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Abstract

We prove the existence of non-smooth solutions to three-dimensional Special Lagrangian Equations in the non-convex case.
© 2010 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous démontrons 1’existence de solutions singulieres d’équations speciales lagrangiennes en dimension trois, dans le cas non
convexe.
© 2010 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we study a fully nonlinear second-order elliptic equations of the form (where & € R)
Fj,(D?u) = det(D*u) — Tr(D*u) + hop (D*u) — h =0 (1)

defined in a smooth-bordered domain of 2 C R3, 02(D?u) = MAz + Az + A1A3 being the second symmetric
function of the eigenvalues A1, Az, A3 of D?u. Here D*u denotes the Hessian of the function u. This equation is
equivalent to the Special Lagrangian potential equation [10]:

SLEs: Imf{e™"® det(I +iD*u)} =0
for h := — tan(#) which can be re-written as
Fy = arctan A| + arctan A, + arctanAz — 60 = 0.
The set
{A € Sym*(R?): Fj,(4) =0} C Sym*(R?)
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has three connected components, C;, i = 1,2,3, which correspond to the values 6 = —arctan(h) — w, 6 =
—arctan(h), 03 = —arctan(h) + .
We study the Dirichlet problem

{Fg(Dzu) =0 in$2,
Uu=g on 052,

where £2 C R” is a bounded domain with smooth boundary 952 and ¢ is a continuous function on 952.

For ) = — arctan(h) — 7 and 83 = — arctan(h) + 7 the operator Fy is concave or convex, and the Dirichlet problem
in these cases was treated in [5]; smooth solutions are established there for smooth boundary data on appropriately
convex domains.

The middle branch C,, 6, = —arctan(h) is never convex (neither concave), and the classical solvability of the
Dirichlet problem remained open.

In the case of uniformly elliptic equations a theory of weak (viscosity) solutions for the Dirichlet problem gives
the uniqueness of such solutions, see [8], moreover these solutions lie in cle [4,16,17]. However, the recent re-
sults [13-15] show that at least in 12 and more dimensions the viscosity solution of the Dirichlet problem for a
uniformly elliptic equation can be singular, even in the case when the operator depends only on eigenvalues of the
Hessian.

One can define viscosity solutions for strictly elliptic equations (such as SLEp); in this case the uniqueness and the
existence for C¥ viscosity solutions are known to experts in the field. For example, strict ellipticity alone is enough for
the argument leading to comparison on pp. 45 and 46 of Caffarelli and Cabre [4]; cf. [6, p. 594]. However, we prefer to
use a new very interesting approach to degenerate elliptic equations suggested recently by Harvey and Lawson [11].
They introduced a new notion of a weak solution for the Dirichlet problem for such equations and proved the existence,
the continuity and the uniqueness of these solutions.

The main purpose of the present note is to show that the classical solvability for Special Lagrangian Equations does
not hold.

More precisely, we show the existence for any 6 € ]—/2, w/2[ of a small ball B C R3 and of an analytic function ¢
on d B for which the unique Harvey—Lawson solution uy of the Dirichlet problem satisfies:

() ug € 1173,
(il) ug ¢ C19 for V8 > 1/3.

Our construction use the Legendre Transform for solutions of F 1 (D*u) = 0 which gives solutions of Fj, (D*u) =0;

in particular, for & = 0 it transforms solutions of o2(D?u) = 1 into solutions of det(D?u) = Tr(D?u). This construc-
tion could be of interest by itself. The Legendre Transform was already used in [3, p. 312] (as was kindly pointed to
us by the anonymous referee) to convert solutions of det(D?u) = Tr(D%u) into solutions of o2 (D2u) = 1, but only in
the convex case.

Finally, we think that the following conjecture is quite plausible.

Conjecture. Any Harvey—Lawson solution of SLEy on a ball B lies in C'(B) (if ¢ is sufficiently smooth).

In the case 6 = 0 these solutions lie in C%!(B) by Corollary 1.2 in [18] (note that in this case the convexity of the
equation is not really necessary there).

2. Harvey-Lawson Dirichlet Duality Theory

In this section we recall the “Dirichlet duality” theory by Harvey and Lawson [11], which establishes (under an
appropriate explicit geometric assumption on the domain £2) the existence and uniqueness of continuous solutions of
the Dirichlet problem for fully nonlinear, degenerate elliptic equations

F(D) =0. @

Following the method by Krylov [12] this theory takes a geometric approach to the equation which eliminates the
operator F and replaces it with a closed subset F of the space Sym*(R") of real symmetric n x n matrices, with the
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property that d F' is contained in {F = 0}. We need only the case when £2 is a ball when the geometric assumption is
automatically true and thus we do not discuss it below.

The general set-up of the theory is the following. Let F be a given closed subset of the space of real symmetric
matrices Sym”(R"). The theory formulates and solves the Dirichlet problem for the equation

Hess,(u) e 0F forall x € 2
using the functions of “type F”, i.e., which satisfy
Hess(u) € Fforall x.

A priori these conditions make sense only for C2-functions u. The theory extends the notion to functions which are
only upper semi-continuous.
A closed subset F C Sym2 (R") is called a Dirichlet set if it satisfies the condition

F+PCF
where
P ={AeSym*(R"): A>0}

is the subset of non-negative matrices. This condition corresponds to degenerate ellipticity in modern fully nonlinear
theory; it implies that the maximum of two functions of type F is again of type F which is the key requirement
for solving the Dirichlet problem. Note that translates, unions (when closed) and intersections of Dirichlet sets are
Dirichlet sets. The Dirichlet dual set F is defined as

F = —(Sym*(R")\Int(F)).
By Lemma 4.3 in [11] this is equivalent to the condition
F:={AeSym*(R"): VBe F, A+ BeP},

P being the set of all quadratic forms except those that are negative definite.

An upper semi-continuous (USC) function u is called a subaffine function if it verifies locally the condition:

For each affine function a, if u < a on the boundary of a ball B, then u < a on B.

Note that a C-function is subaffine if and only if Hess(u) has at least one non-negative eigenvalue at each point.
A USC function u is of type F if u + v is subaffine for all C2-functions v of type F. In other words, u is of type F
if for any “test function” v € C? of dual type F, the sum u + v satisfies the maximum principle. A function u on a
domain is said to be F-Dirichlet if u is of type F and —u is of type F. Such a function u is automatically continuous,
and at any point x where u is C2, it satisfies the condition

Hessy(u) e 0F forall x € £2.

The main result of the theory (in our restricted setting) is Theorem 6.2 in [11].

Theorem (The Dirichlet problem). Let B C R" be a ball, and let F be a Dirichlet set. Then for each ¢ € C(0B),
there exists a unique u € C(B) which is an F-Dirichlet function on B and equals ¢ on dB.

Besides, one has [11, Remark 4.9]:
Proposition (Viscosity solutions). In the conditions of the theorem u is a viscosity solution of (2).

Krylov’s idea [12, Theorem 3.2] permits to reconstruct from F a canonical form of the operator F such that:

1) 9F = {F=0};
2) F={F>0l.
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It is sufficient to define

F(A) :=dist(A,0F) for A € F,
F(A) := —dist(A,0F) for A ¢ F.

The operator F (in its canonical form) is strictly elliptic if for any A € F there exists 6(A) > 0 s.t. F(A+ P) >
8(A) - || P|| for all P € P, and uniformly ellipticif F(A+ P) > 6 - || P| forall P € P, A € F and an absolute constant
8 > 0 (note that for F in its canonical forn~1 F(A + P) — F(A) < || P|| by definition). Moreover, the function F is
concave iff F is concave, and is convex iff F is convex.

Below we will use the Harvey—Lawson theory only in the case of Hessian equations, i.e. when F(A) depends only
on the eigenvalues A1 (A) < A2(A) < --- < 1, (A) of A. Then the sets {F =0}, F, F are stable under the action of the
orthogonal group O, (R) by conjugation. Consider the map

Sym*(R") — D, CR",
Ar— (Mi(A), A2(A), ..., k(A))
where
Dy i={(A1, A2, ..., ) €R" A <A <o <K
The images {F), = 0}, F),, F), of {F =0}, F, F determine completely their preimages. The sets

{Fa=0}:= [ J{Fo0)=0}CR",

o€EeS,
Fjp:= U Fs() CR",
o€eS,
FA = U I‘:U(A) CcR",
oeS,
where o (1) 1= (Ao (1), Ao(2)s - - - » Ao(n)) are Sy-invariant subsets in R” which determine {F = 0}, F and F as well.

Moreover, it is well known (see, e.g., [2,5]) that the set F is convex iff F, is convex.
3. Some properties of Special Lagrangian Equations

In this section we give some properties of the Special Lagrangian Equation
F_C(Dzu) = det(Dzu) — Tr(D2u) — coz(Dzu) +c=0.
Note first that the set {F_. 4 = 0} is a real cubic surface S. 4 with three components (“branches”) which can be
presented as a graph:

el =MA)+ A+ 2
AMir—14c(h1 +22)

One easily proves the following by brute force computations:

A3 3)

Lemma 3.1.

1) The components of S¢. 4 are given by
Cr={(t1, 22, 23): MAa — 1 +c(hi +242) > 0, A1 > —c, Ao > —c},
Cr={(A1.22,23): A2 — 1 +c(hi +42) <0},
C3 = {()»1,)»2,)»3): MAMy—14+chi+2) >0, A <—c, A2 < —C};

equivalently,
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Ci= {(Al, A2, A3): arctanA| + arctan A, + arctan A3 =7 + arctanc},
Cr= {(Al, A2, A3): arctan A + arctan A, + arctan A3 = arctan c},
Cy= {(M ,A2,A3): arctan A1 + arctan Ao + arctan Az = —m + arctanc}.

2) Forany c € R, Cy is convex, Cs is concave, C» is neither.

Proof. 1) is straightforward, 2) follows from the Hessian of A3 in (3):

a3 202+003+ DA +c?)

922 (MAy—14ch+cr)?’

1 200 +0)0F+ D +c?)

923 OQaha—l4ch+ch)’’

4(c? 4+ D2 (e + cha + A543 + Aho + A3 +42)
(MA2 — 14 chy +cro)d

which implies e.g. that the point with A; =X, = —c — 1/10 for ¢ > 0, A1 = A = —c + 1/10 for ¢ < 0 is a saddle
pointon C>. O

’

det(D?23) =

The corresponding Dirichlet sets Fci, i=1,2,3,are given (via F é 4) by

F.I’A = {(M, A2, A3): arctan A1 4 arctanAp + arctan Az > w + arctanc},

C

F? 4 ={(A1.22,43): arctanA; + arctan A3 + arctan A3

p arctanc},

=
F} , ={(A1. 22, A3): arctanA; + arctan A, + arctan A3 >

c

and their duals by [11, Prop. 10.4.]:

—7 4 arctanc},
I:“CI)A = {()q, A2, A3): arctan A| + arctan A, + arctanAz > —m — arctanc},
I:"CZ’A = {(A],Az, A3): arctan A| + arctan A, + arctan A3 > —arctanc},

FS,A = {(Al, A2, A3): arctan A| + arctan Ay + arctanAz > w — arctanc}.

A simple calculation gives
Lemma 3.2. F, c’ is strictly, but not uniformly, elliptic.

Indeed, the derivatives ﬁ > 0 tend to O at infinity.

Remark 3.1. If we (artificially) impose the uniform ellipticity condition, we get a smooth solution. Indeed, if F_.
verifies this condition on u, the derivatives

1 1 1 _(A1A2—1+ck]+ckz)2€|:i ]
MU+ 23+ A+2DA3+ D+ ’

M

for some ellipticity constant M, which implies that u € C!'! and thus is smooth by [19].
We give now the principal technical result of this section which permits to construct in the next section a singular
solution of SLE.

Proposition 3.1. There exists a ball B = B(0, €) centered at the origin s.t.

1) The equation
MA2 + AA3 + AA3 = Gz(Dzu) =1

has an analytic solution ug in B verifying
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vt 2.2 4 2.2 z* 2 2 y: o x 5

@ uo:—?+5yz —x"+7x%z —?+2y 7 —2zx +7+?+0(r ),
2 32

(i) M=1400),  d=1400), M=-—-2_240(").

2 2
2) The equation

MA2 4 A2A3 + ARz + c(hA2As — A — A2 — A3) = 02(D?u) + c(det(D?u) — Tr(D*u)) = 1

for ¢ #0, —1 has an analytic solution u. in B verifying

0 -z 2229245 + 4c* + 863 +5¢2 +4c+ 4)
u, =
T e+ DEH2c+2)( 2 H e+ D2+ 1) (c+D(2+c+1)
2x2224c? +4c+3) YA+ DB +23 427 —4c—4)  x*Bcr+2c42)
(c+D(+c+ 1) (c+D(2+c+ 1) (c+D(+c+ D
2 2 2
c“+c+1 c+ Dx
—2(c2+1)zy2+2zx2+( 3 )y +( 2) +0(r),
(ii) M= +c+14+00), M=c+14+0(@),
N _ XN+ D@ +20+2) 43y (P 4+ D (P 420 +2) + 32 L o()
3= Qe+ D@ +etr D@+ D)2 +2c+2) :

3) The equation (c = —1)
AMA2 + Aahs + A1Az + c(MiAars — A — Ao — A3) = 02(D?u) — det(D?u) + Tr(D*u) = 1

has an analytic solution u_i in B verifying

. 2.2 2.2 119x* 2.2 z* 2 2 y? 2 5
(i) u_| =48y“x~ — 12y“z —T+93x z +3+2y z—9%x z—g—i-x +0(r),
.. 2 2 3Z2 3 1

(i1) rM =24+ 0(), Ay =6y° + 6x +—2 +0(r ), )»3:—§+0(r),

Jorr=|(x.y, 2.

Proof. Let us note that

x2

v 4 32
vy = —— —i—5y2z2 — xR - ? +2y21 —2zx% + 5 + 5

3
119 4 4 2
v_p = 48y%x? —12y%7% — Tx +93x272 + % +2y%7 —9x%z — % + x2,

and

—z* 272924 + 4 4+ 83 +5¢2 +4c 4+ 4)

e+ D@ H2c+2)( 2+ c+D(2+1) (c+D(2+c+1)
232224t +4c+3) YA+ DB 23422 —4c—4)  x*Bct4+2c+2)
€+ D@ +c+1) €+ D@ +c+1) e D He+])

(A +c+1Dy>  (c+ Dx?
2 + 2

verify their respective equations up to the second-order, i.e.

Ve

—2(c® +1)zy* +2zx" +

o2(D?w) — 1= 0()
02(D2v71) — det(Dzvfl) + Tr(Dzvfl) 1= 0(7’3),
az(Dzvc) + c(det(Dzuc) — Tr(Dzuc)) —-1= 0(r3),
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which can be proven by a brute force (e.g., MAPLE) calculation (e.g.,
o2 (D*vo) — 1 =4(=10y* — 32y%x% — 50y?2% — 42x* — 130x?2% + 112* — 36y + 4x?z + 42°)).

To prove 1) one considers the following Cauchy problem for the equation Fy = 02(D?u) — 1 =0:

4 2 2
_ P S A
’4|z:0—UO|Z:0— 3 X 2 + 2 )

(3_14) = <@) =2y2 — 2)62.
9z z=0 0z z=0

Since the equation is elliptic, we get by the Cauchy—Kowalevskaya theorem a unique local analytic solution u
which should coincide with vy within to fourth-order.
The same argument is valid for

F.= O’2(D2M) + c(det(Dzu) — Tr(Dzu)) —1=0
and the Cauchy problem
“|z=0 = vC|z=0

YA+ DB 20 + 22 —4c—4) x*Bc2 +2¢+2) Y2(24c+1) N x2(c+1)
- 3c+ D +c+1) 3c+ D +c+1) 2 2 7

0 0
(_u) = (ﬁ) :—2(c2+ 1)y2+2x2.
9z z=0 9z z=0

The claim on the eigenvalues follows directly from the formulas

2 2
det(Dw) =5~ 224 0(),
2 2.2 2
2y X 3y“c B 3z 3
del(Dv) ==~ =5~ @rne@sasy 00

which are straightforward (e.g.
det(D?vg) = 120y*x? — 140y*z% + 168y*x* + 1440y%x%z%> — 994y z* — 420x*7% — 1350x2* — 14075
+40y*z +192y%x2z — 136y223 — 168x*z — 120x%23 — 162° — 10y* +20y%x? + 28y?22

3
—42x* 4 28x%72 — 8z —24y% 7 4 40x% 7 — = — —— — %),
The argument works for 3) as well. O

4. Legendre Transform

Let us recall some essential properties see, e.g. §1.6 in [7], of the Legendre Transform (for simplicity of notation
we consider here only the case of 3 dimensions used below). Let f be a C2-function defined in a domain D C R? s.t.
its gradient map V f : D —> R maps bijectively D onto a domain G. Let g = (Vf)~! = (P, Q, R):G — D be the
map inverse to the gradient. Then the Legendre Transform f : G —> R is given by

f(u, v,w):=uPu,v,w)+v0u,v,w)+wRu,v,w) — f(g(u, v, w)). “4)

Suppose also that det(D2 f) = 0 except for a point a € D with b = (V f)(a). Then (D% f) = (D2 f)~' on G — {b}.
We want then to apply the Legendre Transform to the solutions u, on a small ball centered at zero. We need thus
to verify that Vu, is injective. One finds
Ve =[Ux, y,0)x + (c+ Dx, V(x, 3,2y + (* +c+ 1)y, =42 m + x* Wi (2) + y* W2 (2)].

where U(x,y,2),V(x,y,2) € R{{x,y,z}}, Wi(2), Wa(z) € R{{z}}, U(0,0,0) = V(0,0,0) = 0, m, :=
1/((c+D(+2c+2)(+c+ D(c2+1)>0forc#0,—1,m_y:=1/2, mg:=1/3.
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To prove the injectivity of the gradient map we use Theorem 1.1 of [9] which says in our situation that the degree
of Vu. equals dimgr Q(Vu,) —2dimg I where I is an ideal of Q(Vu,) which is maximal with respect to the property
1% =0, the ring Q(Vu,) being defined as

O(Vue) :=R{{x,y,z}}/(Quc/dx, duc/dy, duc/dz).

Therefore, to prove the injectivity it is sufficient to prove
Lemma 4.1. The ring Q(Vu,) is isomorphic to R[h]/(h).

Proof. For simplicity of notation we consider only the case ¢ = 0, the general case being completely similar. Then

413
Vug = [U(x, ¥ DX+, VY, )Y+, = + x°W1(2) —l—ysz(z)}

and

4 3
Q(Vue) =R{{x, y, z}}/<U(x, y.Ox+x,V(x,y, 2y +y, —% +xW(2) + y%(z)).

If one sets p:=x+U(x,y,2)x,q :=y+ V(x,y,z)y one sees that Q(Vuyp) is isomorphic to R{{p, ¢, z}}/(p. q,
_% + p*W{(p,q.2) + ¢*W}(p. q, 2)) and thus to R{{Z}}/(—%) which implies the result. O

We can now prove our main result.

Theorem 4.1. Let 6 € 15, %[, and let
Fg(u) = arctan A + arctan A, + arctan A3 — 6 = 0.

Then for some ball B, centered at the origin there exists an analytic function fy on 9B; s.t. the unique (Harvey—
Lawson) solution ug of the Dirichlet problem

Fo(u) =0 in B,
u=fp on 0 B;

verifies:

() ug € Ch1/3,
(i) ug ¢ C"9 forvs > 1/3.

Proof. We can apply the Legendre Transform to u#, with ¢ = cot(#) for 6 # 0, and to up for & = O thanks to the
injectivity of Vu,. Set ug := i in this situation. Since u, with ¢ # 0 verifies the equation

02(D2u) + c(det(Dzu) — Tr(Dzu)) —1=0,
its Legendre Transform . verifies

C(O'Q(Dzu) — l) + det(Dzu) — Tr(Dzu) =0,

the signature of (A1 (it¢), A2 (lic), A3 (@) being (4, +, —) for ¢ > —1 and (—, —, +) for ¢ < —1 which implies that i,
lies on the middle branch of this equation. The same is true for iy and the equations

02(D2u) —1=0, det(DZM) — Tr(Dzu) =0.

The function i, is analytic outside zero and belongs to C'-1/3(B,) which proves (i). Indeed, it is sufficient to prove
the boundness of the C'-1/3-norm of i, on a small ball. Due to the elementary relation 3| f 12|V £ = |V(f3)| which
holds for C!-functions, it will be sufficient to prove the boundness of the product |Di.|*|D%i,|. To prove this last
assertion we note that
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ol a

5= 5 (P +vQ +wR —ue(P. Q. R)) = P,
ol 0

5 =5 (WP +v0 +wR —u(P, 0, R) = Q.
oli,

d
P @(MP +vQ+wR—uc.(P,Q,R)) =R,
since Ve = (u, v, w). Thus, |Diic|> = PZ + Q% + R?. On the other hand, since the Hessian D2(ii.) = D?(u.)~",
the matrix det(D?(u.)) D?(ii.) has bounded entries and thus ||ii.|| c2 < m for an absolute constant C (e.g.

for C = 10 in the case ¢ = 0). Since by Proposition 3.1 |det(D?(ue))| = C'(c)(P? + Q% + R?) for an absolute
constant C’(c) (e.g., C'(0) = 1/2 — &) we get the boundness of the product. We need then to prove that i, is a
Harvey—Lawson solution of the corresponding Dirichlet problem.

This is implied by the following form of the Alexandrov maximum principle [1]:

Proposition 4.1. Let F be a Dirichlet domain, and let u = v + w where v is of F-type. If
ueC*(B—1{0})nC'(B)
and D?u is non-negatively defined on B — {0} then

supu < supu.
B 3B

@ii) Letu =0, v =0, w # 0. Then
M(ug) = —2m;1w72/3/3 +0(w72/3)

which contradicts the condition ug € C1% for§ > 1/3. O

Remark 4.1. Let us consider the Special Lagrangian submanifold L, . C C? corresponding to our singular solution i,
i.e. the graph of the map

iVu.: B — iR>.

It is easy to show that it is smooth, and the singularity of u,. implies only that the projection L, . —> B is singular
(map between smooth manifolds).
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