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Abstract
We study the existence and multiplicity of sign-changing solutions for the Dirichlet problem

{ —e2Av+V(x)v=f(v) in$2,

v=0 on 952,

where ¢ is a small positive parameter, £2 is a smooth, possibly unbounded, domain, f is a superlinear and subcritical nonlinearity,
V is a positive potential bounded away from zero. No symmetry on V or on the domain §2 is assumed. It is known by Kang and
Wei (see [X. Kang, J. Wei, On interacting bumps of semiclassical states of nonlinear Schrodinger equations, Adv. Differential
Equations 5 (2000) 899-928]) that this problem has positive clustered solutions with peaks approaching a local maximum of V.
The aim of this paper is to show the existence of clustered solutions with mixed positive and negative peaks concentrating at a local
minimum point, possibly degenerate, of V.
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1. Introduction

Let us consider the following nonlinear perturbed elliptic equation
—?Av+V(x)v=|v|’P?v inf (1.1)

where £2 is a smooth domainin RY, N >2, V e ¢! (£2, R) is bounded from below away from zero, the exponent p
satisfies 2 < p < % for N >3 and p > 2 for N = 2. Equations of this kind arise in different models. For example,

the solutions of (1.1) can be regarded as the stationary states of the following nonlinear Schrodinger equation
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Eq. (1.1) has been widely studied in many aspects: a large number of papers have been devoted in investigating
the existence, multiplicity and asymptotic behavior of positive solutions in the semiclassical limit & — 0. There are
many results establishing solutions which exhibit sharp peaks near a certain number of points and vanish everywhere
else. It turns out that while least energy solutions develop a single peak, looking for higher energy solutions multiple
peaks are found.

If 2 =RY, then concentration occurs at the critical points of V. The first result has been obtained by Floer
and Weinstein [20] in the one-dimensional case. Later this line of research has been extensively pursued in a set of
recent papers (we recall, among many others, [2,4,15,16,29,38,39], see [3] for further references) obtaining single and
multiple peaks at separate critical points, possibly degenerate, of V. In particular, we point out the result by Kang and
Wei [28] where a new kind of solution is found, the so called cluster, i.e. a combination of several interacting peaks
concentrating at the same point as £ — 07 the result reads as: given K > 1 and Py a strict local maximum of V, there
exists a solution with K peaks concentrating at Py. While in all the previous papers the peaks concentrate at separate
points, so that the interaction between the peaks is negligible, in this case the concentration point is the same so that
the interaction effect cannot be neglected and it contributes to the existence of a cluster.

Concerning Eq. (1.1) in bounded domains §2 with V = 1 and Neumann boundary conditions, it is known the
existence of one or more boundary peaks (i.e. peaks with their maximum point located on the boundary) concentrating
at separate critical points of the mean curvature of 952 (see, for example, [12,19,24,26,27,30,33,40]). In [12] and [27]
the authors prove the corresponding result for the Neumann problem of that by Kang and Wei: in this case the cluster
consists of K boundary peaks and the concentration point is a local minimum of the mean curvature. As regards
interior spike solutions, in [23] and [25] multiple interior peaks are constructed and their location is strictly related to
the geometry of the domain.

As far as it concerns the Dirichlet problem associated to Eq. (1.1) with £2 bounded and V = 1, we quote the papers
[8,13,18,22,32,34,35,41], where single and multiple interior peaks are found: concentration occurs, roughly speaking,
at distinct critical points of the distance function from the boundary 952.

All the above results are concerned with positive solutions. While there is a wide literature studying existence,
multiplicity and shape of positive solutions, there are few papers dealing with the case of sign-changing solutions,
with the exception of the one-dimensional case (see [17]) or the radial case which allows methods, like the use of a
natural constraint, which do not work in the nonradial setting considered here. We are only aware of few papers. The
first result is due to Noussair and Wei in [36], where the Neumann problem associated to (1.1) with V =1 is studied
and it is proved that for ¢ sufficiently small there exists a solution with one positive boundary peak and one negative
boundary peak; moreover such peaks approach the global maximum points of the mean curvature. In the particular
case when the set of global maxima consists of a single point, then the peaks concentrate at the same point giving
rise to a cluster. Recently, in [31] the authors obtain nodal solutions with multiple boundary peaks concentrating at
different critical points of the mean curvature. The first paper providing a multiplicity result for sign-changing peak
solutions is due to Wei and Weth [42]: they consider the Neumann problem in a two-dimensional domain and prove
that, given K > 1 and given Py a strict local minimum of the mean curvature, there exists a clustered solution with K
positive boundary peaks and K negative boundary peaks concentrating at Py; moreover the positive and the negative
peaks are located alternately on the curve 952.

Existence of nodal solutions for the Dirichlet problem when V = 1 has been established in [37] obtaining two
interior peaks (one positive and one negative) at different points of £2 whose location depends on the geometry of the
domain.

As regards sign-changing peak solutions for Eq. (1.1) in the whole space R”, in [1] double peak nodal solutions are
produced near a local minimum of V. Furthermore in [14], under some symmetric assumptions on the potential V, the
authors construct clustered solutions with an arbitrarily large number of positive and negative peaks which collapse
to either a local maximum or a local minimum point of V.

Finally we also mention the papers [6,7,5,9,10], where, by using a different approach, a lower bound on the number
of sign-changing solutions is provided; however these papers are not concerned with the shape of such solutions.

As far as we know the question of the existence of clustered solutions with mixed positive and negative peaks,
without symmetry assumptions on the potential V (x) or on the domain §2, is largely open: the result we present here
is a contribution to this matter.
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Since we do not want to restrict ourselves to a situation where the nonlinearity in (1.1) is homogeneous, we will
consider the more general problem

2Av—V(x)v+ f(v)=0 in 2,
v=0 onas2,

where f:R — R. Let us now state the hypotheses on the potential V' that will be used:

(1.2)

(V1) Ve €' (2,R) and info V > 0;
(V2) there is an open set A compactly contained in §2 such that V € %2(A, R) and

PoeA, V(P)>V(Py) VYPeA\{Py};
(V3) there exists [ > 2 such that V is [ times differentiable at Py, D’V (Py) =0 forj=1,...,]—1and DlV(Po) is

positive definite.

Our local assumption on the behavior of V at Py implies that Py is a local minimum point for V with nondegenerate
Ith-derivative. Set Vo = V (Py). Besides (V1)—(V3), throughout this paper the following additional hypotheses on f
will be assumed:

(f1) fe %Lj“(R) N €20, +00) with ./ 311—_2 —l<o<1; f(0)=f(0)=0; f(t) =—f(—r1) forall t € R;
(f2) the problem in the whole space

Aw—Vow+ f(w)=0, w>0inRY,

w(O0) = max w(x),  lim w(x)=0, (1.3
x€RN [x]—=400
has a unique solution w, which is nondegenerate, i.e., denoting by L the linearized operator
L:H*(RY) - L*(RY), Llul:= Au— Vou + f'(w)u,
then
d d
Kernel(L):span{—w,...,—w}. (1.4)
8x1 3)6]\/

By the well-known result of Gidas, Ni and Nirenberg [21] w is radially symmetric and strictly decreasing in r = |x|.
Moreover, by classical regularity results, the following asymptotic behavior holds:

1 A — r l
w(r), w'(r) = e Vo <1+0<;)>,

/ A 1
') =35 73¢ Vo (1+0<;)>, (1.5)

where A > 0 is a suitable positive constant.

The class of nonlinearities f satisfying (f1)—(f2) includes, and it is not restricted to, the model f(v) = [v|? 2y
with p>2if N=1,2and2 < p < % if N > 3. Other nonlinearities can be found in [11].

The main purpose of this paper is to prove that, given two positive integers &, i’ with 1 +h’ < 6 (with the exception
of the couples (1, 5) and (5, 1) in the two-dimensional case), for ¢ sufficiently small (1.2) possesses a cluster with
h positive peaks and i’ negative peaks approaching Py. Furthermore each peak has a profile similar to w suitably
rescaled. More precisely we will prove the following result.

Theorem 1.1. Assume that 2 C RY is a smooth, possibly unbounded, domain and that hypotheses (V1)~(V3) and
(f1)—(f2) hold. Let h, h’ satisfying
hh>1, C:=h+h <6, (hh)#(1,5,5,1) ifN=3.

Then, for € > 0 sufficiently small, the problem (1.2) has a solution v, € HO1 (£2).
Furthermore there exist P{, ..., P; € 2 such that, as ¢ — 07,
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() ve() =21 w -y h+1 w(—~ ) + o(e) uniformly for x € 2;
(i) |Pf | (1 +0(1)) log fori 5& jand P?, ..., Pz — Py.

An easy computation shows that we obtain 9 pairs of sign-changing peak solutions for problem (1.2) if N > 3 and
8 pairs N = 2 provided that ¢ is small enough.

It is interesting to compare our result with that by Kang and Wei: indeed it is known by [28] that there are no
positive clustered solutions at the local nondegenerate minimum points of V for Eq. (1.1) in RY . The reason is that,
in the present situation, the interplay between the opposite peaks creates a new solution with clustering peaks near a
minimum Pyp.

The proof of Theorem 1.1 relies on the Lyapunov—Schmidt reduction method, which reduces the problem to finding
a critical point for a functional defined on a finite-dimensional space. This procedure has been widely used successfully
in literature. To simplify the presentation, we shall postpone the reduction process to the appendices in order to derive
quickly the finite-dimensional problem. The reduced functional, up to a constant, has the form

Me(Py.... Pe)_ZV(P)—Zu,w< 8P>+h0t

i#]

and our solutions will correspond to the critical points of M, on a suitable configuration set, where the unknown P;
determine the location of the peaks. Here A; = %1 according to the sign of each peak. The product A;A; determines
whether the interaction is repulsive or attractive: indeed M, can be rewritten as

e e — . e — .
M(Py,....P)=> V(P)+ > w(%)— > w(%)—i—h.o.t. (1.6)

i=1 Aj=—Aj i#j, Ai=A\;j

So the reduced functional M, consists of three main terms: the first term depends on the potential effect, the second
term is due to the interplay between opposite peaks and has an attractive effect, the third term is due to the interaction
between the peaks of the same sign and has a repulsive effect. Observe that the potential term Zf_l V (P;) decreases

when the points P; are closed to Py, while, using (1.5), the interaction term ZA _—y w( /) decreases when
the mutual distance between the points P; is big, i.e. when the point P; are far away from each other. If the third

term Zl?ﬁ Johi=hj w( B ) was negligible, we could easily conclude that the equilibrium is achieved for a suitable
configuration of the pomts P;, which is a local minimum for the functional M. Unfortunately nothing is a priori
known on the size of the term Zi;é Johi=h; w(@), because we have no a priori information on the location of P;,

with the exception of symmetric settings. Indeed in [14] when £2 = RY and V is symmetric it is possible to prove that
M, has a local minimum restricted to suitable natural constraints, which allow us to keep away from each other the
peaks having the same sign.

In the nonsymmetric case the argument above stops working. In general we have no hope to catch a critical point of
M, as alocal minimum or a local maximum since we cannot expect that the three terms in (1.6) may balance at some
minimum or a maximum configuration. However the different interaction effects provide M, with a suitable local
linking structure. The central part of the paper is devoted to provide the three main ingredients to apply a max-min
argument to M,: (i) the choice of a family of sets in RN which allow to define a suitable max-min value . ; (ii) a
topological degree argument to obtain some estimate on .#; (iii) a compactness property of M. at the level .Z.
After this we use a max-min theorem to obtain the existence of a saddle point of M, with critical value .#;. The upper
bound on the number of peaks £ < 6 occurs in the proof of the compactness property; roughly speaking, we have to
rule out some crucial configurations, like the hexagon configuration (i.e. a single point surrounded by other 6 points
at the vertices of a regular hexagon), which cause a lack of compactness at the level ;.

So we can conclude that our solutions are generated by the combination of three interactions effects which achieve
an equilibrium for a suitable configuration of the peaks giving rise to the existence of multi-peak solutions. The
interplay between each pair of peaks and also between each peak and the potential plays a crucial role.

The organization of the paper is the following. In Section 2 we derive the reduced problem; for the convenience
of the reader we just state the main steps of the reduction process, postponing the details in Appendices A and B. In
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Section 3 we study the reduced problem and find a critical point of M, by a max-min procedure. Finally in Section 4
we study a geometrical problem where the crucial hexagon-configuration occurs.

Notation. Throughout the paper we will often use the notation C to denote generic positive constant.
The value of C is allowed to vary from place to place.

Remark 1.2. Combining assumptions (V3) and (f1) we deduce that a relationship between the possible degeneracy
of Py and the regularity of f is required. In particular Theorem 1.1 holds in the following two cases: m =2 (i.e. Py
nondegenerate) and o > V2-1 (ie. p> V241if f@® = |t|”_2t), orm > 2 generic and o > V3-1 (ie. p> V3+1
if f(t) = |t|?~2t). Moreover by assumption (V3) it follows that
P—P -1 &
VV(P)~M>C|P—P0| QC(V(P)—VO) ' asP— Py

and
-1

[VV(P)|<CIP =Pyl <C(V(P) = Vo) T as P — Py
2. The reduction process: sketch of the proof

In this section we outline the main steps of the so called finite-dimensional reduction, which reduces the prob-
lem to finding a critical point for a functional on a finite dimensional space. We postpone the proofs and details to
Appendices A and B.

Associated to (1.2) is the following energy functional:

1 1 2 2 2
Jo 1 Hy(82) > R,  J[v]:= 3 (8 Vo= + V(x)|v]| )dx — | F(v)dx, 2.7)
Q 2
where F(t) = fot f(s)ds and

HY(2) = {v cH(2) ‘ / Vo vl dx < oo}.
2

Let us equip H‘l, (£2) with the following scalar product:

(U, v)e = /(eZVqu + V(x)uv)dx.
2

It is well known that J, € %Z(H‘l,(.Q), R) and the critical points of J; are the finite-energy solutions of (1.2). First we
introduce the approximated solutions y wp. Let A be as in assumption (V2), £ > 2 and define the configuration space:

P, — P;
ng{Pz(Pl,...,Pg)eANZ ’ V(P) —Vy < e i, w(Q) <P fori;éj},
&

where B € (o, 1) is a number sufficiently close to 1.1
Observe that, according to (1.5),
a Ne 26\, 287 L.
I':CiP=(P,...,P))eA ‘ V(P) —Vo<e?P Vi, |Pp—Pj| > —==¢log—fori#j. (2.8)
VA &

ForP=(Py,..., P;) eI, set

x—Pi

4
>, wp=) hiwp., Aie{-1+1}.

i=1

wp, (x) =w<

I Observe that I is nonempty, since for ¢ sufficiently small {P | |P; — Py| < & log2 %, |P; —Pj| >2Belog % fori # j} C I thanks to assumption
(V2) and (1.5).
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Then consider n > 0 sufficiently small such that dist(A, 382) > nand let x € %6’"(.(2) be a cut-off function such that
x (x) =lif dist(x, A) < n, so that it results xwp,, xwp € H‘l/(.Q).

We look for a solution to (1.2) in a small neighbourhood of the first approximation x wp, i.e. solutions of the form
as v := xwp + ¢, where the rest term ¢ is small. To this aim we introduce the following functions:

o(xwp.
Zpw= (V) —82A)M, e(l,....e}, nefl,...,N}.
0xy,
The object is to solve the following nonlinear problem: given P = (P, ..., Py) € T, find (¢, ain) solving

Se[xwp + @] = ZalnzP n»
(2.9)
¢ € HX(2)N H} (), /qszpi,ndx:o, i=1,...,4,n=1,...,N,

where

Se[v]=&2Av — V(x)v + f(v). (2.10)

Lemma 2.1. Fix T = *(1 + o). Provided that ¢ > 0 is sufficiently small, for every P € Iy there is a pair
(¢p, ain(P)) € (H*(22) N H}, (2)) x RN satisfying (2.9) and

Ipplloc <™. (P, Pp)e < CeV P27, ain(P)| <", (2.11)
Moreover the map P € I'; — ¢p € H‘l,(.Q) is €.

For ¢ > 0 sufficiently small consider the reduced functional
Ms:fsﬁR» M, [P] ::8_NJ£[XwP+¢P]_Cl,

where ¢p has been constructed in Lemma 2.1 and ¢; = % fRN [Vw|?dx — ¢ fRN F(w) dx. Next proposition contains
the key expansions of M, and VM, (see Appendix B for the proof).

Proposition 2.2. The following expansion holds:

P]-czZV(P)—QZ)»)» w( >+o( ), (2.12)
i#]
VpM,[P] = —c3 inxjvp(w<w)> +o(e7) (2.13)
&

i#]j

uniformly for P € Iy, where c>, c3 > 0 are suitable constants.

According to Proposition 2.2 the potential term ) . V (P;) becomes negligible with respect to the interaction term

> £j Mk w( Fi ) in the computation of the gradient VM, [P]. However next proposition shows that there exists a
direction Where the contribution of the potential term prevails in the derivative of M, (see Appendix B for the proof).

Proposition 2.3. Let P, = (Pk, e, Pk) € Iy, be a sequence such that
£
hm 1nf & Z > 0.
Then, there exists a vector Q = (Q1, ..., Q¢) € RN with |Q| < v/€ such that, up to a subsequence

¢ -
VM, [P]-Q=c2(1 +o(1) Z > T (2.14)
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for some suitable C > 0, where ¢y > 0 has been introduced in Proposition 2.2 and | > 2 is given by assumption (V3).
Furthermore

s (")

Finally next lemma concerns the relation between the critical points of M, and those of the energy functional J;.

~Q=O(8£) fori # j.

P=P;

Lemma 2.4. Let P, € I, be a critical point of M. Then, provided that € > 0 is sufficiently small, the corresponding
function vg = xwp, + ¢p, is a solution of (1.2).

3. A max-min argument: proof of Theorem 1.1
According to Lemma 2.4 we just need to prove that the reduced functional M, has a critical point to find a solution
of (1.2). Let h, i/ > 1 be such that
L:=h+h <6 and (h,Kh)#(1,5),(5,1) if N=2. (3.15)
In the following, for the sake of definiteness, we will assume k& < &’ and set
Ao=DT dfi=1,00,2h A=—1 ifi=2h+1,...,L (3.16)

We want to apply a max-min argument to characterize a topologically nontrivial critical value of M,. More precisely
we are going to prove the existence of sets Z;, K, Ko C RV satisfying the following properties:

(P1) %, is an open set with smooth boundary 0 %,, K¢ and K are compact sets, K is connected and
KoCKC%: C9,CT; (3.17)
(P2) if we define the complete metric space .# by
F ={n:K — %, | n continuous, n(P) =P VP € Ky},
then

Mg := sup minMg[n(P)] < min M.[P]. (3.18)
negPeK PeKy

(P3) for every P € 0%, such that M,[P] = .#;, there exists a vector Tp tangent to 9%, at P so that 9., M;[P] # 0.

Under these assumptions a critical point P, € &, of M, with M.[P.] = .. exists, as a standard deformation
argument involving the gradient flow of M, shows.

For the sake of simplicity we divide the proof into 4 steps.

The first step consists in the definition of a continuous map T:R" x (0, co — RN* with suitable properties
which plays a key role in the crucial construction of the sets K, Ko: more precisely, K and K¢ will be chosen in the
range of T.

)l—l

Construction of a suitable map T. If {e;} denote the standard basis in R, i.e. ¢; has the jth coordinate equal to 1 if
Jj =i and equal to 0 if j # i, let us choose ' — h + 1 vectors (note that A’ — h + 1 < 2N by (3.15)) Z1, Zap+1, ..., Ze
such that

(Z1, Zong1, ..., Ze} C{Fer, Ley, ..., ey}, Z;#Zjfori#j.
We construct a continuous function

T:RY x (0, 00) ! — RV,

(P,r)—> Tpr=(T1(P,1),...,Te(P,1))
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in the following way: for any P € RN andr=(rp,...,r¢) € (0, 00)¢ ! set
Ty(P,r)=P,
i
T(P.x)=P+Y rZ if2<i<2h, (3.19)
s=2
T;y(P,v) =P +riZ if2h +1<i <¢.
We remark that it holds
= (rig1 + - +71))? if1<i<j<2h,
|T;(P,r) — T,~(P,r)|2 > (r2+---+r,-)2+r./2. if2<i<2h<j<{, (3.20)
>rl4r] if2h+1<i<j<¢
and
0 ifi=1,
|T;(P,x) = P|={r+ - +r if2<i<2h, (3.21)
ri if2h+1<i<e.
By (3.20) and (3.21), recalling (3.16), we deduce that
ri=min|T;(P,v) = Ti(P,v)|, j=2.....¢, (3.22)
i<j
|Ti(P, 1) = Tj(P,1)| > V2 min r; ifhid;=1andi# j, (3.23)
=2,...,
|T;(P,r) — P| <2h max r;. (3.24)

2<i<e

In the next step we are going to define the sets Z,, K, K( for which properties (P1)-(P3) hold. As anticipated
before, K will be defined as a subset of the range of the map T. To give an idea why this choice enables the
max-min argument to work, let us make the following considerations. Thanks to (3.22) and (3.23) we have that
min,\i:,\j,,-# |P; — Pj| > \/Emink,:_,\j | P; — Pj|if P lies in the range of T. Then, roughly speaking, using (1.5), the
configurations in the range of T have the property that the interaction between the peaks of the same sign is negligible
P’:Pj) =o0(e?) for P e K. Let

us analyze the other two terms which appear in M, : observe that Zle V (P;) (which represents the potential effect)
. . . . Pi—P; .

tends to cluster the points P; at Py, while the interaction term ZM:—Aj w(———) tends to repel the points P; from

each other. Then these two opposite effects give rise to a balance on K and such balance is quantitatively reflected in

the max-min inequality (3.18).

with respect to the interaction between opposite peaks. This implies Z»\,-:A,,i £ w(

Definition of the sets 9., K, Ky. We define

¢
9€={P€AN[ ‘cz E V(P) +c3 E w( ! j) <02EV0+C482’3}
€
i=1 i#j

where ¢4 = min{c>, c3}. We immediately get @e C I%.
Then let W, be the following open set of RV *+¢~1:

T;(P,r) = T;(P,r)

4
We = {(P,r) | Trrea™, &) V(TP.0)+c; Zw( ) <otVo+ %482,3}
i=1

i ¢
where Tp r is defined in (3.19).
Let us point that
(Py,re) € Wy, wherer, :=(pg,...,p0c) € R and Pe = 2—8 log 1 (3.25)
Vo Te
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Indeed according to (3.22), |T;(Po,re) — T;(Po,xe)| = 2—‘5/0 log% for i # j and, by (1.5) we immediately check

T
—T’(Po’rg);Tf(Po’rS)) = o(e?) for i # j. Moreover, according to (3.24) | T; (Py, 1) — Po| < A& log% and by assump-

Vo
tion (V2), we have V (T; (Po, 1.)) = Vo + O(e? log? 1).
Let U, be the connected component of W, containing (Py, r,) and let us define

K={TpreR"|(P,r)eU;} and Ko={Tp,eR"|(P,1r)€dl.}.

w(

K is connected and closed by construction since U, is connected and closed. Furthermore it is obvious that Ko C
K C %..

Observe that according to assumption (V2) it results Zle V(P;) > £V + ¢ for every P € d AN ¢ for some ¢ > 0.
Therefore K¢ can be rewritten as

¢
_ T;,(P,v)—T;(P,r c

Ko={Tre|Pnels Y vinen)+a Yo HEDTIED) o S o)

‘ — 3 2

i=1 i#j

It is useful to point out that
¢
T:(P,r) — T; (P, _

M[Tpy] = czz V(T;(P,r)) +c3 Zw( (P, 1) . i r)) + 0(82/3) unif. for Tp , € K. (3.27)

i=1 i#j
In fact, if Tpy € T., then by (2.8) and (3.22) we have r; > f/iv_zoe log é; therefore, since 2\/5/32 > 2 provided that 8
is sufficiently closed to 1, by (3.23) and (1.5) it follows

(Ti(P, r)—T;(P,r)
v £

> =o(e?) ifi#jandrrj =1 (3.28)

uniformly for Tp » € K. By (3.28) and Proposition 2.2 estimate (3.27) follows.

We are going to prove the crucial inequality (3.18). We will use a topological degree argument. More precisely, the
set K defined above is homeomorphic to the open connected set U, C RY x (0, +00)¢~! and U, ~ K. Therefore
each continuous map n: K — %, such that 5|k, = id induces a continuous map 7: Uy — RY x (0, +00)¢~! such
that 7|5y, = id. Then we apply a topological degree argument to 7 to obtain an estimate on minpex M. (n(P)) and,
consequently, to compare .#,; with minpe g, M (P).

Proof of (3.18). Let n € %, namely n: K — Y is a continuous function such that n(P) = P for any P € K. Setting
n=1,...,ne) where n; : K — RV letij: U, — RY x R*~! be defined by

PO =mTpy) and i(P.r)=min[pi(Tp) —nj(Tpe)| fori=2,...c

First of all 7 is a continuous function, because of the continuity of 1. Secondly, we claim that (P, r) = (P, r) for
any (P,r) € 0U;. In fact, if (P,r) € 0U,, then by definition Tp , € Ko; consequently n(Tp ) = Tp r, by which

m(Tpr)=mTpr)=T1(P,1)=P
while, using (3.22), fori > 2
(P, 1) = minn; (Tp.x) = (Tp.0)| = min|T;(P. ) = T;(P.0)| =ri.

Hence the theory of the topological degree ensures that there exists (P, T) € U, such that ﬁ(F, r) = (Py,rg), thatis
(see (3.25))

. 2¢e 1 .
m(Tpz) =Py and I}1<1§1|77i(T7>,;) —n(Tp )| = —=log o I= 2,...,4L.

Vo
In particular
2¢

1
log —
A g8

7i(Tp) —nj(Tp )| > ifi # j,
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which implies

(m(Tﬁ,;) —1j(Tp )
w

&

) =o(e?) ifi# . (3.29)

Moreover, it is not difficult to check that

&

o,
i(T5 ) — Po| = |ni(T5 ) = m(Tp )| < Ul i=2 L (3.30)
In fact, if i =2 it holds [n2(T5 ;) — 1 (T )| = ZJLV_O logé and (3.30) follows. If i =3 and |n3(T5 z) — m (T3 3)| =
2JLV_0 log + then (3.30) follows. If [13(T5 ;) — n2(Tp )| = ZJLV_O log1, then
e 1
73(T5 ) — m(Tp )| < [m3(Tp ) —ma(Tp )| + [m2(Tp ) — m (T )| < 4ﬁ log

and (3.30) follows. We iterate the procedure and we get estimate (3.30) for any index i.
By (3.30) and assumption (V2) it follows that

V(ni(Tp ) =Vo+ O(e2 log? %) (3.31)

Then by Proposition 2.2, (3.29) and (3.31), we deduce

(min Me[n(Tp.0)] < eatVo + o(e*).

Hence

Mo = sup _min_ M, [n(Tp )] < c2tVo+o(e?). (3.32)

7769 TP,re
On the other hand, by taking n(Tp ) = Tp  and using (3.27),
My > min M[Tpr] > 2tV +o(eF). (3.33)

Tprek
Combining (3.32)—(3.33) we get

Mo = 2tV +0(e7F). (3.34)
On the other hand, combining (3.26) and (3.27)

min M [Tp ] =c2tVo+ =% +o(%)
Tpreko 2
and (3.18) follows.

Once we have obtained a local linking geometrical structure, in order to apply a max-min argument to conclude the
existence of a critical point we need to show a sort of compactness property for M., more precisely we need to prove
that the tangential component of the gradient of M, on 3%, is not zero at the level .#, (property (P3)). This is the
aim of the last step of the proof, which is the most technical part. Let us outline the argument: since d Z; is defined
as the level set of a ¢! function which consists of the same three main terms as M, and differs from M, only for the
sign of one of these terms, according to the Lagrange theorem it is sufficient to rule out the existence of a critical point
P € 09, for the functional N, defined below such that M, (P) = .#,. We will prove that for such P two possibilities
may occur: either Zle (V(P;) — V) = Ce?#, i.e. the potential term is high, and then Proposition 2.3 implies that the
derivative of N, in a suitable direction is not zero, or V(P;) — Vp = o(2#) and w(@) > Ce?P for some i #* 7,
i.e. one of the interaction between the peaks is high. In the latter case we expand the gradient of N, and analyze the
leading term: we find out that its coefficient actually coincides with the gradient of a function @ : RNV* — R for which
a compactness property of the set of its critical points is proved if £ < 6 (see Lemma 4.2). For large numbers £ > 6
the method breaks down due to lack of compactness of the set of certain polygonal type configurations.
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Proof of (P3). Observe that according to assumption (V2) it results Zle V(P;) > £Vy+ c for every P € 9 AN? for
some ¢ > 0; then

14
39, = {P eAV oY V(P ey w< ! f) =2tV + C4a2ﬁ}. (3.35)
, —y €
i=1 i#j
It remains to prove that 3%, is smooth and that (P3) holds. According to the Lagrange theorem, assume by absurd
that there exist sequences g — 07, Py = (Pk, ..., PZ‘) € 0%, (1,k» W2,k) 7 (0,0) such that M, [Py] = 4, and
Py, is a critical point of the function

¢
P, —P;
Ne [Pl = pu1,x Mg, [P] + o k2 Z V(P;) + p2,kc3 Z w( l ! )

&
i—1 i) k

We will achieve the contradiction in three steps.
Step 1. Up to a subsequence,

Pk — pk
3 w<¥) >Cerf. (3.36)

e
i#j, Mk =1 k

k
]

Otherwise, it would be Zl £j.hidy=1 w( )= 0(8 ) and consequently, by (3.35) and Proposition 2.2,

J4 Pk
Me, = M, [Pi] :czz Pk +C3Z ( ) +0(8£ﬂ) —cz€V0+C48k +0( ﬂ),
i=1 i#j

in contradiction with (3.34).
Step 2. There exists ig # jo such that, up to a subsequence,

— ik Pk Pk
|:u2,k i ]Ml,k|w( i ) > C8 ﬁ
[een, k| + 2k &k

If wox = —(1 4+ 0(1))u1 k. then the thesis follows by (3.36).
Assume, up to a subsequence Apzatiiil > C. Then we claim that Zle V(Pl.k) =LVy+ o(e,fﬂ ). Otherwise, by

VIR Y]
Proposition 2.3, there exists Q = (Q1, ..., Q¢) € RV such that |Q| < +/¢ and, up to a subsequence,
1 | | ( ) |M1k+/L2k| XZ: ( k) ( 2) zﬂ[_Tl
=—— —|VpN, [Pr]- Q| =c2(1 +0(1)) ———— VV(P")- Qi|+ole;) =Ce
el + el rel + ol |27 SO

and the contradiction follows. Consequently, by (3.35) and Proposition 2.2,

Pk — Pk
CQZV()—'—O(Siﬁ) = Mg, = Mg, [Pr] = 20V + 2c3 Z w(#) —C48kﬂ —1—0( 2}3)
i#j ik j=—1
k

pk—p!
which implies Zi#’)\ik_ qw(— ’) Csk , and then

k k
— ik pPr — p*
Z |2,k — A ],U«l,k|w( i ] > >C8iﬂ
Py Il + L2kl €k

Step 3. End of the proof. Up to a subsequence, we can split {1, ..., ¢} =1U J where

1 |P.’"— X
I:{i:l,...,é’|Pik—PiI(‘)|éCsklog—forsomeC>0} and J:{i:l,...,ﬂ)liloeoo}.
Ek
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Obviously ig, jo € I. Furthermore?

Pf — Pk
w(¥> =0(s,%) Viel, jel.
Ek
Up to a subsequence, we may assume
Voﬂ 0, Viel,
2B¢x log é

and

_ — Mk Pk —Pk

g 2R L f’“”‘w( ’ >—>al, Vi,jel, ij.
[1, k] + 102kl &k

k k

Pk
By Step 2 we 1mmed1ately get a;y j, # 0. Observe that, since w (- b ) < skﬂ fori # j, by (1.5) we get |Pk Pk|
1+ 0(1))2 sk log o by which

10; — Q=1 Vi,jel, i#]j. (3.37)
Furthermore, if i, j € I and g;; # 0, then? |Pl.k — P]'.‘| = 2%(1 + o(1))ey log é therefore,

10, — Q;1=1 ifa;; #0,i,jel, i#]. (3.38)

2 -1
Finally, let us fix 7 € I; by Proposition 2.2, since VV(PI.") = O(akﬁ Ty= 0(82/3 1) by Remark 1.2, we compute
Ne[Prl=c3)

1 d P; — P;
<w<7>> o(e)
P=P; oy P=P; €k

gl + 2kl dP;
k k kK pk
=2C'5 Z Miw/<Pl _P/) Pi _P] —}—0(52/3 1)

T Ikl + ol ex ek | Pk — Pk k
J#Ljel 7 f

Mok — Aidjiulk 0O
|1kl + lpu2 k|l 9P;

k k
Ty

5 )=—( +0(1))w( b ); therefore

By (1.5) we have w (

O=2C38k 1+0(1) Zau +0(81§ﬂ71)
i Q Q,|
by which
Z a;jﬁzo
jhrjer 1€ Q)]

Therefore, {Q,};c;s is a critical point of the function

> ajloi -0,
i#j,i,jel
which satisfies (3.37) and (3.38). A contradiction arises because of Proposition 4.2.

Proof of Theorem 1.1 completed. According to Lemma 2.4, for ¢ > O sufficiently small ywp, + ¢p, solves the

problem (1.2), where P, = (P{, ..., Pf ) € I is the critical point of M, with critical value .#;. The construction of
k_ pk Pk k
2 Indeed, if i € I and j € J, then — { — o0; therefore, by (1.5), w(——L) = o(ey!) for all m.
& log %
Pk

3 Otherwise, up to a subsequence, IPk Pk\ > 2\/—8]( log % for some B’ > B, by which, using (1.5), w(- ’ )= o(ek )
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the family P, depends on the particular 8 € (0, 1) chosen at the beginning of Section 3. To emphasize this fact we
denote this family as P, g. Let 8¢ C (0, 1) be any sequence such that 8y — 1. Then there is a decreasing sequence of
288
V02
for i # j and |dp, ,, | < eF0+9) We define P, =P, and v; = xwe, 5, + ¢p, 5, if 41 <& < & and we clearly
have that the thesis of Theorem 1.1 holds. O

positive numbers &; such that for all 0 < & < & one has that x WP, 4 +¢pgvﬁk solves (1.2), |Pf’ﬂ" — P;’ﬂkl =

4. A configuration problem
Lemma 4.1. Let Q1, ..., Q; € RN be € points satisfying the following

(@ |Qi — Qjl =1 foreveryi# j;
(b) setting o ={Q; |1Q;i — Q| =1}, then #af; > 2 for every i;
(¢) for every i the vectors {Qi — Qj},eq are linearly dependent.

Then it results: £ > 6 and £ = 6 if and only if Q1, ..., Q¢ lie on a 3-dimensional space and are located at the
vertices of an octahedron with edge 1.

Proof. We distinguish the following cases.

1. There exists i such that #af; = 2.

According to (c) there exist three aligned points at distance 1; up to a permutation of the indexes, we may assume
that, denoting by e; the first vector of the standard basis of RV je.e; = (1,0,...,0),

Qr=ey, Qr=2e, ..., Qr=ker, 0,(k+1Dei ¢{Q1,...,Q¢} (4.39)
for some 3 < k < £. By construction we have

N Net ={02} ifk=3, AN =0 ifk>3,

A N{Q1, ..., Ok} ={Q2}, A N{O1,.... Ok} ={Qk-1}.

Furthermore #.¢7|, #.4% > 3; otherwise, if #.2/] = 2, then, since Q> € 27|, by (c) it would result </} C Rej, which is a
contradiction with (4.39). So we conclude

{le e QZ} D) ('!yl \{QZ}) ) (=537k \ {Qk—l}) ) {le st Qk}
with disjoint union, by which £ > 2 +2+3=7.

2. There exists a plane containing all the points Q1, ..., Qq.
Consider the convex hull of the set of points Q1, ..., Q¢: up to a permutation of the indexes, we may assume that
01,..., Ok, with k < ¢, are the vertices of a polygon # in a cyclic order with associated corners 01, ..., 6 € (0, 7).

Then we have
014+ 6 =mk —2).
Fixi=1,...,k. By (b) and (c) we get #.o7; > 3 and «/; C &, therefore 6; > %n, by which

2
ntk—-2)> kgn

and, consequently, k > 6. If k > 7 the thesis follows. Assume k = 6; then 6; = %n for every i =1, ..., k; hence the
polygon & is actually a regular hexagon with edge bigger or equal to 1: since we have |Q; — Q;| > 1 for i # 2,6,
then there exists j > 6 such that Q; € <7 ; therefore £ > 6+ 1=7.

3. There exist i such that #.4; = 3.

Assume that i = 1 and 7 = o] = {Q2, O3, Q4}. According to (c) we have that Q1, Q2, O3, Q4 lie on a plane «.
Without loss of generality we may assume that o = {x3 = - -- = xy = 0}. Two of the points Q», O3, Q4 have distance
at least +/3, say | Q3 — Q4] > /3. Without loss of generality we may assume

01 =0, Q3 = (cos0,sinb,0,...,0), Q4 = (cosH, —sinb,0,...,0)
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with 5 <6 < %n. We claim that
BNy C{Q1, 02} (4.40)
Indeed let Q; be such that |Q; — Q3| =|Q; — Q4] = 1. Then, setting Q; = (x, y,z) withz RN=2, we get
0=10Q; — 03> = 1 =x>+ y? 4 |z|* — 2x cos# — 2y sinf =0,
0=1Q; — Q4> — 1 =x>+y? 4 |z|* — 2x cos# + 2y sinf =0,
by which y = 0 and, consequently,
101> = x> 4 y? + 2> = 2x cos 6. (4.41)
In particular we get x2—2xcosf <0, that is |x| < 2|cosb|; inserting this into (4.41) we deduce |Q; |2 <4cos?6 < 1.
Then either Q; =0= Qy, or |Q;| =1, thatis Q; € &/, by which Q = Q». Hence we have proved (4.40).
Assume #.a73, #.474 > 3. (Otherwise the thesis follows from step 1). If #(a3 \ {Q1, 02}) > 2 or #(4 \ {Q1, 02}) >
2, then
{01,.... 0} D {01, 02, 03, Q4} U (5 \ {Q1. Q2}) U (4 \ {Q1, 02})

with disjoint union, by which £ > 4 4+ 3 = 7. Otherwise, assume #(253 \ {Q1, 02}) = #( \ {Q1, Q2}) = 1, which
implies #.a3 = #.c74 = 3. Then, according to (c), the points of {Q3, Q;}0 e lie on a plane; since Q1, Oz € s,
then /3 C o. Analogously &7 C o. Assume that there exists a point Q; (j > 4) which does not lie on such plane
(otherwise the thesis follows from case 2). Then

{Q1,..., 00} D{Q1, Q2. 03, 04} U (a5 \ {Q1, Q2}) U (% \ {01, 02}) U{j}
with disjoint union, by which£ >4+ 1+1+1=7.

4. #af; > 4 for everyi.

First observe that there exist at least two points such that |Q; — Q| > 1 (otherwise, according to (c), the points
01, ..., Q¢ lie on a k-dimensional space with k < ¢ — 2, then they cannot have mutual distance equal to 1.4) Then
£>6. Assume £ =6 and |Q| — Qg| > 1 with

le(os"'sova)s Q6:(07"'70s_a)
for some a > % Then o/ = o = {Q2, O3, Q4, Os} and the points Q3, O3, Q4, Qs lie on

xy =0,
x4 xF e 4xy  =V1-ak
According to (c) Q2, O3, Q4, Qs lie on a two-dimensional subspace of {xy =0}, say {x3 =x4 =--- = xy =0};

hence they are located on the circle

xX3=x4=---=xny=0,

x12+x22=v1 —a?.

Then there exists a couple of the four points Q», O3, Q4, Q5 with mutual distance bigger than 1, say |Q2 — Q4| > 1,
while, since #47 > 4 for every i, then |Qy — Q3] = |03 — Q4| = |04 — Os| = |Qs — Q»| = 1. It follows that
02, 03, O4, Os are the vertices of a square of edge 1; hence V1 — a* = 4, ie.a= 4 O

Lemma 4.2. Let £ > 2 and consider the function

¢
®:(Q1,..., 00 €RY > Y~ a;j10i — Q)|

i, j=1
i#]
where a;j = aj;. If @ is not identically zero and there exists (01, ..., Q) acritical point of ® satisfying
10; — Q=21 fori#j and 10;,—Q;l=1 ifaij#0, (4.42)

then £ >17.

4 In general, in RF there are at most k + 1 points with mutual distance equal to 1.
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Proof. For every i set %; = {Q j laij # 0}. First observe that we may assume without loss of generality %; # ) for
every i. Otherwise, assuming {i | 3j # i s.t. a;; # 0} = {1,..., ¢’} with 1 < £ < ¢, we can replace @ by the new
function (Q1, ..., Q¢) € RNE > 3 o i aijl Qi — Q-
It is easy to check that #%; > 2 forevery i =1, ..., £. Indeed, if % = {Q,} we get
= = = 01— 0,
0=00,2(01,07,...,0¢) =2a1 =——=—
1 101 — 0

in contradiction with (4.42). L
Moreover it is also easy to prove that for every i the vectors {Q; — O j}@ o, 1€ linearly dependent. Indeed, for
J 1

any i it holds

0=09,2(01. Q5. Qe>—2Za,,|

1#!

Qi — QJI

and the claim follows. o _ _
Therefore, setting & ={Q; | |Q; — Q| = 1}, by (4.42) it follows that #; C < and the points Qy, ..., Q¢ satisfy
the assumption of Lemma 4.1, which implies £ > 6.

Let us consider the case £ = 6. According to Lemma 4.1, the points Q;, ..., Qg lie in a three-dimensional space
and are located at the vertices of an octahedron of edge 1. Without loss of generality we assume
0, —% =—(1000 ., 0), @2:=—§1—£( 1,0,0,0,...,0),

03 = % e = %(O, 1,0,0,0,...,0), 04 :=—§e2= %(O,—I,0,0,0,...,O),

— 2 — 2 2

05 = Y2 Y2 00.1.00....0) ¢ 2 Y20 0-100...0.
2 2 2 2

Since (Ql, e Q6) is a critical point of the function @, we get that forany i =1, ..., 6 it holds
6 J— J—

Qi—0;

Z Cll'j —_— = 0

= Qi — O]

i#]

Let us compute the previous expression when i = 1. We get ajo = 0 since |Q — Q2| = +/2 and

a3 +ay+ais +ae=0,
—ap3+aps =0,
—ais+aje=0

and so

a3 =aj4 = —ais = —adie-.
If we repeat the arguments above for any index i we easily get aj» = azs = as¢ =0 and

a3 =dai4 = —ajs = —die,
az3 = a4 = —azs = —aze,
a3 =daz3z = —dass = —dase,

dl4 = a4 = —a45 = —A46,
ajs =as = —aszs = —dass,
aje = dxe = —aze = —d46

which implies @;; =0 for any i, j =1, ..., 6. That concludes the proof. O

Remark 4.3. Observe that if Q;, O, Q3, 04, Os, O € RY are located at the vertices of a regular hexagon having
edge 1 and centered at a seventh point O, then the set of points {Q; J1<i<7 satisfies (a)—(c) of Lemma 4.1.
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Remark 4.4. Lemma 4.2 is optimal. Indeed set A7 =1 and A; = —1 for i < 7. Then the hexagon configuration
{Q;}1<i<7 of Remark 4.3 is critical for the function Zi# a;j|Qi — Q| where

aijZ)L,')Lj 1f|§1_§/|=1 and al-j=0 if|§i—§j|>l.
Appendix A. Key energy estimate

Consider the configuration set I, and the approximated solutions x wp defined in Section 3. In this appendix we
will derive some crucial estimates. We note that xwp, = wp, for |[x — P;| < n; hence by (1.5) we deduce

2| D> (xwp,) — D*wp,| = o(e*) w3, (A.43)

Ixwp, —wp, |, €|V(xwp,) — Vwep,|,

and, by assumption (f1),
l 14
F(xwp) — F(wp), f(xwp) — fwp)=0(e*) Y wi  f(xwp)— f'(wp) =o0(e) Y wi/>  (A44)
uniformly for P € I%.

Remark A.1. By Remark 1.2 we have [VV(P;)| < Cszﬁ# < CeP for P e I'; then by (1.5) and assumption (V2)
we deduce

2/3
V) xwe, = V(Powe| < [VV(P)|lx = Pilwp, + Clx — P 2w, < Ce'Pui?,

by which
V) xwp — V(P)wp, =0(e"P)w

Vx)xwp, — Vowp, = O(azﬂ)w

2/3 2/3
Pf , P{ (A.45)

uniformly for P € T,.
Remark A.2. Observe that by (1.5) and (2.8) we immediately get

|Pi—Pjl

wp,.(x)ij(x)éCe*\/_ <C82ﬂ fori #j

uniformly for P € I",.
First we need the following result about the interaction of the wp,’s.

Lemma A.3. For i # j the following expansions hold
P; —
/f(wp)wp dx=¢ w( )/f(w)e*/_xldx—i—o( N+2’3)

VP[/f(wPi)wP_/ dx]=8NVP[w<Pi; j)]ff(w)e*/v‘)x‘ dx +o(eN12F1)
RN RN

uniformly for P € I.

Proof. The proof is an easy consequence of Lebesgue’s Dominated Convergence Theorem. First consider the function

I(p)=/f(w)w(X+pel)dx, p>0,

RN
where e, is the first vector of the standard basis of RV, i.e. e = (1,0,...,0). According to (1.5) for every x € RY we
have
fim YOFPOD _ iy Tl Ton — T (A.46)

p—>00 w(p) p—>00
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Furthermore
w(x + peyp) 0 e _ 0 et
<C e~V Volx+peil+v/Vop <C eVVolx|
w(p) L+ [x + peq] I+ |x + peq]

Observe that p/(1 4+ |x + per]) <2 if |x] < g, while p/(1 4 |x + per]) < 2|x| if |x]| = g. Since, using assumption
(f1), 2 + 2|)C|)NT?l f (w)e\/_ olxl ¢ L1(RN), then the convergence (A.46) is dominated. Hence we have proved that
LACINEN I f(w)eYV0r1 dx. Next compute

w(p)
1+p

I'(p) = /f(w)w(X+pel)| el

RN
Using (1.5) and proceeding as above we get

I'(p) —VVoxt gy
w'(p)
Since
P, — P; P —P;
f f(wpi)ij dx =&V / f(w)w(x + 7/> dx = 8NI<M>,
& £
RN RN

then the thesis follows. O

Given P € I'¢, in the following we will make use of the following sets A, ; defined by

A= {x eRN ‘ |lx — P;| < 'B—zslogl}.
: % e
Observe that by (2.8)
AgiNAg ;=0 Tfori#j (A.47)
and, by using (1.5),
p <CeP onRN\ A, (A.48)

Next proposition provides an estimate of the error up to the functions x wp satisfies (1.2).

Lemma A.4. There exists a constant C > 0 such that for every e > 0 and P € T',:

¢
2
[Selxwpl| < CeP Y
i=1
where S¢ is the operator defined in (2.10).

Proof. By (A.43)-(A.45) we deduce

14
e*A(xwp) — V(x) xwp + f(xwp) = &> Awp — Vowp + f (wp) + O(e Z

4
= f(wp) — Y _ A f(wp) +O(eF) Z w?
=1 i=1

uniformly for P € I',. Observe that by (A.47) it results ——- ] > 'x_gﬁ on A, ; for j #1i; since w is decreasing in |x]|,

we deduce wp; < wp, on A, ; for j #i. Then, by using assumption (f1), we get

| f(wp) — i f(wp,)| < Cw, prj on Ag;.
J#i
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(A.47)—(A.48) imply wp; < Caﬁz on A, ; for j #i, by which, using also Remark A.2,
2082 _ 1—82 2082 1—82
| fwe) =i fwp)| < CeP TN wpwp) wy P <P EFO Y w7 on A
J#i J#i
On the other hand
2
|f )| < Clwp 7 < Ce# E+uw P on RV \ 4,
Ja - ¢ ) Ja
£ )| <C Y hwp * < CeFEED N i on RV | Ac
i=1 i=1 i=1

Since B%(B2 + o) < 28 we obtain the thesis. O

Lemma A.5. The following expansions hold

/ w%j"’ dx = 0(8N+2),

RN\As,i
1+ N+2 . .
f wPi“ijdxzo(s ) fori# |,
RN\ASJ
/ wpwp;wp dx =O(8N+2) for jk#£i
Ae.i

uniformly for P € T.

Proof. By (A.48) we have
w%,f” < C82ﬂ2+%ﬂ2w;’_ on RV \ A,

Combining Remark A.2 and (A.48) we get

a

1+o _ o 282 & 2824282 7 N . .
wp ij—(wpiij)wP[<C8ﬂU)Pi<C8ﬂ b wp on R™ \ A, ; for j #i.

(A.47)—(A.48) imply wp;, Wp < Ca;ﬂ2 on A ; for j, k # i; hence, using again Remark A.2,

a

1— 282 28243 4% 2 : :
wpwp;wp, = (wpwp,)’ (wp,wp)  "wh < Ce p wp, < Ce F+zb wp, onAg; for jk#i.

If B is sufficiently close to 1, then it results 2;‘32 + % ,32 > 2; therefore, after integration, we obtain the thesis. O
With the help of Lemmas A.3 and A.5 we derive the following key energy estimate.

Proposition A.6. The following asymptotic expansions hold.:

¢
Je[xwp] = £N+ N V(P) — c3eN Ahiw| = J +08N+2’3,
e[xwpl=ci 2 Z (P) —c3 Z irj e ( )

i=1 i#]
P —P; _
Ve (Je[xwe]) =—C38NZ)LZ')LJ'VP(UJ( - f>> +o(eN 1) (A.49)
i#]
uniformly for P = (Py, ..., Py) € Iy, where the constants cy, ca, c3 are given by
c1=§/|Vw|2dx—ZfF(w)dx, 02=%/w2, Q:%/f(w)em’” dx.

RV RN RN RN
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Proof. We begin by estimating the potential term: by (A.43) and (A.45) we derive

£
fV(x)|wp|2dx=Z/V(x)|)(wpl.|2dx+Zkikj/V(x)prixwpidx

2 i=lg i#] 2
¢
=ZV(P,-)£N/wzdx+ZAiAjV(Pi)/wp[wp/.dx+0(sN+2ﬁ)
i=1 RN i#] RV

uniformly for P € I';. Remark A.2 implies

(V(Pi) — Vo) / Wp,WP; dx = 0(8N+2ﬁ)
RN
for i # j and, by (A.43) and (A.44) it follows

2 2
%/W(pr)}zdx—/nxwp)dx:%/|pr|2dx—/F(wp)dx+o(sN+2)
2 2 RN Q2

1441

(A.50)

(A51)

N 2
:Z%/|Vw|2dx—€£N/F(w)dx+%2kikj/prinpjdx

RN RN #i RN
J4
- / (F(wp) -3 F(wpl.)) dx +o(e"VT?)
BN i=1

uniformly for P € I';. Combining (A.50)—(A.52), and using (1.3), we get

L
1
Jelxwel=cre" +c2e™ Y V(P)+ 5 hik, / fwp)wp, dx
i=1 i#j RN

t
- / (F(wp) -y F(wpl.)> dx + o(e"VT?F)

RN i=1
‘ 1
=cieM + cpe ZV(Pi) -5 Zm,- / fwp)wp, dx — H(P) +o(eV ),
i=1 i N

uniformly for P € I';, where we have set

14
H(P):/F(wp)dx—z/F(wpl.)dx—Z)»i)\j/f(wp,,)ijdx, PeT,.
i=lpy

RN l?é] RN

Consider the sets A, ; defined in Lemma A.5; we can write H(P) = H{(P) + H»(P), where
¢
HiP)=) / (F(wp) — Fwp) = f(wp,) Zm,»wp,.) dx,
=l i#i
and, using assumption (f1),

L
|H@®)|<C) / <w§j“ +wp pr]) dx.
=lpM\a,, i

(A.52)

(A.53)
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P; _p
Observe that ——L - - | > @

using assumption (f1), we get

on Ag ; for j #1i, by which, since w is decreasing in |x|, wp; < wp, on A, ;. Then, by

F(wp) — F(wp) = f(wp) Y hikjwp,| < Cwh Y w%,j on Ag ;.
J#i J#i
By applying Lemma A.5 we achieve H (P) = o(s¥*?). Then by (A.53), using Lemma A.3, we obtain (A.49).

We are going to estimate the error term 0(eN128) in (A.49) in the € sense. To this aim, fix i € {1,...,¢} and
. - dwp,
n e {l,..., N}; denoting by P/ the nth component of P;, by definition we have g% = —A ;;i’

compute

d0Je[x wp]
Py

J
< [x wp], X ox, ox,

Jw p.
ki >= /(ng(XwP) — V@) xwe + F(xwe))x —2 dx
2

¢
- f (822k,/Awp Z)‘ V(Ppwp; + f(U)P)) (")
RN Jj=1 Jj=1
by (A.43), (A.44) and (A.45). By Remark A.2 it follows that for j # i
(V(P)) — Vo) f wp, | Lt dx < Ce™ (V(P) — Vo) f wp,wp, dx < CeNP
X
RN " RN
dw
(provided that g is sufficiently closed to 1), while fRN w pl dx =5 /RN rr. L dx = 0. Then, using (1.3) we arrive

at

aJ;
)»i%:/( ZZA Awp; —VOZ)‘ wp; +f(wP))—d +O( N+ﬂ)

RN j=1 j=1

/(f(wp) ZA f(wp, )) P dx +0(sNHF)

RN j=1
:ij/f(wp)wp o, dx+K1(P)+K2(P)+K3(P)+O( N+ﬂ)
J# pN
uniformly for P € I';, where
dwp.
KI(P):/<f(wP)_)¥if(wP,')_f/(wPi)Z)&ijj)%dX,
T Xn
Ag; J#i
awpl
K=" /(f(wP)—)»jf(wP_,-)) 4

I 4,
and, using assumption (f1),

¢
a@<cy [ wheTn
j=1 RN\As,j

3wp

owp,
+Z / wp,we, -

T axy

0xy,

As,i

Since |aau;:" < Ce™! wp, according to (1.5), by Lemma A.5 we immediately get |K3(P)| = o(eN+1) uniformly for

P € I';. By assumption (f1) we get

—xifwp) = f'(wp) Y Ajwe,
J#

CZwH“.

J#i




T. D’Aprile, A. Pistoia / Ann. 1. H. Poincaré — AN 26 (2009) 1423-1451 1443

Using Lemma A.5 we deduce K1 (P) = o(eNth uniformly for P € I';. Finally fix j #i: since wp, < wp; on A, j for
k # j, we have

< Cé‘ilw;jwpi prk onAg ;.
k]
Integrating over A, ; and using Lemma A.5, K>(P) = o(eN “) uniformly for P € I';. Thus we have obtained
0Je[xwp] dwp, 0
Gl XWPL_ ij /f’(wp,.)ij xP dx +0(eNtP) = — Zm,- / fwp)wp; dx +0(s"*F)
n

IP" F aP"
i J# o pN Lj# g

wp,
| f (w) —)»jf(ij)|’awT:’

uniformly for P € I';, and the second part of the thesis follows by using Lemma A.3. O
Appendix B. Lyapunov-Schmidt reduction

In this appendix we carry out the reduction procedure which was sketched in Section 3. In particular we will prove
Lemma 2.1, Proposition 2.2 and Lemma 2.4. A large part of the proofs follows in a standard way but we include some
details here for completeness.

B.1. The linearized equation

Consider the functions Zp, ,, defined in Section 3. Observe that by proceeding as in Remark A.1 we deduce

d(xwp,
IV (x)— V(P M‘ <cePwif’?
axy, i
by which, using (A.43), we get
dwp, —1y,.2/3 dwp, —1y.. 2/3
Zpn=Vo—e*A) =Lt 4 0w = f'(wp)=— + O(e¥ wy (B.54)
00Xy, ‘ dx, i
uniformly for P € I",. After integration by parts it is immediate to prove that
0 A
<¢>, (X—“’P)) - / $Zpadx Vo HY (D), (B.55)
0xy, R
Q
then orthogonality to the functions 3();;01@) in H ‘1, (£2) with respect to the scalar product (-,-). is equivalent to orthog-

onality to Zp, , in L?($2). Hence we easily get

I(xwp;)
/Zpi’n&dXZ&anm&‘Niz
X5

2
Jw +o(eV7?) (B.56)

HIRV)

0x1

uniformly for P € T (8;j and &, denoting the Kronecker’s symbols), where ||v||%11(RN) = fRN (|Vv|2 + V0|v|2) dx.

Let i € (0, o) be a sufficiently small number and introduce the following weighted norm:

4
6. := sup D wpl@)]e )|, (B.57)
Xe€ i=1

and the spaces
Cop={¢p €€ @) | Iplp<oo},  Hlp=H*(2)NCap.
We first consider a linear problem: taken P T, and given 6 € C, p, find a function ¢ and constants «;, satisfying
Lplpl=0+> inZpn,
(B.58)
¢ e Hlp(2)NHy (), /¢>zpl.,”dx =0 fori=1,...,4,n=1,...,N,
Q
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where
Lp[p]:=&*Ad — V()¢ + f'(xwp)o.

Lemma B.1. There exists a constant C > 0 such that, provided that ¢ is sufficiently small, if P € T and (9,0, ain)
satisfies (B.58), then

jtin] < C((EF77H +62) 1 plup + €116 p)-

Proof. Consider e — 0 a generic sequence and Py = (Pk, .. Pk) € Fsk, (ox, bk, Ol ,) satisfying (B.58). Let
(j,m) e{l,..., £} x{1,..., N} be such that, up to a subsequence |a | > |a | for all (z n) and k. By multiply-
(X w pk)

ing the equation in (B.58) by and integrating over £2, we get

A wpk)

) A(xwpk) D0 pk) :
Zam / Zpp—gy 4= —/Okwdx + / Lp, 9] —5—dx. (B.59)
Ln 2 Q2 Q

First examine the left-hand side of (B.59). By using (B.56)
d(xwpr)
{;/zp_k)na—fdx Cep ok, (B.60)
i Xm
The first term on the right-hand side of (B.59) can be estimated as

a(x wpk) v
/ b —5 | 4x < Clll / IVwptl dx < Cep ™ 6ilp,. (B.61)
2 RN

Finally, by using (A.44) and (B.54),

8(XU)PA) I(xwp k)
‘fLPk[¢k ’f¢k|: pk + f'(xwp) ——— }dx

Xm

W pk
P; N+28-2

dx + Cg NIk [l+, 1

< Cliills.p, f ’(f’(wpk) — fwpn)—=
2

N+28-2

< onln Y [ ufiwpedx+ el g,

7] gN
N+2 1 N+28-2
< Clpill, (e 277" e 202
where last inequality follows from Remark A.2. Combining this with (B.59), (B.60) and (B.61), we achieve the
thesis. O
Now we prove the following a priori estimate for (B.58).

Lemma B.2. There exists a constant C > 0 such that, provided that ¢ is sufficiently small, if P € Ty and (¢, 0, a;p)
satisfies (B.58), the following holds:

oll«p < ClIO | p-

Proof. We argue by contradiction. Assume the existence of a sequence g — 07, Py € T ¢, and (¢, Ok, ocl'.‘n) satisfying
(B.58) such that

lpxllsp, =1, [0k Il = o(L).
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Z pk ,lls,p, = 0(1) and, consequently,

By Lemma B.1 we deduce oz = o(¢) for every (i, n), by which ||6; + Zl n %inZ pk.
letAdk — VD) + f cwe)dk |, p, = o). (B.62)
(B.63)

We claim that
=o(l) VR=>O.

||¢k ”LOO(Uf:l BRsk (Pik))
Otherwise, we may assume that ||l o (g, (pky, = ¢ > 0 for some R > 0. By multiplying the equation in (B.58) by
: 1

¢k and integrating by parts we immediately get that the sequence ¢y (exx + Plk) is bounded in H'(RY). Therefore
possibly passing to a subsequence, ¢y (exx + Plk) — ¢ weakly in H'(RV) and a.e. in RV, and ¢ satisfies

Ago — Voo + f'(w)go =0,  [po(x)| < w™(x).
According to elliptic regularity theory we may assume ¢ (exx + Pk) — ¢p uniformly on compact sets, then
., N, using (B.54),

N 1an3“’ On the other hand for m =1, .
dw |

c. By assumption (f2) ¢g =Y
ﬁ Hl (RN)’

li¢ollco =

:am

N
/¢k(8kx+P{‘)Zplk’m(EkX-FPlk)—)Za /ﬂ(VO_A)_m
RN n=l gw~

which implies a;;, = 0, that is ¢9 = 0. The contradiction follows
Hence we have proved (B.63), by which we immediately obtain

| ' cwe ), p, = o(1)

and, by (B.62),

lei Agk =V (@)¢x |, p, = o(D).
Next fix R > 0. Observe that by (1.5) it follows that, provided that p is chosen sufficiently small, for every P € I

Vi
szAw’;i - V(x)w’]f,i Tow’]f, for |x — P;| > Re

Then if we set @y (x) = % Zle wP > it results

A ) — V(P E ) <O Vr € 2\ | Brat (PF)
i=1

and, by (B.63),
Pr g >0 if [x — P| = Rey.
i ¢ 1 Bng(Pik). Then we have |¢y| <
<

By the comparison principle it follows that @ £ ¢ > 0in 2\
2\ Ule BRsA(PI.k), by which, using (B.63), [¢x| < 5 Zl 1 w“k in £2 for large k, that is || ¢k ||« p,

tion with [|¢¢ |l p, =1. O
Now we are in position to provide the existence of a solution for the system (B.58)

¥4 noo
DY wp i in
in

2
% contradic-

Lemma B.3. For ¢ > 0 sufficiently small, for every P € I'; and 6 € C, p, there exists a unique pair (¢, a;y) solving

(B.58). Furthermore
2
(2277 4+ ) 0]l p + €101l p).

Pllcp < CllOllsp, lain] <
Proof. The existence follows from Fredholm alternative. For every P € I"; let us consider Hp the closed subset of

H](£2) defined by
3 .
M) =0Vi=1,...,¢, Vn=1,-.-N}-
&

Hp={¢eH¢(s2>\( =
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Notice that, by (B.55), ¢ € Hp solves the equation Lp[¢] =0 + Zi’n ®inZp, , if and only if

@ ¥)e — / FOwp)gy dx = — / 6y dx VY € Hp. (B.64)
2 2

Indeed, once we know ¢, we can determine the unique «;, from the linear system of equations

(x P) a( xwp) d(xwp;)
w = o Zp ,— " dx,
/f(X P)¢ X / Z m/ P;,n axm
Q
for j=1,...,¢, m=1,..., N, which is uniquely solvable according to (B.56). By standard elliptic regularity,
¢ e HX(2). _
Thus it remains to solve (B.64). According to Riesz’s representation theorem, take Kp(¢), 0 € Hp such that

(Kp(9). V), /f (xwp)@y dx @, 9)e = —/91# dx Vy € Hp.
2
Then problem (B.64) consists in finding ¢ € Hp such that
¢+ Kp(¢) =0. (B.65)

It is easy to prove that Kp is a linear compact operator from Hp to Hp. Using Fredholm’s alternatives, (B.65) has
a unique solution for each @, if and only if (B.65) has a unique solution for & = 0. Let ¢ € Hp be a solution of
¢ + Kp(¢) = 0; then ¢ solves the system (B.58) with 6 = 0 for some «;, € R. Lemma B.2 implies ¢ = 0. The
remaining part of the lemma follow by Lemmas B.1 and B.2. O

B.2. Lyapunov—Schmidt reduction

Proof of Lemma 2.1. We write the equation in (2.9) in the following form:

Lp[¢] = —Sc[xwe] — Ne[#] + Y inZp, n (B.66)
and use contraction mapping theorem. Here
Nelgl= f(xwe +¢) — f(xwe) — f'(xwp)@.

Consider the metric space Xp = {¢p € € (2) | ||}l«.p < &7} endowed with the norm || - || p. Taken ¢1, ¢2 € Bp, by
assumption (f1) we have

| Nel#1] — Nelal||, p < CeFlld1 — dallxp- (B.67)

For every ¢ € Bp we define op[¢p] € H 22)nN H‘l, (§2) to be the unique solution to the system (B.58) given by
Lemma B.3 with 8 = 6p[¢] := —S:[xwp] — Np[¢]. By (B.67), Lemmas A.4, B.3 and the choice of t

| l1], p < C||opIB1], p < C(eF P+ 4 e0+0)T) < 7

at least for small &, and hence @p[¢] € Bp. Moreover, since <p[p1] — <p[p2] solves the system (B.58) with 6 =
—Np[¢1] + Npl[¢2], by (B.67) and Lemma B.3 we also have that

| 1] — 2] ||* p < C| Nplo1] — Nelo]|, p<lor—=dalp Vo1,d2€ Bp, VP,

i.e. the map 2% is a contraction map from %p to Zp. By the contraction mapping theorem, (2.9) has a unique solution
(¢p, cin(P) € Bp x RN,

Finally, by multiplying the equation in (B.66) by ¢p and integrating over §2 we immediately get (¢p, ¢p)e <
CeN*t2" By Lemma B.1 we get

Jin @) < C((22°74 + %) gpll.p + ¢ Ol ]|, p) <&
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To prove that the map P € I'; — ¢p € H},(2) is €', consider the following map ¥ : I, x H} (£2) x RNt —
H})(£2) x RNE:

2l N, dwe)
(V(x) == A) 7 (Selxwe + @D — X, , in—75 ) (B.68)

f_Q ¢ZP,-,n dx

where v = (V(x) — e2A)~!(h) is defined as the unique solution in H‘l, (£2) of V(x)v — e2Av = h. It is immediate
that (¢, «j,) solves the system (2.9) if and only if ¥ (P, ¢, ;) = 0. The thesis will easily follow from the Implicit
Function Theorem. 0O

lp(Pv ¢),Olin) = (

Proof of Proposition 2.2. We compute

1

Jelxwe +dpl = = [ (2[Vxwe + dp)|* + Vo) (xwe + ¢p)?) dx — | F(xwp + ¢p) dx

2
2 2

1
= Je[xwp] — / Se[xwplop dx + 5(¢P, op)e
2

- / (Fowp + ép) — F(xwe) — f(rwp)dp) dx

2

uniformly for P € I';. By Lemma A.4 we have |S:[xwp]| < Zl 1 u)P - for small &, while |F(xwp + ¢p) —
F(xwp) — f(xwp)pp| < Cl¢p|?; hence, by using (2.11) we get

Jelxwp + ¢pl = Jo[xwpl + O(8N+21)

uniformly for P € I';. (2.12) follows from Proposition A.6, observing that 2t = 28%(1 4+ o) > 2 if B is sufficiently

closed to 1. Next, denoting by P/ the nth component of P;, since gﬁ‘; =—X; aau; , We compute
0 d(xwp + ¢p)
WJE[XU)P +¢pl=— / Selxwp + qu]T dx
i A i
I(xwp,) / dgp
= J, , ———= S
ap; e[xwp] — <¢P ox, ) e[xwp + ¢pl—, o P

Q

d(xwp)
/ F G+ 9p) = fGewm) 2
P i

W p;
= Pn Jelxwe] - Za,m(m Zpm Pn i [ (FGowe +dp) = Gowe) x5
Q
Since f o Zpr;.mdp dx =0, by differentiation we get5
dgp dZp;m N+7-2

/z,,j,m@dxz_/ T gp=0(N+72), (B.69)

2 2
by which, using Lemma 2.1,

d
Za,m(P)/zpj,ma%fy’ldx:o(gN“T—l). (B.70)
J-m Q i

Zp., P owp, _
5 Observethat|#{”|:5U|<V(x)—szm(%(x )| < Ce~2wp, by (1.5).
1
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By assumption (f1) we have | f (xwp + ¢p) — f (xwp) — f'(xwp)dp| < Clgp|'T; consequently

/(ﬂxwp+¢ﬂ-—fuum)—f%xww¢ﬂx f==0@N+“”“*W. (B.71)
Finallj, by (A.43), (A.44) and (B.54),
‘/f(xwpwpx—‘ ‘/(f( >¢pdx
<Cet /Wf(um) .f(we)W————‘d + NPT
<Ce” Z/wp dx + CeV 2471 < CeN+2B ot (B.72)

where we have used Lemma A.2. Combining (B.70)—(B.72), we deduce

a P . s
—— J[xwp + ¢p] = — Je[xwp] + O(eV A 1+~
P dP"

uniformly for P € I',. By applying Proposition A.6 we obtain (2.13), using that 8*(1 + 0)> — 1 > 28 — 1 by assump-
tion (fl1)if Bisclosedto 1. O

Remark B.4. By the proof of Proposition 2.2 it follows that
VpM:[P] =& N VpJe[xwp] + 0(8/34<1+o)2—1)

uniformly for P € I',. According to assumption (f1) we have *(1 +0)> — 1> 28 I_Tl if B is sufficiently closed to 1.
Therefore we have

VeM.[P] =&V VpJ,[xwpl +o(s% T') (B.73)

uniformly for P € I;.

Proof of Proposition 2.3. We may assume, up to a subsequence, limy_, o & b ( V(Plk) — Vp) > 0 and

_|Pf—Pf] . , |Pf — Pf| -
lim [ <+00 Vi=1,...,0, — >+ Vi=t¢+1,...,¢ (B.74)
k—o0 £kloga skloga

for some 1 < ¢ < £. Assume ;k Pol — QandsetQ=(0,...,0,0,...,0) € RN observe that j—twpk+,Q|,:o =

- Zfi] AiVwpi - @, by which

e/
d :
EJwaW+QHmO=—<kﬂxwwL§:MXwavQ>

i=1

E/
= Zki /(SI%A(Xka) — V(x)xwpr + f(Xka))Xvaik - Qdx
=l g

Z/
:Zki/(s,%Aka V (x) x wpk +f(wpk))Vka Qdx+o(e N+2)

i=1 gy
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by (A.43)—(A.44). By (1.5) we deduce

2 -1 -
ijk|VwP[_k|, SkAwR/k|va[_k| <C¢ e

which implies

d
d—Jsk[X kaHQ]

=0

V4 o
/[ZA gkAwpk V(x)xijk)+f(z)‘/wpfk>}zk Vwpi - Qdx +o(e Nt2)

RN = j=1 i=l1

d Z/ e/ Z/
= ' [ZAJWP/%:Q] - /(XV(X) - VO)(ZM“’&-") (Z)‘ivwﬂ-k : Q) dx+o(ey *?)
j=1 i=1

t=0 RN j=1

2 . M . . .
where we have set I, (v) = & [on [Vu2dx + 2 [0y [v]>dx — [ F(v)dx. Since I, is translation invariant we have
v )
%15[21':1 Ajwp iyl =0; we arrive at

V4

:—/(XV(x)— Vo)(ZAjijk)<ikinPik . Q) dx +o(el?).

RN Jj=1

d
e

Using (A.45) and Remark A.2, for i # j we have

2
/(XV(X)—VO)wP eI Vwpildx < ngﬁ 1/w2/3wpkdx Ce 11<V+2/5+ 37

RN RN
Therefore, if B is sufficiently closed to 1,

V4

d
EJak _ =—/(XV(X) - VO)(EwPikaPik . Q) dx+o( N+2)
RN i=
1 v
B §/<Zwiikv(xv(x)) : Q) dx +o(e) ).
RN i=1

Observe that, since V € ‘62(A), foreveryi=1,...,¢
V(xV @) = VV(Pf) = DV (PF)(x = P} wpe < Clx = PH[Pwps < Cefw
by which, since [pv D2V (PF)(x — Pl.k)Qw dx =&} [on D2V (PF)yQu?dy =0,

(/
=coef D VV(P!)- 0 +0(ep ) = c26f Zvv PF)- Qi +0(ep ).

1= i=1

d
EJS[XkaHQ]

Since V(PF) > Ce;”, then | PF — Py| > Cel and, by (B.74), |PF — Py| > Cef foreveryi=1,..., ¢ hence

PE—Py  Pf—P 1 1 1
A Sk << T +— >|PI-" Pkl < Ce, ﬁlog—
[P — Pol  |P] — Pol [P — Pol  |P} — Pol
k
we deduce —i 20 Q foreveryi=1,...,¢ . Therefore

GE

( +o(1)) +0(e; )

=8 ZVV

=0 , 0l

d
ar Je[x wpk +tQ]
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and (2.14) follows from Remarks 1.2 and B.4. Finally observe that

[ Pi - P] 1 o e e 7 .o /
Vp|w| ——— -Q=0 ifi,j<lori,j>1,
L €k Jdip=p;
while, if i < ' < j,
k _ pk
T /P — P\ d (PF+t0— Pk _ g
wlu( P2 )|, o= ()| = o =
L &k Jdlp=p, dt &k =0
by (B.74). O
Proof of Lemma 2.4. Fix ¢y > 0 sufficiently small such that Lemma 2.1 holds for ¢ € (0, &). According to
Lemma 2.1, for every ¢ € (0,&0) and P= (P, ..., Py) € I'; ¢p solves the equation
Selxwp +¢pl =) _in(P)Zp,, in 2. (B.75)

in
Let P, € I'; be a critical point of M,:

0

m
BPj

M:[P]=0, j=1,....,¢, m=1,...,N, (B.76)
P=P;

where P;" denotes the mth component of P;. Using the ¢! regularity of the map P € I'; > ¢p € H‘I,(Q), (B.76) may
be rewritten as

/(82VU8V78(XU)P + ép) + (V(x)vg — f(vg)) 78()“0}) +¢P)) dx

:0
m m ’
8Pj 8Pj

P=P,

which is equivalent, by (B.75), to

0
Zain(Pa)/ZPi,nde
i,n Q

=0.
BP;”

P=P,

; dwp.
Since g%ﬁ =— ;;P’ , using (B.56) and the estimate obtained in (B.69) we achieve
J m
dw |
o (Pe) | = + Y o(1ain (Pe) =0.
X1 H! (RN) in

Soaj,(P;)=0for j=1,...,£,m=1,..., N, and the thesis follows. O
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