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Abstract

We consider the solutions of the equation —&2Au+u—|ulP~lu=0in S' x R, where ¢ and p are positive real numbers, p > 1.
We prove that the set of the positive bounded solutions even in x] and xj, decreasing for x| € ]—, O[ and tending to O as x; tends
to 400 is the first branch of solutions constructed by bifurcation from the ground-state solution (e, wo();—z)). We prove that there
exists a positive real number &, such that for every ¢ €]0, ¢,] there exists a finite number of solutions verifying the above properties
and none such solution for ¢ > ¢,. The proves make use of compactness results and of the Leray—Schauder degree theory.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous étudions I’équation —&2Au +u — |ulP~lu =0 dans S! x R, ot ¢ et p sont des nombres réels strictement positifs, p > 1.
Nous identifions 1’ensemble des solutions (g, u) ou u est une fonction positive, paire en x| et xo, décroissante en x; dans [—, 0]
et tendant vers 0 quand x; tend vers 400, comme la premiere branche de solutions issue d’une bifurcation a partir de 1’état
fondamental (e, wo(’;—z)). Nous prouvons qu’il existe un réel e, tel que pour tout ¢ € ]0, &,] il y a un nombre fini de solutions
vérifiant les propriétés €énoncées ci-dessus, et aucune telle solution pour € > ¢&,. Les preuves utilisent des résultats de compacité et
la théorie du degré de Leray—Schauder.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let ¢ and p be positive real numbers, p > 1. We consider the positive bounded solutions of the equation
—&’Au+u—uP'u=0 inS'xR (E)

that are 2 periodic in the first variable x; and that tend to 0, as |x»| tends to +00, uniformly in x| € S I We know
that these solutions are symmetric in x, around a real number fy, and decreasing for x, > #y. This can be proved
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by an application of the moving plane method [13,3,5]. Let us recall, for n = 1, 2, the existence of positive bounded
solutions of the equation

—Au+u—u?=0 inR".

The existence and the uniqueness of such solutions that are radially symmetric with respect to O is proved in [15].
We will denote them by wg for n =1 and w; for n = 2. So the function x, — wy(x2/¢) is the unique positive
bounded solution of (E), up to translations, that depends only on the second variable x». But there exist solutions
that depend on the variable x. Such solutions are constructed by Dancer in [10], by bifurcation from the bounded
positive solution xo — wo(x2/¢€), by the use of a Crandall-Rabinowitz theorem in a convenient Banach space. More
precisely, there exists a value, that we denote by e,, of the parameter ¢ for which for all £k € N* curves of new
solutions bifurcate from the solutions (e, /k, wo(kxz/¢4)), while the solutions (e, wo(x2/¢)), for € # €,/ k are locally
unique. We refer to Malchiodi and Montenegro [16], for an analysis of the eigenvalues of the linearized operator

—2A+ 1 — pwg - (x2/¢)1. We may consider only the positive bounded solutions of (E) that are even in x3, the
other solutions being deduced by translations. For the bifurcation we will consider the bounded positive solutions of
Eq. (E) in the domain S I'x RY that verify the Neumann boundary condition g—ﬁ =0on S! x {0}, that are even in x;
and such that u tends to 0 as x» tends to 400, uniformly in x;. The other branches can be deduced by translations
of the variable x;. Let us call a trivial solution any solution of the form (&, wg(x2/€)). Let S be the closure of the
set of the non-trivial solutions in the convenient Banach space. For all k € N* we consider the component of S to
which (e./k, wo(kxa/e.)) belongs, that is the maximal connected set containing this solution. We call it the kth
continuum of solutions and we denote it by Xy. It is proved in [10], by the maximum principle, that the solutions
in X} are positive. Moreover, by a continuity argument that uses the fact that, by its definition, X' is connected, it
is proved that for all (e, u) € X1 we have 5’7"1 > 0in ]—x,0[ x Rt and aaTu. < 0in ]0, [ x R*. In particular, all
solution in X| is of minimal period 2. If (¢, u) € ¥}, then we extend it to [—ku, k] x R+ by 2w -periodicity and
we define v(x1, x2) = u(kxy, kx2). We can deduce from the construction of Xy that (¢/k, v) belongs to X% and that
this rescaling gives every element of X;. Consequently for all (¢, u) in X} the minimal period of u is 27 /k and
this implies that X'; N X} = @ for all k # 1. This is an important tool, following a global bifurcation theorem of
Rabinowitz [19] in the proof of the existence of solutions (g, #) in X' for all 0 < ¢ < &,. So we will focus our interest
on the first continuum X';. The results in [10] are in fact more general that what we summarized here. They concern
bounded positive solutions of (E) in S' x R"~!, n > 2 and the variable x; is replaced by the radius r of the polar
coordinates in R"~!. But the case n =2 is particular. In this case, for all p > 1, the solutions in X'; are bounded in
L>®(S! x R). Consequently, for n = 2, we have that if (¢, u) € X, with ¢ — 0 and if @i, is defined in STI x R by
fig (X1, X2) = ug(ex1, £x2), then ii, tends to wy, as ¢ tends to 0, i.e. the norm of it, — wy in L>(S' /e x R) tends to 0.

In [16] the function wg and the linearized operator are used in view of the construction of positive solutions of
—&?Au +u — uP =0 in a bounded domain with a Neumann condition at the boundary. Many other authors studied
the same equation in a bounded domain or in R” [1,11,12, ...] or related equations [4].

In [2], we have proved the following theorem.

Theorem 1.1. There exists € > 0 such that for ¢ > & any positive solution of (E) that tends to 0 as x; tends to infinity,
uniformly in x1 € S', can only be a function of the variable x».

In this paper we will prove that the first continuum X'; is in fact the set of all the positive solutions of (E) even in
x1 and x, that tend to O as x, tends to +oo and that verify 337"1 >0in]—m, 0] x RT and 337“1 <0in 10, 7[ x RT. We
will also prove that for each ¢ € ]0, e,[ there exists a finite number of such solutions and that there exists g9 > 0 for
which for € < &g such a solution is unique. We do not know whether the & in Theorem 1.1 is equal to &, or not, but we
will prove that the first continuum X' is contained in {(g, u), ¢ < &,}. Thus so are the continua Xy for all k € N* and
all the sets of solutions that can be deduced from them by translations. For p € N, p > 2, when the function u +— u?
is analytic, we can describe more precisely the continuum X' as a finite number of curves that admit local analytic
parameterizations.

First we will prove the following propositions

Proposition 1.1. If (¢, u) € R x L®(S! x R) is a solution of (B), u >0, u even in x and limy,_, o u = 0 uniformly
in x1, then there exist positive real numbers C1 and C», depending on u and on ¢, such that for all (x1,x3) € S I R+,
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Cre /% Cu(xy, x2) < Cae™2/%. More, given &1 < g5 in 10, +00[, for every set A of positive solutions of (E) as
above that is included in (g1, €3] x L®(S! x R), there exists C > 0 such that for all (¢,u) € A and all (x1,x3) €
S x R+, u(xy, x2) < Ce™2/2. Moreover, the set A is relatively compact for the topology associated to the norm
defined as follows ||lull = |lull g2 (51 xr4) + ||M€x2/82”L00(SlXR+).

Propositiqn 1.2. Let (g,u) € R x L®(S! x R) be a solution of (BE), u >0, u even in x| and x2, lim,, oo u =0 and
such that 5’—;" has a constant sign in 10, w[ X R+. Then the kernel of the linearized operator —e*A + I — pu?~'I in

{¢p € H'(S' x R), ¢ even in x| and x»} has the dimension 0 or 1.
Let us summarize the results of the present paper in the following theorem

Theorem 1.2.

(i) For p > 1, the first continuum X of positive bounded solutions even in x| and xy of —e*Au +u — uP =0
bifurcating from (., wo(x2/&,)) is composed of (&4, wo(x2/€x)) and of all the solutions (e, u) of (E) such that
u >0, ueven in x1 and x3, limy, oo u =0 and 5’7"1 >0in]0, [ x R+.

(ii) There exists a bounded subset A of LOQ(S1 X R+) such that the set X\ is entirely contained in 10, &,] x A.

(iii) For each (e,u) € X1, u is an isolated point of {v € L™(S' x R+); v even in x| and x»; (¢, v) solution of (E)}.
For every € > 0, ¢ < &,, there exists a finite number of solutions (&, u) in X.

(iv) There exists gq such that for all 0 < & < &g this continuum is a curve that has a one-to-one C ! parameterization
& — (&,ug). Moreover, for each (g1, u) € X there exists a continuous map € +— (&, ug) from 10, &,] to X1 such
that ug, = u. For p € N, the continuum is constituted by a finite number of curves that admit local analytic
parameterizations.

We have to define Banach spaces of functions that are suitable for our purposes. We will use the following notations:
B = iu € LOO(S1 X R); u even in x| and xp; | l‘im u(xy, x2) = 0 uniformly in xl},
X2|—00
X=H'(S'xR)NB
and

ou ou
U={ueX; u>0; — >0in]—-7,0[ x RT and — < 0in 0, 7[ x R* }.
0x] 0x]
The vector space X is a Banach space for the norm ||u|x = ||M||H](S] <R+) T ||u||LOO(S|XR+). We consider that the
first continuum X'; is obtained by bifurcation from the solution (e,, wo(x2/¢€,)) in the space X. We will recall the
beginning of the construction of X' in Section 5. Let us define, for ¢ > 0

Ye = {ueX; ue’* e L®(S' x RT); Aue L*(S' x RT)}.

The vector space Y, is a Banach space for the norm [lu|ly, = llull g1 (51 xr+) + 1Aull 251 m+) + ||uex2/8||L00(sl xR+)-

The paper is organized as follows. In Section 2 we prove or recall various preliminary lemmas and we establish
compactness results, especially Proposition 1.1. Section 3 is devoted to properties of the linearized operator and to
some uniqueness results for the solutions (e, ), u € U. It contains the proof of Proposition 1.2. We complete the
proof of Theorem 1.2 in Section 4. In Section 5 we present some calculation that proves directly that, for p > 2, the
bifurcation from the solution (e, wo(iﬁ)) is not vertical and goes in the sense of the decreasing €. We give the value
of ¢, and of the first eigenfunction. :

2. Preliminary lemmas and compactness results

We begin by the useful following two lemmas.
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1
Lemma 2.1. Let C, = (pTH)ﬁ. Let (e,u) be a positive solution of (E). Then |u|l poo(s1xr+) = Cs , the equality
being true only for u(xy, x2) = wo(*2).

Proof. Multiplying (E) by and integrating on §' x Rt we get the identity

2 2
2 2 2 +1
£ ou u uP
— — ,0)dx = —— ,0)dxq.
> /<8x1> (x1,0)dx; /( > +p+1>(X1 )dx)
0 0

Consequently if flull poo (51 xr+) < Cx we have that (x1 ,0) =0 forall x; € S'. But as it is proved in [2] this implies

that (x1 ,x2) =0 forall (x1,x2) € S! x RT. Then u= wo(xsz) and we know that ||lwg||zo®) = wo(0) =C.. O

Lemma 2.2. Let (e1, u1) be a solution of (E). If u1 > 0 and if (e, u) is any solution of (E) that is sufficiently closed
to (g1, u1) for the norm of R x L®(S' x R+), then u > 0. If u; € U and if (¢, u) is any solution of (E) sufficiently
closed to (e1, uy) for the norm of R x X, thenu € U.

Proof. First, we have that u > 0 for any solution (e, u) of (E) closed to (e1, u1) in R x L®(S' x R+). The proof
follows from the maximum principle and is given in [10], Section 1. Now, as in [10], Section 2, we have that “ has
a constant sign in ]0, 7 [ and in ]—m, O[, since, if it is closed to (1, u1), it is the first eigenfunction of the elgenvalue

problem —&?Av + v — puP~'v = av. But for (g, u) sufﬁ01ently closed to (g1, 41) in R x X, these constant signs have

to be those of (e1,u1). Indeed, if the signs of 3“1 =1L in ]O, r[ are not the same, we have fo - ><R+(8x1 —
] F) )

3—§‘C: > f[O’H]XRJF(a—Q)Z, that cannot be true if we suppose that lu —urll% < f[o,n]XRJr( a)"(: 2. O

Lemma 2.3.

(1) There exists M > 0 such that for every solution (e, u) of (E), with u > 0, limy,|— o0 u(x1, x2) = 0 uniformly in x|
and u € L*®(S' x R), we have lull oo (51 xRy < M.
(ii) Let (e, uy) be a solution of (E), defined for e — 0 such that uy € U. Then uy, : x — uy(exx) tends to wy as
e — 0, ie. ik — willpoo(st /g, xre) = 0
(iii) If (e, u) and (e, v) are solutions of (E), u and v in X, u # v, then u — v has not a constant sign in S x R+.

Proof. (i) Let (¢, u) be solutions of (E). We may suppose that u is even in x; and decreasing in x». Up to a translation
in x1, we may suppose that the maximum of  is attained at (0, 0). Let us recall why u is bounded in L>®(S' x RT)
(here ¢ tends to 0 or not). Let o be a positive real number to be chosen later. We set v(x) = u(ax)/||u ||LOO(51 <R+)- It
verifies in §' /o x Rt

—Av+ (@?/e*)v — (a? /2 )||”5”L°°(SIXR+) =0.

If ||u||LOO(Sl <R+) tends to +o00, we choose «/¢ that tends to O such that (a2/82)||u|| tends to 1. We obtain

L°°(S‘ xRT)
by standard estimates that v is bounded in H'(K) for all compact subset K of R?, and consequently a subsequence
of v tends to a limit v that is a non-negative bounded solution in R? of

—Av—vP =0.

But such a solution is identically null. (Let vo(r) = 5~ foh v(r,0) d6 then —vj — vr—é >0, vo = 0, that gives rv(r) <0
for all » > 0. But if there exists ry > 0 such that vo(ro) < 0, then vg tends to —oo as r tends to +oc0. Thus v(’) =0.
Consequently f02 TP =0 and v = 0.) On the other hand, v attains its maximum in x = 0, then v tends uniformly on
the compact sets of R? to a limit that is not identically null. This contradiction proves that [[u]| « (g1 xg+) 1S bounded.

(ii) If & tends to O, iy is bounded in Loo(f—]: x RT), attains its maximum at (0, 0), iix (0, 0) > C, and verifies the
equation —Au +u —u” = 0. Then, by standard elliptic arguments [14] itx converges uniformly in the compact subsets

of R? to a limit w such that —Aw + w — w? =0, lw|loo = Cy, w is decreasing in x1 and x, and w > 0. It is proved
in [10] that w = w;.
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Now let Ay = (ax, b) € S'/ex x R+ be such that ||ii; — w; ||Loo(51/8kXR+) = (ur — wy)(Ay) and, say, ay — +00
and by bounded. For all x; € R+ there exists K such that for all Kk > K we have x| € Sl/sk, x1 < ai. Then
uy (ag, by) < ug(xy, by). Up to a subsequence, we have that by tends to a limit b, thus lim ity (ax, by) < limug(xq, by) =
wi(x1,b). But wi(x1,b) tends to 0 as x; tends to +oo, thus #yg(ax, by) tends to 0 as k tends to 400, so
llig — wy ||LOO(51/£kXR+) tends to 0. The same proof works if a; and by tend to +oo or if a; is bounded while by
tends to 4+o00.

(iii) Let (&, u) and (¢, v) be two solutions, # and v in X, u > 0, v > 0. Let w =u — v. Then

—?Aw+w————w=0.
u—v
Let us suppose that w < 0. A convexity inequality gives
uf —vP > puP~1.
u—v

Multiplying the equation above by u we get

/SZVM-Vw+uw<p f uPw.
SR+ SIxRF

Multiplying (E), that is verified by u, by w we obtain

/82Vu-Vw+uw= / ulw.

SIxR+ SIxR+
Consequently,
/ uPw < / puPw
SIxR+ SIxR+

that is impossible, sinceu >0, w <Oand p > 1. O
We have now the following propositions, that will permit to rely the topologies of X and Y.

Lemma24. Let €1, €2, 0 < &1 < &, and A be a bounded set ofLOO(S1 X R). The sets of positive solutions of (E), such
that u is even in xp and u(xy, x2) tends to 0 when |x;| tends to +00 uniformly in x|, that are included in [g1, e7] x A
are relatively compact for the topology of R x L®(S! x R).

Proof. Let (&, u,) be a sequence of solutions of (E), in [e1, +00[ x A, as above. It follows from standard elliptic
theory that we extract a subsequence, still denoted by (g, u,), such that ¢, tends to a limit &€ > 0, u,, tends to a
limit « uniformly on the compact subsets of S' x Rt and ||u||oo > C,. Let us explain why u tends to 0 as x» tends
to 4-oo. If it is not true it is not difficult to see that for all £; small enough there exist two sequences x; , € S Iand
X2,m — 400 such that u,, (x1,,, x2,m) = €1. Now we apply the proof in [10]. Let us recall it for completeness. We set
U (X1,8) = Uy (X1, X2,m +5) in st x 1—=x2,m, +00[. We have vy, (x|, 0) = 1. There exists v solution of —&2Av +
v—v?” =0in S! x R, v non-increasing in s, such that v,, tends to v uniformly in all compact sets of S! x R and if
limxy , = o, v(e, 0) =¢1. Asin [10] (page 547), we see, by the maximum principle and the Harnack inequality, that if
&1 is chosen small enough, then v cannot depend only on one variable. Let v_(x1) = limy_ _oo v(x1, s) and v4 (x1) =
limy_, ;o0 v(x1, 5). The functions vy and v_ are bounded in S', verify the ordinary equation —e?g” + g — g” =0,

lv+lloo < €1 and ||v—|loo = €1. If €1 is chosen small enough, then v = 0, by the above principle. If v_ is not a constant
1 pt+l

TV is a constant function. It follows that both the maximum value and the

X 2

function, then —%v’} + %v% —
.. . . v'2 v2 Nas

minimum value of v_ are less than C,. But the energy of v, and v_ is the same, that gives | (7 +5— ﬁ) =0.

2 p+1

Thus v/ =0, % — I;T =0 and v— =0 or 1. That gives v_ =0, that is a contradiction with ||v_|» = &1. This gives

a contradiction, so u tends to 0 as x; tends to +o0.
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Let us prove that the convergence is uniform in S! x RT. Let us suppose that A,, = (@, by) € S' x Rt is
such that [lu,, — ullpeo(s1xr+) = (Um — u)(Ay) and that by, tends to +oo. For all x», we have, for m large enough,
Um (@ X2) > U (am, by). Let x2 > 0 be given, let m — +o00 and suppose (up to a subsequence) that a,, tends to a,
we obtain that, for all x, > 0, u(a, xp) > lﬁnm_>+ooum (Aj). But u tends to 0 as x, tends to +o0o. Consequently
um(Apm) tends to 0, and then ||luy, — ull oo (g1 4g+) tends to 0. O

Proposition 2.3. Let ¢ > 0 be given and let u be a positive solution of (E), such that u is even in x3 and u(xy, x2)
tends to 0 when |x3| tends to +00 uniformly in x1. Then there exist two positive real numbers C1 and C», depending
on u and on &, such that for all x, > 0 and for all x| € st

Cre™/¢ u(xy, x2) < Cre /.

Moreover, if (e1,u1) € R x L®(S! x R+) is a solution of (E), uy > 0, there exists § > 0 and C > 0 such that for all
solution (¢, u) of (E) in R x L®(S' x R+) that verifies |e —e1| + |lu1 — ut|loo < 8, we have for all (x1, x2) € S x R+,
u(xy, x) < Ce ™2/,

Proof. Let us define ¥ (x;) = % f02” u(x, x2)dx;. We will prove first that
u < Cre /%,
The first step will be to prove that for all 0 < § < 1/¢ there exists a positive real number Cy such that for all x; > 0
W (x2) < Coe P 2.1
and then to deduce the same inequality for u, by use of the Harnack inequalities.
Integrating (E) on [0, 27r] we obtain
2
2., 1
-V (x0) + ¥ (x2) — e u? dx; =0. (2.2)
14
0

Let us choose a real number « such that 1 — «?~! > 0. There exists A > 0 such that for all x; € S* and all x; > A we
have u(x1, x2) < . We remark that if u is sufficiently closed to u; for the uniform norm, we may choose 0 < o < 1
and A independent of u. Let us define 8 by B = slz(l — a”~1). We have by (2.2)

—0"(x2) + B2 (x2) <O forallx, > A
that gives, by the maximum principle, for all x; > A,
W (xy) < W(A)e P2=A),

Then w = e#*2 (x,) is bounded for large x> and we obtain (2.1). It is easy to verify that the constant Cg in (2.1) may
be chosen independently from (e, u), for (¢, u) sufficiently closed to (g1, u1) for the norm of R x L*°.
Now we will verify the following Harnack inequality. For all R > 0 there exists C such that, for all y € R?, we
have
P
sup u < c( inf u—i—( inf u) ) 2.3)
Br(y) Br(y) Br(y)
where the constant C depends on R and ¢, does not depend on y. Indeed, we use first Theorem 8.17 in [14] for L = A
and for the equation Au = glz(u — uP) and then we use Theorem 8.18 in [14] for the equation L = ¢2Au — u and
for Lu < 0. The two inequalities that we obtain give (2.3). Moreover C decreases in ¢ ([2]). By (2.1) we have for all
x2>0
inf u(xi,x2) < Coe P*2. (2.4)

xleS'
Let x» > 0 and y = (0, x2) and R = 7. We have

inf u < inf u(xy,x2) < Coe P2,
Br(y) xSt
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This inequality, together with (2.3) gives a constant C(’) such that for all x; > 0 and all x; € S! we have
u(xy, x2) < Che P22, (2.5)

Once more, the constant C(’) does not depend on (&, u), chosen in a neighborhood of (g1, u1).
The second step will be to prove that there exists a constant C > 0 such that for all x,

W (xy) < Ce /% (2.6)

and to deduce the same inequality for u.
From (2.2) we deduce that for x, > 0 we have

—&2Y" 4+ @ L Ce PP
and ¥'(0) = 0. This implies that ¥ < ¢, where ¢ is the bounded solution of
—&2¢" +¢=Ce PP ¢/(0)=0.
But we may suppose that pv/1 —a?~T > 1 and consequently we have
¢ = Ae PP2 4 Bem™/¢
with
A=C/(1—(p*B*?*)) and B=—Appe.

Thus we have proved (2.6). We can deduce by the same proof as above the existence of a constant C; such that for
xy > 0 and for all x| € S!

u(x, x2) < Coe™2/%,

Once more we may choose C, independent from (e, u) closed to (e1, uy).
Let us prove now that

u>Cre /e,

The first step will be to prove that this is true for ¥ . From (2.2) we have
—?y g >0 forx;>0

and then we have by the maximum principle
W (x2) > ¥ (0)e /¢ forx; > 0.

Now we can write:

u=>y a;j(xy)cos(jx1)+ Y _ bj(x)sin(jx1)
=0 izl
with ¥ = ag. We have for j > 1,
2
2 1 .2 1 p .
—&%a; + (1+] )aj = u? cos(jxy)dxy
0
then
|—82a;~’ + (1 + jz)aj| < Ce PR2/e,
Let us choose 1 < p < min{p, +/2}. Therefore, |a il < ¢; where ¢; is the solution of
—2¢ + (1+ j%)p; = Ce P2/, ¢4(0)=0, ¢; —> Oatinfinity.

The function ¢; is a combination of e P22/e and eV 1+jz"2/5, then a; = o(e™*2/%), for j > 1. We have a similar
result for b, j > 1. We infer that u ~ ¥ at infinity, in the sense that /v tends to 1 as x; tends to 400, uniformly
inx;. O
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Corollary 2.1. Let €1, &3, 0 < &1 < &3, and A be a bounded set of L®(S! x R). The sets of positive solutions of (E),
such that u is even in xp and u(xy,x2) tends to 0 when |x»| tends to +00 uniformly in x1, that are included in
le1, 2] % A are relatively compact for the topology of R x H'(S! x R).

Proof. Returning to the proof of Lemma 2.4, it remains to verify that u,, tends to u for the H 1($! x R+)-norm. We
know that the sequence (u,,) tends to u for the L>(S' x R™) norm and that (g, u,,) is a solution of (E) for all m,
uy, > 0. By Proposmon 2.3 there exists a positive constant C such that for all x € S x R* and for all m we have

Um(x) <Ce o . This implies that u,, tends to u in H I(S! x R+), since we have

p_
/831|V(Mm_u)|2+ / ((6* — &2) A — ) + (um — u)?) = / Um — ul

Um — U
SIxR+ SR+ SIxR+

(um - u)27

and the right member is less than
pCP! / mrDRle, 2
SIxR+
that tends to 0 by the Lebesgue theorem. Consequently u,, tends to u for the H!(S! x Rt)-norm. O

Remark 2.1. Let (g, u;,) be a sequence of solutions of (E), such that u,, € U for all m, that tends to a limit (e, u) in
R x X. We have [[u || oo (51 xr+) = Cx, thus the limit u is not 0. We deduce easily that either u € U or u(xy, x2) =

wo(2).
Proposition 2.4. Let ¢ > 0 be given and let u € Y, u > 0. Then the operator
L=—&’A+1—puP'I
is a Fredholm operator of index 0 from the Banach space Yy to its topological dual space Y.
Proof. There exist results for the Fredholm property for general linear elliptic problems in unbounded domains [20].
Let us give the proof that we did for this particular problem. We will prove that v — (—&>A + I) "' (puP~'v) is a

compact operator from Y, to Y., where t = (—e2A 4+ D! (pup_1 v) is defined as the solution in H!(S! x R*) of the
equation

ot
—?At+r=pu”"v inS' xR, o =0 inS' x{0}.
v
We use the Fourier expansion
+o0
t= th(xz) cos(jxi).
j=0
We get for all j
2
1
82// +(1+ 82j2)t,' =— / puP Mvcos(jxi)dxy, 1:(0) =
4
0

Now we are going to prove that t € Y, together with an estimate of ||e*2/¢¢ | Loo(s! xR4)- There exists a constant C > 0
such that

21

/ pu”_lv cos(jx1)dx
0

2
§Ce(_p+l)x2/8/|v|dx1.
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For any positive real number m > 1 there exists another constant C such that

2

-1 . ol 1-1/ 1
/pup veos(jx)dxi| < Ce™PF /m)XZ/E||eX2/8vHL°°(S’7><R+)”v||L/°T(SlxR+)'
0

Let p = min{p, v/1 + 2}. Let us choose m > 1 suchthatl<15—%<«/1—+—82.Thuswehaveﬁ—n%;«ré\/l—i—ezj2
for all j € N. We define

fxp) = eCPH/mx2fe,
The bounded solution of the equation
2"+ (1+e%j%)p=f ¢0)=0
is
(—P+1/mx2/e (—p + Lye=V1HePna/e
F 2 (TSP~ (pt b))
We obtain |¢;| < ¢; and then, for all x; € R,

@j(x2) =

1-1/m

| 1/m
Lo°(S!xR+)

|e2/%1j(x2)| < C|| /0] 0l g1 gy (€250 (02)).

The summation over j shows that for our choice of m > 1 such that —p + 1 + % < 0, there exists a constant C such
that for all x»

1-1/m 1/m

|2/ 1 (x2)| < C[le™/ 0| Loo(stx) 1Vl st ey

2.7)

Thus it is clear that r € Y,. More, if (v,) is a bounded sequence in Y, then the corresponding sequence (7,,) is
bounded in Y;. Let us prove that the operator v — ¢ is compact from Y, to Y. We remark first that the injection of Y,
into L9(S I R+) is compact for all ¢ > 1, including ¢ = +00. Indeed, any bounded set in Y, is compact in L2(K ),
where K is any compact subset of S I R+. If v, is in a bounded subset of Y,, we construct a subsequence vy, that
tends to a limit v in L%OC(S Iy R+), by a standard diagonal process. But there exists a constant C such that, for all m,
||ex2/8vm lLoo(stxryy < C. Consequently, v, tends to v in LY (8! x R+), q > 1, by the Lebesgue theorem. Moreover
(vn) is bounded in H?(S! x R+), since it is bounded in H'(S! x R+) while Av,, is bounded in L2(S' x R+). (This
can be easily verified. For example we write v =) v; cos(jx1) and —Av =) w;j cos(jx1) and we estimate the L%-

norms of v;.’ , v} and v; with respect to the L?-norm of w ;). We deduce that (v,,) tends to its limit v uniformly in the

compact sets of S! x R+. But there exists C such that for all m and all (x1,x2), vy (x1, x2) and v(x1, x2) < Ce 22/¢,
Consequently (v,,) tends to v uniformly in S' x R+

So, if v, is in a bounded subset of Y., there exists a subsequence of £,,, still denoted by ¢, that tends to a limit ¢
in L2(S' x R*) and it is not difficult to see that #, tends to # in H'(S! x R+). At the same time there exists a
subsequence of v,,, still denoted by v,, that tends to a limit v in L>(S' x R+) and we have

— Aty — 1)+t — t = puP " (v — v).
By (2.7), in which we substitute £, — ¢ to t and v,, — v to v and using the fact that v,, — v is bounded in Y., we get

that lim||z,, — t]ly, =0. O

Proposition 2.5. Let 0 < g1 < &) be given. If u € Y, and &1 < € < &2, then (—2A + D7 (uiP~ u) Y., and the
operator

[8la82] X Ysz - Y829
(e,u) > (—82A + 1)71(|u|p71u)

is compact.
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Proof. The function = (—&2A + 1)~ (|u|P?~'u) is the solution in H'(S' x R*) of

ot
—&?At+1=ul’'u inS'xRT, 5-=0 in st x {0}.
v
Let us prove that ¢ € Y,,. We write t = 7;’?) tj(x2) cos(jx1) where ¢; is the bounded solution of

2
1
—%t] + (147 j%)1; =—/|u|P*1ucos(jx1)dx1, £(0) =0.
T
0

There exists C > 0 such that |u(x, x2)| < Ce2/%2 g0 there exists another constant C such that

|—£2t}/ +(1+ £2j2)tj| < Ce P2/,
Now, if & < &3, we will replace p by p = 1 and we have, for all j € N, /1 +£2j2 £ f—f. If ¢ = &, the existence
of jo € N such that \/1+ 23 = p, is possible. In this case we take p < p such that v/1+ e2(jo—1? < pE <

J1+¢2jd, else, p= p,in order to have y/1 + 22 # p+ forall j € N. By comparison with the bounded solution
of

—2¢" + (1+2j%)p =Ce P2 ¢/(0)=0,

we deduce that

~ 2
|t]| < _CESZP e 2V 1+62j2/e + C82 e—xz[)/sz.
(85(1 + j262) — 2p?) /1 + 6252 ,9%(1 + j262) — 22

We sum over j and we obtain that ¢ € Y,.

Now if (&, up,) is bounded in [e1, €3] x Y,, then up to a subsequence, we suppose that ¢,, tends to a limit £ > 0.
We note first, that by the proof above, tme*2/%2 is bounded in L°°(S Ly RY). But uy, being bounded in Y, we have as
in the proof of Proposition 2.4 that a subsequence tends to a limit « in L9 (S! x R+) for all 1 < ¢ < +00. Since t,, is
defined by

_ErznAtm +tm = |umlpilum

we deduce that 7,, is bounded in H!(S! x R*) and consequently in Y, . Thus a subsequence of 1, tends to a limit 7 in
LI(S! x Rt) forall 1 < g < 00. By the Lebesgue theorem we have that #,, — ¢ tends to 0 in H(S! x RT) and Aty
tends to Az in L2(S' x R+). To make the end of the proof easier we will prove only that for all 0 < & < &5 if (u,,)
tends to u in Ye, and if t,, = (—&2A + 1)~ (Ju;m|P~'up) then (4,) tends to  in Ye,. We have

—&2 Aty — 1) + (tm — 1) = |t [P @ — 1) + (Jum P = )P~ = ).
Let C > 0 be such that for all m |u,,| < Ce /2, Letting
+00
tm —1=Y_vj(x2)cos(jx1)
j=0
we get an other constant C such that for all m and all j

2
—szv;-’ +(1 +s2j2)vj| < Cel7Pthn/a / |t — ul.
0

Exactly as in the proof of Proposition 2.4 we deduce that there exists a constant C such that for all (x1, x2) € S! x R+
|t — ) (x1, x2) €272 < Cllum — ull oo (st mt)

that tends to 0 as m tends to 4+-co. Thus #,, tends to ¢ in Y,,. The proof of the proposition follows. O
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Proof of Proposition 1.1. Let A C [g], &3] x L®(S! x R) be a set of positive solutions (g, u) of (E), such that u
is even in xp and u(xy, x3) tends to O when |x;| tends to +o00o uniformly in x;. By Lemma 2.3(i), A is bounded in
R x L®(S! x R+). By Lemma 2.4, its closure Ais compact in R x L%°(S! x R+). Thus it can be recovered by a
finite number of balls B; = B((¢;, u;), 8;), the §; being chosen, thanks to Proposition 2.3, such that for all i there exists
C; > 0 for which for all (¢, u) € B;, (¢, u) being a positive solution of (E), u < C;e *2/¢. Consequently, A is bounded
in [£1, &2] X 1782 where 1752 {u e H'(S! x R), u even in x2, lim|x,|— 400 4 = O uniformly in x, Au € L2(Sl x R)}
with the norm ||u||H1(51 <R+) T ||Au||L2(S1 «r+) + llue* 2/¢ ||Loc(S] «R+)- We remark that Proposition 2.5 is still valid if
we replace Y;, by Yg2 It follows that A is compact in R x Y, ¢, . For the solutions of (E), the norm of Y, ¢, 18 equivalent
0 lull 2gst gty + €2 || poo(si sy O

3. The linearized operator and some uniqueness results

Proposition 3.6. There exists eg > 0 such that for all ¢ € 10, o[, there exists at most one solution (¢, u) of (E), with
u € U. Moreover, for all 0 < ¢ < gg and all solution (e,u), u € U, the operator L = —&ZA 41 — pupfll is an
isomorphism from X to its topological dual space.

Proof. Let us suppose that there exists a sequence & that tends to 0 and two sequences of solutions (&, ux) and
(ex, Vi), ux € U and vg € U, uy # vy for all k. Let zx (x1, x2) = iix (x1, x2) — % (x1, x2) be defined in S!/gp x R+
with iy (x) = uy (exx) and the same for vg. We know that i; and vy tend to w; as k tends to +00, uniformly in the
compact subsets of R%. We have

Azg = (1— (i) —0F)/(iix — x))zx  in S'/ex x R. (3.8)

As, for all k, z # 0, we know that z; takes some positive values and some negative values. Then z; attains its positive
maximum in S!/g; x R+ at a point denoted by M; and its negative minimum at a point denoted by n1;.. There exists

A > 0 such that 1 — pwfﬁl(r) > 0 for r > A. Let us prove that || My |2 < A, for k large enough. As iy tends to wy,
uniformly for r = ,/x? + x3 = A, there exists K > 0 such that for k > K and forr = A, 1 — pzlk_ (x1, x2) > 0. But,

for r < f—k, i, decreases in the both variables |x;| and |x;|. Consequently, 1 — pﬁ,f_l(xl,xz) > 0 for all (x1,xp) €
S1/er x R+ such that A <r < % Now a convexity inequality gives

(@af —of)/ @ — ) < piaf ",

when z; > 0. Thus, in the domains where z; > 0 we have
Az >z (1 — pity, l)-

Consequently, for k > K, we have
Azi >0,

in any domain contained in st /ex X R+ where z; > 0 and » > A. But we have z; > 0 in a neighborhood of My, and
the maximum principle gives that for k > K, the norm of M is less than A. By a similar proof, there exists A > 0
such that for all k the norm of my is less than A.

We normalize z; by

Yk = 2k/ N2kl oo (51 xr+)-

Thus ||yl Lo g2y = 1. By a standard limit argument, we deduce from (3.8) that, up to a subsequence, yi tends to a

limit y, uniformly in the compact sets of R? and that ||y|| Lo(s1xr+) = 1, thus y 7 0. Consequently, y is a non-trivial
bounded solution of the equation

—Au—i—u—pwf_lu:O. (3.9)

But we claim that (3.9) has no bounded solution in R?, except a vector space of solutions spanned by the two solutions
w’ (r)cos(#) and w](r)sin(@), where (r,0) are the polar coordinates. That claim about Eq. (3.9) seems to be well
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known, but we have not found a direct reference for it. So let us now give a justification of this claim. We search
solutions of (3.9), u € H'(R?), in the form

u=uo(r)+ Z(u,-(r) cos(if) + v;(r) sin(i@)) (3.10)
i1

where u; and v; satisfy the equation for the appropriate i

P o9

—¢" — = +i’ S +¢—pwl'¢=0 n]0, +oo[ (3.11)
r r
and

+00
¢2

/ (r¢2 +r¢' 2+ —> < +4o0. (3.12)
r

0

Let us remark that if ¢ is any bounded solution of (3.11) in R+, then, as w; decreases exponentially at +o00, ¢ cos(if)
and ¢ sin(i0) are solutions of (3.9) in H 1(R2) and consequently, ¢ verifies the condition (3.12). But w; is a bounded
solution of (3.11) for i = 1 and has a constant sign. Thus 0 is the first eigenvalue for the problem

" ¢/ ¢ p—1,
—¢ - r—2+¢—Pw1 ¢ =puep (3.13)
with the condition f0+°°(r¢2 +r¢’? + ¢r—2) < +o0.

Consequently, for i = 1 the only bounded solution of (3.11) is w} and for i > 1 Eq. (3.11) has no solutions that are
bounded both in 0 and +o0o. Now the proof that (3.11) has no bounded solution for i = 0 appears in Kwong [15], in

the course of the proof of the uniqueness of the ground state w;. More precisely, it is proved there that
li 09 (@0, 7) (3.14)
im — = —o00, .
r—-+o00 do @0, 7

where o is the unique « > 0 such that the solution of

/

—¢”—7+¢—¢P=0 in]0,+oo[, @O0 =ca, ¢'(0)=0 (3.15)

is positive and has the limit O as r tends to +oo. (See (4.7) in [15] and the lemmas which follow.) Now, since % lg
is a solution of (3.11) with i = 0 and g_f lop (0) =1, we conclude that (3.11) has no bounded solution for i = 0. The
above claim is proved. Now w] cosé and w/ sin@ are not available for being y, since y is even in xj and in x;. The
first part of the proposition is proved.

The second part of the proposition can be proved by the same arguments than the first part. Let us suppose that for
some sequence & tending to O there exist ux € U and & # O such that

e7AE =& —pul 'g inS' xR+. (3.16)
Let §k(x1, x3) = &k (erx1, exx2). We have
Ny =8 —pial'E inS'/e xR+ (3.17)

But & has not a constant sign, since 0 is not the first eigenvalue. We proceed exactly as in the above proof to show
that we can extract a subsequence of & /||& ||z~ that tends uniformly in all compact set of R? to a non-trivial bounded
solution of (3.9), that gives a contradiction. O

Let us now turn to the kernel of the operator —&2A+ 1 — pup’ll, foruin U.

Lemma 3.5. Let (e, u) be a solution of (E), u € U. Let suppose that there exists a non-trivial solution & in X of
—e2AE+£— puPTlE=0. (3.18)
Then £(0, 0) # 0.
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Proof. Let f(u) = u — uP. We have ¢2A¢ = f’'(u)¢é. The maximum of u being attained at (0,0), we have
f(@(0,0)) < 0 and consequently we have f'(u) < 0 near (0, 0). Let us suppose by contradiction that £(0, 0) = 0.
If £ has a constant sign in a neighborhood of (0, 0), then A& has the sign of —£&. This is in contradiction with the
maximum principle, thus & has not a constant sign near (0, 0). The function x — f”(u(x)) being C*, the structure
of the nodal lines and of the nodal domains is described in [7], Theorem 2.5 and [8]. There exists a finite number
of nodal lines through (0, 0) and, as V&(0, 0) = 0, there exists at least two nodal lines trough (0, 0) and we know
that in this case they form an equiangular system at (0, 0). More, let A be on the x, axis and near 0. If [0, A] would
be contained in a nodal line, it would be a part of the boundary of a domain in which, say, & > 0 and A < 0, thus
we would have g’—fl # 0 on [0, A], by the Hopf maximum theorem (see [17], Chapter 2), that is in contradiction with
& € X. We deduce that there exists A with x1(A) = 0 and for instance x>(A) > 0, such that & has a constant sign in
[0, Al

We will use the fact that any nodal domain cannot be entirely contained in the half-planes x, > 0, x < 0 or in the
domains 0 < x; <m or —m < x1 < 0. This property can be proved by multiplying successively (3.18) by ;’7"1 and 5)7”2
and by use of the Green formula. Indeed, if D is a nodal domain for £ we obtain

IE D
—szf—g—uzo, i=1.2
8v8xi
oD

But g—i and 337"1 have constant signs on 9D and the conclusion follows. O

Let D be a nodal domain which contains a segment [O, A] where A belongs to the x;-axis. For example, x3(A) > 0
and £ > 0 in D. As D is not contained in xp > 0, there exists Bin DN{x; =0 N{0<|x;|<7w}. Let " : t —
(x1(t), x2(t)) a path in D from A to B. Due to the x| and x;-symmetries of &, It (x10)], |x200)]) is a path in
DN {x; >0}N{x; >0} and we can build a closed path C in D N {x; > 0} with I'Ul0, Al and its symmetric set with
respect to the axis xo = 0. Now, due to the existence of at least two nodal lines through (0, 0), we know that there
exists a nodal domain D’ such that O € 9D’ and & < 0 in D’. So D’ is surrounded by C or its symmetric curve with
respect to the axis x; = 0. Therefore D’ is in the domain 0 < x| < 7 or in the domain —7 < x| < 0, which is not
possible.

The proof of Proposition 1.2. follows from Lemma 3.5.

Lemma 3.6. Let ¢ > 0 be given and let u and v in U be such that (e,u) and (e,v) are solutions of (E). If
||M||Lo<>(51 xR+) = ”U”LOO(SI xR+)’ then u=v.

Proof. Let w = u — v. The maximum of u# and the maximum of v are both attained at the point (0, 0). Thus we
have w(0,0) = 0. Let us prove that w = 0. As p > 1 the function defined by x — %(x) for u(x) # v(x) and
x — puP~1(x) for u(x) = v(x) is C*. The function w verifies the equation

) ubP — P
eAw=|[1- w. 3.19)

u—v

If w = 0, the considerations over the nodal lines and the nodal domains of w are the same as for those of & in
Lemma 3.5. The only point that we have to verify is that any nodal domain of w cannot lay entirely in a half-plane
xi>0orx; <0,i=1,2.Fori =1, 2, we multiply Eq. (3.19) by % and we use the Green formula to get

5 [ Ow du / ou p—1 ubP — P
——= | —w| pu — .
v 0x; 0x; u—v
D
In any nodal domain D where w > 0, a convexity inequality gives

(u? —vP)/(u —v) < puP~l.

aD

Soifw>0and§%<0weget

2/ ow ou
e —— <0,
v 0x;

aD
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aw

that is false if 9D is a nodal line for w, since 7

has a constant sign. The other cases follow by the same proof. 0O
4. The proof of the main theorem

Let us define
M(s,u) = —&*Au+u — [ul’'u.
Proposition 4.7. For a given ¢ > 0, the solutions (&, u) of (E) such that u € U are isolated for the norm of Y. More

precisely, (e, u) being a solution of (E) such that u € U, there exists n > 0 such that if (¢, v) is any solution of (E),
veYs, v#£u, then lu —vly, 2 1.

Proof. If —e2A + 1 — pu”_ll is an isomorphism from Y, to Y/ then u is the only v such that (g, v) is a solution
of (E), v in a Y,;-neighborhood of u.

Let us suppose that —e2A + I — pu?~'[ is not an isomorphism from Y; to Y, .. Then the dimension of its kernel is
one. Let & be a basis of the kernel. The operator —&A + I — pu”~'I is a Fredholm operator of index 0 from Y, to
Y/ so there exist two Banach spaces Z and K such that

Yo=(¢)®Z and Y,=R(M.(s,u))dK.
Let us search solutions near (g, u) of the form
(e,u+aé+2z),
where « is a real number and z € Z. There exists Co > 0 and C; > 0 such that for all (x, x») € S x R+,
u(xy,xp) > Coe 2/
and
|&(x1, x2)| < Cre/e,
Let z be such that ||z||y, < 1. For || and n sufficiently small, we have for all (x1, x2) € St x R+
(€ + 2)(x1, x2)| < u(x1, x2).

But for all (x1,x3) € S' x R+ the function & — (u(x1, x2) + h)? is analytic for any complex number such that
|h] < u(x1, x2). Consequently the function

V- w+V)»P
of the complex valued function V = V| +iV3, Vi, V> € Y, is analytic in a neighborhood of V = 0. Let
Fla,z2)=M(e,u + ok +2).

By the above considerations the function F is analytic for || and ||z]|y, sufficiently small. Let E be the projection
onto R(M, (g, u)). Let us solve first

EF(a,z)=0.

The partial derivative with respect to z at the point (0, 0) is EM,, (e, u) that is an isomorphism from Z to R(M, (¢, u)).
The implicit function theorem gives a function o — z(«), that is analytic from a neighborhood of 0 to a neighborhood
of z =0 in Z. We may suppose that u + a£& + z(«a) > 0, so the function 4 defined by

h(e) = (M(e,u + a& + z()), §)
is analytic. We set
v(a) =u + af + z(a).

In an R x Y,-neighborhood of the solution (e, «) all the solutions of (E) of the form (¢, v) are the v(«) where « are
the zeroes of the analytic function A, so either they are isolated or % is identically null. Let us prove that this last
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possibility cannot occur. Suppose that  is identically null, then there exists a C! curve of solutions (&, v(«)). Thanks
to the maximum principle and to a continuity argument [10] we have that v(«) € U. Let us denote by S, the set of the
solutions (g, v) of (E), v € U or v =wo(32). Let us define

A= {l[vllso, (. v) € S}

and let C be the component in R of .4 to which ||u||s belongs. The function & — |[v(@)]| Loo(S! xR+ 1S continuous
and injective, by Lemma 3.6. Consequently C is an interval of R that contains ||u|| and that is not equal to {||u ||~}
By Lemma 2.3 we know that C is bounded, thus it is compact. Let ©( be such that (e, ug) € S and

lluolloo = supC.

The operator —2A+ 1 — pug ~'I is not an isomorphism, since we can deduce from C # {||u| o} and from Lem-
mas 2.1 and 3.6 that there exists a sequence of distinct u,, € U that tends to ug in X and such that (e, u,,) € S¢. Let &
be a basis of its kernel in Y;. Let us use the proof above to define an analytic function h and a function zq such that all
the solutions (g, v), v in a Y,-neighborhood of ug, are the v(«) = ug + a&o + zo(«), where « are the zeroes, near 0,
of the analytic function h. We may suppose as above that o — ||v()|| increases and, as h is null for o < 0, o near
0 and  is analytic, then h is identically null. Thus there exists o > 0 such that (e, v(«)) € C and ||[v(®)|lco > |10 ]l co>
that is in contradiction with the definition of ug. We conclude that the analytic function & above has isolated zeroes
and the conclusion of the proposition follows since, using the projection on (£) we obtain a constant C > 0 such that
lve) —ully, > Clal. O

Remark 4.2. The above proof is still valid if we replace ¢ by ¢, and u by wo(if—f).

Corollary 4.2. Let € > 0 be given. Let (¢, u) be a solution of (E), u € U. There exists n > 0 such that for all solution
(e,v), v e B, v#u, we have ||lu — v||Loo(S1XR+) > 1. This is still true if we replace (&, u) by (&, wo(z—f)). Moreover
there exists at most a finite number of solutions (e, u) of (E), u € U.

Proof. Let us suppose that a sequence (u,,) of distinct functions in B tends to u for the L*°(S I % R*) norm and that
(&, up) is a solution of (E) for all m. For m large enough we have that u,, > 0 and we deduce from Proposition 1.1 that
{um; m € N} is relatively compact in Y. Thus (u,,) tends to u for the Y.-norm, that is not possible, by Proposition 4.7.

Now, if there exists a sequence of distinct solutions (g, u,), u, € U, then u,, is bounded in L°(S I'x R*) and
consequently there exists a subsequence that tends uniformly to a limit v, (g, v) is a solution of (E), and v € U or
v(xy, x2) = wo("s—z) (Remark 2.1). But this is not possible, by the proof above. O

Proposition 4.8. For every & < ¢, there exists at least a function u € U such that (e, u) € X|.

Proof. Letus use a theorem of Rabinowitz [19, Theorem 1.10]. Let y > & (where ¢ is defined in Theorem 1.1, £ > &,).
We have that X1 C 0, y] x Y,,. Let @ be defined by

®(s,u) = (—2A+ 1) (ulP~"u). 4.1)

The operator (g, u) — u — @ (g, u) defined on ]0, y] x Y,, verifies the hypothesis of Lemma 1.8 in [19], by Proposi-
tion 2.5, the parameter A being % We deduce that either X is “unbounded” or it contains an other trivial solution than
the solution (&4, wo(’;—f)). But X' N X} =@ for all k # 1, so this last possibility is excluded. Thus X'} is “unbounded”.
This means that either the set of all u € Y,,, such that there exists ¢ with (¢, u) € X1, is unbounded in Y,,, or there
exists a sequence (&, Uy;) in X'y with &, tending to 0. Let us suppose that there exists €1 such that for all (¢, u) € X,
& 2 ¢1. In this case, as X1 is bounded in [e1, y] X LC"’(S1 x R+), we deduce from Proposition 1.1 that | is compact
in R x ¥,,. Thus we have that ¢ > ¢; together with the existence of M such that for all (¢, u) € Xy, |[ully, < M. This
cannot be true. Consequently there exists a sequence (&, U,;) € X1, with &, — 0. Now the proof of the proposition
follows from the fact that X' is connected. O

Proposition 4.9. Every solution (g, u) of (E) such that u € U belongs to the first bifurcation continuum X'. Moreover

there does not exist solutions (¢,u), u € U for € > e.. In particular the bifurcation from the solution (&, wo(;—z)) is
*

not vertical.
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Proof. First let us prove that for all solution (¢, v) of (E) such that v € U there exists a sequence (g, ;) of solutions
of (E) in R x X such that ¢,, - «, &, < o and u,;, — v in R x X and another sequence of solutions still denoted by
(&m, Um), with &, > o, &, > o and u,, — v in R x X. Let us use the Leray—Schauder degree theory as in [19,18].
Let @ be defined by (4.1). Let us choose y > « and let us define for any p > 0

B, = {u €Yy lv—ully, < p}.

We choose 8 € ]0, ¢[. By Proposition 2.5 the map @ : [, o] X Bp — Y, is compact. By Corollary 4.2, there exists
p > 0 such that for all u € X, if (o, u) is a solution of (E), u # v, then

lu—vlly, > p.
We fix now such a positive real number p. We have that
deg(l - D(a, ), Bp) ==+1.

Let us prove that there exists a sequence of solutions (&, um)_ in [8, a] x Y, that tends to («, v). If not there would
exist o € |0, o[ and é € | B, a[ such that for all € € [, a[, SN B; =@. So we would have

deg(! — @(3,-), B;) =0
and by the invariance property of the degree we would have
deg(l — ® (e, -), B;) =deg(I — @(6,-), B;) =0.
But
deg(I — @ (at, ), B;) =deg(l — @(a,-), By) = £1,

that is a contradiction. We deduce the existence of a sequence (&, u,) that tends to (o, v) in R x ¥,,, and consequently
in SN [B, ] x X. If we consider a real number 8’ € ]o, y[, we prove by a similar proof that there exists a sequence
of solutions (&,, u,) in [a, B’] x Y, that tends to (o, v) in R x Y, thusin SN[e, ' x X. O

Now let (¢1,u1) be a solution of (E), u; € U. We suppose that (¢y,u;) ¢ X. Let us denote by S the closure
of the non-trivial solutions of (E) in R x X. Let C be the component of S N {(g,u) € R x X,0 < ¢ < &1} to which
(e1,u1) belongs. We have C N X' = @, otherwise, (e1,u1) € X1. By Proposition 3.6, we deduce that there exists
B > 0 such that C C SN ([B, 1] x X). The component C being compact in R x X, let us choose (&, v) € C such
that « = inf{e > 0,3u € U, (¢, u) € C}. Let us choose y > g;. Let us define @ (¢, u) and p > 0 as before. Let V
be a §-neighborhood of C in R x Y,,, with 0 < 8 < p. As 9V N C = ¢, there exist disjoint compact sets M and
N such that VNS=MUN,CC M and 3V NS C N. Consequently there exists an open neighborhood O of C
such that S N 9O = ¢ and such that the only (o, u) € SN O is (o, v). In view of Lemma 2.2, we may also suppose
that for all (¢,u) € O NS we have u € U. For all ¢ closed to « let us define O, ={u €Y,, (¢,u) € O}. Then we
have deg(I — @ (e, -), Oy) = £1. By the invariance property of the degree we have deg(I — @ (¢, -), O,) = £1 for ¢
closed to «, ¢ < . Thus solutions (g, u) existin O, ¢ <« and u € U. Let us prove that for such parameters ¢ there
exists a continuous curve ¢ — (&, u,) containing (o, v). We define u, to be the function among those that realize
min{|||#]lco — |V|lool, (€, u) € S N O} that has the least L°°-norm. Clearly the map ¢ > (&, u,) is continuous from R
to R x X. Thus there exists ¢ < « and u such that (&, u) € C and this is in contradiction with the definition of «. We
have proved that (e1,u;1) € X.

Let now (e1,u1) € S, u; € U and let us prove that & < &,. We know the existence of &€ > 0 such that for ¢ > ¢ the
only solution (e, u#) of (E), u > 0 is (e, wo(%z)) (Theorem 1.1). Let &y be the greater ¢ > 0 for which there exists a
positive function u in U such that (g, u) is a solution of (E). We have that &y > ¢, and that either there exists u € U
such that (¢, u) € S or u(xy, xp) = wo(g—é). If u € U, the proof above gives a sequence (&,,, u,,) of solutions such
that &, > €y and by Lemma 2.2 we have that u,, € U for m large enough. That is in contradiction with the definition
of &y. Hence &y = ¢, and u(x1, x3) = wo(i‘—f).

Proposition 4.10. For p € N, p > 2, the continuum X is constituted of at most a finite number of curves that admit
local analytic parameterizations.
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Proof. In this case, the function # +— u” is analytic in R. The function wg being analytic, the continuum X'; begins
by an analytic curve (see Section 5 for the construction of the beginning of X'|). We may have secondary bifurcations,
at points (e1, u1) for which the operator M, (¢1,u1) = —S%A + 11— pui7 - I is singular, that we call singular points.
For these points the kernel of M,,(¢1, u1) is one dimensional. By use of a Lyapunov—Schmidt reduction in the analytic
case (see Buffoni and Toland [6], Chapter 9), we get analytic functions (¢, @) — z(e, @) and (g, @) — h(e, @) defined
near (g1, 0) such that the solutions of (E) ina R x (H! N L®)(S! x R™) neighborhood of (g1, u1) are the (¢, ue ),
Uegoq = U1 + € + z(g, ), where (g, ) are the solutions of the equation (e, @) = 0. This gives a finite number of
curves, intersecting locally only at (g1, u1). Each curve admits a local analytic parameterizations and the critical points
on these curves are isolated. Let us prove that the critical points are in finite number. If not, we may define a sequence
(&m, um) of distinct solutions, u,, € U and &1 < &, < &,. Let us suppose that &, tends to a limit €. By Lemma 2.4
a subsequence of u,, tends to a limit «, uniformly in SUx R, uelU oru(xy,x)= wo(i—z) and (&, u) is a solution

of (E). Thus (g, u) is on the continuum (X1), by Proposition 4.9 and in each (H! N L*®)(S' x R*)-neighborhood
of u there exists critical points in X1, that is false, since the critical points are isolated on each curve. O

Remark 4.3. In the analytic case (p € N, p > 2), for degree reasons, as in the proof of Proposition 4.9, we cannot
have as a part of X' a curve with a local continuous parameterization € — (¢, u,) that would be defined in an interval
[a, B], but that would not have a local continuous prolongation for € < o or for € > 8. So in this case we can represent
X1 as a principal analytic curve defined up to ¢ — 0 together with a finite number of closed loops bifurcating from it
and returning to it or the same thing from another loop.

5. A local analysis
In this part we recall the local construction of the bifurcation branch X from the solution (e,, wo(z—f)) and we
prove directly, for p > 2, that it is defined near ¢, in the sense of the decreasing €. Let
M(s,u)=—e’Au+u— |u|1’_1u € H_l(Sl X R—{—).
Let

E(x1,x2) = v<§> COS X1

be a basis of the kernel of M, (&,, wo( z—f)), where v is a positive function that verifies v'(0) = 0 and
—v" + (1 +&2)v— pwgflv =0.

(See [16].) The operator —SEA +1-— pwg - (if—f))l is a Fredholm operator of index 0 from the Banach space H'!(S! x

R+)NL®(S! x R+) toits dual (H'(S' x R+)NL>®(S! x R+))’, so there exist two Banach spaces Zg and Y such
that

H'(S' x R+)NL¥(S' x R+) = (£) ® Zo

and

(H'(S" x R+) N L®(S' x R+))' = R(Mu (s*, wo<z—2)>> ® Yo.

*

As in the proof of the Crandall-Rabinowitz bifurcation theorem [9], we search for solutions in a neighborhood of
(&xs wo(’g—f)) of the form

X2
wo<;> +of oz,

where z € Zj. Let us define

f(s,oz,z):alM(e, wo(xS—z) + a& —l—az), o #0,

f(s,oz,z):Mu(s, w()();—z))(é—i-z), a=0.
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We obtain that the solutions near (&, wo(“)) are (e, wo( 2)) and a bifurcation branch (g(«), uy), where uy, =
wo(s(a)) + & + az(«). The function o — (e(®), uy), defined in a neighborhood of 0 is C!. Moreover, we can
prove by the maximum principle that # > 0, when u is a solution of (E) that is near a positive solution.

Let us prove that, locally, we have ¢ < ¢, for the solutions on the bifurcation branch. Let us first verify that we can

choose

ptl
— 2
V=w,

and that

1\2
1+8i=(%> .

Letk e R+*, wesetv = w’o‘. We use the identity

Lol 1
20+ 5o~ +1g =0

to prove that the function v verifies the identity

2k -2
v”+k2f)—k<l+—) wl ™' =0.
+1

Let us choose k = PTH, in order to have k(1 + 2k 2) = p. We have 7'(0) =0 and o tends to 0 as x tends to +oo. But

there is a unique A € R+ such that the positive solutlons of the equation

—u"+ (A= pwé’fl)u =0, u'0)=
p_+1
tend to 0 as x tends to +o00. Consequently we have 1 + 8 = (p +l )2 and v = w,” , up to a positive multiplicative
constant. For p > 2 the function o — (¢(a), uy) is C>. We develop z(«) near o« =0 to get z(«) = wzp + O (a?) and
this gives the following expansion of u

(5 v - gom()) o)

and z =79 — 8”(0)w0(x2) verifies
_1 _ 8// O
_83AZ+Z pw(;)) l( 2>Z= p(p )w(l)) 2<B>$2_ ( )wé)/(E),
Ex 2 Ex Ex Ex
that gives

_1{x —1 2 x
_SEAZO-FZO—PUJ([; 1(5)@2%@’; 2(8—2)52.

*

We define the functions 11 and 1, by

X2 2
zo(x1,x2)—m<8 )—l—nz( >cos(2x1).

The functions n; and 5, verify, for x; € [0, +o00[,

-1 _
1. pp )wp 2,2

SO = pwg =g v 0 (=0, (5-21)
—1 (p—1) p2
0y + (14 4e2)my — pwl 'y = T2 L0 b =22 o) =0, (5.22)

4

Let us prove that £”(0) < 0. An expansion of M (e(a), wo(= )) + a& + az(«)) near o« = 0 at the order three, and an

e(a
integral over S! x R, give

_ -2
£"(0) / e VER =p(p—1) / (w{; 2(?) 2 ”3! wl 3(%)54).

SIXR+ SIXR+
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We deduce that
g"(0) , , pp—=1 2 x2 x2
_= \v/ L P s 4 2
p(p—1) / (8*' T P A P L
STxR4

B 2,
= / (wé’ 2<z—f>$zzo+p3! wy 3(?—3)54). (5.23)

SIxR,

We have to find the signs of the both integrals in this identity. Let us remark that the integral in the left member is

o ()

and the fact that it is not null is exactly the Crandall-Rabinowitz transversality condition M, . (., wo(;—z))é ¢
R(M, (&, wo(’;—f)) [9]. The integral in the left member has the sign of

+00

—1 _
/(0’2—1—851124—717(172 )w("; 2w(’)xzv2>.

Multiplying (5.21) by xowy, and integrating by parts we obtain that

( 1 +00 +00

pPp— -2

— / wh " whxov? =4 / 1wy (5.24)
0 0

Multiplying the equation of v by v” we obtain
) 51 ) 0) = 2 ) P g o
2 2 2 2
We deduce that
+00
2= (1+e2)® + pu) 2 =4 / (1] —m + pwd " m)wp,
X

and consequently
V' — (1+ 83)1}2 + 19w(1;71v2 = 4(—njwg + mwg).

Finally we get

+00 +00

/v’2+4/w’ =0 5.25
o = V. (5.25)

0 0

We infer from (5.24) and (5.25) that

+00 | +00
/ (v’z + 20?4 717(1)2_ ) wg_2w6x2v2> =¢? / v2,
0 0

that is positive.
Let us prove now that the integral in the right member is positive too. We have that

+0o0o
) -2 ,.3 ) 1 -2 ,.3
/ <w(‘§7 ¢2Z0+p3' w ¢4>=/(wg v2<n1+§nz>+—p8 w v4>.
0

STxRy
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We verify that
(p+1)? p+1
= — + .
g 0T ™o
Now we define
. p+1 p+1 ,

We have

pPP=1 p2 s p2(p+1

- - —1-
"+ (1 +4el)ii — pnd i = 1 0o VT T wo(p* +2p —3)
and 77'(0) = 0 and this gives, by the maximum principle

n>mn.

il
We recall that v =w),,*> , consequently we have

+00 | ’ +o00 | )

/ w(’)’_zv2 n+=m +p;wg_3v4 < / wé”_l n+ = +P;wgp—1 .
2 8 2 8

0 0

We are led to search the sign of

+00 5 q
2 p—1 3p1
/ (—p(p+ Dwp” + = —wp” )
0
We have
+00 +00 +00 +00
3p—1 _ 2p—1 7 _ 2p 2 2p—2
wy = w (—wo + wo) = wy' + wy 2p — Dwy
0 0 0 0

+00 +o00 )
2 1 2p—2
= / wo"’—l—f(wé—mwng >(2p—l)wop .
0 0

Consequently we get

5 | +00 +o00
pT/w*%p*l:p(val)/wzp.
0 0

We have proved that the right member of (5.23) is negative. We have ¢”(0) < 0, and then ¢ () < é&,, for a near 0.
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