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Abstract
We study the nodal solutions of the Lane—-Emden—Dirichlet problem

—Au=ulP"lu, ing,
u=0, on 052,

where £2 is a smooth bounded domain in R? and p > 1. We consider solutions u , satisfying

p/|Vup|2—> 16we as p— +o0 (%)
2

and we are interested in the shape and the asymptotic behavior as p — +00.

First we prove that (x) holds for least energy nodal solutions. Then we obtain some estimates and the asymptotic profile of this
kind of solutions. Finally, in some cases, we prove that puj, can be characterized as the difference of two Green’s functions and
the nodal line intersects the boundary of £2, for large p.
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1. Introduction

We consider the superlinear elliptic boundary value problem

{ —Au=ulP 'y, in £,

P
u=0, on 942, (Zp)

where £2 is a smooth bounded domain in R? and p > 1.

By standard variational methods we know that problem () has a positive ground state solution. Moreover many
other results about the multiplicity and the qualitative properties of positive solutions in various types of domains have
been obtained in the last decades.

In this paper we are interested in studying sign changing solutions of (%7),). In contrast with the case of positive
solutions not much is known on nodal solutions of (7)), in particular about their qualitative behavior. Let us therefore
recall some recent results. In the paper [10] A. Castro, J. Cossio and J.M. Neuberger proved the existence of a nodal
solution with least energy among nodal solutions, which is therefore referred to as the least energy nodal solution of
problem (£,). T. Bartsch and T. Weth showed that these solutions possess exactly two nodal regions and have Morse
index two (see [3]). Since positive ground state solutions have the symmetries of the domain £2, if §2 is convex, by
the classical result of [14], a natural question is whether least energy nodal solutions also inherit the symmetries of
the domain £2. In [2] A. Aftalion and F. Pacella proved that, in a ball or in an annulus, a least energy nodal solution
cannot be radial. In fact, in dimension N, they cannot be even with respect to more than N — 1 orthogonal directions.
They also proved that the nodal set touches the boundary. On the other hand, T. Bartsch, T. Weth and M. Willem in [4]
and F. Pacella and T. Weth in [19], with different methods, obtained partial symmetry results: they showed that on
a radial domain, a least energy nodal solution # has the so-called foliated Schwarz symmetry, i.e. # can be written
as u(x) = u(|x|, & - x), where & € RY and i(r,-) is nondecreasing for every r > 0. In fact, as they are not radial,
u(r, -) is increasing. In dimension N, it implies that the least energy nodal solutions are even with respect to N — 1
orthogonal directions. Concerning the “last direction”, in [8,15], D. Bonheure, V. Bouchez, C. Grumiau, C. Troestler
and J. Van Schaftingen proved that for p close to 1 the least energy nodal solution must be odd with respect to this
direction. Moreover, it is unique up to a rotation. For general open bounded domains, they prove that least energy
nodal solutions must respect the symmetries of their orthogonal projection on the second eigenspace of —A when p
is close to 1.

In this paper we study the profile and other qualitative properties of low energy nodal solutions of problem (7))
as p — 400 and £2 C R? is any bounded smooth domain. For ground state positive solutions the same analysis has
been done by X. Ren and J. Wei in [21] and [20], obtaining, in particular, L* estimates. This result has been improved
by Adimurthi and M. Grossi in [1] (see also [11]) who computed the exact value of the L°°-norm at the limit, by a
different approach.

Here by low energy we mean that we are interested in the families of nodal solutions (u)) »~1 satisfying

p/|Vup|2—>l6ne as p — +oo0. (A)
2
Note that as a consequence of [21] and as it will be clear later, this kind of solutions cannot have more than 2 nodal
regions for p large.

Let us observe that there are nodal solutions of (7)) satistying (A). In fact least energy nodal solutions are among
those and we have:

Theorem 1. The condition (A) holds for any family of least energy nodal solutions.

To describe our results we need some notations. In HO1 (£2), we use the scalar product (u, v) = fQ Vu - Vv and
denote by || - |l the usual norm in L9 (§2) and by d (x, D) the distance between a point x € R? and the set D C R2. Let
us consider a family of nodal solutions () ,~1. Throughout the paper, we assume that u, are low energy solutions,
i.e. (A) holds. The positive part u;r (resp. negative part u,) is defined as u;g :=max(up, 0) (resp. u,, :=min(u, 0)).

Let us define the families (x;) p>1(resp. (x,) p=1) of maximum (resp. minimum) points in £2 of u p, i.e. u, (x;;) =
I} oo and up(x,,) = —|lu, [lc and assume w.l.o.g. that u,(x,}) = llupllec, i-6. up(x}) = —up(x,). To start with,
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we prove that x; cannot go “too fast” to the boundary of £2 which is the key point to make some rescaling around x;

. . . d(x}.00 ..
and obtain a limit profile on R?. More precisely we prove that % — 00 (see Proposition 3.1), where
-2._ +\r—1
€, = pup (x P ) .

Then we get the following result.

Theorem 2. The scaling of u,, around x;;:

p
2p(0) 1= ——=(up(epx +x,) —up(x;))
up(xp)
d d + 2= : in C2 (R2 ;
efined on 27 (gp) 1= 5, converges, as p — 00 to a function z in Cj . (R*). Moreover z must solve the equation

—Az=¢*onR?% <0, z(0)=0, Jr2€® =8 and z(x) = 1og(%“).
(I+3lx1%)

As a consequence of the previous theorem, we deduce that 8;161 (x;,r, NLp) — +00 as p — oo, where NL, denotes
the nodal line of u,. So, in some sense, the rescaled solution about xl‘f ignores the other nodal domain of u . This im-

plies that we can repeat the same kind of rescaling argument in the positive nodal domain .(2;“ ={xe€2: upx) >0}

@ —xt
L_—P we get the analogous of Theorem 2:

of u,. Hence, defining 27 (¢,) := -
Theorem 3. The function z, : Q“'(al,) — R converges, as p — 400, to a function 7 in ClzOC (R2) as p — 0o. Moreover
z must solve the equation —Az = e* on R?, 7 <0, z(0) =0, Jr2€® =87 and z(x) = 10g(m)'

8

At this point, to the aim of studying the negative part u,, let us observe that we can have two types of families of
solutions satisfying the assumption (A), the ones which satisfy

(B) there exists K > 0 such that p(u,(x}) +up(x,)) — K;
and the ones which satisfy
(B) p(up(x;,r) +up(x,)) = 0.

The meaning of (B) is that the speeds of convergence of the maximum and the minimum of u, (multiplied by p) are
comparable. Instead the condition (B’) implies that one of the two values converges faster than the other one.

Remark 4. It is easy to see that nodal solutions of type (B) exist. Indeed, if §2 is a ball, it is enough to consider the
antisymmetric, with respect to a diameter, solution with two nodal regions. We believe that also solution of type (B’)
should exist and we conjecture that the radial solution in the ball, with two nodal regions, should be of type (B’).
However, the complete characterization of low energy solutions in the ball will be analyzed in a subsequent paper.

In this paper we investigate the alternative (B) that we conjecture holding for the least energy nodal solutions.
First, we prove that, as for x;, the condition (B) implies that 8;1d (x;, 0§2) — 400 as p — oo. Then we get the
following result.

Theorem 5. If (B) holds then the scaling of u, around x,,

() = (=up(epx +x5) —up(xy))

_r
up(x?;)
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defined on 27 (g,)) := Q;px;
—Az=e"onR? <0, Jge € =87 and z(x) = log(

we get u = 1.

converges, as p — +09, to a function 7 in Clzoc (R?). Moreover z must solve the equation

———t—) for some 0 < u < 1. When K =0 in condition (B),
(43 Ix19)

As for the case of xl‘f, as a consequence of Theorem 5, we get that s;ld (x;, NL,) — +o00, which allows to do the
same rescaling in the negative nodal domain f); :={x € 2: up(x) <0}, obtaining the analogous of Theorem 5.

Theorem 6. If (B) holds, the function

— p _ _
2 () = L (—uy (epx +x7) = o)
”up”oo
defined on fz_(sp) = ”E_XP converges, as p — +00, to a function 7 in CIZOC(RZ). Moreover z must solve the
p

equation —Az = e* on R2 7 <0, f]RZ e* =8 and z(x) = log( for some 0 < u < 1. When K =0 in

M )
(1+5 1x1%)?
condition (B), we get 1 = 1.

Remark 7. Another natural condition to make the rescaling in the negative nodal domain without assuming condi-
tion (B) could be to consider the parameter

~ — —1
8[72 = p|”p (xp)|p

which is now just related to the negative part of u (we are not using the L>-norm of u, but the L*°-norm of u/,) and
assume that E;ld (x,,NLp) — +o00 (as before NL,, is the nodal line of u ). This assumption is essentially equivalent

to condition (B) and allows to prove that é;ld (x,,082) — +oo (see Proposition 3.3). Then one could repeat the

proof of Theorem 6 obtaining for z,,(x) := ﬁ;p’) (u), (Epx + x,) —up(x,)) the same assertion as for Zp-

If the positive part of u, i.e. u;, as a solution of (<)) in Q1 (e p), has Morse index one then the previous results

allow to obtain the exact value of the limits of ||u§ lloo, as p — +00.

Theorem 8. Let us assume that the Morse index ofu["; as a solution of () in fZ;‘ is one. Then we have: ||u['*; loo —
e'/2. If also (B) holds then ||u; oo — €'/2.

The result of the previous statement is similar to the one obtained in [1] for the least energy positive solution
of (7).

Let us remark that the additional assumption on the Morse index of u,“,‘ holds for any nodal solutions with Morse
index 2, hence, in particular, for least energy nodal solutions.

Our last result gives the asymp}otic behavior of the nodal solutions in the whole domain £2.

Letus denote by G (x, y) = —5- log|x — y|+ H (x, y) the Green’s function of §2 and by H its regular part. Finally,

let x* be the limit point of x;,t as p — +oo.

Theorem 9. Under the same hypothesis of Theorem 8, pu, converges, as p — +09, to the function 8mel/2(G(-,xT)—
G(,x7))in €2.(2\ {x~,xT}) and x* #x~ € 2. Moreover the limit points x* and x~ satisfy the system

0G . Ly OH L
Bx,-(x ,x) axi()c , X )—0,
E _8H

(x_, x+) a—Xi(x_, x_) =0,

fori=1,2. Finally, the nodal line of u, intersects the boundary of §2 for p large.

ax,-
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The result of Theorem 9 gives a very accurate description of the profile of the low energy solutions of type (B)
in terms of the Green function of §2 and of its regular part. It is also remarkable that the property that the nodal line
intersects 052 holds for this kind of solutions in any bounded domain §2, extending so the result proved in [2] for least
energy solutions in balls or annulus. It is also reminiscent of the property of the second eigenfunction of the laplacian
in planar convex domains (see [18]), though we are not analyzing the case of p close to 1 as in [8,15].

Let us remark that nodal solutions with this property have been constructed in [13,12].

Finally we would like to point out that our analysis is similar to the one carried out in [5-7] for low energy
nodal solutions of an almost critical problem or of the Brezis—Nirenberg problem in dimension N > 3. However, the
techniques and the proofs are completely different since in [5—7] the nodal solutions whose energy is close to 2Sy
(S is the best Sobolev constant in R™) can be written almost explicitly.

The outline of the paper is as follows. In Section 2, we recall the variational characterization of the problem and
we prove Theorem 1 and some useful asymptotic estimates. In Section 3, we show that x,‘l‘ cannot go too fast to the
boundary and then prove Theorem 2 and Theorem 5 using a rescaling argument on the whole domain £2. Then, using
arescaling argument on the nodal domains, we prove Theorem 3 and Theorem 6. In Section 4, we improve the bounds
given in Section 2 to obtain Theorem 8. Finally, in Section 5, we prove Theorem 9.

2. Variational setting and estimates

We recall that solutions of problem (7)) are the critical points of the energy functional &, defined on H(} (£2) by

1 1
Sy =3 [ 1V = —— [
2 2

The Nehari manifold .4}, and the nodal Nehari set .#), are defined by
Np = {u € Hy(£2) \ {0}: (d&),(u), u) =0}, My = {u e Hy(2): u™ e N},

where ut(x) := max(u(x),0) and = (x) := min(u(x),0). If u € H(} (£2), u™ #0 and u~ # 0 then u € 4, if and
only if

/|w+|2:/|u+|f’+‘ and /|w|2:/|br\f’“. (1)
2 2 2 2

For any u # 0 fixed, there exists a unique multiplicative factor o such that au € .#,,. If u changes sign then there
exists a unique couple (o4, «—) such that e u™ +a_u™ € A),.

The interest of .4}, (resp. .#,) comes from the fact that it contains all the non-zero (resp. sign-changing) critical
points of &,. If u minimizes &, on .4}, (resp. .#,) then u is a (resp. nodal) solution of problem (%) usually referred
to as the ground state solutions (resp. least energy nodal solutions). So, we need to solve

inf{(%—ﬁ)/wuﬂ} on /’Vui|2=/(uj:)p+l

to characterize the least energy nodal solutions.

Theorem 2.1. (See T. Bartsch, T. Weth [3].) There exists a least energy nodal solution of problem (£) which has
exactly two nodal domains and Morse index 2.

To start with, we show that each family of least energy nodal solutions for problem (%)) is a family of low energy
nodal solutions, i.e. satisfies condition (A) of the Introduction. To this aim let us prove an upper bound and a control
on the energy.

Lemma 2.2. Let (up) p>1 be a family of least energy nodal solutions of problem (&7,,). For any & > 0, there exists p
such that, for any p > pe,

1 1

2
ng(up):P(E—ﬁ)/|Vup| < 8me +¢.
2
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Proof. Leta,b € §2. Let us consider 0 < r < 1 such that B(a, r), B(b,r) C £2 and B(a,r) N B(b,r) =@. Then, we
define a cut-off function ¢ : 2 — [0, 1] in €;°(§2) such that

1 ifx —al<r/2,
‘p(x)'_{o if [x —a| >r.

First we introduce the family of functions Wp : £2 — R which are defined on B(a, r) as

)

where z(x) = —2log(1 + %) and 8%, =

X—a

W) (x) —(p(x)\/—<1+

The functions Wp vanish outside the ball B(a, ). We claim that

f” B
=l 8re
|[Wp"T" = ——40(1/p),
p
- 8me
/ IVW,[? = — +o(1/p).
p
2
Indeed, setting *=* =y and using the fact that fRZ et =8m,

+1
f|w P = (Je)yrtler f go(sw+a)”“(1+“;”))p dy

= % +o(1/p).
p

Concerning [, |[VW,|?, we get that

_ ((x — a)/s) LA —a)ey)
VW, = | ¢?(x) V(f( A e/ )) Vo) < ( ))

#2 [ ove(1+ w)wm . V(JE(I A0l
2

p

The first term gives

2
(i =2t
—/16 x —al?
B e 2+|x—a|2)2

16¢ / lx —al? N / 2(x) Ix —al?
= — B S ——————— X)—
7 82+ Ix —aP)? B+ I —aP)?

B(a,r/2) $2\B(a,r/2)

r/2

( /7@ sz)ﬁ()(l)).
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Setting > = r and integrating, we get
r/2

2 2
vl 1 5 +8¢e; 1( 8¢ )
— = —_1lo + = —1)=—logle,| +O().
2 2\2 2 2 p
J ®e2 +y2)? 2 8¢2 2\8s2 + 1%

So, we get

/ ¢*(x)
2

2
V(ﬁ(l + M))‘ = —3ize(log8p +0()

—32em p—1
= 7<_T +o(p) + 0(1))

_8e oy,
p

The second term gives the existence of a constant K > 0 such that

2 2
[reet (i ] (s 20
2

B(a,r)\B(a,r/2)

)
K (1 +2maxceo\Ba.1/p) | log(E=5EL) | + K)?
S 2
p
=o(1/p).

The third term can be treated with similar techniques. So, finally, we get

= 2 8me
VWl =7+0(1/P)
2

which proves the claim. B
Then, we define the family of test functions W), : £ — R which are defined on B(a,r) as W, and on B(b,r) as

the odd reflection of Wp. The functions W), vanish outside the two balls B(a,r) and B(b, r). So, IIVW;,t II% = % +

o(1/p) and ||W;E||§I} = % + o(1/p). Clearly, the unique multiplicative factor a), := ; such that a;f W € .4},

equals the unique multiplicative factor o, such that ), W, € .#},. To characterize it, we need to solve

p+1

o [VWrly = W

It implies that
1
|VWEZ\ 5=
wp = (L2 PN @
Jo Wy P+

So, as u,, is a minimum for the Hol-norm on ./, and f_Q |Vu,,|2 = fQ |Vuj,‘|2 + fg |Vu;|2, we conclude that

1 1 1 1 2
———||IV 2< —— )2 2/VW"' .
P<2 p—}-l)” Mp”z P<2 p+1> (Olp) ’ p|
2

As the right-hand side converges to 8 e, we get the assertion. O

Lemma 2.3. Let (1)) p~1 be a family of least energy nodal solutions of problem (22,,). For any & > 0, there exists p
such that, for any p > pe,

1 1 )
Péap(up)=p(§—ﬁ)/wupl > 8mwe — ¢&.
2
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Proof. To do this, we prove that for any sequence p,, — 400 liminf,_, { pn(% - #) f_Q IVuli," |> > 4me. On one

£ ypntl
hand, 1 = %. On the other hand, in [21, p. 752], it is proved that, for any 7 > 1, |lu]|, < Dt'/2||Vul|, where
2 pPn

D, — (8e)~1/? is independent of u in H}(£2).
So, we obtain

pn—1

w1 pn+tl 2 2
O VI \A
2

_217714:} _ pntl

ie. [, |w§n|2 >D, /i (pn+1)" mT. Thus,

1 1 ptl 2 1 1 —ppntl

__ 4+ 1) a1 vufl">(-——— D "7,

(2 pn+1>(pn ) /| Pn| /(2 Pn+1) Pt
2
As % converges to 1 and the right-hand side converges to 4e, we get the assertion. O
(put1) Pn=l

Proof of Theorem 1. It follows from Lemma 2.2 and Lemma 2.3. O

Remark 2.4. The proof of Lemma 2.3 does not depend on the fact that u, is a least energy nodal solution. Indeed,
for any (up)p>1 verifying (A), as p — +o00, we get

o p(3— %)[Q \Vuk|> — 4me, p [ |[VuF|> - 8meand p [ [Vu,|* — l67e.
o E(up) =0, [o|Vup> =0, [, |vu;|2—>0and fo |Vu;|2—>o.

Moreover the proof of Lemma 2.3 implies, as corollary, that u, has 2 nodal domains for p large.

From now on, throughout the paper, we consider a family (u,),-1 of nodal solutions for which (A) holds. The
following result shows an asymptotic lower bound for the L°°-norms of u;“ and u,,. We denote by A(D) the first

eigenvalue of —A with Dirichlet boundary conditions in a domain D and by x;—L both the maximum or the minimum
point of u, as defined in the Introduction.

1
Proposition 2.5. For any p > 1 we have that |up(x[jf)| > )»1”71 where L1 == A1 (£2).

Proof. Using Poincaré’s inequality, we get
Sl ) 1P [ u)?
= o X +
Jo IVuyI? Jo IVup?

—1. _ ~
< Jup ()"0 (2),

where fZ;,t are the nodal domains of u,,. As fZ;,t C §2, we have | (Q;‘E) > A1 which ends the proof. O
Remark 2.6. We have:
e Forany ¢ > 0, |u,,(x;,t)| > 1 — ¢ for p large. In particular this holds for [|u ||z +c.

lup (x| P! and luep ()| P!
Io ‘V”ﬁz Jo IVupl?

e By Remark 2.4, as |u p(x;[) |P~1 is bounded from below,
+00.

converge to 400 when p —

The next result gives a direct argument to prove that the L°°-norms of u?,‘ and u, are bounded. It will be improved
in the next sections.
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Proposition 2.7. We have that u p(xlj,[) is bounded as p — +o00.

Proof. Let us make the proof for the positive case. By Proposition 2.5, we only have to prove that u , (x;,L) is bounded
from above. Let us denote by G the Green’s function on £2. As |G (x, y)| < C|log|x — y|| for any x, y € £2 and some
independent constant C > 0, using the Holder inequality we have

up(xy) = / Gxy. ) |up )P~ up (y)dy
2

< ozl o lup )7 ay
2

1 P
< C</|10g|x:{ _prJrldy) P (/ |up|P+l)pH,
2 2

Since pfg |up|erl — 16me as p — +o0o (see Remark 2.4), it is enough to show the existence of a constant C > 0
such that

/|log|x;r — y||p+1 dy < C(p+ 1HP*2.
2
Let us consider R > 0 such that £2 € B(x, R) for all n. Then there exists a constant K > 0 such that

R
/]log}x:{ — || dy < llog|x — Y|P dy = K/ log |7+ r dr.
? 0

B(x,,R)

Integrating ([p] + 1)-times by parts, we get

/|10g}x;r — [P dy < K {Jlog(R)|"* + (p+ D|log(R)|” + -+ (p+ 1)+ (p — [p] +2)
2

R
X ’log(R)]/’_[”]“}+K(p+1)p-~(p—[p]+1)/|logr|1’_[”]rdr_
0

Thus, there exists C such that for large n

/|10g}x;f [Py <cp+ 1P
2

which ends the proof. O
3. Asymptotic behavior

For the rest of the paper, w.l.o.g., let us assume that ||up |00 = up(x;;) forany p > 1.
In this section we use several rescaling arguments to characterize the asymptotic behavior of u?f

Let us define 2 := ———— — 0 by Remark 2.6.

p pul)(x;r)p—l
3.1. Control close to the boundary

We prove that x;' cannot go to the boundary of £2 too fast.
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Proposition 3.1. We have

d(xT,08)
—r 5 40 3)
€p
as p — +00.
_ d(x} ,082) n
Proof. Let us argue by contradiction and assume that, for a sequence p, — +00, f?+ — [ >0and thatx, —
+
Xo €02 (e, Dt gy

Epn

First, we treat the case when 052 is flat around x.. We consider a semi-ball D centered in x, with radius R such
that D C §2 and the diameter of D belongs to 0§2. For large n, let us remark that x;‘ belongs to D. Then, on

A := B(x,, R), we consider the function u* . which is defined as u, on D and as the odd reflection of u,, on A\ D.

It is a solution of —Au = |u|”»~lu on A. For large n, we consider

p
25 (1) = (n )( 5 (epex 1) =iy (x1) @
Pn Pn
on Q;n = A;pxpn - Rz' On Q;n, we get from (4)
* pn—1 Z*
—Az), =‘1+ﬂ <1+ﬂ>’
" Pn Pn
Z*
1+ -20<1
Pn

Let us fix R > 0. For large n, B(0, R) < SZ;H and we consider the problem

pn_l *
<1+ ”) in B(0, R),
Pn

wp, =0, on dB(0, R).

*

Z
_Awpn 2‘14_&

Since, by (4), |1 + %:’| < 1, we have that |w), | is uniformly bounded by a constant C independent of n by the
maximum principle and the regularity theory. Moreover, because z,, < 0, we have that ¥, = z,,, — w, is a harmonic
function which is uniformly bounded above. By Harnack’s inequality, v, is bounded in L°°(B(0, R)) or tends to —oo
on each compact set of B(0, R). As v/, (0) =z, (0) —w, (0) > —C, we get that ¢, and 7z, are uniformly bounded
on each compact set of B(0, R).

d(xpn Xx) Xse
7

Since we are assuming that — [ we get that y,, := %1;” € B[O,/ + 1] for large n and zp, (yn) = —pn —
—o0o which is a contradiction.

Next, we treat the case when 952 is not locally flat around x, but is a ¥ 1_curve. We consider a ©’!-domain D
which is the intersection of a fixed neighborhood of x, and £2. Let us define the square Q := (—1,1)?, Q1 :=
(-=1,1) x (0,1) € Q and S := (-1, 1) x {0}.

We consider the change of variables ¢ : D — Q% and ¢(D N 3£2) = S (see [9] to get that ¢ is well-defined and
can be assumed to be €' (D)). Moreover ¢~ 1 € €1(Q7).

We fix a positive function § € C? such that @ o ™' : 0 — Requals 0on dQ T \ S and 8,0 o9~ ! =0 on S where
d, denotes the normal derivative. We extend 6 o ¢! on Q by even symmetry with respect to S.

On Q, we define ii,, as 9(<p_1(~))upn (¢~ '(-)) on Q7 and the odd symmetric function on Q \ Q7. Since Oup,

solves
—Au=0lup, 1" up, —2V0Vu,, — (ADu,, =: gp, Q)

with Dirichlet boundary conditions on D, by the change of variables y = ¢(x), we get that i, solves for some
matrix A
DPn

—div(Ap,Vu)=h,,
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with Dirichlet boundary conditions on Q and where h, is gp, o ¢~ ! on Q% and the antisymmetric on Q \ Q7.

Coming back to £2 by the change of variables x = ¢~ !(y) we get that Gu;n =iy, (¢(-) solves —Au =h,, o ¢ on
A=¢"1(Q).

As 0 is positive, it implies that u), solves —Au = |u|P»~y on A.

We conclude by working in the same way as in the first case. 0O

3.2. Rescaling argument in $2 around x;: limit equation in R?

s
The idea is inspired by [1]. Let us consider 27 (¢,,) := Qg:” and z, : 2% (ep) — R the scaling of u, around x }:
P
2p(x) 1= ——(up(epx +x,) —up(xy)). (6)
up(xp)

Proof of Theorem 2. Let p, be a sequence, p, — +00. As in the previous proof, we have that z,,, solves the equation

z pn_l z
—Azpn=‘1+ﬂ <1+ﬂ>, in 2% (ep,),
Pn DPn
1422 <,
Pn
Zpy = —DPn> on 3% (gp,).

.. d(x} 082
Let us fix R > 0. By Proposition 3.1, we know that 7()(’;’; )

400, i.e. B(0,R) C .Q+(8pn) for large n. Let us consider the problem

— +00. So, 2% (g,,) “converges” to R? as p, —

z pn_l z
—Awpn=‘1+ﬂ <1+ﬂ>, in B(0, R),
Pn Pn

w, =0, on 3B(0, R).

Since, by (6), |1 + ZPL”” < 1, we get that |w), | < C independent of n. By arguing as before, we get that v, and z,,
are bounded up to a subsequence in L°°(B(0, R)) for any R.

Thus, by the standard regularity theory, z,, is bounded in Clzoc (R?) and, on each ball, 1 + ZI;—’: > 0 for large n. We
have that z,,, — z in C2_(R?) and —Az = ¢%.

To finish, we prove that fRZ e* < +o00. We have that z,, + p, (log |1+ %:’ | — ZPL:) converges pointwisely to z in R2.
By Fatou’s lemma, we deduce

/ez <lim opntpn(log 1+ %)
n
R2 2+ (ep)
Pn
Z
=lim / ‘l—i— Pn
Pn
-Q+(8pn)
u, |Pn
. p
<lim L

. Pn
:11m/7+|upn|p"
" A |1 p, (xp,)1

Dn 1 Pn/(pn+1)
Slim ————— ||+ (/ |“pn|p”+l> .
n fup, (xp,)| P
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By Proposition 2.5 and Remark 2.4, we deduce that fRz e < 16me. The solutions of —Az = e* with fRz et < +00

are given by z(x) = log(m) for some u > 0.

As z(x) < z(0) = 0 for any x, we have that © = 1 and xo = 0. Finally, fRZ e =8n. O
3.3. Rescaling argument in the positive nodal domain
Theorem 2 implies directly a control on d (x;‘, NL,) where NL, denotes the nodal line of u .
Proposition 3.2. We have
d(x},NLp,) s oo 7
€p

as p — +o0.

Proof. If the assertion is not true then, for a sequence p, — +oo the level curve Cj, (zp,) = {x € 27T (e s Zpn (X) =
—pn}) intersects B(0, R) for some large R > 0. This is a contradiction since z, is uniformly bounded in all balls. O

Proof of Theorem 3. By Proposition 3.2, we can repeat the proof of Theorem 2 for the rescaled function z,(x)
in2t. o
P

3.4. Rescaling argument on §2 around x,,

.Q—x;

Let us consider £27 (gp) := and z, 1827 (ep) — R the scaling of u ), around X,

ép
_ )4 _
z, (x) :=7+(—up(8px+xp)—up(x;)). ®)
up(xp)
To obtain the same kind of result as that of Theorem 2, we need
d(x,,08)
—rr . +0oo ©)
€p
as p — +o00. To get (9) we can repeat step by step the proof of Proposition 3.1. The only delicate point is the use
of Harnack’s inequality when we need that v, (0) is bounded from below. Nevertheless, requiring that p(u p(xl‘f) +

u p(x;)) is bounded (alternative (B) in the Introduction) we get the boundness of v/,,(0) and so (9) holds. This explains
the role of condition (B) in getting Theorem 5.

Proof of Theorem 5. It is obtained following step by step the proof of Theorem 2. The constant w in the limit
function z can be different from 1 because

T _ T P _ -\ _ +
0= lim 2, 0= lim s (Cup() —up(x7)) #0

whenever K (in condition (B)) is not zero. O
3.5. Rescaling argument in the negative nodal domain

We would like to obtain a result similar to that of Theorem 3 for the function u, defined in the negative nodal
domain S}Ij. We consider solutions satisfying condition (B). By Theorem 5, working in the same way as in the proof
of Proposition 3.2, we get that E;Id(x;, NL,) — +00.

Proof of Theorem 6. As (9) is satisfied when (B) holds, we can repeat the proof of Theorem 3, taking into account
the remark in the proof of Theorem 5. O
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We conclude this section by explaining Remark 7 of the Introduction. Let us now consider the “natural” rescaling
coefficient

-2 1
817 = f—l —0
P|Mp (xp )| P
since liminf ,,_>+oo |u p(x_) |P~1 > 1 (see Remark 2.6). We would like to control the rescaling of u, around X,
zp(x) = up(x —)( p Epx+x,) —up(x,)).
The same argument as in the proof of Proposition 3.1 and Theorem 2 does not work as we might loose the es-
sential estimate |1 + Z—"| < 1 in the proof. So, we do not get Proposition 3.2 for x and we need to assume that

p
£,'d(x, ,NL,) — +oc.
iie ~—1 1
Proposition 3.3. Assume that &, d(x,,, NLp) — +00 as p — +00, with &, defined as 8p eGP Then
E;ld(x;, 0§2) — 400 as p — 4o0.
.. d(x; ,082)
Proof. Let us work by contradiction and assume that, for a sequence p, — +oco, —2—— — [ > 0. Let us also

Epn

assume w.l.o.g. that x, — x, € 982 (i.e. d(xp, %)
Epn

— ).
Ase pnld (xp,» NL pn) — 00, We can construct a sequence of ¢! -domains D p, Which are the intersection between
a neighborhood V), of x, and f)gn such that
=1
Epn d(xy,dDp, \ 082) — +o0.
For large n, we have that x,, belongs to Dp,,. So, as u, stays negative in Dp,,, we can argue in the same way as in

Proposition 3.1 to conclude the proof. O

By working in the same way as in Theorem 2 or Theorem 3, Proposition 3.3 allows to make the rescaling in
the negative nodal domain .Q;, so to obtain for —— ( = (u (Epx + x, )—u p(x;)) the same assertion as for z, in

Theorem 3.
4. L°-estimates

In the last two sections, we will work in the positive and negative nodal domains. While dealing with the positive
nodal domain, z, will always denote the rescaled function used in Theorem 2. For the negative one, the expression
of z;, can be defined as in Theorem 6 when (B) holds (and so with sljz = p|up(x;‘) [P~y

Let us point out that some proofs will be given just for the positive case, the negative one being similar.

Proposition 4.1. For any sequence p, — +00 we have limsup,_, | o, |u[jfn (x[jfn)| <el/2,

Proof. Let us prove the assertion for the positive case. By Fatou’s lemma, we have

— fQ |u;’7_n|pn+1 _ |u?7_n (xpn)| it 1 Zpn potl
- + patl T ”qu I Spn +—=
“upy,||pn+1 Pl pnt1 . Pn
‘Q+(81’n)
2 +1
B |upn(x ) ‘1+Zﬂpn
prl
pn””p l 1 Pn
n [Jn+ Q+(5Pn)
. + et )2
S limsup,,_, | luj, (x5 )7 /ez
=
8me
R2

As fRZ e* = 8m, the proof is complete. O
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Now, we study the equality in the last statement. We will show that || G*(ep,) 1+ Zpﬂ [P+ converges to fRZ &% with

no mass lost at infinity.
Let us consider the linearized operators

L;(v) =—Av— p|u7,'|p_lv

forv: Q;; — R and let us denote by A; (L;) the eigenvalues of L;,r with homogeneous Dirichlet boundary conditions.
Our aim is to prove Theorem 9, therefore we assume that the Morse index of u;‘ in 27 is 1. Hence we have

AM(LF) <0 and A(Lf)>0 inQ27F.

+ N
_ uy epxtxp)I?

5+ . + __
Then, for D C £27 (¢)), let us consider prD(v) =—Av B

Dirichlet eigenvalues. By scaling, we get

v and denote by A; (L; p) the corresponding

Lemma 4.2. 1 (L; ) <0 and AZ(L: )= 0.

27 (sp) 27 (ep)

+

Lemma 4.3. Let p — +00, then there exists r > 0 such that 1, (Lp B.r)) <0forlarge p.

Proof. Let us consider =x.Vz,+ 27, + 2P We have that satisfies —Aw = M
. Wp =X.VZip p—lZP p—1- Wp w= |u?;(x;;')\p71
1

2
(14+157)2

We also have w,(0) - 2. Asz, —> z= log( ), for |x| =r, we get
2

wp(x) > — +2

8 +r2

as p — +00. So, for large r, w), — a <0 on 9B[0, r].
Let us fix such an r. By considering A, := {x € B(0,r): w, > 0} and the function w, equals to w, on A,
(0 otherwise), we get

+ +y1p—1
/IV@pIZ— / U T 2o,
luf )=t 7

B(0,r) B(0,r)

which implies our statement. O

+

Lemma 4.4. For p large, )Ll(Lp’éJr(gp)\B(oyr)

) > 0, where r is given by Lemma 4.3.

+

Proof. If A (LT ) was negative then, by Lemma 4.3 we would have kz(Lp S+
) )4

P82+ (ep)\B(0,r)
Lemma4.2. O

)) < 0 which contradicts

Proof of Theorem 8. Since we are analyzing nodal solutions which satisfy condition (B), it is enough to prove
that ”u;”oo — /e as p — 4o00. Let us argue by contradiction and assume that for a sequence p, — +0o0, by

Proposition 4.1, limy o0 [} (¥} ) = 1im, o0 4}, [l < €'/

. We claim that this implies z,,(x) — z(x) < C on
27 (¢p,) uniformly.

Indeed, z,, converges to z on each compact set. In particular, on B(0, r), where r is given by Lemma 4.3. So, it is
enough to check what happens in £ (¢ o) \ B(O, 7).

Onone hand, —Az=¢* > |1+ % |? for any p > 1. On the other hand, by computing z,,, —z on 8S~2+(£p”) \ B[O, r],

we get for some uniform constant C

1
O log(—x|z>
(14 B2
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84
ST 1°g<cd(x;:5m4)
—pn +2log(puut (x0)|"7) + 4log(d(x}; . 82)) + C
— pu + 210g(pauf, ()" + €
<—Pn+210g(|u )" resc

where we used that |ulfn (x;”n)| <el/2 and d(xl‘,"n, 982) < C for large n (by contradiction).
We also have the estimate on 0 B (0, r) because we have the convergence on each compact set.
Finally, by convexity, we have

-1 + +y1pa—1
bn _ |Mpn (Ep”x +xpn)|pn
(an - Z) - + —1 (an - Z)'
lup,, (xp, ) |Pn

—Azp, + Az ‘

n

+ +

Since the maximum principle holds in £ (ep,) \ B(O,r) for L 5+ e\ BOT)
claim.

From this claim, we obtain that ffﬁ(s,, )11+ Zpﬂ |Pn+1 converges to [p2 €%. So,

fQ |upn|pn+1 |upn(x )|p”+1 2 Zpn potl
1= = e 1 + =
lach, 177 a1 Pn
Pnllp, +1 Pnllp, +1 é+(5pn)
2
lluf |l
Pn 10O
=—P"% (87 +o0(1)),
8ne+o(1)( )
which proves that lim,, oo [}, [loo = €'/2, which is a contradiction. O

5. Green’s characterizations

To start with, we observe that Theorem 8 gives a direct way to prove the convergence of |, S%(e,) 1+
p

p —> +0o0.
Proposition 5.1. As p — +oo ffzi(sp) 11+ %P|p+l — [p2 €% =87

Proof. Let us give the proof for the positive case. For any n € N, we have

+1 +p+1
[ s _rtir
p

flJr(Sp)

|u p (x p )|2
As the right-hand side converges to 87, we obtain our statement. 0O
The previous result implies a similar statement where the exponent p + 1 is replaced by p.

Proposition 5.2. We have

[ b
p

2% (ep,)

p
— 8

as p — +00.

135

(see Lemma 4.4), we deduce our

1P+l a5
p >

Proof. Let us give the proof for the positive case. On one hand, as |1 + %"| < 1, we have f ey 14+ zpl|/’+1 <

f_(}Jr(Ep) 1+ Z’TP|P. By Proposition 5.1, we get 87 < liminf,_, 4o ffﬁ(sp) 1+ %’|P.
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On the other hand, as fé+(€p) 1+ %V"H — 87 and |1 + %”V"H — €° with [, e® = 87 (see Theorem 3 and
Theorem 6), we have

Ve >0, AR, >0and p.: Vp > p. and R > R, / ‘l—i—z—p <e. (10)

p

2+ (ep)N{|x|>R}

By interpolation, we get for any & > 0 that

P P P
Z Z Z
R B R
2+ (ep) 2+ (ep)N{I1xI<Re} 2+ (ep)N{Ix|>Re}
P prIN 4
bd z +1 1
< / 1+=£ +( / '1+—” ) |27 ()| 71
i p i p
2+ (ep)N{lxI<Re} 2+ (ep)N{Ix|>Re)
p p+IN 551 -1
Z d p+1 1 =1
< / 1+ 2 +< / '1+—” ) 12|71
i p i p
2+ (ep)N{lxI<Re} 2+ (ep)N{Ix|>Re}

__]
As f.(}+(s,,)m{|x\<1eg} 1+ %IP — C < 87 and s,’,’“ — el/* as p — +00o, we get by (10) that, for any ¢ > 0, there
exists p > 0 such that if p > p then

[ 3
p

<@Bm+¢e)ter
2+(ep)

T(ev +6),

which implies our statement. O
Let us denote by G the Green’s function of £2 and by x* € £2 the limit points of xljf as p — +oo.

Lemma 5.3. Let x # x*. We have

/ G(x, ep¥r +x,jf)

2% (ep)

Zp

)4
14+ —=—| dy —> SnG(x,xi).
p

Proof. Let us make the proof for the positive case. Let us fix x # x7T and consider « > 0 such that B(x, ) C 2 and
d(x*T, B(x,a)) =B > 0. We have

p p
< <
/ G(x,b‘pllf—‘rx:';)l—i—;p dy = f G(x,spllf—}—x;)l—i—;p dyr
2t ep) B (e 2
p
Z
+ / G(x,g,,¢+x;)1+;” dyr.

B(x,a)—.x;'
ep

Arguing as in Proposition 5.2, since G(x, £,V + x;) converges uniformly to G(x, x*) on each compact set of R?,

. B(x,0)—x3f .

G (x, -) isbounded on £2 \ B(x, ) and d(u, 0) — 400, we get that the first integral converges to 87 G (x, x ).

Concerning the second integral, since x ¢ B(x, a), we derive that fm‘a)_x; 1+ %”V’ =p fB(x’a) |u;,"|p — 0. From
ep

the last statement we deduce that we can apply Lemma 3.5 in [20] and obtain that

Ep

» . .

——F——— is bounded in B(x, o)
T

PfB(x,a) lup 1P ’

and hence u,(x) < % in B(x, a). Then



M. Grossi et al. / Ann. 1. H. Poincaré — AN 30 (2013) 121-140 137

P
Z

/ G(x,a,,w+x;;)1+;” =p [ G, |uf (]’ dy

B()c.ot)f)tp+ B(x,a)
8[)

1\?

<P<§> /G(x,y)=0(1),

B(x,a)

which gives our claim. O
Let us remark that the convergence in Lemma 5.3 is uniform in x in %lgc(ﬂ \ {xTh.
Proposition 5.4. Under the same assumptions as in Theorem 8, the following alternatives hold:

(H d (xl'f, 082) > 0 and d(x,,982) #> 0. Then the function pu, converges, up to a subsequence, to the negative
function —8me'/2G(-,x7) in ‘KILC(Q \{x7}D;

(2) d(x,,082) - 0 and d (x;r, 082) /> 0. Then the function pu, converges, up to a subsequence, to the positive
function 8we'/2G (-, x %) in 6L (2 \ {xT});

3) d(x;, 082) and d(x;, 082) /> 0. Then pu, converges, up to a subsequence, to 8re/2(G(-,x") = G(-,x7)) in
G @\ {x7, x Y withxT #x7, xF,x™ € 2;

4) d(x;', 082) — 0 and d(xlj, 082) — 0. Then puyp — Oin CKI(I)C(K_Z \ {x~, xT)D.

In the case (3), the limit points x+ and x~ satisfy the system
G
—(x+, x_) — —(x+, x+) =0,
ax,- ax,'
(x7.x7)

G oH
_(x—’ x+) —
ax,- 8x,'
fori =1,2, where, as in the Introduction, H(x, y) is the regular part of the Green function. Moreover the nodal line
of up, intersects the boundary 952 for p large.

1)

0,

Proof. We have

u,;(x)=fG(x,mup(y)}”‘lup(y)dy

2
=/G<x,y>|up(y>|”dy—/G(x,y)\up@)\”dy.
fohs 2,

Let us just treat the first member of the sum. The second one can be treated in the same way. With the change of
variables y = ¢,y + x;‘, we get

1
[ Gl ay= [ Gl e+ 55| by
. ) pluy ()l
2F 2% (ep)
llu (ep¥ + x| — U lloo + 14} ool ?
= / G(x,eptp—}—x;r) P P +p[:1 P dyr
) plluy i
2% (gp)
”u+”oczp
| =2 [l ool P
= G(x,£p1/1+x;,r) 0 —
/ plluflb

2% (ep)
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e .
= / G(x,spl// +xp)

p ~
2% (ep)

P
dy.

14+
)4

As ||uj,‘||oo — e!/? and fé+(sp) G(x,ep¥r +x1‘,")|1 + %p |P dyr converges to 87 G (x, x) (see Lemma 5.3), by working
in the same way with the second part of the sum, we have
pup — 8ne1/2(G(., x+) — G(.,x_)) (12)
in ‘flgc(.Q \ {x*, x7}), up to a subsequence. By regularity, it implies the convergence in ‘51})0(.(2 \ {xT}) (see [16]).
Observing that G(., x7) =0 when x™ € 352, we get the alternatives. In the third case, we prove that x* # x™~ as
follows. Indeed, arguing by contradiction, we have that x* = x~. Then, pu, — 0in ¢! (@) where w is a neighborhood
of the boundary 8£2. By the Pohozaev identity, multiplying by p2, we get

2
p 1
p+1/|up|f’+‘ =Z/(x~v>(au(pup))2.
2 082

As the left-hand side converges to 16e (see Remark 2.4) and the right-hand side converges to 0 (since pu, — 0
in €1(&)), we get a contradiction.
Now, we prove that x* and x~ solve the system (11). Concerning the location of x™ and x~, we use a Pohozaev-

type identity. For i = 1, 2 let us multiply Eq. (<)) by ‘?;‘Tf’ and integrate on Bg(x™) C £2, the ball centered at x ™ and
radius R. We have that,

2 ou, du 1
0=—— Prly, / —L_L£__ / Vu,Pvi=hi+ L +1 13
P+ / |“p| Vi + ax; v 5 | Mp| Vi 1+hL+ 103 (13)
dBR(x™) dBR(xT) dBR(xT)
where v; are the components of the normal direction.
From (12) we get that
1 p
P21 = O<§> as p — +o0. (14)
Multiplying (13) by p? and using (12) and (14) we deduce
3G xT) =G(,x ) IG(,x")=G(,x7)) 1 / + V|2
- = VI(G(., -G, ; = 0. 15
8xi v 2 |(()C) ()C))|U, ()
dBr(xT) dBr(xT)

The last integral was computed in [17, pp. 511-512] which gives

V(G(x*,x7)—H(x",xT))=0. (16)
Repeating the same procedure in Br(x~) we derive that

V(G(x_,x+)—H(x_,x_))=O 17)

which gives the claim.

To conclude the proof, we show that the nodal line of u, intersects the boundary 952 for p large. If not, u, is a
one-signed function in a neighborhood of 92, which, by Hopf’s lemma, implies that 9, pu, is one-signed on 952
for large p. On the other hand, as xT # x~ and fBQ 3,(G(-,xT) — G(-,x7)) =0, the normal derivative of the limit
function changes its sign along 92. It contradicts the %l—convergence of pu, to 87 /e(G(-,xt) —G(-,x7))ina
compact neighborhood of 92. O

Proof of Theorem 9. We need to prove that the cases (1), (2) and (4) in Proposition 5.4 cannot happen. To start with,
we focus on the case (4). Arguing by contradiction, let us assume that x* and x~ belong to 9£2. Let D C 2 be an
open domain which is the intersection between a neighborhood of x* and £2. We assume w.l.o.g. that x~ ¢ D when

xt #x~ and x~ ¢ 9D when xT = x~. We have that pu, — 0in %,..(D \ {x™}). Using the same notations as in the
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proof of Proposition 3.1 (for O, O™, S, ...), we consider the change of variables ¢ : D — Q" and p(DN32) =S
Moreover (p_l € €. Then, we define D* := <p_1(Q) and uj,‘, which is u,, on D and the odd tubular reflection on

D*\ D (as in the proof of Proposition 3.1). We get that u), solves —Au = |u|?~'u on D* and puj, — 0in € (")
where w* C D* is a neighborhood of the boundary d D* avoiding x ™. Using the Pohozaev identity and multiplying
by p?, we get the existence of constants K, K* and K** such that

2
p+1/| |p+1_K/(x V(@ (puy)) d“FK*/()‘ v)(0c (pu}))* de + K** 1;1 /|u’;|”“. (18)
aD*

aD* aD*
As puj, — 0 in €1 (D* \ {xT}), the right-hand side is converging to zero. To get a contradiction, we prove that
the left-hand side is not converging to zero. For this, we claim that p f D |u;|p +1 converges to C > 8me. If not, as
p f_Q lue, [P+ - 8me and pf_Q |up|”+l — l6me, we get the existence of a positive constant i such that

plup||up|p >y
2\(D*UB(x~,8))

for any § > O and large p. It contradicts pu, — 0 in L2\ xT).

To finish, let us prove that the case (1) cannot happen (the case (2) is similar). Working in the same way, we
construct an open domain x* € D* such that u), solves —Au = lu|P~'u on D* and puy, — G(-,x’) in ¢ (0*)
where o™ is any compact set in D* \ {xT}. Using again the Pohozaev identity and multiplying by p?, we get Eq. (18).
Working as previously, as pu, — G(.,,x7) and u, — 0in 1OC(.Q \ {x*}), the left-hand side converges to C > 8rwe.
Concerning the right-hand side, as G(.,x7) € %'(£2) and G(-,x~) =0 on 32, we can consider D* small enough
such that the two last terms converge to constants less than 8w e/3. For the first one, as there exists a constant K > 0
such that [VG (x, y)| < ‘x 57 we get that (3,G (-, x —))2 isbounded in a neighborhood of x ™. Taking D* small enough,
we also get that the first term converges to a constant less than 8we/3 which is a contradiction. 0O
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