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Abstract

In this paper the reconstruction of damaged piecewice constant color images is studied using an RGB total variation based model
for colorization/inpainting. In particular, it is shown that when color is known in a uniformly distributed region, then reconstruction
is possible with maximal fidelity.
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1. Introduction

In this work we address the following colorization problem: How can a color image be recovered when the un-
derlying gray level function is known everywhere but only small patches of color are available? Among the various
approaches used in the study of this problem (e.g., [7-10,20,23,24]), we highlight the Red—Green—-Blue (RGB) to-
tal variation model proposed by Fornasier in [14,15], and subsequently studied in [16]. A main motivation for that
work was the restoration of damaged frescoes during WWII. The numerical implementation of this model usually
provides very good results (see [16]); see also the work of Kang and March [17], where the Chromaticity/Brightness
representation of colors is used in place of the RGB one.

In the RGB model, a color is identified with a vector & = (£, &, &) € R3, whose components &, &, and &
correspond to the different channels red, green, and blue. The color image to be reconstructed is represented by a
function of bounded variation ug € BV(R; R3), where the open rectangle R := (0,a) x (0,b) C R2 is the domain of
the image.
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The goal is to reconstruct the original color image u¢ through a variational model starting from the knowledge of
the gray level of ug on a given open subset D of R (the damaged region) together with the exact information of ug on
R\ D (the undamaged region). In [16] (see also [14,15]), the authors propose to minimize a functional of the form

D (Du)(R) + X / (u —uo)pdx—}—/L/(L(u -e) —L(uo-e))pdx (1.1)
R\D D

among all functions u € BV(R,; R3), where @ is a convex function on R3*3, Dy is the gradient measure of u, so that
@ (Du)(R) is the corresponding (possibly anisotropic) total variation, A, i € (0,00), 1 < p <00, L:R — [0, 00) is
an increasing nonlinear function, and e € R is a unit vector. The map u — L(u - ¢) represents a nonlinear projection,
which associates to each color u the corresponding gray level L(u - e).

The purpose of this paper is to study the faithfulness of the reconstruction provided by the model (1.1), with
particular emphasis on the possible creation of new, spurious contours in the restored image. For this reason, we
will consider only images that exhibit “perfect” fidelity, in the sense that we require u = uo £>-a.e. on R \ D and
u-e=ug-e L>-ae.in D, equivalently, A = u = oco. For simplicity, we take @ to be the Euclidean norm. Therefore,
we are led to the total variation-type minimization problem (see [22])

inf{|Du|(R): u € Ad(ug, D)}, (1.2)
where the class of admissible color images Ad(ug, D) is defined as
Ad(ug, D) := {u € BV(R; R?), u=uo L*-ae.on R\ D, u-e=ug-e L*-ae.in D}.

Simple explicit examples (see Example 6.1) show that in general the solution to (1.2) may present spurious con-
tours. However, some numerical experiments performed in [16] seem to indicate that the model (1.1) provides good
reconstruction results when the exact information of the color is known over a small but uniformly distributed area
(see [16, Figs. 8.1 and 8.2]), and, intuitively, we expect that the two models describe similar phenomena provided A
and p are large enough. This is speculative, since noise and blurring may prevent exact reconstruction to be attain-
able. As it turns out, the study of the simplified model (1.2) is analytically very challenging even when considering
very special color images uo (which will exclude images with textures) and very special geometries for the damaged
region D. The analysis requires new ideas, which do not rely on classical mathematical tools.

Indeed, the exact reconstructibility of u( reduces to proving that uq is the unique solution of the 1-Laplacian
Neumann problem (2.3). This question is far from trivial since standard PDE methods for elliptic equations with an
underlying strictly convex integrand, e.g., the p-Laplacian with p > 1, fail to apply in our case. Since the 1-Laplacian
is not defined at points in which Du vanishes, we need to introduce a very weak notion of solution, inspired by
what is commonly done in the scalar setting (see, e.g., [6,11,18]). Precisely, in the first main result of the paper,
Theorem 1.8, we prove the existence of a suitable tensor-valued calibration, i.e., a divergence-free tensor field with
norm not exceeding one and with prescribed normal traces on the discontinuity set of ug. The construction of such a
calibration is new, and exploits in a rather subtle way the non-simply connected geometry of the damaged region (see
Lemma 5.1). Although calibration methods have been previously used to deal with total variation based functionals,
this seems to be the first paper where related techniques are applied in the corresponding vectorial setting.

Moreover, in Theorems 1.8 and 1.10 we show that the reconstructibility of uy over a neighborhood of the disconti-
nuity set is closely related to the problem of finding the extension of a vector-valued Lipschitz function defined on an
unbounded domain with minimal norm of its gradient. Note that for scalar-valued functions, the corresponding exten-
sion problem (1.17) has been studied by several authors (see, e.g., the review paper [4]) starting from the pioneering
work of Kirszbraun [19], McShane [21], and Whitney [25], see also the seminal paper of Aronsson [3]. Very little is
known in the vectorial setting.

Finally, in Theorem 1.13 we validate in our simplified model (1.2) the numerical experiments performed in [16] for
(1.1), namely, we show that a special class of piecewise constant images u( are exactly reconstructible, provided that
the exact information on the colors is known over a (possibly) small but sufficiently well distributed region. The result
is nontrivial, and it amounts to exhibiting a large family of explicit solutions to problem (1.2). We remark that only
very few explicit solutions are known in the scalar case and, to our knowledge, no results prior to ours are available in
the vectorial setting.

In view of these considerations, we regard the analysis in this paper as a first necessary step toward the understand-
ing of the more realistic model (1.1).
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Fig. 1. An admissible image u(, with its contour I" and a damaged region D.

We now describe the results of the paper more in details.

As mentioned above, we will restrict the study to the case in which the original image belongs to a special class
Im(R) of piecewise constant functions, precisely, u(y belongs to Im(R) if there exist {& }llc\':1 C R? with & # &, for
k # h and a family {.Qk},i\’:] of mutually disjoint open Lipschitz subsets of R such that

N

N
R=rulJ2 w=) &le,. (1.3)
k=1 k=1

where [ := U,ivzl 2k, with X := 92, N R. Note that since £2; is Lipschitz, it has only finitely many connected
components. We refer to I as the contour of up and Xy, is called the kth contour (cf. Fig. 1).

Definition 1.1. A color image uo € Im(R) is said to be reconstructible over an open subset D of R if it is a minimizer
of (1.2).

Given ug € Im(R) and an arbitrary open set D C R, in general up need not be reconstructible over D. Some
examples may be found in Section 6. In particular, when neighboring colors &, and & (i.e., H' (352 N 352;) > 0) of
uo have the same gray level, i.e., &, - e = & - e, and the damaged region D contains part of d§2; N 352, then ug may
fail to be reconstructible over D. This leads us to the notion of compatibility of neighboring colors and to restricting

our analysis to specific geometries of the damaged region D. Precisely, for k =1, ..., N decompose
2= U ks
hk

where X j 1= 082 N 382,. We define the compatibility vector field zj € L*°(Xx; (e)L) of uq as follows:

2 (x) = P(%) ifx € Zpp, h#k, with H' (Zpp) >0,
k — Sh

where P :R3 — (e)! denotes the projection of R on the orthogonal space (¢)* to e, i.e.,

P§):=§—(§-e)e.

Thus zi is a piecewise constant vector field on X%, and it is constant on each X} ;. By construction, ||zx|| Lo(Zg: (e) L)
< 1. In addition, |zx| = 1 over some Xy ; if and only if the two neighboring colors & and & have the same gray level.
Thus, the condition

sup ||Zk||LOC(2k;<e)L) <1, (1.4)
1<kN

is equivalent to saying that u(y does not have neighboring colors with the same gray level.
Concerning the restriction imposed on the damaged region, we will often assume that the intersection of the contour
of up with the boundary of the damaged region D has zero length, i.e.,

HY(IrNaD)=0. (1.5)

In the statement of the first main theorem (see Theorem 1.2) we use a particular class F (D) of divergence-free
vectors fields. To fix the notation, let {1, &2} be an orthonormal basis of (e)*, and decompose the generic vector
ze(e)t as z=2zWe; +zPe,. In R? we consider the canonical basis {e, e2}, where e; = (1, 0), e> = (0, 1), and for
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every v = (v1, v2) € R? we define v := (vy, —v1). Given a tensor M € ()= @ R?, writt M =1 @ MV + ¢, @ M?®
with MO, M@ e R? Hence, if & € R2,
Mgl = (MWD -&)e) + (MP - £)e,

and the Euclidean norm in (e)+ ® R2 is

M| = \/]M(l)}Z + MO,
induced by the scalar product

M:My=(MD MDY+ (MP - MP).
If M:D — (e)t ® R? is a smooth tensor field, then div M : D — (e) is defined by

div M :=divMDe; + div MPe,,
where div M® is the divergence of the vector field M @.p —R2 i =1,2. Hence, the divergence theorem becomes

/ Mvpl-@dH' = /(w M + ¢ -divM)dx,

aD D
whenever D C R? is an open bounded Lipschitz domain and ¢ : D — (e) is sufficiently regular. Here v is the outer
unit normal to D.

We now introduce F (D). Given an open set D C R with Lipschitz boundary, we define (D) as the space of all

tensor fields M € L®(D; (e)* ® R?) with

1Ml LoD (o)L @2y S Lo

and zero distributional divergence, i.e.,
(divM, @) = — / Vo:Mdx=0 forallgeCX(D;(e)h).
D

By [2, Theorem 1.2] every M € F (D) admits a normal trace, that is, there exists a linear operator

v {M € L°°(D; (&)t ® Rz): divM = O} — L°°(8D; (e)l)

such that
|9 D ooy < 1Moy oy omy < 1 (1.6)
and
/lII(M)~<de1=/Vg0:de (1.7)
oD D

for every ¢ € C®(D; (e)™), and
W (M)(x) = M(x)[vp(x)] forH'-ae. xedD,

whenever M € C®(D; (e)- @ R?) N F(D). As usual we define M[vp] := ¥ (M) for every M € F(D).
The next theorem states that the reconstructibility of u¢ is equivalent to the existence of a suitable tensor-valued
calibration.

Theorem 1.2. Let ug € Im(R) and let D C R be an open set with Lipschitz boundary satisfying (1.5). Then the
following three conditions are equivalent:
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(1) wug is reconstructible over D,
(i) forevery 1 <k < N and ¢ € BV(D N §2;; (e)1),

Del(D N 20) + / oldH + f - pdH! > 0;

IDN2y DNXy
(iii) for every 1 <k < N there exists a tensor field My € F(D N $2;) such that
Milvpne,]=—zx on DN X, (1.8)

where 7y is the compatibility vector field of uy.
Moreover, if (1.4) holds, then any of the conditions (1)-(iii) is equivalent to
(iv) uq is the unique minimizer for the model on D.

Remark 1.3. In view of (1.8) and of Lemma 4.1, the tensor field M : D — (e)* ® R? defined by M := My in D N $2,
1 <k < N, is divergence-free in D. The conditions on M can be considered as a weak formulation of a 1-Laplacian
Neumann problem (see Remark 2.2 for more details).

Since D C R?, any divergence-free field rotated of 7 is locally the gradient of a Lipschitz function. Based on this
observation, part (i) of the following proposition provides a method to construct a tensor field M satisfying part (iii)
of Theorem 1.2.

To give the precise statement, we introduce the following notation, which will be used throughout the paper: Given
a vector v = (vq, v2) € R?, we define v := (v2, —vy).

Proposition 1.4. Let A C R? be an open set with Lipschitz boundary, let ¥ C A, and let g € L®(X; (e)1).

(i) If there exists a Lipschitz function f: A — (e)* such that d; f =g on X, where d;, f is the tangential derivative
of f with respect to the orientation induced by T4 := (v4)™*, then the tensor field M : A — (e)* ® R? defined by
MW :=—(Vf(j))L, ji=1,2,
is divergence free in D and satisfies
Mlval=g onX. (1.9)

Moreover, if IV fll oo(a; ey gr2) < 1, then M € F(A).
(ii) Conversely, if A is simply connected, given M € F(A) such that (1.9) holds, there exists a Lipschitz function
f:A— (e)* such that IVFllLooa;e)ior?y < 1and 9z, f =g on X.

Remark 1.5. In view of Theorem 1.2(i) and (iii) and Proposition 1.4, we remark that the reconstructibility of #( can
be reduced to a Lipschitz extension problem.

The proof of the previous proposition is standard and we omit it.

Next we focus our attention on special classes of damaged regions. As already mentioned, we are particularly
interested in undamaged regions R \ D having small area but that are uniformly distributed in R. Since in this case
the damaged area is very large, it is reasonable to assume that it contains a small neighborhood of I" (see Fig. 3). Note
that if Dy C D, C R, then

Ad(ug, D) C Ad(ug, D7),

therefore if uq is reconstructible over Dy, then it is also reconstructible over D;. Hence, as a starting point, we begin
to study the case in which ug is reconstructible over a §-neighborhood of the contour I", i.e., D = I'(§) for § > 0
sufficiently small, where

) :={xeR: dist(x, I') <8} (1.10)
Note that condition (1.5) holds.
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Precisely, our results will apply to the following stronger reconstructibility condition over I7(8).

Definition 1.6. Let ug € Im(R) and let D be an open subset of R. Then u is said to be stably reconstructible over D
if there exists &€ > 0 such that all u € Im(R) of the form
N
= 1o, ith . — ,
u ;Ek 2 Wi lgiangﬁk §k|<£

are reconstructible over D.

For damaged regions of the type (1.10), and when I" is piecewise C!, we give a sufficient condition for stable
reconstructibility in terms of an explicit algebraic inequality that involves the values of the colors and the angles of
the corners of I, if any.

Definition 1.7. A color image uo € Im(R) is a regular image if for every k =1, ..., N, the ith connected component
Z’,El) of the kth contour X, i = 1,..., my, is given by the image of a piecewise C! curve y;; parametrized by arc-
length, and oriented so that (y,éyi)L agrees with the inner unit normal vector field v of £2.

Given a regular image ug, using the notation just introduced, for each curve yx; consider the set of those s €
[0, £k.;1, where £ ; := length(yk ;), such that I" has a corner at yx ; (s), precisely,

Sk,i = {s €10, &) y,é’i(sJ“) + (y,é’i)(s_)}. (1.11)

Here we use the following convention: If the curve yx ; is closed, then we define yx ; (07) := ki (K,; ;) and y,é, ;(07) =
y,é’i(ﬁ,;i); if yx,; is not closed, then we extend yi ; to [—€,0) ina C! way, so that yk”i (07) is well-defined.

When (1.4) holds, we will show that the stable reconstructibility of uo on the damaged region I"(§) depends only
on some compatibility conditions between the vector fields z; € L% (X; (e)*) and the tangent vectors yk” ; at points
in Sk ;. Using a blow-up argument, and in view of Proposition 1.4 and Remark 1.5, in Theorems 1.8 and 1.10 below
we show that the analysis may be reformulated in terms of a Lipschitz extension-type problem to R? of a function
g:C — (e)*, where

C::{xeRz:xz—sv, s}O}U{xeRz:xzsw,s>0}, (1.12)

with v, w € S! linearly independent. Recall that we write g = gVe; 4+ ¢®¢,, where {e1, &2} is an orthonormal basis
of (e)l so that each g(’), i =1,2,is of the form

g(i)(x) _ —sr(i) if x=—svfors >0,
st® if x =sw fors >0,

for some r®, +® e [—1, 1]. Note that

. @) _ oM
x,yeC, x#y lx — yl

Is1r® + 556D _

u
51,82>0 [s1v + s2w|

LG(rD. 1D v, w). (1.13)

The exact expression of G may be found in Proposition A.1 in Appendix A. The next theorem provides a sufficient
condition for stable reconstructibility in terms of the Lipschitz constant (1.13).

Theorem 1.8. Let ug € Im(R) be a regular image. Assume that (1.4) holds and
(G, 20, v, w) P+ [G (D, 2P, v, w)] < 1, (1.14)
whenever

z0=zk(vri(s7)) 21 =z (v (57)), v=y(s7), w=y;(s7), (1.15)
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Fig. 2. If we chose &1, &2, &3 so that ¢ is continuous at the corner point y; (sy) and it jumps at y1 (s2), then condition (1.16) is imposed at y; (s1),
while condition (1.14) is imposed at yq (s2).

withk=1,...,N,i=1,...,my, and s € S ;. Then ug is stably reconstructible on the damaged region I (8) for
some & > 0.

Remark 1.9. (Cf. Fig. 2.)

(i) In Example 6.2 we exhibit an image uo consisting of just two colors separated by a corner, with parameters
chosen in such a way that (1.14) fails. We will show that in this case minimizers present an additional (artificial)
contour.

(i1) Note that if z; is constant near yk(s), i.e., zo = 21 =: 2, then (1.14) takes the particularly simple form
1+v-w

2
_ 1.16
2" < — (1.16)

In the limit case v = w, condition (1.16) reduces to the trivial fact |z| < 1.
(iii) If zo = —z1, then condition (1.16) becomes |z| < 1 (see (A.2) in Appendix A), and therefore it is always satisfied.

Next we give a necessary condition for u#y € Im(R) to be stably reconstructible on the damaged region I"(8).
Theorem 1.10. Let ug € Im(R) be a regular image.

(1) If ug is reconstructible on the damaged region I'(§) for some § > 0, then whenever zg, z1, v, and w are as in
(1.15),

min{ | Vgll o2, o) tar2): & € WHO(R? () 1), g(y) = Blylfory e C} <1, (1.17)
where C is the set defined in (1.12) and B € (e)* @ R? is the tensor uniquely determined by
Blv]=—z0 and Blw]=-z;. (1.18)

(1) If ug is stably reconstructible on the damaged region I" () for some & > 0, then the inequality in (1.17) is strict.

Remark 1.11. Note that in some cases condition (1.17) coincides with (1.14) with < replaced by <. For instance, if
20 = z1, let g € WH°(R?; (e)1) be a solution of the minimization problem (1.17) satisfying [|VgIl oo (k2. (o)L gr2) < 1-
Consider the points x = —v and y = w. Then by (1.18),
2lz00 = 20 + 211 = [g(—v) — g (W) < 1Vgll Lo ) L2y v + w]
<|v+w|=«/§\/1+v~w,
which is (1.16) with < replaced by <. In particular, by part (ii) of Theorem 1.10, if zo = z1, then (1.16) is both

necessary and sufficient for the stable reconstructibility.

It is important to observe that in the previous theorem we are using the Euclidean norm of Vg(x), that is,

2 2
V&l 00 (R2: (o) L R2) = €58 sgp\/|Vg(l)(x)| + |Ve@ )|,
xeR
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Fig. 3. On the left figure, I"(§) is a neighborhood of width § of the contour I" of up € Ad(R). On the right figure, the color is given only inside
small and uniformly distributed squares. Note that here the damaged region contains a small neighborhood of the contour I".

Fig. 4. An example of an e-uniformly distributed (undamaged) region.

where g = g(Ve; + g@Pe,. Hence, the minimization problem (1.17) is different from the classical problem of finding
an extension with minimal Lipschitz constant (see [3,4,19,21,25]). Indeed, in the vectorial case the Lipschitz constant
of an admissible function g € W1 (R?; (e)1) in (1.17) is
Lip(g, Rz) = ess sup sup |Vg(x)[v]| < Vel Loo®2: (o) L oR2) -
xeR2? ves!

where the inequality is in general strict.

Next we focus on images for which neighboring colors do not share the same gray level and when the undamaged
region R\ D has small area but is uniformly distributed in R.

Let w: (0, o0) — (0, 00) be such that

lim &;) =00, lim wie) =0. (1.19)
e—~>0t ¢ e—>0t &

Given ¢ > 0 and an open set U C R with Lipschitz boundary, we say that U is an e-uniformly distributed (undamaged)
region if

U3Rm< U Q(x,w(s))), (1.20)
xeeZ?

where for x € R and r > 0, O, r):=x+ (—%, %)2. Hence, in this case, the damaged region D := R\ U is contained
in

RN < L oGa) Q(x,co(e)))
xeeZ?
(see Fig. 4).
For damaged regions of this type it is always possible to obtain an asymptotic reconstruction result for arbitrary
color images ug € BV(R; R3). Precisely,

Theorem 1.12. Let ug € BV(R; R?) N L°(R; R®) and let
D.=RN | 0,9\ Q(x, 0(e), (1.21)

xeeZ?

where w satisfies (1.19). For every € > 0 the variational problem
inf{|Du|(R): u € BV(R; R?), u =uo L*-a.e. on R\ D; ) (1.22)

admits a minimizer. In addition, if u; € BV(R; R3) is a minimizer for (1.22), then uy — ug in LY(R; R3) as ¢ — 0t



L Fonseca et al. / Ann. I. H. Poincaré — AN 27 (2010) 1291-1331 1299

Under additional assumptions, Theorems 1.13 and 1.14 provide exact reconstruction for sufficiently small values
of e.

Theorem 1.13. Let ug € Im(R) be a stably reconstructible image over the damaged region I"(8) for some § > 0. If
(1.4) holds, then there exists ey > 0 such that u is reconstructible on the complement of every e-uniformly distributed
(undamaged) region, with € < &.

We note that the condition (1.19); is sharp, in the sense that if w(g) < ce? for some ¢ > 0, then we cannot expect,
in general, to attain exact reconstruction (see Example 6.4).

It is possible to treat more general non-periodic geometries, in particular, the case in which each cube Q(x, w(¢))
in (1.20) is replaced by a closed connected set whose diameter is of order w(e). More precisely, given ¢ > 0 and
0 € (0, 1), we consider the class D, g of open sets D C R with Lipschitz boundary such that

DcRN [ J (O &)\ Cre).
xeeZ?

where, for every x € €72, C r.e 1s a connected closed set contained in Q(x, f¢), with diam(Cy ) > w(g). Then the
following generalization of Theorem 1.13 holds.

Theorem 1.14. Let uy € Im(R) be a stably reconstructible image over the damaged region I' (§) for some § > 0. If
(1.4) holds, then for every 6 € (0, 1) there exists gy > 0 depending only on ug, 8, and w, such that for every Q0 < & < &,
ug is reconstructible over all damaged regions D € D, g.

This paper is organized as follows. In Section 2 we prove some preliminary results. In Section 3 we prove The-
orem 1.2. The proofs of Theorems 1.8, 1.10 and of Theorems 1.12, 1.13, and 1.14 are presented in Section 4 and
Section 5, respectively. In Section 6 we give some explicit examples in which exact reconstruction fails, and minimiz-
ers display different, spurious contours.

2. Existence of minimizers and an alternative formulation of the model
We begin by proving that the minimization problem (1.2) admits always a solution.

Proposition 2.1. Let ug € BV(R; R3) and let D C R be an open set with Lipschitz boundary. Then there exists a
minimizer of (1.2).
Proof. Let {u,},en C BV(R; R3) be a minimizing sequence for (1.2). In particular,

sup | Duy|(R) < [Duog|(R) < o0,
neN

where we have used the fact that ug € Ad(ug, D). Moreover,
1Dy |(R) = |Din D)+ 1Dy (R D) + [ty = ol @1
oD
where in the boundary integral u,, stands for lhe trace of u,, on d D as an element of BV (D; R3 ), and ugq stands for the
trace of up on d D as an element of BV(R \ D; R3) (cf. [1, Theorem 3.84]). Let

__Juy—uo onD,
V=10 onR2\ D.

Then v, € BV(R?; R?) and, by the Sobolev—Gagliardo—Nirenberg inequality,

1/2
2ﬁ</|un—uo|2dx> =27 |vall 223y < | Dl (R?)
D

= |D(uy —Mo)|(D)+/Iun — uoldH" <|Duy|(R) + | Duo|(D),
aD
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where in the last inequality we used (2.1). Therefore sup,c [lux |l LUR:R3) < OO and, in turn, {#,},cN is bounded
in BV(R; R?). By [1, Corollary 3.49], up to a subsequence, {u,} converges strongly in L!(R;R>) to some i €
BV(R; R3). Using the lower semicontinuity of the total variation and the fact that the class Ad(ug, D) is closed
with respect to weak star convergence in BV, we have that u belongs to Ad(ug, D) and is a minimizer. O

If the damaged region D is an open set with Lipschitz boundary and satisfies the geometric condition (1.5) and if
ug € Im(R), then it is possible to reformulate the minimization problem (1.2) as
inf{F(u, D): u € BV(D;R*), u-e=ug-eL*-ae.in D}, (2.2)

where
N
F(u,D):=|Du|(D)+ Y / u— &l dH’.
k=13png;

In the boundary terms of F we integrate the trace of u € BV(D; R3) on 3 D.

Remark 2.2. Note that the Euler-Lagrange equation of the functional F are given, formally, by the 1-Laplacian
Neumann problem

. D
div ID—zI | e on D, 23
P(lg—zl[vp])z—z on dD,
u—E& Du

where z := P( =] ) in D N £2y. Since this equation is in general not well-defined, TDul is replaced by the tensor field
M given in Theorem 1.2. Hence, the conditions on M can be considered as a weak formulation of the Euler—Lagrange
equations of F. For similar results see, e.g., [6,11,18].

Proposition 2.3. Let ug € Im(R) and let D C R be an open set with Lipschitz boundary such that (1.5) holds. If
u € BV(D; R?) is a minimizer of (2.2), then the function

g L on R\ D,
“lu inD,

is a minimizer of (1.2). Conversely, if u € BV(R; R3) is a minimizer of (1.2), then its restriction u to D is a minimizer
of (2.2).
Proof. For every v € Ad(ug, R), we have

|Dv|(R) = |Dv|(R\ D) + |Dv|(D) 4 | Dv|(RN3D).

Since v = uq in the open set R \ D, it follows that |Dv|(R \ D) = |Dug|(R \ D). Moreover, |Dv|(D) = |Dv|(D),
where v is the restriction of v to D. Thus

|Dv|(R) = |Dug|(R \ D) + |D%|(D) + |Dv|(R N 3 D).
We now consider the term |Dv|(R N d D). Using (1.5), we obtain
N

|IDv[(RNAD)=|Dv|((R\I')NID) = Z |Dv|($2x N D).
k=1
By [1, Theorem 3.84],
D@nopy= [ la-dlan,
DNy
where in the last integral v denotes the trace on d D of v as an element of BV (D; R3). Therefore,
|Dv[(R) = |Dug|(R \ D) + F(¥; D),

and the statement follows. O
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Remark 2.4. Note that u € BV(D; R3) is a minimizer of (2.2) if and only if for every ¢ € BV(D, (e)L) the convex
function f:[0, co) — [0, co) defined by

f@) :=Fuo+tp,D), t>0, 2.4
has a minimum in ¢t = 0, or, equivalently,
t)— f(@
0< tim LD =SO 2.5)
t—07t t

This is an immediate consequence of the fact that v € BV(D; R3) is such that v - e = ug - ¢ on D if and only if
v =ug+ ¢ with ¢ € BV(D; (e)1).

3. Reconstructibility and tensor-valued calibrations: Proof of Theorem 1.2

In (2.2) we minimize u — F(u#, D) under the constraint that u - ¢ = ug - e on D. In view of Remark 2.4, it is natural
to consider variations of the form u + e¢, where ¢ : D — (e). Writing ¢ = @1&1 + g2, with g, : D - R, i =1,2,
we have that

Vo=¢1Q® Vo +& Q Ve,
ie,Vg:D— ()t @ R2.

Lemma 3.1. Let D be an open set with Lipschitz boundary, let I'1, I> be Borel subsets of d D such that
AD=TUD, HY M N ) =0,

and let z € L®(Is; (e)1). Then the following two conditions are equivalent:
() for every ¢ € BV(D; (e)1),

0<|D¢|(D)+/|¢|dH1+/go~de1;

I I

(i) there exists M € F (D) such that

Mlvpl=—z onlI3.

Proof.

Step 1. We prove that (i) implies (i). Since D has Lipschitz boundary, it suffices to verify (i) for ¢ € C*°(D; (e)1).
By (1.6), for every such ¢ we have

|D¢|(D)=f|V<p|dx>/V¢:de:/M[vD]-gde1.
D D oD

Since H! (I'1 N I3) =0, we have that

/M[UD] -pdH! Z/M[VD] pdH' — /z~cdel > —/ lpldH' — /z pdH',
aD n D n I
where in the last inequality we have used (1.6), and so (i) follows.
Step 2. We prove that (i) implies (ii). Although this implication could be derived from general theorems in convex

analysis (see [12]), for the convenience of the reader, we give a direct proof. For every ¢ € BV(D; (e)t)and p e X
we define
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www=fWMH%g/wzw#
I I
D(p, ) :=|Dp — u|(D) + ¥ (p),

where X := My,(D; (e)* ® R?) is the Banach space of all bounded Radon measures with values in (¢)" ® RZ.
Consider the function f : X — [—o00, 00] defined as

f :=inf{® (g, 1): ¢ € BV(D; (e)1)}, neX.
We claim that

|f] < |ul(D) forall u e X. 3.
Indeed, f(u) < @(0, u) = |n|(D), while, in view of (i), for every ¢ € BV(D; (e)L),

@ (¢, 1) = |De[(D) — |u|(D) + ¥ (p) = —|u|(D).

In particular, f is real-valued and locally bounded. Moreover, f is convex. Hence, the sub-differential of f at every
@ € X is nonempty (see, e.g., Theorems 4.43 and 4.51 in [13]). Therefore, since f(0) = 0, there exists p* in the
topological dual X* of X such that

(w* m) < f(u) forall weX. (3.2)

Since the restriction of u* to LY(D: (e)J- ®R?) is still a continuous linear functional, there exists M € L™ (D; (e)J‘ ®
R2) such that

(,u*,u):—/M’:de,
D

whenever p = M'L£?| D for some M’ € L'(D; (e)* ® R?). By (3.1) and (3.2), it follows that
1M1 Lo (D: ()L er2) < 1-

Restricting (3.2) to measures of the form p = V(p£2 D, where ¢ € C*® (D; (e)T), we obtain
— / Vo:Mdx < f(VeL?| D) < @ (¢, VoL D)

D
=w(p) forallpeC®(D;(e)h). (3.3)

In particular, taking +¢ € C2°(D; (e)1), we find that
/w :Mdx=0 forallgeC®(D;(e)h),

D
and thus M € F (D). Then by (1.7) and (3.3), we get

/|<p|dH1 +/(p-zd'H1 >—/M[uD]-¢dH1 for all ¢ € C*(D; (&) ™).
I I aD

In particular,
/(M[UD] +z2) ~pdH!' >0
I

for every ¢ € C®(D; (e)T) such that ¢ =0 on I. Thus, M[vp] = —z on I and we conclude the proof of the

lemma. O

We now turn to the proof of Theorem 1.2.
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Proof of Theorem 1.2.

1303

Step 1. We start by proving that (i) is equivalent to (ii). Let f be the function defined in (2.4). Since ug = Z,Icvzl &klg,,

we have that

N
O =D +19)[(D)+ > / |6 — (o + )| dH!

k=13pnay
N N
=|D(uo+19)|(IN D)+ Do +t)|(DN2)+1 ) / lo| dH".
k=1 k=13 pney

If g € BV(D N 24, (e)T) denotes the restriction of ¢ to the open set £2; N D, then

N
f(t)z|D(uo+w>|<mD)+tZ(|D¢k|(Dm9k>+ / |<Pk|dHl>~
k=1 IDN2y
Note that

N-1 N
Do +tp)|(rND)y=Y" > / | €k +190) — G + 1) | dH',
k=1 h=k+1py,

where, we recall, Xy , = 082 N 082y,. Therefore, by (3.4) and (3.5),

N-1 N
r0=Y 3 [ e+ - @] an!

k=1 h=k+1pr's,

N
+t2(|D¢k|(D N2 + / |‘Pk|dH1)~
k=1

dDN$2
Hence, by Remark 2.4, condition (i) is equivalent to (2.5), which, by (3.6), becomes
N

k=1 aDNS; k=1 h=k+1pey,

1

By definition of z;x and since ¢ takes values in (e¢)—, we have that

&k — &n
lDﬁZ‘k,h T £ (‘Pk - (Ph) = 1Dﬂ2k,h (Zk - Pk +zn- (Ph)

|Ek — &n

Thus, after relabeling terms,

) £ — &
2K O or — o) dH!
2 2 / b g, W omdH

k=1 h:k+lDﬂ2k n

N-1 N
= (2t - ok + 20 - on) dH!
k=1 h=k+1pe'y, |
N-1 N N h-l
= Z / zk-wdel—FZZ / zh-gohdHl
h=k+1pes, h=2 k=1 py, ,

M= I

Zk - Pk dH'.

»
l
S
)
iy

N—-1 N
0< ) ID@l(DN$2) + f leldH' + > Y / %m—mml.

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)



1304 L Fonseca et al. / Ann. I. H. Poincaré — AN 27 (2010) 1291-1331

Finally, from (3.7) and (3.8) we conclude that (i) is equivalent to

N
O<Z<|D¢k|<mm>+ / loxl dH' + / Zk-wde1>
k=1

IDN82, DNXy

for every ¢ € BV(D, (e)1), and, in turn, this last inequality is equivalent to (ii).
Step 2. To prove that (ii) is equivalent to (iii), it suffices to apply Lemma 3.1 on £2; N D forevery k =1, ..., N.

Step 3. Let us now assume that (1.4) holds and prove that if ug is a minimizer for F' on D, then it is the unique mini-
mizer. Let u € BV(D; R?) be such that u - e = ug - e on D. Then, we may write u = ug + ¢, where ¢ € BV(D; (e)1).
By (3.6) with t =1,

N—-1 N N
F(u, D) = Z > /|<sk+¢k>—<sh+<ph>\dH1+Z<|Dcpk|<mszk>+ f |¢k|dH1), (3.9)
k=1

k=1 h=k+1pn7y, , aDN2;

where, as before, ¢y is the restriction of ¢ to §2; N D. Setting ¥ :=u — (ug - e)e = ug — (uo - €)e + ¢, we have that
Y € BV(D; (e)1), and in £2; N D,

V=V =g+ (& — & -ee), k=1,...,N.

Therefore,

N—-1
F(u,D) = Z
k=

1h

N
> [ (& - e)e — (& - €)e) + (Wi — )| dH!
=k D

! NZg.n

N
- Z(www N2+ f Vi — (6 — (& -e)e)|dH1).
k=1

IDN2y

By the Pythagorean theorem

|- e — & )+ Wi — vm)| =/ G- e — &1 - 0% + (Y — Y2,
where (£ - e — &, - €)> > 0 thanks to (1.4). Thus, the integrals
[ =g - umlar
DNZ
are strictly convex in the 1, — v, variables. In particular, if o and u are both minimizers, we must have
Yk —¥h =Vko — Yo H'-ae.on Xy,

i.e., o = ¢n H!-a.e. on 2 n- Here Y 0 = & — (& - e)e. Using the equality F(u, D) = F (ug, D) and the expression
of F given in (3.9) we then obtain that

N
0= Z(wwkw N2 + f |<pk|dH1).

k=1 DNy

Hence, ¢y is constant on each connected component of D N §2; but this value must be zero, since g; = 0 H!-ae. on
dD N §2. We conclude that u =ug. O
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4. Reconstructibility on a §-neighborhood of the contour: Proof of Theorems 1.8 and 1.10
We begin with the following preliminary result.

Lemma 4.1. Fori = 1,2, let D; C R? be an open set with Lipschitz boundary and let M; € F(D;). Let D1 N\ D> =0,
HY (D@D NIDy) > 0, and define M : D1 U Dy — (e)* @ R? by

M:=M; onD,;.
If Mi[vp, 1= —Mz[vp,] on 9D N O Dy, then M € F (D), where D is the interior of D1 U D5.

Proof. If ¢ € C°(D; (e)l), then ¢ =0 on 8D A3 D> and ¢ € C*®(D;; (e)) fori = 1, 2. Thus

/M Vodx = /M wdx_Z/q) M;[vp,1dH!

i= ID i= ldD
B / Zﬁf"Mi[vDi]dHl:O. o
3D NaD, =1

Before proving Theorem 1.8, we apply Theorem 1.2 to obtain an equivalent formulation of stable reconstructibility
of ug € Im(R) on I'(§) for some § > 0. We remark that for sufficiently small values of § > 0, the damaged region
I'"(§) satisfies the condition

HY (I Nare)) =o,
which is one of the hypotheses of Theorem 1.2.

Proposition 4.2. Let ug € Im(R) satisfy (1.4). Then for all § > 0 sufficiently small, the following two statements are
equivalent:

(1) ug is stably reconstructible over I"(3);
(i) foreveryk =1,..., N there exists My € F(I"(5) N §2k) such that
Milvreyne, ] =—zk  on X,
with the further property that
Ml (@ et < 1-

Proof.

Step 1. We prove that (i) implies (ii). Let uo be stably reconstructible over I'(§) and let g9 > O be such that if
U= Z,ivzl &, 1o, and max;<i<n 1§, — &I < €0, then u is reconstructible over I" (). We claim that there exists such
an image ¢ with the additional property that

=Mz, k=1,...,N, (4.1)

for some constant A > 1, where z; denotes the compatibility vector field associated to u. To see this, note that by (1.4),

|P(| fhl)| < 1for all i, k with i # k such that H'(Xy.;) > 0.

Assume first H! (Zk.n) > 0 for all h, k with h # k. The map

T1:R3N—> (R3)t
(... 8y) > (B =& & —ENE — 8L B — &N EN_ —EN)

where (R)7:=R3x --- xR3and 7:= & (N D s open by the surjective mapping theorem (see [5]), the map
T times
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To: (R?)"\ {0} — (5?)

2
/ /
/ / nl nr)
Nyeees N ) > | —5 .-,
(i o) <|n3| I, |

T
5.

is open, while the map
T3:(8%)" — ((&)h)"
(1o 50) = (P(s1)s s P(s2))

is locally open in a neighborhood of each point (1, ..., ¢;) € (52)7 such that |P(¢;)| < 1 foralli =1,..., t. There-
fore

T30T0 Tl(B((“g“l, &N, 80)) D B(T3 oTho Tl((él, ...,éN)), 81)
for some &1 > 0. Let
&1
1+ ||T30 T2 0 Ti((1,.... 6N
Then there exists (£, ...,&y) € B((§1,...,&n), &) such that

T3OT20T1(§{,...,§'I/V) Z)»T3OT20T1((§1,...,§N)).

This proves the claim in the case H! (X ;) > 0 for all &2, k with & # k. The general case can be treated in an analogous
way.

Define u := Z,I(vzl £ 1g,. Since u is reconstructible over I"(8), by Theorem 1.2, for every k we can find M, €
F(I'(8) N i) with My [vrs)ne,] = —Azx on Xy, where we used (4.1). Setting My := (1/1) M, it now follows that
M;, satisfies the required properties.

l<i<l1l+

Step 2. We prove that (ii) implies (i). By Theorem 1.2, and since each §2; has finitely many connected components,
it suffices to show that for a fixed k € {1, ..., N} and for a fixed connected component X' of X%, there is 0 < gy <
1— ”Zk”LOC(Zk;(e)J_@]RZ). sugh that for all 0 < ¢ < &g and for all u = 27:1 .fj/.lg_/ with max |§]/. — &;| < &, there exists
M e F(X(8) N §2) satisfying

Mvs@ne)=—7 onZX, 4.2)
where 7/ € L®(X; (e)1) is the restriction of the compatibility vector fields 27z of u to X. Here, and throughout the
paper’

2(8) = {x e R%: dist(x, 2) < 5}.

We divide the proof in two cases. Assume first that the curve X is open. Since X' is Lipschitz, the geodesic distance

1
dz (x1,x2) :=inf{ /Ia’(t)ldt: o e Whe([0,1]; X), 0(0) =x1, o (1) =x2}, X1, x€X, (4.3)
0

on X is Lipschitz, and so there exists L > 0 such that
dx(x1,x3) < L|x1 —x1| forall x;,xp € X.

Using the fact that the projection P is Lipschitz, there exists &g > 0 such that if u = Z?’zl & j’ l; and max;j<n & j’ —
&jl < eo, then

. I = IMkll oo (£ (5)ns2: (e) L @R2)
”Zk — H LX(X;(e)1) < \/§L ’

Fix any such u, and let f: ¥ — ()" be determined (up to additive constants) by
8,)_.(8)mk f=z—7 onX. 4.4)
Then
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Fig. 5. The case in which X' is a closed curve.

|0 = )] < zk =2 [ o 500y A5 (61, X2)

1 — || Ml (&)L ®R?
. LOEONZH TR oy

= V2L
L= 1Mkl oo (5 (5)ns2: (e) L @R2) Ix1 — xo|
=
X «/E

for all x1,x; € ¥. Applying McShane’s lemma with respect to the Euclidean distance yields a function f €
WL (3 (8) N 2; (e) L) such that

= IMicll oo (5. 5)n 21 (e) L @R2

1
)
(x1) — f(x2)] < |x1 — x2|
| [ 7
for all x1, xp € X' (§) N 2. It follows that
IV fllLoz@nae ot or) < 1= 1Ml o s6)ne;: @t or?)- 4.5)

To conclude, setting M) := M,ff ) (VD)L i =1,2,in view of (4.4) and (4.5), we have that M € F(Z(8) N £2k)
and (4.2) holds.

In the case in which the curve ¥ is closed, choose two points P; and P, on X. These points determine the two arcs
X1 and X, with endpoints P and P> and whose union is X. For every i = 1, 2, consider a segment S; having one of
the endpoints at P; and the other on £2; N d[ X' (§)], so that X' (§) N £2; \ (S1 U S2) has two connected components U
and U;. Set Ei’ =2, US51US,,i =1,2 (see Fig. 5). Fori = 1, 2, we now reason as in the previous case, considering
the open curve X and taking

/
_ Do
a . Zk Z on is
TU’fl {0 on S| US,,

to find a function f; € W-°(U;; (e)1) such that
IV fillLo ;s eyt erey < 1= IMkll Lo (2504 () L 0R2) -

We conclude by setting M) := M,Ej) - (Vfi(j))l mU;,i,j=1,2. O

The following extension lemma will play an important role in the proof of Theorem 1.8. The context represented
in Fig. 6 is the following: Consider a piecewise c! injective curve y :[rg, r1] — R2, with y € CY([ro, s11; Rz) N
Cl([sl,rl]; R2) for some 51 € (rg, r1) and such that |y/(t)| = 1 forevery r € [rg, s1) U(s1, r1]. Define X := y ([ro, r1]).

Given zg, z1 € (e)*, with |z0| < 1, |z1| < 1, in Lemma 4.3 we construct a divergence-free tensor field on a 8-
neighborhood X'(§) of X', with normal trace taking equal to zg and z1 on y ([ro, s1)) and y ((s1, r1]), respectively. We
introduce some further notation. Setting

1:(8) :==sup{r > 0: y(r;) + 5y (i)t € X(8) forall s € (0, n}, i=0,1,

then £;(8) > 0 and p; s := y(r;) + t;(8)y’ (ri)* € 8% (8). Consider the open segments X; s with endpoints y (r;)
and p; 5.
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¥(ro) ()

2%
v(s1)

Po,s D

Fig. 6. The situation in Lemma 4.3.

Lemma 4.3. Let X', Xy 5, X1 5, and y be as above. Let 79,21 € (e)l, with |zo] < 1, |z1| < 1, and let vy := y’(sl_),
V] = y’(sfr) be such that
[G (5", 2\, vo, vl)]2 +[G(EP, 2P, v, v1)]2 <1 (4.6)

In the case in which vy = vy, assume further that zo = z1 =: z. Then for all § > O sufficiently small there exists
M e F(X(5)) such that

Ml oo (5 (5); (e) L or2) < 1,
M[v]=0 on XysU X,
Mvl=—z9 ony([ro.s1]),
Mvl=—z1 ony([si.rl),

where v is the unit normal to X U Xy s U X s such that v = —()/’)L on X.
Proof.

Step 1. Endow X'(6) and X' with their geodesic distances dx sy and dx, respectively. We claim that for every ¢, n > 0
sufficiently small there exists 5o > 0 such that

ds(y(), 7)) < (1 +ndse (v @)+ 1y () v () + 0y (9)7F) (4.7)

for all r,s € [ro,s1) U (s1,71] and O < #1,# < § such that |y (r) + tly’(r)L —(y(s) + tzy’(s)J-)| > ¢ and for all
0 < 6 < §p. We begin by observing that

dso(y() + 1y (), v () + 0y (9)F) <ds (v (), y(s)) +28 (4.8)

forall r, s € [rg, s1) U (s1, 1], 0 < 11, 12 < 8. To see this, observe that by adding to any Lipschitz curve admissible for
ds(y(r), y(s)) (see (4.3)) the segments joining y (r) to y(r) + t1y'(r)* and y(s) to y (s) + 2y’ (s)*, we obtain a
curve admissible for dx ) (y (r) + ny' ()t y(s) + ny'(9)h).

To prove (4.7), we argue by contradiction and assume that there exist ¢, n > 0, §y — 0t,0< H ok, 2k < 8k, and
Tk, Sk € [ro, s1) U (s1, r1] such that, defining x; := y (ry) + tl,ky’(rk)J- and yi =y (sx) + tz,ky/(sk)J-, we have |x; —
Yk| 2 ¢ and

ds (v (re), v () = (L4 n) dss,) Gk, i) 4.9)

for all k € N. By extracting a subsequence, not relabelled, we may assume that ry — r and sy — s, with r, s € [ro, 1],
which implies that xy — x := y(r) and y; — y := y(s). By (4.3), for every k € N, there exists a Lipschitz curve
0% 1[0, 1] = X' (8k) joining xj and y; such that |o,£(t)| = length(oy) for Ll-ae. t €]0,1] and

1 1
length(ox) < dxs,) (xk, yi) + A <ds(y o), v(so) + % + 28k,

where in the last inequality we used (4.8). Therefore, {ox} is a sequence of equi-Lipschitz curves, and so using the
Ascoli—Arzeli theorem, there exist a subsequence, not relabeled, and a Lipschitz curve o : [0, 1] — X joining x and y
such that oy — o uniformly, and
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dyx(x,y) <length(c) < liminflength(oy) < liminfdyxs,)(xk, yk)
k— 00 k— 00

< limsupdy s (xXk, yi) < kl_i)nolod): (v, y(s0) =dz(x, y).

k—o00

Hence, dx ;) (xk, yv) — dx(x, y) and, in turn, by (4.9),
ds(x,y) = (1 +n)ds(x,y).

Therefore, dx (x, y) = 0, which is impossible since dx (x,y) > |x — y| = c.

Step 2. We only prove the case in which vg # v;. The proof of the case vg = vy follows a similar argument. Set
GO, w) =G, 2, v, w)

for all linearly independent v, w € S', j = 1,2, where G is the function defined by (1.13). Note that by condition
(4.6), there exists o € (0, 1) such that

(G(l)(vo, v1) + 0)2 + (G(z)(vo, v1) + 0)2 < 1.
Since G is a continuous function, there exists g > 0 such that
|G (wy, w2) — GV (vg, v1)| <@ (4.10)

for all wy, wo € S with w € B(vo, €0) and wy € B(vy, g9), j =1, 2.
Using the fact that y is piecewise C!, there exists ¢ > 0 such that if 7 € [rg, s1) and y(t) € B(y(s1), %), then

/(1) € B(vy, €0), 4.11)
while if # € (s1, 1] and y (¢) € B(y (s1), 5), then
y'(t) € B(v1, €0). 4.12)
Let n > 0 be so small and m > 1 so large that
1
LD (60w o) +0)’ + (GO, +0) < 1. @13)
-5
m

By taking ¢ smaller, if necessary, and using again the fact that y is piecewise C', we may also assume that if x, y €
y ([ro, s1)) or x, y € y ((s1, r1]) with |x — y| < ¢, then

ds(x,y) <A +nlx —yl<A+n)dge(x,y), (4.14)
and also that if x € ¥ N B(y (ry), 2¢), then

1
ly'(ro)* - (x = ¥ (ro))| < — |x — v (ro)|, (4.15)

while if x € ¥ N B(y(r1), 2¢), then

1
ly )t (x =y rD)| < ;|x —y @l

Let 8y > 0 be given by Step 1 corresponding to the choice of 7 and ¢, and define f:Ys — (e)* as
—(s —ro)zo if x =y (s) for s € [ro, 511,
Flx) = —(s1 —ro)zo — (s —s1)z1  ifx =y(s) fors € [s1,71],
10 if x € 20’3,

—(s1 —ro)zo — (r1 —spz1 ifx e Xy,

where Y5 := XY U Xy s U X 5 so that ) (8). In view of Proposition _1.4, it suffices to prove that for all § > 0
sufficiently small there exists a function f € W12°(X(8); (e)1) such that f = f on Y5 and

Vi) <1 forL?-ae xeX(). (4.16)

Fix x, y € Ys. We distinguish several cases.
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Case 1. If both x and y belong to X, then

| FP ) = £ )| < max{|2$], |} ds (x, )

<GV (v, v dz(x,y), (4.17)

where /) :Ys — R denotes the jth component of f for j = 1,2 and we used the fact that G(r, t, v, w) > max{|r|, |¢]}
by (A.3).
Subcase 1a. If |x — y| > ¢, then by Step 1 (with t; =t = 0), we have for all 0 < § < §p,

|FP@) = P <GV (w0, v dz (x, y) < (1 + 0GP (v, v1) dis) (x, Y). (4.18)
Subcase 1b. If x, y € X' and |x — y| < ¢, then there are two cases. If x, y € y([ro, s1)) or x, y € y((s1,71]), then we
obtain (4.18) for all 0 < § < §p, with the only change that the last inequality now follows from (4.14). Assume next
that x € y([ro,s1)) N B(y(s1), 5) and y € y((s1,71]) N B(y(s1), 5), with x = y(r) and y = y (s). By the mean value

theorem, there exist ¢; € [ro, s1) and # € (s1, r1] such that

51

y—x:/y’(t)dt—i—/)/(t)dt

=(s1 =)y ) + (s — sy (12)
=dz(x,y(s))y ) +ds(y, v ()Y (1)
In this case, by (A.1),
|FP@) = FO0)| = |ds (x. v 1)y +ds (v, v (D)2
<SGy (), y' () |ds (x, y (D) Y (t) +ds (v, y (s) ¥ (82) ]
=G (Y (1), y' (1) ly —xI <GV (y (1), v (1)) ds s (x, y),
and so by (4.10), (4.11), and (4.12),
[P = P < (G (o, v1) +0) dxs (x, ).

Case 2. Next we consider the case in which at least one point, say y, belongs to X s U X1 5. We only treat the case in
which y € X 5 and x € ¥, the other case being analogous. By the definition of f and (4.17), we have

[fP0) = FP0[ =700 = £ (r 00) | < GV (wo. v) ds (x. ¥ (10)).

Subcase 2a. If |x — y| > ¢, then by Step 1 (with t, = 0), we deduce that
D@ = fPM] <A+ G (o, v1) dss)(x, y).
Subcase 2b. If |x — y| < ¢, then taking ég < ¢, we have that
lx —yro)| < |y —y(ro)| + Ix — yl < 2.
By (4.14) and (4.17), we have that
P = P20 <GPV (v, v1) ds (x. v (o))
<A +mGYP (o, v1)|x — ¥ (r0)|-
Since y = y (rg) + ty'(ro)* for some ¢ € (0, §), by (4.15),
2
ly—xI*=|x —yo)|" + 2+ 269" (o) - (x —  (r0))

2
> |x —y )|+ - Zt|x — y(ro)]

1
(1 -~ W) x —y(ro)|,

WV
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R

Fig. 7. The shaded region is X' (8) N £2.

and thus,

A+ A+m
——2 G (v, v1)|x — y| < —IGU)(vo, v1) ds(s)(x, y).

1--L /1— L

1P = fP)] <

i”’l2 m

In conclusion, collecting all the previous estimates, we deduce that
d+mn (
/1— L

Wl2

FACGENERCIES G (vo, v1) + o) dzs)(x. ) (4.19)

for all x, y € Ys5. We now apply McShane’s lemma to extend each component f/) to a function fU): X(8) — R still
satisfying (4.19) for all x, y € X'(§). In turn,

- - 1
|fe) = F)| < %\/(G“)(vo, ) +0)° + (GO (o, v1) +0) ds (x, )
1— L

)112

for all x, y € X (8). Property (4.16) now follows from the previous inequality, (4.13), and the fact that d5(s) coincides
with the Euclidean distance for sufficiently close pairs of points. O

We now turn to the proof of Theorem 1.8.

Proof of Theorem 1.8. In order to prove that u is stably reconstructible over I" (), by Proposition 4.2 it suffices to
show that for every fixed k and for every connected component X of X, which is the support of a piecewise C! curve
y parameterized by its arc-length, there exists M € F (X' (§) N §2x) such that

IMl oo (s 5)n2s; (e) L or2) < 1o
Mvse)ne,)=—zx onX.

As usual, we orient y in such a way that (') is the inner unit normal to £2;. We denote by S the singular set of y,
as defined in (1.11). There are two possibilities: Either y is closed with image contained in R or its endpoints belong
to d R. We only consider the latter situation (see Fig. 7), since the former can be treated similarly. Fix a finite number
of points in [0, HI(\ S,

ro:=0<r; <--- <rpyl ::HI(E),
such that for each i =0, ..., n, the following alternative holds: Either
(ri, ri+1) NS is a singleton
or
(ri,rit1) NS =@ and z4 is constant on y((r,-, ri+1)),
with the latter occurring in (rg, r1) and (v, r,+1). Foreveryi =1, ...,n — 1, we define
Si={yeo+1y/ )t 0<t <6 ()},
where t; (8) :=sup{t > 0: y(r;) + sy (r)t e Z(8) N 82 forall s € (0,1)}.
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v(s2)

Fig. 8. The field M is obtained by gluing together the constructions of Lemma 4.3 performed on each D;.

Foreveryi =1,...,n — 1 we apply Lemma 4.3 with ¥, X s, X1 s, and y replaced by fi,- =y ([ri, rit1]), Z‘l./,

b)) and y (1, respectively, to find M; € F (Z:’,- (8)) such that

/
i1
”M"”LDC(ZAJ,-(S);(e)i@RZ) < 17
Mi[v]=0 onX/UX/ |,

Mi[v]=—zx ony([ri,ri+1]).

Since zi is constant on ﬁ’o :=y((ro,r1)) and on ﬁ’n =y ((rn, rn+1)), reasoning as in Lemma 4.3, yields the existence
of tensor fields My € F(Xy(8)) and M,, € F(X,(8)) such that

IMoll Lo (gy0: 010 @m2y < 1o IMall Lo 5, 00: 004 0m2) < 1o
Mp[v]=0 on Xy, My[v]=0 onX,,
Mo[v]=—zx ony([ro, 1], My[vl=—z ony([rn—1,rD.

i U fj,-) contained

in £2. In this way, X' (8) N £2x \ Ul”;ll D; has two connected components Dy and D,,, with d Do N X = y([rg, r1]) and
D, N X =y ([ry, rp+1]) (cf. Fig. 8). To conclude, it suffices to define M = M; in D; and to apply Lemma 4.1. 0O

For every i = 1,...,n — 1, we define D; to be the connected component of X:‘i G\ (&ux

Finally, we prove Theorem 1.10.
Proof of Theorem 1.10.

Step 1. We prove (i). Let ug € Im(R) be reconstructible over I"(§) for some § > 0 (we may assume § so small that the
§-neighborhoods of each connected component of X are all disjoint). By Theorem 1.2 and Remark 1.3, there exists
a tensor field M € F(I"(§)) such that

Mlvo,l=—zk on X,

where zj is the compatibility vector field of ug. Fix a connected component X' of X%, and let y and S be as in the
proof of the previous theorem. Let sp € S and set

Cmaley)  Fealb). v (). v,
By Proposition 1.4 there exists a Lipschitz function f : B(y (sg), €) — (e)L such that
|[Vf@)|<1 for £2-ae. x € B(y(s0).€),
f(vG0)=0 and —(VFO) =MD, j=1,2, in B(y(s0), ),
where 0 < & < § is chosen so small that z; takes only the values z~ and z+ on X N B(y(s¢), ). In particular, we have

) =@ —s0)z7 ift<spand y(t) € B(y(so),¢),
flrn)= { —(t —s0)z" ift > sp and y (¢) € B(y(50), €)- -

We now consider the sequence of Lipschitz functions

ful) :=nf(§ + y(so)).
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Since f,(0) =0and |V full oo ((0,ne): ()L @R2) = IV [ Loo(B(y (s0),6): () L@R2) < 1, We may extract a subsequence (not
relabelled) such that

* .
fa— foo in WP (R2, (e)h) 4.21)
and
”VfOO”LOO(]RZ;(e)J-@]RZ) S 1 (422)
Let
C:.= {xeRz: X =-tv, t}O}U{xeRZ: x=rtv", t>0}.
Let y € C be of the form y = tv™ for some ¢ > 0. Then, using (4.20), the definition of f,,, and the Lipschitz continuity

of f, we have
+
|fn(“)+) +tz+| = ”f(th + J/(SO)> —”f<)’(% +SO)>‘

. t
<Lip(f)|tvt +ny(so) —ny <; + SO>
1
< no(—) —-0 asn— oo, 4.23)
n

where in the last equality we have used the fact that y(% + s0) =y (s0) + v+% + o( %). Similarly, we can prove that
|f,,(—tv_) — tz_| —0 asn—ooforallt>0. 4.24)
Let B € (e)* ® R? be the tensor uniquely determined by
B[v_] =—z" and B[v+] =—zt.
It follows from (4.21), (4.23), and (4.24) that
foo(¥y)=B[y] forallyeC.

Hence, the function f» is admissible for the minimization problem (1.17) (with z~ and z* in place of zo of z1). In
view of (4.22), this concludes the proof of part (i).

Step 2. To prove (ii), assume that ug is stably reconstructible over I"(§), for some § > 0. We claim that the inequality
(1.17) is strict. Let &g > 0 be such that if u = Z,ivzl & 1o, and max; <k < €, — &kl < €0, then u is also reconstructible
over I'(8). Reasoning as in Step 1 of Proposition 4.2, we may find such an image u with the additional property that

g =Azk, k=1,...,N,

for some fixed constant A > 1, where z; denotes the compatibility vector field associated to u. As in Step 1 of the
present proof, fix a connected component X' of Xy and let so € S. Defining

(@) =zr(s)) =27, (@) =2n%lr(sg)) =22,

by part (i) of the theorem there exists foo € W (R?, (e)) such that |V foo || Loc (r2. (o) L gr2) < | and

foo(—tv7) =1() =12z, foo(tvT) = —t(z/)+ =—trz".
Hence the function % foo 1s admissible for the minimization problem (1.17) and
H lvfoo < l <1,
A L[R2 ()L @R?) A

which implies that the inequality (1.17) is strict. O
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5. Reconstructibility from small uniformly distributed undamaged regions: Proof of Theorems 1.12, 1.13,
and 1.14

In this section we prove Theorems 1.12, 1.13, and 1.14.
Proof of Theorem 1.12. The existence of u, may proved as in the proof of Proposition 2.1. Moreover, by a truncation
argument and by the minimality of u,, we have that sup, [|u¢[loc < 00. Again by minimality,

|Dug|(R) < |Duo|(R) forall & > 0. (5.1)

Hence, for every subsequence ¢, — 0 we may extract a further subsequence (not relabelled) such that u,, — v in
L'(R;R?) for some v € BV(R; R?). We claim that v = ug. Assume by contradiction that this is not the case. Then by
Egoroff’s theorem we may find 7 > 0 and a compact set K C R of positive £2-measure such that

K C{xeR: |v(x) —uo(x)|>n} and ug, — v uniformly on K. (5.2)
Let xo € R be a point of density one for K and fix 0 < § < dist(xp, dR) so small that
L2(Q(x0,8)NK) 3

82 > Z
Setting A, :={x € enZ? Q(x,&,) C Q(xp,8)} and Qg5 = UxeA,, O(x, e,), we have
82 L2(Q, sNK) 3
card(A4,) < = and 8;72 > I (5.3)

n
for n large enough. Denoting A;":={x € A: L2(Q(x,e,)NK) > %EZ(Q(x, en))}and A :={x € A,: L2(0(x, e,) N
K) < %CZ(Q(x, £,))}, we claim that

182

card(A,J[) > 1 (5.4)
n

Indeed, if not, we would have card(A,f) < %i—; and, by the first inequality in (5.3), card(A4,) < i—i Hence,

1 _ 1 1 3
L'2(Q6n,3 NK)< Z EZ(Q(x, &g N K) < 8,21 card(A,T) + 585 card(An ) < 282 + 582 = 182,

X€EA,

which contradicts the second inequality in (5.3).
Fix x € A;| and recall that by (5.2),

g, — v| > g on Q(x, e,) N K (5.5)

for all n > ng for a suitable np € N independent of x. Let (o, #) denote the polar coordinates centered at x and for
6 € (0,27) and n € N define

80.n(p) :=ug, (x + p(cosh, sinf)), go(p) :=v(x + p(cosh,sinb)), p€ly,
where Iy :={p > 0: x + p(cos@,sinf) € R}. Let T C (0, 27) be the set of all #’s such that the set
Ui
Ug == {p € Ip: |go9.n(p) — g0 (p)| > 5}

has positive L£!-measure. By (5.5) and the definition of A,J{, we have

%ﬁz(gu, en) < L2(Q(x, e0) N K) < EZ(Q(x, en) N {|us,, —v| > ﬁ})

2
Snﬁ
=//ngd9</ / QdeG:E](T)Sﬁ,
T O

T Uy
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which implies that
1
cir) > -.
(1) > >
By (5.5) and the fact that u,, and v coincide in Q(x, w(g,)) (see (1.21)), for all & € T we have (see Sections 3.2 and
3.11in [1])

2
where £y denotes the length of the set {p > 0: x + p(cos0,sinf) € Q(x, &,)}. Hence,

|D(go.n — ge)}(@%e) >

Ly
|D(ue, — v)|(Q(x, €n)) >/d9 / 0d|D(go.n — 80)|

T o(en)
2
w(&y) w(ey)
> —"/|D(g9,n — 89| 2ty | do
2 2
T
w(&gy)n 1 w(gy)n
L(T .
>y P>y
Summing the last inequality over all x € A, and using (5.4) and (1.19), we obtain
w(&x)n 7’/_32 (&n)

D, =0)[(Qe,.) > == card(47) > 75— 5= — oo,

n

8
which contradicts (5.1). This concludes the proof of the theorem. O

Next we prove Theorem 1.13 and Theorem 1.14. Given an image u¢, which is stably reconstructible over I" (§) for
some small § > 0, we show that it is reconstructible over the complement D of an e-uniformly distributed (undamaged)
region for ¢ sufficiently small. In view of Theorem 1.2, it suffices to construct a divergence-free tensor field M on D
whose normal trace on D N 92, agrees with —z;. Again by Theorem 1.2, we know that such a construction is possible
in the thin layer I"(8) N £2; for § small enough. Therefore, it remains to extend this tensor field to the whole D N £2,
keeping it divergence-free and preserving its boundary values. The following lemma is at the core of this extension.
In the remainder of this section, we denote a generic point x of R2asx = (s, 1).

Lemma 5.1. (Cf. Fig. 9.) Let ., o > 0 be such that

A+4do <1 (5.6)
and let ng > 0. Fix ng < n < 2no and assume that there exist Ty, T € ([0, nl; (e)L) such that
max sup |T;(r)—T;| <o, [T+ <A% (5.7)
i=1.2 o<y <y
where
n n
Ylez][Tl(r)dr, YTzzz][Tz(r)dr.
0 0

Forn eN, 0< h,k <n—1, consider the squares

h h+1 k k+1
Oni = {(s,t) eR* —p<s<—, —n<t< —n} C (0,m)%,
n n n n

and let Q;’l,k be the (closed) square concentric to Qp  with side length w(n/n), where w satisfies (1.19). Finally,
consider the open set

D= |J  (Qnk\ Qi)

0<hk<n—1
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As
: Mlvp,] =T;
T T ]
! ! | $W
| | | n
N T
i i |
R [e)
| |
Mvp,]=0 7777:7777:7777:7777 Mlvp, | =T
| | :
Ry
I | |
| | |
I LT
M[VDn] =0
Fig. 9. The situation in Lemma 5.1.
M[Vsh,k]:%jb Pl P2
- - - - - - - T T- 0= A
D |
: PE @)
|
| |
M[V‘sh,k] = _%Tl : : M[Vsh,k] = %Tl
| |
| |
: ! Xo
o |
M[Vsh k] _§T2 Py P3

Fig. 10. Construction of M, and the set X.

Then there exists ny € N, depending only on ng, o, and w, with the following property: For all n > ng there exists
M e F(D,,) such that

M[vp,](s, n) = Ta(s), M[vp,](n, 1) = Ti(1), M[vp,](s,0) = M[vp,](0,1) =0,

forevery s € (0,n) and t € (0, n).

Proof. By Lemma 4.1, it suffices to show that for every 0 < i,k <n — 1, setting D, x := Opnx \ Q;L «» there exists
M € F(Dp ) with M[vp, ] =¥} on 3 Qp , where

k+1 k+1
Wh,k(& 7’]> =
n n

k k h h
Yhils, —n ) :=—=Ta(s), il =n.t ) =—=T1 (@)
n n n n

forall s € (An, tp) and r € (Ay, iy,

Let oy« be the closed segment joining the upper left corner of Qy x with the upper left corner of Q;l’ o let Xo =

h+1 h+1
>I= T1(1),

T (s), ‘I’h,k<777,t

(Qni\ Q;’l,k) \ op 1 (see Fig. 10), and let dx, be the geodesic distance on X. Given a point x € oy, x and a sequence
{xn}, with x, — x, we write x, — x=% if (x, — x) - (1, 1) 2 0 for all n sufficiently large. We now introduce a metric
space (X, dy), where X is given by the disjoint union of X¢ and two distinct copies a}f i and o, of the segment oy «.
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Roughly speaking X can be obtained from X by removing an e-neighborhood of oy, «, considering the closure of this
set, and interpret X as a “limit” of this sequence of metric spaces as ¢ — 0T. The metric dy is defined by

dx,(x1, x2) if x1, x2 € X,
J lim, 00 dxo(Yn, x2)  ifxy € ofk, x3 € Xo, yn — X1,
X1,x2) =14 1. . £ +
x (x1,%2) limy, s 0o dxy (Wy, yu) i X1 €05, X2 € 0y, wy — x1%, Yo — X2,

. . + —
limy, 00 dxo(Wp, yn) ifx1 € O 1> X2 €04 1y Wn —> X1+, yp = X2 —.

It can be shown that the definition does not depend on the choice of the sequences {w,} and {y,}.

Note that the set Y :=90Qp 1 U a;f Yoy, can be identified with the oriented polygonal path OPy P, P3P4+P; O,
where Py, P>, P3, P4, and O are the points in Fig. 10.

The strategy of the proof is the following: We define a function f on Y such that

Irp,,  J =Wk ondQn, BTU,I‘kflahfk = O, [ (5.8)

U}:k
and we prove that for j = 1, 2 the component ) is L ;-Lipschitz with respect to the distance dx, where L% +L3<1.
Then we use McShane’s lemma to extend /) toa L j-Lipschitz function (still denoted by f (7)) defined on all of X.
By restricting f to X and since dy coincides with the Euclidean distance locally in X¢, this will imply, in particular,
that

IV fll oo (xg: (e) L @R2) < \/”Vf(l) ”ioo(xo;RZ) +|vf® HiN(Xo;RZ)

<YLI+L3< 1.

Note that we can identify the restrictions of f to ah  and to Ok with the traces f* and f~ of f on oy, 4. Next,
we define the tensor field M : X — (e)+ ® R2 by M(f) = —(Vf(f))J- By (5.8), we have that the normal trace of M

is continuous across oy ;. Hence, by Proposition 1.4 and by (5.8), M belongs to F (D x) and M[vp, ] = Wy i, as
desired.

Step 1. Parameterize the polygonal path OP P, P3 P4 P1 O with constant velocity 1. For every yj, y» € Y, define the
distance

dy (y1, y2) :=|s1 — 521,

where s; and s, are the parameters corresponding to y; and yj, respectively. We claim that there exists ng € N,
depending only on 79, o, and w, such that

1
;dy(yl, »2) <odx(y1,y2) (3.9)

for all y;, y» € Y and n > ng. To prove this, we distinguish two cases.
If dx (y1, y2) > 4w (1/n), then, since dy (y1, y2) < (4 + +/2) ], we have

4+2 7?

- o)
Hence, (5.9) follows in this case by (1.19).

If dx(y1, y2) <4w(n/n) and y| and y, are contained in the same segment of the oriented polygonal path Y, then
(5.9) is immediate.

Finally, consider the case in which dx(y1, y2) < 4w(n/n) and y; and y, belong to two different segments. We
first show that these segments are consecutive and that the segment joining y; and y; is contained in X. Indeed, if
not, then the Euclidean distance and, in turn, the geodesic distance in X, between y; and y» is at least n/(2n) for
n sufficiently large, unless one point is in oh i and the other is in o), in which case the geodesic distance is at
least 4w (n/n). In both cases, by (1.19), for n large enough we have a contradiction. Hence we have proved that the
segments are consecutive segments in the oriented polygonal path. Next, we show that the segment oy joining y; and
y» is contained in X, provided that n is sufficiently large. Indeed, if not, then oy intersects 9 Q;l, «» thus the Euclidean

1
;dY 1, y2) < dx (1, y2)-
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distance and, in turn, the geodesic distance between y; and y, is at least dist(d Qp «, 8Q;L 0 > % > 4a)(%) for n
sufficiently large, where in the last inequality we have used (1.19). Hence, oy is contained in X, and so dx (yi, y2)
reduces to the Euclidean distance.

Let yo € {P1, P2, P3, P4} be the vertex between y; and y», so that dy (y1, y2) is given by |y; — yo| + |y2 — yo| <
c|y1 — y2|, where ¢ depends only on the angles of the polygonal path. Inequality (5.9) now follows.

Step 2. Let fo:00n.4x — (e)*, g:Y— (e} be the functions (uniquely) determined by

h k+1 h k+1
fo(—n, —n) =0, g(—n, n) =0
n n n

n
and
k+1 k k+1 1
arDh,k fo(s, n 7]) = ;Tz(s), arDh,kg(s, " T]) = ;TZ(S)’
h+1 h h+1 1
aTthk f()( n UB t) = ;Tl (), arthkg( }’l n, t) = ;T] (1),
k k k
BTDM fo(s, ;n) = —;Tz(s), aTDh,kg<s’ ;'7) =0,
h h h
aTDh,k fO(;T],l) = —;Tl(l), 81Dh’kg(;;7,t> =0 (5.10)
forall s € (2n, 2l y) and t € (£, &ly), and
al’ahngO on op k, (5.11)

where 75, , 1= (%, —%). We set

=12 a2
A= [ROP + RO
By (5.7),
2 2 2
AT 423 <A
We claim that fo(j) is Lipschitz with Lip(fo) < A; + V20 . To see this, we fix x| = (s1,#1) and x2 = (52, %) on 0 Qp k.

If x; and x, are on the same side, this follows from (5.7). Assume next that x| and x; are on two consecutive sides,

say x1 = (51, kniln) and xp = (h;rl n, t2) (the other cases are analogous). Then,

bty kg
. . k . h .
o= sl <5 [ lds [ (1) ar
S1 151

ht 1 5 k+ 1 5
< (T" —s1><|T2(”| +a> + (T" —tl>(|T1(’)| +0)

< (Aj +v20)|x1 — x2l,

where in the last inequality we have used the Cauchy—Schwarz inequality together with (5.7). If x; and x; are on two
opposite sides, say x1 = (s1, %n) and x; = (52, %n), with s1 < 52 (the other cases are analogous), then

k1
T

52
100 - 0w < [0 as+ 5 [ 10 ar
n n
S1 sn

<@ -s)(|7] +0)+ (17| +0)

< (Aj +v20)|x1 — x2l,
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Fig. 11. The situation in Lemma 5.2. The region R N G? is colored in gray.

again by the Cauchy—Schwarz inequality and (5.7). Hence fo(j ) is Lipschitz with Lip(fp) < A; + V20, and so by
McShane’s lemma we can extend it to a function defined on all of Qp ; with the same Lipschitz constant and still
denoted by f. Moreover,

IV folloo < /AT + A3 +402 < VA2 + 402 < A+ 20. (5.12)

Next, since by (5.10) we have || Bfoh 8 loo < %, using (5.9) we obtain

1
D) = 802)] < —dy(n,y2) <o dx(y1,y2) forall yi,y2 €. (5.13)
Using McShane’s lemma with respect to dx, we can extend g to X in such a way that
|g(j)(x1) — g(j)(x2)| <odyx(xy,xp) forallxj,x, e Xand j=1,2.

Since in a neighborhood of every point in the interior of X the distance dy coincides with the Euclidean distance,
it follows that || Vglleo < v/20. We now define f:X — (), f := fo + g. By (5.10) we obtain (5.8);. Also, by
(5.6) and (5.12), IV flloo <A+ 20 + V20 < & +40 < 1. Moreover, by (5.11) and the fact that fy is defined on the
whole Qp k., we obtain (5.8)2. This concludes the proof of the lemma. O

In the next lemma we give an approximation result for elements of F (D) by more regular divergence-free fields.

Lemma 5.2. Let G C R? be an open set with C™ boundary such that 9R N G is the union of finitely many segments
whose endpoints are not corners of R, and for § > 0 let

G’ = {x € G: dist(x, 3G) < §}.

IfMeF(RN G‘S) and if o € (0, %), then there exist 0 <8’ <8 and My, € F(RN G‘S,) such that M is continuous in
RNG¥\ (3G N R) and

sup My | < (1 +a)”M”LOO(RﬂG‘S;(e)i@RZ)s
RNGY'
M,[vgl=M[vg] ondGNR. (5.14)

Proof. Without loss of generality, we may assume that § > 0 is so small that forall 0 < §’ < %8, G% has C™® boundary,
the function d, (x) := o dist(x, dG) is smooth on the closure of G‘s/, and that 9R N G?' is the finite union of segments

o1, ...,0¢ whose endpoints are not the corners of R (see Fig. 11).
Define z := M[vpqgs] on (RN G?), where we have used the fact that M € F(R N G%). To each segment o;
we associate the (open) square Q; C R? \ R with one side coinciding with o;. We now extend M to Q;,i=1,...,¢,

according to the following rules. If Q; corresponds to a vertical segment o;, then M is the tensor field uniquely
determined by the conditions

Mle2]=0 in Q;,
M[vg,]=-z onoj,

M is constant in the e;-direction.
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If Q; corresponds to a horizontal segment o;, then we perform an analogous construction. Note that in this way we
have a tensor field M belonging to F(|J; Qi U[RN G%1). For x e RN G?® we define

M@= [ (M9 doCow) = [ (40 (x4 do (00)) ] (Vs ()
B(0,1)

j =1,2. Since for each x € RN G?' the ball B(x,ds(x)) is contained | J; Q; U [R N G*], the function M((,j) is
well-defined. Moreover, by construction M, is continuous and (5.14) holds. Thus, it remains to prove that M, is a
divergence-free vector field having the same normal trace of M on 0G N R.

Step 1. To prove that M, is divergence-free, we will show that in every ball B(xg,r) C RN G, with 0 < r <
%dist(xo, 0G), the tensor field M,, is the rotated gradient of a vector-valued function and then use Proposition 1.4.
Since the domain may not be simply connected, this function may change from ball to ball. Fix any such B(xo, r),
and note that for every x € B(xo, ) the ball B(x, d,(x)) is contained in the set B(xg, dist(xp, dG)), which, in turn, is
contained in | J; Q; U [R N G?]. Let f : B(xp, dist(xg, dG)) — R be a 1-Lipschitz function such that

(VAT =-MD in B(xo, dist(xo, 3G)). (5.15)
For x € B(xg, r) define
1
= rody=2 [ i+ dew)aw, (5.16)
B(x,dys(x)) B(0,1)

and note that
Vfy(x) = % / [VFx+do@w) +[w-VF(x+de(0)w)]Vdy(x)} dw.
B(0,1)
Then
1
(V) = -~ / {(VH(x +de Ow) + [w- V f(x +do (0)w) ] (Vde) T (x)} dw
B(0,1)
_1 / (MO (x +dy ()w) — [w - (MO (x + dy 1)) ] (Vo (1))} dw,
B(0,1)

where we used (5.15). We deduce that Mgl) =—(V fg)J- in B(xg, r), which, in turn, implies div M((,l) =0 in the sense

of distributions. Since the argument for Mf,z) is clearly the same, we have proved that M, is a divergence-free tensor
field.

Step 2. We finally show that M, and M share the same normal trace. It will be enough to prove that for every
x0 € dGNR,
Msvg] = M[vg] H'-a.e. on dGNRNB(xg,r) 5.17)

where r > 0 is taken so small that B(xg, 2r) C R, for every x € B(xg,r) N G?' the ball B (x, dy(x)) is contained in the
set B(xp,2r) N G%', and the set B(xp,2r)N GY is simply connected. For any such B(xo, r), as in the previous step,
let f: B(xo,2r) N G® — R be a 1-Lipschitz function satisfying (5.15) and let f, be as in (5.16). From the previous
step

MDD = (Vi) inBxo.r)NGY. (5.18)
Now observe that for all x € B(xg, r) N G’S/,

|fr () = ()] < ][ £ O) = Fo)|dy < ][ Iy —x|dy < do (x).
B(x,ds (x)) B(x,ds (x))
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Thus f, = f on G N B(xp, r) and, in turn, dy; fo = 075 f H!-a.e.on 3G N B(xop, r). Recalling (5.18), this is equiv-
alent to M((,l) vg =MD .vg H'-ae.on IG N B(xp, ). An analogous argument shows that the same holds for Méz)
and M@ Hence, (5.17) is established and the proof of the lemma is completed. [

Proof of Theorem 1.13. Let
Ds:=RnN ( J oG o) Q(x,a)(e))>.

xeeZ?

The strategy of the proof is the following: We will show that for ¢ small enough it is possible to find an admissible
domain De, with H! (BD NI')=0and D, C Dg, and a tensor field My € f(D N2, k=1,..., N, such that

Mk,s[V.Qk] =—zr on Xy.
Then, by Theorem 1.2 the function u¢ is reconstructible on 55 and, a fortiori, on D,.

Step 1. To construct D, and Mj ¢, we apply Proposition 4.2 to find § > 0 sufficiently small and tensor fields M €
F(Zk(6) N 2), k=1,..., N, such that

IMill oo (5 8)ns2: () Lor2) < 1
Milvo,l=—zr on X.

We claim that there exists g > 0 with the following properties: For all 0 < & < g there exist an admissible set Dy .
such that

D, N Xy (8) N $2x C Dy,e C Xy (6) N 82,

Zk(8') N2k C Dy, forsome 8’ € (0,9),

2N (8) C 2k NODy ¢, (5.19)

and A;[k,s € F(Dk.¢) such that

Mk,a[VDk,e] =—z; on Xy,

M c[vp, . 1=0 ondZ(8)N 2. (5.20)
Note that if the claim holds, then to conclude the proof of the theorem, for 0 < & < & := ming &, it suffices to define
D; by

D :=|J(Dre U (20 \ Zk(3) ).,

k

and M. € F(D, N £2;) by

M, R Mk 5 in Dk £
ke = ’ : .=
0 elsewhere in D, N §2y.

In view of Lemma 4.1, the tensor field M} . has all the desired properties.

In the remaining of the proof we show (5.19) and (5.20) for a fixed k =1, ..., N. For simplicity, we drop the
dependence on k and €, and we write 2, D, ¥, M, and z in place of §2¢, Dy ¢, Xk, Mk ¢, and zi, respectively.

With this simplification, we recall that we are given a Lipschitz open set £2 C R and a tensor field M € F(X (§) N
£2) such that

IMIl L2 6)ne; e ter?) <1,
M[vo]l=—z onX, (5.21)

where X : =082 N R.
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Fig. 13. The construction in Step 3. The set Dy  is represented in the picture as the set X'(§) N §2 after removing the colored squares contained in
the shaded region.

Step 2. We claim that, without loss of generality, we may assume that £2 = G N R, where G C R? is a smooth open set.
To see this, choose an open set G C R? with C* boundary such that R N G is the union of finitely many segments
whose endpoints are not corners of R, G contains §2 \ X'(§), and dG N R is contained in X'(6) N £2 (see Fig. 12). Since
the restriction of M to X'(§) N G N R still satisfies (5.21), with a possibly smaller § > 0, with £2, X', and —z replaced
by G N R, 3G N R, and with M[vgng] on dG N R, respectively, we can modify M in G N R (without changing its
normal trace on dG N R) and then use Lemma 4.1 to glue the modified field with M|\ (Gnr)-

Step 3. (Cf. Fig. 13.) In view of the previous step and by (5.21), we are in a position to apply Lemma 5.2 (with o
sufficiently small) to find M e F(X(8')N §2), where 0 < §' < 8, such that M is continuous in X (8') N £2 \ X and

b= 1M ooz yngs e tem) < 1
M[vel= M[vge] on X.
Let o satisfy (5.6). Since M is uniformly continuous in X (8') N £2 \ X(8’/2), we may find 19 > 0 such that

sup{|1\7l(x) — M(y)|: X,y € ZW N\ 2(8’/2), lx —y| < 2170} <o.
Let now ng > 3 be the integer depending on A, o, and 19 given by Lemma 5.1, and set

g 1= @.

ng

Fix 0 < ¢ < g9, let n > ng be an odd integer such that

no < ne < 2ng, (5.22)
and consider a family { QO (xx, 3en) }ren of open squares such that x; € eZ? for everyk € N, Q(xx, 3en)NQ(x;, 3en) =
@ for k # j, and R? = J, Q(xx, 3ne). Set

— [k eN: Q(xt,3en) N R #Wand Q(xr, 3en) NRC 2\ Z(8//2)}

and let 2, := int(\J,; O(xx, 3en)). Note that 82, N R is contained in X (8') N 2\ Z(8'/2), provided that 79 is
sufficiently small (see (5.22)). Consider the subfamily

={keJ: H'(3Q(xk,3ne) N2, N R) > 0}
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corresponding to the “boundary squares”. Decompose each Q (xy, 3n¢), k € J', into the disjoint union of nine squares
of side ne (still centered at points of £Z2) and keep only those squares whose boundary intersects 3 Q (xx, 3ne) N
858’,, N R. In this way we obtain a new family {Qj}, of disjoint squares of side ne whose boundary intersects
8.{387" N R, such that each Oy, has either one or two consecutive sides in common with 858,,1 N R. Moreover,

(Uth> N (320 N R) =052:, N R.
h

We are now in a position to apply Lemma 5.1 to each Qj, according to the following cases:

(i) If Qy, is contained in R and shares two consecutive sides, say O’lh and azh, with 855,,1 N R, then we apply
Lemma 5.1 with n :=ne and

Ty := —M[I)R\@] on a]h, T := —M[UR\@] on ozh.

In this way we obtain a tensor field M), € 7(Qp, N D;) such that My[vg,] =T; on a ,i=1,2,and My[vp,] =
on the remaining two sides of Qy,.

(ii) If Qp, is contained in R and shares just one side, say alh, with 8!~28 n» N R, then we apply Lemma 5.1 with 1 := ne,
T := M[vR \Or ] on 01 ,and T, := 0 to obtain a tensor field M;, € F(Qj N D;) such that My[vg,] =T on of‘
and Mj[vg, ] =0 on the remaining three sides of Qj.

(iii) Next assume that Qh intersects the complement of R and two consecutive sides, al and crz, have nonempty
1ntersect10n with 898 » N R. Since X has positive distance from the vertices of R, if g is sufﬁ01ently small
then 8.(28,,1 N R has distance greater than 3¢n from the vertices of R. It follows that only one of o] and 02 , say

crlh, is not contained in R. Construct a continuous function 77 with oscillation less than o and coinciding with

—M[VR\@] on olh N 2. Asin (ii), we also take T, := —M[VR\@] on azh and we apply Lemma 5.1 to obtain a
tensor field My, € F(Qp N R N D) such that My[vg,]=T; on al.h, i=1,2,and Mp[vgp,] =0 on the remaining
sides.

(iv) Finally, if Oy, intersects the complement of R and only one side, 01 , has nonempty intersection with 8[38 2 NR,
we proceed exactly as in (ii) when O’ CR.If ol intersects also the complement of R, then we take 77 as in (iii)
and we proceed as in (ii).

By Lemma 4.1, setting
D:= (Qan(UQh» U (SZ\ (UQh))
h h

R M onf2 \ 58),,,
M :=3 M, OthﬂQﬂps,hGN,
0 elsewhere in 2, , N £2,

and

we obtain a tensor field M satisfying (5.19) and (5.20). This concludes the proof of Theorem 1.13. O
Next we prove Theorem 1.14.

Proof of Theorem 1.14. The proof of this theorem is exactly the same as the one of Theorem 1.13, with the only
difference that Lemma 5.1 should be replaced by Lemma 5.3 below. O

Lemma 5.3. Let o, A, no, 1, T1, and Ty be as in Lemma 5.1. Forn e N, 0 € (0, 1), and 0 < h, k <n — 1, consider the
squares

h h+1  k k+1
Oni = {(s,t) eR: Dpas <M Ky a Ln} C (0, )%,
n n n n
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denote by Qh i the closed square concentric to Qp i and with side length (0n)/n, and let Cy ;. C Qh i be a closed
connected set such that diam(Cj, ;) > w(n/n), where w satisfies (1.19). Consider the open set

D= |J (@ux\C) N

0<h, k<n—1

Then there exists no € N depending only on no, o, 6, and w with the following property: For all n > ng there exists
M € F(D,) such that

Mlvp,1(s,n) =Ta(s), Mlvp,1(n,t) =T (1), Mvp,1(s,0) = M[vp,I(n,t) =0,

forall s € (0,n) and t € (0, n).

Remark 5.4. Note that by replacing each Cj, ; by a smaller closed connected subset, if needed, we may assume that
diam(Cp ) =w(n/n).

Proof of Lemma 5.3. The argument is very similar to the one of Lemma 5.1 and we only indicate the main changes.
The sets Dy, x should now be replaced by Dy := Qn i \ Ch k, while oy, x is now the segment joining the upper left
corner of Qp x with a point O of Cj, x in such a way that H! (on,x) 1s minimal. Define X¢ := Qh K\ (onik UChi).
Given a point x € oy, and a sequence {x,}, x, — x, we write x, — x=£ if (x, — x) - 7g,, 2 0 for all n sufficiently
large, where 7, , is a unit tangent vector to oj, . We now continue as in the proof of Lemma 5.1 until Step 1.

Step 1. Let Y and dy be as in Step 1 in the proof of Lemma 5.1. We claim that there exists no € N depending only on
n, o, 6, and w such that

1
;dy()n ,y2) <odx (1, y2) (5.23)

for all y1, y» € Y and n > ng. To see this, we distinguish two cases. If dx (y1, y2) = w(n/n), then, since dy (y1, y2) <
4+ \/5)%, we have

4472 o
(D)

Hence, (5.23) follows in this case by (1.19).

If dx (y1, y2) < w(n/n), then we claim that for n large enough either y; and y; are contained in the same segment
of the oriented polygonal path OP1 P> P3P4+P1 O (see Fig. 10) or y; and y> belong to two consecutive segments in
the oriented polygonal path and the segment joining y; and y» is contained in X (here and in what follows we are
identifying y; and y, with points on the polygonal path). If y; and y, are on the same segment, then there (5.23)
follows immediately. Thus, we may assume that they belong to two different segments o and o3. If o1 and o7 are not
consecutive, then the Euclidean and, in turn, the geodesic distance in X between y; and y», is at least (1 — 6)n/(2n),
unless one point is in oh « and the other in o, . In the latter case the curve realizing the geodesic distance between y;
and y, must enclose the set C n.k» and so its length is at least the diameter w(1/n) of Cj, k. In both cases, by (1.19),
for n large enough we have a contradiction. Hence, we have proved that o1 and o, are consecutive segments in the
oriented polygonal path. Next, we show that the segment o joining y; and y; is contained in X, provided that n
is sufficiently large. Indeed, if not, then oy intersects Cj , thus by (1.19) the Euclidean and, in turn, the geodesic
distance between yj and y» is at least dist(d Qp k, Cp k) = (1 —0)n/(2n) > w(n/n) for n sufficiently large. We have
proved the claim.

Note that in view of the previous claim dx (y1, y2) reduces to the Euclidean distance. Hence, if yg € { Py, P2, P3, P4}
is the vertex between y; and y», then dy (y1, y2) is given by |y; — yo| + |y2 — yo| < ¢|y1 — ¥2|, where ¢ depends only
on the minimum angle of the polygonal path and thus on 6. The inequality (5.23) easily follows.

1
;dY 1, y2) < dx(y1, y2)-

Step 2. The argument is analogous to that of Step 2 in the proof of Lemma 5.1. O
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Fig. 14. Example 6.1: the two figures on top represent on the left the original u( and on the right an admissible field with lower energy. In this case
the damaged region is the annulus of width §. Hence, picture u( is not a minimizer. The two figures on the bottom represent on the left the original
ug and on the right an admissible field with the same energy. In this case the damaged region is a rectangle of width §. Hence, there is lack of
uniqueness. In both cases the compatibility vector z between & and &, is a unit vector.

Fig. 15. The dashed line is the contour of the damaged region D.

6. Examples
In this section we present several explicit examples in which the model fails to provide exact reconstruction.

Example 6.1. This example shows that without condition (1.4) we may lose either the reconstructibility of ug over
I (8) for § > 0 small or the fact that u( is the unique minimizer (see Theorem 1.2). Consider two colors &; and &; that
have the same gray level, i.e., &1 -e =& - e, and let u( be an admissible color image of the form ug =411, + SQIR\_(TI.
If §21 = B, isaball of radius r > 0 contained in R (see Fig. 14), then the image us =&11p,_; +&21g\,_s is admissible
for the reconstruction problem over I"(8) for every § > 0. Since F(us) < F(up), ug is not reconstructible over I"(8)
for any damaged region D. Similarly, if £2; = (0, %) x (0, b), then ug is a minimizer for the reconstruction problem
on I"(8) for every é > 0, but is not unique.

In the next two examples we consider an image
MOZ%_]].Q] +§2192 (6.1)
2> = R\ £21, where the two colors have different gray levels (i.e., & - e # & - e), and the damaged region D is
compactly contained in R and such that Hl(F NaD) =0, see Fig. 15. Set T1 := 21 N D and T, := §2, N D, so that
D=TiUT,U(DNads21). We look for necessary and sufficient conditions for an image u of the form
u==§&]lr +&lon\n +&1e, (6.2)
to be a minimizer in the reconstruction problem over D, when &, # & and &, - ¢ = & - e. Whenever such an image is
a minimizer, the model creates a new “artificial” contour, namely, £2; N dD.
By Remark 2.4, u is a minimizer for the reconstruction problem over D if and only if for every ¢ € BV(D; (e)

fw >0, (6.3)

)
limin
t—0t

where f(t):= F(u+tp, D),t >0.
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We have
F(u. D)= / & — EaldH + f & — 1 dH.
DN, £2,NdD
Fix ¢ € BV(T1; (e)1), g2 € BV(T»; (e)F) and set ¢ := @, 17, + @217, so that
(u+tp)lp=C(Es+to)ln + & +te)lp,.

Hence,

2
F(u+t<p,D)=|D(u+t<p)|(D)+Z / |§k—(u+t¢))|d7'(l
k=l nap

=1|Dgy|(T1) + 1| D2 |(T2) + f | — &) + 1 (9 — 92) | dH!
DNos2y

/|<s*—a>+r<p*|dﬂl+r / 2l dH".
$£21N0D 200D

Defining

Ze] = (E* él) Z23=P<S* €2)
- & —&11) * & — &)

the inequality (6.3) becomes

0< |De.|(T1) + |Dgal(T2) + / 22 (s — g dH + / - pedH + / o2l dH,
DM, 2,M9D 2,M9D

and we conclude that u# is a minimizer if and only if

0< [Dgs|(T1) + / o gedH + f ot ondH,

DN £21N3dD
0 < | D@2 |(T2) + / g2 dH' — / zs2 - g2 dH!
£2,N9D DN3s2,

for all ¢, € BV(Ty; (e)1) and @5 € BV(T»; (e)1). By Lemma 3.1, these two inequalities are equivalent to the existence
of tensor-fields M; € F(T;),i = 1,2, such that

Milv 1= { e, 64

Molvp, =24 onDN3S2. (6.5)
In the next two examples we consider the colors

& =0, &1 =se1 +e, Ex=ter+e, (6.6)
where 0 <t <s.Note that &, #£ &, &, -e =& -e,and

2= 1s+s281, 752 = 1t+t281, Zx1 = —€1, (6.7)

where 71> is the compatibility vector between &1 and &>, i.e.,

&1—%&
=P .
i <|a Ezl)

The situation is represented in Fig. 16.
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Fig. 17. The situation in Example 6.2. Since [{12] > 1/+/2, the minimizer u over the damaged region D is different from u( and presents a new
contour, no matter how small the side length of D.

Example 6.2. This example shows that if an image does not satisfy (1.14), then the reconstructed image may present
an additional spurious contour even if the inpainting region D is an arbitrarily small neighborhood of a point of the
contour .

Let £2; be as in Fig. 17, where the vectors v and w are two orthogonal, and consider as the damaged region D the
square of side length § with center at the corner point and sides parallel to v + w and v — w (see Fig. 17). Then, by
Theorem 1.8 and (1.16), ug is stably reconstructible over I"(§) if |z12]| < 1/«/5, ie., if s < 1. Hence, if s > 1, (1.17)
does not hold. In this case, we claim that if # = 1 in (6.7), then the function u in (6.2) is the unique minimizer. Note
that, since &, # &, u has a larger contour than u(. To prove the claim, define M; € F(T;),i = 1,2, by

v+w
M,' =—£1Q .
v+ w|
Then div M; =0, || M; || o (1,.cLgr2) = 1. Moreover, using the identities vy, = — Izizl on £21NID =[AC], v, = w

on [AB], vy, = v on [BC], vr, = —vr, on [AB] U [BC], and

v+w

v+ w]
we have that (6.4) and (6.5) hold.

This shows that u# is a minimizer for the reconstruction problem over D. Moreover, arguing as in the proof of

Theorem 1.2, it can be seen that it is the unique minimizer. Hence, the claim holds. Finally, we remark that &, does
not depend on s.

Mi[VT,-]=< vT,.)al, i=1,2,

Example 6.3. This example shows that if the undamaged regions is not e-uniformly distributed, then an image uq
needs not be reconstructible over a region D even if it is stably reconstructible over I"(§) for some small § > 0.
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3 51 é’* 3

Fig. 18. The situation in Example 6.3.

Let ug be as in (6.1), with &1 and &; satisfying (6.6). Take £21 to be an open rectangle of sides a, b > 0, compactly
contained in R, and let D be another open rectangle, as in Fig. 18. We assume that 0 < s < 1, so that, as in the previous
example, ug satisfies (1.14) with strict inequality. Hence, u is stably reconstructible by Theorem 1.8. We claim that
if b/a is large enough, then u given by (6.2) is a minimizer for the reconstruction problem over D for a suitable value
of ¢.

To see this, consider the points Py, P2, P3, P4 as in Fig. 18. To construct the tensor fields M| and M satisfying
(6.4) and (6.5), it is sufficient to show the existence of 1-Lipschitz functions f; : T; — R such that

0 f1=— on [P P]U[P,P3]U[P3Py],
1412
o f1=1 on [Py P4],
t
0 fo= on [P P,]U[PP3]U[P3 Py4],
! V1+12 :
or for=—1 on [P Py4]. (6.8)

Here t:=1p, = (UTI)J‘, so that we are orienting d77 clockwise. Note that (6.8); and (6.8), define f; over a77 up to
an additive constant. The resulting function is continuous over 97 if and only if

t 1 b
— b+a)+a=0, ie, t=——=—=, m:=—. (6.9)
Vi+1? Vim+1)2 -1 a
Note that this value of ¢ is compatible with the constraint ¢ < s (used in computing z,; = —e&1) if and only if

b 1
m=—>/1+=—1. (6.10)
a )

Since f] is piecewise affine with slopes smaller than or equal to 1, to verify that it is 1-Lipschitz over a 77, it remains
to study what happens near the corners P;, P>, P3, Ps. Let v and w denote the tangent vector T on [Py P»] and [ P> P3],
respectively. Then fi is 1-Lipschitz if

< |lav +,Bw|2 for all o, 8 > 0,

2
t t
(_a«/1+t2 _ﬁ«/1+t2)

t 2 5
—B——) <|- . .
(a ﬂm> < |—aw+ Bv|© forallw, 8 >0 (6.11)
The first condition is equivalent to ¢ < 1, which is satisfied, since ¢ < s < 1 by (6.10), while the second one is always
satisfied.

Similarly, condition (6.11) guarantees that f> is 1-Lipschitz over [P} P,] U [P P3]U[ Pz P4]. By McShane’s lemma
we can extend f; to 1-Lipschitz functions f; : T, > R, i =1,2. Define

M;:=—&1 @ (V)

i =1,2. Then (6.4), (6.5) hold by construction, and so u is a minimizer. The uniqueness can be proved arguing as in
the last part of the proof of Theorem 1.2.

In conclusion, whenever £21 is such that (6.10) holds, then the image u (corresponding to the value of &, defined
by (6.9)) is a minimizer for the reconstruction problem of u( over the damaged region D. The image u has a larger
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contour than u, that nevertheless is reconstructible over I"(§) for suitably small values of §. Note also that the value
of s enters only in determining the ratio between a and b through (6.10): Once £2; satisfies this constraint, the new
color &, appearing in u is the same for all the compatible values of s.

Example 6.4. The following example shows that the first assumption in (1.19) is optimal. For a constant ¢ > 0 to be
chosen later, set

w(e) = ce?, (6.12)
and let R := (0, 3) x (0,3), £2:=(1,2) x (1,2). We consider the image ug := &1, with &y # 0 and &j # &1, where
&1 :==min{|¢|: § €R?, & - e =& e}

Fori,j=1,....,n,set Qjjn:= (=1, L) x (1 Ky et x]; be the center of Q;; ,, and define Q;; , := Q(xij, w(ly.
We then set
n
D, = U (Qz/n\ ;jl’l)
ij=1
We now show that with the present choice of w, the result of Theorem 1.13 may fail. Indeed, define
0 ifxeR\S2,
Uy (x):= {EO ifxe.Qﬂngn for some i, j € {1,...,n},
& otherwise.

Then, recalling (6.12), a straightforward computation gives

F(un, Dp) = 4181 + 4n2w<%> 1§1 — ol = 41511+ 4cl&1 — &ol < 4l5ol = F (o, Dy),
where the last inequality holds provided that the constant ¢ is small enough.
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Appendix A

Proposition A.1. Let G be the function defined in (1.13), that is,

Isir + st |r + st|

G(r,t,v,w) = sup = , (A.1)
51,82>0 [s1v + srw| 550 [V +sw]
where r,t € [—1,1] and v, w € S' are linearly independent. Then
Ir| iflr| = |t| and r*(v-w) —rt >0,
G 1,0, w)= | Il if |t > || and £*(v - w) —rt >0, (A2)

2442 . .
IO peppise.
1—(v-w)
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Moreover, in the third case,

G(r,t,v,w) = sup =
seR IU +Sw|

|r + st r24+12=2rt(v-w)
_\/ oy zmax{irl ) (A3)

Proof. Consider the function

|r+st|2 r2 4+ 522 4 2rts

v(s) = lv+sw|2 14524 2sc

r>0,

where ¢ := v - w and we used the fact that v, w € S'. Assume that |r| > |¢|. Then it can be checked that

r2 4 522 4+ 2rts

2 _
1+ 524 2sc zri=¢0)

(s) =

for all s > 0 if and only if rz(v -w) —rt > 0. Hence, if |r| > |t| and rz(v -w) —rt =0, then G(r,t,v,w) =|r|. On
the other hand, if |r| < |t], then
12+ 522 4+ 2rts

9(s) = 1+ s2+2sc

> = lim ¢(s)
§—> 00

for all s > 0 if and only if £>(v - w) — rt > 0. It follows that if || < |¢| and t>(v - w) — rz > 0, then G(r, ¢, v, w) = |¢|.
Finally, in the remaining cases, we have that

M :=supop(s) > max{(p(O), l_i)nolo<p(s)}.

s>0
Hence, there exists 5o > 0 such that M = ¢(s¢). Define
p(s):= (M2 — tz)s2 +2(Mc—rt)s+ M*>—r?, seR.

Then p(s) > 0 for all s > 0 and p(sg) = 0. Since p is a convex parabola, it follows that s¢ is the unique global
minimizer of p, and so p(s) > O for all s # sg. Hence, its discriminant vanishes, that is,
P22 = 2rt (v w)
h 1—(v-w)?

9

which shows that

G(r,t,v,w) =sup =
seR [V +sw]

Ir+stl  [r2 412 —=2rt(v-w)
1—(-w)?

We conclude the appendix by recalling McShane’s Lemma (see [21,25]):

Lemma A.2 (McShane). If (X, d) is a metric space, Y C X, and f:Y — R is r-Lipschitz with respect to the dis-
tance d, i.e.,

|fOD = fO)| <rd(n.y2) forallyi.y2 €Y,
then there exists f: X — R such that f = f on Y and

| f(x1) — f)| <rd(x1,x2)  forall xi,x; € X.

One such extension f is given by

f(x) :=inf{f(y) +rd(x,y): ye Y}, x e X.
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