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Abstract

iE

In this paper, we will study the existence and qualitative property of standing waves {(x,t) = eiTtu(x) for the nonlinear
ptl_ N
Schrodinger equation ie% + %Axlﬁ —(Vx)+ E)y + K(x)|w|1’*] v =0, x)eRy x RN . Let G(x) =[V(x)]7 T 2 x
__2

[K(x)] -1 and suppose that G (x) has k local minimum points. Then, for any/ € {1, ..., k}, we prove the existence of the standing

waves in H!(RY) having exactly / local maximum points which concentrate near / local minimum points of G (x) respectively as

& — 0. The potentials V (x) and K (x) are allowed to be either compactly supported or unbounded at infinity. Therefore, we give a

positive answer to a problem proposed by Ambrosetti and Malchiodi (2007) [2].
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MSC: 35J20; 35J60

Keywords: Bound state; Multi-peak solutions; Nonlinear Schrodinger equation; Potentials compactly supported or unbounded at infinity

1. Introduction

In this paper, we will consider the existence of concentrating solutions for the following nonlinear Schrédinger
equations

—2Au+V@u=Kxu?, u>0, xeRV,

ue HI(RY), a-b

where ¢ > 0 is a small number, | < p < (N +2)/(N —2)for N >3,and 1 < p <oo for N =1,2, V(x) > 0 has
a compact support, and K (x) > 0 may tend to zero or infinity as |x| — oo, H'(RY) is the usual Sobolev space
{u e D"2RY): [pn |ul* < o0}.

A basic motivation for the study of (1.1) comes from looking for standing waves of the type
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for the following nonlinear Schrodinger equations

2

is% = —;—mAxw + (V@) +E)Y —K@IYIP 2y,  (t,x) eRy xRY, (1.2)
where ¢ is the Planck constant, i is the imaginary unit. Problem (1.2) arises in many applications. For example, in
some problems arising in nonlinear optics, in plasma physics and in condensed matter physics, the presence of many
particles leads one to consider nonlinear terms which simulate the interaction effect among them. The function V (x)
represents the potential acting on the particle and K (x) represents a particle-interaction term, which avoids spreading
of the wave packets in the time-dependent version of the above equation. A solution  is referred to as a bound state
of (1.2) if ¥y — 0 as |x| = +oo. Furthermore, to describe the transition from quantum to classical mechanics, we
let ¢ — 0 and thus the existence of solutions . (x, ¢) of (1.2) for small ¢ (which is called semiclassic state) has an
important physical interest.

There are a lot of works on problem (1.1). In [23], Floer and Weinstein considered the case N =1, p =3 and
K (x) = 1. By using a Lyapunov—Schmidt reduction argument, they constructed a positive solution u, to problem (1.1)
which concentrates around the critical point of potential V (x) as ¢ — 0. Their method and results were later gen-
eralized by Oh [31,32] to the higher-dimensional case with 1 < p < (N + 2)/(N — 2) and multi-bump solutions
concentrating near several non-degenerate critical points of V(x) as ¢ — 0 were obtained. Existence of solutions
concentrating at one or several points to problem (1.1) under different conditions has also been obtained in [4,6,12,
18-21,26,27,30,33,35-37].

We also mention some results on problem (1.1) in the case that liminfjy o V(x) > 0, Z =: {x € RN
V(x) = 0} # @, which was referred to as the critical frequency in [8]. In [8,9], it was shown that problem (1.1)
admits a ground state concentrating on Z. Later, if Z consists of several components, Cao and Peng in [15], Cao
and Noussair in [13] and Cao, Noussair and Yan in [14] proved that problem (1.1) has multi-peak solutions which
concentrate simultaneously on some prescribed components of Z or some points on which V (x) does not vanish. For
more results, we can refer to [10,11,34] and the references therein.

In all the works mentioned above, it is worth pointing out that the common assumptions are liminfjx| 0o V (x) > 0
and 0 < K(x) < ¢ in RN for some ¢ > 0. The assumption liminfjy— o V(x) > 0 guarantees that the norm
( fRN |Vu|> 4+ V (x)u?)'/? is not weaker than the usual norm of Sobolev space H'!(R"), and thus ensures that the solu-
tions of (1.1) are bound states which are the most relevant from the physical point of view. Hence, by the boundedness
of K (x), the energy functionals corresponding to the equations are well defined in #!(R") and the variational theory
can be used directly. However, if the potential V (x) decays to zero or is compactly supported, or K (x) approaches
infinity at infinity, variational theory in H!(R") cannot be used, nor can one apply the perturbation methods, as in [4],
since the spectrum of the linear operator —A + V (x) is [0, +00), see [7]. Therefore, the methods used in the previous
papers cannot be employed any more in the present situation.

Recently, the case in which V (x) and K (x) may decay to zero as |x| — oo has been investigated. In [1], it is proved
that if the potentials V (x) and K (x) are smooth and satisfy

Y0
Vi Iy, 0: <Vx) <y,
(Vo) Y0, Y1 > T (x)<n
(Ko) B,k 0<K(x)< k
9 : < \7’
0 VST P

then (1.1) has a ground state solution for 0 < o < 2 provided that ¢ is sufficiently smalland o < p < (N +2)/(N —2),
where

N+2 48 ;
a:{/vz_a(zvz)’ if0<p<a
1 otherwise.
In [3], this result was generalized to the case 1 < p < (N +2)/(N —2) and 0 < o < 2. Moreover, setting

ptl N 2
p—1 2

Gx)=[V)] [K )] 7T,

which is referred to as a ground energy function introduced in [36], then it is verified that for any isolated stable sta-
tionary point xo of G(x), Eq. (1.1) has a bound state concentrating at x for & sufficiently small. When Z = {x € R":



N. Ba et al. /Ann. I. H. Poincaré — AN 27 (2010) 1205-1226 1207

V(x) =0} # 0 and V(x), K (x) satisfy (V) and (Kg) at infinity respectively, Ambrosetti and Wang in [5] obtained
a ground state of (1.1) which concentrates at some point x* € Z inthe case 0 <o <2 and o0 < p < x—f% Similar
results can also be found in [10,11].

An open problem left, as proposed by Ambrosetti and Malchiodi in [2], is what happens if the potential V (x)
decays faster than |x|~2 at infinity or has compact support? More precisely, it was illustrated in [2] the following:
“Is it possible to handle potentials with faster decay, or compactly supported? ... . Clearly, the approach used so far
cannot be repeated. However, any result, positive or negative, would be interesting.”

Concerning this open problem, some interesting results appeared recently. In [16], the case V (x) ~ |x|* at infinity
with o > —4 was considered by a constructive argument and multi-peak bound states with prescribed number of
maximum points approaching to a local minimum point of the function G(x) as ¢ — 0 were obtained. The case that
V (x) has compact support, which is the most difficult case, was studied by Fei and Yin in [22], where it was shown
that problem (1.1) admits a bound state with exact one local maximum point x, which tends to a minimum point of the
function G(x) as ¢ — 0. The method introduced in [22] is quite new. Precisely, the authors proved a mountain pass
solution to a modified problem and then obtained a type of the weak Harnack inequality, by which they proved that
the solution decays at infinity at the desired speed and hence is a bound state solving the original problem. However,
the solution obtained in [22] is in some sense a least energy solution and indeed one-peaked. Moreover, because of
the absence of an exact estimate to the energy related to the solution, their argument cannot be adopted to look for
multi-peak solutions with higher energy. In this paper, we intend to focus on this problem.

We assume that V (x), K (x) satisfy the following conditions:

(Hp). V(x) € C(RV) is compactly supported, V (x) >0 and V (x) #0; K (x) € CRY), K (x) > 0.

(H»). There exist smooth bounded domains A; of RY, mutually disjoint such that V (x) > 0 and K (x) > 0 on A;,
i=1,...,k,and

O<c¢i = inf G(x) < inf G(x).
X€EIA;

X€EA;

(H3). There exist constants k1 > 0, 81 < 2 such that
0< K <ki(1+x))”" inRY.

Our main result for Eq. (1.1) is as follows:

Theorem 1.1. Assume N > 5 and max(1,(N + B1)/(N — 2)) < p < (N + 2)(N — 2). Under the assumptions
(H1)—(H3), there is an gy > 0 such that for every 0 < & < &g, problem (1.1) admits a positive sqlution u, € HL(RM).
Moreover;, ugs possesses exactly k local maxima x!. € A;, i =1, ..., k, which satisfy that G(x}) — infyca, G(x) as
e— 0.

Remark 1.1. We actually prove the existence of solutions concentrating simultaneously at several points of a set
{&1,...,&}, where foreachi =1, ..., k, & satisfies G(&;) =c¢;.

Remark 1.2. From the proof of Theorem 1.1, we can see that Theorem 1.1 holds if V (x) is a nonnegative continuous
function in RV . In particular, Theorem 1.1 remains true if V (x) decays faster than |x|~ including the case that V (x)
decays faster than e P! where o > 0, B > 0. Furthermore, if V(x) =1/ |x|2 near infinity, which is related to the
well-known Hardy inequality, our result is also true.

In order to obtain the existence of peaked solutions we use variational methods and penalization techniques. Since
fRN V (x)u? < 0o cannot guarantee that u is a bound state and fRN K (x)|u|”*T! may not make sense for u € H'(R")
due to the fact that V (x) may vanish or K (x) may be unbounded at infinity, we will employ a penalization argu-
ment which needs to modify the nonlinear term K (x)u?” in (1.1). To obtain multi-peak bound states with the desired
number of peaks, we must give an exact estimate to the functional energy corresponding to the solution u, of the
modified problem. For this, we penalize the functional related to the modified problem by adding a penalization Py (u)
introduced in [19], which can also be used to prevent the concentration outside of Uf‘: 1 Ai. To ensure that u, solves
the original problem (1.1), we use an argument similar to [22] to obtain the weak Harnack inequality and thus find
the decay rate of u, outside A;. As we can see later, for the case k = 1, our method can simplify the proof in [22].
Moreover, our result is true for the case that V (x) decays faster than |x|* (Vo < 0) at infinity.
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This paper is organized as follows: In Section 2 we define the modified functional needed for the proof of The-
orem 1.1, and prove some preliminary results. Section 3 is devoted to the proof of Theorem 1.1. In this paper, the
notations C, Cy, ... denote the generic positive constants depending only on V (x), K (x), p.

2. Preliminaries

Let A= Ule A;. For & € A, consider the following equation

—Aux) + V(Eux) = KEuP(x), ulx)>0, xeR", o1
ueH! (]RN). .
The functional corresponding to (2.1) is defined as
1 Vi) » K@ / 1
I =— | |Vu)?+ =2 -—= Pl 2.2
g () 2/IMIJr > /Iul P |t (2.2)
RV RN RN
The following function
G&)= inf I:(u) (2.3)
ueMé

is referred to as ground energy function of (2.1) (see [36]), where ME is the Nehari manifold defined by
ME ={ue H'(RY)\ {0} (I{(u), u) =0}.

For further properties of G (&), one can see [36]. It is shown in [24,28] that, up to translations, (2.1) has a unique
solution Ug (x), which is radially symmetric and decays exponentially at infinity. Moreover,

G(&) = I (Ug). 24

Let E; be a class of weighted Sobolev space defined as follows

{u e D'2(RY) ‘ /(52|W|2 V) < oo},
RN

where DM2(RN) = {u e Lz (RM) | Vu € L2(RN)}. The norm of the space Ej is denoted by

1/2
llulle = ( /(82|w|2+ V(x)|u|2)) :

RN
Under the assumptions (H;) and (H,), we can deduce from the Sobolev inequality the following:

Lemma 2.1. Assume that (Hy), (H2) hold true, then for each ¢ € (0, 1], there exists a constant C1 > 0 independent
of e such that

N

-1
[ Keowrtt < e i, ek, 2.5)
A

Next we define the first modification of our functional. Set

3
& &
,t Zm. K t+ p, t+7 ’
fe(x ) ln{ (x)( ) 1+|X|00 1+|X|N}

where t+ = max{t, 0}, and 6y > 2 will be suitably chosen later on.
Define

8:(x,6) = xa)K @ ()" + (1 = xa) fe(x, ),

where x 4 (x) represents the characteristic function of the set A. Denote G, (x, u) = fou g.(x,t)dr.
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Now we define the modified functional L, : E.—R as

Lg(u)z%f(82|Vu|2+V(x)u2)—ﬁ K ) (ut) - f Fe(x, u),
RN A

where F,(x,u) = (1 — xa(x)) [y fe(x,7)dT.
For uekE,, due to 6y > 2, we see that

RN\ A

N2

F < e’ 2< 6’ AT
g(x,u) < W” s Ce |ue]

RN\ A RN\ A RN\ A
<cé? / |Vul? < Cellu|?. (2.6)
RN

It follows from (2.5) and (2.6) that L. (u) is well defined in E,.
Next, we introduce the second modification of the functional. Assume G(&;) =c¢;, & € A;. Let o; > 0 be such that

supG(x) < ¢; + oi, 2.7
Aj

and assume that

k
1
Zai<§min{ci|i=l,...,k}. (2.8)

i=1

This can be achieved by making A; smaller if necessary. For mutually disjoint open sets A; compactly containing A;
and satisfying V (x) > 0 on the closure of A;, we define on E, the functional

Li(u) = %f(82|Vu|2+V(x)u2) — ﬁfl((x)(f‘)pﬂ - / F.(x,u), (2.9)
A; Ai AN\A;
and the penalization
k . 1 N 1
Py =M Y_{(Li)+)? =67 (ci+00)7 ). (2.10)
i=1

The constant M will be chosen later. Now set
Je(m) = Le(u) + Pe(u).
Then it follows from Proposition A.1 in Appendix A that functional J; is of class C!. We show next that J; satisfies

the Palais—Smale condition.

Lemma 2.2. Let {u,} be a sequence in E; such that J.(uy) is bounded and J/(u,) — 0. Then {u,} has a convergent
subsequence.

Proof. We first prove that the sequence {u,} is bounded in E,.
Similarly to (2.6), we have

‘ / Sfe(x, wu

RN\ 4

For a fixed g € (2, p 4+ 1), by (2.6) and (2.11), we have

< Celul?, Vue E.. (2.11)
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_ Ly _(i_ 1 27y 12 n (L1 / P+
L (up) q<Lg(uﬂ)7ul’l>_<2 q)/(8 [Vuy| +V(X)Mn)+<q p—i—l) K (x)(u;))
RN A
+l / fs(xsun)un_ / Fe(x,uy)
qRN\A RN\ A
2C/(82|Vun|2+V(x)ui).
RN

Similarly, we find

Li(uy) — é(Lé/(u,,), Un) > cf(82|vp¢,,|2 + V(x)ud).

Aj
On the other hand, noting that
’ - i 1 N 1 ; _1
<P5(Mﬂ)7 “n) = MZ{(L;(I/[”)+)2 —&2(ci +0;)? }+(Lfg(“n)+) 2<Lf9 (n), Mﬂ)a
i=1
we derive from (2.13) that
k
1 ; 1
Peun) = (Pl )= M Y[ (L)1) = ¥ (ci+ont)
i=1

1 k . 1 N 1 . 1
- QMZ{(LQ(WM)Z —e2(ci+0)2 |, (Leun)+) 2 (LE (un), un)
i=1

=M

M~

((Lis)? —e¥ (e +ot),
1

X

1

. 1 N 1 , 1.
{(Li.:(un)—i-)é —e2(ci +Ui)% }+ - ;(L;;(un)—i-) 2<Lfg/(”n)» un>:|

M~

>M {(Li(u,,)Jr)% —e¥ ( er)%}+
1

< [{(LE)e)? =¥ @ o), — (L))
k

> —MZE%(C,' +0i)%{(Lé(Mn)+)% - 8%(6’:' +<7i)%}+
i=1

0=

N 11 N 1
>-M e2(ci +01)2 P (uy) = —Ce 2 P (up).
i=1

Hence, by the fact that P, (u,) < M fRN (€2 Vun,|* + V(x)uﬁ), we get
1 /
Ce = Je(up) — ;(Je(unL Mn)

1

2

> C/(82|Vu,,|2+ V(xuz) — cg’zv< /(82|w,,|2 + V(x)u%;)> ,
RN RN

which implies that {u,} is bounded in E,.

2.12)

(2.13)

(2.14)
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Since E, < D'?(RV) < H! (RV), the boundedness of {u,} in E, implies that there exists uo € E, satisfying,

after passing to a subsequence if necessary,
u, — ug weaklyin E, u, — ug strongly in Ll

for2<q <2N/(N —2).

Now, to complete the proof, it suffices to prove that ||u, | — ||uglls as n — oo.

By (J/(upn), ug) — 0, we see

/ (2| Vuol* + V (x)unu) — / Ko () uo — / fo(x, up)ug

RN A RN\ A
k . 1 N 1 . _1
+ MY (Ll —e7(ci+0)2}, L),

i=1

(f(s |Vuol* + V (x)unig) /K(X) Pug — / fe(x,un)uo>

Ai\A;

4
=o,(1).

In addition, from (J/(up), un) = 0, (1)|lu, || and the boundedness of {u,}, we have

/(e Vi |* + V (x)u?) /K() 58 LRI / e (x, )ty

RN A RN\ A
k . 1 N 1 . _1
+ MY (Ll —e7(ci+0)2}, L),

i=1

x( J @+ vend) - [ ke - [ fe(x,unm)

A A;
=0,(1).
On the other hand, we find

lim [ V(x)u’= lim /V(x)unuo,
n—oo

n—o00
RN RN
; +yp g +\7
Jim K () (u,) _ngn;o/K(x)(un) uo,
A
lim [ V(x)u?= lim /V(x)unuo,
n—o0 n—oo
A A
; +\p+l +\?
i [ o)™ = tim, [ K60
A i

lim Se(x, up)uy, :nli>nc}o / Je(x, up)uo,

n—oo
A\A; A\A;

and for any fixed large R > 0O such that A C Br(0),

n— o0
Br(0\A Br(0)\A

lim [ fe(x,up)u, = ILHOIO / fe(x, up)ug.

loc

A\A;

(R),

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

2.21)
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We will prove that for any given § > 0, there exists R > 0 such that for all n

‘ / fe(x, up)ug| <38 ‘ / fe(x,up)uy| <6

RN\ BR (0) RN\ BR(0)
We just check the first inequality since the second one can be checked in a similar way. As in the proof of (2.6), we
have
|un |l
X, < &3 _—
‘ / Se(x, un)uo / 1+|x|90
RM\Bg(0) RM\BR(0)
< *( / 1 )Nu 1, 3% g, Mol
S€ ——% 7N uo
RN DA L2 @Y
RN\ Bg (0)
€
S gaoz 1unlleluolle — 0 asR— oo.
So
lim fe(x,up)u, = lim [ Je(x, up)ug. (2.22)
n—oo n—oo
RM\A RN\ A

From the boundedness of {u,}, we have

. 1 N 1 . _1
M(L,(up)i — €2 (ci +07) Z)JFL’s(un)Jr2 =a; +o0,(1), (2.23)
where a; > 0,i =1, ..., k are constants. So inserting (2.17)—(2.23) into (2.15) and (2.16), we obtain

k
on(1>=/82(|wn|2—|w0| Z (@i + on(1) /82(|wn|2—|wo|2)>on<1).
P J

RN i

Thus, we have lim, o [~ |Vu,|* = S [Viuo|? and hence

lim (2| Vun|* + V(x)ui) = /(82|w0|2+ vV (x)ug).
RN RN

So, the proof of Lemma 2.2 is completed. O

The previous lemma makes it possible to use the critical point theory to find critical points of the functional J,. We
will formulate an appropriate minimax problem for J,.

Asin [17], we define a class of functions I". A continuous function y : [0, l]k — E. isin I if there are continuous
functions g; : [0, 1] > E, fori =1, ..., k satisfying

(i) supp{gi(r)} C A; forall T € [0, 1];

(i) y(t1,..., %) =Y r_, gi(w) forall (zy, ..., 1) € A[0, 11%;
(iii) g;(0) =0and L¢(g;(1)) <0;
(iv) Je(y () <e¥(Xk_ ci — o) forall t € 9]0, 11,

where 0 < 0 < %min{ci |i=1,...,k}is afixed number.
Define

Co=inf sup Jo(y()).
Ve rcro, 11

As in [19], we can prove that I" is non-empty and
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Lemma 2.3.

k
C, =8N<ZC,' +0(1)>.

i=1
Proof. The proof is similar to Lemma 2.3 in [15] (see also [19, Lemma 1.2]), and thus we omitit. O

From Lemma 2.2 and Lemma 2.3, we conclude that there exists a critical point u, € E, of J, such that J, (u;) = C;.
We define the local weights

o= M{(Liwrs)* —e¥ @+t (Liwos) .

and then the function

k
pe=Y_Pixj-
i=1

The critical point u, satisfies in the weak sense

2 div((1 4 po)Vite) — (1 4+ pe)V (ute + (1 + po)ge (x. 112) = O, (224)
and

/U+mﬂ¥wﬁw+ww%w=/ﬁ+mMAMM% Vo € E,. (225)

RN RN

Set A¢ ={y e RN |ey € A;} and AS = {y e RN | ey € A;}. Let v:(y) = u(ey) for y € RV, then we see

div((1 4 pe(ey)) Vve) — (1 + pe(en)) V (ey)ve + (1 + pe(ey)) g (ey, ve) = 0. (2.26)

Finally, proceeding as in the first part of the proof of Lemma 2.2, we obtain from the estimates on C, given in
Lemma 2.3 that

f(82|wg|2 + Vul) < CeV, /(|va|2 + V(eyw?) < C. (2.27)
RN RN

3. Proof of Theorem 1.1

In this section, we will prove that p, = 0 and u, is indeed a solution of the original equation (1.1).
Given R > 0 and set A C RY, we denote by Ng(A) the set {y | dist(y, A) < R}. The following lemma means that
v, is small away from the set A = Ule AL,

Lemma 3.1. There exists a C > 0 such that, for any given R > 0, one has

C
/ (Wwﬁ+Wwwb<E, 3.1)
]RN\NR(AE)

for & sufficiently small.

Proof. For any given R > 0, ¢ > 0, we may choose smooth cut-off functions 0 < Wf & < 1 such that

1, if dist(y, A%) < R/2,

ViR = {0, if dist(y, A%) > R, (3.2)

and |Vy{ p| <4/R. Thenset nf =1 — Zile Vg
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Similarly to (2.6), we have

3 2
f(”%)zfs(sy,va)vagﬁ / _(7ve)”

14 [ey|%
RN\AS ]RN\AS
N-2 N 2
o3 / (o )% N / 1 T\ ¥
X v - PR
’ e T+ leyl®
RN\ A¢ RN\ A¢
1 ¥
2
<se [ weel)( [ ——)
0) >
RN A RV 4 (1+ |eyl®)
1 ¥
2
—eo [ wenl)( [ o)
0) >
RN A ]RN\A( + |x[%0)
2
—ce [ V(o)
RN\ A®
<Cs / (n%)*IVve* + Ce / MR
RN\ A¢ NR(AP)\A®

Using the test function (172)21)‘,3 in (2.26), one gets

2
c [ (versvend< [ (vulPevend)-ce [ ) vur
RN\Ng(A?) RN\Ng(A?) RN\ 4#
—Ce / |V ‘szz
NRr(A9)\A®
2
< / (14 2e(e9) (%) (1Vel® + V(en)v; — fe(ey, veve)
RN\ A®
=-2 / (14 pe(e))ven% Vve Ving. (3.3)
Ng(A®)\A®
Note that p, is uniformly bounded by a constant possibly depending on M. Using this, the choice of 1%, (Hi), (H)
and (2.27), we find that (3.1) follows immediately from (3.3). O

Before we proceed further, we give a preliminary lemma.

Lemma 3.2. Assume that v e HYRY) N CRY) is nonnegative and satisfies the equation
AV — v+ X <o)’ =0, xeRY.
Then v=0.

Proof. Standard regularity arguments yield v € C'(R"Y) and v — 0, Vv — 0 as |x| — +o0. Using g—;l as a test

function, we see

+00
1 d 1
= / dx//—(|Vv|2+v2)dx1—— / vPT(0,x") dx’ = 0.
2 x| p+1

RN-1 —0o0 RN-1
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Noting that the first integral is zero, we obtain v(0, x’) = 0. Now, to prove that v = 0 for x| > 0, we use v X{x1>0} €
HY(RY) as a test function, and obtain that v X{x;>0) = 0. This contradicts the strong maximum principle if v # 0.
As aresult, we complete the proof. O

Lemma 3.3. Let M be as in (2.10). Assume that £; — 0 as j — +00 and lim;_, ; Lij (usj)g/TN > ¢; + o;. Then,
for M large enough, '

. i -N _
jEToo ng (ugj)sj > 2¢;.
Proof. We first prove that there exist numbers S > 0 and p > 0, such that

swp [ 0 zp Vizh 34
YeA B(y)

Indeed, since lim;_ 4 Lf?j (u gj)ej._N > ¢; + o;, there is a A > 0 such that
Voe P+ V(eiyw2)=A, Vji>j
(| ve; |7+ (8/)’)715/-)/ ) J 2 Jo,
A

then, Lemma 3.1 implies that for all R > 0 large enough

A
f (IVve, I* + V(e,-y)vgj) > (3.5)
Ne(4;7)
Now assume that (3.4) is false. Then we may assume that for all § > 0, we have
sup f vgj —0 asj— oo. (3.6)

ve gg(y)
Let vf =y}, where Y} = ;3 is given by (3.2). Then (3.6) implies
sup / (vf)2—>0 as j — oo
yeRN
Bs(y)

for all § > 0. Moreover, {UJR } is a bounded sequence in H'(RY). Then applying the concentration compactness
principle (see Lemma I.1 in [29] or Lemma 2.18 in [17]), we obtain that

/(vf)q — 0, forall2<g <2N/(N —2),

RN
for each R > 0. In particular

/ Pt 0.
J
6j

Nr(A;7)

Using vf as a test function in (2.26), we get

/(|Vve,-|2+V<e,-y>v§j)w§
i
z_/UEjvvejVI/fé_i_/gSj(gjysvsj)v(E‘jl//é

~E€j <€
i i
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< ¢ v K(s:v)oPT! 4¢3 7“)8-/'2
SR Ve, [ve; | + (€j)ve; +£j 1+ |ejylf
Nog(A;O\NR(AT) A Nar(A A,
1
< C(E +e§> /(IVve,|2+ Ve +C / ol
RN A

which contradicts (3.5) if we choose R and j large enough. This shows the validity of (3.4). Thus, we may assume
that there is a sequence y; € Af'/ such that

/ vgj >p>0, forallj> j. (3.7)
Bs(y))
Let us now set v (y) = vg; (yj +y) and Aijyj ={yeRN|y +yj € Afj }. Then v; is a bounded sequence in H! (Aijyj),

and hence we may assume that it converges weakly to a v € H' (RV).
Assume first that

. Ej
dlst(yj, 8Ai’) — 00.
Setx; =¢;y; € A; and assume that x; — & € A;. Then v satisfies in RV
Av—=V(E)v+KE)v” =0, (3.8)

and v # 0, due to (3.7).
If

dist(y;,84;7) < C < oo,
we will have that v satisfies an equation of the form
Av = V(EV + Xy <0) K ()P =0, inRY. (3.9)

But, we know v = 0 in this case by Lemma 3.2. Hence v > 0 solves (3.8) and is the unique critical point of the
functional /¢. Thus we have

¢ <I(v) <¢i +o;.

Now, using the elliptic regularity theory we see that v,; converges strongly in the H I_sense over any compact set.
Passing to a further subsequence if necessary, we may find a sequence of positive numbers R; — +o0 such that

j—o00
BRj()’j)

. 1
lim [§(|Vv€j|2+V(8jy)v§j) —Gej(s,-y,usj)} =I:(v)<c +oi. (3.10)

Thus, combining the assumption lim;_, Lé/_ (us_/.)s;N > ¢; + o; and (3.10), we find that there exists n > 0 such
that for all large j, '

f (|W£j|2+v<sjy)v§j)>n>o. (3.11)
A7 \Br; (v))

Hence, similar to the proof of (3.4), we can find an S > 0 and a sequence y; € Afj \ Bg; (y;) such that

/ vszj >p>0.
Bs(3;)

Thus, we have again, after passing to a subsequence, the weak convergence of v, (- + y;) to a nonzero b e H'(RN).
Moreover, v satisfies the equation

AD—V(E)D+ K(E)DP =0,
with & € A; and Ié(ﬁ) >q.
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Next, we verify that

: i —N - _
jllIgong(ugj)gj >IS(U)+I§(U)>2CI~
We recall that v, satisfies on /ifj the equation

Avgj - V(gjy)USj + gsj (Sjy, vfj) = O
To prove (3.12), firstly, we show that

max vgj(x) —0 asj— oo.
~E&j
xed A’

1217

(3.12)

(3.13)

(3.14)

It suffices to show that max, _, 1 e, (x) — 0 as j — oco. Suppose on the contrary that there exist subsequences, still
i J

denoted by {¢;}, and {y;} C dA;, such that gj—>0,y; —> € dA; as j — oo and ug;(yj) 268 > 0. Choose p >0

such that B, (y9) C RN\ (Uf-‘=1 A;). We may assume {y;} C B, (yo). Using the above scaling technique on B, (yo),
it is easy to prove that w;(x) :=ug; (y; + £;x) converges in C?on any compact set to some function w € H'(RV).

Moreover w satisfies
—Aw+V(ypw=0, inR",

which implies w = 0. This contradicts the fact that max w(x) > §, and therefore (3.14) holds.
We use in (3.13) a test function of the form

¢ =ve; [V (ly—vil/R)+v(ly—l/R)].

where ¥ is a C* function with ¥ (s) =0 for s < 1 and ¥ (s) = 1 for s > 2. Denoting Ng(y;,y;) = B(y;, R) U

B(Jj, R), by (3.14), we conclude that
/ (IVve; > + V(ej3)v7)
Aigj\NR()’j'fj)
C
> 8e; (€Y, Ve )Ve; — ggj(sjy,vgj)v£j+i+osj(1)

Afj \NR(Y}.5) Nar (i, Yi)\NR(;,¥})

C
=2 / Ge;(g)jy, ve;) + / gej(sjy,vs,)vg,+E+C(R)+osj(1)

£ . ~E; £
A \NR(}.Y)) VAV

C
—2 / Ge,(ejy,ve,) + / 8o (€1 Ve v, — 2 / Gey (&1, v) + 5+ CR) + 0, (1)

A \NR G5 A\ay A\
>2 / Ge (8jy,ve;) — & / ;vz.—l—g—i-C(R)—i-os.(])
J J J 1+ |€jy|90 &j R J
A \NR G5 A4

c
=2 f Ge, (83 ve,) + 7+ C(R) + 05, (D,
AI\NRGLY))

where C(R) — 0 as R — +00, and we have used

1 2 2 2
/ Wvgj <C / V(sjy)vsj < C/ V(ejy)vgj.

AV P\ A% RN
Ai \Ai Ai \Ai

(3.15)
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Thus, it gives

. _ 1 1
Ly (uee;™ > / [E(Wvg_,wz +V(ejv;,) = Ge,(ejy, W} + 0<§> +C(R) + o, (1),

Nr(yj,yj)
and

. 1 1
. —-N 2 2 1
jlgl(')loLéj(ng)Sj = / |:§(|VU| +V(E) )—mK(é)le‘ ]

Bg(0)

1, . - 1 . 1
+ / I:E(Wvlz—l—V(é)vz)—mK(E)v”“}—i—O(E)—i-C(R).

Br(0)
Consequently, choosing R large, we get (3.12) and complete the proof. O
Lemma 3.4. For M > 0 sufficiently large,

limsup L (ue)e ™™ <ci4o0i, Vi=1,... k.

e—0
Proof. Firstly, we prove that
lim igng(ug)e*N > 0.
e—

Choose a smooth cut-off function 0 < ¥ < 1 such that

ey |1 iy €N,
Y= V0, ity e RN\ Nap(4®),

and |Vyg| < 2/R.
Using in (3.13) the test function vg ¥ g and noting (3.1) and (3.15), we have

C
/ (|VU£|2+V(8)’)U§)+E: / 8e(€y, V)V YR

NR(A®) Nap(A®)
>/K(8y)vf+1 —83C/ V(ay)vg.
A¢ RN

Similarly, using (2.6) and (3.1), we see

Lo(s) =~ / (|Vvs|2+V(sy>v3)—/Gs(sy,va— f Fs(ey,vs>+%

2
Ngr(A%) A€ ]RN\AE
>1 f (V0 + V (eyyn?) — #fK(sy)vP“ —ec+ €
Z5 e e P+l P R
NR(A®) Af

Now, combining these two inequalities, we find that for R large and & small,

1 1

C
Le(ve) > (5 - ﬁ) / (IVvel + V(eyy7) = = = Ce >0,
Nr(A®)

which implies (3.17).
Suppose that (3.16) is not true, then it follows from Lemma 3.3 that

: —-N
_ 11141_1 Lf?/,(ugj)sj > 2¢,
jotoo

(3.16)

(3.17)
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which, together with (3.17), implies that
o -N 1/2 1/212
liminf Je; (ue, e > M{2e)"” = (ci +00) 2} .

Using the upper estimate for the critical value Cy; = J¢; (u¢;), we obtain

~

M{@e)'? — (i + o)) <Y e
i=1
Therefore, if M is such that
k
- D i1 Ci

min{((2¢;))!/2 — (¢; + o)V2)?2 |i=1,...,k}
then we can get a contradiction to Lemma 2.3. Hence (3.16) is true for large M. This concludes the proof of
Lemma3.4. O

’

Lemma 3.4 implies that p, = 0 if M is chosen large enough. In the sequel we fix M so large that Lemma 3.4 holds
true. Now, using the standard arguments (see [15, Lemma 3.4]) we can prove

Lemma 3.5.

3i_r)r})Lé(us)s_N =c;, Vi=1,... k.

Lemma 3.5 implies that the concentration of u, must occur around some X; € A; with G()Ei) = ¢;. The concentra-
tion implies the presence of at least one local maximum x, in each A;, and also lim,;_,0 G(x}) = ¢;.

Next we show the uniqueness of the maxima x; in A;. We argue by contradiction. Assume the existence of a
sequence ¢; — 0, such that Ug; Possesses two local maxima )E},)EJZ. € A;. Then Ue, ()_cj.) >b (i =1,2) for some
constant b > 0. But, the fact that lim;_, » G()E;) =¢; <infy,; G(x) implies that these sequences stay away from the
boundary of A;, so, if we let v;(x) = Ug; ()E} + ¢x), then after passing to a subsequence v; converges in the C? sense
over compact sets to a solution v in H'(RN) of Av— V(él)v + K(é P =0, where lim; )Ejl = é‘l. The function v

has a local maximum at zero and is radially symmetric and radially decreasing, which implies that x; = s;l x2—xh

- . . J J
satisfies |X ;| — oco. Now repeating the process in the proof of Lemma 3.3, we have
liminf L (ug)e7™N > 2¢;,
n—oo &t i)
which is obviously a contradiction to Lemma 3.5. So, in A;, the maxima xé of u, are unique and in A, u, has exactly

k peaks.
The above procedure indeed proves the following proposition.

Proposition 3.1. The sequences {xj;} C A, i =1,...,k satisfy that, for any v > 0, there exist £1(v), p1(v) > 0 such
that for ¢ < e1(v)

e N f (2| Vue* + V(x)u?) < v, (3.18)
RMUL1 By ) )
and
dist(x!, M') < v, (3.19)
here M' ={& € A; |G(&E) =ci}i=1,... k.
In the rest of this section, we will prove that u. is indeed a solution of the original problem (1.1). Let dy =

min{dist(d A;, M, i=1,..., k} > 0,and V] = min,eg V(x)/2 > 0. Fix two positive numbers Ko > max{128, 2dy}
and ¢ > 0 such that ¢ > (128K3)/(d3 V).
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2
Set vo = min{dy/Ko, (8C1) =T} and & = min{e| (vy), do/(Kop1(vp)), (In2)/c}, where C; is defined in (2.5),
€1(vp) and p1(vp) are given in (3.18) and (3.19) respectively. In the sequel, we assume ¢ < ¢, and v < vy. Hence,

o dy . do
dlst(xa, 8Ai) > = i=1,...,k and ¢p1(vg) < 7% (3.20)
0

Define 2, . = RV \ Ule Bg, , (x1) with R, ;. = ¢°*" and let /i > i be integers such that

do dp
Ri_1e<— < Rje, Riire < — < Rjij3e. (3.21)
Ko 2

By (3.20), one gets R, ¢ > R; . > do/Ko > ep1(vp) for n > 7, and hence

k
246N ( L Beprony (x;;)> =¢. (3.22)

i=1

Let xn.¢(x) be smooth cut-off functions such that x, .(x) =0 in Ule Bg,. (xé), Xne(X) =11n 2,416, 0 <
Xn,e <1 and |VXn,a| < 2/(Rn+1,8 - Rn,a)-

Lemma 3.6. Assume that (Hy) and (Hp) hold true. If i < n < 7, then

1
/ Ane <3 / (21Vue|* + V(x)ul), (3.23)

RN Dne

where Ay (x) = 2|V (xnette)|* + V (X) (Yn,ette).

Proof. Calculating (L, (u;), X,i <Ue) = 0 directly, one gets

1
/ Ane = f 21V 1o Pii2 + / 2 K@ () + / Fo o) 12 ptts

RN Qne ANy, ¢ RN\ ANy, ¢
=14+0+1l.
Observing that
AVl -2 I8
[Rutie— Ruel? = 2RZ,,,

and that, for i <n < and x € (U_; Br,,,. () \ (U Br,, (x)),

128 128 V< V()
= X N
C2R2 . 128K} 43 1SV
n+l,e 5 - =5
dO Vi Ky
we obtain

1
EVnel? <GV, inRY
and hence

1
1<g f (2| Ve |* + V (x)u?). (3.24)
-Qn,s

Now, we estimate I1.
Clearly, we only need to consider the case A N §2,, . # @J. Similarly to (2.5), we obtain
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/ K (uh)" < f K () ue P!

ANy ¢ ANy ¢

<CleN('5_”( f (82|Vug|2+V(x)u§))

AN

p+l

On the other hand, from (3.22), we see A N £2,.. C RV \ (Ur_, B, ) (X2)), for n > fi. Thus, it follows from (3.18)
that

p—1

n<ce 5 ( / (21Vuel? + v(x)u?)) / (2AVue P + V(o)
RM\(UE_, L) ANy e
p=1
< Ciy,? / (2| Vue|* + V(x)u?)
1
<3 / (2| Ve | + V (x)u?). (3.25)
Dne

Finally, to estimate //1, we only need to use the method for (2.6) and obtain

3
€ 21 2 2 2

n.e n.e

Consequently, (3.23) can be proved by combining (3.24)—(3.26). O

Lemma 3.7. Under the assumptions of Lemma 3.6, for small ¢ < €3, one has

In2
f|v(Xﬁ,su£)|2 < CeN-"2 % |
RN

Proof. Lemma 3.6 implies that

1 1
/An,g<§ / (ez|wg|2+V<x>u§)<5/An_1,g.

RN QIZ,E RN

Iterating the above process, we see

1 n—n 1 n—n+1
/A,;,g < <§> /Aﬁ,s < (§> / (52|Vu5|2 + V(x)ug)
RN RN 256
1 n—n+1
< <5) / (82|Vu€|2 + V(x)ug)
RN\(Uf';l Bspl(V())(xé))

1 fa0s fi—n In2
< C8N<§> = CeNe (imithin2 < o Np—g2

where, in the last inequality, we have used

ece(ﬁfﬁJrl) — ecsﬁefcs(ﬁfl) — ecsﬁRrj] . >0 >0
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As a result, we obtain
2 _ _o._In2
/|V(Xﬁ,s”s)| <e 2/A5,5<C8N 27, O
]RN RN

Lemma 3.8. Under the assumptions of Lemma 3.6, there holds

k
In2 .
Ug(x) <C27 26, Vx GRN\(| deo(x;))

i=1

Proof. Define
3

Ce(x) = xe () K (ex)? ™ 4 (1 = x5<x>)1+TW’

where ¥, is a characteristic function of A° = {¢7!x | x € A}. We know v, = u.(ex) € HILC(RN ) is a nonnegative
weak subsolution of Av + ¢, (x)v =0.
: N 2N :
Fix s € (7, m) Since 9() > 2, we find

3

— &
lee@) | s < [xe@K Ex)02 71, + H(l = m@w .
p=1 1
2 0\ 3N 1 s
<C (|VU3| +V(8.X)U8) +Ce’ s W <C,
A¢ RN\ A

which shows that ||c; (x)||rs is uniformly bounded with respect to €. By Theorem 8.17 on page 194 in [25], there is a
constant C depending only on dy, the dimension N and the L® bound of ¢, (x) such that for z € RV,

v\ 5
vs(z)<C< / vé”) : (3.27)

Bcdo (2)
=

Noting that for ¢ small,
k .
Becdy (x) C 27416, Vxe RN\( U Bay (xé)),
4 i=1 2

we see that, for any x € RN \ (U*_, B4, (x1)),
2

o\ 5
ue(x) = v (s_lx) < C< / vgN_2>
Bch(S’lx)
=
o \ S
<V _ N-=2 2N
s [ ) certt( famant)
Bgtdo(x) RN
4
1
_N=2 2\°?
<Ce 2 ‘V(Xﬁ,aue)‘
RN
_In2
< C2™ 2ee, O

Now we are ready to prove Theorem 1.1.
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Proof. Since p e (N + B81)/(N —2), (N +2)/(N —2)), we can choose oy less than but close to N — 2 such that
2 <ty <(p—1Doo— Bi, oop — P1 > N. (3.28)

Define the following comparison function

k

k
1 , ,.

i=1
It is easy to know that Z(x) = U (x) — &2u (x) >0 on B(Uf»‘=1 By, (xé)) for small ¢ and Z(x) vanishes at infinity
2

due to (3.27).
On the other hand, noting og < N — 2, we conclude from Lemma 3.8 that for ¢ sufficiently small and for all

xeRV\ (UL, Buy (1)),
—AZ=—AU +&*Au,

k
1
=00(N —2—o00) Z ¥ —xijoor2 +Vue — ge(x, ue)
i=1

(1 — xa(x))

k
1
?UO(N—z—UO)ZW—XA(X)g— 1+|X|N
i=1

= 0.

Thus, the maximum principle ensures that u, < U/e? in RV \ (Uile B, (x})) and hence
2

k 1 c

e (x) <Y T T T

i=1

in RV \ A. (3.29)

Next we verify that u, actually solves Eq. (1.1). Indeed, it follows from (H3), Lemma 3.8, (3.28) and (3.29) that
we can choose y larger than but close to 1 such that, for small ¢ and all x € RN \ A,

C )p”zw—l)lnz &3

K (x)uf <k (1 AV ——=— %t < ————u,
(x)ug 1( + )<82(1+|x|‘70) te 1+|x|90u8
and
C PHI=Y &
K P <k (1 AV —— 27 2 L ———.
(X)ue 1( +|x| )<82(1+|x|00)) 1+|X|N

Therefore, g.(x,u;) =K (x)u? holds true in RN \ A and u, solves the original problem (1.1). Noting that oy is
close to N — 2, (3.29) leads to u, € L>(RY) for N > 5.

Finally, Proposition 3.1, Lemma 3.8 and (3.29) imply that u. has exactly k local maxima xj; eA,i=1,...,k,
which satisfy that G (x!) — infyes, G(x) as e — 0. O
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Appendix A. The smoothness of J. (1)

Proposition A.1. Let J. (1) be as in Section 2. Then J,(u) € C.
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Proof. Since J.(u) = L.(u) + P.(u), we divide the proof into two steps.

Step 1. The functions L () is of class C'.
We recall
3

. 3 &
felx, )= mm{K(x)(ﬁ)”’ = |x|90¢+, AT } (A.])

It is easy to check that f;(x, ¢) is continuous in both x and ¢. As a result, F;(x,t) is C Lint.
We claim that I (u) := fRN\ A Fe(x,u)is C I Indeed, it follows from direct calculation that, for any h € E;

= / fe(x,u)h.
=0

RN\ A

dl( +th)
—_— u
dt

Thus, I (1) is Gateaux differentiable. To show that I (1) is Fréchet differentiable and I («) is C!, we just need to show
that f]RN\A fe(x,u)h is continuous in E,.
Suppose that u;, — u in E.. We have

’ /(fs<x,un)—fs<x,u))h‘< / | feCeoun) — foCx,u)||R]

RN\ A RN\ A
N+2 N-2
2N\ 2N v\ 2
<< / |f8(xa”n)_fs(xau)|N+2> </|h|"’2>
RN\ A RM\A
N+2
2N\ 2N
<C< / |fs(x,un)—fs(x,u)|’”2> 12]le- (A.2)
RN\ A

Using (A.1), we see that for any set S C RN\A,

=
(N1

]3__1*\—12 |un| 1\?_41\—/2 2N\ NF
/’fé‘(x,un)’ SC/ W < /|un|N—2
N S RN
4
1 N2
I+ |x|2

N

_4

(/ 1 )N+2
NO,
N

N

[N

Since 6y > 2, we see that if meas(S) — 0, or S moves to infinity, then
2N
/|fg(x,un)|N+2 — 0,
S

uniformly in 7. It follows from the Vitalli theorem that

2N
/ | fe (e un) — folx,u)| V72 =0,
RV \A
as n — +00. As a consequence, fRN\A F.(x,u) and hence L, (u) are C!.
Step 2. P.(u)is C!.
Recall

k
P.(u) = MZ{(LQ(M)+)% e (e + ai)%}i.
i=1

Direct calculations show that
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k ,
d ‘ 3 Li(u), h
Ghrm) =Y (L)t —e¥ ot Lo
t == (LE@)+)?
Since {(L{ ()4)? — &% (c; + 0;)2}4 —L— is continuous, we see that each term in functional P (u) is C'. So,

, T
(Le)4)2
we complete the proof. O
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