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Abstract

This paper investigates the reversal of magnetic nanowires via a perturbation argument from the static case. We consider the
gradient flow equation of the micromagnetic energy including the nonlocal stray field energy. For thin wires and weak external
magnetic fields we show the existence of travelling wave solutions. These travelling waves are almost constant on the cross section
and can thus be seen as moving domain walls of a type called transverse wall.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Cet article présente une étude du renversement des nano-fils magnétiques par une méthode de perturbation du cas statique. On
considere 1’équation du flot-gradient associé a I’énergie micromagnétique en incluant 1’énergie de la perturbation non locale du
champ magnétique. Pour des fils fins et des champs magnétiques externes de faible amplitude, on montre que les solutions prennent
la forme d’ondes progressives. Ces ondes progressives ont une amplitude pratiquement homogene sur 1’ensemble de la section, et
peuvent donc étre assimilées a des parois de domaines transverses.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Because of possible technical applications [1,10] in the recent years there has been a growing interest in magnetic
nanowires and especially in their reversal modes. It is known that the reversal of the magnetisation starts at one end
of the wire and then a domain wall separating the already reversed part from the not yet reversed part is propagating
through the wire.

In the micromagnetic model, the evolution of the magnetisation is described by the Landau-Lifshitz—Gilbert (LLG)
equation. We simplify this equation taking the overdamped limit, that is, we consider the gradient flow equation of
the micromagnetic energy. Viewing static domain walls as travelling waves with speed 0, we show the existence of
travelling wave solutions for thin wires and weak external magnetic fields via a perturbation argument. This argument
relies crucially on the fact that the wires are thin, since we need strong regularity of the static domain wall. We have
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proved strong regularity in the case of thin wires [7], and we cannot expect it for thick wires where the examples of
low energy configurations are vortex walls which have a singularity and are not even continuous [6].

For thin wires, static domain walls are almost constant on the cross section [6]. Thus, after perturbing the equation
with a weak external field, the moving domain walls are still almost constant on the cross section. Such a reversal
mode has been observed in numerical simulations [4,5,11] and is called transverse mode.

Various models for the transverse mode have been analysed previously. Thiaville and Nakatani [10] study a one-
dimensional model for the transverse mode and compare it with numerical simulations. Carbou and Labbé [3] consider
a similar model. They prove that one-dimensional domain walls are asymptotically stable. Sanchez [9] considers the
limit of the Landau-Lifshitz equation when the diameter of the domain and the exchange coefficient in the equation
simultaneously tend to zero and performs an asymptotic expansion.

The final goal in understanding the transverse mode is to find solutions to the full Landau-Lifshitz—Gilbert equa-
tion, to describe their properties, and to rigorously derive a reduced theory. This paper is a step towards that goal
which, contrary to the other approaches, takes into account the full three-dimensional structure of the problem. We
expect that the methods developed in this paper can be applied to find solutions for the full Landau-Lifshitz—Gilbert
equation.

1.1. Static domain walls

We work in the framework of micromagnetism. This is a mesoscopic continuum theory that assigns a nonlocal
nonconvex energy to each magnetisation m from the domain X C R to the sphere S>  R3. Experimentally observed
ground states correspond to minimisers of the micromagnetic energy functional. When appropriately rescaled, for a
soft magnetic material with an external field of strength / in direction of €, this energy is

Eh(m)=f(|Vm|2+hzx-m)+/|H(m)}2. (1)
R3

z
Here H(m):R? — R3 is the projection of m on gradient fields, i.e.,
H(m)=Vu with Au=divm in R>. )
We consider magnetisations where the domain ¥z =R x Dp is an infinite cylinder with radius R and set
M(R) == {m: g — S*| Eo(m) < oo}. (3)

To specify the conditions at 00 we need to define a smooth function x :R — R3 with limy_s 400 x (x) = £é. Our
choice is

x:R—>R? x> tanh(x)é,. 4

In [6] we have shown that for m: X — S? the condition Eo(m) < oo is equivalent to the statement that one of
the four maps m =& é,, m £ x is in H'(XZg). Thus, to single out the magnetisations that correspond to a 180 degree
domain wall we define

M(R) :={m:Zg > S*|m — &, e H' (Zp)}. (5)

For every R > 0 there exist energy minimising 180 degree domain walls, i.e., minimisers of Eg in M;(R) [6]. For
R — 0 the energy minimisation problem I"-converges to a reduced, one-dimensional problem whose minimiser can
be calculated explicitly to be
m® R > §? X <tanh(i> B 0) (6)
' V2 ' cosh(x/ﬁ) |
In [7] we have shown that the minimisers converge to m™ not only in a topology implied by the energy estimates but
also in stronger norms.
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Theorem 1. Ler m® be a minimiser of Eg in Mj(R).

(i) For R small enough, m® e HX(ZR) + x N cl(zp).
(i) We have

1
fim 2| =™ 5, =0,
Jim =<l e 5, =0

1.2. The dynamic model

We assume that the evolution of the magnetisation can be described by gradient flow of the energy under the
condition |m| = 1 with Neumann boundary conditions, that is,

dm = —8 Ep(m) + (8 En(m) -m)m in g, dym=0 ondXg, (7
where
SmEn(m) = —2Am + 2H (m) — hé,. ®)

This equation is the overdamped limit of the Landau-Lifshitz—Gilbert equation. We are interested in travelling wave
solutions. Because of the rotational symmetry of the cylinder we have to take into account that the solutions may
rotate around the axis of the cylinder. We set

10 0 00 0
Qp = (O cos(¢)  sin(¢) ) , Q4= (O cos(¢p)  sin(¢) ) , )
0 —sin(®) cos(¢) 0 —sin(®) cos(¢)

and note that 9; Q; = waH%. Rotating travelling waves with speed ¢ and angular velocity w satisfy

m(t,x, Y) = thm((), qu)t(x —c, }’))

Defining
0 0 0 0 0
D (m) = (—myz> + (0 dy, My, ayzmyl> ( 2 ) , (10)
My, 0 9y,my, dy,my, )1
we have

om(t,x,y) = a)QwH%m(O, O _wi(x —ct, y)) — cQw,E)xm(O, O_pt(x —ct, y))
= Qi Vym(0, O wi (x — ct, )0 Q12§
=—coym(t,x,y) + a)Q%m(t, x,y) —wVym(t, x, y)Q%j;
= —coym(t,x,y) — a)tp(m(t,x, y)).
In particular, rotating travelling waves that are a solution of (7) satisfy the stationary equation
—SmEn(m) + ((SmEh(m) m)m +coym+w®(m)=0 in Xp,
d,m=0 ondXg. (11)

To find solutions of (11) we consider first the case & = 0 and then use a perturbation argument. For this we have to
work in a function space that is large enough to contain the solutions and small enough that the left-hand side of (11)
is differentiable in this function space. As we will see, H>(Xg, R3) 4 x is a good choice. In this space we have to
restrict the search to solutions with |m| = 1. We have to include further conditions in the set of admissible solutions to
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break the translation invariance and the rotation invariance of the problem. For ¢ = 0, w =0, h = 0, Eq. (11) simplifies
to

O=—8mE0(m)+(8mE0(m)~m)m in Xg, 0d,m=0 ondXp. (12)

This is the Euler Lagrange equation for the energy Eq under the condition |m| = 1. Thus, Theorem 1 implies that, for
R > 0 small enough, minimisers mR of the energy Eg are solutions of (12) in H 2(xr, R + X-
We proceed a follows.

R we define the set of admissible functions S and show that S is a Banach submanifold of

1. Depending on m
H*(Zp,RY) + 1.

2. We find a continuously differentiable function
N:Sx L*(Zg,R) x R? —» L?(Zg,R*) xR

such that (m, ¢, w, h) is a solution of (11) if and only if there exists o € L?(Zg, R) that satisfies N (m, «, ¢, w, h) =

O, h).

‘We show that the derivative DN of N in (mR ,0,0,0,0) is invertible.

4. Then, according to the inverse function theorem [12, Theorem 73.B, p. 552], there exists a neighbourhood U of
(mR ,0,0,0,0) and a neighbourhood V of (0, 0) such that N|yy — V is bijective. In particular, there exists zg > 0,
such that for all |k| < hg there are my, ay, ¢, wp With N (my,, ay,, ¢, o, h) = 0. In other words, for all || < hg
there exists a solution of (11).

»

In Section 2 we go through the steps 1-4 to show the existence of travelling wave solutions for small radii and small
external magnetic field. The arguments of Section 2 use the invertibility of an operator representing the “interesting”
part of DN (mR ,0,0,0,0). This invertibility is shown in Section 3 and relies on the fact that m® is close to m™4.

1.3. Definitions and notation

The letter p denotes a point in R and has the components p = (x, y, y2) = (x, y). A map f with values in R?
has the components f = (fx, fy,, fy,). We write f, for (0, fy,, fy,), i.e., we view f, as a map to {0} x R2. For a
set A C L2(R"), we denote the closure of A in LZ(R") by A;. and the characteristic function by 14. For a, b € R",
n € N we denote the scalar product by a - b. For 2 C R and f, g: 2 — R", n € N, we set

(fL 8o = / f(p)-g(p)dp,
2

whenever the integral on the right-hand side is defined. Moreover we set
Dgr(p) = {fIGRz: lp—ql <R}, Dg:=Dg(0), Xr:=R x Dg.
The definitions of x in (4), of M; in (5), and of @ in (10) remain valid. With m™9 as in (6) we define
mrlgd Tr—> S (x, y) m™d(x). (13)

For m: 2 c R? = R3 let H(m) : R?> — R> be the projection of m on gradient fields as in (2). The micromagnetic
energy without external magnetic field is denoted by E(m) and the micromagnetic energy including the external
magnetic field is denoted by Ej, (m).

Finally, let mR: Y — §? always be a minimiser of E in M;(R). To break the translation and rotation invariance
we additionally require

||mR — mrlgde(zR) < || v — mrISd ||L2(ER) for all other minimisers v € M;(R).
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2. The perturbation argument

As described above, the first step in the perturbation argument is to show that we are working on a sufficiently
smooth manifold. Set

|fl=1, af=0 0XR,
e G R A S s g
. f-mR=0, d f=0o0ndXg,
rst= s <R e 5 o (sl e o |

Lemma 2. There exists Ry > 0 such that for all R < Ry the set S¥ is a submanifold of H*(Xg,R3) + x. The tangent
space of SR in m® is TSR,

Proof. We show the lemma in two steps. We define

WR = {m e H*(Zg,R?) | ymlyz, =0, (m, d.m*)

5, =0 (m. @ (m"))5, =0}.

First, since d,m*¥, & (m®) € L>(Xg) and since the trace of a function in H2(Xg) is in H' (3 Xg), the set WE + x is
a closed affine subspace of H*(ZR, R + X-
Second, we show that S is a submanifold of WX + x. Set
¢ WR+ x> {f e HH(ZR.R): 3, flag, =0}, mr> |m|—1,
then S® = ¢~1(0). On {m € WR: |¢(m)| < 1} the function ¢ is continuously differentiable and the derivative in m is
R 2 g&-m
D (m)  W* — {f € H(Zg,R): 0, flasy =0}, g+ Tl (14)

If R is small enough, for every m € S the differential D¢ (m) is surjective: Indeed the equality 8xmr1§d : <1>(mrI§d) =
0 implies

(8 mred’a mred) <8 mR7¢(mred)> 2
9 et iy (@ gy ) =R i + 10 o)

so with Theorem 1(i1) there exists R such that for all R < Ry we have

(@ mR, a,mBy s, (8,mF, @mR)) 5,
det<<ame,¢<mR)>zR (®(mR), & (mF))z, )~

Therefore, for every f € H 2(2 ®r,R) with 0, f |55, = 0 we can find unique numbers b1, b such that
(fm +b1dm® + by (m®), 8me)2R =0,
(fm +b1dm® + by (m®), dﬁ(mR))ER =0,
and fm + b19,m® 4+ by®(m®) is a pre-image of f in WR. Moreover, since in a Hilbert space every subspace splits,
in particular D¢~ !(0) splits. Thus 0 is a regular value of ¢ and we can apply [12, Thm. 73C, p. 556] to conclude that
SR is a submanifold of W& + x. Because of (14) the space TS¥ is the tangent space of SX in mR. O
We consider the map
s: Sk LZ(ER, R3), m> —8,, Ep(m) + (SmEh(m) . m)m,
that is, with (8),
s(m) =2(Am — (Am -m)m — H(m) + (H(m) - m)m) + hé, — (hé, - m)m.

S1 52

The space H 2(Xr,R) + x embeds into C°(Xg, R), and functions m — Am, and m — H (m) are continuous linear
maps from SR to L2(Zg, R?). For the last statement see [8, Lemma 2.6]. Thus s; : S® — L%(Xg, R3) is well defined
and continuously differentiable.
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Moreover, we have
|héx — (héy -m)m| = h|(1 —m2)é, +mymy| < 2h|m,l,

50 52: SR — L?(Xg, R3) is well defined and continuously differentiable, too.
Thus we can define the continuously differentiable map

NF:SR x L2(Zg,R) x R? — L?(Zg,R?) x R,
(m,a,c,w, h) — (—8mEh (m) + (8,,,Eh(m) . m)m +coym + w®(m) + am, h)

Since (=8, Ep(m) + (8 En(m) - mYm + cdym + @ (m)) L m for all m € S¥ we have NR(m, «, ¢, w, h) = (0, h) if
and only if m is a solution of (11) and @ = 0.
The differential of N¥ in (m%, 072(5p.r)s OR3) is

DNR®(m®,0,0): TS® x L*(Zg, R*) x R? — L?(Zp, RY) x R,
(g,a,c,w,h) (—LR(g) + came + w® (mg) + am®, h),
where
LR H? (2R, R?) — L*(Zg, R?),
g mE(Q) — ((SmE(g) -mR)mR - ((SmE(mR) -g)mR — (8mE(mR) -mR)g. (15)
With (8) we have the following explicit formula for L (g):
LR(g)=—2Ag+2H(g) + Z(Ag -mR)mR — 2(H(g) - mR)mR + 2(AmR . g)mR
—2(H(mR) ~g)mR+2(AmR ~mR)g—2(H(mR) ~mR)g. (16)
We will consider the restrictions of LX to different subspaces of H2(Xg, R3). We will call these restrictions L&

as well, but name always the domain and the range.

Lemma 3. Forall R > 0 and all g, f € TSR we have
LR (@) = 6nE(Q) — (SmE(g) -m™)m® — (8, E(m*) -m")g, (17)
LR@) - f=8nE(@) - f — (SwE(m") -mF)g- f. (18)
Moreover LR(TS®) C (TSR) 2 and the operator LR : TS¥ — (TSR),, is symmetric.

Proof. Since m® is a solution of (12), §,, E (m®) is pointwise parallel to m®. The elements of 7S* are pointwise or-

thogonal to m R . This implies (17) and (18). By definition the elements of T S¥ satisfy Neumann boundary conditions,
soforall g, f € TSR we have (LR f, )5, = (f, LRg) 5.
It remains to show that LR(TSR) c (TSR)Lz. We have

. f-mR=0,
(78%),2:= {f © LZ(ER’H@)‘ (0:m®, f)g, =0, (@(m"), f)y, =0 } '

Looking at (17), we see that LR(g) L mR. Set v(t,x,y) := m®(x + ¢, y). Then v(z, -) satisfies for all € R the
equation

0=38nE(v(t,) — (BmE(v(t,") - v(t, ))v(, ),
therefore we have for all g € TSR
0=08(8mE(v(t,) — (B E(v(, ) - v(t,))v(, ), 8) 5. |—o
= (£(3m"). 8)5, = (L), Bem¥),
Analogously, with Q4 as in (9) we have for w(¢, x, y) 1= Qg (mR(Q_¢(x, y))) the equation
0=38nE(w(¢,) — (SnE(w(@,") - v(@,))w(®,)
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and thus for all g € TSR

0=(8mE(w(®,) = (BmE(w(@,) - v(¢. ))w(@. ), 8)5, 40
=({L(2(m")). 8)5, =(L(g). @(m"))5,. O

Note that DNE(m®, 0, 0) is bijective if and only if

(@) d,m® and @ (mX) are linearly independent,
(b) LR: TSR — (TSR),> bijective.

Since limg_¢ |m® — de||C1(ER) =0 and since 0y mred and (b(mred) are linearly independent, (a) is satisfied if R
is small enough. In Section 3 we will show that (b) is satisﬁed for small R, too. Altogether, we have the following
theorem.

Theorem 4. (m, ¢, w) is a solution of (11) if and only if there exists « € L*(Zg, R) such that N®(m,«, ¢, w, h) =
0, h).
The function N® is continuously differentiable and, if R is small enough, DN m?® 0, 0) is bijective.

If NR is continuously differentiable and DN R(mR) is invertible, according to the inverse function theorem
[12, Theorem 73.B, p. 552] there exists a neighbourhood U of (mR’OLZ(ER,]R)’OR3) and a neighbourhood V' of
(OLz(ER,R3)’ ORr) such that NR|U — V is bijective. So for every i small enough, we can find m,, oy, cp,, @y, such that
N&my,, an, cp, wn, B) = 0. That is, we have proved our main theorem.

Theorem 5. For all R > 0 small enough there exists hg > 0 such that for all h with h < hg there is exists a solution
(mp, cp, wp) of (11).

3. Invertibility of L%
The goal of this section is to prove the following theorem.

Theorem 6. For R small enough, the operator LR. TSR - (TSK) 1.2, as defined in (15), is invertible, and its inverse
is continuous.

We proceed in two steps. First, we define a map LR and show that for functions m in a certain space TSée we have
(Lf(m), m)sp 2 7 ”m”L2(): ) Then we prove that, for small R, the operator L® on the space TS¥ is in a certain

sense similar to LX on TSE.
In analogy to (1) and (15) we set

ER:M@R) - R, m|—>/|8xm|2+%lmy|2+20R2|Vym|2, (19)
2R
LR H? (2R, R%) — L2(Z¢,R?),
g'_)BmEf(g) (3 E (g) mred) red (8 ER( I'Cd) g)m;gd (8mER( I'Cd) ml}gd)g’ (20)
where

SmER(m) = —20,,m + (0, my,, my,) —40R*Aym.
Moreover we define

red
TSE = {feH2(2R,IR3) (f "R, f>0’ 0. ? ]E reg)on ?f’f) }
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Lemma 7. The minimiser of Ef in M;(R) is unique up to translation and rotation. It is given by

1
red E S ' < h(i>’ 7’0)’
k= () > | tan V2 cosh(x/ﬁ)

and we have

|8eme (x, )] = —=|(mR?), (x, )]

o
mered(x y) 1 x
,—tanh{ — ],0),
|8xmred(x )| (cosh(x/«/z) @n <\/§) )
red 1 )
0, ——— ).
( x. y)) ( cosh(x/v/2)

Proof. The function

1
med: R — §2, <tanh( ) >
V2) cosh(x/ cosh(x//2)’

is the only minimiser of fR |0,m|? + %|m ¥ 2, up to translation and rotation [8, Lemma 2.26]. Thus the function mrlgd
is the only minimiser of EX in M;(R), up to translation and rotation.
A direct calculation yields the results for 9y mred and @ (mred) O
Lemma 8. Forall R > 0andall g, f € TSR we have

LE(@) =8uEL (9) — (S EL (@) - mEhyme — (8 EX () - mig)g, @

L) f=8mEL(Q) - f — (SmES (m re") mid)g - f. (22)

Moreover, Lf(TSé?) c (TS§)L2, and the operator LE TS(I)e — (TS§)L2 is symmetric.
Proof. We can argue exactly as in Lemma 3. O

Theorem 9. For all R > 0 and all m € TSée we have

1

R 2

<L* (m), m>2R > Z ||m||L2(2R)'

Proof. The relations |3xmred| = \/—I(mred)yl and

Bexm'S ™S9 4 [, red| = 0, (Bem™SY - ms%) =0
imply
S ER () - migd = —20,migd w4 | (i), P = 2| (),
Thus, with Lemma 8, for all g, h € TSF we have
LE@) -h=6uEf(g)-h— (SuEf (m§") - mi)g - h
= (3nEo(g) 2| (m5") %) - .
We define the vector & to be the unit vector in direction of 3,m'd, i.e.,

red(x)
|axmred( )l

and introduce the sets

és(x) = = ((m"),, @), =(m§"),(0),0),
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W, = {m € TS§: /m(x, y)dy EO},

Dg
Wy {m € TSO : m(x,y) = a(x)éy, for some o € H*(R, R)}
Wi = {m e TS§: m(x,y) = a(x)é(x) for some o € H*(R, R)}.

Then TSE is the direct sum of Wi, W, and Wj, and we have LR(W;) € W)),» fori € {1,2,3}.
Assume m € V). Using the Poincaré inequality, we have

(LEm,m) . =4ORYVym|3, o+ 200ml 3 5 + Iyl s, — 2] [(m59), |m||iz(ER)

> Tl s = 20m G = 5 1ML s

Assume m € W,. Then m(x, y) = a(x)1p, (y)Ey2 for some o € HZ(R, R), we have

LEm)| ;) = (20000(0) + @) = 2(|m5%) (0 Pa(0)) 1 1)y, (23)
(Lf(m),m)ER=nR2<2||axa||iz(R)+/( —2|(m red),|2)er> (24)
R
and
1 —=2|(mf), (x )=~ forlx|>16. (25)

Since @(mred) éy, is positive (Lemma 7), and since (@ (mred) m) = 0, the function « has to change sign.
First, assume that o changes sign in [—1.6, 1.6]. We have

2
2||axf”L2([—l.6,1-6])> 27T2

2
||f||L2([_1.6,1‘6])

inf
{f:[-1.6,1.6]—>R, f changes sign}
the infimum is attained and the minimisers are multiples of x > sin(%x). Thus we have

1.6
2 dy |2),.,2 2 2
2 dxexlly2 s 6161 T / (12| (m}g )y‘ Jor 2 200catlla 6,16 ~ N@l72 216,160

—1.6
272 2
2 (ﬁ - 1) ||O[||L2([—l‘6,l.6])’
and therefore, with (25) and (24),

R S 2 2m? 2 1 2
(L3 (m)*m)): =nR 322 Pleell7o 1616 T Z”O‘”LZ(R\[—l.é,l.m)

”m ”Lz(ER)

Now assume that « does not change sign in [—1.6, 1.6] and let S_ C R be the set where o has the opposite sign
as in [—1.6, 1.6]. With Lemma 7 we see that tP(mred(x y)) - €y, = 0.5 for |x| < 1.6,y € Dg, and since (d‘)(mred)
€y,,m) s, =0 we have

1 .
V6L6llall 21616 < m\(q}(’”rﬁd) Eyo Il 6.1 61x gl

1 R
< m|<¢(mr1§d) €yzs |m|)S_><DR|

1xl
/Ze f|a| /«/—e NAERY
S_
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<[ V8e™ ~/’||L2(R\[ 16.1.6) 19xl 2R\~ 1.6,1.6)
< Lol 2y —1.6,1.6)-
Thus (25) implies

1
R 2 2 2 2
(L (m)’m>):R =R (Z”a”LZ(R\[—l.ﬁ,l.m) + 2”axo‘||L2(1R<\[—1.6,1.6]) - ”a||L2([—1.6,1.6]))

1 24/1.6
2 2 2
>R (Z”(X”LZ(R\[—1.6,1.6]) T ( 11 1) ||“||L2([—1.6,1.6]))

2
> Z”m”LZ(ER)'

Assume m € Ws. Then m(x, y) = a(x)Lp, (y)és(x) for some « € H%(R,R). The function Lf(m) is pointwise
parallel to &5, we have 0, - & = 0 and

0= 0y (0x; - &) = 0,85 % + 0128y - & = |0emS|* + 0y, - &, = |( 10) PP+ 00 - .
S0 dyx (ay) - &5 = dyxar — 3|(m'xY)y 2. Moreover, we have &, - &, = (m's), and therefore
LEGm) -& = —20cer+ | ("), o+ (), o = 2| (mF) e
= 200+ (1= 2|(mg) | e (26)

Comparing (26) and (23), we can conclude like in the case m € W, that (LR (m), m) > O

v ”m ” LZ(E )
The next lemma compares the operators LR and L¥ on the space H 2(XR). It relies on two lemmas of [8] regarding
the stray field. Define
A(R) := {f € Hlfjc(Z‘R, R3): f is constant on each cross section}. 27
Lemma 2.10 of [8] states that for all R > 0, g € A(R),

||H(g) ”iz(w) = ”H(gxgx)”iZ(R% + ”H(g,v)”iZ(R%' (28)

Lemma 2.24 of [8] states that forall 0 < R < %, g € A(R) we have
S o2 -
| H (820|720, < 57 RUIN(R)E (8. 1), (29)

1 2
Slevizacs,y = [H @) 2@ <3RZIMRIgylG1(5, (30)

Lemma 10. For each € > O there exists a radius R, > 0 such that

(LEm),m) g —(LRGm),m)y < ellmllF g,

forall R < R, and all m € TSR,

Proof. For € € ]0, 1] we can find ﬁe < min(\/%_o, €) such that for all R < I?E the following inequalities hold (Theo-
rem 1):

red red

| m7 | R, [Vym]

_mRHcl():R) <6 _mR“LZ(ZR) < L>®(ZR) Se

Let A(R) as in (27). Because of (29) and (30), after reducing R. we can assume that

”H(( red) Ex)”iz(Rs) <e2R? forall R < ﬁe, a3n

§||gy||iZ(ER) ”H(gy)”L2(R3 <€ ”gy”Hl(E ) fOI' aHR Ev 8 EA(R) (32)
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For R < R and m € TSR we have

<L*Rm,m)2R —(LRm,m>

=<8mEf(m),m)2R _<8mE(m)7m) <|(mrlgd)y

2R

2 mP)y, +2(H (m®) - m® mp?)

A B

+/(—2|axmfed| +2[0.m R [* +2|V,mER|P)m?
R

C

2<(mr1§d)y my,171r1,§0l m)z 4<8xmr1§d~8xm,mr1§d m)ER.

We decompose m in m and m

Fix, y) :=/m(x,9>dy Lpg(y),  ir,y) = m(x, y) — (e, y).
Dgr

Since 40R? < 2 and since I fllL2(sp) = IH () 2R3y forevery f € L*(XZg,R3), we get for the first summand
2
A=lmyl7a5,, + (BOR? = 2)IVymlfs s = 2| Hm | 2 g,
<lmy 225 = 2] H@m)| 72 g,

= Wty 1225y — 2| H G |22y + Wiyl 22 5 = 2 H )| 2 s, — / H ()i

||my||L2(2R) ZHH(my)”Lz(R% + [my ||L2(ER) +4”%”L2(2R)”m”LZ(ZR)'

We recall (32) and use the Poincaré inequality,

— 2 ~ 12 ~
A < 26||my||H1(ER) + ”my”L2(Z'R) +4||m||L2(2R)|Im||L2(2R)

< 26|y 31 5, + VORIV 2 5 ) + V6RIVI 250 171 125

For the second summand we calculate

B= /‘((mrlgd)y_z ( red)) red|m|2+2/H red red R)|m|2

2R
B By
+2/H(mr,gd mR)  mRjmp2,
2R
Bj
|B1] < H( red) 2H (m red)”LZ(ER)”mredHLw():R)||m”L4():R)
(||2H(( red) e )||L2()_7R)+ H( red)y _2H(( red) )||L2():R))”m”L4(2R)
3D (32)

< (2€R + 2e H( red) ||H1(2R)) ||m||L4(2R) < 6€R”m”i4(2R)’
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( red) ||L2(ER) ”mred —m* ||L°0(ER) ”m”i“(ER)

< 2(||H(( red) )HLZ(R* + HH(( red) EX)“LZ(R* )“mred_mR”LOO():R)”m”i“(ER)

2(mR) N 2z + 1 (OnR) ) [ 2y €I
2Q2R + €R)ellml a5, <6€RIml}
2

”mred _

(Zp) = (Zr)’

N NN

| B3| <2Re|ml74

mRHLZ(Z‘R)||mR||L°°(2R)”m”L4(2 ) S (Zp)

Because of the Sobolev embedding H 1 (X)) — L4(Z‘1) there exists a constant Csgholey Such that
lullpa(s,) < Csobolevllull g1 (s, forallu: Xy — R".

Rescaling implies for all R < 1
lullpa(se) < ﬁCSobolev”uHHl(zR) forall u: X — R".
Thus,
|B| < 14C3gpgiev€limll’
Sobolev Hl()? )

Since 9, mred f | (mred) yl < f (Lemma 7) the third summand C can be estimated by

<2famf ~ ame”Lw():R)”axmred"‘a mR||L°°(2R)”m”L2(Z )+2E”m”L2(2 )

2
26(% + 6) ”m”LZ(Z ) + 26||m”L2(2 ) 7€||m||L2(Z‘R)7
and D can be estimated by
d d R d d R
D = =2{(mC), - my, (mg" —m?) -m)g —40em - dum, (m" —m")-m)y,

4
< 26”m”L2(2 ) + \/5”8 m”LZ(ER)e”m”Lz(Z‘R) 56||m||H1(2R)'

Therefore we have for all R < R

(Lmm) g, = (LEm m)p, < (46 + 14C5amae)elmilyy gy O

Lemma 11. There exists a constant C such that |H (m)||L>(xz) < Cllmllci (g, forall R< 1, m € Cl(Zg).

Proof. For bounded domains §2 and p € ]1, oo[, Carbou and Fabrie [2, Lemma 2.3] have shown that there exists a
constant Cy such that for all m € WP (£2)

|H )| yy1.pq) < Crlimllyrpq)- (33)
Let n: X1 — [0, 1] be a smooth function with

n(p)=1 forpe[-1,1]x Dy, n(p)=0 forpe X\ ([—2, 2] x Dl),

set ny: (x',y) — n(x’ — x,y) and let m € C'(X}). Then (33) and the Sobolev embedding W14(X) — L®(X})
imply that there exist constants C», C3 independent of x such that

||H(m'nx)||L00(El)<C2||H(m'nx)||wl4(21)
< Gllm - nxllwias)) < (277)4C3||m||c1(21) (34)

For f :=m - (1 — ny) we use the representation

H(f)(p)=/VG(p—p/)din(p/)dp/+ / VG(p—p)f-vap' (35)

P Xy
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Here v is the outer normal and G is the map p > ; |p . Eq. (35) is well known for bounded domains, and also holds

for infinite wires [8, Lemma 2.6]. For all p = (x, y) € X1 we obtain

|H(m - (1= 1)) (P)| < (IVGlLi s\ q-1.11x 1y T IVG L1z (= 1.11xa) 17l c1(5,) -

Combining (34) and (36) we find a constant C such that || H (m)|| o (x,) < C||m||C1(E ) forallm e C1(X}).ForR < 1

set g(x,y) =m(%, R). Then H(g)(x,y) = H(m)(%, R), so rescaling implies the statement of the lemma.
Using Lemmas 10 and 11, we transfer the result of Lemma 8 to the operator L.
Lemma 12. For each 0 < € < % there exists R. such that
1
R 2
<L (m)v m)ER 2 (Z - €> ”m”Lz(ZR)
forall R < R, and all m € TSR,

Proof. Let Py: H*(Xg) — TSE be the L?-orthogonal projection. Since
mr]gd L 3xm1;§d, red L q§( red) (8xml}§d, q§( red))ER — 0’

we have for all m € TSR

a, mred
Py(m) =m — (m (ml;gd mR))mrlgd + (m’ 8me - axmr;;d>2R red .
”a ”LZ(E )
@(mred)
+(m, ® (m®) — & (m"¢ —— gy
( ( ) ( R )>2R ”d)(mred)”LZ(Z )
that is,
” mR -9 mred”
Il L2 (sp) = ” Po(m) ”L2(2R) ||m||L2(>:R)”m red”LOO(zR) +lmll 205 - Lk b

d
||3xmr1§ ||L2(2R)

| (m®) — D (m )”LZ(ER)
+ ||m||L2(2R) .
1D mSHlL2(5,)
Thus, with Theorem 1, we can find R, such that
||m||L2(Z*R)_ ||P()(m)”L2(2R)gf”m”LZ(Z‘R) fOraHRgRg, mETSR.

Since the operator LR is the second variation of the energy EX and since mr,gd

is a minimiser of the energy, the

operator Lf is positive semidefinite. Moreover, it is symmetric on the set {m € H 2(2 R, R3): dym|y s, = 0}, so the

relation L*R (T«S‘ée ) C (TSée )2 (Lemma 8) implies

(L5 m) 5, = (LE(Pom), Pom) 5, + (L (m — Potm). m — Poton) .,

1 1-
2 <L§(P0(m))a Po(m)>2R 2 ZH Po(m)”iZ(ER) 2 TEHm”iZ(ZR)

We now consider L®. By Lemma 11 there exists a constant Cy such that || H (m®)|| 1~ < C||mR llc1(xzg)- Thus we

have
(LEm,m)y = —)LRm,m), +e(1Vml2s 5 )+||H(m)||iz(R3))—e/(2|VmR|2+H(mR)2)m2
R

> (1-e)(L*m, m)ER + e||Vm||§2(2R) —e(2+C})|m® ||él(m Iml 254
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After reducing R, we can assume by Lemma 10

(L%m, m)y > (LEm, m)y — e||m||§11(zk) forall R < R., m € TSK.

R”2

Clsh) is bounded by some

Combining the above inequalities and noting that for R small enough (2 4 C 12) ||m
constant C» (Theorem 1), we have

<LRm’ m)ER 2 (1 - 6)<L*Rm, m)ER — €C2||m||L2(2R)

1 2
= <Z - (CZ + 1)6) ”m”LZ(ZR)'

Now another reduction of R, yields the lemma. O

For g € H*(Xr) we define
LR(9):=2(H(g) — (H(g) -m®)m® — (H(m®) - g)m® — (H(m®) - mR)g),
LE(g) := —4(VmR . Vg)mR —2|vm®|’g,
and show that on
Hy(Zg) :={g € H*(Zg): 3,8 =0}

the operators Lg and Lg are lower order with respect to the Laplace operator.

Lemma 13.

(i) There exist C, R > 0 such that for all R < R, g€ HI%,(ER) we have
R R
ILE @] 25 SCllghaspys L@ s,y < Clgla(ze)-
(i) On{g € H,%,(Z‘R): g L mR} we have —2A + LZ + LR =LR

Proof. (i) Let g € (TS®) 12- By Lemma 11 and Theorem 1 there exists C; such that for R small enough
| H (m®)|| Lo (s55) < C1. Moreover we have || H(g) |l 12(x,) < 18]l 125y and [[m® || Loo(s5) = 1. Thus

IL% () ”LZ(ER) < (4+4C1) gl 2z,

The estimate for Lé follows directly from Theorem 1.
(i) Since ;m® L m® (i € {x, y1, y»}) and since g L mR for all g € TSR, we have
O:A(mR -g):AmR~g+2VmR-Vg+mR-Ag,
0= Z a,-(a,-mR ~mR) =AmR . .mR + |VmR|2,
iefx,y1,y2}
and therefore

Lé(g) = Z(Ag . mR)mR + Z(AmR . g)mR + Z(AmR ~mR)g =LR(g) — Lg(g) +2Ag. a

Lemma 14. Let R as in Lemma 13. Then for all R < R there exists A > 0 such that » + LR : TSR — (TSR)Lz is
bijective.

Proof. For R < R the operators LZ and Lé are lower order perturbations to the Laplace operator A : H I%I(ZJR) —
L?(Xr) (Lemma 13). Thus for all A large enough the operator A —2A + LZ + L§ : H]%,(Z‘R) — L2(XR) is bijective.
Since by Lemma 13, L® = —2A + L& + L& on TS, it remains to show that (A + L®)(T S®) = (T %) ».

By Lemma 3 we already have

(A + L) (1TS%) < (T5F) .. 37
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To show the other inclusion we first prove that, after possibly increasing A,
(r—2A+ L8+ LR (s e H}(Zp). g Lm®}) 2 {geL? g Lm"}. (38)

For this we take g € Hy and show that g £ m® implies (A\—2A+ L8+ L%)(g) £ mR. Asin the proof of Lemma 3, we
see that L® maps {f € HZ (Zg): f LmR}to {f € L>(Zg): f L mR} so we can assume that g = am®, a: T — R.
Since [m®| = 1 we have for all partial derivatives (do)m® L (dm®)a and in particular
<L§(amR),amR)= / —4oz(VmR . V(amR)) — 2a2|VmR’2 = / —6a2‘VmR’2.
YR 2R

Now by Lemma 13 || L (am®)| 125, < C, so we have

<()‘ +A+ L§ + LZ)O""R’ O‘mR) > )‘”O‘”iZ():R) - 6”’"R”2C1():R) ”0‘”%2(2,;) - ||Lf,(ong) “LZ():R)
2
>(r - 6||mR ”cl():R) - C)”a”liZ(zR)’

and for A large enough L& (g) £ m® as claimed.
Egs. (37) and (38) imply

2 =codim(T S, {g € HY(Zg): g Lm"})
= codim((1 + L*) (T 5%), (A + L*)({g € Hy (Zr): g L m"}))
> codim((75%) 5, {g e L*(Zp) : g L m"})
=2.
Thus we can conclude
(A +L%)({g € HY(Zr): g Lm™}) ={g € L*(Zp): g Lm"},
(A+LR)(1s®)=(15%),,. O

Using the above estimates, we prove Theorem 6, that is, we show that the operator L¥ is bijective and has a
continuous inverse.

Proof of Theorem 6. Let R, A as in Lemma 14 and R < R. After possibly reducing R, we can assume by Lemma 12
that

1
(L5, &)z, > S8 IT2(s,) (39)
Since A+ LR: TSR > TS 52 is bijective, its Fredholm index
Ind(x + L*) := dim(Ker(x + L*)) — codim(Ran(x + L*), Tsz)

is zero. The Fredholm index is continuous with respect to the operator norm so we have Ind(L®) =Ind(1 + L®) =0.
Eq. (39) implies that LX : TSR — TS, is injective, thus LK : TS® — T SF, surjective.
For every bijective continuous operator between Banach spaces, the inverse is continuous. O
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