in (20) and (23).
Arguing exactly as above (see [14,15] for related results when m = 2), we can also state and prove the following

Proposition 2.3. Let 2 be a smooth domain bounded or not of RN. Let u € Cllo’g (£2) be a solution of (3) which is
stable outside a compact set IC C §2 with p > (m — 1) and m > 2. Then, for every
2p—(m—=1)+2{p(p—(m—1))
ye|l;
(m—1)

and for any integer k with

p+y ,4

k}max{ ;
p—(m—1)

Then there exists a positive constant C = C(p, m, k, y) such that

+
/'Vul’"|u|y-1w’""+|u|"+“/f'”" <C/|le’”p—f<m5w (24)
2 2

for all test functions ¥ € CL(RN \ K) with 0 < ¢ < 1.

Proof. The proof is exactly the same as in Proposition 1.4. We only have to note that here, even if ¢ € C Cl RN\ K)
does not have compact support in §2, all the test-functions used in the proof of Proposition 1.4 are good test-functions
since u fulfills the zero Dirichlet boundary condition. O

3. Proof of Proposition 1.6

We will follow very closely the proof of Proposition 1.4. For shortness, we will assume that Cc = C(p, m, k, y, €) >
0 is a generic constant (which, as usual, may take different values on different occurrences).

Step 1. We have that for any y > 1 and for any 0 < € < ,/y, there exists a constant C, such that

4 _ y=l |2 —
m(y—ez)[wm 2V (jul = )| ¢2</|u|l’+y¢2+05/|w|1 2lul Vel (25)
2 2 2

for any ¢ € C2°(£2).
To prove this, let us consider @ = |u|V’1u<p2, so that

VO =2lul" " upVe + ylul” = (Vu)g®.

Taking @ as test function in (2), we have

y/|W|’"—2|Vu|2|u|y—lgo2:—2f|W|’"—2<w,w>|u|y—‘u<p+/|u|"+ygo2.
2 2 2
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Thence

y/|Vu|"’—2|u|y—l|w|2<p2</|u|f’w2+62/|Vu|m—2|u|y—‘|w|2¢2+ce/|W|"’—Z|V<o|2|u|y“
2 2 2 2

and therefore we get (25).

4 2y A
Step 2. Now we set (y+1)2(y €)=A=A,

p 1+€2_

m—1 A

and we prove that for some positive constant, say 8, we have

a/|u|P%2dx</3/|W|’"*2|u|y“|w|2dx.
2 2

de =0

—1
Indeed, exploiting (6) with @ = |u| T up, we get

_ v=1 2 _
—mlil/Iulp+yq02<(1+ez)/|vulm 2|V (ju) = u)| <p2+c€/|w|’" 2 v,
2 2 2

By (25)

1+ €2
L / ulPHrg? < < / Ul 9?4 C f IVul" =2 (u” Ve
m—1 A
Q Q Q
hence (26) follows. Note that, as in Remark 2.1, we can take € so small that o > 0.

Step 3. Let now ¥ € C2°(£2) such that 0 < ¢ < 1. We show that
Py

f|u|”+w2" <c€f(|vmm—2|w|2)
ko)

2

To prove this, we use (26) with ¢ = t/fk , so that

« / Pyt < B / Va2 %2 g 7

2 2

with o, B > 0 as above, and, as a consequence, by Holder’s inequality,

y+1
pty | pty
f|u|”+w2" < ce[f(w“w”‘—z) } U(|W|m—2|w|2)
2 2 2

Now we recall that k > max{’;%l’; 2} and so

Qk=2)(p+y)
y+1

<y

since 0 < < 1.
Therefore,

v+l =1
o+ rty
/|u|f’+w2’<<c€[f|u|”+w2"]' y[f(wmm—zwﬁ)“]
22 22 22

Hence, (27) follows at once.

(26)

27)

(28)
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Step 4. We have

/|w|’"—2|v(|u|yz;lu)|2w2k< /(|Vu|’" 2|vy )i

2

PV

To prove this, note that by (25) and (26)
/ Va2V (jul T u)[)p? < Ce / V|2 |u | 1|V
2

2

and so, for ¢ = ¥k,
/|Vu|m*2|V(|u|yT”u)|2w2’<<cef|Vu|’"*2|u|y“w2"*2|w|2.
2

2
Therefore, using again (28), we have

p—1

T pry | p+y
f|W|’” 2|9 (ju) [/ 1y 22) } [ IWI’"ZIVIPIZ)‘”]
2

=1
+
U |u|f’+w2"} [/ (Va2 vy ) 7 } "
Q 2
In this way, (29) follows from (27).
Conclusion. By collecting the estimates in (27) and (29), we get (9).
4. Proof of Theorem 1.5

Lety € C° (]RN ) be a cut-off function such that 0 < ¢ < 1 everywhere and

v=1, inB(0,R),
¥ =0, outside B(0,2R),

C
VY| < —
Consequently, Proposition 1.4 gives

_ pty
/ (IVul™ ="+ 757 )y < CRY 0,

Q
When N —m p_p(;):D < 0, the desired claim follows by letting R — 0.
Let us now consider the case in which N — m—2tY_ < 0.

p—(m—1)
Define, fort >m — 1,

_ 2t —(m—1)4+2/t(t — (m — 1))
y(@) =
m—1
and set
m(t +y ()
)=———.
gty ="— =1
We have that g(¢) is decreasing. Also,
3
lim gy = DM hd dim () = oo,
t—>00 m—1 t—(m—1)*t

1109

(29)

(30)
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Therefore, if
N < (m+3)m
m—1

then N < g(¢) for any t > m — 1, hence if we fix y € [1, y(p)), suitably near y (p), we obtain

N — _mpty) <0.
p—(m—1)
For this reason, the desired result follows by letting R — oo in (30).
Assume now N > % Since g is decreasing, we get in this case a critical value p.(N, m) such that
N_metre)
p—(m—1)

for p < pc(N,m).
From this, the desired result follows again by letting R — oo in (30).

Of course, p.(N, m) may be deduced from the equation N — [:"_(f’;_yl))

=0, giving the value in (8).
5. Proof of Theorem 1.7

The proof is an application of Proposition 1.6.
Let € C° (R™) be a cut-off function such that 0 < ¢ < 1 everywhere and

Yv=1, in B0, R),
Y =0, outside B(0,2R),

C
V¥l< %
Then, Proposition 1.6 gives
- +
/ (Va9 (] =" ) 4 a7 )y 2 < CRNHOD G,

2

The desired claim follows by letting R — oo.
6. Monotonicity and stability

When m = 2 it is a well-known fact that monotone solutions are stable. The same holds in our contest as shown by
the following simple considerations.

Definition 6.1. We say that the Weak Maximum Principle (WMP) holds for the linearized operator L, in £2, if, given
v e H)2(2) N CO(R2) such that

v>=0 on 052
it follows that v > 0 in £2.

{Lu<v,¢>>o forp € C}(£2) 31

Lemma 6.2. Let u be a solution of (2) in §2 (possibly unbounded). Assume that the derivative of u in some direction
is positive, say for example 0y, u > 0. Then,

u is stable.

Proof. Let ¢ € C!(£2). Since 8y, u > 0, we have that Vu # 0 everywhere. Therefore the linearized operator is non-
degenerate. Since also dy,u > 0 is a solution of the linearized equation, it follows that the WMP holds for L, in
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B(0, R) for any R > 0. Let us now take R > 0 such that supp(¢) C B(0, R). We have that the first eigenvalue of L,
in B(0, R) is positive and therefore L, (¢, ) >0. O

Further details about monotonicity and stabilities are given in Section 7 of [16].
7. Proof of Theorem 1.8

Since u > 0, by the Strong Maximum Principle (see [28,24]) we have that either u > 0 or u = 0. If u =0 we
are done. If else u > 0 we are in the position of using the moving plane method (see [7-9,12]) and prove that u has
positive derivative in some direction. We recall that, for uniformly elliptic operators, the moving plane technique has
been extended to the case of domains which are coercive epigraphs in [12]. We refer to [7,8] for the case of equations
involving the m-Laplace operator in bounded domains. Combining the arguments in [12,7] it is easily seen that the
moving plane technique applies in our case. Therefore the monotonicity of u shows that u is stable by Lemma 6.2,
and the result follows by repeating the proof of Theorem 1.5. The only difference is that the use of Proposition 1.4 in
Theorem 1.5 is replaced by the use of Proposition 2.3 here.

8. Pohozaev type identity

We consider u € C1+* to be weak solution of
—Apu)=¢gw) ing2
where §2 C R¥ is bounded and smooth. Therefore we have

/|Vu|m_2(Vu,V<p)dx:/g(u)(pdx Vo € C°(82). (32)
2 2

Assume that g(-) is locally Lipschitz continuous. We will use 7(x) to indicate the unit outward normal vector to 952
at a point x € 952.
Also, we will use the notation u, (x) = ?—Z (x) and we define

!
G@) = f g(s)ds.
0
Lemma 8.1. Let u € C1%(£2) N C°(82) be a weak solution of
—Ap(w)=gu) in$2
where 2 C RN is bounded and smooth and g is locally Lipschitz continuous. Then we have
—Ap(u)=gW), ae inS2.

More precisely the equation is fulfilled in the classic sense for almost every x € 2.

Proof. We recall (see for example [7]) that

IVu"2Vu € W22 (RY).

ocC

Thus, by (32), integrating by parts, we get

[ ~antpdr= [ swodr voec@)
2 2

and the thesis. O
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Proposition 8.2. Let u € C Lo (@) be a weak solution of
—Apu) =gW) in$2

where 2 € R is bounded and smooth and g is locally Lipschitz continuous. Then we have

|Vu|™

N/G(u)dx——/|Vu|mdx—/[G(u)(x n) + [Vu|" 2 (x - Vi)u Uy —

82

(x- n)j| ds. (33)

Proof. Since by Lemma 8.1 we have —A,, (1) = g(u) a.e. in £2, then

fdiv(qu|m_2Vu) (x-Vu)dx = / Ap(u)(x - Vu)dx = / —gw)(x-Vu)dx. (34)
2 2 2

We note now that

/ —g(u)(x - Vu)dx—Z/ —X; G(u) dx—N/G(u)dx—/G(u)(x n)dS. 35)

2 82

Also, since div(|Vu|">Vu)(u; - x;) € L'(£2) by the regularity results in [7], and (|Vu|""2Vu)u; - x; € C°(£2) by
assumption, then we can exploit the divergence theorem (see [5]) obtaining

fdiv(quV”_zVu)(x - Vu)dx

2
/qu|mdx+/|Vu|m 2(x - Vu)u, dS — Z/Wm’" 2(Vu, Vui)x; dx
i= 19
/lvu|mdx+/|vu|m 2(_x VM)MndS Z/ (8 lqu|m) - x;dx
/qu|mdx+—/|Vu|mdx+/|Vu|m 2(x - Vu)u,dS — /' ds
so that

N —
/div(qu|m_2Vu)(x-Vu)dx— —m/|Vu|m dx
m

2 [Vu|™
= [ |Vu| (x-Vuu,dS — (x-n)dsS. (36)
m
92 92
Exploiting (34), (35) and (36), we get the thesis. O

Corollary 8.3. Let u € Cllo’g (RN) be a weak solution of the equation —A,,(u) = g(u) where g is locally Lipschitz
continuous. Assume that
|Vule L™ (RY) and Gu)eL'(R").
Then,
N —
N/ Guydx = ~—" / IVu|™ dx.
m

RN RN
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Proof. By assumption,

f(’G(u)| + |Vu|m)dx <00

RN
and so
o0
/ / (|G| + |Vul™)dSdr < co.
0 9B(0,r)
For this reason,
liminf r f (|G| + [Vul™)dS = 0. (37)
r—00
9B(0,r)

If now we exploit Proposition 8.2 with £2 = B(0, r) we get the thesis noticing that the boundary term in (33) vanishes
at infinity thanks to (37). O

Remark 8.4. If, in Corollary 8.3, we consider the case
gu)=ul”"'u

and we assume u € LPTH(RN), we get
N N—m
—f|u|l’+1dx=—/|w|'"dx.
p+1 m
RN RN

9. Proof of Theorem 1.9

We claim that there exist positive constants A, B and Ry, possibly depending on u, such that, for r > Ry + 3 and

[ 2p—(m—-1)+2 P(p—(m—l))>
ye|l
(m —1)

we have

m(p+y)

(IVa™ )=+ [ulP*7 ) dx < A+ Br" " r=o, (38)

{Ro+2<|x|<r}
To prove this, let us first fix Ry so that B(0, Rg) D K. Given r > Ry + 3 we consider
0 if|x]<Ry+1,
¢r(x)z{1 if Ro+2<|x| <,
0 if|x|>2r

and we may and do assume that 0 < ¢, (x) < 1, and |V¢,(x)| < C in B(0, Ro +2) \ B(0, Rp + 1), and | V¢, (x)| < %
in B(0, 2r) \ B(0, r). Therefore, exploiting Proposition 1.4, we get

m 1 " m(p+y)
(IVul™ul” =" + [ulPT")dx < C |V (x)|7==D dx
{Ro+2<|x|<r} {Ro+1<]|x|<Ro+2}
m(p+y)
+C / |V (x)|7~"7D dx
{r<l|x|<2r}

from which (38) plainly follows.
Taking y = 1 in (38), recalling assumption (10), it follows that
_ m(p+vy)

< 0.
p—(m—1)
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Therefore, letting » — oo, we conclude that
|Vul e L"(RY) and ue LPT(RY).

This gives the right summability needed to exploit Pohozaev identity (see Corollary 8.3 and Remark 8.4), that gives

+1/|u|P+‘dx —/|Vu|mdx (39)
p

Let us now consider

(x) = 1 if |x] <R,
PRYI=10if |x| > 2R

with 0 < gpgr(x) < 1, and |[Ver(x)| < % for R < |x| <2R. Using u - ¢ as test function in (2), we get

/ |Vu|" g dx + / IVu|™2(Vu, Vop)udx = / lulPH g dx. (40)
B(0,2R) B(0,2R) B(0,2R)

Note now that

’ f \Vu|"2(Vu, Vog)udx| <

/ [Vul" | Vor|luldx

B(0,2R) B(0,2R)
m—1 1
m 11 PpFL N(p+l-m) 1
< const |Vu|™ dx lu|P™ dx R mp+D
RN RN
N(p+1-—m) m(p+1)

and so, letting R — oo and noticing that —1<0,since N —

=Ty < 0 under our assumptions, we gather
that

m(p+1)

=0.
R— 0
B(0,2R)

lim‘ / |Vul™2(Vu, Vor)u dx

As a consequence, (40) becomes

/|Vu|'"dx=/|u|l’+1 dx. (41)

RN RN
Combining (39) and (41) we get

N —
( n ——)/|u|p+]dx—0.
m p+1

) # 0, we obtain the desired thesis.

Since under our assumptions (— — m

10. A counterexample for the critical case

In this section we show the existence of positive radial solutions for (2), which are stable outside a compact set, for
the limit case

N m—1)+m

B N—m
assuming 2 < m < N (the case m = 2 was treated in [14,15]). Recalling the classification results in [1] (see Theo-
rem 6.1 therein), we know that the non-constant global radial solutions of

Apm@)=ul”'u inRY
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are positive (or negative), and they are given by

m 1 m — 1 (m—1) m? m;‘N
uk(|x|)=uc(r)=c<rml+ﬁ<N ) c(Nm)) , ¢>0.
—m
Equivalently,
1 1 m—1 N—m
JmT (N (B8 ")\
Mx(lxl)Zux(’”)Z)»< e ) . A>0. (42)
Am=T 4 pm—T

In particular the exact behavior of u; and Vu, at infinity is known and is given by

N—m
1 m—1
u, (r)~ const(—)

r

and

=

—1
m—

|Vur ()| %const<%>

Proposition 10.1. Let u = u;_be a positive radial solution of (2), given by (42). Then there exists Ry > 0 such that
u is stable outside B(0, Ry).

Proof. Given Ry > 0, let us consider ¥ € C Cl (RN \ B(0, Rp)). We will show that, if Ry is sufficiently large, then

/ IVu" 2|V > + (m — 2)|Vu|""*(Vu, V&)* — pu? ' w2 dx >0
RN\B(O,RO)

recalling that u = |u| since we assumed that u is positive.

We note now that
N(@m—=2)4+2m N(m—2)+m

1\ w1 1 m—1
oty

r r
Therefore for R sufficiently large we may assume that
l1/2

|x[*

pl,t”_llll2 <C-

where C may be taken as small as we like (the value of C will be fixed in (44) below).
Moreover T = 7(N,m) = W It follows now that
/ [Vu" 2|V > 4+ (m — 2)|Vu|" " *(Vu, V&)* — puP w2 dx

RN\ B(0,Rp)
2

~ U
> f Va2V — 2 gy 43)

|x|*
RN\ B(0,Ro)

where we also used that m > 2. Exploiting the weighted Hardy’s inequality (see for example Lemma 2.3 in [6]), we

get that
f w2 2 \? / V|2
dx < dx
|x[* N-—1 |x|7—2

RN\ B(0,Rp) RN\ B(0,Rp)

where T < N since m < N. Moreover, recalling that

m=2

1 \WV-hE= 1 \72
Vu|" 2~ — =|—
x| x|
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we have
|VM|2_m
|x|r—2

for Ry large and a suitable constant K (N, m, u). Therefore

S K(N,m,u)

/2 -
f C- o dx <C-K(N,m,u) f |Vu|" 2|V |* dx.
RN\B(0, Ro) RN\ B(0, Ro)
Hence, taking C so that
C-K(N,m,u) <1 (44)
we gather that
2

. v
/ [Vu" 2|V > - C- dx >0.

|x[*

RN\ B(0,Rp)
Then, the result follows from (43). O

11. The supercritical case: Proof of Theorem 1.10

In this section we will assume that m < N and p is supercritical with respect to the classic critical exponent, while
it is subcritical with respect to the new critical exponent. More precisely we assume here to be in the range given
by (12), with p.(N,m) as in (8).

Let us prove some preliminary results:

Lemma 11.1. Let m > 2 and u € Cllo’f (RN) be a solution of (2) which is stable outside the compact set K. Assume
that (12) holds.
Then, there exists a constant C such that, if
2p—(m—=1)+2{p(p—(m—1))
ve|l
(m—1)
and B(y,2R) C (B(0, Ry))¢ C K€, then we have

_ mp+y)
(IVa™ "~ 4 Ju|P*7) dx < CRN 77017, (45)
B(y,R)

Proof. Let us consider
|1 iflx—y|l<R,
Vry(x) = {0 if |x — y| > 2R

assuming also that 0 < ¥g y(x) < 1, and |[VWg ,(x)| < % for R < |x — y| < 2R. Exploiting Proposition 1.4 and
following the proof in Step 1 of Theorem 1.9, we get (45). O

Lemma 11.2. Let m > 2 and u € C l’a(RN ) be a solution of (2) which is stable outside the compact set K. Assume

loc

that IC C B(0, Ry) and that (12) holds.
We can always set

N
(p—m+l)g=p+7/1 (46)

2p—(m—1)+2\/{1(p—(m—1))
(m—1)

for some y1 with 1 < y1 < yy(m, p) = , and

N
1<(P—m+1)m—P<VM(m,P) 47)
for a small € € (0, 1].
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Then there exists Ry = Ri(p,m, N) > Ro such that u € L[(”_m"’l)%](RN \ B(0, Ry)). In particular, for every
n > 0, eventually taking a larger Ry, we can always assume that

N
/ lu| P~ 0w dx <. (48)
[x|>=Ry

Proof. Eq. (47) can be easily deduced by (46) for ¢ sufficiently small. Let us consider (46).

Note that the assumption p > W implies that (p —m + 1) — p > 1. Also, arguing as in the proof of

Theorem 1.5, we can check that (p —m + 1)% —p <ym(m,p).
By Step 1 in Theorem 1.9 we know that there exist constants A, B, possibly depending on u, such that, for
r > Ro + 3 we have

(|u|(1’—m+1)%)dx= / (lu|?*7) dx
(Ro+2<|x|<r} {Ro+2<|x|<r}
N mptr) 0
<A+ Br" " 7@-D =A+ Br (49)

so that u € LIP=+DE RN \ B(0, Ry)) follows. O

We are now in the position of ending the proof of Theorem 1.10. For this, we strongly use the results by J. Serrin
in [25] to deduce a result on the decay of solutions which are stable outside compact sets and we follow some ideas
used in [15] for the semilinear case m = 2.

Let Ry as above, with IC C B(0, Rg) and define

N
pt+y=(pE-m+1)—
m—¢&

with 1 <y < yu(m, p) = 2”_(’"_1)?””31 ﬁ(”_(’"—l)). This is possible in view of (47). We look at our equation in the

following form
— A () = d () ul"u
with d(x) = |u|P~™ 1.
We now consider y € R” with |y| > 10R; > 10R( and set R = %. Note that
B(y,2R) C {x eR": x| > Ri} C {x e R": |x| > Ro}.
Also, by (48),

N

|(1’—m+1); dx <n

|u

[x|>=Ry
N

and d(x) € Lm— (B(y,2R)).
Therefore, we can exploit Theorem 1 in [25] to get that

m

1
llull Lo By, R)) < CSR_E lullLm(B(y,2R)) (50

where the constant Cs may depend on p,m, N and R¢||d| w~ .
Lm=#(B(y,2R))

Here below we show that it is possible to control the dependence of Cg on Rf||d ||L N (BG2R) Indeed, we have
m—eg y’

- N w
REldI|, x =R* () P05 ) dix
Lm=¢ (B(y,2R))
B(y,2R)

Nem ptyy  m—e

=R* / (|M|p+y2)dx) " < const R°(R p—m+1)%’
B(y,2R)

due to Lemma 11.1.
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Since (N — m%) CMSE = —e, we get

Re\d|l ~ < const
Lm=¢ (B(y,2R))

where the above constant does not depend on R.

As a consequence, Cg depends only on p, m and N.
We now exploit (50) to get that

1 1
%) < —_ m <
lullL=Bey.r) < Cs—x lullLmBy.2r) < Cs C(N, p,m) — ||M||L[(,,_m+1)g1(3(y’2m)

Rm R p—m

1
< const ——— || u|| N ,
~ Rp—"TI-H L[<p_m+l)WJ(B(y,2R))

where the constant does not depend on R because of (48) and the fact that we proved that Cg does not depends on R.
We now recall that |y| = 4R and therefore

9177 ()| < Iy 7T ull ooy my) < const = - llul

N
T Ll(p_”’+l)WJ(B(y,2R))

S constlill oo 1 vy g0,y

Accordingly, recalling (48), we obtain

b

m
lim p=m+1 |y < lim const|ju =
P )] < Jim const il g 1 v i,y

as desired. This ends the proof of Theorem 1.10.
12. Proof of Theorem 1.11

The proof follows directly from the classifications results in [1] where it is shown that radial solutions decay exactly

as ——, which is a contradiction with (13) (see Theorem 1.10) unless u = 0.

x| p—m+I

Acknowledgement
We thank an anonymous referee for her or his interesting and useful comments.

References

[1] M.F. Bidaut-Véron, Local and global behavior of solutions of quasilinear equations of Emden—Fowler type, Arch. Rational Mech. Anal. 107 (4)
(1989) 293-324.
[2] M.E. Bidaut-Véron, L. Véron, Nonlinear elliptic equations on compact Riemannian manifolds and asymptotics of Emden equations, Invent.
Math. 106 (3) (1991) 489-539.
[3] D. Castorina, P. Esposito, B. Sciunzi, Degenerate elliptic equations with singular nonlinearities, preprint.
[4] W. Chen, C. Li, Classification of solutions of some nonlinear elliptic equations, Duke Math. J. 63 (3) (1991) 615-622.
[5] M. Cuesta, P. Takac, A strong comparison principle for positive solutions of degenerate elliptic equations, Differential Integral Equations 13 (4—
6) (2000) 721-746.
[6] L. Damascelli, M. Ramaswamy, Symmetry of C 1 solutions of p-Laplace equations in RY, Adv. Nonlinear Stud. 1 (1) (2001) 40-64.
[7] L. Damascelli, B. Sciunzi, Regularity, monotonicity and symmetry of positive solutions of m-Laplace equations, J. Differential Equa-
tions 206 (2) (2004) 483-515.
[8] L. Damascelli, B. Sciunzi, Harnack inequalities, maximum and comparison principles, and regularity of positive solutions of m-Laplace
equations, Calc. Var. Partial Differential Equations 25 (2) (2006) 139-159.
[9] E.N. Dancer, Some notes on the method of moving planes, Bull. Austral. Math. Soc. 46 (3) (1992) 425-434.
[10] M. Degiovanni, A. Musesti, M. Squassina, On the regularity of solutions in the Pucci—Serrin identity, Calc. Var. Partial Differential Equa-
tions 18 (3) (2003) 317-334.
[11] E. DiBenedetto, C I+a j5cal regularity of weak solutions of degenerate elliptic equations, Nonlinear Anal. 7 (8) (1983) 827-850.
[12] M.J. Esteban, P.-L. Lions, Existence and nonexistence results for semilinear elliptic problems in unbounded domains, Proc. Roy. Soc. Edin-
burgh Sect. A 93 (1-2) (1982/83) 1-14.
[13] R.H. Fowler, Further studies of Emden’s and similar equations, Quart. J. Math. Oxford Ser. 2 2 (1931) 259-288.



L. Damascelli et al. / Ann. 1. H. Poincaré — AN 26 (2009) 1099—-1119 1119

[14] A. Farina, Liouville-type results for solutions of —Au = Iulp_l u on unbounded domains of RV, C. R. Math. Acad. Sci. Paris, Ser. I 341 7
(2005) 415-418.

[15] A. Farina, On the classification of solutions of the Lane-Emden equation on unbounded domains of RY, J. Math. Pures Appl. 87 (5) (2007)
537-561.

[16] A. Farina, B. Sciunzi, E. Valdinoci, Bernstein and De Giorgi type problems: New results via a geometric approach, Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (2008), in press.

[17] B. Gidas, J. Spruck, Global and local behavior of positive solutions of nonlinear elliptic equations, Comm. Pure Appl. Math. 34 (4) (1981)
525-598.

[18] B. Gidas, J. Spruck, Global a priori bounds for positive solutions of nonlinear elliptic equations, Comm. Partial Differential Equations 6 (8)
(1981) 883-901.

[19] D.D. Joseph, T.S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rational Mech. Anal. 49 (1-2) (1972/73)
241-269.

[20] M.K.V. Murthy, G. Stampacchia, Boundary value problems for some degenerate-elliptic operators, Ann. Mat. Pura Appl. (4) 80 (1968) 1-122.

[21] G.M. Lieberman, Boundary regularity for solutions of degenerate elliptic equations, Nonlinear Anal. 12 (11) (1988) 1203-1219.

[22] S.I. Pohozaev, On the eigenfunctions of the equation Au 4+ Af (u) = 0, Dokl. Akad. Nauk SSSR 165 (1965) 36-39.

[23] P. Pucci, J. Serrin, A general variational identity, Indiana Univ. Math. J. 35 (3) (1986) 681-703.

[24] P. Pucci, J. Serrin, The strong maximum principle revisited, J. Differential Equations 196 (1) (2004) 1-66.

[25] J. Serrin, Local behavior of solutions of quasi-linear elliptic equations, Acta Math. 111 (1964) 247-302.

[26] J. Serrin, H. Zou, Cauchy—Liouville and universal boundedness theorems for quasilinear elliptic equations and inequalities, Acta Math. 189
(2002).

[27] P. Tolksdorf, Regularity for a more general class of quasilinear elliptic equations, J. Differential Equations 51 (1984) 126-150.

[28] J.L. Vazquez, A strong maximum principle for some quasilinear elliptic equations, Appl. Math. Optim. (1984) 191-202.



	Liouville results for m-Laplace equations  of Lane-Emden-Fowler type
	Introduction and statement of the main results
	Proof of Proposition 1.4
	Proof of Proposition 1.6
	Proof of Theorem 1.5
	Proof of Theorem 1.7
	Monotonicity and stability
	Proof of Theorem 1.8
	Pohozaev type identity
	Proof of Theorem 1.9
	A counterexample for the critical case
	The supercritical case: Proof of Theorem 1.10
	Proof of Theorem 1.11
	Acknowledgement
	References


