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Abstract

We introduce a weak transversality condition for piecewise clte and piecewise hyperbolic maps which admit a C e gtaple
distribution. We show bounds on the essential spectral radius of the associated transfer operators acting on classical anisotropic
Sobolev spaces of Triebel-Lizorkin type which are better than previously known estimates (when our assumption on the stable
distribution holds). In many cases, we obtain a spectral gap from which we deduce the existence of finitely many physical measures
with basin of total measure. The analysis relies on standard techniques (in particular complex interpolation) but gives a new result
on bounded multipliers. Our method applies also to piecewise expanding maps and to Anosov diffeomorphisms, giving a unifying
picture of several previous results on a simpler scale of Banach spaces.
© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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Proving the existence of physical measures and studying their statistical properties is an important task in dynamical
systems. In this paper, we shall be concerned with maps with singularities (that is, discontinuities in the map or its
derivatives). We shall assume that the map is piecewise smooth relative to a finite partition, and the most challenging
case is when this partition does not have a Markov-type property.

For one-dimensional piecewise expanding maps, the space of functions of bounded variation has proved a very
powerful tool, since the transfer operator acting on it has a spectral gap. This readily implies the existence of finitely
many physical measures whose basins have full measure, as well as numerous other consequences. This functional
approach has been extended to higher dimensional piecewise expanding maps, under stronger assumptions (the
counter-examples of Tsujii [30] and Buzzi [11] show that some additional assumption is necessary), by consider-
ing various functional spaces (see the work of Keller, Géra and Boyarsky, Saussol, Buzzi, Tsujii, Cowieson [23,19,25,
10,31,17]). On the other hand, a more elementary approach, involving a more detailed study of the dynamics and how
sets are cut by the discontinuities, was developed by Young and Chernov [34,14], culminating in the article of Buzzi
and Maume-Deschamps [12] where the existence of physical measures (or more generally equilibrium measures) was
proved under very weak additional assumptions.
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For piecewise hyperbolic maps, finding good functional spaces on which the transfer operator has a spectral gap is
a more complicated task, and the story went in the other direction, with the elementary (but very involved) arguments
of Chernov and Young [13,34,14] coming first. Indeed, even for smooth hyperbolic dynamics, good spaces of distri-
butions were only introduced a few years ago by Gouézel and Liverani and Baladi and Tsujii [20,5,21,6], following
the pioneering work of Blank, Keller and Liverani [8]. These spaces cannot be used for piecewise hyperbolic systems
because they are not invariant under multiplication by the characteristic function of a set with smooth boundary. Only
very recently, a good functional space was constructed by Demers and Liverani [18], for two-dimensional piecewise
hyperbolic maps. However, the arguments in this last paper are close in spirit to the previous ones [34,14], in the sense
that pieces of stable or unstable manifolds are iterated by the dynamics, and the way they are cut by the discontinuities
has to be studied in a very careful way. In particular, to ensure sufficiently precise control, an essential assumption in
[34,14,18] is transversality between stable or unstable manifolds and discontinuity hypersurfaces.

In this paper, we show that, under mild additional assumptions, the transfer operator of piecewise hyperbolic maps
in arbitrary dimensions has a spectral gap on classical functional spaces H;}t’, for suitable indices — < 0 < t and
1 < p < oco. These spaces are anisotropic Sobolev spaces in the Triebel-Lizorkin class [33,27]. Moreover, we are able
to replace the strong transversality assumption from [34,14,18] with a much weaker one, formulated in terms of the
geometry of stable manifolds and discontinuity hypersurfaces: for instance, we allow discontinuity sets coinciding
with pieces of stable manifolds. Of course, this implicitly assumes the existence of stable manifolds, and this may
be the main current restriction of our approach: we require stable manifolds to exist everywhere, and to depend in a
piecewise C'T® way on the point for some « > 0. (See also Remarks 3 and 11.)

The main novelty in this work is that, as in [25,17], we do not need to study precisely the dynamics. (It suffices
that the hyperbolicity dominates the complexity growth, as measured by (3) and (4).) In particular, we do not iterate
single stable or unstable manifolds (contrary to [34,14,18]), and we do not need to match nearby stable or unstable
manifolds. Indeed, everything comes from the functional analytic framework. This makes it possible to get a short
self-contained proof working in any dimension and with very weak transversality assumptions.

Our spaces Hf,,’t_ (or more precisely their ﬂ;+’t version, see Remark 11) are the same the first named author
considered in [4] (with the notation W'+ to study smooth hyperbolic maps. The main new observation that we
shall use is (Lemma 23) that these spaces are stable under multiplication by characteristic functions of nice sets, if the
smoothness indices in the definition of the space are small enough with respect to the integrability index (0 <t < 1/p
and 0 > 7 > —1 4 1/p). This property is well known (see the thesis [26] of Strichartz, and also [24, §4.6.3]) for
classical Sobolev spaces where r— = 0, and we will exploit some ideas in [26] to prove that it extends to our spaces.
For this, we use complex interpolation arguments to extend easily to our spaces estimates that are straightforward for
the standard Sobolev spaces. Interpolation also makes it possible to generalize the basic estimates in [4] to arbitrary
differentiability (see Appendix A). Another helpful technical ingredient is the use of a “zooming” norm (45) (based
on a rather standard localization principle, see Lemma 28) which allows us to go further than [4], which only dealt
with specific transfer operators.

We do not believe that our upper bounds on the essential spectral radius are also lower bounds in general. However,
we note that for a (nonnecessarily Markov) piecewise linear map of the unit square given by a hyperbolic matrix A
of maximal eigenvalue A > 1 (see Section 2.2), we find for each € > 0 a space on which the essential spectral radius
of the ordinary (Perron-Frobenius) transfer operator is < A~!/2%€_ This is sharper than the results in [18] (which
give a bound of A~1/3%€) and may well be the optimal bound (in the strong sense of meromorphic extensions of
the corresponding zeta function or essential decorrelation rate [15]). We refer also to Subsection 2.2 for examples of
conservative and dissipative (sloppy) baker maps to which our results apply. (Note that none of the previous results
apply to sloppy baker maps, because the transversality assumption needed in [34,18], etc. is not satisfied.)

Our proof extends the results of [4] to C!T® Anosov diffeomorphisms with C!*¢ stable and/or unstable distribu-
tions, and general C“ weights (see Remark 27). Let us also mention that our results apply to piecewise expanding and
piecewise C'T maps for 0 < o < 1 (without transversality assumptions, but under the hypothesis that the dynamical
complexity does not grow too fast), giving yet another functional space on which the results of Saussol and Cowieson
[25,17], e.g., hold. This space is simply the usual Sobolev space H;, forl < p<ooand0 <t <min(l/p, ). Hence,
introducing exotic spaces to study piecewise expanding maps is not necessary. This remark seems to be new even
for one-dimensional piecewise expanding maps. (For smooth expanding maps in arbitrary dimensions, the transfer
operator was studied on Sobolev spaces in [3].)
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The paper is organized as follows. Section 1 contains the definitions (Definition 1) of the dynamics 7 considered (in
particular, the condition on the stable foliation) and the spaces (Definition 9) H;,’t’ , as well as our weak transversality
condition (Definition 5), and our main result. This main result, Theorem 12, gives a bound on the essential spectral
radius of the transfer operator acting on H;’t‘. We give in Corollary 13 the consequences of our main result on the
existence of finitely many physical measures with total ergodic basin (based on a key result given in Appendix B), as
well as variants of this main result under assumptions on the unstable foliation. Section 2 is devoted to a discussion
of several examples, illustrating our conditions. In Section 3, we recall various classical results in functional analysis.
Section 4 is the heart of the paper: it contains the basic bounds (multiplication by a function, composition by a smooth
map preserving the stable foliation, multiplication by the characteristic function of a nice set) which lead to Lasota—
Yorke type inequalities. In Section 5, we exploit these bounds, using a new “zooming” trick made possible by the
localization property of our spaces, to prove Theorem 12.

1. Statements

Notations. If B is a Banach space, we denote the norm of an element f of B by | f| 5. In this paper, a function
defined on a closed subset of a manifold is said to be CX or C* if it admits an extension to a neighborhood of this
closed subset, which is C¥ or C™ in the usual sense.

1.1. The setting

Let X be a Riemannian manifold of dimension d, and let Xo be a compact subset of X. Let also 0 < d; < d and
o > 0. We call C! hypersurface with boundary a codimension one C! submanifold of X with boundary (i.e., every
point of this set has a neighborhood diffeomorphic either to R4~ or R?~2 x [0, 00)). For a closed subset K of X
we shall consider integrable C'** distributions of dy-dimensional subspaces E* on K. By definition, this means that
for each x in a neighborhood of K, E*(x) is a ds-dimensional vector subspace of the tangent space 7, X, the map
x+— ES(x)is C I+e and, for any x € K, there exists a unique submanifold of dimension d; containing x, defined on a
neighborhood of x, and everywhere tangent to E*. We will denote this local submanifold by W} (x), and by W (x)
we will mean the ball of size € around x in this submanifold.

Definition 1 (Piecewise hyperbolic maps with stable distribution). For « > 0, we say that a map T : Xy — Xj is a
piecewise C'* hyperbolic map with smooth stable distribution if

e There exists an integrable C'*¢ distribution of ds-dimensional subspaces E* on a neighborhood of Xo.

e There exists a finite number of disjoint open subsets O1, ..., O; of Xg, covering Lebesgue-almost all X, whose
boundaries are unions of finitely many compact C' hypersurfaces with boundary.

e For 1 <i < I, there exists a C1T map 7; defined on a neighborhood of O;, which is a diffeomorphism onto its
image, such that 7 coincides with 7; on O;.

e For any x € O;, there exists As(x) < 1 such that, for any v € E*(x), DT;(x)v € E*(T;(x)) and |DT;(x)v| <
As(x)[v].

e There exists a family of cones C*(x), depending continuously on x € Xy, with C*(x) + E*(x) = 7, X, such that,
for any x € 0;, DT;(x)C"(x) C C*(T;(x)), and there exists A,(x) > 1 such that |DT;(x)v| > A, (x)|v| for any
v e C*(x).

See Remark 11 and Subsection 1.4 regarding the replacement of E® by E* and C* by C* in the above definition.
Note that we do not assume that 7' is continuous or injective on X.

When ds = 0, the map T is piecewise expanding. When d,, = 0, it is piecewise contracting (we shall see that our
results are not very useful in this case). In the intermediate case, there are at the same time contracted and expanded
directions. We will denote by A ,(x) < 1 and A, ,(x) > 1 the weakest contraction and expansion constants of 7"
at x.

Remark 2. The requirement that E° is defined everywhere and C!'** is extremely strong. Indeed, for a generic
piecewise hyperbolic map, the stable direction depends only measurably on the point: the examples to which our
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theory applies belong therefore to a very narrow class, including most notably piecewise expanding maps, and some
hyperbolic piecewise linear maps (see below for more details). However, when E* is C!*¢, its integrability is not a
real issue, due to the hyperbolicity of the map. Indeed, if E* is C!*¢, it is automatically integrable at points that have a
nontrivial stable manifold not cut by discontinuities (by the usual graph transform argument). When this set of points
is dense, then the distribution is integrable, since integrability of C!** distributions is an infinitesimal property.

Remark 3. It is possible to weaken our assumption slightly, by requiring only that E* is C'*% on each set O; (this
can be really weaker than requiring that E* is globally C'** in some specific situations, for instance when 7' has a
Markov-like property, i.e., the preimage of a singularity set is contained in another singularity set). Indeed, our proofs
still work under this weaker assumption (one should just slightly modify the definition of the Banach space we use).
It is also possible to apply directly our results to this more general setting, by working on a different manifold, as
follows. Assume that T is a piecewise hyperbolic map for which E is C'*% on each set O;, but not globally. Start
from the disjoint union of the sets O;, and glue them together at all the points x € O; N 0_, such that ES is C!*@
on a neighborhood of x. Then T induces a piecewise hyperbolic map on this new manifold, for which the stable
distribution is globally C1*® Indeed, since T is C!*% on each set 0;, the set T (0O;) intersects the boundaries of the
sets O; only at places where E* is C!*2, Hence, the places in the original manifold where O; and O_] are cut apart
are not an obstruction to extending T to the new manifold. The assumption on the C* can be similarly weakened.

We shall also need a weak transversality condition on the boundaries of the sets O;. Some kind of transversality
condition appears in every work dealing with piecewise hyperbolic maps ([34,18], etc.), although we do not know any
“counter-examples”. We shall use the following notion.

Definition 4 (L-generic vector in E*). Let K C X be a compact hypersurface with boundary and let L € Z.. For
x € K\ 9K, we say that a vector a € E*(x) is L-generic with respect to K if, for any C! vector field v defined on a
neighborhood of x, with v(x) =a and v(y) € E*(y) for any y, there exists a smaller neighborhood of x in which the
intersection of Lebesgue almost every integral line of v with K has at most L points.

By “Lebesgue almost every integral line of v has some property (P)”, we mean the following: let A be the set
of points x such that the integral line of v through x does not have property (P), then A has Lebesgue measure 0.
Equivalently, this can be formulated by requiring that the intersection of A with a transversal to the vector field v has
zero measure in this transversal.

Definition 5 (Weak transversality condition for E®). Let T : Xg — X be a piecewise hyperbolic map with smooth
stable distribution. We say that T satisfies the weak transversality condition if there exists L > 0 such that, for any
K C UZIZ 1 90; which is a hypersurface with boundary, there exists a larger hypersurface with boundary K’ (contain-
ing K in its interior) such that, for any x € K’ \ 9K’, the set of tangent vectors at x that are L-generic with respect to
K’ has full Lebesgue measure in E* (x).!

The small enlargement K’ of K is simply a technical point in the definition, to avoid problems at the boundary
of K.

If the boundary of each O; is a finite union of smooth hypersurfaces K;j, ..., K, each of which is transversal
to the stable direction (in the sense that E*(x) is never contained in 7, K;;), then T satisfies the weak transversality
condition. However, the converse does not hold. For instance, we have the following result:

Proposition 6. Assume that dy = 1 (so that the stable manifolds are curves), and that T is a piecewise hyperbolic map
with smooth stable distribution. Then T satisfies the weak transversality condition if there exists € > 0 such that

sup ||Card(W;(x) N 30;)
1<i<I

”Loo(Leb) < 00. (D

1 We could replace “full Lebesgue measure” in this definition by “generic in the sense of Baire” (i.e., contains a countable intersection of dense
open sets), all the following results would hold true as well, with the same proofs.
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Hence, tangencies to the boundaries of the O;’s are allowed, and even flat tangencies or pieces of the boundary
coinciding with W*. The only problematic situation is when a boundary oscillates around the stable manifold, cutting
it into infinitely many small pieces, as in the following pathological case: assume that d = 2, that E* is the vertical
direction, and that O = {(x, y) | x > y?sin(1/y)}.

Remark 7. In fact, our proofs work even if the boundaries of the sets O; are not piecewise smooth hypersurfaces,
allowing for instance conical points, and under even weaker transversality assumptions (one should only be able to
check the conclusion of our Lemma 31 below). However, it is unclear how to formulate the most general condition
which would be of practical interest.

To get a result on the physical measures of finitely differentiable maps 7', it is necessary to add some assumption
on the asymptotic dynamical complexity, already for piecewise expanding maps in dimension two or higher (see
[25,12,16,30] and [11]). We shall use the following way to quantify the complexity.

Leti=(ip,...,in—1) €{1, ..., I}". We define inductively sets O; by O,y = O;, and

O(io,..‘,infl) = {x € Oio | Tiox € O(il,.‘.,infl)}~ (2)

Letalso T;j=T;, , o--- o Tj,, it is defined on a neighborhood of 0;.
We define the complexity at the beginning?

D} = max Card{i = (io, ..., in—1) | x € Oi}, (3)
xeXo
and the complexity at the end
D¢ = max Card{i = (io, ..., in—1) | x € T"(Op}. 4)
xeXo

(For a globally invertible map 7" we have Dy (T, {O;,i}) = ij(T’l, {T(0;),i}). For T(x) =2x mod 1 on [0, 1] we
have D;, = 2", but fortunately this quantity plays no role when d; =0.)

In the piecewise expanding case, it is known that, for generic maps, the complexities DZ increase slowly, and
therefore do not play an important role in the spectral formula (6) below (see [17]). Such a result should also hold for
piecewise hyperbolic map, although it is not proved yet.

1.2. The main spectral result

We shall use spaces H;,’t‘ which were first introduced in a dynamical setting in [4] (the local version of these
spaces belongs to the Triebel-Lizorkin class, see [33,2,27] for earlier mentions of these spaces in functional analysis).
Section 4 is devoted to a precise study of these spaces, and the statements in the following definition are justified there.

Let F denote the Fourier transform in RY. We will write a point z € RY as 7 = (x,y) where x = (z1,...,24,)
and y = (Zd,+1, - -.,Z4). In the same way, an element ¢ of the dual space of R? will be written as ¢ = (&, n). The
subspaces {x} x R% of R? will sometimes be referred to as the “stable leaves” in R?. We say that a diffeomorphism
sends stable leaves to stable leaves if its derivative has this property.

Definition 8 (Local spaces H[t,‘t* ). For 1 < p < o0, t,t— € R, we define a space H,t,’t of distributions in R¥ as the

(tempered) distributions u such that

FH A+ 1P+ )2 (1 + n?) " Fu) e L,

with its canonical norm, i.e., the L, norm of the expression above.

We will simply write H ;7 instead of H ;,’0. This is the classical Sobolev space, see, e.g., [29] for many properties of
this very classical space.

2 In the language of [9], Dﬁ is the multiplicity of the collection of sets {O; |i€ {l, ..., N}
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Ift>0,t4+¢-<0andt+|7_| <a < 1, we shall see that H ,t,’t* is invariant under C1t¢ diffeomorphisms sending
stable leaves to stable leaves (Remark 26). Hence, we can glue such spaces locally together in appropriate coordinate
patches, to define a space H;,’t* of distributions on the manifold:

Definition 9 (Spaces H;’t_ of distributions on X ). Lett > 0,t +1t_ <0and ¢ + |—_| < o < 1. Fix a finite number of
C'* charts «, ..., K 7 whose derivatives send E® to {0} x R%  and whose domains of definition cover a compact
neighborhood of Xy, and a partition of unity p1, ..., py, such that the support of p; is compactly contained in the

domain of definition of «, and ) p; = 1 on X(. The space H;’t’ is then the space of distributions® u supported on

Xo such that (pju) o K; ! belongs to H ;’t’ for all j, endowed with the norm

-1
il = ZH (pju) o k; HH;;L. &)
Changing the charts and the partition of unity gives an equivalent norm on the same space of distributions by
Lemma 22 and Remark 26. To fix ideas, we shall view the charts and partition of unity as fixed.
Remark 10. The intuition behind this definition is that an element of H I’,’t‘ is C'*'- in the y direction (and the y
direction is coded in the definition of the space), and C’ in the direction transverse to y (but there is no preferred
transverse direction). Hence, an element of H;’t‘ is roughly C '+~ in the stable direction, and C’ in the transverse
direction (which corresponds intuitively to the unstable direction, even though it is not always properly defined). If
t+17_ <0andt > 0, we may therefore hope that the transfer operator acting on H;,’t‘ has good spectral properties.

Remark 11. Note that [4] considers a slightly different space, where the stable and unstable direction and the signs of
t and ¢ + t_ are exchanged. This choice is completely innocent, we also get the same results for the space of [4] (for
maps with smooth unstable distribution) in Theorem 15. Intuitively, this space H+! s composed of functions which
are C'™™+ in the unstable direction (when this direction is well defined), and C? in the transverse direction. Hence,
this space behaves well when ¢ 47 >0 and ¢ <O.

Finally, if the stable and unstable directions exist and are smooth, we also define below a space H'+'~ of functions
which are essentially C’+ in the unstable direction and C’- in the stable direction. This space behaves well when
t+ > 0and r_ <0, and yields more precise estimates than the previous spaces (but under the stronger assumption of
the existence of both stable and unstable directions), see Theorem 16.

Our main result follows (recall the notation (3)—(4)):

Theorem 12 (Spectral theorem for smooth stable distributions). Let o € (0, 1]. Let T be a piecewise C't hyperbolic
map with smooth stable distribution, satisfying the weak transversality condition. Let 1 < p < oo and let t,t_ be so
that 1/p—1<t_-<0<t<1/p,t+t_<0andt+|t—| <a.

Let g:Xo — C be a function such that the restriction of g to any O; admits a C® extension to O;. Define an
operator L, acting on bounded functions by (Lgqu)(x) = ZTy:x gu(y). Then Lq acts continuously on H;’t_.
Moreover, its essential spectral radius is at most

lim (Ds)l/(/m)(Ds)(l/n)(l—l/p) ||g(n) |detDT”|l/p max()\'—t )Ls—’l(lt+t7)) ” I/n (6)

b bl
n—o00 u,n Ly

where g™ = ]_[;';é goT/.

When we say that £, acts continuously on Hﬁ;t‘, we should be more precise. We mean that, for any u €
Hi,‘t* N Loo(Leb), then L,u, which is defined as a bounded function, still belongs to H;;t* and satisfies || Lqu|| - <
p

3 On a manifold, the space of generalized functions supported in X, i.e., elements in the dual of the space of measures with smooth densities with
respect to Lebesgue measure, and the space of generalized densities supported in X, i.e., elements in the dual of the space of smooth functions,
are isomorphic if X( is compact: taking Leb any smooth Riemannian measure then f +— f dLeb gives an isomorphism. “Distributions supported
in Xo” (not to be confused with the integrable distributions of subspaces in Definition 1) refers in this paper to generalized functions (this avoids
some Jacobians when changing variables).
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C||u||Ht,z_. Since the set of bounded functions is dense in H;,’t* (by Lemma 18), the operator L, can therefore be
P

extended to a continuous operator on ’Hi;t*.

Note that the limit in (6) exists by submultiplicativity. Of course, we can bound A; , and A, ln by A", where A < 1 is
the weakest rate of contraction/expansion of 7'. In some cases, it will be important to use the more precise expression
given above (see, e.g., Example 3 below).

The restriction 1/p—1 <t_ <0 <t < 1/p is exactly designed so that the space ’H;;Z’ is stable under multiplication
by characteristic functions of nice sets, see Lemma 23. While this feature will be used in an essential way in the proof,
it also implies (see Remark 35 in Appendix B) that Dirac measures (or more generally measures supported on nice
hypersurfaces) do not belong to the space H;,’L. We cannot exclude that measures supported on nasty hypersurfaces

belong to H;,’t*, but this will not be a problem.
1.3. Physical measures

The physical measures of 7 are by definition the probability measures p such that there exists a set A of positive
Lebesgue measure such that, forall x € A, 1/n Zz;é 37k, converges weakly to .

The physical measures of T are often studied through the transfer operator Lj\det pr|. (Note that the dual of
L1/1det pT| Preserves Lebesgue measure.) Theorem 12 becomes in this setting:

Corollary 13. Under the assumptions of Theorem 12, assume that

tim (D4)"/7 (D) VP max (37 A ) [dee DT VT <1, (7

)
n—o00 u,n

Then the essential spectral radius of L1 jqet p| acting on H;;L is < 1.
Together with classical arguments, this implies the following:

Theorem 14. Under the assumptions of Theorem 12, if (7) holds, then T has a finite number of physical measures,
which are invariant and ergodic, whose basins cover Lebesgue almost all Xy. Moreover, if | is one of these measures,
there exist an integer k and a decomposition = 1 + - - - + g such that T sends juj to jujy1 for j € Z/kZ, and the
probability measures ki j are exponentially mixing for T* and Hélder test functions.

The deduction of this theorem from Corollary 13 is essentially folklore, but the proofs of similar results in the
literature (e.g., in [8,18]) rely on additional properties of the system (existence of stable manifolds almost everywhere,
and estimates of the measure of neighborhoods of singularities) that we have not established (although they certainly
hold true). Instead, we prove in Appendix B a general theorem (Theorem 33) that guarantees the existence of finitely
many physical measures whenever the transfer operator has a spectral gap on a space of distributions, and show
(Lemma 34) that this general theorem holds in our setting. The interest of this argument is that it also applies to
nonhyperbolic situations, such as (perturbations of the operators in) [32].

The results in this subsection answer the question in [4, Remark 1.1], in a much more general framework.

1.4. Hyperbolic maps with a smooth unstable distribution

Just like in Definition 1, we can define piecewise C'T hyperbolic maps with smooth unstable distribution. More
precisely, we require the existence of an invariant integrable C'*¢ distribution of d,-dimensional subspaces E“(x)
along which the dynamics is uniformly expanding, and a transverse cone C*(x) along which the dynamics is con-
tracting. (In particular, if 7 is noninvertible, we assume that the unstable manifolds are independent of a choice of
sequences of inverse branches.) We say that such a map satisfies the weak transversality condition for E* if Defini-
tion 5 holds with E* instead of E¥.

Our results also apply to such maps (by the same techniques used to prove Theorem 12), but on the space of
distributions 7"+ whose norm is given in charts by | F~1((1 + |&|2)*/2(1 + |&|*> + |77|2)’/2.7-"u)||Lp. More precisely:
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Theorem 15 (Spectral theorem for smooth unstable distributions). Let o € (0, 1]. Let T be a piecewise C'T% hyper-
bolic map with smooth unstable distribution, satisfying the weak transversality condition with E* replaced by E". Let
l<p<ooandletty, tbesothat1/p— 1<t <0<ty <1/p,t+1ty>0and|t|+14 <.

Let g:Xo — C be a function such that the restriction of g to any O; admits a C® extension to O;. Define an
operator L acting on bounded functions by (Lgqu)(x) = ZTy —x 8 u(y). Then L, acts continuously on Ht+t
Moreover, its essential spectral radius is at most

lim (DZ)1/(p")(D§)(l/")(l_l/p) ||g(")|detDT"|l/p max(k (t+t4) v n)Hl/n

n—o0

In particular, if

v ts,n

o) [det DT VP <

then the spectral radius of L1det pT| acting on ’I'?i,*’t is < 1. This implies that T has a finite number of ergodic
physical measures whose basins cover Lebesgue almost all X(. Moreover, if ( is one of these measures, there exist an
integer k and a decomposition |1 = 1 + -+ - + py such that T sends w;j to pjy1 for j € Z/kZ, and the probability
measures ki j are exponentially mixing for T* and Hélder test functions.

This theorem is proved just like Theorem 12. More precisely, the only nontrivial modification to be made is in the
first step of the proof of Lemma 25, where the computation for the linear contribution is slightly different.
Finally, similar results hold for maps that have at the same time smooth stable and unstable distributions (and

satisfy the weak transversality condition in both directions), as follows. Under this stronger assumption, let ﬁ;”t‘
be the space of distributions whose norm is given in charts by | F~'((1 + |§[)™/2(1 + [n|*)'~/2Fu)||,. When

Hl+ "~ is well-defined, we have M = c Hl+ '~ and H“’ e H“’ I~ (For the first inclusion, note that (1 + &%)+ <
(14 €12+ n|»™* if r4 >0 and proceed as in the first step of the proof of Lemma 25.)

Theorem 16 (Spectral theorem when both distributions are smooth). Let T be a piecewise C'*® hyperbolic map with
smooth stable and unstable distributions, satisfying the weak transversality conditions for ES and E* for o € (0, 1].
Letl <p<ooandletty,t_besothat1/p—1<t_ <0<ty <l1/p,andl|t_|+1ty <. o

Let g: Xo — C be a function such that the restriction of g to any O; admits a C% extension to O;. Deﬁne an
operator Lq acting on bounded functions by (Lqu)(x) = ZT)_X g u(y). Then Lg acts continuously on Ht+ -
Moreover, its essential spectral radius is at most

Jim (D)) () VO g et DT a3 25 ) ®

The results on physical measures follow analogously. It should be noted that the results of Theorem 16 are stronger
than Theorems 12 and 15, since the exponents 7, and 7_ appear independently in the estimate (8).

Once again, this theorem follows from the techniques we will use to prove Theorem 12.

2. Examples
Let us look at some applications of our results to Ly/|det DT|-
2.1. General examples

Example 1. On [—1, 1] x {0, 1}, let T (x, j) = (x/2, j) if x #0,and T (0, j) = (0, 1 — j). This fits in our framework.

Since the complexities Dﬁ and D; are always equal to 2, Theorem 12 gives the following bound for the essential
. . 1

spectral radius of L1 /4et pr 0on the classical Sobolev space H,

Tim (a5 |det DT VP = 2t 1, )

Since t— < 0 is restricted by r_ > 1/p — 1, this bound is > 1, hence useless. This is not surprising since the physical
measure, the Dirac masses at (0, 0) and (0, 1), do not belong to 'Hlp_ if 1/p—1 <t_ <0 (see Remark 35).
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This was to be expected since the conclusion of Theorem 14 is false: the map T has two physical measures, the
Dirac masses at (0, 0) and (0, 1), but these measures are not invariant!

It is nevertheless interesting to see where precisely our arguments fail. Let T(x, Jj) = (x/2, j), then the transfer
operators associated to 7 and T acting on distributions coincide on C* functions (since the difference at 0 is not
seen by the integration against smooth functions). Since T is continuous, there is no truncation term in its transfer
operator, hence the results of Theorem 12 hold for the full range 7_ < 0, without the restriction _ > 1/p — 1 (with
the same proof). In particular, for 7_ = —1 and p = 2, we get a bound 1/+/2 for the essential spectral radius of
Lijgeepr(T) =L 1/ det Df(T) acting on H; 1, and Corollary 13 holds. The problem comes up in the deduction of the
properties of physical measures from this bound on the essential spectral radius of L1/det p7|: We need to check that
the physical measures do not give weight to the discontinuities of the map, to apply Theorem 33. This is ensured by
Lemma 34 when r_ > 1/p — 1, but does not hold for 7 = —1 and p =2.

Example 2. Assume that d; =0, i.e., T is piecewise expanding. In this case, we can take A; = 0, and the value of 7_
is irrelevant (in fact, the space Hf,;t* does not depend on 7_, and is the classical Sobolev space H;). The following
proposition is deduced from Corollary 13 by choosing carefully the parameters ¢ and p.

ZZ ~1im(Df1’)1/” < 1, then there exist 0 <t < 1/p < 1 such
that the spectral radius of L1 /|det pT| acting on ’H;, is < 1. In particular, Theorem 14 applies.

Proposition. If T is piecewise C2, if dy = 0 and lim ||, }|

Proof. When ¢ tends to 0, the bound on the essential spectral radius of £y, det p7| acting on HE;ZG given by

—e)—?
Corollary 13, converges at most to lim;,_, ||)le}1 ”ZZ . lim,Hoo(D,’j)l/”. Hence, itis < 1 for small enoughe. O

In the proof of the above proposition, we use parameters ¢ and p very close to 1, but we are “morally” working
with Hi. This is not surprising since this space is essentially a space of functions with one derivative in L, i.e.,
a space of functions of bounded variation. It is well known that functions of bounded variation are useful to study
piecewise expanding maps, see [16]. This proposition is analogous to results proved in [25,16] for different Banach
spaces.

Example 3. When det DT =1 and D¢, D,lj grow subexponentially fast, then it is clear from Corollary 13 that the
essential spectral radius of L1/det pr| is < 1 on any space H;;[’ (assoon ast > 0and ¢ +¢— < 0). In some situations,
it is possible to weaken (or even remove) the assumption that det DT = 1. For example if the unstable direction is
smooth then Theorem 15 implies the following result.

Proposition. Let T be a piecewise C* hyperbolic map with smooth unstable distribution satisfying the weak transver-
sality condition, and such that D;, and Dfl’ grow subexponentially. Assume that there exist N > 0 and y < 1 such that
As.N < y|det DTN|. Then there exist p € (1,00) and 1/p — 1 <t <0 <ty < 1/p such that the essential spectral
radius of L1)|det DT| acting on Ht;’t is < 1. In particular, T has finitely many physical measures whose basins contain
Lebesgue almost every point.

The assumption A, y < y|det DTV is satisfied whenever d; = 1 and d,, > 0, or whenever det DT = 1.

Proof. We will take p verycloseto 1,1 =1/p—1+¢€ andrL =1/p — € for € > 0 very small.
We have

1/p—1, - 1/p—1, —(1/p—1)— - -
det DTN VP10 < () VP P =y (10)
Since y < 1, this quantity is < 1 if € is small enough (in terms of p).
Moreover,
det DTN VP71 00 = |det DTV VP3P (11)

When p — 1, this quantity converges to )‘;iv <1



1462 V. Baladi, S. Gouézel / Ann. 1. H. Poincaré — AN 26 (2009) 1453—1481

Hence, it is possible to choose p and € such that

H ‘detDTN /p=1 max()\;ﬁ\,, kl;(li,H*))HLm <1. (12)

This concludes the proof. O
2.2. Piecewise linear maps

In this paragraph, we describe an explicit class of maps for which the assumptions of the previous theorems are
satisfied. Let A be a d x d matrix with no eigenvalue of modulus 1. It acts on R? in a hyperbolic way, with best
expansion/contraction constants A, > 1 and A; < 1. Let X be a polyhedral region of R¢, and define a map T on X
by cutting it into finitely many polyhedral subregions Oq, ..., Oy, applying A to each of them, and then mapping
AO41,...,AOy back into X by translations.

Let J(n) be the covering multiplicity of 7", i.e., the maximal number of preimages of a point under 7. It is
submultiplicative, hence the limit J = lim;,_, » J (n)l/ T exists.

Proposition 17. The map T is a piecewise hyperbolic map with smooth stable and unstable distributions (given by
the eigenspaces of A corresponding to eigenvalues of modulus < 1, resp. > 1). It satisfies the weak transversality
conditions for both stable and unstable distributions. Moreover, if JL; < |det A|, there exist 1 < p < o0, and t4, t— so

that 1/p — 1 <t <0 <ty <1/p and such that the essential spectral radius of L1;det|pT| acting on 7:[;,*’[’ is < 1.

Therefore, T satisfies the conclusions of Theorem 14.
As an example of such a map, one can take A = (? 11) Cutting the torus T? into finitely many squares, applying A
to each of these squares, and then permuting the images of the squares, one obtains a bijection of the torus (for which
J =1). Hence, Proposition 17 applies. The novelty with respect to previous works such as [34,14,18] is that the sides
of the squares can be taken parallel to the stable or unstable directions.

Proof of Proposition 17. The weak transversality conditions are direct consequences of the definitions.

Let K be the total number of the sides of the polyhedra O;. Around any point x, the boundaries of the sets
,,,,, i,_) are preimages of theses sides by one of the maps A, ..., A"1, which gives at most nK possible direc-
tions. Hence, the claim p. 105 in [9] gives D,lj < 2(nK)?. This quantity grows subexponentially. In the same way,
D¢ <2J(n)(nK)4.

By Theorem 16, the essential spectral radius of L£i/deta acting on 7—?,,*’[* (for suitable values of p,ry,7_) is
bounded by J!=1/7|detA|!/P~! max(A, ", A; 7). Let us take t+ =1/p—¢€,t_-=1/p—1+4¢€ and p close to 1.
Then 1/p — 1 <t_ <0 <ty < 1/p, hence Theorem 16 applies and yields the following bound for the essential
spectral radius:

|det A|Y/P=1 =1 P max (a, P A TP, (13)

If p is close to 1 and € is small enough, this quantity is < 1 under the assumptions of the proposition. (Note that if
detA=J =1, choosing p=2andty =1/2 —€,t_ =—1/2 4+ € gives better bounds.) O

The standard conservative (piecewise affine) baker’s map on the unit square is given by 7' (x, y) = (2x, y/2) for
0<x<1/2and T(x,y)=2x — 1, (y + 1)/2) for 1/2 < x < 1. It fits in the model of this subsection, for a diagonal
matrix A with eigenvalues 2 and 1/2. The baker has an obvious Markov partition with two pieces, and can thus be
analyzed by a (Lipschitz) symbolic model, which gives an essential decorrelation rate of 2~!/2 for Lipschitz observ-

ables. (The physical measure is just Lebesgue measure.) The proof of the previous proposition gives a bound 2~ 1/2+¢
for the essential spectral radius of Li/dea on 7:4/ 2meml/ate o arbitrarily small € > 0 (here J =1, detA =1,
Ay =2 and Ay = 1/2). For a dissipative baker T (x,y) = (2x,y/3) for0<x <1/2and T (x,y) = 2x — 1, (y +2)/3)
for 1/2<x <1 (A, =2and Ay =1/3, detA =2/3 and J = 1), the proof of the above proposition gives a bound
2~ Itet(log3/1og6) for the essential spectral radius on ﬂi,/p_e’l/p_lﬁ for p =log6/log3. (Note that the dimension
of the attractor is strictly between 1 and 2 in this case.) The above two examples are piecewise affine hyperbolic maps
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with a finite Markov partition. But the following variant, that we shall call a “sloppy baker”, does not have a finite
Markov partition: let (a, b) be a point in the interior of the unit square and put 7' (x, y) = (2x +a, y/2+ b) mod 1 for
0<x<12and T(x,y)=2x —1+4+a,(y+1)/2+b) mod 1 for 0 < x < 1. For almost all (a, b), the sloppy baker

does not have a finite Markov partition. However, our estimate gives the same bound 271/2%€ for the essential spectral

S1/2—e,—1/2+¢€

radius on H . Similarly, one may consider a dissipative sloppy baker, and we recover the same estimates.

3. Tools of functional analysis

In this section, we recall some classical notions of functional analysis (interpolation theory and properties of Triebel
spaces), that will be useful in the next sections to study the space H;’t‘ and to prove our main result.

3.1. Complex interpolation

We first recall some notations and definitions from the classical complex interpolation theory of Lions, Calderén
and Krejn (see, e.g., [28]). A pair (B, B1) of Banach spaces is called an interpolation couple if they are both contin-
uously embedded in a linear Hausdorff space 3. For any interpolation couple (8o, B1), we let L(Bo, B1) be the space
of all linear operators £ mapping By + B to itself so that £|g; is continuous from B; to itself for j =0, 1. For an
interpolation couple (By, B;) and 0 < 6 < 1, we denote by [By, B1]g the complex interpolation space of parameter 6.
We recall the definition: set S = {z € C | 0 < Rz < 1}, and introduce the normed vector space

F(By, By) = {f 1S — By + Bj, analytic, extending continuously to S, with sup” f@ H Bo+BBy < 09 and
ze8

t = f(j +it) is continuous from (—o0, o0) to B;, j =0, 1,
and |/ s = mas (supl £ +i0)] ) < o).
=y, t

Then the complex interpolation space is defined for 6 € (0, 1) by

[Bo. Bilo := {u € Bo + B1 | 3f € F(Bo, Bi) with f(6) =u}, (14)
normed by
”u”[Bo,Bl]g = f(lerii;u ”f”F(B(),Bl)' (15)

It is well known (see, e.g., [28, §1.9]) that (B, B1) — [Bo, Bi]e is an exact interpolation functor of type 0, in the
following sense: for any interpolation couple (Byp, B1) and every £ € L(By, B1) we have

0
1Ll B 1y— 180811 < L1 1C1 G, i, V0 € (0. 1). (16)
The above bound will be used several times throughout this work.

3.2. A class of Sobolev-like spaces containing the local spaces H ,t,’t’

Let S be the Schwartz space of C* rapidly decaying functions. Its dual S’ is the space of tempered distributions.
Let M be the set of functions a from R? to R4 such that there exists C > 0 such that, for all multi-indices
Yy =W, ...,ya) with y; €{0, 1}, and all ¢ € RY,

d
l_[ +82)"D7a0)| < Ca(©). (7

Fora € M and p € (1, 00), let us define a space H l‘,‘ as the space of all tempered distributions u such that F~! (aFu)
belongs to L, with its canonical norm

lullag = | F~ @Fw), ) (18)
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These spaces were introduced and studied by Triebel in [27], in a slightly more general setting involving another
parameter ¢ (under a different form [27, Definition 2.3/4], but Theorem 5.1/2 and Remark 5.1 there shows that it is
equivalent to the previous description for g = 2).

Among other things, Triebel proved the following results concerning these spaces:

Lemma 18. Forany a € M and 1 < p < 00, the space S is contained in H?, and dense.
Proof. This is proved in Theorem 3.2/2 and Remark 3.2/2 in [27]. O

For ¢, t_ € R, the function
2 _/2
are En)=(1+1E2+ )" (1 +mP)"/ (19)

belongs to M. Then H ll,’[_ from Definition 8 is just HZ"" , and the previous lemma says that S is dense in H It,’t_.

Proposition 19 (Interpolation). For any ay, a; € M, po, p1 € (1,00) and 6 € (0, 1), the interpolation space
[Hgg, Hzll]e is equal to H}; for a =aé_0a? and1/p=(1-0)/po+0/pi1.

Proof. This is [27, Theorem 4.2/2]. O

We will also use the following straightforward lemma. (Note that if @ € M then 1/a € M, see, e.g., [27,
Lemma 2.1/1].)

Lemma 20 (Duality). For any a € M and 1 < p < oo, the dual of the space H; is H;,/a forl/p+1/p' =1.

3.3. Multiplier theorems

In order to understand the spaces Hy;, an essential tool is provided by Fourier multiplier theorems. The following
Marcinkiewicz multiplier theorem (see, e.g., [27, Theorem 2.4/2]) will be sufficient for our purposes.

Theorem 21. Ler b € C4(RY) satisfy |¢Y DY b($)| < B for all multi-indices y = (y1, ..., ya) with y; € {0, 1}, and all
¢ € RY. Then, for all p € (1, 00), there exists a constant C(p, d) such that, for any u € Ly,

|7~ bFu) ||L,, <CBlulL,. (20)

4. Towards Lasota-Yorke bounds on the local space Hlt,’t‘

Aiming at the proof of Theorem 12 on transfer operators, we describe in Subsections 4.1 and 4.2 how the local
spaces H It;l‘, which are the building blocks of our spaces of distributions, behave under multiplication by a smooth
function or by the characteristic function of a nice set, as well as under composition with a smooth map preserving the
stable leaves. Then, in Section 4.3, we state and prove a localization principle on H It,’t’ that we were not able to find
in the literature and which plays a key part in the “zooming” procedure in the proof of Theorem 12. Note for further

Y

use that since X is compact, [4, Lemma 2.2] (e.g.) gives that the inclusion H;,’t_ C H;'t_ fort/ <tandt <t_is
compact if t' < ¢.

To study H ,t,’t’, we will mainly study H;,’O and HS’L and use interpolation (via Proposition 19). It is therefore
useful to recall some classical properties of these spaces.

When ¢ > 0, the space H It, is the classical Sobolev space. By [26, Theorem 1.4.1], it satisfies a Fubini property: if
u is a function on RY, define a function uj on RI-1 as follows: Wi(xX1, ..., Xj—1,Xj41,...,Xxq) is the H;(R)-norm
of the restriction of u to the line {(x1,...,x;_1,X,Xj41,...,%q) | x € R}. Then u belongs to H;(Rd) if and only if
each u; belongs to LP(R‘J’I), and the norms ||u||le) and Z;{:l lujllz, are equivalent. (This is true for any set of
coordinates, but for simplicity we shall use a fixed system of coordinates.) This makes it often possible to study only
the one-dimensional situation, and extend it readily to d dimensions.
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For _ > 0, the space H,?’t* also has a Fubini-type property: the norm ||u|| H;)),t_ is equivalent to Z‘;: dot+1 lujlle,

where u is the H ,t; (R)-norm of a restriction of u as above (the proof of [26, Theorem 1.4.1] directly applies, we may
take any coordinates on R¢ which preserve the stable leaves of the original coordinate system used to define H [()),z, ,

for simplicity we shall fix this original coordinate system). In particular, the study of H S’I‘ reduces to the study of the
usual Sobolev space in one dimension.
Finally, for 7_ € R, the space H l(,)’t also has a slightly different Fubini-type property. Let u be a function on

R?, and define a function v on R% as follows: v(x) is the H ,l,‘ (R%)-norm of the restriction of u to {x} x R% . Then
=|v|| Lp(Rdu): this follows from the fact that the function (1 + |77|2)’* /2 does not depend on the variable &,

lleell 0.

Hy'™ (RY)
which makes it possible to integrate away the variable x using the Fourier inversion formula (see [26, p. 1045] for
details).

We will refer to these properties respectively as the one-dimensional and the d;-dimensional Fubini properties
of Hl(,)’l’.
4.1. Multiplication by functions

Lemma 22. Let t > 0, — < 0 and o > 0 be real numbers witht + |t_| < «a. For any p € (1, 00), there exists a constant
Cy such that for any C% function g :R? — C, for any distribution u € H It;t_, the distribution gu also belongs to H It,’l_
and satisfies

lg -l - < Colglicn ul ro-

The assertion gu € H ;,’t’ should be interpreted as explained after Theorem 12.

Proof. Let 1O =1+ |r_|, 10 = —1% and 0 = 1/1°, so that (r,7_) = (0¢°, (1 — 6)1°) and max(:°, |1°|) < . We will
0
write H ;, "~ asan interpolation space with parameter 6 between H ;,O and H,(,)’t*, thereby reducing the proof to the study
0 0,:°
of H [’, and H, ™.
First, since H 1’,0 is the classical Sobolev space, [29, Corollary 4.2.2] shows that

Igull 0 < Callglice ul 0. 1)

where Cy depends only on ¢° and o, whenever |1°] < .
0
Together with the d;-dimensional Fubini-type property of Hg't’ , this readily implies
lgull o0 <Cgliglcellull o0 (22)
HP HP

whenever |1°] < a.
Interpolating between (21) and (22) via Proposition 19, we get the conclusion of the lemma. O

The following extension of a classical result of Strichartz is the key to our results:

Lemma 23. Let | < p<ooand 1/p—1 <t_ <0<t < 1/p. There exists a constant Cy satisfying the following
property. Let N > 1, and let O be a set in R? whose intersection with almost every line parallel to some coordinate
axis has at most N connected components. Then, for any u € H ;’t’, the distribution 1ou also belongs to H lt,’t’, and
satisfies

[Toull - < CoNlull (23)

Proof. If t € [0, 1/p) and the dimension is 1, a result of Strichartz [26, Corollary I1.4.2] shows that, for any interval
I of R and any function u € H[’, (R), then 1;u belongs to H]’j (R) and its norm is bounded by C#||u||H; (R), for some
universal constant Cx depending only on #, p. If O is a union of N intervals Iy, ..., Iy, this yields

Ioull i@y < Y 5wl @y < CoN llull g oy (24)
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For d > 1, the Fubini property of H 1’, (R%) (described at the beginning of Section 4) shows that the previous property
extends from R to R?: if a set O intersects almost every line parallel to a coordinate axis along at most N connected
components, then || 1pu|| H, < CgN||ul| HY- See also [24, §4.6.3] for alternative sufficient conditions on O and p, ¢
ensuring that 1o is a multiplier of H 1’,

Assume now thatt =0and7_ € (0, 1/p). Since the space H,?’t* also has the Fubini property, the previous argument
still applies, and gives ||1pu ||H2,t_ < CuNlu ||Hg,t_ fr=0andr_ € (1/p — 1, 0), the same result follows by duality.

Interpolating via Proposition 19, the set of parameters (1/p, ¢, t_) for which the conclusion of the lemma holds
is convex. It therefore contains the convex hull of {(1/p,#,0) |0 <t < 1/p}and {(1/p,0,t-)|1/p—1<t_ <0},
which coincides with the set {(1/p,t,t-) |1/p—1<t_ <0<t <1/p}. O

4.2. Composition with smooth maps preserving the stable leaves

In this paragraph, we study the behavior of H, ,t,’t* under the composition with smooth maps preserving the stable
leaves.
Let us start with a very rough and easy to prove lemma.

Lemma 24. Let 1 < p < 00, and t, t— be real numbers with |t| + |t—| < 1. There exists a constant Cy such that, for
any invertible matrix A on R?, sending {0} x R% 1o itself, and for any u € H It,’t_,

luo All e < Cyldet A|~1/P max([|A[, A~ H)||u||H;.,,. (25)

Proof. By [24, Proposition 2.1.2(iv)+(vii)], the H;-norm is equivalent to the norm |ulz, + [[Dullz,. Hence,

1 _1+L
luoAll 10 < Cyldet A|” 7 max (| All, lull ,1.0. Similarly, [|[det A| = uo A~ < Cyldet ATV max(A=Y, 1)
4 p

1
l HY!
X |lull 4o.1, by a ds-dimensional Fubini-type argument. Since the adjoint of u |det Al 'uo A"V isu > uo A, the

P
general case follows by duality (Lemma 20) and interpolation (Proposition 19). O

Lemma 25. Let o € (0, 1), let F : RY — R pe a C11¢ diffeomorphism sending stable leaves to stable leaves, and let
A be a matrix such that, for all z e R, |A™ o DF (2)|| <2 and |DF(z)"' o A| < 2.
A" 0
0 AS
to stable leaves, and ju,, = ||A*|| < 1, g := (A7~ > 1.4

Then, for all t > 0 and t— <O with t + |t_| <o and t +t_ < O, for all p € (1,00), there exists a constant

Cy depending only on max(||My||, ||M(;] I, 1M1, ||M17l ) and t, t—, p, and a constant C(A, F) such that, for all

i
ue H,7 N

Assume moreover that A can be written as My 1( )M 1, where My and M are matrices sending stable leaves

luo Fll i < Cylldet A/ det DF | e |det A|~"/? max (y!,, /L§+t‘)||u||H;}._ + C||u||H3,,,.

In the applications to transfer operators, F' will be the local inverse of some iterate 7" of a piecewise hyperbolic
map. Since 7" is contracting along E* and expanding along E“, the map F will therefore satisfy the assumptions of
the lemma regarding us and .

Proof of Lemma 25. We will write u o F =u o Ao A~! o F. Hence, we need to study the composition with A and
Ao F. We claim that

o All e < |det A|~ /7 Cy max (ul,, Mﬁ*”)uunH;,,_ +Cllul o (26)

and

4 The matrix norms are the operator norms with respect to the usual euclidean metric on R4, so that the norm of a matrix equals the norm of its
transpose.
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luoA™" o F|| i < Cylldet A/ det DF||callul| . (27)
P P

Together, these equations prove the lemma.

First step. Let us prove (26). This is a special case of [4, Lemma 2.10] (replacing (0,7_) by (t — 1/2,1_)). We
will give the proof for the convenience of the reader, since it is at the same time very simple and at the heart of our
argument. Lemma 24 deals with the composition with M, Uand M, hence we can assume that My = M; = Id.

We want to estimate ||u o All - = | F-! (ar; F(uoA))l|L,, where a;;_ is defined in (19). A change of variables
4

r’

readily gives Fl (arr FmoA)) = Fl (ars_ o 'A - Fu) o A. Hence, we have to show that

|7 a0 "~ Fu)| < Comax(uai 15 )l o+ Cllul o (28)

Write ‘A = (§ 0) with |[UE| < juy|§] and [Sn| > ps|n] by definition of 1y, . Let

2 _2
bE. ) =ar, o 'AE m = (1+|U&P +15nP)"* (1 +15912) ", (29)
Let us prove that, if C is large enough, we have
b < Cymax (!, us )ar, + Cao, . (30)

Assume that we can prove this equation, as well as the corresponding estimates for the successive derivatives of b,
iie., [¢7 DY (b/(Cpmax(uly, s ays_ + Cao, )| < Cy forany y = (y1, ..., yva) with y; € (0, 1), and any ¢ € R,
Then Theorem 21 applied to b/(Cy max(,u,’u, u§+t*)a,,t_ + Cao,;_) gives

|7 b Fuw)| L, < Ce|| F7H(Crmax (i, us™ )ar, + Cao, )Fu)|| L 31)

which yields (28).
Let us now prove (30) (the proof for the derivatives of b is similar). We will freely use the following trivial
inequalities: for x > 1 and A > 1,

1 2
x(1+kx)<1+X<x(1+)»X). (32)
Assume first |U£|?> < |Sn|? and |Sn|? > 1. Then, since t > O and 7 +¢_ <0,

bE ) < (1+215n2) 2 (1 +1592)"2 <221+ 1S01%) (1 + IS0 P?)
<272 (14 w2 ) TP <22 (12 /2) TP (1 4 )
<2 g, (&),

If {UE|? > |Sn|? and |[UE|*> > 1, then
bE ) < (1+2U82) 2 (1+ 1502 <22 (14 10s ) (1 + 121nP?)
2P (14 2 le )P (1 + )2 <22 (22) P (1 + 1) (1 + )
2 W (6. ).

In the remaining case, £ and n are uniformly bounded, and (30) follows by choosing C large enough. This concludes
the proof of (26).

Second step. Let us now prove (27). We will write F=A"10F. As in the proof of Lemmas 22, 23, and 24,
we will study simpler spaces before concluding by interpolation. We thus write (r,7_) = (6%, (1 — 6)%) for some
0<0<landt¥, —10 ¢ (0, ). Let us note that the derivatives of F and F~! are everywhere bounded by 2, hence
their determinants are bounded by 29.

By [24, Proposition 2.1.2(iv)+(vii)], the H ; -norm is equivalent to the norm |[u||z, + || Dul|r,. Since the derivative

)2

) /)2

<
<

of F has norm everywhere bounded by 2 and |det DF| < 24 by assumption, we get after a change of variables
||.u o F||H111 < C#”””le- Since |u o FllL, < CyllullL,, the interpolation inequality (16) between H; and L, = H,(,)
gives

o Fll o < Cellull 0. (33)
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Applying the same argument via Fubini to F~! on each leaf of the vertical direction, we also have [|u o F~!|| JTIAIE
P
Cyllull yo.1. The adjoint of the composition by F ~1is given by P(u) = detDF - u o F. Hence, duality yields
4

IIPulng,fl < Cyllu ||H3,71. Since P is bounded by Cx on L, we get by interpolation between H,?’_l and L, = H,?’O

Idet DF -uo FI| o0 <Cyllull 40. (34)
14 HI’
Together with (22), we obtain
luoFll o0 <Cylll/detDF|ce|detDF -uoF|| o0 < Cylll/det DF||cellull 0. (35)
HP B P B HP B

Interpolating between (33) and (35), we get
o Fllyro- < Coll1/ det DFl| o’ llue] e (36)

Finally, 1/ det DF =det A/det DF is bounded from below, and (27) follows. O

Remark 26 (Invariance). The arguments in the second step of the proof of Lemma 25 (with A = Id) also imply that,
whenever t > 0 and 7_ < O satisfy 7 + |[f_| < «, then the space H [t,’t’ is invariant under the composition with C!*¢
diffeomorphisms of R? sending stable leaves to stable leaves.

Remark 27 (Extending [4] to C'T% Anosov diffeomorphisms). If 0 < a < 1 we can apply Lemma 25. If « > 1 and
t>0,r4+1_ <Osatisfy t + |7_| < «, letting m be the smallest integer > ¢ + |t_|, [24, Proposition 2.1.2(iv)+(vii)], im-
plies that the Hﬁ-norm is equivalent to the norm ngm 0”ullL,. Thus, replacing the matrix A in Lemma 25
by a C* diffeomorphism A preserving stable leaves, with least expansion g > 1 on the verticals, and whose
inverse preserves horizontal cones with least expansion /Ls_l > 1, and such that |[DA~! o DF lem-1 < 2 and
IDF~'oDA lcm-1 < 2, we get, by applying [4, Lemma 2.10] to prove the analogue of (26), that

lu o Fll e < Gyl det DA/ det DF ||ce|det DA| ™"/ max(ul, u?“‘)nunH;f_ + Cllull 1721
p

The proof of Theorem 12 then applies to any C!T® Anosov diffeomorphism 7' with C1** stable distribution, and to
any C“ weight g, with o > 0.

4.3. Localization

Lemma 28 (Localization principle). Let n:R? — [0, 1] be a C* function with compact support and write 1, (x) =
n(x +m). Forany p € (1,00) and t, t— € R, there exists Cy > 0 so that for each u € H[t,’t’

(

Remark 29. If, in addition to the assumptions of Lemma 28, one supposes that Zmezd Nm(x) = 1 for all x, then one
can show that there is C# so that for each u such that n,,u € H;,’t’ for all m we have

1/p
lal - < c#< > ||nmu||;’1,,,_> .
p P

meZd4

(We shall not need the above bound.)

1/p
P < .
> ||nmu||H;,f) < Cillul 37)

meZd

Proof of Lemma 28. For r_ = 0 and arbitrary ¢, Lemma 28 is a result of Triebel [29, Theorem 2.4.7] based on a
Paley—Littlewood-type decomposition. Moreover, the constant Cy depends only on the size of the support of 1, and
its CK-norm for some large enough k.

To handle 7_ € R, we will (again) start from the result for the classical Sobolev space and use Fubini and interpo-
lation, as follows.
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Let us prove the lemma for ¢t = 0 and 7_ € R, using a dy-dimensional Fubini argument. We have

YLD [ (38)

d
me! meZ4 xeRdu

For each x € R% the values of m € Z? for which the restriction of 7,,u to {x} x R% is nonzero are contained in a
set M (x) x Z% , where Card M (x) is bounded independently of x. Using the result of Triebel for the Sobolev space
H It,_ (R%), we get

p
D el ey SCHIUIG (39)

meZd4

Integrating over x € R% and using the Fubini equality

/ llall? = IIMIIZO.,_, (40)

Hy ({x}xRds) »
xeRdu
we obtain the lemma for t =0 and r_ € R.
Consider the map u > (,,u),,cz¢. We have shown that it sends continuously H ! to ZP(HI) and HO "~ to

Ep(H,, [*). By interpolation, for any 6 € (0, 1), it sends [H!, H Bt*]g to [Zp(Hg), Lp(H 1(,”*)] . By Proposition 19,
the first space is H ,(,1‘9”’9’—. Moreover, [28, Theorem 1.18.1] shows that, for any pair of Banach spaces A, B, one has

[£,(A), £,(B)]s =£,([A, Blg). Hence, again by Proposition 19, the second space is Ep(ngl_e)t’et_). This proves the
lemma. O

5. Proof of the main theorem

In this section, we prove Theorem 12. Let us fix once and for all a piecewise C!T® hyperbolic map T and a C*
function g, satisfying the assumptions of this theorem. We will denote by Cx constants that depend only on p, ¢, t_
and T.

We recall that the norm on H;,’t’ has been defined in (5) using a partition of unity p1, ..., py and charts 1, ..., ky
subordinated to this partition of unity.

In the following arguments, when working on a set Oj or in a neighborhood of this set (with i of length n), then T"
will implicitly mean 7;. In the same way, g will rather be a smooth extension of g | o; to a neighborhood of 0.
This should not cause any confusion.

To study E;, we will need, in addition to the estimates from Section 4, to iterate the inverse branches Tifl, to
truncate the functions and to use partitions of unity. To do this, we will use the three following lemmas.

Lemma 30. There exists a constant Cy such that, for any n andi= (i, ..., in—_1), for any x € O;, for any j, k € [1, J]
such that x € supp p; and y = Tix € supp p, there exists a neighborhood O of y and a C e diffeomorphism F
of R, coinciding with Kjo Ti_l o /ck_l on kx(0), and satisfying the assumptions of Lemma 25 with , < C#A,;}l (x)

and |1y > C#_l)»;}l (x), and

max (

mi')<c

Proof. Let Fp =« o T;l oKy 1, it is defined on a neighborhood of x;(y). Moreover, let P be a d,-dimensional
subspace of the unstable cone at x, and let My, M| be invertible matrices (with bounded norms) sending respectively
Dk j(x)P and Dk (y)DTi(x) P to R% x {0}, and stable leaves to stable leaves. Such matrices exist since the unstable
cone is uniformly bounded away from the stable direction.

Let A = D Fy(kx(y)), then MOAMI_l sends R% x {0} to itself, and {0} x R% to itself, i.e., it is block-diagonal.
Hence, the matrix A satisfies the assumptions of Lemma 25. Let F be a C'** diffeomorphism of R coinciding with
Fp on a neighborhood of «%(y) and such that D F (z) is everywhere close to A. Up to taking a smaller neighborhood
O of y (depending on n), the claims of Lemma 30 hold for . O
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Lemma 31. There exists Cy such that, for any n, for any i = (io, ..., in—1), for any x € 0;, for any j such that
X € supp pj, there exists a neighborhood O' of x and a matrix M sending stable leaves to stable leaves, with
max([M], [M~]) < Cs,

such that Mk j (0" N Oy) intersects almost any line parallel to a coordinate axis along at most Cyn connected compo-
nents.

Proof. Let L be as in Definition 5. Fix i = (ig, ..., iy,—1) and x € O;. Let ay, ..., ay be a basis of 7, X, which is
close to an orthonormal basis, such that its last d; vectors form a basis of E*(x). We can ensure that, for any ¢ < n,
DT* (x)ay is L-generic with respect to 9 Oi_],, for d, < k < d. This is indeed a consequence of the definition of weak

transversality. Moving slightly the vectors a; for 1 < k < d,,, we can also ensure that DT (x)ay is transversal to the
hypersurfaces defining 9 0;; at Ttx for any £ < n.

Let by = Dk (x) - ag, so that by, ..., by is a basis of R4, Multiplying a; by a scalar, we can ensure that by has
norm 1. If O’ is a small enough neighborhood of x, then /cj(O/ N (T;,_, ...Tio)’1 0;,) intersects almost any line
oriented by one of the vectors by, d, < k < d, along at most L connected components, by definition of L-genericity.
If Ay, ..., A, are subsets of R, each of which is the union of at most L intervals, then (] A; is a union of at most nL
intervals. Therefore, « j(O’ N Oj) intersects almost any line oriented by one of the vectors by, d, < k < d, along at
most nL connected components.

Moreover, it intersects any line oriented by one of the vectors by, 1 < k < d,,, along at most one connected compo-
nent by construction.

Let M be the matrix sending by, ..., by to the canonical basis of R, it satisfies the requirements of the lemma. O

If L =1, we can replace in the previous lemma the bound Cyn by a bound Cy, since the intersection of n intervals
is always an interval, but this is not true in general.

The following lemma on partitions of unity is similar to [5, Lemma 7.1].

Lemma 32. Let t and t_ be arbitrary real numbers. There exists a constant Cy such that, for any distributions

1, ..., v with compact support in R?, belonging to H ;,’t‘, there exists a constant C depending only on the supports
of the distributions v; with
! p I I
. p—1 P P
doul| <GP il +C) v [ (41)
i=1 lH," i=1 i=1

where m is the intersection multiplicity of the supports of the v;’s, i.e., m = sup, .ga Card{i | x € supp(v;)}.

Proof. Let A be the operator acting on distributions by Av = F~1((1 + |£]? + |9/2)/?(1 + |n|?)'~/>Fv), so that
vl = N AvllL,.

By [4, Lemma 2.7], for any distribution v with compact support K and any neighborhood K’ of this support, there
exist C > 0 and a function ¥ : R¢ — [0, 1] equal to 1 on K and vanishing on the complement of K’, with

¥ Av — Av|lL, < Cllll -1 (42)
P
Let vy, ..., v; be distributions with compact supports whose intersection multiplicity is 7. Choose neighborhoods
K i, ..., K l’ of the supports of the v;s whose intersection multiplicity is also m, and functions ¥, ..., ¥; as above.
Then
P P p
H Youil = H o Av| < H dowAv| +C) ull”, L, (43)
i Hy' ™ i Ly i Ly i Hy
By convexity, the inequality (x| 4 - - - + x,,)? < mP~! inp holds for any nonnegative numbers x1, ..., x,,. Since the
multiplicity of the K/s is at most m, this yields
p
’Z%Av,- <mP1Y | AP (44)
i i

Integrating this inequality and using (43), we get the lemma. O
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Proof of Theorem 12. Let p, ¢ and 7_ be as in the assumptions of the theorem. Let n > 0, and let r,, > 1 (the precise
value of r, will be chosen later). We define a dilation R, on R4 by R, (z) = ryz. Let |lu||, be another norm on H;,’t*,
given by

J
bl = 3 o004 R @
j=1

The norm ||u||,, is of course equivalent to the usual norm on H;’ "~ but we look at the space X at a smaller scale. Func-
tions are much flatter at this new scale, so that estimates involving their C* norm, such as Lemma 22 or Lemma 25,
will not cause problems. This will also enable us to use partitions of unity with very small supports without spoiling
the estimates. The use of this “zooming” norm is similar to the good choice of €( in [25], or the use of weighted norms
in [18].

We will prove that, if n is fixed and r,, is large enough, then

u,n’

| Cgully < Cllull? o, + Cyn? DL (DE) ™" [det DT" [ max (a7, st )" g™ |7, Il (46)
P

The injection of Hf,,’t* into Hf,),”* is compact. Hence, by Hennion’s theorem [22], the essential spectral radius of Eg
acting on H;’l‘ (for either ||u|| - OF |l ,, since these norms are equivalent) is at most
14

[Con? D4 (D)™ ||det DT"| max (2, As ) [g ™[], 1" 47)

u,n’

Taking the power 1/n and letting n tend to 0o, we obtain Theorem 12 since the quantity (Cgn?)!/P" converges to 1
(here, it is essential that Cy does not depend on 7).
It remains to prove (46), for large enough r,,. The estimate will be subdivided into three steps:

(1) Decomposing u into a sum of distributions v}, with small supports and well controlled || - ||, norms.
(2) Estimating each term (1 Oig(")vj,m) o Ti_l, for i of length n.
(3) Adding all terms to obtain Lgu.

First step. For 1 < j < J and m € Z4, let Vjm = m - (pju) o /cj_l o R;!

n °

where 7;,(x) = n(x + m), with

n:R? — [0, 1] a compactly supported C* function so that Y mezd Mm = 1. Since the intersection multiplicity of
the supports of the functions 7, is bounded, this is also the case for the v ,,. Moreover, if j is fixed, we get using
Lemma 28

2 il = D - (o et o Ry
P

meZ4 meZd
) -1 1P p
<Cyl(pjwy o' o R, ||Ht,t, < Cllulln - (48)
P

Since R, expands the distances by a factor r,, while the size of the supports of the functions 7,, is uniformly bounded,
the supports of the distributions

Vjm Zﬁjﬁm oRpokj=nmoRyokKj-(pju)
are arbitrarily small if r, is large enough. Finally

u:Zpﬂt:Zvj,m. (49)

J j.m

Second step. Fix j,ke{l,...,J},m¢€ 74 and i = (io, ..., in—1). We will prove that

” (,Ok(g(n)loivj,m) o Ti_]) oKk_1 o Rn_l H Ht.t,

P

< Clully o + Con | [det DT"[/7 g™ max (37, At )| 115 - (50)
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First, if the support of v; ,, is small enough (which can be ensured by taking r, large enough), there exists a
neighborhood O of this support and a matrix M satisfying the conclusion of Lemma 31: this follows from Lemma 31
and the compactness of Xg. Therefore, the intersection of R, (M («x;(O N Oj))) with almost any line parallel to a
coordinate axis contains at most Cygn connected components. Hence, Lemma 23 implies that the multiplication by
lono; © /cj_l oM 1lo Rn_1 sends Hlt,’t_ into itself, with a norm bounded by Cyn. Using the fact that M and R,
commute, the properties of M, and Lemma 24, we get

10, 0 Kj—‘ oR; T ||H;7,t, < Conll B ml - (51)
(Recall that v; ,, is supported inside O.) Next, let

~ _ -1 1 =~

Ujom = ((ok 0 T)10;) 0k 0 Ry - Tjm

(we suppress i from the notation for simplicity). Let also x be a C* function supported in the neighborhood O of the
support of v; ;,, with x =1 on this support. Up to taking larger r, we may ensure that

| (x(ox o T)) oxc; " o R cu <
Then Lemma 22 and (51) imply

10jdem | gyt < ConllOjmll oo (52)
In addition, we have

((ok o T 1ojm) o T, ok Lo Ry =B pmoRyokjoTy Lok o R, (53)

< -1
=VjkmoRyoFoR, ",

where F is given by Lemma 30 (we use the fact that the support of vj, o Ti_1 is contained in a very small
neighborhood O’ if r, is large enough, and again the compactness of Xg). The diffeomorphism F satisfies the as-
sumptions of Lemma 25. Since the dilations R, commute with any matrix, this is also the case of the diffeomorphism
G=R,0FoR, !, Applying Lemma 25 to G, we get (for some point x in the support of v j,m»and some matrix A of
the form DF(Rn_l(z)) for some z)

” ﬁj,k,m o Rn o) F o) Rn_l HHz,t_
P
detA _ _ —(t41)\ | ~
SCIIMIIH%L +Cy ERYe CaldetA| /P max (A, ()", Ay (x) ¢ '))||uj,k,m||HL.f_. (54)

The factor det A is close to det DT;(x)~!. Moreover, det DG = (det DF) o R, !. By choosing r,, large enough, we can
make sure that the C* norm of det DG is controlled by its sup norm, to ensure that || det A/ det DG ||ce is uniformly
bounded.

Let x’ be a C* function supported in O’ with x" =1 on the support of v; ,, o Ti_l. For é > 0, we can ensure by

increasing r,, that the C* norm of (x’ - g™ o Ti_l) ) /ck_1 o R; ! is bounded by |g™ (x)| + & for some x in the support
of vj . Choosing 8 > 0 small enough, we deduce from (54), Lemma 22 and (52)

[ (o (8™ T0rwjm) o 1) okt o R e

< Cllull o + Can |det DT"|"? g™ max (1, 7R | PR 7 P

u,n’

This proves (50).

Third step. We have E’;,u => im Yo, g™y j.m) © Ti_l. (Note that only finitely many terms in this sum are
nonzero by compactness of the support of each p;.) We claim that the intersection multiplicity of the supports of the
functions (1, g(")vj,m) o Ti_1 is bounded by CyDy,. Indeed, this follows from the fact that any point x € X belongs

to at most Dy, sets 7;(0j), and that the intersection multiplicity of the supports of the functions v; ,, is bounded.

ti_,for 1 <k < J.Letus fix such a k.

To estimate ||£gu||n, we have to bound each term || (,okﬁgu) o K]:] ) Rn_l Il
p

By Lemma 32, we have
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);

(o) oni o R e < Clul o, +Co(CoD3)" ™ 30 [ (ox (10,8 wim) 0 1) o o Ry [
g r

J.m,i

We can bound each term in the sum using (50) and the convexity inequality (a + b)? < 27~ !(a” + bP). Moreover,
for any (j, m), the number of parameters i for which the corresponding term is nonzero is bounded by the number
of sets Oj intersecting the support of v j,m- Choosing r, large enough, we can ensure that the supports of the v;
are small enough so that this number is bounded by DZ . Together with (48), this concludes the proof of (46), and of
Theorem 12. O
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Appendix A. Corrigendum to [4, Lemma 2.8] — About interpolation

During the preparation of this paper, we realized that the statement of a lemma in [4] is not correct. This has no
consequence on the other claims in [4], and plays no role in the present paper, but let us nevertheless give the correct
statement as well as a sketch of proof, since it is related to some topics of the present paper.

The statement of [4, Lemma 2.8] should be replaced by: letting n = [|¢|] + [|t + ¢t—|] +d + 4, if g is C”, then

gl < Collghenten Nl + Cllullyov, (55)

where || g||Cn71(C}) is the maximum between ||g|/z,, and the C"~! norm of the first derivatives of g along E*. It
was mistakenly claimed in [4, Lemma 2.8] that it is enough to take n = 3. The sentence “This can be shown by a
straightforward ... oscillatory integral argument” in the proof there should be replaced by “This can be shown by
integrating by parts [|p|]1 + [|¢|] +d + 1 times in total with respect to (u, v), noting that

(1+1n—s01> +15 - swlz)"/z(l +1& — sw|2)q/2(1 T+ |§|2)—1’/2(1 " |§|2)—q/2
<16(1 + s02) 1 (1 4 156 + lsw?) P2,

Since 87" T7'h has been differentiated up to 3 times including |y’| € {1, 2} times along x-directions, we get at most
[Ip11+ [lg|]1 + d + 4 derivatives in total”. In particular [4, Lemma 2.8] only holds if g is sufficiently differentiable.

We derive via interpolation in Lemma 22 a simpler Leibniz-type bound which takes the place of [4, Lemma 2.8]
and is valid for g € C“ for any o > 0. The “zooming” norm (45) then allows us to replace || g||c« by a sup-norm type
estimate for arbitrary g.

The interpolation estimates also yield a chain-rule-type bound (Lemma 25 and Remark 27) which extends
[4, Lemma 2.10] to arbitrary differentiability: the proof of [4, Lemma 2.10] uses that 7 is C* implicitly in sev-
eral places (when referring to arguments of [1]), although a modification of this proof along the lines given above
gives the claim for C¥ dynamics, with k(d) large if d is large.

Appendix B. Properties of physical measures

In this section, we prove Theorem 14. In fact, we will prove a more general result in a more abstract context. Let X
be a manifold, X a compact subset of X with positive (and finite) Lebesgue measure, and 7 : Xo — X a measurable
transformation for which Lebesgue measure is nonsingular. We will denote in this appendix by £ the corresponding
transfer operator, defined by duality on L1 (Leb) by /. Xo Lf-gdLeb= [ Xo f - g o T dLeb whenever g is bounded and
measurable.

Theorem 33. Let H be a Banach space of distributions supported on X¢. Assume that

(1) There exist o > 0 and C > 0 such that, for any u € H N Ly (Leb) and f € C*(X), then fu € H and || fu|lg <
Cllflicellulla-
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(2) The space H N Ly (Leb) is dense in H.

(3) The transfer operator L associated to T sends continuously H N Ly (Leb) into itself and satisfies, for any
u € HN Ly(Leb), the inequality |Lu|lg < Cllullg. Therefore, L admits a continuous extension to H (still
denoted by L). We assume that the essential spectral radius of this extension is < 1.

(4) There exist fo € HN Lyo(Leb) taking its values in [0, 1] and Ny > 0 such that, for any ¢ € Lo, (Leb), then fo =1
on the support of LNog.

(5) For any u € H which is a limit (in the H topology) of nonnegative functions u, € H N Lo, (Leb) and for which
there exists a measure i, such that® (u, g dLeb) = [ gduy for any C* function g, then the measure i, gives
zero mass to the discontinuity set of T .

Then there exist a finite number of probability measures (L1, ..., 4] which are T -invariant and ergodic, and disjoint
sets A1, ..., A; such that ;i (A;) =1, Leb(A;) > 0, Leb(X¢ \ Ule A;) =0 and, for every x € A; and every function
f € C%Xo) N H (the closure of C°(Xo) N H in C%(Xo)), then 1 Z’};é f(Tix)— [ fdu;.

Moreover, for every i, there exist an integer k; and a decomposition w; = p; 1 + -+ -+ Wi, such that T sends v; j
to pj jy1 for j € Z/ ki Z, and the probability measures ki u; j are exponentially mixing for Tk and C¥ test functions.

The proof will also describe a direct relationship between the eigenfunctions of £ for eigenvalues of modulus 1,
and the physical measures of 7. The first part of the proof is directly borrowed from [8].

The first, second and fourth conditions say that the space H is sufficiently large. They are satisfied in the setting of
this paper (taking fo = 1x,, which belongs to H;’t’ ), but also in the case of an attractor, when T (Xg) is contained in
the interior of X (the function fy can be taken C°°, compactly supported in the interior of X, equal to 1 on 7' (Xy)).

The fifth condition is necessary, as shown by Example 1 in Section 2: taking for H the space of distributions in
the Sobolev space H, ! supported in [—1, 1] x {0, 1}, then all the assumptions of the theorem but the fifth one are
satisfied, and the conclusion of the theorem does not hold.

Proof of Theorem 33. Let us first prove the existence of C > 0 such that, for any n € N,
”'Cn ||H»H <C (56)

Otherwise, £ has an eigenvalue of modulus > 1, or a nontrivial Jordan block for an eigenvalue of modulus 1. Let A
be an eigenvalue of £ of maximal modulus, with a Jordan block of maximal size d. Since Lo, N H is dense in H,
its image under the eigenprojections is dense in the eigenspaces, which are finite dimensional. Hence, it coincides
with the full eigenspaces. Therefore, there exists a bounded function f such that n=¢ Z:’:ol ATIL! f converges to a
nonzero limit u. For any C* function g,

n—1 n—1

.1 i o1 » .
(u,gdLeb):hmn—d E A ‘(L:’f,gdLeb):hmn—d E A ’/f~goT’dLeb.
i=0 i=0

If |A| > 1 or d > 2, this quantity converges to 0 when n — oo since f f - g o T'dLeb is uniformly bounded. This
contradicts the fact that u is nonzero, and proves (56).
For |A| =1, let E, denote the corresponding eigenspace, and [T, : H — E, the corresponding eigenprojection. It
is given by
n—1

H;szlim;ZO:)L_ L, (57)

where the convergence holds in H. Since Lyo(Leb) N H is dense in H, E, = I1,(Ls(Leb) N H). For any f €
Loo(Leb) N H and g € C*°,

S Clfllzsliglco- (58)

/f.goridLeb

n—1
|(IT;. . g dLeb) | < lim % Z
=0

5 We write (i, gdLeb) and not (u, g), in accordance with the convention stated in the footnote 3, viewing distributions as generalized functions
which can only be integrated against smooth densities.
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By the Riesz representation theorem on the compact space Xo, this implies that, for any u € E;, there exists a finite
measure /i, on Xo such that (u, g dLeb) = [ g du,. Moreover, for any i > Ny and any bounded measurable function
=0,

‘/f-goTidLeb

- ’/£N0f~goTiN°dLeb

=‘/£N0f-f0~goTiN°dLeb

<cnfuLm/fo-goT"—NOdLeb=C||f||Lmfﬁ"‘NOfo~gdLeb.

Averaging and taking the limit, we obtain

This means that the measures w,, are all absolutely continuous with respect to the reference measure u := g, f,, with
bounded density.
Let us show that the measure p is invariant. This is formally trivial from the computation

<CIflLa / gdum 5. (59)

fgd/LZ(Hlfo,gdLeb)=(£171fo,gdL€b>=(171fo,g0TdL€b)=/g0TdM-

However, this argument is not correct since (I1j fy, g o T dLeb) is not well defined since g is not smooth. More
importantly, even if we could define it, the equality between (T} fo, g o T dLeb) and [ g o T du would not be trivial
since the relationship between I1; fy and du is established only for continuous functions.

The rigorous proof relies on the fifth assumption of the theorem. By definition, if g is C*, then [gdu =
lim | gd(% Z?;ol T!(foLeb)). By density, this equality extends to C” functions, hence u is the weak limit of the
sequence of measures % Z?:_o] Tﬂf (foLeb). In turn, a classical property of weak convergence [7, Theorem 5.2(iii)]
implies that, for any function 2 whose discontinuity set has zero measure for ,

1n—l )
/hduzlim/hd< ;Z(;T*’(foLeb)) (60)

If g is a continuous function, then g o T is continuous except on the discontinuity set of 7. The fifth assumption of
the theorem shows that this set has zero measure for w. Hence, (60) applies to g o T'. It also applies to g. Since the
right-hand side for g and g o T coincide up to O(1/n), this yields [ g o T du = [ g du and concludes the proof of the
invariance of .

In the following, we shall encounter several instances of similar equations that are formally trivial but need a
rigorous justification. Let us give a last justification of this type, and leave the remaining ones to the reader. We claim
that, if € C* and g € C*°,

(£ (@111 fo). g dLeb) = / ¢-goT dpu. (61)

Indeed, £ (¢ 11, fp) is the limit in H of £ (qb% Z';;(l) L7 fo), hence

n—1

n—1
: 1 o 1 A .
(L' (¢ fo), g dLeb) = lim - § O:(c' (L7 fo), g dLeb) = lim - 2 ) f ¢L’ fo-goT" dLeb
J= J=

' 1n—l )
=1im/¢.goTld<;z(:)T*f(foLeb)>.
=

The measure ;& gives zero mass to the discontinuities of g o 77 (since it is invariant and gives zero mass to the
discontinuities of 7). Hence, (60) holds for ¢ - g o T. This concludes the proof of (61).

For any u € E,, write p, = ¢, where ¢, € Loo(t) is defined p-almost everywhere. The equation Lu = Au
translates into Ty (¢, 1) = A, . Hence, since u is invariant,
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— 2 - —
flcm,oT—x 'ul du=/|¢M|Zonu+f|¢u|2—2mf¢uoTA " dpe

= Zf I |* dpe — 29%/r1¢7dm¢um =0.

Let F={¢p€Loc(t) |poT = A‘l¢} (this is a space of equivalence classes of functions), then the map @, :u — ¢,
sends (injectively) E; to F). Let us show that it is also surjective.

Let ¢ € F;. By Lusin’s theorem, the measurable function ¢ can be approximated in L (u) by a continuous function,
which itself can be uniformly approximated by a C*° function. Therefore, there exists a sequence of C* functions ¢,
with |¢ —¢pllL, () < 1/p. Letu, = IT, (¢, 1) fo), and let i) = . Let us prove that the total mass of the measure
¢du —dpu, converges to 0. If g is a C* function,

1n—1 o 1n—l - )
fgdu,,: (u,, g dLeb) =lim;ZA"(E’(qb[,Hlfo),gdLeb):lim;ZA"/d)p -goT!dpu,
i=0 i=0

by (61). On the other hand, for any »n, since u is invariant and ¢ o T = A‘1¢,

1n—l ' ' 1n—l . '
dp = - TipoTidu=-3 i Tipdu.
/g¢u n;;fgo poT du n; /go i

Subtracting the two previous equations, we get

/gd)du—/gdup

which proves that the total mass of ¢ du — du, converges to 0.

The sequence u, belongs to the finite dimensional space Ej, and the elements of E; are separated by the linear
forms given by the integration along C* densities (since H is a space of distributions). Since (u,, g dLeb) converges
for any g, the sequence u,, is therefore converging to a limit .. By construction, @ (u~) = ¢. This concludes the
proof of the surjectivity of @;.

The eigenvalues of £ of modulus 1 are exactly the A such that F) is not reduced to 0. This set is a group, since
Prpy € Fyyr whenever ¢, € Fy and ¢,/ € F),. Since L only has a finite number of eigenvalues of modulus 1, this
implies that these eigenvalues are roots of unity. In particular, there exists N > 0 such that A"V = 1 for any eigenvalue A.

Let us now assume that 1 is the only eigenvalue of £ of modulus 1 (in the general case, this will be true for £V,
so we will be able to deduce the general case from this particular case). Under this assumption, for any u € H, L u
converges to I1ju.

Consider the subset of F] (the bounded measurable T -invariant functions) given by the nonnegative functions with
integral 1. It is nonempty, since it contains the function 1. It is a convex cone in F7, whose extremal points are of the
form 1p for some minimal invariant set B. Such extremal points are automatically linearly independent. Since Fj is
finite dimensional, there is only a finite number of them, say 1p,, ..., 1p,, and a function belongs to Fj if and only if
it can be written as ¢ = >_ «; 1 g, for some scalars «1, ..., «;. The decomposition of the function 1 € Fj is given by

1 =7)"1p, hence the sets B; cover the whole space up to a set of zero measure for 1. Moreover, since B; is minimal,

1 B; L . . . . .1
the measure p; := (B 1S an invariant ergodic probability measure.
1

Let u; = & 'a B;) € H, then any element of E; is a linear combination of the ;. In particular, this applies to
IT{(fu;) for any f € C%. Let us show that

Hl(fui)=</fdui)ui- (63)
We can write I (fu;) = Zj a;ij(f)u;. Let us fix once and for all / sequences of C* functions ¢; , taking values
in [0, 1] and such that ¢; , converges in L1(u) to 1p;. Since (uj, ¢ , dLeb) = fB,- ¢jr.pdu — 8;;u(B;), we have
aij(f)= ﬁ lim, 00 (IT1 (fu;), ¢, p dLeb). Moreover, if p is fixed,
; ;

Sl =épllziwligllco. (62)

(I (fui). ¢j.pdLeb)= lim (L"(fu;), $; pdLeb)= lim f fojpoT"du.
Bi
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Writing ¢ p o T" =15, 0T" +(¢j,p — 15;) o T" and using 1 p; o T" = 1p; and [[(¢p;,p — 18;) o T" L, () = l}j,p —
1811y (u) = p—oo 0, we obtain (63).

This enables us to deduce that each measure w; is exponentially mixing, as follows. Let § < 1 be such that
|L" — I || g— g = O(8"). Then, if f, g are C* functions,

/f'é’OT"dMi=

B (L"(fui), g dLeb)

=5 (M1 (fui), gdLeb)+O(s")

1 n

_ (/fdm)(/gdﬂi) +0(s").

We now turn to the relationships between Lebesgue measure and the measures w;. For any function
f € Loo(Leb) N H, let us write

l
M) =>_bi(fHu:. (64)

i=1
We will need to describe the coefficients b;(f). Let n, be a sequence tending fast enough to co so that
1L — M|l H—H|Pi,pllce — p—oo 0. If f belongs to Loo(Leb) N H,

/ f¢ipoT" dLeb=(L"" f, ¢; , dLeb)
= (¢i.p(L" — M) £, dLeb) + (IT; f, ¢,  dLeb)

j=1

!
=o(l) + ij(f)/¢i,p du =o(1) + b; (fH(B;).
Bj

The same argument even shows that [ f - (% 2’27,1;1 ¢i,p o T")dLeb — w(Bi)b;(f).
Moreover, the sequence # 51””;1 ¢i,p o T" is bounded by 1 (since ¢;, , takes its values in [0, 1]), and asymptoti-
cally invariant. Let A; : X — [0, 1] be one of its weak limits in L2(Leb), it is invariant and satisfies
1
bi(f)= /fh-dLeb. (65)
’ u) )

Since b; (fo) = 1, we have [ h; fodLeb = u(B;).
Let us now compute [ h;h; fo dLeb. We have

/,L(Bj)bj (d)i,pﬁnf()) = / ¢i,p£nf()hj dLeb = / f0¢i,p o Tnhj oT"dLeb= / i.po Tn/’ljfo dLeb.

Taking the average and the weak-limit, we obtain

2np—1
/hihjfodLebzu(Bj)pILIgon— > bi($ipL" fo). (66)
p n:np

Moreover, if n > np,

Gi.pL" fo=i.p(L" — M) fo+ ¢i.pIT1 fo. (67)

The first term converges to 0 in H, and the computation made in (62) shows that 1Ty (¢; ,IT; fo) converges to u;. This
implies that b (¢;, , L" fo) converges to &;;. This yields

/hihjfodLeb=M(Bj)3ij. (68)
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Let X1 ={x | fo(x) > 0}. Taking i = j, we get fhl.zfo dLeb = u(B;) = fhl-fo dLeb. Since h; takes its values in [0, 1],
this shows that there exists a subset Cl.0 of Xy suchthat 2;1x, =10, with f co fodLeb = (B;). Moreover, (68) shows

that Leb(C? N C?) =0ifi#j.LetC; = T_N"Cio, then these sets are disjoint. For any function f € Loo(Leb) N H,
since LM f is supported in X1,

bi(f)=bi(LN0f) = f LN fhi dLeb =

1
dLeb.
u(B,-)/f ¢

Ci

(B ) “Teo dLeb

/f- 1oo o TNo dLeb =

 u(By)
Moreover, since £N01 is supported on the sets Cl.o,

Leb(Xo) = / ldLeb= / £No1dLeb = / £Not . 1{co dLeb = / 1yeo o TNodLeb = / 1), dLeb.
This shows that the sets C; form a partition of the space modulo a set of zero Lebesgue measure. We have proved that

I
fdLeb
M=y fCMTu (69)

i=1
Let us now turn to the convergence of % Z;L;(l) foTl, for f e Loo(Leb)N H.Let S, f = 27;5 foT/, wewill
estimate [ |S, f/n — Sy f/m|? fodLeb. For i, j >0, we have

ffon.fon+ffodLeb=/f£"(f0).fondLeb

= / LI(fL fo) fdLeb= (LI (fL' fo), f)
= (LI (f M fo), £)+O(8") = (I (f T fo), £)+O(8") +O(s7),

where § < 1 is given by the spectral gap of the operator £. Hence, for n, m > 0,
/S,,f - Suffodleb=nm(ITi(fI fo). f)+ > O()+0()+ > 0O(s)+0(s7)
0<i<n—1 0<i<m—1
0K j<m—1—i 0<j<n—1—i
=nm(IT(fIT1 fo), f)+O@m) +O(m).

Expanding the square in |S, f/n — S, f/m|?, we get using the preVious equation

f 1, £/ — Sy f/m P fodLeb = / Suf - SnffodLeb+— f S f - SwffodLeb

_Z / Suf - SwffodLeb
nm

=0(1/n) +0(1/m).

The functions g, = S 4 f/ p* therefore satisfy | g p+1—&pllLa(fodLeby = O(1/ p?), which is summable. This implies
that g, converges in L;( fo dLeb) and almost everywhere for this measure. For a general n € N, let p be such that
p*<n<(p+1D* then S, f/n — S f/p* is uniformly small if # is large. Hence, S, f/n converges almost every-
where and in L ( fo dLeb), to a function ¢ s € L(fo dLeb).

Let us now identify the function ¢ s. For any smooth function ¢,

[ ¢ 501" fodLeb = (2" @fo). £ dLeb] (@), f dLeb) = b / fdu

i=1

B Je. ¢fodLeb !
=2 G / /(Z u(B))WOdLeb

i=1 i=1

B;
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This shows that, with respect to the measure fjdLeb, the sequence of functions f o T" converges weakly to the
function ¢ = Zl 1o (f fdui). In turn, S, f/n converges weakly to é . However, S, f/n converges strongly

to ¢, hence ¢y = é r almost everywhere for fydLeb, and in particular on almost all U i=1 C ? .

Let Alf be the set of points for which S, f/n converges to [ f d;. We have shown that Alf contains a full Lebesgue
measure subset of C ?' However, Aif ' is T -invariant, hence it contains a full Lebesgue measure subset of C;. Since the
sets C; cover Lebesgue almost all the space, Leb(X \ Uf’:l Aij .) = 0. By the Birkhoff ergodic theorem, A;.f is also
a full 1 measure subset of B;. Let f, be a countable sequence of functions in C%(Xo) N H, which is C%-dense in
CO(Xo) N H, and set A; =),y Aif”. These sets satisfy the conclusion of the theorem.

This concludes the proof of the theorem when 1 is the only eigenvalue of modulus 1 of L. If £ has other eigenvalues
of modulus 1, let N be such that AN = 1 for all these eigenvalues A. The above result applies to TV, and gives sets

Ay, ..., A; and probability measures u, ..., i;. The map T induces a permutation of the sets A; (modulo sets of 0
measure for p), say T(A;) = Ay(;) mod O for some permutation o of {1, ...,1}. For any orbit (i1, ...,ix) of o, the
measure %(,uil - 4 ;) is T-invariant, and its basin of attraction contains ﬂ —0 L7 (Aj;, U---UA;). These

measures are the measures of the statement of the theorem, and their properties readily follow from the corresponding
properties for TV. O

To deduce Theorem 14 from Theorem 33, we just have to check the fifth condition of Theorem 33 since the other
ones are trivially satisfied. Working locally in a chart, it is sufficient to prove the following lemma:

Lemma 34. Let K be a compact smooth hypersurface with boundary in R¢, whose intersection with almost every line
parallel to a coordinate axis has at most L < oo points. Let 1/p — 1 <t_ <0<t < 1/p, and let u € H,t,’t’ be such
that

e there exists a sequence of nonnegative functions u,, € H;,’t_ N Loo(Leb) converging in H It,’l_ tou;
e there exists a measure  with (u, g dLeb) = [ gdu for any C™ function g;
e the support of u does not intersect 0K.

Then w(K)=0

Proof. Let us first prove that there exists a sequence of neighborhoods K, of K N suppu, whose intersection with

almost every line parallel to a coordinate axis has at most L’ < oo connected components, and with Leb(K,) — 0.
Working locally, we can assume that K is transversal to a coordinate direction, say the last one. Hence, we can

assume that u is supported in [—1/2, 1/2]4! x R, and that K can be written as the graph of a smooth function f,

K = {(xl,...,xd,l,f(xl,...,xd,l)) | (x1,...,Xx4-1) € [—1, l]d_l}. (70)

Let K,, = {(x1,...,xq—1, f(x1, ..., Xg-1) +y) | (x1,...,xq-1) € [-1, 191, |y] < 1/n}. It is a neighborhood of
K Nsuppu. It intersects any line parallel to the last coordinate axis along one connected component. Consider now

another coordinate axis, say the first one. Fix (x2, ..., x4—1). Then the boundary of K, N (R x {(x2,...,x4-1)} X R)
is formed of two vertical segments and two translates of the graph of the function x — f(x, x2, ..., xg). For almost
every (x2,...,xq), this graph intersects almost every horizontal line along at most L points. Hence, the intersection

of almost every horizontal line with the boundary of K,, N (R x {(x2,...,x4—1)} x R) has at most 2L + 2 points. In
particular, K, intersects almost every horizontal line along at most 2L + 1 connected components. This concludes the
construction of K,,.

By Lemma 23, there exists a constant C such that, for any n € N, the multiplication by 1x, sends H,t,’t* into itself,
with a norm bounded by C. In particular, 1x, belongs to H, ,t,’t* and is bounded in this space.

Let us show that 1k, tends to O in H,t,’t*. Let t' € (¢,1/p). Then g, is also bounded in H,',,"* by the same

argument. Since the injection of H[t, " in H,t;'* is compact, the sequence 1k, is therefore relatively compact in Hlf,’t*
Let v be one of its cluster values. For any smooth function g,

(v, gdLeb) =lim(l, , g dLeb) = lim/ 1g,gdLeb =0, (71)
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since Leb(K,) tends to 0. Hence, v is the zero distribution. The sequence 1, is relatively compact in H ,t,’t* and its

only cluster value is zero, hence it converges to 0.

Let us now show that, for any v € H It,’t’,

11K, 1l o — 0. (72)

Choose a C*° function ¢ with ||v — @l - < €, then
P

11k, vl < [ Lk, @ = @) yooe + 11k, @l o < Cllo = Gl yeo- + 1Bl il 1k, - < Ce+o(D).

This proves (72).
Let g be a C* function supported in K, taking its values in [0, 1], equal to 1 on K. We claim that

/gdug (1,1, dLeb). (73)

Indeed, write u = limu,, where u,, is a nonnegative function belonging to L, (Leb) N H;,’t_. Then (u,,, gdLeb) =

[ gumdLeb < [ 1k, uy, dLeb = (1k,uy,, dLeb). Taking the limit over m, we get (73).
We can now conclude the proof: by (73), we have u(K) < C|| 1k, u|| Ry This quantity converges to 0 by (72). O
P

Remark 35. The proof of the previous lemma implies that Dirac masses cannot belong to H It,’l‘ ifl/p—1<t_<

0 <t < 1/p: assume for a contradiction that ¢, the Dirac mass at 0, belongs to H,t,"‘. Take K, the ball of radius 1/n
centered at 0. Then 69 = 1k, 6o for each n, but 1g, 8o tends to zero in H, ,’,’t* as n — 00, a contradiction.
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