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Abstract

In this paper we deal with the local exact controllability to the trajectories of the Boussinesq system withN + 1 distributed
scalar controls supported in small sets. In a first step, we present a new Carleman inequality for a linearized versi
Boussinesq system, which leads to its null controllability at any timeT > 0. Then, we deduce the desired result concerning
local exact controllability of the (nonlinear) Boussinesq system.

Résumé

Dans ce papier on étudie la contrôlabilité exacte locale aux trajectoires du système de Boussinesq avecN + 1 contrôles
scalaires localisés dans des petits ouverts. Dans un premier temps, on présente une nouvelle inégalité de Carlem
système de Boussinesq linéarisé, ce qui nous permet d’établir la contrôlabilité à zéro de ce système pour tout tempsT > 0. On
en déduit ensuite la contrôlabilité exacte locale du système (non linéaire) de Boussinesq.
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1. Introduction

Let Ω ⊂ R
N (N = 2 or 3) be a bounded connected open set whose boundary∂Ω is regular enough. Letω ⊂ Ω

be a (small) nonempty open subset and letT > 0. We will use the notationQ = Ω × (0, T ) andΣ = ∂Ω × (0, T )

and we will denote byn(x) the outward unit normal toΩ at the pointx ∈ ∂Ω .
We will be concerned with the controlled Boussinesq system

yt − �y + (y · ∇)y + ∇p = θeN + v11ω in Q,

θt − �θ + y · ∇θ = v21ω in Q,

∇ · y = 0 in Q,

y = 0, θ = 0 on Σ,

y(0)= y0, θ(0)= θ0 in Ω,

(1)

where

eN =
{

(0,1) if N = 2,

(0,0,1) if N = 3

stands for the gravity vector field. Here,y = y(x, t) represents the velocity of the particles of the fluid,θ = θ(x, t)

their temperature and(y0, θ0) are the initial states, that is to say, the states at timet = 0. On the other hand,v1 and
v2 stand for control functions which act over the system just through thecontrol domainω.

The following vector field sets, usual in the context of fluids, will be used along the paper:

H = {
w ∈ L2(Ω)N : ∇ · w = 0 in Ω andw · n = 0 on ∂Ω

}
(2)

and

V = {
w ∈ H 1

0 (Ω)N : ∇ · w = 0 in Ω
}
. (3)

In order to introduce the problem we want to solve, we fix a trajectory(ȳ, θ̄ ) (together with certain pressurēp),
which will be a regular enough solution of a noncontrolled Boussinesq system similar to (1). More precise
will be assumed to satisfy

ȳt − �ȳ + (ȳ · ∇)ȳ + ∇p̄ = θ̄ eN in Q,

θ̄t − �θ̄ + ȳ · ∇ θ̄ = 0 in Q,

∇ · ȳ = 0 in Q,

ȳ = 0, θ̄ = 0 on Σ,

ȳ(0)= ȳ0, θ̄ (0)= θ̄0 in Ω.

(4)

We will additionally suppose that they verify the following regularity properties:

ȳi , θ̄ ∈ L∞(Q), (ȳt )i , θ̄t ∈ L2(0, T ;Lr(Ω)
)
, 1 � i � N, (5)

with

r >

{
1 if N = 2,

6/5 if N = 3.
(6)

As long as the initial conditions are concerned, let us introduce the space

E0 =
{

L2(Ω)2 if N = 2,

L4(Ω)3 ∩ H if N = 3.
(7)

With this notation, we will also suppose that

(ȳ0, θ̄0) ∈ E0 × L2(Ω). (8)

For system (1), we introduce the concept oflocal exact controllability to the trajectoriesat timet = T . It consists
of finding suitable controls(v1, v2) such that the corresponding solution of (1) coincides with that of (4) at timT .
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More precisely, we will say that the local exact controllability to the trajectories(ȳ, θ̄ ) at timeT holds if there exists
δ > 0 such that, for each initial condition(y0, θ0) ∈ E0 ∈ L2(Ω) verifying‖(y0, θ0)−(ȳ0, θ̄0)‖E0×L2(Ω) � δ, there
exist two controls(v1, v2) ∈ L2(ω × (0, T ))N+1 such that

y(T ) = ȳ(T ) and θ(T ) = θ̄ (T ) in Ω. (9)

For the moment, the unique results concerning the controllability of Boussinesq systems have been p
A.V. Fursikov and O.Yu. Imanuvilov (see [5] and [6]). In these works, they establish thelocal exact boundary con
trollability to the trajectories of the Boussinesq system withN + 1 scalar controls acting over the whole bound
∂Ω and the local exact controllability to the same trajectories withN + 1 scalar distributed controls whenΩ is a
torus. More precisely, if we fix a regular trajectory(ȳ, p̄, θ̄ ) and we take(y0, θ0) to be close enough (inV ×H 1

0 (Ω)

norm) to(ȳ0, θ̄0), one can find controls(v1, v2) ∈ L2(Σ)N+1 such that the solution of
yt − �y + (y · ∇)y + ∇p = θeN in Q,

θt − �θ + y · ∇θ = 0 in Q,

∇ · y = 0 in Q,

y = v1, θ = v2 onΣ,

y(0)= y0, θ(0)= θ0 in Ω

satisfies (9). By a regular trajectory we mean, for instance (see Remark 1.1 in [5])

(ȳ, θ̄ ) ∈ L2(0, T ;H 5/2(Ω)N+1) ∩ H 1(0, T ;H 1/2(Ω)N+1).
Analogously, the same result holds when acting withN scalar controls in the movement equation and another
in the heat equation overω, as long asΩ is a torus.

The main result of this paper concerns the local exact controllability to the trajectories of system (1)
presented in the following theorem:

Theorem 1. Let (y0, θ0) ∈ E0 × L2(Ω) andT > 0. Then, we have the local exact controllability at timeT to the
solutions(ȳ, p̄, θ̄ ) of system(4) satisfying(5), i.e., there existsδ > 0 such that if‖(y0 − ȳ0, θ0 − θ̄0)‖E0×L2(Ω) � δ,
we can find controls(v1, v2) ∈ L2(ω × (0, T ))N+1 such that(9) holds.

Remark 1. In [3], the authors proved the local exact controllability of the Navier–Stokes system
yt − �y + ∇ · (y ⊗ y) + ∇p = v1ω in Q,

∇ · y = 0 in Q,

y = 0 on Σ,

y(0)= y0 in Ω

(10)

to the trajectories of the same system which verifies the same regularity hypotheses stated in (5). Therefo
be seen in this paper that the presence of a (coupling) heat equation does not impose any further regular
trajectories than the ones stated in [3].

Let us now give a sketch of the strategy we will follow to attack our problem:

• We consider the following nonlinear system:
zt − �z + (z · ∇)z + (ȳ · ∇)z + (z · ∇)ȳ + ∇q = ρeN + v11ω in Q,

ρt − �ρ + z · ∇ρ + ȳ · ∇ρ + ∇ · (θ̄z) = v21ω in Q,

∇ · z = 0 in Q,

z = 0, ρ = 0 on Σ,
0 0

(11)
z(0)= z , ρ(0)= ρ in Ω.
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Then, if there existsδ > 0 such that under condition‖(z0, ρ0)‖E0×L2(Ω) � δ we can find two controlsv1 andv2
such that

zi(T ) = ρ(T ) = 0 in Ω (1 � i � N), (12)

setting(y,p, θ) = (z+ ȳ, q + p̄, ρ + θ̄ ) the local exact controllability to the trajectory(ȳ, θ̄ ) would be established
Consequently, the local exact controllability result to the trajectory(ȳ, θ̄ ) (Theorem 1) has been reduced to

local null controllability for the solution(z, ρ) of system (11). The proof of this result will be the goal of Section

• In order to prove this local result, we will employ an inverse mapping argument introduced in [8]. For th
consider the following linearized system:

zt − �z + (ȳ · ∇)z + (z · ∇)ȳ + ∇q = f1 + ρeN + v11ω in Q,

ρt − �ρ + ȳ · ∇ρ + ∇ · (θ̄z) = f2 + v21ω in Q,

∇ · z = 0 in Q,

z = 0, ρ = 0 on Σ,

z(0)= z0, ρ(0)= ρ0 in Ω,

(13)

wheref1 andf2 are appropriate functions decaying exponentially whent → T − (see Proposition 2 below).
The goal will be to prove the null controllability for this system, say, we will find two controlsv1 andv2 such

that (12) holds for every (regular enough) initial condition(z0, ρ0). Then, the previous commented argument w
provide the desired local result.

The most important tool to prove the null controllability of the linear system (13) is aglobal Carleman inequality
for the solutions of its adjoint system, that is to say,

−ϕt − �ϕ − Dϕȳ + ∇π = g1 + θ̄∇ψ in Q,

−ψt − �ψ − ȳ · ∇ψ = g2 + ϕ · eN in Q,

∇ · ϕ = 0 in Q,

ϕ = 0, ψ = 0 on Σ,

ϕ(T ) = ϕ0, ψ(T ) = ψ0 in Ω.

(14)

Here,Dϕ stands for the simetrized gradient

Dϕ = ∇ϕ + ∇ϕt . (15)

In fact, this inequality will contain global terms with theL2-weighted norm ofϕ andψ in the left-hand side
while local terms ofϕ andψ and global integrals ofg1 andg2 will appear in its right-hand side. We present now
schema of the proof of this estimate:

FIRST PART: First, we apply the Carleman inequality for the heat equation with right-hand sides inL2(Q) and
Dirichlet boundary conditions (see [4]) to both the equation satisfied byϕi (1� i � N) and the one satisfied byψ .
Here, we are viewing the terms(Dϕȳ − ∇π + g1 + θ̄∇ψ)i and ȳ · ∇ψ + g2 + ϕ · eN as right-hand sides. Afte
some arrangements, we get an inequality of the form

I1(ϕ,ψ) � C

(∫ ∫
Q

ρ2
1

(|g1|2 + |g2|2 + |∇π |2)dxdt +
∫ ∫
ω×(0,T )

ρ̃2
1

(|ϕ|2 + |ψ |2)dxdt

)
.

Here,I1 contains several global integrals ofϕ andψ (see inequality (22)).

SECOND PART: Then, we localize the global term of the pressure using the arguments of [9]. This leads
estimate

I1(ϕ,ψ) � C

(∫ ∫
Q

ρ2
2

(|g1|2 + |g2|2
)
dxdt +

∫ ∫
ω×(0,T )

(
ρ̃2

2

(|ϕ|2 + |ψ |2) + ρ̄2
2|π |2)dxdt

)
(see inequality (30)).
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THIRD PART: In the last stage, we estimate the local term of the pressure in terms ofεI1(ϕ,ψ), global terms
of |g1|2 + |g2|2 and local terms of|ϕ|2 + |ψ |2. The techniques employed here are similar to those of [3].
conclusion is the desired Carleman estimate (17), which is stated in Proposition 1 below.

The paper is organized as follows: we prove the Carleman inequality for system (14) in Section 2. Se
deals with the null controllability result for the linear control system with a right-hand side (13). The proof
null controllability result for system (11) is given in Section 4. Finally, we include a technical result needed
proof of the Carleman inequality in an Appendix.

2. Carleman inequality for the adjoint system

Let us consider the adjoint system (14) (defined in the introduction), whereg1 andg2 areL2 functions.
In this section, we will obtain a suitable Carleman inequality for this system. This will provide a null cont

bility result for the linear system (13) for suitablef1 andf2 (Section 3).
Before stating this result, let us introduce several weight functions which will be useful in the sequel. For

positive numberss andλ, we set

α(x, t) = e(5/4)λm‖η0‖∞ − eλ(m‖η0‖∞+η0(x))

t4(T − t)4
,

ξ(x, t) = eλ(m‖η0‖∞+η0(x))

t4(T − t)4
,

α∗(t) = max
x∈Ω

α(x, t), ξ∗(t) = min
x∈Ω

ξ(x, t),

α̂(t) = min
x∈Ω

α(x, t), ξ̂ (t) = max
x∈Ω

ξ(x, t), (16)

wherem > 4 is a fixed real number andη0 ∈ C2(Ω) is a function that verifies

η0 > 0 in Ω, η0 ≡ 0 on∂Ω, |∇η0| > 0 in Ω \ �ω1.

Here,ω1 is an open subset ofω. We remark that these weights functions were already used in [3] in order to o
a Carleman estimate for the Stokes system.

Let us also introduce the following notation:

I (s, λ;ϕ) = s−1
∫ ∫

Q

e−2sαξ−1|ϕt |2 dxdt + s−1
∫ ∫

Q

e−2sαξ−1|�ϕ|2 dxdt

+ sλ2
∫ ∫

Q

e−2sαξ |∇ϕ|2 dxdt + s3λ4
∫ ∫

Q

e−2sαξ3|ϕ|2 dxdt.

Then, we have:

Proposition 1. Let us assume that(ȳ, θ̄ ) satisfy(5) and g1,i , g2 ∈ L2(Q) (1 � i � N). Then, there exist thre
positive constantŝC, ŝ and λ̂ just depending onΩ andω such that, for everyϕ0 ∈ H and everyψ0 ∈ L2(Ω), we
have

I (s, λ;ϕ) + I (s, λ;ψ) � Ĉ(1+ T 2)

(
s16λ48

∫ ∫
ω×(0,T )

e−8sα̂+6sα∗
ξ̂16(|ϕ|2 + |ψ |2)dxdt

+ s15/2λ24
∫ ∫

e−4sα̂+2sα∗
ξ̂15/2(|g1|2 + |g2|2

)
dxdt

)
, (17)
Q
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for s � ŝ(T 4 + T 8) and

λ � λ̂
(
1+ ‖ȳ‖∞ + ‖θ̄‖∞ + ‖ȳt‖2

L2(0,T ;Lr(Ω)N )
+ ‖θ̄t‖2

L2(0,T ;Lr(Ω))
+ eλ̂T (1+‖ȳ‖2∞+‖θ̄‖2∞)

)
.

We are going to present this estimate in two subsections. In the first one, we will concentrate in the loca
of the pressureπ . Then, we will eliminate it using the terms in the left-hand side of our inequality.

All along this proof,C will denote a generic positive constant that can eventually depend onΩ andω and that
may vary from one line to the next one.

2.1. Localization of the pressure

Let us first apply the Carleman inequality for the heat system with right-hand side inL2(Q) to each componen
of ϕ. See [4] for the proof and for the explicit dependence with respect tos, λ andT see for instance [2]. We get

I (s, λ;ϕ) � C

(
‖ȳ‖2∞

∫ ∫
Q

e−2sα|∇ϕ|2 dxdt + ‖θ̄‖2∞
∫ ∫

Q

e−2sα|∇ψ |2 dxdt +
∫ ∫

Q

e−2sα|∇π |2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt +
∫ ∫

Q

e−2sα|g1|2 dxdt

)
, (18)

for s � C(T 7 + T 8) andλ � C. We remark here that, thanks to the definition ofξ (see (16)), we have

ξ−1 � 2−8T 8.

Now, we are able to eliminate the first term in the right-hand side of (18) with the term insλ2 that appears in th
expression ofI (s, λ;ϕ), if we takeλ to be large enough. This way, we find

I (s, λ;ϕ) � C

(
‖θ̄‖2∞

∫ ∫
Q

e−2sα|∇ψ |2 dxdt +
∫ ∫

Q

e−2sα|∇π |2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt +
∫ ∫

Q

e−2sα|g1|2 dxdt

)
, (19)

for s � C(T 7 + T 8) andλ � C(1+ ‖ȳ‖∞).
Applying again the Carleman estimate to the heat equation fulfilled byψ , we find

I (s, λ;ψ) � C

(
‖ȳ‖2∞

∫ ∫
Q

e−2sα|∇ψ |2 dxdt +
∫ ∫

Q

e−2sα|ϕN |2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt +
∫ ∫

Q

e−2sα|g2|2 dxdt

)
,

for s � C(T 7 + T 8) andλ � C, where we have denotedϕN = ϕ · eN . The same argument used above yields

I (s, λ;ψ) � C

(∫ ∫
Q

e−2sα|ϕN |2 dxdt + s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt +
∫ ∫

Q

e−2sα|g2|2 dxdt

)
, (20)

for anys � C(T 7 + T 8) and anyλ � C(1+ ‖ȳ‖∞).
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The addition of (19) and (20) gives

I (s, λ;ϕ) + I (s, λ;ψ) � C

(∫ ∫
Q

e−2sα|ϕN |2 dxdt +
∫ ∫

Q

e−2sα|∇π |2 dxdt

+ ‖θ̄‖2∞
∫ ∫

Q

e−2sα|∇ψ |2 dxdt + s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt +
∫ ∫

Q

e−2sα
(|g1|2 + |g2|2

)
dxdt

)
, (21)

for anys � C(T 7 + T 8) and anyλ � C(1+ ‖ȳ‖∞).
Several computations similar to the previous ones lead to the absorption of the first and the third t

the right-hand side of (21), making use of the terms ins3λ4 and in sλ2 appearing inI (s, λ;ϕ) and I (s, λ;ψ),
respectively. This is possible with a choice likes � CT 8 andλ � C(1+ ‖θ̄‖∞). Therefore, we have

I (s, λ;ϕ) + I (s, λ;ψ) � C

(∫ ∫
Q

e−2sα|∇π |2 dxdt + s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt +
∫ ∫

Q

e−2sα
(|g1|2 + |g2|2

)
dxdt

)
, (22)

for s � C(T 7 + T 8) andλ � C(1+ ‖ȳ‖∞ + ‖θ̄‖∞).
So far, the arguments used are classical. The important part of this paragraph starts now, where we a

to localize the global term of the presssure in (22). To this end, we employ similar arguments to those de
in [3].

Let us then look at the (weak) equation satisfied by the pressure, which can be found taking the div
operator in the movement equation of (14):

�π(t) = ∇ · (Dϕ(t)ȳ(t) + θ̄ (t)∇ψ(t) + g1(t)
)

in Ω, a.e.t ∈ (0, T ). (23)

Watching the right-hand side of (23) like aH−1 term, we apply the main result in [9], say, a Carleman estimate
the weak solutions of elliptic equations. This gives the existence of two constantsσ̄ > 1 andλ̄ > 1, such that∫

Ω

e2ση1
∣∣∇π(t)

∣∣2 dx + σ 2λ2
∫
Ω

e2ση1η2
1

∣∣π(t)
∣∣2 dx

� C

(
σ

∫
Ω

e2ση1η1
∣∣Dϕ(t)ȳ(t) + θ̄ (t)∇ψ(t) + g1(t)

∣∣2 dx + σ 1/2e2σ
∥∥π(t)

∥∥2
H1/2(∂Ω)

+
∫
ω1

e2ση1
∣∣∇π(t)

∣∣2 dx + σ 2λ2
∫
ω1

e2ση1η2
1

∣∣π(t)
∣∣2 dx

)
(24)

for anyσ � σ̄ and anyλ � λ̄. Here, we have denoted for eachλ > 0,

η1(x) = eλη0(x), x ∈ Ω.

The next step will be now to eliminate the local term in∇π . For this, we consider an open setω2 such that
ω1 � ω2 � ω and we defineζ ∈ C2(Ω) such that

suppζ ⊂ ω2, ζ ≡ 1 in ω1, 0� ζ � 1.
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Let us integrate by parts several times:∫
ω1

e2ση1
∣∣∇π(t)

∣∣2 dx �
∫
ω2

e2ση1ζ
∣∣∇π(t)

∣∣2 dx

= −
∫
ω2

e2ση1ζ�π(t)π(t)dx −
∫
ω2

e2ση1
(∇ζ · ∇π(t)

)
π(t)dx

− 2σλ

∫
ω2

e2ση1η1ζ
(∇η0 · ∇π(t)

)
π(t)dx. (25)

From (23) and new integrations by parts, we get the following for the first term:∫
ω2

e2ση1ζ�π(t)π(t)dx =
∫
ω2

e2ση1ζ∇ · (Dϕ(t)ȳ(t) + θ̄ (t)∇ψ(t) + g1(t)
)
π(t)dx

= −
∫
ω2

e2ση1∇ζ · (Dϕ(t)ȳ(t) + θ̄ (t)∇ψ(t) + g1(t)
)
π(t)dx

− 2σλ

∫
ω2

e2ση1η1ζ∇η0 · (Dϕ(t)ȳ(t) + θ̄ (t)∇ψ(t) + g1(t)
)
π(t)dx

−
∫
ω2

e2ση1ζ
(
Dϕ(t)ȳ(t) + θ̄ (t)∇ψ(t) + g1(t)

) · ∇π(t)dx.

Consequently, forσ,λ � C, we have

−
∫
ω2

e2ση1ζ�π(t)π(t)dx � C

(
σ 2λ2

∫
ω2

e2ση1η2
1

∣∣π(t)
∣∣2 dx + ‖ȳ‖2∞

∫
ω2

e2ση1
∣∣∇ϕ(t)

∣∣2 dx

+ ‖θ̄‖2∞
∫
ω2

e2ση1
∣∣∇ψ(t)

∣∣2 dx +
∫
ω2

e2ση1
∣∣g1(t)

∣∣2 dx

)
+ 1

2

∫
ω2

e2ση1ζ
∣∣∇π(t)

∣∣2r dx. (26)

Analogous computations for the second and the third terms in (25), give

−
∫
ω2

e2ση1
(∇ζ · ∇π(t)

)
π(t)dx − 2σλ

∫
ω2

e2ση1η1ζ
(∇η0 · ∇π(t)

)
π(t)dx

� Cσ 2λ2
∫
ω2

e2ση1η2
1

∣∣π(t)
∣∣2 dx (27)

for σ,λ � C.
Combining (26) and (27) with (25), we obtain∫

ω1

e2ση1
∣∣∇π(t)

∣∣2 dx � C

(
σ 2λ2

∫
ω2

e2ση1η2
1

∣∣π(t)
∣∣2 dx + ‖ȳ‖2∞

∫
ω2

e2ση1
∣∣∇ϕ(t)

∣∣2 dx

+ ‖θ̄‖2∞
∫
ω2

e2ση1
∣∣∇ψ(t)

∣∣2 dx +
∫
ω2

e2ση1
∣∣g1(t)

∣∣2 dx

)
for σ,λ � C(Ω,ω), which together with (24) yields
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∫
Ω

e2ση1
∣∣∇π(t)

∣∣2 dx + σ 2λ2
∫
Ω

e2ση1η2
1

∣∣π(t)
∣∣2 dx

� C

(
σ‖ȳ‖2∞

∫
Ω

e2ση1η1
∣∣∇ϕ(t)

∣∣2 dx + σ‖θ̄‖2∞
∫
Ω

e2ση1η1
∣∣∇ψ(t)

∣∣2 dx + σ

∫
Ω

e2ση1η1
∣∣g1(t)

∣∣2 dx

+ σ 1/2e2σ
∥∥π(t)

∥∥2
H1/2(∂Ω)

+ σ 2λ2
∫
ω2

e2ση1η2
1

∣∣π(t)
∣∣2 dx

)
(28)

for σ,λ � C and for almost everyt ∈ (0, T ).
The next step will be to connect this inequality with (22). For this, let us set

σ = s

t4(T − t)4
eλm‖η0‖∞ ,

let us multiply the expression (28) by

exp

{
−2s

e(5/4)λm‖η0‖∞

t4(T − t)4

}
and then integrate it betweent = 0 andt = T . This provides∫ ∫

Q

e−2sα|∇π |2 dxdt + s2λ2
∫ ∫

Q

e−2sαξ2|π |2 dxdt

� C

(
s‖ȳ‖2∞

∫ ∫
Q

e−2sαξ |∇ϕ|2 dxdt + s‖θ̄‖2∞
∫ ∫

Q

e−2sαξ |∇ψ |2 dxdt + s

∫ ∫
Q

e−2sαξ |g1|2 dxdt

+ s1/2

T∫
0

e−2sα∗
ξ∗1/2∥∥π(t)

∥∥2
H1/2(∂Ω)

dt + s2λ2
∫ ∫
ω2×(0,T )

e−2sαξ2|π |2 dxdt

)

for anyλ � C and anys � CT 8 e−λm‖η0‖∞ . Plugging this inequality into (22), we find

I (s, λ;ϕ) + I (s, λ;ψ) � C

(
s‖ȳ‖2∞

∫ ∫
Q

e−2sαξ |∇ϕ|2 dxdt

+ s‖θ̄‖2∞
∫ ∫

Q

e−2sαξ |∇ψ |2 dxdt + s1/2

T∫
0

e−2sα∗
ξ∗1/2

(t)
∥∥π(t)

∥∥2
H1/2(∂Ω)

dt

+ s2λ2
∫ ∫
ω2×(0,T )

e−2sαξ2|π |2 dxdt + s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt + s

∫ ∫
Q

e−2sαξ |g1|2 dxdt

+
∫ ∫

e−2sα|g2|2 dxdt

)

Q
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a
lity

gularity
for anys � C(T 7 + T 8) and anyλ � C(1+ ‖ȳ‖∞ + ‖θ̄‖∞). Similarly as we did above, it follows directly from
choice likes � CT 8 andλ � C(‖ȳ‖∞ +‖θ̄‖∞), that the two first terms in the right-hand side of the last inequa
can be absorbed.

Consequently, we have

I (s, λ;ϕ) + I (s, λ;ψ) � C

(
s1/2

T∫
0

e−2sα∗
ξ∗1/2∥∥π(t)

∥∥2
H1/2(∂Ω)

dt + s2λ2
∫ ∫
ω2×(0,T )

e−2sαξ2|π |2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt + s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt

+ s

∫ ∫
Q

e−2sαξ |g1|2 dxdt +
∫ ∫

Q

e−2sα|g2|2 dxdt

)
(29)

for anys � C(T 7 + T 8) and anyλ � C(1+ ‖ȳ‖∞ + ‖θ̄‖∞).
Now, we will eliminate the term of the trace of the pressure. The tools we use here are classical re

estimates for the solutions of Stokes systems. More precisely, let us introduce for

β = s1/4 e−sα∗
ξ∗1/4

,

the functions

ϕ̂ = βϕ, π̂ = βπ

and let us see which system they fulfill:
−ϕ̂t − �ϕ̂ + ∇π̂ = βDϕȳ + βθ̄∇ψ + βg1 − βtϕ in Q,

∇ · ϕ̂ = 0 in Q,

ϕ̂ = 0 on Σ,

ϕ̂(T ) = 0 in Ω.

Regularity estimates for this system (see, for instance, [11]) give

‖π̂‖L2(0,T ;H1(Ω)) � C
(‖βDϕȳ‖L2(Q)N + ‖βθ̄∇ψ‖L2(Q)N + ‖βg1‖L2(Q)N + ‖βtϕ‖L2(Q)N

)
,

for a positive constantC = C(Ω). From the definition ofξ∗ andα∗ (see (16)), we deduce

βt = s1/4e−sα∗
(

1

4
ξ∗−3/4

(ξ∗)t − s(α∗)t ξ∗1/4
)

� Cs1/4T e−sα(ξ1/2 + sξ3/2) � Cs5/4T e−sαξ3/2

for s � CT 8. Therefore, using the continuity of the trace operator, we have

T∫
0

∥∥π̂ (t)
∥∥2

H1/2(∂Ω)
dt � C

(
s1/2‖ȳ‖2∞

∫ ∫
Q

e−2sαξ1/2|∇ϕ|2 dxdt + s1/2‖θ̄‖2∞
∫ ∫

Q

e−2sαξ1/2|∇ψ |2 dxdt

+ s1/2
∫ ∫

Q

e−2sαξ1/2|g1|2 dxdt + s5/2T 2
∫ ∫

Q

e−2sαξ3|ϕ|2 dxdt

)

for s � CT 8. Let us now connect this estimate of the trace of the pressure with (29). We get
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n prove

ls

h

those

restrict

ent

does
I (s, λ;ϕ) + I (s, λ;ψ) � C

(
s2λ2

∫ ∫
ω2×(0,T )

e−2sαξ2|π |2 dxdt + s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ϕ|2 dxdt

+ s3λ4
∫ ∫
ω1×(0,T )

e−2sαξ3|ψ |2 dxdt + s

∫ ∫
Q

e−2sαξ |g1|2 dxdt +
∫ ∫

Q

e−2sα|g2|2 dxdt

)
, (30)

for anys � C(T 4 + T 8) and anyλ � C(1+ ‖ȳ‖∞ + ‖θ̄‖∞).

Remark 2. According to an idea of J.-P. Puel, (30) constitutes an important estimate by itself. In fact, one ca
that (30) leads to the null controllability of the linear system (13) when we are controlling not only withv1 andv2
but through the divergence condition as well. More precisely, we can prove the existence of three controv1, v2
andv3 such that the solution of

zt − �z + (ȳ · ∇)z + (z · ∇)ȳ + ∇q = f1 + ρeN + v11ω in Q,

ρt − �ρ + ȳ · ∇ρ + ∇ · (θ̄z) = f2 + v21ω in Q,

∇ · z = v31ω in Q,

z = 0, ρ = 0 on Σ,

z(0)= z0, ρ(0)= ρ0 in Ω,

verifiesz(T ) = 0 andρ(T ) = 0 in Ω . By an extension ofΩ , this also proves the null controllability of (13) wit
two controls acting on a (little) part of∂Ω over the traces of the velocity vector fieldz and the temperatureρ.

2.2. Local estimate of the pressure

In this paragraph, we will conclude the proof of inequality (17). For this, we will use similar ideas to
developed in [3].

Indeed, let us choose the pressureπ to have null mean-value inω2:∫
ω2

π(t)dx = 0 a.e.t ∈ (0, T ).

Then, taking into account the definition of the weight functions given in (16) and Poincare’s inequality, we
ourselves to the estimate of the term

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|∇π |2 dxdt,

where the weight function e−2sα̂ ξ̂2 does not depend onx. Let us remark here that we do not know for the mom
any local estimate of the pressure when multiplied by a weight function depending both onx andt .

By virtue of the movement equation in (14), we have

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|∇π |2 dxdt

= s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt + �ϕ + Dϕȳ + θ̄∇ψ + g1|2 dxdt. (31)

The rest of the proof is intended to estimate the local terms on�ϕ andϕt . We present now that ofϕt , while the
estimate of�ϕ will be given in the Appendix at the end of the paper, since it was already proved in [3] and
not entail a lot of difficulties.
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oupled
This proof follows the ideas included in [3], but here we must deal with greater difficulties, as far as a c
system is involved.

Thus, let us introduce the weight function

η(t) = s15/4 e−2sα̂+sα∗
ξ̂15/4 (32)

and let(u1, q1,w1) and(u2, q2,w2) be the respective solutions to the following systems:
−u1,t − �u1 − Du1ȳ + ∇q1 = ηg1 + θ̄∇w1 in Q,

−w1,t − �w1 − ȳ · ∇w1 = ηg2 in Q,

∇ · u1 = 0 in Q,

u1 = 0, w1 = 0 onΣ,

u1(T ) = 0, w1(T ) = 0 in Ω

(33)

and 
−u2,t − �u2 − Du2ȳ + ∇q2 = −η′ϕ + θ̄∇w2 in Q,

−w2,t − �w2 − ȳ · ∇w2 = −η′ψ + ηϕ · eN in Q,

∇ · u2 = 0 in Q,

u2 = 0, w2 = 0 onΣ,

u2(T ) = 0, w2(T ) = 0 in Ω.

(34)

It is readily seen that(u1 + u2, q1 + q2,w1 + w2) solve the same system as(ηϕ,ηπ,ηψ), where(ϕ,π,ψ) is the
solution to (14). By uniqueness of the Boussinesq system, it must be

ηϕ = u1 + u2, ηπ = q1 + q2 and ηψ = w1 + w2.

Consequently, the term to be bounded is

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt |2 dxdt = s2λ2
∫ ∫
ω2×(0,T )

η−2e−2sα̂ ξ̂2|ηϕt |2 dxdt

= s−11/2λ2
∫ ∫
ω2×(0,T )

e−2sα∗+2sα̂ ξ̂−11/2|u1,t + u2,t − η′ϕ|2 dxdt, (35)

so we will concentrate in estimating the time derivatives ofu1 andu2.

2.2.1. Estimate ofu1,t andu2,t

We first bound the integral of e−2sα∗+2sα̂ ξ̂−11/2|u1,t |2 in ω2 × (0, T ). To do this, we are going to estimateu1,t

globally inΩ × (0, T ) combining regularity estimates for the Stokes and heat systems.
Takings andλ such thats � CT 8 andλ � C, we get

e−2sα∗+2sα̂ � e−CsT −8eλm‖η0‖∞ � e−C eλm‖η0‖∞

and

s−11/2λ2ξ̂−11/2 e−2sα∗+2sα̂ � Cλ2 e−C eλm‖η0‖∞ � C,

for λ large enough.
Combining energy estimates foru1 andw1, we have

‖u1‖2
L2(0,T ;V )

+ ‖w1‖2
L2(0,T ;H1(Ω))

� C eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)
(‖ηg1‖2

L2(0,T ;H−1(Ω)N )
+ ‖ηg2‖2

L2(0,T ;H−1(Ω))

)
.

Now, we apply regularity estimates to (33) and we deduce that(u1)i ,w1 ∈ H 1(0, T ;L2(Ω)) ∩ L2(0, T ;H 2(Ω))

and
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ost

ound of
‖u1‖2
H1(0,T ;L2(Ω)N )

+ ‖u1‖2
L2(0,T ;H2(Ω)N )

+ ‖w1‖2
H1(0,T ;L2(Ω))

+ ‖w1‖2
L2(0,T ;H2(Ω))

� C
(
1+ (‖ȳ‖2∞ + ‖θ̄‖2∞

)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

)(‖ηg1‖2
L2(Q)N

+ ‖ηg2‖2
L2(Q)

)
.

Hence, we obtain in particular that

s−11/2λ2
∫ ∫
ω2×(0,T )

e−2sα∗+2sα̂ ξ̂−11/2(|u1,t |2 + |�u1|2
)
dxdt +

∫ ∫
Q

(|w1,t |2 + |�w1|2
)
dxdt

� C
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

∫ ∫
Q

|η|2(|g1|2 + |g2|2
)
dxdt. (36)

Now, we will be concerned with the integral of e−2sα∗+2sα̂ ξ̂−11/2|u2,t |2. This estimate is the hardest and m
important part of the present paper.

First, we integrate by parts twice with respect tot and we obtain

s−11/2λ2
∫ ∫
ω2×(0,T )

e−2sα∗+2sα̂ ξ̂−11/2|u2,t |2 dxdt = 1

2
s−11/2λ2

∫ ∫
ω2×(0,T )

(e−2sα∗+2sα̂ ξ̂−11/2)tt |u2|2 dxdt

− s−11/2λ2
∫ ∫
ω2×(0,T )

e−2sα∗+2sα̂ ξ̂−11/2u2,t t · u2 dxdt. (37)

It is not difficult to see that the weight function(s−11/2λ2e−2sα∗+2sα̂ ξ̂−11/2)tt is bounded for a suitable choice ofs

andλ, so we concentrate in estimating the last integral in (37). Let us hence introduce the function

η∗ = s−11/2λ−5 e−2sα∗+2sα̂ ξ̂−11/2.

Using Hölder’s inequality, we deduce that

−λ7
∫ ∫
ω2×(0,T )

η∗u2,t t · u2 dxdt � λ7‖η∗u2,t t‖L2(0,T ;Lr0(ω2)
N )‖u2‖

L2(0,T ;Lr′0(ω2)
N )

� 1

2
‖η∗u2,t t‖2

L2(0,T ;Lr0(ω2)
N )

+ 1

2
λ14‖u2‖2

L2(0,T ;Lr′0(ω2)
N )

, (38)

where 1< r0 < r if N = 2 and 6/5< r0 < r if N = 3 (r was defined in (6)).
Let us first deal with the last term in the right-hand side of (38). We introduce an open setω3 � ω2 and a cut-off

functionζ ∈ C2(ω3) such that

suppζ ⊂ ω3 and ζ ≡ 1 in ω2.

Then,

‖u2‖2

L2(0,T ;Lr′0(ω2)
N )

� C
∥∥�(ζu2)

∥∥2
L2(0,T ;L2(ω3)

N )
= C‖u2�ζ + 2∇ζ · ∇u2 + ζ�u2‖2

L2(0,T ;L2(ω3)
N )

,

since(H 2(ω3) ∩ H 1
0 (ω3))

N is continuously imbedded inLr ′
0(ω3)

N , for r ′
0 < ∞.

Now, we can use the local estimate contained in the Appendix (at the end of this paper) in order to get a b
‖ζ�u2‖2

L2(0,T ;L2(ω3)
N )

. In fact, sinceu2(T ) = 0, it suffices to apply inequality (87) withϕ = u2, η̂ = 1,g1 = −η′ϕ,
ω2 = ω3 andω4 = ω5, whereω4 andω5 are open sets verifying

ω3 � ω4 � ω5 � ω.

This gives
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ence
‖u2‖2

L2(0,T ;Lr′0(ω2)
N )

� C
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)
(1+ T )

∫ ∫
ω5×(0,T )

(|u2|2 + |∇u2|2 + |∇w2|2 + |η′ϕ|2)dxdt.

From the definitions ofu2 andw2, we also find that

|u2|2 + |∇u2|2 � 2
(|u1|2 + |∇u1|2 + |η|2(|ϕ|2 + |∇ϕ|2))

and

|∇w2|2 � 2
(|∇w1|2 + |η|2|∇ψ |2).

Consequently, viewing(u1,w1) as the weak solution of (33) and using again global estimates, we see that

‖u2‖2

L2(0,T ;Lr′0(ω2)
N )

� C
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)
(1+ T )eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

×
(

‖ηg1‖2
L2(Q)N

+ ‖ηg2‖2
L2(Q)

+
∫ ∫
ω5×(0,T )

(|η|2 + |η′|2)|ϕ|2 dxdt

+
∫ ∫
ω5×(0,T )

|η|2(|∇ϕ|2 + |∇ψ |2)dxdt

)
. (39)

Let us now estimate the norm involvingu2,t t in (38). The triple(u, q,w) := (η∗u2,t , η
∗q2,t , η

∗w2,t ) satisfies
−ut − �u − Duȳ + ∇q = G1 + θ̄∇w in Q,

−wt − �w − ȳ · ∇w = G2 in Q,

∇ · u = 0 in Q,

u = 0, w = 0 on Σ,

u(T ) = 0, w(T )= 0 in Ω,

(40)

where

G1 = −η∗η′′ϕ − η∗η′ϕt + η∗Du2ȳt + η∗θ̄t∇w2 − (η∗)′u2,t

and

G2 = −η∗η′′ψ − η∗η′ψt + η∗ηϕN,t + η∗η′ϕN + η∗ȳt · ∇w2 − (η∗)′w2,t .

The fact that(u, q,w) fulfills (40) is not direct. For instance, this can be verified by first considering a sequ
{ȳn, θ̄n} of regular functions satisfying

(ȳn, θ̄n) → (ȳ, θ̄ ) weakly star inL∞(Q)N

and

(ȳn
t , θ̄n

t ) → (ȳt , θ̄t ) weakly inL2(0, T ;Lr(Ω)N).

Then, one can easily prove the existence and uniqueness of a solution(un, qn,wn) to (40) with(ȳ, θ̄ ) replaced by
(ȳn, θ̄n). Finally, we pass to the limit and deduce that(u, q,w) is actually the solution of (40).

In order to obtain an estimate ofut in L2(0, T ;Lr0(Ω)N), we first give the estimates ofu and w as weak
solutions. We have

‖u‖L2(0,T ;V ) + ‖w‖L2(0,T ;H1(Ω))

� C eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)
(‖G1‖L2(0,T ;H−1(Ω)N ) + ‖G2‖L2(0,T ;H−1(Ω))

)
. (41)

For the moment, let us assume that(η∗Du2ȳt )i , η
∗ȳt ·∇w2, (η

∗θ̄t∇w2)i ∈ L2(0, T ;Lr0(Ω)); this will be proved
in the next paragraph.

At this point, we recall a result proved in [7] about the regularity of solutions of Stokes systems:
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Lemma 1. Let 1 < q1, q2 < ∞ and suppose thatu0 ∈ W1,q2(Ω)N andf ∈ Lq1(0, T ;Lq2(Ω)N). Then, the weak
solutionu ∈ L2(0, T ;V ) ∩ L∞(0, T ;H) of system

ut − �u + ∇π = f in Q,

∇ · u = 0 in Q,

u = 0 onΣ,

u(0)= u0 in Ω

actually verifies, together with a pressureπ , that

(u,∇π) ∈ (
Lq1

(
0, T ;W2,q2(Ω)N

) ∩ W1,q1
(
0, T ;Lq2(Ω)N

)) × Lq1
(
0, T ;Lq2(Ω)N

)
.

Moreover, there exists a positive constantC just depending onΩ such that

‖u‖Lq1(0,T ;W2,q2(Ω)N )∩W1,q1(0,T ;Lq2(Ω)N ) + ‖∇π‖Lq1(0,T ;Lq2(Ω)N )

� C
(‖f ‖Lq1(0,T ;Lq2(Ω)N ) + ‖u0‖W1,q2(Ω)N

)
.

Remark 3. In fact, the exact result proved in [7] just considers solenoidal right-hand sidesf . However, from
this result and the application of Helmotz’s decomposition in the spacesLq1(0, T ;Lq2(Ω)N), Lemma 1 readily
follows.

Under these conditions, we can apply Lemma 1 and deduce, among other properties, thatut ∈ L2(0, T ;Lr0(Ω)N)

and

‖ut‖L2(0,T ;Lr0(Ω)N ) � C‖G1 + θ̄∇w + Duȳ‖L2(0,T ;Lr0(Ω)N ) (42)

for a positive constantC depending onΩ but not onT . SinceLr0(Ω) is continuously imbedded inH−1(Ω), (41)
and (42) yield

‖η∗u2,t t‖L2(0,T ;Lr0(Ω)N ) � C
(
1+ ‖ȳ‖∞ + ‖θ̄‖∞

)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

(‖η∗η′′ϕ‖L2(Q)N + ‖η∗η′ϕt‖L2(Q)N

+ ∥∥(η∗)′u2,t

∥∥
L2(Q)N

+ ‖η∗Du2ȳt‖L2(0,T ;Lr0(Ω)N ) + ‖η∗θ̄t∇w2‖L2(0,T ;Lr0(Ω)N )

+ ‖η∗η′′ψ‖L2(Q) + ‖η∗η′ψt‖L2(Q) + ‖η∗ηϕN,t‖L2(Q) + ‖η∗η′ϕN‖L2(Q)

+ ‖η∗ȳt · ∇w2‖L2(0,T ;Lr0(Ω)) + ∥∥(η∗)′w2,t

∥∥
L2(Q)

)
.

From (37)–(39) and this last inequality, we have

s−11/2λ2
∫ ∫
ω2×(0,T )

e−2sα∗+2sα̂ ξ̂−11/2|u2,t |2 dxdt

� C
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

(
λ14(1+ T )

(‖ηg1‖2
L2(Q)N

+ ‖ηg2‖2
L2(Q)

+ ‖ηϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η′ϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η∇ψ‖2

L2(0,T ;L2(ω5)
N )

)
+ ‖η∗η′′ϕ‖2

L2(Q)N
+ ‖η∗η′ϕt‖2

L2(Q)N
+ ∥∥(η∗)′u2,t

∥∥2
L2(Q)N

+ ‖η∗Du2ȳt‖2
L2(0,T ;Lr0(Ω)N )

+ ‖η∗θ̄t∇w2‖2
L2(0,T ;Lr0(Ω)N )

+ ‖η∗η′′ψ‖2
L2(Q)

+ ‖η∗η′ψt‖2
L2(Q)

+ ‖η∗ηϕN,t‖2
L2(Q)

+ ‖η∗η′ϕN‖2
L2(Q)

+ ‖η∗ȳt · ∇w2‖2
L2(0,T ;Lr0(Ω))

+ ∥∥(η∗)′w2,t

∥∥2
L2(Q)

)
. (43)

To finish this paragraph, we combine (35), (36) and (43) and we obtain the following estimate ofϕt :
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s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt |2 dxdt � C
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

(
λ14(1+ T )

(‖ηg1‖2
L2(Q)N

+ ‖ηg2‖2
L2(Q)

+ ‖ηϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η′ϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η∇ψ‖2

L2(0,T ;L2(ω5)
N )

)
+ ‖η∗η′′ϕ‖2

L2(Q)N
+ ‖η∗η′ϕt‖2

L2(Q)N
+ ∥∥(η∗)′u2,t

∥∥2
L2(Q)N

+ ‖η∗Du2ȳt‖2
L2(0,T ;Lr0(Ω)N )

+ ‖η∗θ̄t∇w2‖2
L2(0,T ;Lr0(Ω)N )

+ ‖η∗η′′ψ‖2
L2(Q)

+ ‖η∗η′ψt‖2
L2(Q)

+ ‖η∗ηϕN,t‖2
L2(Q)

+ ‖η∗η′ϕN‖2
L2(Q)

+ ‖η∗ȳt · ∇w2‖2
L2(0,T ;Lr0(Ω))

+ ∥∥(η∗)′w2,t

∥∥2
L2(Q)

)
. (44)

2.2.2. Estimate of(η∗Du2ȳt )i , η∗ȳt · ∇w2 and(η∗θ̄t∇w2)i in L2(0, T ;Lr0(Ω))

The strategy we follow in this step is to deduce an estimate of(η∗u2)i andη∗w2 in L∞(0, T ;W1,l(Ω)) for
everyl < ∞.

Observe that, once this is achieved, from the fact thatȳ andθ̄ satisfy (5) and the choice we have made ofr0, it
is easy to obtain an estimate of(η∗Du2ȳt )i , η∗ȳt · ∇w2 and(η∗θ̄t∇w2)i in L2(0, T ;Lr0(Ω)).

The functions(η∗u2, η
∗q2, η

∗w2) solve the following system:
−(η∗u2)t − �(η∗u2) − D(η∗u2)ȳ + ∇(η∗q2) = −(η∗)′u2 − η∗η′ϕ + θ̄∇(η∗w2) in Q,

−(η∗w2)t − �(η∗w2) − ȳ · ∇(η∗w2) = −(η∗)′w2 − η∗η′ψ + η∗ηϕN in Q,

∇ · (η∗u2) = 0 in Q,

η∗u2 = 0, η∗w2 = 0 onΣ,

(η∗u2)(T ) = 0, (η∗w2)(T ) = 0 in Ω.

(45)

From well known interpolation inequalities we deduce that, forN � 3,

L2(0, T ;H 2(Ω)N
) ∩ L∞(

0, T ;H 1(Ω)N
) ⊂ Lk1

(
0, T ;Lk2(Ω)N

)
with

2

k1
+ 6

k2
= 1 (46)

and

L2(0, T ;L6(Ω)N
) ∩ L∞(

0, T ;L2(Ω)N
) ⊂ Lk3

(
0, T ;Lk4(Ω)N

)
with

4/3

k3
+ 2

k4
= 1. (47)

We are going to deduce theL∞(0, T ;W1,l(Ω)) regularity for(η∗u2, η
∗w2) after abootstrapargument with two

steps.

• First, watching(η∗u2, η
∗w2) as the strong solution of (45), we have(

D(η∗u2)ȳ
)
i
, θ̄∇(η∗w2) ∈ L2(0, T ;L6(Ω)

) ∩ L∞(
0, T ;L2(Ω)

)
,

so they belong to the spaceLk3(0, T ;Lk4(Ω)).
Using again Lemma 1, we deduce thatη∗u2 ∈ Lk3(0, T ;W2,k4(Ω)N), η∗w2 ∈ Lk3(0, T ;W2,k4(Ω)) and
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er

t
n and a

t

‖η∗u2‖Lk3(0,T ;W2,k4(Ω)N ) + ‖η∗w2‖Lk3(0,T ;W2,k4(Ω))

� C
(∥∥−(η∗)′u2 − η∗η′ϕ + η∗Du2ȳ + η∗θ̄∇w2

∥∥
Lk3(0,T ;Lk4(Ω)N )

+ ∥∥−(η∗)′w2 − η∗η′ψ + η∗ηϕN + η∗ȳ · ∇w2
∥∥

Lk3(0,T ;Lk4(Ω))

)
. (48)

Accordingly,(η∗Du2)i , η
∗∇w2 ∈ Lk3(0, T ;W1,k4(Ω)N). In this argument,k4 can be any number satisfying 3�

k4 < 6. This gives(η∗Du2)i , η
∗∇w2 ∈ Lk1(0, T ;Lk2(Ω)N), with k1 = k3 given by (47) andk2 = l > 6.

• Secondly, we use thatη∗Du2ȳ, η∗θ̄∇w2 ∈ Lk3(0, T ;Ll(Ω)N) and we obtain from Lemma 1 (among oth
things) that∇(η∗q2) ∈ Lk3(0, T ;Ll(Ω)N) and∥∥∇(η∗q2)

∥∥
Lk3(0,T ;Ll(Ω)N )

� C
∥∥−(η∗)′u2 − η∗η′ϕ + η∗Du2ȳ + η∗θ̄∇w2

∥∥
Lk3(0,T ;Ll(Ω)N )

.

Then, we take into account (48) and we get∥∥∇(η∗q2)
∥∥

Lk3(0,T ;Ll(Ω)N )
� C

(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)(∥∥(η∗)′�u2
∥∥

L2(Q)N
+ ∥∥(

(η∗)′u2
)
t

∥∥
L2(Q)N

+ ‖η∗�u2‖L2(Q)N + ∥∥(η∗u2)t
∥∥

L2(Q)N

+ ‖η∗η′�ϕ‖L2(Q)N + ∥∥(η∗η′ϕ)t
∥∥

L2(Q)N
+ ∥∥(η∗)′w2

∥∥
L2(Q)

+ ∥∥(η∗)′∇w2
∥∥

L2(Q)N
+ ‖η∗�w2‖L2(Q) + ∥∥(η∗w2)t

∥∥
L2(Q)

+ ‖η∗η′ψ‖L2(Q) + ‖η∗η′∇ψ‖L2(Q)N + ‖η∗ηϕN‖L2(Q)

+ ‖η∗η∇ϕN‖L2(Q)N
)
. (49)

Let us see that this suffices to ensure that(η∗u2)i , η
∗w2 ∈ L∞(0, T ;W1,l(Ω)). To this end, we can restric

ourselves to the general case of a heat system with zero Dirichlet boundary conditions, null initial conditio
right-hand side inLk3(0, T ;Ll(Ω)) with k3 > 2.

For instance, for the case ofη∗u2 we have (see [10] for more details)

∥∥η∗u2(t)
∥∥

W1,l(Ω)N
� C

t∫
0

(t − s)−1/2
∥∥B(s)

∥∥
Ll(Ω)N

ds ∀t ∈ (0, T )

whereB denotes the right-hand side. Since‖B(·)‖Ll(Ω)N ∈ Lk3(0, T ) andk3 > 2, Young’s inequality tells us tha
‖η∗u2(·)‖W1,l(Ω)N ∈ L∞(0, T ) and

‖η∗u2‖L∞(0,T ;W1,l(Ω)N ) � C(1− k′
3/2)−1/k′

3T −1/2+1/k′
3‖B‖Lk3(0,T ;Ll(Ω)N ).

The same is also true forη∗w2. Then, from (49), we obtain the desired regularity forη∗u2 andη∗w2 and

‖η∗u2‖L∞(0,T ;W1,l(Ω)N ) + ‖η∗w2‖L∞(0,T ;W1,l(Ω))

� CT −1/2+1/k′
3
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)(∥∥(η∗)′�u2
∥∥

L2(Q)N
+ ∥∥(

(η∗)′u2
)
t

∥∥
L2(Q)N

+ ‖η∗�u2‖L2(Q)N

+ ∥∥(η∗u2)t
∥∥

L2(Q)N
+ ‖η∗η′�ϕ‖L2(Q)N + ∥∥(η∗η′ϕ)t

∥∥
L2(Q)N

+ ∥∥(η∗)′�w2
∥∥

L2(Q)

+ ∥∥(
(η∗)′w2

)
t

∥∥
L2(Q)N

+ ‖η∗�w2‖L2(Q) + ∥∥(η∗w2)t
∥∥

L2(Q)
+ ‖η∗η′�ψ‖L2(Q) + ∥∥(η∗η′ψ)t

∥∥
L2(Q)

+ ‖η∗η�ϕN‖L2(Q) + ∥∥(η∗ηϕN)t
∥∥

L2(Q)

)
. (50)

As mentioned above, combining (50) and the regularity ofȳ and θ̄ (given in (5)) we find that(η∗Du2ȳt )i ,
η∗ȳt · ∇w2, (η∗θ̄t∇w2)i ∈ L2(0, T ;Lr0(Ω)) and
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‖η∗Du2ȳt‖L2(0,T ;Lr0(Ω)N ) + ‖η∗ȳt · ∇w2‖L2(0,T ;Lr0(Ω)) + ‖η∗θ̄t∇w2‖L2(0,T ;Lr0(Ω)N )

�
(∥∥(η∗Du2, η

∗∇w2)
∥∥

L∞(0,T ;Ll(Ω)N
2+N )

)
(∥∥(ȳt , θ̄t )

∥∥
L2(0,T ;Lr(Ω)N+1)

)
� CT −1/2+1/k′

3
(
1+ ‖ȳ‖2∞ + ‖θ̄‖2∞

)(∥∥(ȳt , θ̄t )
∥∥

L2(0,T ;Lr(Ω)N+1)

) + (∥∥(η∗)′�u2
∥∥

L2(Q)N

+∥∥(
(η∗)′u2

)
t

∥∥
L2(Q)N

+ ‖η∗�u2‖L2(Q)N + ∥∥(η∗u2)t
∥∥

L2(Q)N
+ ‖η∗η′�ϕ‖L2(Q)N + ∥∥(η∗η′ϕ)t

∥∥
L2(Q)N

+ ∥∥(η∗)′�w2
∥∥

L2(Q)
+ ∥∥(

(η∗)′w2
)
t

∥∥
L2(Q)N

+ ‖η∗�w2‖L2(Q) + ∥∥(η∗w2)t
∥∥

L2(Q)
+ ‖η∗η′�ψ‖L2(Q)

+ ∥∥(η∗η′ψ)t
∥∥

L2(Q)
+ ‖η∗η�ϕN‖L2(Q) + ∥∥(η∗ηϕN)t

∥∥
L2(Q)

)
. (51)

Then, we put together inequalities (44) and (51) and we use that

−1+ 2

k′
3

� 1

2
.

We obtain:

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt |2 dxdt � C
(
1+ ‖ȳ‖6∞ + ‖θ̄‖6∞

)∥∥(ȳt , θ̄t )
∥∥2

L2(0,T ;Lr(Ω)N+1)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

× (
λ14(1+ T )

(‖ηg1‖2
L2(Q)N

+ ‖ηg2‖2
L2(Q)

+ ‖ηϕ‖2
L2(0,T ;L2(ω5)

N )

+ ‖η∇ϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η′ϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ψ‖2
L2(0,T ;L2(ω5)

N )

) + (
1+ T 1/2)(J1(ϕ) + J2(ψ) + J3(u2) + J4(w2)

))
, (52)

where

J1(ϕ) = ‖η∗η′′ϕ‖2
L2(Q)N

+ ∥∥(η∗)′η′ϕ
∥∥2

L2(Q)N
+ ‖η∗η′ϕt‖2

L2(Q)N
+ ‖η∗η′�ϕ‖2

L2(Q)N
+ ‖η∗ηϕN,t‖2

L2(Q)

+ ‖η∗η′ϕN‖2
L2(Q)

+ ∥∥(η∗)′ηϕN

∥∥
L2(Q)

+ ‖η∗η�ϕN‖L2(Q),

J2(ψ) = ‖η∗η′′ψ‖2
L2(Q)

+ ‖η∗η′ψt‖2
L2(Q)

+ ‖η∗η′�ψ‖L2(Q)N + ∥∥(η∗)′η′ψ
∥∥

L2(Q)
,

J3(u2) = ‖η∗�u2‖2
L2(Q)N

+ ∥∥(η∗)′�u2
∥∥2

L2(Q)N
+ ∥∥(η∗)′u2,t

∥∥2
L2(Q)N

+ ∥∥(η∗)′u2
∥∥2

L2(Q)N

+ ∥∥(η∗)′′u2
∥∥2

L2(Q)N
+ ‖η∗u2,t‖L2(Q)N ,

J4(w2) = ∥∥(η∗)′�w2
∥∥2

L2(Q)N
+ ‖η∗�w2‖2

L2(Q)
+ ∥∥(η∗)′′w2

∥∥2
L2(Q)

+ ∥∥(η∗)′w2,t

∥∥2
L2(Q)

+ ‖η∗w2,t‖2
L2(Q)

. (53)

2.2.3. Last arrangements and conclusion
From the definition of(u2,w2) = (−u1 + ηϕ,−w1 + ηψ), we can estimateJ3(u2) andJ4(w2) by

‖η∗�u1‖2
L2(Q)N

+ ∥∥(η∗)′�u1
∥∥2

L2(Q)N
+ ∥∥(η∗)′u1,t

∥∥2
L2(Q)N

+ ∥∥(η∗)′u1
∥∥2

L2(Q)N
+ ∥∥(η∗)′′u1

∥∥2
L2(Q)N

+ ‖η∗u1,t‖2
L2(Q)N

+ ‖η∗η�ϕ‖2
L2(Q)N

+ ∥∥(η∗)′η�ϕ
∥∥2

L2(Q)N
+ ∥∥(η∗)′(ηϕ)t

∥∥2
L2(Q)N

+ ∥∥(η∗)′ηϕ
∥∥2

L2(Q)N
+ ∥∥(η∗)′′ηϕ

∥∥2
L2(Q)N

+ ∥∥η∗(ηϕ)t
∥∥2

L2(Q)N
(54)

and ∥∥(η∗)′�w1
∥∥2

L2(Q)
+ ‖η∗�w1‖2

L2(Q)
+ ∥∥(η∗)′′w1

∥∥2
L2(Q)

+ ∥∥(η∗)′w1,t

∥∥2
L2(Q)

+ ‖η∗w1,t‖2
L2(Q)

+ ∥∥(η∗)′η�ψ
∥∥2

2 + ‖η∗η�ψ‖2
2 + ∥∥(η∗)′′ηψ

∥∥2
2 + ∥∥(η∗)′(ηψ)t

∥∥2
2 + ∥∥η∗(ηψ)t

∥∥2
2 , (55)
L (Q) L (Q) L (Q) L (Q) L (Q)
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s

side
respectively.
For all the terms concerningu1 andw1, we can use estimate (36) sinceη∗, (η∗)′ and(η∗)′′ are bounded function

in (0, T ) for s � C(T 4 + T 8). Hence, we have from (52)–(55)

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt |2 dxdt � C
(
1+ ‖ȳ‖8∞ + ‖θ̄‖8∞

)∥∥(ȳt , θ̄t )
∥∥2

L2(0,T ;Lr(Ω)N+1)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

× (
λ14(1+ T )

(‖ηg1‖2
L2(Q)N

+ ‖ηg2‖2
L2(Q)

+ ‖ηϕ‖2
L2(0,T ;L2(ω5)

N )

+ ‖η∇ϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η′ϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ψ‖2
L2(0,T ;L2(ω5)

N )

) + (1+ T 1/2)
(‖η∗η′′ϕ‖2

L2(Q)N

+ ∥∥(η∗)′η′ϕ
∥∥2

L2(Q)N
+ ‖η∗η′ϕt‖2

L2(Q)N
+ ‖η∗η�ϕ‖2

L2(Q)N

+ ∥∥(η∗)′η�ϕ
∥∥2

L2(Q)N
+ ∥∥(η∗)′ηϕt

∥∥2
L2(Q)N

+ ∥∥(η∗)′ηϕ
∥∥2

L2(Q)N

+ ∥∥(η∗)′′ηϕ
∥∥2

L2(Q)N
+ ‖η∗η′ϕ‖2

L2(Q)N
+ ‖η∗ηϕt‖2

L2(Q)N

+ ‖η∗η′�ϕ‖2
L2(Q)N

+ ∥∥(η∗)′η�ψ
∥∥2

L2(Q)N
+ ‖η∗η�ψ‖2

L2(Q)

+ ∥∥(η∗)′η′ψ
∥∥2

L2(Q)
+ ∥∥(η∗)′′ηψ

∥∥2
L2(Q)

+ ∥∥(η∗)′ηψt

∥∥2
L2(Q)

+ ‖η∗η′ψ‖2
L2(Q)

+ ‖η∗ηψt‖2
L2(Q)

+ ‖η∗η′′ψ‖2
L2(Q)

+ ‖η∗η′ψt‖2
L2(Q)

+ ‖η∗ηϕN,t‖2
L2(Q)

+ ‖η∗η′ϕN‖2
L2(Q)

+ ‖η∗η′�ψ‖L2(Q) + ∥∥(η∗)′ηϕN

∥∥
L2(Q)

+ ‖η∗η�ϕN‖L2(Q)

))
. (56)

Let us now estimate the global terms onϕ andψ and check that they can be eliminated using the left-hand
of (30). To this end, let us first write down some bounds of the weight functions appearing in (56):

|η∗η| � Cs−7/4λ−5 e−sα∗
ξ̂−7/4,

|η∗η′| + ∣∣(η∗)′η
∣∣ � CT s−3/4λ−5 e−sα∗

ξ̂−1/2,∣∣(η∗)′η′∣∣ + ∣∣(η∗)′′η
∣∣ + |η∗η′′| � CT 2s1/4λ−5 e−sα∗

(ξ∗)3/4.

By virtue of these estimates, it is not difficult to see that, for all 0< β � 1/2, we have

T β
(|η∗η′| + ∣∣(η∗)′η

∣∣) � Cs−1/2λ−5 e−sα∗
ξ̂−1/2,

and

T β
(∣∣(η∗)′η′∣∣ + ∣∣(η∗)′′η

∣∣ + |η∗η′′|) � Cs3/2λ−5 e−sα∗
(ξ∗)3/2

for s � C(T 4 + T 8).
Combining this and (56), we get

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt |2 dxdt � C
(
1+ ‖ȳ‖8∞ + ‖θ̄‖8∞

)∥∥(ȳt , θ̄t )
∥∥2

L2(0,T ;Lr(Ω)N+1)
eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

×
(

λ14(1+ T )
(‖ηg1‖2

L2(Q)N
+ ‖ηg2‖2

L2(Q)
+ ‖ηϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ϕ‖2
2 2 N + ‖η′ϕ‖2

2 2 N + ‖η∇ψ‖2
2 2 N

)

L (0,T ;L (ω5) ) L (0,T ;L (ω5) ) L (0,T ;L (ω5) )
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ce
+ s3λ−10
∫ ∫

Q

e−2sα∗
(ξ∗)3(|ϕ|2 + |ψ |2)dxdt

+ s−1λ−10
∫ ∫

Q

e−2sα∗
ξ̂−1(|ϕt |2 + |�ϕ|2 + |ψt |2 + |�ψ |2)dxdt

)

for s � C(T 4 + T 8).
As α∗(t) = maxx∈Ω α(x, t), taking

λ � C
(
1+ ‖ȳ‖∞ + ‖θ̄‖∞ + ‖ȳt‖2

L2(0,T ;Lr(Ω)N )
+ ‖θ̄t‖2

L2(0,T ;Lr(Ω))
+ eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

)
,

we obtain

s2λ2
∫ ∫
ω2×(0,T )

e−2sα̂ ξ̂2|ϕt |2 dxdt � C∗λ24(1+ T )
(‖ηg1‖2

L2(Q)N
+ ‖ηg2‖2

L2(Q)
+ ‖ηϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η′ϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η∇ϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ψ‖2
L2(0,T ;L2(ω5)

N )

)
+ ε

(
I (s, λ;ϕ) + I (s, λ;ψ)

)
,

for a positive constantC∗. Here,ε > 0 is a small constant which depends onΩ andω.
Let us finally combine this inequality, (30), (31) and the Appendix. We find:

I (s, λ;ϕ) + I (s, λ;ψ) � Cλ24(1+ T )
(‖ηg1‖2

L2(Q)N
+ ‖ηg2‖2

L2(Q)

+ ‖ηϕ‖2
L2(0,T ;L2(ω5)

N )
+ ‖η′ϕ‖2

L2(0,T ;L2(ω5)
N )

+ ‖η∇ϕ‖2
L2(0,T ;L2(ω5)

N )

+ ‖ηψ‖2
L2(0,T ;L2(ω5))

+ ‖η∇ψ‖2
L2(0,T ;L2(ω5)

N )

)
(57)

for s � C(T 4 + T 8) and

λ � C
(
1+ ‖ȳ‖∞ + ‖θ̄‖∞ + ‖ȳt‖2

L2(0,T ;Lr(Ω)N )
+ ‖θ̄t‖2

L2(0,T ;Lr(Ω))
+ eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

)
.

It only remains to get rid of the local terms on∇ϕ and∇ψ in the right-hand side of (57). Thus, let us introdu
a cut-off functionζ ∈ C2

c (ω) such that

ζ ≡ 1 in ω5 and 0� ζ � 1 in ω.

Then we have∫ ∫
ω5×(0,T )

|η|2|∇ϕ|2 dxdt �
∫ ∫
ω×(0,T )

|η|2ζ |∇ϕ|2 dxdt

= 1

2

∫ ∫
ω×(0,T )

|η|2�ζ |ϕ|2 dxdt −
∫ ∫
ω×(0,T )

|η|2ζ�ϕ · ϕ dxdt.

Let us apply Young’s inequality to the last integral. This gives∫ ∫
ω5×(0,T )

|η|2|∇ϕ|2 dxdt � Csλ24(1+ T )

∫ ∫
ω×(0,T )

e2sα∗ |η|4ξ̂ |ϕ|2 dxdt

+ 1

2C∗ s−1λ−24(1+ T )−1
∫ ∫

e−2sα∗
ξ̂−1|�ϕ|2 dxdt,
ω×(0,T )
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e
for a constantC(Ω,ω) > 0. Analogous computation can be done for∇ψ and these would give exactly the sam
estimate.

Consequently, for any

λ � C
(
1+ ‖ȳ‖∞ + ‖θ̄‖∞ + ‖ȳt‖2

L2(0,T ;Lr(Ω)N )
+ ‖θ̄t‖2

L2(0,T ;Lr(Ω))
+ eCT (1+‖ȳ‖2∞+‖θ̄‖2∞)

)
,

ands � C(T 4 + T 8), we obtain from (57)

I (s, λ;ϕ) + I (s, λ;ψ) � C(1+ T 2)

(
s15/2λ24

∫ ∫
Q

e−4sα̂+2sα∗
ξ̂15/2(|g1|2 + |g2|2

)
dxdt

+ s16λ48
∫ ∫
ω×(0,T )

e−8sα̂+6sα∗
ξ̂16(|ϕ|2 + |ψ |2)dxdt

)
,

which is exactly (17).

3. Null controllability of (13)

In this section, we will prove the null controllability of the following system:
L1z + ∇q = f1 + ρeN + v11ω in Q,

L2ρ + ∇ · (θ̄z) = f2 + v21ω in Q,

∇ · z = 0 in Q,

z = 0, ρ = 0 on Σ,

z(0)= z0, ρ(0)= ρ0 in Ω,

(58)

where

L1z = zt − �z + (ȳ · ∇)z + (z · ∇)ȳ, (59)

and

L2ρ = ρt − �ρ + ȳ · ∇ρ. (60)

Before proving this, we will deduce a Carleman inequality with weight functions that do not vanish att = 0.
More precisely, let us consider the function

�(t) =
{

T 2/4 for 0� t � T/2,

t (T − t) for T/2� t � T

and the following associated weight functions:

β(x, t) = e5/4λm‖η0‖∞ − eλ(m‖η0‖∞+η0(x))

�(t)4
,

β̂(t) = min
x∈Ω

β(x, t), β∗(t) = max
x∈Ω

β(x, t),

γ (x, t) = eλ(m‖η0‖∞+η0(x))

�(t)4
,

γ̂ (t) = max
x∈Ω

γ (x, t), γ ∗(t) = min
x∈Ω

γ (x, t).
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Lemma 2. Let (ȳ, θ̄ ) verify (5). Then, there exists a positive constantC depending onT , s, λ, ȳ and θ̄ such that
every solution to the adjoint system(14)verifies∥∥ϕ(0)

∥∥2
L2(Ω)N

+ ∥∥ψ(0)
∥∥2

L2(Ω)
+

∫ ∫
Q

e−2sβγ 3(|ϕ|2 + |ψ |2)dxdt +
∫ ∫

Q

e−2sβγ
(|∇ϕ|2 + |∇ψ |2)dxdt

� C

(∫ ∫
ω×(0,T )

e−8sβ̂+6sβ∗
γ̂ 16(|ϕ|2 + |ψ |2)dxdt +

∫ ∫
Q

e−4sβ̂+2sβ∗
γ̂ 15/2(|g1|2 + |g2|2

)
dxdt

)
. (61)

Proof. From Carleman inequality (17), the proof of this lemma is classical. The main tool used is the dissip
of system (14). Observe that this tells us that(‖ϕ(t)‖L2(Ω)N ,‖ψ(t)‖L2(Ω)) are ‘increasing’ functions oft , so the
presence of(‖ϕ(0)‖L2(Ω)N ,‖ψ(0)‖L2(Ω)) in the left-hand side of (61) is not a surprise. Anyway, we decid
include the proof here for completeness (for more details see, for instance, [4]).

We start with an a priori estimate for the Boussinesq system (14):

‖ϕ‖L2(0,T /2;V ) + ‖ϕ‖L∞(0,T /2;H) + ‖ψ‖L2(0,T /2;H 1(Ω)) + ‖ψ‖L∞(0,T /2;L2(Ω))

� C
(‖g1‖L2(0,3T/4;L2(Ω)N ) + ‖ϕ‖L2(T /2,3T/4;L2(Ω)N )

+ ‖g2‖L2(0,3T/4;L2(Ω)) + ‖ψ‖L2(T /2,3T/4;L2(Ω))

)
, (62)

for a positive constantC depending onΩ,T ,‖ȳ‖∞ and‖θ̄‖∞. To prove this, it suffices to combine the ener
estimates forγ ϕ andγψ , whereγ ∈ C1([0, T ]) satisfies

γ ≡ 1 in [0, T /2] and γ ≡ 0 in [3T/4, T ].
Consequently, we can obtain a first estimate inΩ × (0, T /2):

∥∥ϕ(0)
∥∥2

L2(Ω)N
+ ∥∥ψ(0)

∥∥2
L2(Ω)

+
T/2∫
0

∫
Ω

e−2sβγ 3(|ϕ|2 + |ψ |2)dxdt +
T/2∫
0

∫
Ω

e−2sβγ
(|∇ϕ|2 + |∇ψ |2)dxdt

� C

( 3T/4∫
0

∫
Ω

e−4sβ̂+2sβ∗
γ̂ 15/2(|g1|2 + |g2|2

)
dxdt +

3T/4∫
T/2

∫
Ω

e−2sβγ 3(|ϕ|2 + |ψ |2)dxdt

)
. (63)

On the other hand, sinceα = β in Ω × (T /2, T ), we have

T∫
T/2

∫
Ω

e−2sβγ 3(|ϕ|2 + |ψ |2)dxdt +
T∫

T/2

∫
Ω

e−2sβγ
(|∇ϕ|2 + |∇ψ |2)dxdt

=
T∫

T/2

∫
Ω

e−2sαξ3(|ϕ|2 + |ψ |2)dxdt +
T∫

T/2

∫
Ω

e−2sαξ
(|∇ϕ|2 + |∇ψ |2)dxdt

� C
(
I (s, λ;ϕ) + I (s, λ;ψ)

)
so, by virtue of the Carleman inequality (17), we have:

T∫ ∫
e−2sβγ 3(|ϕ|2 + |ψ |2)dxdt +

T∫ ∫
e−2sβγ

(|∇ϕ|2 + |∇ψ |2)dxdt
T/2 Ω T/2 Ω
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(58).

have to
ow:
� C

(∫ ∫
Q

e−4sα̂+2sα∗
ξ̂15/2(|g1|2 + |g2|2

)
dxdt +

∫ ∫
ω×(0,T )

e−8sα̂+6sα∗
ξ̂16(|ϕ|2 + |ψ |2)dxdt

)
.

Finally, from the definition ofβ, β̂, β∗, γ andγ̂ , we get

T∫
T/2

∫
Ω

e−2sβγ 3(|ϕ|2 + |ψ |2)dxdt +
T∫

T/2

∫
Ω

e−2sβγ
(|∇ϕ|2 + |∇ψ |2)dxdt

� C

(∫ ∫
Q

e−4sβ̂+2sβ∗
γ̂ 15/2(|g1|2 + |g2|2

)
dxdt +

∫ ∫
ω×(0,T )

e−8sβ̂+6sβ∗
γ̂ 16(|ϕ|2 + |ψ |2)dxdt

)
which, together with (63), provides the desired inequality (61).�

After having proved (61), we are ready to solve the null controllability problem for the linearized system
For simplicity, we introduce the following weight functions:

β1(t) = e2sβ̂−sβ∗
γ̂ −15/4(t), β2(t) = e4sβ̂−3sβ∗

γ̂ −8(t)

and

β3(t) = esβ∗
(γ ∗)−1/2(t).

In order to apply a inverse mapping theorem argument to the nonlinear problem (11) (Section 4), we will
solve the null controllability of (58) with(z, q,ρ) belonging to a suitable weighted space, which we present n

Ẽ2 = {
(z, q, v1, ρ, v2): (z, v1, ρ, v2) ∈ Ẽ0, β3(L1z + ∇q − ρeN − v11ω) ∈ L2(0, T ;H−1(Ω)2),
β3

(
L2ρ + ∇ · (θ̄z) − v21ω

) ∈ L2(0, T ;H−1(Ω)
)}

whenN = 2 and

Ẽ3 = {
(z, q, v1, ρ, v2): (z, v1, ρ, v2) ∈ Ẽ0, β

1/2
3 z ∈ L4(0, T ;L12(Ω)3),

β3(L1z + ∇q − ρeN − v11ω) ∈ L2(0, T ;W−1,6(Ω)3),
β3

(
L2ρ + ∇ · (θ̄z) − v21ω

) ∈ L2(0, T ;H−1(Ω)
)}

whenN = 3, where

Ẽ0 = {
(z, v1, ρ, v2): (β1z)i , β1ρ,β2(v11ω)i, β2v21ω ∈ L2(Q), β

1/2
3 z ∈ L2(0, T ;V ) ∩ L∞(0, T ;H),

β
1/2
3 ρ ∈ L2(0, T ;H 1(Ω)

) ∩ L∞(
0, T ;L2(Ω)

)}
.

Of course,̃E2 andẼ3 are Banach spaces for the norms∥∥(z, q, v1, ρ, v2)
∥∥

Ẽ2
= (∥∥(z, v1, ρ, v2)

∥∥2
Ẽ0

+ ∥∥β3(L1z + ∇q − ρeN − v11ω)
∥∥2

L2(0,T ;H−1(Ω)2)

+ ∥∥β3
(
L2ρ + ∇ · (θ̄z) − v21ω

)∥∥2
L2(0,T ;H−1(Ω))

)1/2

and ∥∥(z, q, v1, ρ, v2)
∥∥

Ẽ3
= (∥∥(z, v1, ρ, v2)

∥∥2
Ẽ0

+ ‖β1/2
3 z‖2

L4(0,T ;L12(Ω)3)

+ ∥∥β3(L1z + ∇q − ρeN − v11ω)
∥∥2

L2(0,T ;W−1,6(Ω)3)

+ ∥∥β3
(
L2ρ + ∇ · (θ̄z) − v21ω

)∥∥2
2 −1

)1/2
,

L (0,T ;H (Ω))
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the

ss over

s

where∥∥(z, v1, ρ, v2)
∥∥

Ẽ0
= (‖β1z‖2

L2(Q)N
+ ‖β1ρ‖2

L2(Q)
+ ‖β2v11ω‖2

L2(Q)N

+ ‖β2v21ω‖2
L2(Q)

+ ‖β1/2
3 z‖2

L2(0,T ;V )∩L∞(0,T ;H)

+ ‖β1/2
3 ρ‖2

L2(0,T ;H1(Ω))∩L∞(0,T ;L2(Ω))

)1/2
.

Then, we have the following result:

Proposition 2. Let us assume that(ȳ, θ̄ ) satisfy(5) and the following hypotheses on the initial condition and
right-hand sides hold:

• If N = 2: z0 ∈ H , ρ0 ∈ L2(Ω), β3f1 ∈ L2(0, T ;H−1(Ω)2) andβ3f2 ∈ L2(0, T ;H−1(Ω)).
• If N = 3: z0 ∈ H ∩ L4(Ω)3, ρ0 ∈ L2(Ω), β3f1 ∈ L2(0, T ;W−1,6(Ω)3) andβ3f2 ∈ L2(0, T ;H−1(Ω)).

Then, there exist two controlsv1 ∈ L2(ω × (0, T ))N andv2 ∈ L2(ω × (0, T )) such that, if(z, ρ) is (together with
someq) the associated solution to(58), one has(z, q, v1, ρ, v2) ∈ ẼN . In particular,z(T ) = 0 andρ(T ) = 0 in Ω .

Proof. This proof follows the same steps as in [3] but adapted to this system. Consequently, we will may pa
some aspects of minor importance along the proof.

Let us introduce the extremal problem

inf
1

2

(∫ ∫
Q

β2
1

(|z|2 + |ρ|2)dxdt +
T∫

0

∫
ω

β2
2

(|v1|2 + |v2|2
)
dxdt

)
subject to(v1)i , v2 ∈ L2(Q), suppv1, v2 ⊂ ω × (0, T ) and

L1z + ∇q = f1 + ρeN + v11ω, ∇ · z = 0 in Q,

L2ρ + ∇ · (θ̄z) = f2 + v21ω in Q,

z = 0, ρ = 0 on Σ,

z(0)= z0, ρ(0)= ρ0, z(T ) = 0, ρ(T )= 0 in Ω.

(64)

Let us suppose for the moment that we have a solution(ẑ, q̂, v̂1, ρ̂, v̂2) of (64). Then, in view of Lagrange’
principle, there exist dual variableŝw, ĥ andτ̂ such that

ẑ = β−2
1 (L∗

1ŵ + ∇ĥ − θ̄∇ τ̂ ), ∇ · ŵ = 0 in Q,

ρ̂ = β−2
1 (L∗

2τ̂ − ŵ · eN) in Q,

v̂1 = −β−2
2 ŵ, v̂2 = −β−2

2 τ̂ in ω × (0, T ),

ŵ = 0, τ̂ = 0 on Σ,

(65)

whereL∗
i is the adjoint operator ofLi (i = 1,2), i.e.

L∗
1w = −wt − �w − Dwȳ

and

L∗
2τ = −τt − �τ − ȳ · ∇τ.

Let us now set

P0 =
{
(w,h, τ ) ∈ C∞(�Q)N+2: ∇ · w = 0 in Q, w|Σ = τ |Σ = 0,

∫
ω

h(x, t)dx = 0

}
and
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e.

d

e

sts
a
(
(ŵ, ĥ, τ̂ ), (w,h, τ )

) =
∫ ∫

Q

β−2
1 (L∗

1ŵ + ∇ĥ − θ̄∇ τ̂ )(L∗
1w + ∇h − θ̄∇τ)dxdt

+
∫ ∫

Q

β−2
1 (L∗

2τ̂ − ŵ · eN)(L∗
2τ − w · eN)dxdt

+
∫ ∫
ω×(0,T )

β−2
2 (ŵw + τ̂ τ )dxdt ∀(w,h, τ ) ∈ P0.

Then, we must have

a
(
(ŵ, ĥ, τ̂ ), (w,h, τ )

) = 〈
�0, (w,h, τ )

〉 ∀(w,h, τ ) ∈ P0, (66)

where we have used the notation

〈
�0, (w,h, τ )

〉 = T∫
0

〈
f1(t),w(t)

〉
H−1(Ω),H1

0 (Ω)
dt +

T∫
0

〈
f2(t), τ (t)

〉
H−1(Ω),H1

0 (Ω)
dt

+
∫
Ω

z0w(0)dx +
∫
Ω

ρ0τ(0)dx. (67)

The next step is to demonstrate that there exists exactly one(ŵ, ĥ, τ̂ ) satisfying (66) in an appropriate spac
We will then defineẑ, v̂1, ρ̂ and v̂2 using (65) and we will check that(ẑ, v̂1, ρ̂, v̂2) together with somêq, fulfills
the desired properties.

Thus, consider the linear spaceP0 and the bilinear forma(·, ·) on P0 (which clearly is a scalar product) an
observe that the Carleman inequality (61) holds for all(w,h, τ ) ∈ P0, i.e.∫ ∫

Q

β−2
3 γ 2(|w|2 + |τ |2)dxdt +

∫ ∫
Q

β−2
3

(|∇w|2 + |∇τ |2)dxdt + ∥∥w(0)
∥∥2

L2(Ω)N
+ ∥∥τ(0)

∥∥2
L2(Ω)

� Ca
(
(w,h, τ ), (w,h, τ )

) ∀(w,h, τ ) ∈ P0. (68)

Let us now consider the spaceP , given by the completion ofP0 for the norm associated toa(·, ·) (which we
denote by‖ · ‖P ). This is a Hilbert space anda(·, ·) is a continuous and coercive bilinear form onP .

Let us also introduce the linear form�0 given by (67), for all(w,h, τ ) ∈ P . After a simple computation, we se
that ∣∣〈�0, (w,h, τ )

〉∣∣ � ‖β3f1‖L2(0,T ;H−1(Ω)N )‖β−1
3 w‖L2(0,T ;H1

0 (Ω)N )

+ ‖β3f2‖L2(0,T ;H−1(Ω))‖β−1
3 τ‖L2(0,T ;H1

0 (Ω))

+ ‖z0‖H

∥∥w(0)
∥∥

H
+ ‖ρ0‖L2(Ω)

∥∥τ(0)
∥∥

L2(Ω)
∀(w,h, τ ) ∈ P

and, in particular, using (68) and the density ofP0 in P , we find:{∣∣〈�0, (w,h, τ )
〉∣∣ � C

(‖β3f1‖L2(0,T ;H−1(Ω)N ) + ‖β3f2‖L2(0,T ;H−1(Ω))

+ ‖z0‖H + ‖ρ0‖L2(Ω)

)∥∥(w,h, τ )
∥∥

P
∀(w,h, τ ) ∈ P.

In other words,�0 is a bounded linear form onP . Consequently, in view of Lax–Milgram’s lemma, there exi
one and only one(ŵ, ĥ, τ̂ ) satisfying{

a
(
(ŵ, ĥ, τ̂ ), (w,h, τ )

) = 〈
�0, (w,h, τ )

〉 ∀(w,h, τ ) ∈ P,

ˆ (69)

(ŵ, h, τ ) ∈ P.
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Let us set
ẑ = β−2

1 (L∗
1ŵ + ∇ĥ − θ̄∇ τ̂ ), ∇ · ŵ = 0 in Q,

ρ̂ = β−2
1 (L∗

2τ̂ − ŵ · eN) in Q,

v̂1 = −β−2
2 ŵ, v̂2 = −β−2

2 τ̂ in ω × (0, T )

(70)

and let us see that(ẑ, ρ̂, v̂1, v̂2) verifies∫ ∫
Q

β2
1

(|ẑ|2 + |ρ̂|2)dxdt +
∫ ∫
ω×(0,T )

β2
2

(|v̂1|2 + |v̂2|2
)
dxdt <+∞

and is solution of the Boussinesq system in (64) for some pressureq̂.
The first property is easy to check, since(ŵ, ĥ, τ̂ ) ∈ P and∫ ∫

Q

β2
1

(|ẑ|2 + |ρ̂|2)dxdt +
∫ ∫
ω×(0,T )

β2
2

(|v̂1|2 + |v̂2|2
)
dxdt = a

(
(ŵ, ĥ, τ̂ ), (ŵ, ĥ, τ̂ )

)
.

Notice that, in particular,̂z ∈ L2(Q)N, ρ̂ ∈ L2(Ω), v̂1 ∈ L2(ω × (0, T ))N and v̂2 ∈ L2(ω × (0, T )). Then, we
introduce the (weak) solution(z̃, q̃, ρ̃) to the Boussinesq system

L1z̃ + ∇q̃ = f1 + ρ̃eN + v̂11ω, ∇ · z̃ = 0 in Q,

L2ρ̃ + ∇ · (θ̄ z̃) = f2 + v̂21ω in Q,

z̃ = 0, ρ̃ = 0 on Σ,

z̃(0)= z0, ρ̃(0)= ρ0 in Ω.

(71)

Clearly (z̃, ρ̃) is also, together with̃q, the unique solution of (71) defined by transposition. Of course, this m
that(z̃, ρ̃) are the unique functions inL2(Q)N × L2(Q) satisfying

∫ ∫
Q

z̃ · b1 dxdt +
∫ ∫

Q

ρ̃b2 dxdt =
T∫

0

〈
f1(t),w(t)

〉
H−1(Ω),H1

0 (Ω)
dt

+
T∫

0

〈
f2(t), τ (t)

〉
H−1(Ω),H1

0 (Ω)
dt +

∫ ∫
Q

(v̂11ω · w + v̂21ωτ)dxdt

+
∫
Ω

z0 · w(0)dx +
∫
Ω

ρ0τ(0)dx ∀(b1, b2) ∈ L2(Q)N × L2(Q),

(72)

where(w, τ) is, together with someh, the solution to
L∗

1w + ∇h − θ̄∇τ = b1, ∇ · w = 0 in Q,

L∗
2τ − w · eN = b2 in Q,

w = 0, τ = 0 onΣ,

w(T ) = 0, τ (T )= 0 in Ω.

From (69) and (70), we see that(ẑ, ρ̂) also satisfies (72). Consequently,(ẑ, ρ̂) = (z̃, ρ̃) and(ẑ, ρ̂) is, together with
q̂ = q̃, the solution to the Stokes system in (64).

Finally, we must see that(ẑ, q̂, ρ̂, v̂1, v̂2) ∈ ẼN . We already know that

(β1ẑ)i , β1ρ̂, (β2v̂11ω)i, β2v̂21ω ∈ L2(Q),

β3(L1ẑ + ∇q̂ − ρ̂eN − v̂11ω) ∈
{

L2
(
0, T ;H−1(Ω)2

)
if N = 2,

L2
(
0, T ;W−1,6(Ω)3

)
if N = 3
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ch

nction

ties for
and

β3
(
L2ρ̂ + ∇ · (θ̄z) − v̂21ω

) ∈ L2(0, T ;H−1(Ω)
)
.

Thus, it just remains to check that

β
1/2
3 ẑ ∈ L2(0, T ;V ) ∩ L∞(0, T ;H), β

1/2
3 ρ̂ ∈ L2(0, T ;H 1(Ω)

) ∩ L∞(
0, T ;L2(Ω)

)
andβ

1/2
3 ẑ ∈ L4(0, T ;L12(Ω)3) in dimension 3. To this end, let us introduce the functionsz∗ = β

1/2
3 ẑ, q∗ = β

1/2
3 q̂,

ρ∗ = β
1/2
3 ρ, f ∗

1 = β
1/2
3 (f1 + v̂11ω) andf ∗

2 = β
1/2
3 (f2 + v̂21ω). Then(z∗, q∗, ρ∗) satisfies

L1z
∗ + ∇q∗ = f ∗

1 + ρ∗eN + (β
1/2
3 )t ẑ,∇ · z∗ = 0 in Q,

L2ρ
∗ + ∇ · (θ̄z∗) = f ∗

2 + (β
1/2
3 )t ρ̂ in Q,

z∗ = 0, ρ∗ = 0 onΣ,

z∗(0)= β
1/2
3 (0)z0, ρ∗(0)= β

1/2
3 (0)ρ0 in Ω.

(73)

Since(f ∗
1 )i , f

∗
2 ∈ L2(0, T ;H−1(Ω)), ((β

1/2
3 )t ẑ)i , (β

1/2
3 )t ρ̂ ∈ L2(Q), z0 ∈ H andρ0 ∈ L2(Ω), we have

z∗ ∈ L2(0, T ;V ) ∩ L∞(0, T ;H) and ρ∗ ∈ L2(0, T ;H 1(Ω)
) ∩ L∞(

0, T ;L2(Ω)
)
.

Our last task will be to deduce thatz∗ ∈ L4(0, T ;L12(Ω)3) whenN = 3. To this end, let us consider, for ea
b ∈ L4/3(0, T ;L12/11(Ω)3), the Stokes system

−wt − �w + ∇h = b in Q,

∇ · w = 0 in Q,

w = 0 on Σ,

w(T ) = 0 in Ω.

(74)

Under this assumption, it was proved in [3] (see Lemma 2) that

w ∈ L2(0, T ;W1,6/5
0 (Ω)3) ∩ C0([0, T ];L4/3(Ω)3), (75)

depending continuously onb in these spaces.
Thenz∗ must coincide with the solution by transposition of the first equation in (73), namely, the unique fu

z∗ ∈ L4(0, T ;L12(Ω)3) satisfying
∫ ∫

Q

z∗ · b dxdt =
∫
Ω

β
1/2
3 (0)z0 · w(0)dx +

T∫
0

〈F ∗
1 ,w〉

W−1,6(Ω),W
1,6/5
0 (Ω)

dt

∀b ∈ L4/3
(
0, T ;L12/11(Ω)3

)
.

Here,F ∗
1 stands for the function

F ∗
1 = f ∗

1 + (β
1/2
3 )t ẑ + ρ∗eN − (z∗,∇)ȳ − (ȳ,∇)z∗

and(w,h) is the solution of (74) associated tob. Remark that, as we already had thatz∗ ∈ L2(0, T ;L6(Ω)3) and
ρ∗ ∈ L2(Q), all the terms of the previous definition make sense by virtue of (75) and the assumptionz0 ∈ L4(Ω)3.

Therefore,z∗ ∈ L4(0, T ;L12(Ω)3). This ends the proof of Proposition 2.�
Remark 4. Observe that, besides the null controllability, we have got two additional (and essential) proper
the solution(z, ρ) of (58):

• On the one hand, we have found(z, ρ) decreasing exponentially ast → T −.
• On the other hand, a supplementary property has been obtained as indicates theL4(L12) regularity forz.
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ility of

eorem

Theo-
4. Local null controllability of (11)

In this section we establish the result that allows us to conclude Theorem 1, i.e., the local null controllab
system (11):

L1z + (z · ∇)z + ∇q = ρeN + v11ω, ∇ · z = 0 in Q,

L2ρ + z · ∇ρ + ∇ · (θ̄z) = v21ω in Q,

z = 0, ρ = 0 on Σ,

z(0)= z0, ρ(0)= ρ0 in Ω.

(76)

For this, we will follow the steps developed in [3]. Thus, we first remember the following inverse mapping th
(see [1]):

Theorem 2. Let E andG be two Banach spaces and letA :E �→ G satisfyA ∈ C1(E;G). Assume thate0 ∈ E,
A(e0) = h0 and A′(e0) :E �→ G is surjective. Then, there existsδ > 0 such that, for everyh ∈ G satisfying
‖h − h0‖G < δ, there exists a solution of the equation

A(e) = h, e ∈ E.

In our setting, we use this theorem with the spacesE = ẼN andG = G1 × G2 with

G1 =
{

L2
(
β3(0, T );H−1(Ω)2

) × L2
(
β3(0, T );H−1(Ω)

)
if N = 2,

L2
(
β3(0, T );W−1,6(Ω)3

) × L2
(
β3(0, T );H−1(Ω)

)
if N = 3

and

G2 =
{

H × L2(Ω) if N = 2,(
L4(Ω)3 ∩ H

) × L2(Ω) if N = 3

and the operator

A(z, q,ρ, v1, v2) = (
A1(z, q,ρ, v1),A2(z, ρ, v2), z(0), ρ(0)

)
,

A1(z, q,ρ, v1) = L1z + (z · ∇)z + ∇q − v11ω − ρeN

and

A2(z, ρ, v2) = L2ρ + z · ∇ρ + ∇ · (θ̄z) − v21ω

for every(z, q,ρ, v1, v2) ∈ ẼN .
In the following proposition, we check that the previous framework fits the regularity required to apply

rem 2.

Proposition 3. Let us assume that̄y ∈ L∞(Q)N . Then,A ∈ C1(E;G).

Proof. We start by noticing that all the terms arising in the definition ofA are linear (and consequentlyC1), except
for (z · ∇)z andz · ∇ρ. However, the operators(

(z, q,ρ, v1, v2), (z̃, q̃, ρ̃, ṽ1, ṽ2)
) �−→ (

(z · ∇)z̃, z · ∇ρ̃
)

(77)

are bilinear, so it suffices to prove their continuity from̃EN × ẼN into G1.
In fact, for N = 2 we can use thatβ1/2

3 (z, z̃, ρ̃) ∈ L4(Q)5 for any couple((z, q,ρ, v1, v2), (z̃, q̃, ρ̃, ṽ1, ṽ2)) ∈
ẼN × ẼN and we get∥∥(z · ∇)z̃

∥∥
2 −1 2 � C‖z ⊗ z̃‖L2(β (0,T );L2(Ω)2) � C‖β1/2

z‖L4(Q)2‖β1/2
z̃‖L4(Q)2
L (β3(0,T );H (Ω) ) 3 3 3
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(58)

us

tion
and

‖z · ∇ρ̃‖L2(β3(0,T );H−1(Ω)) � C‖ρ̃z‖L2(β3(0,T );L2(Ω)2) � C‖β1/2
3 z‖L4(Q)2‖β1/2

3 ρ̃‖L4(Q).

On the other hand, forN = 3 we find that∥∥(z · ∇)z̃
∥∥

L2(β3(0,T );W−1,6(Ω)3)
� C‖z ⊗ z̃|‖L2(β3(0,T );L6(Ω)3)

� C‖β1/2
3 z‖L4(0,T ;L12(Ω)3)‖β1/2

3 z̃‖L4(0,T ;L12(Ω)3)

and

‖z · ∇ρ̃‖L2(β3(0,T );H−1(Ω)) � C‖ρ̃z‖L2(β3(0,T );L2(Ω)3) � C‖β1/2
3 z‖L4(0,T ;L6(Ω)3)‖β1/2

3 z̃‖L4(0,T ;L3(Ω)).

Therefore, in both cases the continuity of (77) is established.
This proves Proposition 3.�
As a consequence of this result, we can apply Theorem 2 fore0 = 0 ∈ RN andh0 = 0. In fact,A′(0,0,0,0,0):

E �→ G is given by

A′(0,0,0,0,0)(z, q,ρ, v1, v2) = (
L1z + ∇q − v11ω − ρeN,L2ρ + ∇ · (θ̄z) − v21ω, z(0), ρ(0)

)
for all (z, q,ρ, v1, v2) ∈ ẼN and is surjective in view of the null controllability result for the linearized system
given in Proposition 2.

As a conclusion, an application of Theorem 2 gives the existence ofδ > 0 such that, if∥∥(
z(0), ρ(0)

)∥∥
L2N−2(Ω)N×L2(Ω)

� δ,

then we find two controls(v1, v2) such that the associated solution to (76) verifiesz(T ) = 0 andρ(T ) = 0 in Ω .
This establishes the null controllability result for system (11) and so concludes the proof of Theorem 1.

Appendix

In this paragraph, we obtain a local estimate of the term on�ϕ appearing in the right-hand side of (31). Let
first introduce two open setsω3 andω4 such thatω2 � ω3 � ω4 � ω and a functionζ ∈D(ω4) with ζ ≡ 1 in ω3.

Secondly, for simplicity we definêη = sλe−sα̂ ξ̂ and we set

ũ(x, t) = η̂(t)ζ(x)�ϕ(x,T − t) in RN × (0, T ),

whereu has been extended by zero outsideω4.
Let us first see which is the heat equation satisfied byu. Indeed, applying Laplace’s operator to the equa

verified byϕ and keeping in mind (23), we get(
�ϕ(T − t)

)
t
− �

(
�ϕ(T − t)

) = f̃ in Q, (78)

where

f̃ = �(Dϕȳ)(T − t) + �g1(T − t) + �(θ̄∇ψ)(T − t) − ∇(∇ · (Dϕȳ)(T − t)
)

− ∇(∇ · g1(T − t)
) − ∇(∇ · (θ̄∇ψ(T − t)

))
.

From (78), we deduce that{
ũt − �ũ = F̃ in RN × (0, T ),

N (79)

ũ(0)= 0 in R ,
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one,
er

e

hy
where

F̃ = η̂ζ f̃ + η̂′ζ�ϕ(T − t) − 2η̂∇ζ · ∇�ϕ(T − t) − η̂�ζ�ϕ(T − t).

Notice thatF̃ ∈ L2(0, T ;H−2(RN)N) and we a priori know that̃u ∈ L2(RN × (0, T ))N (from its definition).
From the equation in (79), we have thatũt ∈ L2(0, T ;H−2(RN)N), so thatu(0) makes sense.

Now, we rewriteF̃ in a more appropriate way, so that it is given by the sum of two functions: in the first
we include all the terms with derivatives of second order ofg1, Dϕȳ, θ̄∇ψ andϕ; in the second one, we consid
all the other terms. Notice that this second function has a support contained inω4 \ �ω3.

More precisely, we put̃F = F̃1 + F̃2, with

F̃1 = η̂�
(
ζ(Dϕȳ)(T − t)

) + η̂�
(
ζg1(T − t)

) + η̂�
(
ζ(θ̄∇ψ)(T − t)

) − η̂∇(∇ · (ζ(Dϕȳ)(T − t)
))

− η̂∇(∇ · (ζg1(T − t)
)) − η̂∇(∇ · (ζ(θ̄∇ψ)(T − t)

)) + η̂′�
(
ζϕ(T − t)

)
and

F2 = −2η̂∇ζ · ∇(Dϕȳ)(T − t) − η̂�ζ(Dϕȳ)(T − t) − 2η̂∇ζ · ∇g1(T − t) − η̂�ζg1(T − t)

− 2η̂∇ζ · ∇(θ̄∇ψ)(T − t) − η̂�ζ(θ̄∇ψ)(T − t) + η̂∇(∇ζ · (Dϕȳ)(T − t)
)

+ η̂∇ζ
(∇ · (Dϕȳ)(T − t)

) + η̂∇(∇ζ · g1(T − t)
) + η̂∇ζ

(∇ · g1(T − t)
) + η̂∇(∇ζ · (θ̄∇ψ)(T − t)

)
+ η̂∇ζ

(∇ · (θ̄∇ψ)(T − t)
) − 2η̂′∇ζ · ∇ϕ(T − t) − η̂′�ζϕ(T − t)

− 2η̂∇ζ · ∇�ϕ(T − t) − η̂�ζ�ϕ(T − t).

Notice thatF̃ , F̃1 ∈ L2(0, T ;H−2(RN)N), while F̃2 ∈ L2(0, T ;H−1(RN)N). Next, we are going to introduc
two functionsũ1 andũ2 in L2(RN × (0, T ))N satisfying{

ũi
t − �ũi = F̃i in RN × (0, T ),

ũi(0)= 0 in RN (80)

for i = 1,2. Once this is made, we will havẽu = ũ1 + ũ2 and it will suffice to estimate the integrals∫ ∫
ω2×(0,T )

|ũi |2 dxdt.

Definition and estimate of̃u1. By definition, we will say that̃u1 is the solution by transposition of the Cauc
problem for the heat equation (80) fori = 1. This means that̃u1 is the unique function inL2(RN × (0, T ))N that,
for eachh ∈ L2(RN × (0, T ))N , one has∫ ∫

R×(0,T )

ũ1 · hdxdt =
∫ ∫

RN×(0,T )

(
η̂ζ(g1 + Dϕȳ + θ̄∇ψ)(T − t)

) · �zdxdt

−
∫ ∫

RN×(0,T )

η̂ζ(g1 + Dϕȳ + θ̄∇ψ)(T − t) · ∇(∇ · z)dxdt +
∫ ∫

RN×(0,T )

η̂′ζϕ(T − t) · �zdxdt, (81)

wherez is the solution of{−zt − �z = h in RN × (0, T ),

z(T ) = 0 in RN.
(82)

Remark that, for everyh ∈ L2(RN × (0, T ))N , (82) possesses exactly one solutionz ∈ L2(0, T ;H 2(RN)N) that
depends continuously onh. Therefore,̃u1 is well defined and

‖ũ1‖L2(RN×(0,T ))N � Ĉ1‖F̃1‖L2(0,T ;H−2(RN)N ), (83)
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)

is
l

s,

es
for a positive constant̂C1. Furthermore, it is not difficult to show thatũ1 ∈ C0([0, T ];H−2(RN)N) and solves (80
for i = 1 in the distributional sense.

Furthermore, we can easily deduce from (83) that∫ ∫
RN×(0,T )

|ũ1|2 dxdt � C

(∫ ∫
RN×(0,T )

|η̂ζg1|2 dxdt

+
∫ ∫

RN×(0,T )

|η̂ζ θ̄∇ψ |2 dxdt +
∫ ∫

RN×(0,T )

|η̂ζDϕȳ|2 dxdt +
∫ ∫

RN×(0,T )

|η̂′ζϕ|2 dxdt

)
,

for a constantC > 0. Here, we have used the fact that

η̂(T − t) = η̂(t) ∀t ∈ (0, T ).

Thanks to the properties ofζ , we finally get∫ ∫
ω2×(0,T )

|ũ1|2 dxdt �
∫ ∫

RN×(0,T )

|ũ1|2 dxdt � C

(∫ ∫
ω4×(0,T )

|η̂g1|2 dxdt +
∫ ∫
ω4×(0,T )

|η̂′ϕ|2 dxdt

+
∫ ∫
ω4×(0,T )

|η̂Dϕȳ|2 dxdt +
∫ ∫
ω4×(0,T )

|η̂θ̄∇ψ |2 dxdt

)
, (84)

with C > 0.

Definition and estimate of̃u2. Now, we deal with the Cauchy problem (80) fori = 2, where the right-hand side
in L2(0, T ;H−1(RN)N). The existence and uniqueness of a solutionu2 ∈ L2(0, T ;H 1(RN)N) is classical. Recal
that F̃1(t) has support inω4 \ �ω3 for t a.e., while we would like to estimate theL2-norm of the solution inω2 and
ω2 is disjoint ofω4 \ �ω3.

We will start by writingũ2 in terms of the fundamental solutionG = G(x, t) of the heat equation. To do thi
we first notice that̃F2 can be written in the form

F̃2 = F̃21 + ∇ · F̃22,

whereF̃21 andF̃22 areL2 functions supported by(ω4 \ �ω3) × [0, T ] which can be written as sums of derivativ
up to the second order of productsη̂Dβζg1, η̂Dβζϕ, η̂DβζDϕȳ, η̂Dβζ θ̄∇ψ andη̂′Dβζϕ with 1� |β| � 4.

Observe that, for anyy ∈ ω4 \ �ω3 and anyx ∈ ω2, one has|x − y| � dist(∂ω3, ∂ω4) = d > 0. Then, we have:

ũ2(x, t) =
t∫

0

∫
ω4\�ω3

G(x − y, t − s)F̃21(y, s)dyds −
t∫

0

∫
ω4\�ω3

∇yG(x − y, t − s) · F̃22(y, s)dyds (85)

for all (x, t) ∈ ω2 × (0, T ), where

G(x, t) = 1

(4πt)N/2
e−|x|2/2t ∀x ∈ RN, ∀t > 0.

Now we integrate by parts with respect toy in (85), passing all the derivatives from̃F21 andF̃22 to G and∇yG.
This is possible because we are integrating in a region whereG is of classC∞. This yields an expression foru2 of
the form

ũ2(x, t) =
∫ ∫ ∑

α∈I,β∈J

Dα
y G(x − y, t − s)Dβ

y ζ(y)zα,β(y, s)dyds,
(ω4\�ω3)×(0,t)
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where allα ∈ I satisfy|α| � 3, all β ∈ J satisfy 1� |β| � 4 and

zα,β(y, s) = η̂(s)
(
Cα,βg1(y, s) + Dα,βϕ(y, s) + Eα,β(Dϕȳ)(y, s)

+ Fα,β(θ̄∇ψ)(y, s)
) + Gα,βη̂′(s)ϕ(y, s), Cα,β,Dα,β,Eα,β,Fα,β,Gα,β ∈ R.

From the previous considerations, we readily have∣∣ũ2(x, t)
∣∣ �

∫ ∫
(ω4\�ω3)×(0,t)

∑
α∈I

∣∣Dα
y G(x − y, t − s)

∣∣ ∣∣z(y, s)
∣∣dyds

for all (x, t) ∈ ω2 × (0, T ), where

z(y, s) = η̂(s)
(
C1g1(y, s) + C2ϕ(y, s) + C3(Dϕȳ)(y, s) + C4(θ̄∇ψ)(y, s)

) + C5η̂
′(s)ϕ(y, s).

Obviously, for every 0< δ < d there exists a positive constantC(δ,ω) such that∣∣DαG(x − y, t − s)
∣∣ � C exp

( −δ2

2(t − s)

)
for all (x, t) ∈ ω2 × (0, T ), all (y, s) ∈ (ω4 \ �ω3) × (0, t) and anyα ∈ I , so that∣∣ũ2(x, t)

∣∣ � Ĉ

∫ ∫
(ω2\�ω3)×(0,t)

exp

( −δ2

2(t − s)

)∣∣z(y, s)
∣∣dyds

with C(ω) > 0.
At this moment, we integrate inω2 × (0, T ) and we obtain:

∫ ∫
ω2×(0,T )

|ũ2|2 dxdt � C

T∫
0

( t∫
0

∫
ω4\�ω3

exp

( −δ2

2(t − s)

)∣∣z(y, s)
∣∣dyds

)2

dt

� CT

T∫
0

( t∫
0

exp

( −δ2

2(t − s)

)∥∥z(s)
∥∥2

L2(ω4)
ds

)
dt

for someĈ(ω) > 0.
Finally, we write the last term as a convolution, say

T∫
0

(f̃1 ∗ f̃2)(t)dt,

where

f̃1(t) = e−δ2/t1(0,+∞)(t) ∈ L1(R), f̃2(t) = ∥∥z(t)
∥∥2

L2(ω4)
1[0,T ](t) ∈ L1(R)

and we use Young’s inequality. This provides∫ ∫
ω2×(0,T )

|ũ2|2 dxdt � CT

∫ ∫
ω4×(0,T )

|z|2 dxdt.

Taking into account the expression ofz, we get
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th. Pures

1996.
(1998)

) (327)

mains,

9–72.
otices 16

graphs,

77.
∫ ∫
ω2×(0,T )

|ũ2|2 dxdt � CT

(∫ ∫
ω4×(0,T )

|η̂′ϕ|2 dxdt

+
∫ ∫
ω4×(0,T )

|η̂|2(|g1|2 + |Dϕȳ|2 + |θ̄∇ψ | + |ϕ|2)dxdt

)
. (86)

Putting this together with (84), we arrive at the estimate searched in this paragraph:∫ ∫
ω2×(0,T )

|η̂|2|�ϕ|2 dxdt � C(1+ T )

(∫ ∫
ω4×(0,T )

|η̂′|2|ϕ|2 dxdt

+
∫ ∫
ω4×(0,T )

|η̂|2(|g1|2 + |Dϕȳ|2 + |θ̄∇ψ | + |ϕ|2)dxdt

)
. (87)
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