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Abstract

We consider the well-known following shape optimization problem:

A (£2%) = min A;(£2),
|2|=a
2CD

where A1 denotes the first eigenvalue of the Laplace operator with homogeneous Dirichlet boundary condition, and D is an open
bounded set (a box). It is well-known that the solution of this problem is the ball of volume a if such a ball exists in the box D
(Faber—Krahn’s theorem).

In this paper, we prove regularity properties of the boundary of the optimal shapes £2* in any case and in any dimension. Full
regularity is obtained in dimension 2.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

Let D be a bounded open subset of R?. For all open subset £2 of D, we denote by A (2) the first eigenvalue of the
Laplace operator in £2, with homogeneous boundary conditions, and by u; a normalized eigenfunction, that is

—Aug =1 (2)ug in £2,
up =0 on 452,

/ué:l.

2
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We are interested here in the regularity of the optimal shapes of the following shape optimization problem, where
a € (0, | D)) (|D| denotes the Lebesgue measure of D):

*open, N*CD, |2*=a, 1
A1(2*) = min{A(2); 2* open, 2 C D, |2| =a}. M

By a well-known theorem of Faber and Krahn, if there is a ball B C D with | B| = a, then this ball is an optimal shape
and it is unique, up to translations (and up to sets of zero capacity).

Here we address the question of existence of a regular optimal set in all cases.

Existence of a quasi-open optimal set £2* may be deduced from a general existence result by G. Buttazzo and
G. Dal Maso (see [5]) for an extended version of (1), where the variable sets §2 are not necessarily open. An optimal
shape £2* may not be more than a quasi-open set if D is not connected (we reproduce in the appendix the example
mentioned in [4]). On the other hand, it is proved in [4] or [12] that such an open optimal set £2* always exists for
(1) and, if moreover D is connected, then all optimal shapes §2* are open. More precisely, it is proved in [4] that, for
any D, ug+ is locally Lipschitz continuous in D. If moreover D is connected, then £2* coincides with the support
of ugo+ (and is therefore open). Let us summarize this as follows (see also [13]):

Proposition 1.1. Assume D is open and bounded. The problem (1) has a solution 2*, and ugo+ is non-negative and
locally Lipschitz continuous in D. If D is connected, 2* = {x € D, ugo+ > 0}.
Moreover, we have

Augs + 1 (2%up« >0 in D, 2)

which means that Aug+ + A (2% )ugo+ is a positive Radon measure.
Here, we are interested in the regularity of 9£2* itself, and we prove the following theorem:
Theorem 1.2. Assume D is open, bounded and connected. Then any solution of (1) satisfies:

1. 2% has locally finite perimeter in D and
HITH((927\ 8*2%) N D) =0, 3)

where H?~ is the Hausdorff measure of dimension d — 1, and 8*$2* is the reduced boundary (in the sense of
sets with finite perimeter, see [9] or [10]).
2. There exists A > 0 such that

Augs + 2 (2% ug = VAH92%,

in the sense of distribution in D, where H~1982* is the restriction of the (d — 1)-Hausdorff measure to 3 2*.
0*$2* is an analytic hypersurface in D.
4. If d =2, then the whole boundary 0§2* N D is analytic.

et

We use the same strategy as in [3] (where the regularity is studied for another shape optimization problem). The-
orem 1.2 essentially relies on the proof of the equivalence of (1) with a penalized version for the constraint 2| = a,
as stated in Theorem 1.5 below. Once we have this penalized version, we can use techniques and results from [1] (see
also [11] and [3]).

Remark 1.3. According to the results in [1], the third point in Theorem 1.2 is a direct consequence of the second one
which says that u o+ is a “weak solution” in the sense of [1]. To obtain the full regularity of the boundary for d = 2,
the fact that u o+ is a weak solution is not sufficient, and more information has to be deduced from the variational
problem. The approach is essentially the same as in Theorem 6.6 and Corollary 6.7 in [1]. The necessary adjustments
are given at the end of this paper.

Remark 1.4. According to the result of [14,15,6,8], it is likely that full regularity of the boundary may be extended to
higher dimension (d < 67), and therefore that the estimate (3) can be improved.
But this needs quite more work and is under study.
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By a classical variational principle, we know that, for all £2 C D open,

Al(SZ):/|Vug|2=min{/|Vu|2,ueH01(.Q), /uzzl}. 4)
2 2 2

Here, A1(£2*) < 21(£2) for all open set £2 C D with |[£2| = a. Since [2 C 2= r(82) > )»1(.5)], it follows that
A1(£2%) < 11(£2) for all open set 2 C D with |§2| < a. Coupled with (4), this leads to the following variation property
of 2* and u g+ (see [4] for more details), where we denote u = ugp*, A, = A1 (£2*), and 2, = {x € D; v(x) # 0}:

,\a=f|W|2=min{/|vU|2;veHol(D), /v2=1, |9v|<a}. 5)
D D D

Let us rewrite this as follows. For w € HJ (D), we denote J(w) = [, [Vw|* — A, [, w?. Then applying (5) with
v=w/(f D w?)!/2, we obtain that u is a solution of the following optimization problem:

J(u) < J(w), forallwe Hy(D), with |2, <a. (6)

One of the main ingredient in the proof of Theorem 1.2 is to improve the variational property (6) in two directions, as
stated in Theorem 1.5 below. The approach is local.
Let Bg be a ball included in D and centered on d£2, N D. We define

F={veHy(D), u—veHy(Bp)}
For h > 0, we denote by p_(h) the biggest _ > 0 such that,

Yve Fsuchthata — h < |2y <a, JW)+u—|2,|<JW)+ n—_|82y|. @)
We also define w4 (k) as the smallest 4 > 0 such that,

Vve Fsuchthata < |2, <a+h, JW)+ uyl2y]| <JTW)+ puyl82y]. ®)

The following theorem is a main step in the proof of Theorem 1.2:

Theorem 1.5. Let u, B and F as above. Then for R small enough (depending only on u, a and D), there exists A > 0
and hy > 0 such that,

Vh € (0,ho), O0<pu—(h) <A< pugp(h) <+oo,

and, moreover,
li h)y=1 _(h=A. 9
lim ey () = lim o (h) ©)

Remark 1.6. We can compare the existence of w4 (k) with Theorem 2.9 in [4]. This theorem shows that there exists
M+ such that

+
/|w|2</|w|2+xa[1—/v2] T s (1920 - a),
D D D

for v € Hé (D) and |§2,| > a. The difference with [4] is that, in (8), we have the term A,[1 — f D v2] (not only the
positive part), but we allowed only perturbations in Bg. We cannot expect to have something like (8) for perturbations
in all D (because we may find v with |£2,| > a and J (v) <0, so lim;_, 40 J (fV) = —00).

In the next section, we will prove Theorem 1.5. In the third section, we will prove Theorem 1.2. In Appendix A,
we discuss the case D non-connected.
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2. Proof of Theorem 1.5

In the next lemma, we give an Euler—Lagrange equation for our problem. The proof follows the steps of the Euler—
Lagrange equation in [7].

Lemma 2.1 (Euler—Lagrange equation). Let u be a solution of (6). Then there exists A > 0 such that, for all
® € C°(D,RY),

/2(D¢W,Vu)—/|vl4|2v.q>+)\a/u2v.q>=A/v.¢>.

D D D 2y

Proof. We start by a general remark that will be useful in the rest of the paper. If v € HO1 (D) and if & € C3°(D, R%),
we define v;(x) = v(x + t @ (x)); therefore, for ¢ small enough, v; € H(}(D). A simple calculus gives (when ¢ goes

to 0),
IQU,I=IQUI—t/V-<D+o(t),
2,
J(vt)=J(v)+t</2(Dq§Vv-Vv)—f|Vv|2V~®+Aa/v2V~®>+0(t).
D D D

Now we apply this with v =u and @ such that [ 2,V ®>0.Sucha® exists, otherwise we would get, using that D
is connected, £2, = D or ¥} a.e. We have |§2,,| < |£2,| for ¢ > 0 small enough and, by minimality,

Jw) < J(uy)
:J(u)+t(/2(D¢Vu,Vu)—/|Vu|2V-¢+ka/u2V-¢>> +o(1),
D D D

and so,
/2(Dq>w,vbt)—/|W|2v.q>+)\afu2v.q> >0. (10
D D D

Now, we take @ with f-Qu V.® =0. Let @ be such that f-Qu V - @) = 1. Writing (10) with @ + n®; and letting
n goes to 0, we get (10) with this @ and, using —®, we get (10) with an equality instead of the inequality. For a
general @, we use this equality with @ — @, (fﬂu V - @) (we have fﬂu V- (® — P (fﬂu V - @)) =0), and we get the
result with

A=/2(D®1Vu,Vu)—/|Vu|2V-<D1+Aa/u2V-®1 >0,
D D
using (10). O

D

Remark 2.2. We will have to prove that, in fact, A > 0.

Let us remind our notations: let u# be a solution of (6), and let Bg be a ball included in D and centered on 92, N\ D.
We define

F={veH)(D), u—veHjBr)}
Before proving Theorem 1.5, we give the following useful lemma:

Lemma 2.3. Let u, B and F as above. Then there exists a constant C such that, for R small enough,

1
Yo e F, J(v)>§/|Vv|2—C.
Bg
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Proof. We know that A1 (Bg) = A1(B1)/(R?) (we just use the change of variable x — x/R). If R is small enough we
have:

Yo 1/2. (11)

X (BR) 2 1, <
A1(BR)

Letve Fy;sou—ve H(} (BR), and using the variational formulation of A1(Bg), we get

IV @ —v)3
lu =l 5, < L2 (Br)
R A1(BR)
We deduce that,
IV —v)?,
2 L=(BR) 2
”v”LZ(BR) gz A.l(BR) +2||M||L2(BR)
”VUH%,Z(BR) £
A1(BR) ra'

(we use (11)) where C depends only on the L? norms of u and his gradient. Now we have

IVl c
J() > f Vo2 = g <4ﬂ + —),
J M(BR)  ha

and we get the result using (11). O

Remark 2.4. This lemma is interesting for two reasons. The first one is that J is bounded from below on F. The
second one is that, if v, € F is a sequence such that J(v,) is bounded, then ||Vuv,|| L2(Bg) is also bounded. Since
v, = u outside Bg we deduce that v,, is bounded in HO1 (D) (and so weakly converges up to a sub-sequence. .. ).

Proof of Theorem 1.5. We divide our proof into four parts. Let A > 0 be as in Lemma 2.1.

First part: A < py(h) < +o00.
We start the proof by showing that p (k) is finite. Since By is centered on the boundary on 92, we first show:

0 < |$2, N Br| <|BRg].

The first inequality comes from the fact that £2,, is open. The second one comes from the following lemma:

Lemma 2.5. Let w be an open subset of D, and let u be a solution of (6). If |2, Nw| = |w|, then
—Au=Au inw,

and therefore w C $2,,.

Proof of Lemma 2.5. Since u > 0 a.e. on w, we define v € HOI(D) by v = u outside w and —Av = A,u in w. From
the strict maximum principle, we get v > 0 on w and |$2,| = |£2,,|. By minimality (J(#) < J(v)) we have,

/(Vu—Vv)~(Vu—Vv+2Vv)—Aa/(u—v)(u+v)SO,

/|Vu—Vu|2+Aa/(u—u)(zu—u—u)<0,
w w

(weusethatu —v € HO1 (w) and —Av = A, u in ). We get that u = v a.e. in w and by continuity u = v > 0 everywhere
inw. 0O
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If |£2, N Br| = | Br|, applying this lemma to w = Bg, we would get £2, N Br = Bg, which is impossible since Bg
is centered on 92, If R is small enough we can also suppose,

0 <[£2,\ Br| < |D\ Br|.

For the first inequality, we need that | Br| < a, and for the second one we need a < |D| — | Bg]|.
Let & > 0 be such that & < |Bg| — |£2, N Br| (and so, if v € F with |§2,| < a + h, then |£2, N Br| < |Bg|). Let
(n) an increasing sequence to 4+00. There exists v, € F such that |£2,, | <a + & and,

I + (12, —a)" = min_ T+ (1] - a)"}. (12)

For this we use Remark 2.4, and so the functional J (v) + i, (|£2,] — a)™ is bounded by below for v € F. Moreover, a
minimizing sequence for this functional is bounded in HO1 (D) and so weakly converges in HOl (D), strongly in L?(D)

and almost everywhere (up to a sub-sequence) to some v,. Using the lower semi-continuity of v — |’ D |Vv|? for the

weak convergence, the strong convergence in L2(D) and the lower semi-continuity of v — |§2,| for the convergence
almost everywhere we see that v, is such that (12) is true.
If |$2,,| < a then (8) is true with p,, so we will suppose to the contrary that |£2,, | > a for all n.

Step 1. Euler-Lagrange equation for v,. If we set b, = |£2,, |, then v, is also solution of

J(vy) = min J(v).
VeF, [2y|<bn

With the same proof as in Lemma 2.1, we can write an Euler-Lagrange equation for v, in Bg. That is, there exists
Ay, >0 such that, for ® € C3°(Bg, RY),

/2(D<1>Vv,,-an)—/|an|2V-<P+ka/ V- D= A, fv P. (13)

D D D 2

Step 2. Ap > pa. There exists @ € CG°(Bg) such that fQ V.® =1.Let v/ (x) =v,(x +1P(x)). We have v}, € F
for ¢ > 0 small enough, and using derivation results recalled in the proof of Lemma 2.1 and |£2,, | > a, we get
a<|$2y|=|82y,|—t+o0(@)<a+h,
J(h) = J(p) + 1A, +0().
Now we use (12) with v = v/, in order to get,
J W) + ptn (12,1 = @) < J W) + 145 +0(0) + pn (120,] — 1 = a),
and dividing by 7 > 0 and letting # goes to 0, we finally get A, > u,

Step 3. v, strongly converges to some v. Using (12) with v = u, we get
J(n) + n (1820, | — a) < J(u) (14)

and so, using Remark 2.4, we can deduce that v, weakly converge in H, I' (up to a sub-sequence) to some v € F with
|£2,] < a + h. We also have the strong convergence in L>(D) and the convergence almost everywhere. Since J is
bounded from below on F, we see from (14) that u,(|$2,,| — a) is bounded and we get lim,_, « |52, | = a, and so
|£2y| < a. From J (v,) < J(u), we get J(v) < liminf J (v,) < J(u) and so v is a solution of (6). Finally we can write,
using (12), that J (v,) < J(v) and we get, using the strong convergence of v, in L2,

limsup/|an|2</|Vv|2.
n— oo
D

D

We also have, with weak convergence in HO1 (D) that

/|W|2<1iminff|wn|2.
n—oo
D D
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We deduce that limy,— o0 [|VUnll12(py = VUl L2(py- With the weak-convergence, this gives the strong convergence of
v, to v in H (D).

Step 4. lim A, = A. We see that v is a solution of (6), so we can apply Lemma 2.1 to get that there exists a A, such
that
Vo € C§°(D,RY), /2(D¢Vv V) — / Vo]’V - @ + Ay / V- ® = A, / V. o.
D D D 2,

We have u = v outside Bg so, using this equation and the Euler—Lagrange equation for u we see that A, = A. Now,
we write the Euler—Lagrange for v, and @ € C(‘)’O(D, R4 ) such that f 2, V- #£0,

/2(Dq>wn-Vv,,)—/|an|2v-q>+xa/v,§v-@=/x,, f V-0,
D D D

Un

and, using the strong convergence of v, to v, we get that

[p2(DD Vv, - Vv,) — [ [V, >V - ® + Ay [HvaV - @

lim A, = lim

n—00 n—00 f-Qu,,v'q)
_ [p2@Vv Vo) — [ VOV - @ + 2 [, v’V - @
Jo, V- @
=A.

Since lim p,, = +00 we get the contradiction from Steps 2 and 4, and so w4 () is finite.
To conclude this first part, we now have to see that A < 4 (h). Let @ € C° be such that f 2 V.® =—1, and let
ur(x) =u(x +tP(x)). Using the calculus in the proof of Lemma 2.1 we have for t > 0 small enough

a<|Qy|=a+t+o()<a+h,
Jw)=Jw) —tA+o().
Now, using (8), we have
Jw)+pshya<Ju) —tA+ ps(h)a+1t)+o(),
and we get A < 4 (h).
Second part: lim 4 (h) = A
We first see that . (h) > 0 for 2 > 0. Indeed, if u4(h) =0 we write
for every ¢ € C3°(Bg) with |{p #0}| <h, J(u) < J(u+1t9),
SO
—Au =Asu in Bg,

which contradicts 0 < |£2, N Bg| < | Bg|.

Let ¢ > 0 and &, > 0 a decreasing sequence tending to 0. Because # — 4 (h) is non-increasing, we just have to
see that lim p4 (h,) < A + ¢ for a sub-sequence of h,,. If A > 0,lete €]0, A[ and 0 < «, := p4(hy) — & < puy(hy);
if A=0,let0 <o, =pus+(hy)/2 < py(hy). There exists v, such that

+ . +
J(p) +op(182y,| —a) = min J) +a, |2y —a) -
(n) + n(|820,] — a) Ve |.(2U|<a+hn{ W) +an(12,] —a)"}
Since o, < w4 (hy) we see that |£2,, | > a (otherwise we write J (u) < J (vy) + o, (|£2y,| —a)™). We now have 4 steps
that are very similar to the 4 steps used in the previous part to show that p4 (h;,) is finite.

Step 1. Euler-Lagrange equation for v,. If v € F is such that |£2,| < |£2,,], we have J(v,) < J(v). Then, as in
Lemma 2.1 we can write the Euler—Lagrange equation (13) for v, in By for some A,,.
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Step 2. A, 2 ap. Since |§2,,| > a the proof is the same as Step 2 in the first part, with ¢, instead of .

Step 3. v, strongly converge to some v. As in Step 3 above, we just write,
J () + o (120, —a) " < J (),

to get (up to a sub-sequence) that v, weakly converges in HOl (D), strongly in L?(D) and almost-everywhere to v € F.
We have a < |£2,,| < a+ h, and so lim,,_, « |£2,,,| = a. As in Step 3 above, we deduce that v is a solution of (6), and
using

J(0n) + an (192y,| —a) < J (v),
we get the strong convergence in H(} (D).
Step 4. lim A, = A. The proof is the same as in Step 4 of the first part of the proof. We write the Euler-Lagrange
equation for v in D and use u = v outside Br. We get that lim A, = A by letting n go to +00 in the Euler-Lagrange
equation for v, in Bg (using the strong convergence of vy,).
We can now conclude this second part: if A > 0, we have, for n large enough,
Hilhp) —e=a, <Ay < A+te,

and so w4 (h,) < A+ 2e.
If A =0 we have

Ut (hp)/2=0n < Ay <o,
and so 0 < puy (hy) < 2e.
In both cases, we have A < puy(h,) < A+ 2e.

Third part: limu_(h) = A.

Let &, be a sequence decreasing to 0, and let ¢ > 0. Because 7 — p_(h) is increasing, we just have to show that
lim,,_, oo —(h,) = A — ¢ for a sub-sequence of #,,.

We first see that (k) < A. Let @ € C3°(Bg, RR?) be such that fBR V-®&=1andletu; =u(x+1td(x)) forr > 0.
We have (using the proof of Lemma 2.1),

a—h<|2l=a—1+0()<a,
JW) =JWw)+tA+o(t).

Now, using (7), we have
Jw)+p—hya<Jw)+tA+u_(h)(a—1t)+o(),

and we get u_(h) < A.
Let v, be a solution of the following minimization problem,

J(a) + (= (ha) +€) (1920, ] — (@ — hp)) " = oM |<a{J(w) +(u—) + ) (120l — (@ —h) 7). (15)

We will first see that,
a—h, <82y, <a.
If |£2,,] = a we have,
TG + (= Gn) + £)120] < T ) + (1 ) + €)1820, | < T (W) + (1 () +€) |20,

for w € F with a — h, < |£2] < a which contradicts the definition of u_(h,).
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Now, if |§2,,| < a — hy,, we have J(v,) < J(v, + te) for every ¢ € Cgo(BR) with [{¢ #0}| <a — h, — |$2,,].
And we get that —Av,, = A,v, in Bg and so, we have v, =0 on Bg or v, > 0 on Bpg, but this last case contradicts
|$2,,| < a.If v, =0 on Bg, because v, = u outside Bg, we get u € HO1 (BR), and using J (u) < J (vy,),

/|Vu|2—)\a/u2<0.
Bg

Br

We now deduce (1 £ 0 on Br) that A, > A1(Bg), which is a contradiction, at least for R small enough.
We now study the sequence v,, in a very similar way than above.

Step 1. Euler-Lagrange equation for v,. J(v,) < J(v) for v e F with |£2,| < |§2,, [, so we have an Euler-Lagrange
equation (13) for v, in By for some A,,.

Step 2. A, < (u—(hy) + €). Since [$2,,| < a, we take @ € C3°(Bg, R?) with fBR V.-® =—1and v} (x) =v,(x +
1P (x)) fort > 0 small. We have [$2,; | = [§2,,| + 7+ 0(7) <a and J () = J(vy) — Ant + 0o(¢) and writing (15) with
w = v}, we get the result.

Step 3. v, strongly converge to some v. As in Step 3 above we just write that
J(n) + (1= (hn) + ) (120, ] = (@ = 7)) < T W) + (- (hn) + €) B,

to get (up to a sub-sequence) that v, weakly converge in H(} (D), strongly in L?(D) and almost-everywhere to v € F.
We have a — h,, < |$§2,,| <a and so lim,_, « |§2,,| = a. As in Step 3 above, we deduce that v is a solution of (6), and
using

J W) + (1= () +€) (120, ] = (@ = hn)) < T @) + (1= (hn) + &) (120] — (@ = hyp)) "
we get the strong convergence in H(} (D).
Step 4. lim A,, = A. The proof is exactly the same as in Step 4 above in the study of the limit of p (k).
Now we have, using steps 2 and 4, for n large enough,
A—e< Ay < pu_(hy) +e< A+e,
and so limy, oo —(h,) = A.
Fourth part: A > 0.
We would like to show that A > 0 (which implies (k) > 0 for & small enough). We argue by contradiction and

we suppose that A = 0. The proof is very close to the proof of Proposition 6.1 in [3]. We start with the following
proposition:

Proposition 2.6. Assume A = 0. Then, there exists n a decreasing function with lim,_.on(r) = 0 such that, if
X0 € B2 and B(xg,r) C Brjp with [{u =0} N B(xo,7)| > 0, then

! ][ u < (). (16)

r
9B (xo.r)

Proof of Proposition 2.6. Let xq, r be as above, and we set B, = B(xg, r). Let v be defined by,

—Av=2Au inB,,
v=u on 0By,

and v = u outside B,. We have v > 0 on B,. We get, using (8),

f(|W|2 —Vu?) = Aq /(u2 —0?) < py (0ar)|{u = 0} N B, |, (17)

B, B,
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we also get (using —Av = A u in B;),

/(|Vu|2—|Vv|2)—Xu/uz—vzzfvw—v)-V(u—v+2v)—ka/u2—v2

B, B, B,

Br
zf;wu—v)|2+,\a/(u—v)2. (18)
B, B,

Now, with the same computations as in [1,11] (with A,u instead of f) we get,

1 2 2
]{u:O}ﬂBr|<;][u> gc/]wu—u)} . (19)

dB, B,

Now, using (17), (18) and (19) we get the result. O

End of proof of Theorem 1.5. Now, the rest of the proof is the same as Proposition 6.2 in [3] with A,u instead
of fxg,. Theidea is that, from the estimate (16) of Proposition 2.6, Vu tends to 0 at the boundary, and consequently
the measure Au does not charge the boundary 9£2,. It follows that —Au = A, u in Bg, which, by strict maximum
principle, contradicts that u is zero on some part of Bg. O

3. Proof of Theorem 1.2

Let £2* be a solution of (1). Then u = u g+ is a solution of (6), and thus satisfies Proposition 1.1 and Theorem 1.5;
moreover, £2* = £2,,. Like in the previous section, we work in B, a small ball centered in d§2,. Since the approach is
local, we will show regularity for the part of 952, included in B; but B can be centered on every point of 9§2, N D,
so this is of course enough to lead to the announced results in Theorem 1.2.

Coupled with Remark 1.3, we conclude that it is sufficient to prove:

(a) £2* has finite perimeter in B and H~!((32* \ 3*2*) N B) =0,
() Augs + 2 (2% ug = AH"192* in B, (20)
(¢c) ifd=2, 32*NB=0*R2*NB.

We use the same arguments as in [1] and [11], but we have to deal with the term in f u? instead of f fu (in [11]). So
we first start with the following technical lemma.

Lemma 3.1. There exist C1, Cp, ro > 0 such that, for B(xo,r) C B withr < ro,

1
if - ][ u>Cy then u=>0on B(xg,r),
,

9B(xg,r)

1
if — ][ u<Cy then u=0on B(xg,r/2). 2n
-
dB(xq,r)

Proof. The first point comes directly from the proof of Proposition 2.6. We take the same v and, using equation (19),
we see that there exists C; such that if % f 3B(xo, 4 = C1, then [{u =0} N B(xg, r)| =0.

For the second part we argue as in Theorem 3.1 in [2]. We will denote B, for B(xg, r). In this proof, C denotes
(different) constants which depend only on a, d, D, u and B, but not on xq or r.

Let ¢ > 0 small and such that {# = ¢} is smooth (true for almost every ¢), let D, = (B, \ Er/z) N{u > ¢} and v, be
defined by

—Avg =Azu  in Dy,

Ve=1u in D\ B,

Ve =1 in B, N{u < &},
Ve =¢ in B,» N {u > e}.
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We see that u — v, is harmonic in D;.
We now show that (v, — u), is bounded in H'!(D), for small ¢ > 0. Let ¢ be in CgO(Br) with0<p<landp=1

on B,p. Let W = (1 — p)u + e = u + ¢(¢ — u). We have:
Y —u=0=v,—uondB, U(dD: N (B \ Brp2)),
and
V—u=ec—u=v;—u=—|uflocondD; NIB, 2,

so using that v, — u is harmonic, we get —||u|0o < v —u < 0 on D, and,

/|V(v8 —u)\2</|vop—u)|2.
Dy D,

Now, using that V& = Vu (1 — ¢) — (Vp)u 4+ Vg and the L bounds for u and Vu, we see that v, — u is bounded
in HY(D).
Now, up to a subsequence, v, weakly converges in Hé (D) to v such that:

—Av=2u in (B, \ Brj2) N 2y,
v=1u in D\ By,
v=0 in Br/QU(Brﬁ{Lt:O}).

Using (7) with h = |B,2|, and u = v in D \ B,, we have:
/|Vu|2—Aa/uzwf(h)mmm</|Vv|2—xa/v2+u7(h>|s2vmBr|,
B, B, B B

and so,

/|Vu|2,u_(h)|.QuDBr/2|< f V—u) V(u—v+20)— Ay / (vz—u2)+ka/u2

B2 B \By2 B \By/2 B2
< limian/V(ve —u) -V, —Aa/(vz —u?) + g / u’
e—0
D; B>
=1imi(r)1f2 / (8—u)—+2k /(vg uu — A /(v —u)+ka/u2
£—>
0B, 2N{u>e} B2
ad
= liminf 2 / (s—u)ﬁ+)\a/(2uvs—u2—v)+)\ / 2
e—0 on
0B, pN{u>e} D, B2
< liminf 2 / (e —u)Vup - 7 + Ag / u?, (22)
e—0
0B, 2N{u>e} B2

where 7 is the outward normal of D, and so the inward normal of B, /2. Let w, be such that,

—Aw; =Aqu on B, \ B,

We=1u on dB, N{u > &},

W =¢ on (3B, N{u <e}) UdB,.
Because wg > € on (B, \ By/2) and super-harmonic in B, \ E,/z, we get that w, > ¢ in B, \ Er/z. In particular
We = v, =€ in 0D, N (By \ E,/z). Moreover, we also have w, > v, on 3D, N (3B, U dB,/2), and since w, — v; is

harmonic in D, we get we > v, in D;. Using we = ve =€ on 98,2 N {u > ¢}, we can now compare the gradients of
w, and v, on this set,

0< —Vu, -1 <—Vw -7 ondByn N{u > e} (23)
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Let now wg be defined by wg =wgond(B,\ B, ,2) and harmonic in B, \ B, /2. We use now the following estimate:

C
0< -Vl 7 < — ][(u—s)+<Cy on 4B, 2, (24)
r
3B,

where y = % fap,u (to get this estimate, we can first prove, using a comparison argument, that |Vw2| < %ng -
€lloo, B34\ B, 2> and then conclude using again maximum principle and Poisson formula for functions that are harmonic
in a ball). Let wé =w,; — wg, we have w; =0on d(B, \ B,/2) and —Awg = Aqu in B, \ Er/z and so,

[vVw! ”oo,Br\B,/Q < Crlulle < Cr. (25)

Now using (22), (23), (24) and (25) we get,

L= f IVul? + - (h)|2, N B ol < Cy +7) / u+xafu2. (26)
B2 9B, )2 B2

Our goal is now to bound from above the right-hand of this inequality with CL(y 4 r): and so if y and r are small
enough we will get L =0and sou =0in B, >.

We now give an estimate of ||u ||, 5,, interm of y. Let w =0 on 3 B, and —Aw = A4u in B,. We have (using (2))
Alu—w)=Au+tu>0in B, and u — w =u on 3B, so,

lu —wlloo,B,, <C ][ u<Cyr.
9B,
We also have that
lwlloo,8, < Cr?||utlloo,8, < Cr?,
and finally,
lulloo.,, < C(yr+72). 27)
We now write (using (27)),

Jueel [rst )

9B, B2 B2

1 1 1
< C(E / |Vu|2 + E|~Qu N Bypo| + ;|~Qu n Br/2|||”||oo,B,/z>-
B2

Here we use Theorem 1.5 to see that there exists /&g such that
A
£) S<pu-(h) <A, 0<h<hg.

And so, we have

/ ugc(/ |W|2+u_<h>|9umBr/z|+C|9umBr/2|(y+r>)

0By/2 By
<CL(+y+r), (28)
with C independent of r for every r small enough such that & = | B, /2| < ho. We also have (using (27))
/u2<C|9umB,/2|(yr+r2) < CL(yr+r%). (29)
Br/2

We now get, from (26), (28) and (29),if y < land r < 1,
L<C(y+rL(+y+r) +CL(yr+r*) <CL(y +1),
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and, if we suppose r < % we get,
L
and so, if y < % weget L=0andu=0on B,. O

With the help of this lemma, we are now able to successively prove the three properties (a), (b) and (c) of (20).

Proof of (a). The proof is now, using (21) in Lemma 3.1, the same as in [11] or in [1]. Here are the main steps: we
first show that there exists C1, C, and rg such that, for every B(xg,r) C B with r < ry,
B(xg,r)N$2
O<C1<M<C2<l,
| B(x0,1)]
and
Cir® ™! < (Au+ dqu) (Blxo, 1)) < Cor? ™.

The proof is the same as in [11] with A,u instead of f. It gives directly (using the Geometrical measure theory, see
Section 5.8 in [9]) the first point of Theorem 1.2. O

Proof of (b). For the second point, we see that Au + A,u is absolutely continuous with respect to H¢ =132, which
is a Radon—Measure (using the first point), so we can use Radon’s Theorem. To compute the Radon’s derivative, we
argue as in Theorem 2.13 in [11] or (4.7, 5.5) in [1]. The main difference is that here, we have to use (9) in Theorem 1.5
to show that, if uy denotes a blow-up limit of u(xg + rx)/r (when r goes to 0), then ug is such that,

/|wo|2+A|{uo¢0mB(o,1)|< / IVol? + Al{v #0} N BO, D],
B(0,1) B(0,1)

for every v such that v = ug outside B(0, 1). To show this, in [1] or in [11] the authors use only perturbations in
B(xo, r) with r goes to 0, so using (9), we get the same result. We can compute the Radon’s derivative and get (in B)

Au+rgu =~ AHT082,.

Now, u is a weak-solution in the sense of [11] and [1] and we directly get the analytic regularity of 9*£2, (this
regularity is shown for weak-solutions). 0O

Proof of (¢). If d =2, in order to have the regularity of the whole boundary, we have to show that Theorem 6.6 and
Corollary 6.7 in [1] (which are for solutions and not weak-solutions) are still true for our problem. The corollary
directly comes from the theorem. So we need to show that, if d =2 and x( € 9£2,, then

111% max]A — [Vul?, 0} =0. (30)
B(xo,7)

We argue as in Theorem 6.6 in [1]. Let ¢ € C;°(B) be non-negative and let v = max{u — ¢¢, 0}. Using (7) with this v
and h =10 <u < eg| < |[{¢ # 0} we get,

peo <u<ecl < [1V0P = [ 1vuP 4, [ (2 =4?)

:/|Vmin{s§‘,u}|2—2/Vu~Vmin{e§,u}

+ g / u> — g / (60)* 4+ 2y / uet.

{u<et} fuzet} {uzet}

Using —Au = Aqu in §2, we get:

/Vu~Vmin{s;‘,u}=Aa/umin{8§,u}=ka / u® + g / uee,

{u<et} {uzet}
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and so,

p— ()0 <u < ef| < f |Vul|* + / e2|Ve? — A f U — g f (e0)%,
{u<el} {u=et) {u<eg} {u=el})

and so, we can deduce that,

(A= Vul?) < / e2|VE |2 + (A — u_(h))h.
{O<u<et} {uzet}

The only difference now with [1] is the last term. Using Theorem 1.5, we see that (A — u—(h))h = o(h), so we can
choose the same kind of ¢ and ¢ as in [1] to get (30) (see Theorem 5.7 in [3] for more details). O

Appendix A
In this appendix, we discuss the hypothesis “D is connected”. We begin with the following example, taken from [4].

Example A.1. (From [4].) We take D = D; U D;, where Dj, D, are disjoint disks in R2? of radius R;, Ry with
Ri >Ry Ifa= 71R12 + ¢, then the solution u of (5) coincides with the first eigenfunction of D and is identically O
on D», and thus 2, = D and |£2,| < a.

In this case, we can choose an open subset w of D, with |w| = €. Then £2* := D; U w is a solution of (1). Since w
may be chosen as irregular as one wants, this proves that optimal domains are not regular in general.

However, we are able to prove the following proposition.

Proposition A.2 (The non-connected case). If we suppose that D is not connected, the problem (5) still has a solution
u which is locally Lipschitz continuous in D. If w is any open connected component of D, we have three cases:

1. either u > 0 on w,
2. oru=0o0nw,
3. or0 < |2, Nw| < |w|, and 352, has the same regularity as stated in Theorem 1.2.

If |$2,| < a, then only the first two cases can appear.

Remark A.3. It follows from Proposition A.2 that we obtain the same regularity as in the connected case. Indeed, in
the first two cases, 02* Nw =02, Nw =0@.

Remark A.4. To summarize, in all cases, there exists a solution £2* to (1) which is regular in the sense of Theorem 1.2,
but there may be some other non-regular optimal shape. And if D is connected, any optimal shape is regular.

Proof. The existence and the Lipschitz regularity are stated in Proposition 1.1.

If u =0 a.e. on w, then we get u =0 on w by continuity.

If u > 0ae. onw, by Lemma 2.5, u > 0 everywhere in w.

If 0 < |£2, Nw]| < |w], the restriction of u to w is of course solution of (6) with w instead of D and |w N §2,| instead
of a. We then may apply Theorem 1.2.

Finally, if |[$2,] < a, we may write J(u) < J(u + to) for all # € (—e¢, ¢) and for all ¢ € Cg°(D) such that |2,| <
a — |$2,| and so:

I+ 19)
- dr

0

:2/(Vu~V<p)—2Aa/u<p.
t=0
D

D

That is —Au = A,u in D and the third case is not possible since by maximum principle # > 0 or u = 0 on each
connected component of D. O
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