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Abstract

In this paper we deal with the local exact controllability to the trajectories of the Boussinesq system withdistributed
scalar controls supported in small sets. In a first step, we present a new Carleman inequality for a linearized version of the
Boussinesq system, which leads to its null controllability at any fiime 0. Then, we deduce the desired result concerning the
local exact controllability of the (nonlinear) Boussinesq system.
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Résumé

Dans ce papier on étudie la contrdlabilité exacte locale aux trajectoires du systeme de Boussin@se-dveontroles
scalaires localisés dans des petits ouverts. Dans un premier temps, on présente une nouvelle inégalité de Carleman pour ur
systeme de Boussinesq linéarisé, ce qui nous permet d'établir la contrdlabilité a zéro de ce systéme pour t6ut tentps

en déduit ensuite la contrdlabilité exacte locale du systéme (non linéaire) de Boussinesq.
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1. Introduction

Let 2 c RY (N =2 or 3) be a bounded connected open set whose bouddaiy regular enough. Leb C 2
be a (small) nonempty open subset andllet 0. We will use the notatio® = 2 x (0, T)andX =0 x (0, T)
and we will denote by:(x) the outward unit normal t& at the pointx € 942.

We will be concerned with the controlled Boussinesq system

yi—Ay+(y-V)y+Vp=bey+uv1l, inQ,

0, — AO+y- VO =101, in 0,
V.y=0 in Q, 1)
y=0, 6=0 on X,
y(0)=y% 6(0)=6° in £2,

where

(0,1 ifN=2
N=10,0,1) ifN=3

stands for the gravity vector field. Here= y(x, r) represents the velocity of the particles of the fldids 0 (x, 1)
their temperature and?, 6°) are the initial states, that is to say, the states at tira®. On the other handy and
v2 stand for control functions which act over the system just througlkdhéol domainw.

The following vector field sets, usual in the context of fluids, will be used along the paper:

H={weL?2)": V.w=0in2andw-n=0o0n 3} 2)
and
V={weH2)": V-w=0in2}. ®)

In order to introduce the problem we want to solve, we fix a trajectdrg) (together with certain pressups,
which will be a regular enough solution of a noncontrolled Boussinesq system similar to (1). More precisely, they
will be assumed to satisfy

=AY+ G -V)y+Vp=fey inQ,

6, —ANO+7-VO=0 inQ,
V.5=0_ inQ, 4)
y=0, =0 ) on X,
¥y(0)=3° 6(0)=06° in 2.
We will additionally suppose that they verify the following regularity properties:
51,0 € L®(Q), (3.6, € L*(0,T; L"(£2)), 1<i <N, ©)
with
1 if N=2,
’>{6/5 it N =3, 6)
As long as the initial conditions are concerned, let us introduce the space

Eo— { L2(£2)? if N =2, )

L42)3NH if N=3.
With this notation, we will also suppose that
(7%,6% € Eo x LA(2). ®)

For system (1), we introduce the conceploafal exact controllability to the trajectoriest timer = T'. It consists
of finding suitable controlgv, v2) such that the corresponding solution of (1) coincides with that of (4) atfime
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More precisely, we will say that the local exact controllability to the trajectafieg) at timeT holds if there exists
8 > 0 such that, for each initial conditian®, 6%) € Eq € L2(£2) verifying [|(y°, 69 — (7°, 0% || g, 12(2) < 8, there
exist two controlgvy, v2) € L%(w x (0, T))N*1 such that

wWT)=35(T) and 6(T)=6(T) in . (9)

For the moment, the unique results concerning the controllability of Boussinesq systems have been proved by
A.V. Fursikov and O.Yu. Imanuvilov (see [5] and [6]). In these works, they establislotlaéexact boundary con-
trollability to the trajectories of the Boussinesq system with- 1 scalar controls acting over the whole boundary
952 and the local exact controllability to the same trajectories With 1 scalar distributed controls whe® is a
torus. More precisely, if we fix a regular trajectaty, p, §) and we takey?, 6°) to be close enough (i x H3 (£2)
norm) to(y, 69), one can find controlév1, v2) € L2(X)N+1 such that the solution of

yi—Ay+(y-V)y+Vp=0ey inQ,

6 —AO+y-VO=0 in Q,
V.y=0 inQ,
y=v1, 60=v2 onx,
y(0)=y% #(0)=0° in 2

satisfies (9). By a regular trajectory we mean, for instance (see Remark 1.1 in [5])
(7.,0) € L3(0, T; H2(2)N ™Y n HY(0, T3 HY2(2)N Y.

Analogously, the same result holds when acting witlscalar controls in the movement equation and another one
in the heat equation over, as long ag2 is a torus.

The main result of this paper concerns the local exact controllability to the trajectories of system (1) and is
presented in the following theorem:

Theorem 1. Let (y°,6°) € Eg x L?(£2) and T > 0. Then, we have the local exact controllability at tifigo the
solutions(¥, p, 6) of systen4) satisfying(5), i.e., there exist > 0 such that iff| (y° — 7°, 60 — HO)IIonLz(Q) <4,
we can find controlgvy, v2) € L2(w x (0, 7))V 1 such that(9) holds.

Remark 1. In [3], the authors proved the local exact controllability of the Navier—Stokes system
yi—Ay+V-(y®y)+Vp=vl, ingQ,

V.y=0 inQ,
y=0 on X, (10)
y(0) =)0 in 2

to the trajectories of the same system which verifies the same regularity hypotheses stated in (5). Therefore, it will
be seen in this paper that the presence of a (coupling) heat equation does not impose any further regularity on the
trajectories than the ones stated in [3].

Let us now give a sketch of the strategy we will follow to attack our problem:
o We consider the following nonlinear system:

= A7+ (zZ-V)z4+ (- V)z+(z-V)y+ Vg =peny +v11, inQ,

pr—Ap+2-Vp+3y-Vp+V-(0z)=v2l, in Q,
V.-z=0 inQ, (11)
z=0, p=0 onxy,

200=2%  pO)=p° in Q.
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Then, if there exist$ > 0 such that under conditiofz°, p )||onLz(9) 8 we can find two controls; and vz
such that

zZi(M)=p(T)=0 in2 (1<i<N), 12)

setting(y, p,0) = (z+ 7, ¢ + p. p +6) the local exact controllability to the trajecto(y, 6) would be established.
Consequently, the local exact controllability result to the trajectdry) (Theorem 1) has been reduced to the
local null controllability for the solutioriz, p) of system (11). The proof of this result will be the goal of Section 4.

e In order to prove this local result, we will employ an inverse mapping argument introduced in [8]. For this, we
consider the following linearized system:

—Az+(y-V)z+(z2-V)y+ Vg = fi+pey +v1l, inQ,

—Ap+y-Vp+V-(02)= fa+v21, inQ,
V.z=0 inQ, (13)
z=0, p=0 onx,
20)=2"  p0)=p° in 2,

where f1 and f, are appropriate functions decaying exponentially when T~ (see Proposition 2 below).

The goal will be to prove the null controllability for this system, say, we will find two contrgland v, such
that (12) holds for every (regular enough) initial conditiaf, p°). Then, the previous commented argument will
provide the desired local result.

The most important tool to prove the null controllability of the linear system (13yislzal Carleman inequality
for the solutions of its adjoint system, that is to say,

—¢; — Ap — Doy +Va =g1+6Vy inQ,
Y =AY —y-Viy=g2+¢-en in Q,

V.9=0 in Q, (14)
=0, ¢v=0 onx,
(1) =¢° Y (T)=y° in 2.
Here, D¢ stands for the simetrized gradient
Do =Vo+V¢'. (15)

In fact, this inequality will contain global terms with tHe?-weighted norm ofp and+ in the left-hand side,
while local terms ofp andy and global integrals of1 andg, will appear in its right-hand side. We present now a
schema of the proof of this estimate:

FIRST PART. First, we apply the Carleman inequality for the heat equation with right-hand side& ®) and
Dirichlet boundary conditions (see [4]) to both the equation satisfieg §§ < i < N) and the one satisfied hjy.
Here, we are viewing the termi®¢y — Vr + g1 +0Vy); andy - Vi + go + ¢ - ey as right-hand sides. After
some arrangements, we get an inequality of the form

Ii(p,¥) < (//pl (Ig1l® + |g2l* + |V |? dxdt+/ / 2(lpl2+ 1y )dxdt>-

wx(0,T)
Here,; contains several global integralsfindy (see inequality (22)).

SECOND PART Then, we localize the global term of the pressure using the arguments of [9]. This leads to the
estimate

L. ¥) < (//Pz (I82” + 182l dxdr+// |¢|2+|w|)+/32|n|2)dxdr)

wx(0,T)
(see inequality (30)).
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THIRD PART: In the last stage, we estimate the local term of the pressure in termg @f, ), global terms
of |g1/2 + |g2/2 and local terms ofgp|? + |y|2. The techniques employed here are similar to those of [3]. The
conclusion is the desired Carleman estimate (17), which is stated in Proposition 1 below.

The paper is organized as follows: we prove the Carleman inequality for system (14) in Section 2. Section 3
deals with the null controllability result for the linear control system with a right-hand side (13). The proof of the
null controllability result for system (11) is given in Section 4. Finally, we include a technical result needed for the
proof of the Carleman inequality in an Appendix.

2. Carleman inequality for the adjoint system

Let us consider the adjoint system (14) (defined in the introduction), whesad g, are L2 functions.

In this section, we will obtain a suitable Carleman inequality for this system. This will provide a null controlla-
bility result for the linear system (13) for suitabfe and f> (Section 3).

Before stating this result, let us introduce several weight functions which will be useful in the sequel. For certain
positive numbers and, we set

(5/Drm1Plloe _ @r(mln®llo+n(x))
e

a(x,t) =

4T — )4 ’
& mIn°lloo+1°(x))
E(x,1) = w,
o™ (1) = maxe(x, 1), E*(1) =min&(x, 1),
xeNR xesN
a(t) = mina(x, 1), E(r) = max&(x, 1), (16)
xXeR xesf

wherem > 4 is a fixed real number ang e C2(£2) is a function that verifies
°>0 in2, n°=0 onae2, |Vy% >0 inR\a@.

Here,w1 is an open subset af. We remark that these weights functions were already used in [3] in order to obtain
a Carleman estimate for the Stokes system.
Let us also introduce the following notation:

I(s,/\up):s*l// e*25°‘54|¢,|2dxdz+s*1f/e*2ms*1|mp|2dxdt

0 0
+sk2//e_zmé;'|Vg0|2dxdt+s3)»4f/ e 23 |p 2 dx dr.
0 0
Then, we have:

Proposition 1. Let us assume that, /) satisfy(5) and g1, g2 € L?(Q) (1<i < N). Then, there exist three
positive constant§’, § and . just depending o2 andw such that, for every® € H and everyy© € L2(£2), we
have

I(s,A;0) +1(s,2;¢) < C(1+T? (s16A48/ / e_8S&+6m*§16(|g0|2 + Ilﬁlz) dxdr
wx(0,T)

+ 5192024 / / e BIBUEI2 (16112 + | g2)?) dx dr), (17)
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fors > §(T*+ 78) and

~ _ — _ — 3 5112 a2
A2 A4 150 + 10000 + 15002200 7 10 oy + 1011220 7. gy, + €T ETIIRHIONS),

We are going to present this estimate in two subsections. In the first one, we will concentrate in the localization
of the pressure . Then, we will eliminate it using the terms in the left-hand side of our inequality.

All along this proof,C will denote a generic positive constant that can eventually depen? andw and that
may vary from one line to the next one.

2.1. Localization of the pressure

Let us first apply the Carleman inequality for the heat system with right-hand sid& @) to each component
of ¢. See [4] for the proof and for the explicit dependence with respectit@ndT see for instance [2]. We get

I(s,1;¢) < <||y||2 // e 2% Vep2dxdr +[10]|%, f/ e 2 vy |2 dxdt+// e %YV |2dxdr
+s3x4/ / e 23y dxdt+// e 2% gq|? dxdt) (18)

w1x(0,T)
for s > C(T7 + T8) andx > C. We remark here that, thanks to the definitiorf gee (16)), we have
gl< 27878,

Now, we are able to eliminate the first term in the right-hand side of (18) with the tesarfithat appears in the
expression of (s, A; @), if we takeA to be large enough. This way, we find

I(s, ;) gc(uéugoff e—ZY“|vw|2dxdr+// e 2V |?dxds
+s3k4/ / e 22g3)y| dxdt—i—// e 2% gq)? dxdt) (19)

w1x(0,T)

fors > C(T"+ T8 andx > C(L+ [|7]lo0)-
Applying again the Carleman estimate to the heat equation fulfilleg bye find

1G5 w><c(nynio//e—2V°‘|vw|2dxdr+//e—%wmzdxdr
+s3)\4/ / e g3y dxdt+// e 2% go)2 dxdt)

w1x(0,T)

fors > C(T" + T8) andi > C, where we have denotegy = ¢ - ey. The same argument used above yields

1(s, 2 %) < (// e 2% gy |2 dxdt+s3)\4// e g3y dxdt—i—// e 2% go)2 dxdt) (20)

w1x(0,T)

foranys > C(T7+ T8 and anyr > C(1+ [|7]l00)-
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The addition of (19) and (20) gives

I(s,A;0) +1(s,2;¢) < <// e %Y gn|? dxdt+// e 2V |2dxds

+11611% f/ e %Y V|2 dxdt+s3k4f f e 23 |p 12 dx dr

w1x(0,T)
s34 / / e 23y dxds + // e_zm(lg1|2+|g2|2)dxdl), (21)
w1x(0,T) 0

foranys > C(T7 + T8 and anyr > C(1+ [|7]lo0)-

Several computations similar to the previous ones lead to the absorption of the first and the third terms in
the right-hand side of (21), making use of the terms3a* and insA? appearing inf (s, ; @) and I (s, A; ¥),
respectively. This is possible with a choice likez CT8 andx > C(1+ ||0]|«0). Therefore, we have

I(s,h;0) + I(s, A 9) < <f/ e 2|2 dxdt+s3A4// e 23 |p12 dxdr

w1%(0,T)
+s3x4/ / e 223y dxdt+// —2%(|g1|% + | g2l )dxdt) (22)
w1x(0,T)

fors > C(T7+ T8 andi > CA+ [|7lloc + 101l00)-

So far, the arguments used are classical. The important part of this paragraph starts now, where we are going
to localize the global term of the presssure in (22). To this end, we employ similar arguments to those developed
in [3].

Let us then look at the (weak) equation satisfied by the pressure, which can be found taking the divergence
operator in the movement equation of (14):

Ar(t) =V - (Dp)y(t) + 0()VY (1) + g1(t)) in 2, a.ere(0,7). (23)

Watching the right-hand side of (23) likes&* term, we apply the main result in [9], say, a Carleman estimate for
the weak solutions of elliptic equations. This gives the existence of two constanfisandi > 1, such that

/ &1V ()2 dx + 0222 / 12| (1) 2 dx

ko) 2

< C(o / 7| De(1)5 (1) + 0OV (@) + 1) [P dx + 02 | (1) 1120,

+/e2“"1|Vn(t)|2dx+02A2/ez"”ln§|n(t)|2dX> (24)

w1 w1
for anys > & and any. > A. Here, we have denoted for each- 0,
n1(x) = eMo(x), x €.

The next step will be now to eliminate the local termVixr. For this, we consider an open set such that
w1 € wp € w and we defing € C2(£2) such that

SUpP Cw2, ¢=1 inw;, 0<¢<1
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Let us integrate by parts several times:

/e2“'71|vﬂ(r)|2dx<fe2“"1;|v;r(t)|2dx

w1 w2
:_/eZU’M;An(t)n(z) dx—/ez‘”?l(v;.vﬂ(t))n(t) dx
w2 w2
—ZJA/eZ"”lnlg“(VnO-Vn(t))n(t) dx.

w2

From (23) and new integrations by parts, we get the following for the first term:
/ez"”l;Arr(t)rr(t) dx = / MV - (Dp(0)3(1) + 6O VY (1) + g1(1)) 7 (1) dx
w2 w2

=— / E7MVe - (Dp(1)3(1) + (O VY () + g1(t)) 7 (1) dx

w2
— 20 f MV - (D)3 (1) + 01V (1) + g1()) (1) dx

w2

- / M (Dp()F(t) + 0V (1) + g1(1)) - V(1) d.

w2

Consequently, fos, A > C, we have

—fez""l;m(z)n(z)dxgC(az,\zfez‘mlnf|n(z)|2dx+ ||y||§o/e2""l|w(t)|2dx
w2 2 @2

+ ”é“iofez"“!W(f)Ide+/ez"”1|g1(r)|2dx> + %/92”1§|Vn(t)|2rdx.

w2 w2 w2

Analogous computations for the second and the third terms in (25), give

—/ez""l(v;-w(t))n(r) dx—za/\/ez"'“nlg(vno-Vn(t))n(t) dx

w2 w2

<C02)\2/62‘7"1n%’77(t)|2dx
w2

foro, A >C.
Combining (26) and (27) with (25), we obtain

/e2“"1|v71(t)|2dx<c<02,\2/e2‘”’1n§|n(t)|2dx+ ||y||§ofe2“"1|vgo(t)|2dx
w1 w2 w2

+ ||é||§o/e2""1|w(r>}2dx+/ez‘”“|g1<r>|2dx)
w2 w2

for o, 2 > C(£2, w), which together with (24) yields

(25)

(26)

(27)
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/ez”’fl|v7r(z)|2dx+azx2/ez”"lnﬂn(t)\de

2 2

C<o~||y||§ofez‘”'lmlw(r>|2dx+anénﬁo/ez”"ln1|w(r>|2dx+o/ez”'“n1|g1<r)|2dx
2 2 2

+ o2 ||7T(t)||§{1/2(852) +02k2/e2”'71n%|n(t)|2dx> (28)

w2

for o, A > C and for almost every € (0, T).
The next step will be to connect this inequality with (22). For this, let us set

S
o0 = ——
AT — )4

s
let us multiply the expression (28) by
e5/8m[In°ll
expl —2s———
4T — )4

and then integrate it betweer= 0 andr = T. This provides

// e %YV |? dxdt+s2A2// e 22 r 2 dx dr
(snyn // e 29|V 2dxdr + 592, f/ &5 vy dxdr+s// e 29 g1 2dxd

T
+s1/2/e—ZW*g*1/2||n(t)||f,1/2(m) dr+s2/\2/ f e_zw‘i}zlnlzdxdt>
0

w2x(0,T)

for any > C and anys > CT8e~*"I"°l=_Plugging this inequality into (22), we find
I(s, 2 9) + 1 (s, s w><C<s||y||§o//eZ“’swwzdxdr
0]

T

o — 250 —2sa* 2
+s||e||§o/fe 2 s|w|2dxdt+s1/2/e 2 5*1/2(r>||n<r>\}H1/2(39)dt
0 0

+s2A2// e*zmsz|n|2dxdz+s3/\4// e 223912 dxdr

w2x(0,T) w1x(0,T)
+s3x4f / e 23y dxdt+s// e 2% |g1|?dxds
w1x(0,T)

+//ezmlg2|2dxdt>
0]
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foranys > C(T7 + T8 and anyx > C(1+ [|¥]lec + 101ls0). Similarly as we did above, it follows directly from a
choice likes > CT8 andi > C(||¥]loo + 1101l00), that the two first terms in the right-hand side of the last inequality
can be absorbed.

Consequently, we have

T
I(s, ;) + 1(s, ; 1//)gC(sl/Z/e—ZW*g*l/ZHN(t)Hzl/z(m) dt+s2A2/ / e 22 r 2 dx dr
0 w2x(0,T)
+s3x4/ / e_zs“53|(p|2dxdt+s3)\4/ / e 231y % dx dr

w1x(0,T) w1x(0,T)

—l—s// e_zmélgﬂzdxdt—l—//e_zm|g2|2dxdt> (29)
0 0

foranys > C(T"+ T8 and anyr > C(1+ [|7]lco + 1€0]l00)-
Now, we will eliminate the term of the trace of the pressure. The tools we use here are classical regularity
estimates for the solutions of Stokes systems. More precisely, let us introduce for

g = Sl/4 e—sa*é*l/4
the functions
¢g=Bp., T=P7
and let us see which system they fulfill:

—¢ — AG+ V7 = BDey + BOVY + Bg1— B In O,

V.¢=0 in Q,
¢=0 on X,
@(T)=0 in 2.

Regularity estimates for this system (see, for instance, [11]) give

171 20,7 iy < CIBD@F N 120yv + 1BOVY || 1200yv + 181l 120y + 1Bl L2(0)¥ )

for a positive constant = C(£2). From the definition of* anda™* (see (16)), we deduce
B, = sMAgse’ (35*3/4@*» _ S(Ol*)zé‘*l/4> < CsYAT @50 (512 | £32) < 045/4T 532
4

for s > CT8. Therefore, using the continuity of the trace operator, we have

T

~ 2 _ _ — _ 9
/||n(r>||H1/2(m) dr<C(sl/2||y||§o//e 2“”51/2|V<p|2dxdr+s1/2||9||§0f/e 2o g/2) vy 2 dx de
0 o 0

+s1/2// e_z““§1/2|g1|2dxdt+s5/2T2/f e‘z‘“é3|¢|2dxdt)
(0] o

for s > CT8. Let us now connect this estimate of the trace of the pressure with (29). We get
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I(s,7;0) 4+ 1(s, A %) <C<s2)\2/ / e—z‘“sz|n|2dxdz+s3x4/ f e 23912 dxdr
w2x(0,T) w1x(0,T)
+s3x4/ / e*25“53|1/f|2dxdz+s// e*k“s|g1|2dxdt+// ezmlg2|2dxdt>, (30)
w1x(0,T) (0] 0

foranys > C(T*+ T8 and anyr > C(1+ [|7lloc + 161l00)-

Remark 2. According to an idea of J.-P. Puel, (30) constitutes an important estimate by itself. In fact, one can prove
that (30) leads to the null controllability of the linear system (13) when we are controlling not onlywéitind v,

but through the divergence condition as well. More precisely, we can prove the existence of three cpntrols
andvs such that the solution of

2= Az+ (- V)z+(z-V)y+ Vg = fit+peny +v1l, inQ,

pr—Ap+3-Vp+V-(62) = fat 2l inQ,
V.z=v3l, in Q,
z=0, p=0 on X,
2(0)=2% p(0)=p° in £2,

verifiesz(T) =0 andp(T) = 0 in £2. By an extension of2, this also proves the null controllability of (13) with
two controls acting on a (little) part @2 over the traces of the velocity vector fieJéhnd the temperature.

2.2. Local estimate of the pressure

In this paragraph, we will conclude the proof of inequality (17). For this, we will use similar ideas to those
developed in [3].
Indeed, let us choose the pressuaro have null mean-value im;:

/n(t)dx =0 a.ere(0,7).

2

Then, taking into account the definition of the weight functions given in (16) and Poincare’s inequality, we restrict
ourselves to the estimate of the term

s2k2/ / e 22y 2dxds,
w2x(0,T)
where the weight function @%£2 does not depend on Let us remark here that we do not know for the moment

any local estimate of the pressure when multiplied by a weight function depending botanuii.
By virtue of the movement equation in (14), we have

§222 / / e 2482V 2 drdr
wpx(0,T)
=s2A2/ / e 24E2)), + Ag + Doy +0VY + g1/2dx dt. (31)
wpx(0,T)

The rest of the proof is intended to estimate the local term&a@mndg,. We present now that af;, while the
estimate ofA¢ will be given in the Appendix at the end of the paper, since it was already proved in [3] and does
not entail a lot of difficulties.
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This proof follows the ideas included in [3], but here we must deal with greater difficulties, as far as a coupled
system is involved.
Thus, let us introduce the weight function

ﬂ(t) — S15/4 e72s&+soc*g§15/4 (32)

and let(u1, g1, w1) and(uz, g2, wp) be the respective solutions to the following systems:

—u1y — Aug — Dury + Vg1 =ng1+6Vwr in Q,

—w1; — Awr —y - Vwi =ng2 in Q,

V-u1=0 inQ, (33)

u1=0, wy=0 onx,

ur(T)y=0, wi(T)=0 in 2
and

—uz; — Auz — Duzy + Vg2 =—n'9 + Vw2 in Q,

—w2; — Awz —y-Vwa=—n"ty +n¢ - ey in Q,

V-u=0 inQ, (34)

up=0, wy=0 onxy,

u(T)y=0, wx(T)=0 in 2.

It is readily seen thatu1 + u2, g1 + g2, w1 + w2) solve the same system agp, nm, ny), where(e, w, ¥) is the
solution to (14). By uniqueness of the Boussinesq system, it must be

nr=q1+q2 and nyY =wi+ wy.
Consequently, the term to be bounded is

SZAZ/ / e_ZS&§2|¢,|2dxdt=s2A2/ / n_ze_zs‘iézlmpﬂzdxdt
wox(0,T)

ZS_MAZf / e 2 BAETR Yy, — g Pdxdr, (35)
wy%(0,T)

nY =uy+ uz,

w2x(0,T)

so we will concentrate in estimating the time derivatives pandus.

2.2.1. Estimate af1, anduy,

We first bound the integral of @ +2¢£-11/2;;, |2 in w, x (0, T). To do this, we are going to estimate;,
globally in £2 x (0, T') combining regularity estimates for the Stokes and heat systems.

Takings andx such that > C78 anda > C, we get

. 8 0 0
B gl \|oo<e_CeAmun lloo

and
A * P m 0 00
S—11/2/\2$—11/2e—2m +25& < CAZG—CeA ll= <C.
for A large enough.
Combining energy estimates fof andwi, we have

T<1+||y||§o+|\é||§o)(

2 2 C 2 2
”u]‘”LZ(O,T; V) + ”wl”LZ(O,T;Hl(Q)) < Ce ” 7781||L2(0,T;H71(_Q)N) + ” 7]82||L2(0,T;H71(_Q)))-

Now, we apply regularity estimates to (33) and we deduce(thdf, w1 € H1(0, T; L%(£2)) N L2(0, T; H3(£2))
and
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2 2 2 2
”Ml”Hl(O,T;LZ(Q)N) + ”ulHLZ(O,T;HZ(.Q)N) + ”wl”Hl(O,T;LZ(Q)) + ”wl”LZ(O,T;HZ(Q))
-2 5012 112416112 2 2
S C(L+ (1915 + 19115,) €T 0150 (nga 1?5 o v + g2l 72 ))-

Hence, we obtain in particular that

s—ll/zxzf / e 2O EE2 1y 12 4 | Augl?) dxdt+//(|w1,z|2+|Awl|2) dx dr
@2x(0,T) 0

- - =12 a2
<C(L+ 1512 + 1812) €T a5 H71) / / nP(11l? + g2/2) dx dr. (36)
0

Now, we will be concerned with the integral of & +24¢£-11/2,;, 12, This estimate is the hardest and most
important part of the present paper.
First, we integrate by parts twice with respect tand we obtain

* & o 1 * v
s—ll/ZAZ/ f e—ZSOl +2.Ya§-—11/2|u2’t|2dxdt= ES—ll/Z)LZ/ / (e—ZS‘C( +2.Y01%-—11/2)”|u2|2 dxdt
wyx(0,T) wx(0,T)

- s711/2k2/ / efzmuzméfll/zuz,n ~updxdr. (37)
w2x(0,T)
It is not difficult to see that the weight functigqn—11/2)2e~ 22" +26£-11/2) is hounded for a suitable choice of
andA, so we concentrate in estimating the last integral in (37). Let us hence introduce the function

¥ ouh A
77* — S—11/2)\—5 e—2soz +Zsoc€—1l/2_

Using Holder’s inequality, we deduce that

7 * T
—A / / N uz, -uzdxdt <Ay uz,lt”LZ(O,T;LVO(Q)Z)N)||u2||L2(0’T;Lr6(w2)N)
w2x(0,T)

1 1
< T 2 _ L.14 2 )
X 2 ”77 Ut ”LZ(O,T;L'O(a)z)N) + 2)\ “uZ”LZ(O,T;LrO(wz)N)’ (38)

where 1<rg <r if N=2and 6/5<rg <r if N =3 (r was defined in (6)).
Let us first deal with the last term in the right-hand side of (38). We introduce an opes 3ab» and a cut-off
function¢ € C2(w3) such that
SUp Cwz and ¢=1inwp.

Then,

2
[[u2]|

2 _ 2
20T L) Claud| L2 7,20y, = CluzAL +2VE - Vuz L Auzl 27,1200 v):

since(H?(w3) N H} (w3))" is continuously imbedded in'o(ws)", for r}) < oc.
Now, we can use the local estimate contained in the Appendix (at the end of this paper) in order to get a bound of
||§Au2||i2(0 T L2(w)N)" In fact, sinceus(T) = 0, it suffices to apply inequality (87) with=u», 1 =1, g1 = —7n'¢p,
w2 = w3z andwy4 = ws, Wherew, andws are open sets verifying
w3 € w4 € w5 € w.

This gives
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2
llu2]l

e e R I ES [ T)/ f (luzl® + |Vual? + [Vwal® + [n'|?) dx dt.
s Ly 2

w5x(0,T)
From the definitions ofi» andw>, we also find that
luzl? + Vul® < 2(jusl? + V> + In* (Ie|* + 1 Ve|?))
and
[Vwal? < 2()Vwil? + 02V 1?).
Consequently, viewin@u1, w1) as the weak solution of (33) and using again global estimates, we see that

2
ll2]l

— = 5112 0112
20T by C(L+ 5N + 1815,) (1 + ) e T APt IPlE)
L 2

><(nnglniz(Q)N+||ngz||§2(Q>+// (In?+ 1n'1?) ¢ dxd
w5%(0,T)

wf [ wEver+ivur) dxdr). (39)
ws5x(0,T)
Let us now estimate the norm involving ;. in (38). The triple(u, g, w) := (0 u2+, n*q2.¢, n*w2,) satisfies
—u; — Au— Duy +Vqg=G1+6Vw inQ,

—wy—Aw—y-Vw=G> in O,
V-u=0 inQ, (40)
u=0, w=0 on X,
u(T)=0, w(T)=0 in 2,

where
G1=—n*n"9 —0*n'o: + n*Duzy; + n*0, Vwz — (") uz,
and
Ga=—n"n"¥ — ™'Y + 0" nen . + 0" 0'on + 07 Vi - Vwa — (1) wa;.

The fact that(u, ¢, w) fulfills (40) is not direct. For instance, this can be verified by first considering a sequence
{3, 6™} of regular functions satisfying

(G",0") = (7,0) weakly starinL>®(Q)"
and
1.6 — (3:.6,) weaklyinL2(0,T; L"(2)").

Then, one can easily prove the existence and uniqueness of a saltitiari, w") to (40) with (¥, 6) replaced by
(3", 6™). Finally, we pass to the limit and deduce tlatq, w) is actually the solution of (40).

In order to obtain an estimate af in L2(0, T; L'0($2)V), we first give the estimates of and w as weak
solutions. We have

lullz20,7;v) + w220, 7; HL(2))

=12 17112
< CeTHIIRHIND (Gl 20, 7:11-102)) + G2l 20,71 1(2)))- (41)

For the moment, let us assume thgtDuoy, )i, n* ¥, - Vwa, ("0, Vwo); € L2(0, T; L™(82)); this will be proved
in the next paragraph.
At this point, we recall a result proved in [7] about the regularity of solutions of Stokes systems:
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Lemma 1. Let1 < g1, g2 < oo and suppose that® e Wl92(2)N and f € L91(0, T; L92(2)V). Then, the weak
solutionu € L2(0, T; V) N L*°(0, T; H) of system

uy—Au+Vr=f inQ,

V.u=0 in Q,
u=0 onx,
u(0)=u® in 2

actually verifies, together with a pressure that
(u, Vrr) € (L9(0, T; W22 (2)Y) n whar(0, T; L72(2)N)) x L9(0, T; L92(2)").

Moreover, there exists a positive constahjust depending o2 such that

lull a1 0,7 w22 (2)Mynwrar @, 7: L92(2)Ny T IV | Lar0,7; 192 2)V)

< C(”f”L‘il(QT;L‘IZ(Q)N) + ||l40||wlqu(9)N)'

Remark 3. In fact, the exact result proved in [7] just considers solenoidal right-hand gidétowever, from
this result and the application of Helmotz’s decomposition in the spatg®, T; L2(2)"), Lemma 1 readily
follows.

Under these conditions, we can apply Lemma 1 and deduce, among other propertiess that0, 7; L0 (2)N)
and
lutllp20,7; L0 2yvy < ClIG1+ 6Vw + Duyll20,1;170(2)N) (42)

for a positive constant depending o2 but not on7'. SinceL’*(£2) is continuously imbedded it ~1(£2), (41)
and (42) yield

CT(1+511%+1612
N ”°°)(||77*77”(P||L2(Q)N + In*n' o 2oy~

In*uz,iell 20,7 ro2yvy < C (L4117 loo + 16 1100)
+ | ) uz, ||L2(Q)N + In* Du2yill 20,7 170(2)%) + ||ﬂ*észZHLZ(o,T;LrO(Q)N)
+ 10" 0"Vl 200y + 10" 0" Vel 20y + 1" 09N o1l 120y + 1" 0 on Il L2(0)
+ 103 - Vwzll 20,7 L70(2)) + “ ") wa,s ||L2(Q))'

From (37)—(39) and this last inequality, we have
s_ll/zsz / e—2m*+25&§—11/2|u2’t|2dxdt
wrx(0,T)
< C(L+ 1512 + 1612,) €T CHIIEAIR) (3241 1 T) (a2 v + Ing2llZ2 g
H 11017207 L2wemy + 112 20,7 12000%) + 1TVOIT20 71200y + 1TV I 20 72 12005y ))
10" P2 2o + 10 0122 gy + |07V 02 T2 gy + 17 D125 1220 1. 10 vy
10V wal T2 7. oy + 1M1 V1320, + 100 Vil 22 ) + M 1081 172 )
0 oN 122 + 1751 - Vw2l2a0 1 ogyy + 1017 w2 2200 (43)

To finish this paragraph, we combine (35), (36) and (43) and we obtain the following estimate of
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_ 2552 - 2 V112, 411012
s / f e P& | dxdr < C(L+ (17113, + 16113,) €T HHIIRHI) (G341 4 T (1IngallZ 5 o v
w2x(0,T)
2 2 ’on2
+ ||7782||L2(Q) + ”r’q)”LZ(O,T;LZ(ws)N) + ”77 ¢||L2(O,T;L2(w5)N)
2 2
+ ||nvw||L2(O,T;L2(w5)N) + ||YIVW||L2(O,T;L2(CU5)N))

+1In*n

4

2
w"iZ(Q)N + ||n*n/¢t||iZ(Q)N + “(’7*)/MZ,I ||L2(Q)N
+ ||TI*DM2)_’t ”iZ(O,T;L’O(Q)N) + ”r/*étvwzuiZ(o’T;Lro(Q)N)
H 0" W12, + I 0 Vel 22 ) + 1T 108,122 )
+ ||77*77/(/)N||i2(Q) + ”n*)_}l : vaHiZ(O,T;LrO(Q))
/ 2
2.2.2. Estimate ofp* Duz¥,);, n*¥: - Vwz and (n*6; Vws); in L2(0, T; L'0(£2))
The strategy we follow in this step is to deduce an estimateyti,); andn*wy in L®(0, T; Wl (£2)) for
everyl < oco. .
Observe that, once this is achieved, from the fact fhand6 satisfy (5) and the choice we have madegfit

is easy to obtain an estimate @f* Du27;);, n*y; - Vwz and(n*6, Vw,); in L2(0, T; L'0(£2)).
The functions(n*u2, n*g2, n*w2) solve the following system:

—(*u2)i — A*uz) — D/ u2)y + V(1*q2) = —(*)'uz — n*n'e + 6V (*wz) in Q,

—(*w2); — A*w2) — y - V(n*w2) = —(n™) w2 — n*n'y + n*nen in Q,
V- (n*uz)=0 inQ, (45)
n*up =0, n*wy=0 onx,
M*u2)(T) =0, @*w2)(T)=0 in$2.

From well known interpolation inequalities we deduce that,NoK 3,
L?(0,T; HA(2)Y)nL>®(0, T; HY(2)N) c L*(0, T; L*2(2)N)
with
—+—=1 (46)

and

L3(0, T; L. 2)N) N L>(0, T; L2(2)) € L*(0, T; L*(2)N)
with

4/3 2

— =1. 47
s ta (47)

We are going to deduce the™® (0, T; Wt/ (£2)) regularity for (n*u2, n*wy) after abootstrapargument with two
steps.

o First, watching(n*uz, n*w>2) as the strong solution of (45), we have
(D(*u2)3),,0V (1*w2) € L*(0, T; L8($2)) N L™(0, T; LA(£2)),

so they belong to the spadé3 (0, T; L (£2)).
Using again Lemma 1, we deduce that, € L¥3(0, T; W2k4(2)N), n*wo € L*3(0, T; W2k4(£2)) and



S. Guerrero / Ann. |. H. Poincaré — AN 23 (2006) 29-61 45

”n*u2||Lk3(0’T;W21k4(_Q)N) + ||n*w2||Lk3(0,T;W2-k4(Q))
< C(” —(77*)/142 - 77*77/90 + W*DMZ)_’ + U*GVWZHLkg(O’T;Lu(Q)N)
+ =@ w2 =00+ nen + 075 Vwz| oo 7, ke ) (48)

Accordingly, (7* Du2);, n*Vwa € LK3(0, T; Wlk(2)N). In this argumentk,4 can be any number satisfying<3
k4 < 6. This gives(n*Duy);, n*Vws € L*¥1(0, T; L*2(£2)N), with k1 = k3 given by (47) ando =1 > 6.

e Secondly, we use thatDuyy, n*0Vw, € LF3(0, T; L' (£2)V) and we obtain from Lemma 1 (among other
things) thatV (n*g2) € L*3(0, T; L (£2)V) and
|| V(U*qz) ”Lk3(O,T;L1(Q)N) < C || —(77*)/”2 - TI*TI/(P + W*Duzy + n*évaH Lk3(O,T;Ll(.Q)N)‘

Then, we take into account (48) and we get

IV a2 | s 0,711 2yv) < C(LH+ 1715 + 1812) (10" Auzl| 21 + [ () 42), [ 120
+ " Auzll 2oy + [ u2)i] L2y
+ 170 Apll 2oy + | 1 @): | L2 gy + [ w2 2
+ | (U*)/szHLz(Q)N + " Awzllz2g) + || (1" w2), ||L2(Q)
+ "' ¥l 20y + 170" VU | 200w + 17 10N 1 12(0)
+ 17" nVenll 120y )- (49)

Let us see that this suffices to ensure thgtuo);, n*wy € L0, T; W (£2)). To this end, we can restrict
ourselves to the general case of a heat system with zero Dirichlet boundary conditions, null initial condition and a
right-hand side inL.%3(0, 7; L!(£2)) with k3 > 2.

For instance, for the case gfu, we have (see [10] for more details)

t
[ u2@® | 1y < C / (t =) V2| B)| g ds Vi €(©,T)
0

where B denotes the right-hand side. Sintg()|| ,io)v € L¥(0, T) andks > 2, Young's inequality tells us that
17" u2() lyaso € L0, T) and

I uzll oo, 7wty < C(L—kg/2 ST VERIB g o 7. 1oy

The same is also true farw2. Then, from (49), we obtain the desired regularity #6r» andn*w» and

™ u2ll oo 0.7 wrii2yvy + 1" w2ll oo o, 7, w2y
<SCT Y2 YR (L4 1515 +101%) (10 Auz] o gy + [ () 42), [ 1209y + I Auzll 2 gy
+ w2 | 2 g + 10 M@l L2 gyv + [0 @) || 2 ov + [ () Awz] 2,
+ (@ w2), [ L2 opv + 1" Awall2gg) + [ w2)e || 12y + 171 AVl L2y + || 1Y) | 12
+ 7 ndenll 2y + [ 1ew)e ] 2(0))- (50)

As mentioned above, combining (50) and the regularityy and o (given in (5)) we find thai(n* Duzy;);,
n* ;- Vwa, (6, Vwa); € L%(0, T; L™(£2)) and
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I Du23i\l 207 royvy + 10*Fe - Vw2l 20,7, 1702y + 1070 Vwall 120, 7. Lo 2y
< ([0 Duz. 0 Vw2) | o 7. 122 en ) Gre 0| 120 7. 17 2yw41))
< CT V(L4 1315 +1602) (|G- 60 20,7, yvy) + (107 Btz 2 g
H[(@ u2), || 2 ppn + 10" Auzll 2y + [ (¥ u2) |
+ 0" Awz| o o) + [ () w2),[| 2y + 11 Awa2ll 200y + [T w2 || 2 ) + 10" AWl L2(g)

r2gyv + 10 Al + [0 @) [ 2oy

Then, we put together inequalities (44) and (51) and we use that
_1+ 3 g }
ky =2
We obtain:

s22? / / e 24820 P dxdr < C(LH 151 + 181%) | G B0 [ 200 7.1 oy €T HITIRHIIR)
wrx(0,T)
x (M + T (IngalF 2 oy + 118201320, + 11017200 71205y
F 10V 20 7:12000%) T 17012 20,7 1200
F VYT 20 7. 1200) + (L4 T?) (J1(0) + J2(¥) + J3(u2) + Ja(w))), (52)
where

* 1

B@) = 10" 022 gy + V00 2oy + 10 00122 gy + 1070 D@22 ) + I 00822
Hln n'en 17200, + |0 10n || 1209, + I 18N I 12()

D) = 0" W 11220, + 100 Vil 720, + 100 AW 2oy + [0 1V [ 120

Ja(uz) = 17" Auallapw + [ 0 Aua| 32 + [0 12 |2 yv + | 7Y 12 52
+ |07 u2| 2y + U220y

Jawa) = | (Y Awa[ 72 o + 11" AwallZy ) + 1) w2320,

+ |0 w2 |2, + I w2122, (53)

2.2.3. Last arrangements and conclusion
From the definition ofuz, w2) = (—u1 + ne, —w1 + ny¥), we can estimatds(u2) andJa(w2) by

”n*Au].HEZ(Q)N + H (n*)/Au].”iZ(Q)N + || (n*)/ul,t”iZ(Q)N + ” (n*)/u].HEZ(Q)N + ” (77*)””1“22(@1\/
i un 122 )0 + 118G 125 o0 + [ 018G 2 gy + 017 010720y
+ 10 10|72 + [0 00| 220y + 171001 | 720y (54)
and

0 082, + I nAV 122 ) + [0 1 |20, + 10 0 T2, + 17 @) 32, (55)
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respectively.
For all the terms concerning andw1, we can use estimate (36) singg (n*)’ and(n*)” are bounded functions
in (0, T) for s > C(T* + T®). Hence, we have from (52)—(55)

2 [ [ e e dcdr < CLH 11 + 101 |G B0 7y €T IR
wox(0,T)
x (M + T (Ingal 2 yv + 18217200, + 1101720 7 12(0e) )
F V020 712000 T 17212 20,7 1200 M)
H VY2 20,72 1200gv) T @+ TV (I 1 0172,
+ 0] T2y + 10 0N 2 o + I NAPIZ 2 )0
o [CRE TN PR (O ET21 P [ ] e
+ 10 10 ) 22y + 10 P20y + 0¥ 1600122
10 A2 g + [0 1A 32 on + I AV 12,
w22y + 107 00 22 + 0 0| 220
w172, + I mvil T2 g, + 00 V1132 )
il 2o ) + I 9N 122, + 100 on 172,

0 0 AV 20y + [ non | o o) + I 1AGN I 12g)))- (56)

Let us now estimate the global terms@m@mnd+s and check that they can be eliminated using the left-hand side
of (30). To this end, let us first write down some bounds of the weight functions appearing in (56):

Il < Cs~ /4B s §-T/4,
0|+ [ 'n| < CTs™¥ %0 e §~42,
||+ @) 0| + 0" < CT2M AP e (6%,

By virtue of these estimates, it is not difficult to see that, for al B < 1/2, we have
TP (In*n'| + | (n*)'n|) < Cs~ Y2 Ses 7112,

and
TP @™’ + |0 n| + In*n"1) < Cs¥20 7% e (%2

fors > C(T*+T8).

Combining this and (56), we get

P _ - T FI2.+10]12
B2 [ [ e < O 11+ 11 G0l 27,11 ayvon, €T

wx(0,T)
X <)‘-14(1+ T)(”ngl”%Z(Q)N + ||’782||22(Q) + ||77(P||%2(0’T;L2(w5)1v)

V0220 71200y T 1T CN2 20,7 120 + 11V 17200 712000 ))
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+s3r10// e 2 (£%)3(1p? + |y %) dxdr
Q
570 [ [ @21 g2k 18l + i+ 189 dxdf)
Q

fors > C(T*+ T8).
Asa*(t) =max g a(x, 1), taking

— = - - S112 0112
22 C(L+1Flloe + 181loo + 1517 20,717 yvy + 101720 71 g2y + €T HHIMIFIN),
we obtain
2)\2

s e 2E i [P dxdr < C*APH A+ T (Ingall T2y v + 1m82112 20y + 1101720 7120

wox(0,T)
+[ln'el? + [InVell? + InVy|? )
L2(0,T;L%(ws)") L2(0,T;L%(ws)") L2(0,T;L%(ws)")
+e(1(s, 2 9)+ 1(s, A ),

for a positive constant™*. Here,e > 0 is a small constant which depends@randw.
Let us finally combine this inequality, (30), (31) and the Appendix. We find:

I(s, 25 9) + 1(s, 23 9) S CAP4A+ T (Imgall o o ov + Img2l72 g,
H 119017 20,1 1209 + 11917200 7:1200ey%) T 1TVP N7 20,1 12005
F 11V 17200 7212005 F 11V 172007 1205V (57)
fors > C(T*+ T8 and
52 C(LH 15 lo0 + 10000 + 151220 7. e cayyy T 100220 7 1y + 7T EFITIRHIOIR))

It only remains to get rid of the local terms & and Vs in the right-hand side of (57). Thus, let us introduce
a cut-off function¢ e Cf(w) such that

=1 inws and 0<¢<1 inw.

Then we have

// |n|2|w|2dxdr<f/ 1% Ve 2dxdr

w5x(0,T) ox(0,T)
1
=§ff |n|2A§I<p|2dxdt—/f nl*c Ag - g dxdr.
wx(0,T) @x(0,T)

Let us apply Young's inequality to the last integral. This gives

// |n|2|w|2dxdr<CsA24(1+T>// & || o 2dxdlt

w5x(0,T) wx(0,T)

1 . n
2C*s_lA_24(1+ T)_lf / e XU E L A2 dx dr,

_I_
wx(0,T)
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for a constantC (£2, w) > 0. Analogous computation can be done Yoy and these would give exactly the same
estimate.
Consequently, for any

_ = _ ~ Si2 512
32 C(L+1Flloo + 10110 + 15117200 7.1 vy T 10120 71 )y + €T I I H IR,

ands > C(T*+ T8), we obtain from (57)
IG5, 9) + (s, ¥) < C(L+T?) (s15/2x24 / / e BB ER (1017 + |gol?) dr dr
0
+S16A48/ / g ST £16(1012 4|y 2) dxdt),

wx(0,T)

which is exactly (17).

3. Null controllability of (13)

In this section, we will prove the null controllability of the following system:

Liz+ Vg = fi+pey +v1l, inQ,
Lop+V-(02) = fo+v2l, inQ,

V.-z=0 in Q, (58)
Z:O, p:o on E,
200=2%  p0)=p° in 2,
where
Liz=z—Az+ G -V)z+(z- V)Y, (59)
and
Lop=p—Ap+y-Vp. (60)

Before proving this, we will deduce a Carleman inequality with weight functions that do not vanish @t
More precisely, let us consider the function

ety = { T2/4 for0<r<T/2,
B t(T—1t) forT/2<t<T

and the following associated weight functions:
&5/ Hmlnllos _ grmln®lloc+n°(x))
2(1)4 ’

B(t)y=minB(x,1),  B*(t) =maxp(x,1),
xXeN XES2

Bx.1)=

- (mln°lloo+1°(x))
(ot ’
vy =maxy(x, 0,  y*@)=miny(x,1).
xe xenR

y(x, 1) =
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Lemma 2. Let (7, 6) verify (5). Then, there exists a positive consténtlepending or", s, A, y andé such that
every solution to the adjoint systgiw) verifies

[0 520w + [V O3 20, +// e 2Py3(1o)? + 1y 1?) dxdt+// e 2Py (1Vel? + |Vy|?) dxdr
0] o

<C< f f e SIS P18l + |y |?) dr s + / / e‘4‘”3+2”3*)715/2(lgllz+Igzlz)dxdt). (61)
0x(0,T)

Proof. From Carleman inequality (17), the proof of this lemma is classical. The main tool used is the dissipativity
of system (14). Observe that this tells us thigt(#) || L2~ ¥ (1)1l L2(2)) are ‘increasing’ functions of, so the
presence of[|¢(0)ll 2o, 1Y (0]l 2(o)) in the left-hand side of (61) is not a surprise. Anyway, we decide to
include the proof here for completeness (for more details see, for instance, [4]).
We start with an a priori estimate for the Boussinesq system (14):
el 20,7/2:v) + l@llLc©r/2:m) + 1V | 120,72, L (2)) T 1V | 100, 7/2: 1.2(02))
< C(llgall 20,374 12(2)V) + 101 1207 /2.37 /8, 12(2))
+ llg2llL20.37/4: 12020 + 1¥ Il L2(r 2374 12(2))) (62)

for a positive constanf depending o2, T, ||7]lso and||f]l«. To prove this, it suffices to combine the energy
estimates foy ¢ andy v, wherey e C1([0, T) satisfies

y=1 in[0,T/2] and y=0 in[3T/4,T].
Consequently, we can obtain a first estimat&irx (0, T/2):

T/2 T/2

|72 + [ ¥ @) 720, + //e*wy3(|¢|2+|w|2) dxdr + // e 2Py (Vo> + |Vy|?) dxdr
0 0

37/4 37/4

(// PRI ISR (g1 2 + |gol?) dxdlr + /f 2Py 3l + 1y 12 )dxdt) (63)

T/28
On the other hand, sinee= g in 2 x (T /2, T), we have

T T
[/e—zyf‘y3(|w|2+|w|2)dxdt+ffe‘z“‘ﬂy(IVso|2+IW|2)dxdf

T/2 2 T/2 Q2

T
://e Zag |<p| + ¥ )dxdt+// e 2o |V<p| + IV )dxdt

T/2 Q2 T/2 2
SC(I(s, 2 9)+1(s, 2 9))
so, by virtue of the Carleman inequality (17), we have:

T T
/fe-zsﬁy3(lcp|2+|w|2)dxdt+//e‘z‘ﬁy(IWIZJrIWIZ)dxd’

T/2 2 T/2 2
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wx(0,T)

Finally, from the definition of3, 8, 8*, y andy, we get

T T
//efZSBy3(|(p|2+|1//|2)dxdt+//efzsﬂy(IV<p|2+|Vl/f|2)dde

T/2 2 T/2 2

(/f AP 258" 152|012 4 | g2 dxdt+/f e Bsh 168" A16(|¢|2+|1//|)dxdt)

wx(0,T)

which, together with (63), provides the desired inequality (6 L}.

After having proved (61), we are ready to solve the null controllability problem for the linearized system (58).
For simplicity, we introduce the following weight functions:

Bu(t) = P 515y o) = eWF3" 8y
and
Ba(r) =& (y*)"Y2).

In order to apply a inverse mapping theorem argument to the nonlinear problem (11) (Section 4), we will have to
solve the null controllability of (58) withiz, ¢, p) belonging to a suitable weighted space, which we present now:

Ez={(z.q.v1. p,v2): (z,v1, p,v2) € Eo, Pa(L1z+ Vg — pey —v1l,) € L2(0, T: H1(2)?),
Ba(L2p +V - (62) —v2l,) € L*(0, T; H1(2))}
whenN = 2 and
Es={(z.¢,v1, p,v2): (z,v1, p,v2) € Eo, B3/°z € L*(0, T; L*4(£2)°),
B3(L1z+ Vg — pey — v1ly) € L2(0, T; W 18(2)3),
Ba(L2p +V - (62) —v2l,) € L*(0, T; HH(R2))}
whenN = 3, where
Eo={(z,v1, p, v2): (B12)i, B1p, B2(v1ln)i, Bovole € LA(Q), B3z € L3O, T; V) NL®(0, T; H),
By%p € L2(0,T; HY(2)) N L®(0, T; L(2))}.
Of course E> andﬁg are Banach spaces for the norms
|| (Zv q’ v1, )0, UZ) || EZ = (” (Zv V1, p’ U2) ||ZE0 + ||53(le + Vq - peN - Ullw) ”iZ(O,T;H—l(Q)Z)
= 2 1/2
+ H,B3(L2,0 + V. (QZ) - Uzlw) ”LZ(O,T;H_l(.Q)))
and
| q.v10.v2)| 5, = (o v1. 0. 02 |5, + 185221200 7 11202
+ ”:33(le + Vq - IoeN - vlla)) ”LZ(O,T;W_]"G(Q)B)

+ ||/33(L2:0 +V-(02) - v21w) ”iZ(o,T;Hfl(g)))l/z

’
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where

| Govipov2)| 5, = (181207209 )w + 18121122 ) + 1B20110 1125 o)

2 1/2 .2
+ ||,32U21w||L2(Q) + ”:33 Z”LZ(O,T;V)OLOO(O,T;H)

12 2 1/2
+ 1183 p“LZ(O,T;Hl(Q))ﬂLO"(O,T;LZ(Q)))

Then, we have the following result:

Proposition 2. Let us assume tha®, #) satisfy(5) and the following hypotheses on the initial condition and the
right-hand sides hold

e IfN=2:29¢ H, p0c L2(2), Baf1 € L%, T; H-1(£2)2) and B3 f> € L2(0, T; H1(£2)).
o I N=3:20¢ HNL*2)3, p° e L2(2), Baf1 € L%0, T; W-16(£2)3) and B3 f> € L2(0, T; H~1(2)).

Then, there exist two controlg € L?(w x (0, 7)Y andvz € L%(w x (0, T)) such that, if(z, p) is (together with
somey) the associated solution (68), one hagz, g, v1, p, v2) € Ex. In particular,z(T) =0andp(T) =0in £2.

Proof. This proof follows the same steps as in [3] but adapted to this system. Consequently, we will may pass over

some aspects of minor importance along the proof.
Let us introduce the extremal problem

T
inf%(/fﬂf(mz_,_|p|2)dxdz+//ﬁ§(|vl|2+|U2|2)dxdt>
0w

o
subject to(v1);, v2 € L2(Q), suppvi, v2 C @ x (0, T) and (64)
Liz+Vg= fi+pen +v1l,, V-2=0 inQ,
Lap +V-(02) = f2+v2l, inQ,
= O’ p = 0 on 2,

200=2% p0)=p° z2(T)=0, p(I)=0 ingf.

Let us suppose for the moment that we have a solutiog, 91, o, v2) of (64). Then, in view of Lagrange’s
principle, there exist dual variablés z andz such that

=B ALW+Vh—6VE), V-w=0 inQ,

p=Br (Lt —D-en) in Q. (65)
b1=—B%W, bp=—B;°t inwx (0,7),
w == 0, f == O on 21

whereL is the adjoint operator of; (i =1,2), i.e.
w=—w, — Aw — Dwy

and
st=—1—At—y-Vrt.

Let us now set

Po:{(w,h,t)eCoo(é)NJrz: V-w=0inQ, wix=1|x =0, /h(x,l)dx:O}

and
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a((@, h, £), (w,h, 7)) = // Br2(LiW 4+ Vh — V) (Liw + Vh — V) dxdr
0

s [[ st -5 entse —w-emarar
0

+/ / By 2w + tr)dxdr ¥(w,h, 7)€ Po.

wx(0,T)
Then, we must have
a((@, h,?), (w,h, 7)) = (Co. (w, h, 7)) V(w,h,1)e Py, (66)
where we have used the notation
T T
(o, (w, h, 1)) = / (A@, wO) 1) g3 9+ / (£2(0), T @) 1) () U
0 0
+ / 2Pw(0)dx + / p%7(0)dx. (67)
2 2

The next step is to demonstrate that there exists exactly®@nk, ) satisfying (66) in an appropriate space.
We will then definez, 01, p and o2 using (65) and we will check that, 01, p, v2) together with somé, fulfills
the desired properties.

Thus, consider the linear spaég and the bilinear formu(-, -) on Py (which clearly is a scalar product) and
observe that the Carleman inequality (61) holds fokall, t) € Py, i.e.

// B33y 2 (1wl + |/?) dxdt—i—// B32(1Vw|® + |V|?) dxdr + ||w<0>H§2(mN + ||r(0>||§2(9)
o 0
SCa((w,h,r),(w,h,r)) Y(w, h, 1) € Py. (68)

Let us now consider the spadg given by the completion ofy for the norm associated to(-, -) (which we
denote by - || p). This is a Hilbert space and -, -) is a continuous and coercive bilinear form 8n

Let us also introduce the linear forég given by (67), for all(w, i, t) € P. After a simple computation, we see
that

|(£0, (w, h, T))| < ||/33f1||L2(0,T;H—1(Q)N) ”ﬁ?,_lw”[‘z(()’]‘;Ha-(g)N)
+ ||,83f2||L2(O,T;H—1(_Q)) ||.39?17 ”LZ(O,T;Hé(.Q))
+ ”ZOHH Hw(O)HH + “pO”LZ(Q) ”T(O)”LZ(Q) V(w’ h’ T) epP
and, in particular, using (68) and the densityRafin P, we find:
{ |(€O, (w, h, T))| < C(||,33f1||L2(0,T;H—1(_Q)N) + ||/33f2||L2(0,T;H—1(_Q))
+ 12008 + 10% 2)) | (w. b D p - Y(w, B, T) € P
In other words{g is a bounded linear form oft. Consequently, in view of Lax—Milgram’s lemma, there exists
one and only onéw, h, T) satisfying

{a(@,fz,f),(w,h,r))=<zo,(w,h,z)) V(w,h,7) € P, (69)
h,

(w,h,7) e P.
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54
Let us set
t=B{ALW+Vh—6VE), V-@=0 inQ,
p=Br2(L5t —W-en) in Q, (70)
inwx (0,T)

by =—p5 W, Dra=—-p5°%
and let us see thdt, g, 01, v2) verifies
//ﬁf(|2|2+|ﬁ|2)dxdz+/ / B3(1911 + 10212) dx dr < +oo
o

wx(0,T)

and is solution of the Boussinesq system in (64) for some pregsure
The first property is easy to check, sin@e, 1, 7) € P and

/f BE(121%2 + 1617 dxdt+/ [ B3(1011% + |02/%) dxdr = a((@, h, ©), (@, h, 1)).
o wx(0,T)
p € L2(2), v1 € L%w x (0, T)N and iz € L%(w x (0, T)). Then, we

Notice that, in particular; € L2(O)N, p e
introduce the (weak) solutiofi, g, p) to the Boussinesq system

L1Z4+ Vg = f1+ pex +011,, V-Z=0 inQ,

L2;5+V;(0_2)=f2+ﬁ21w inQ, (71)

z=0, p=0 on X,
2000=2% 50)=,° in £2.
Clearly (z, p) is also, together witly, the unique solution of (71) defined by transposition. Of course, this means
that(z, 5) are the unique functions ib2(Q)"N x L2(Q) satisfying

T

//Z~b1dxdt+// 5b2d-th:/(fl(t)’w(t)>H—1(_Q)’H&(_Q) dr
0] [0) 0

T
(72)

+/<f2(t),f(t))H_l(Q)’H&(Q)dt+//(ﬁllw -w + 021,7)dx dz
0 0

+/z0~w(0)dx+/por(0)dx Y(b1, bo) € L2(Q)N x L?(Q),

2 ko)

where(w, ) is, together with somg, the solution to

Liw+Vh—0Vt=b;, V-w=0 inQ,
Lt —w-ey =b2 in Q,
w = 0, T = O On 2,
w(T)=0, =(T)=0 in 2.
From (69) and (70), we see th@t p) also satisfies (72). Consequently, o) = (z, p) and(z, p) is, together with

4 =g, the solution to the Stokes system in (64).
Finally, we must see th&t, g, 0, v1, U2) € Ex. We already know that

(B12)i, B15, (B2011,)i, Bab2l, € L2(Q),
L?(0,T; H X(2)?) ifN=2,

Pa(lazt Vg —pey —i1lo) € { L2(0,7; W-16(2)3) if N=3
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and
Ba(Lap +V - (62) — 21,) € L*(0, T; HH(2)).

Thus, it just remains to check that

BY?2 € L20,T; V)NL®O,T; H),  B3/%p € L?(0,T; H(2)) N L®(0, T; LA(£2))
andp;’*z € L4(0, T; L12(2)3) in dimension 3. To this end, let us introduce the functighs: 83/%2, ¢* = 83/°4,
p* = B30, fi = B3 (f1+ 011,) and f5 = B3%(f2 + B21,). Then(z*, ¢*, p*) satisfies
L1z* + V¢ = ff + pten + (B33, V 27 =0 inQ,
) 1/2, .
Lop* + V- (02%) = f5 + (BY2)p in Q, 73)
z*=0, p*=0 onxy,
1/2 1/2 .
0= 202, p*(0) =3/ %(0)° in 2.

Since(f})i, f3 € L20, T; H-X(R2)), ((Ba)i2)i, (B3'2)ip € LA(Q), ° € H andp® € L%(£2), we have

e L?0,T; V)NL®(0,T; H) and p*eL?(0,T; HY(£2))NL>®(0, T; L*(£2)).

Our last task will be to deduce that € L*4(0, T: L*2(£2)3) whenN = 3. To this end, let us consider, for each
b e LY3(0, T; L1211(02)3), the Stokes system

—w;,— Aw+Vh=b inQ,

V-w=0 inQ,
w=0 on X, (74)
w(T)=0 in$2.
Under this assumption, it was proved in [3] (see Lemma 2) that
w e L2(0, T; Wy®°(2)%) n €010, T1; LY3(2)?), (75)

depending continuously dnin these spaces.
Thenz* must coincide with the solution by transposition of the first equation in (73), namely, the unique function
7z € L*0, T; L¥2(£2)3) satisfying

T

// z* -bdxdtz/ﬂ§/2(0)20~w(O)dx-i—/(Ff,w)Wfl_G(Q)’W&.e/s(Q)dt
0 2 0

Vb e LY3(0, T; LY2111(2)3).
Here,Fik stands for the function
1/2, ~ _ _
Ff = fi+ B35z + pfen — (25, V)5 — (37, V)z*

and(w, h) is the solution of (74) associated sloRemark that, as we already had thae L2(0, T; L5(52)%) and
p* € L?(Q), all the terms of the previous definition make sense by virtue of (75) and the assunfptidrt (£2)3.
Thereforez* € L*(0, T; L*%(52)3). This ends the proof of Proposition 20

Remark 4. Observe that, besides the null controllability, we have got two additional (and essential) properties for
the solution(z, p) of (58):

e On the one hand, we have foutd p) decreasing exponentially as> 7.
e On the other hand, a supplementary property has been obtained as indicdtéd tHe regularity forz.
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4. Local null controllability of (11)

In this section we establish the result that allows us to conclude Theorem 1, i.e., the local null controllability of
system (11):

Liz+ (z-V)z+Vg=peny +v1l,, V-z=0 inQ,

Lap+2z-Vp+V-(62) =02, in Q, (76)
z=0, p=0 on X,
200=2%  p0)=p° in £2.

For this, we will follow the steps developed in [3]. Thus, we first remember the following inverse mapping theorem
(see [1]):

Theorem 2. Let E and G be two Banach spaces and ldt E — G satisfy. A € CX(E; G). Assume thakg € E,
A(eg) = ho and A'(ep): E + G is surjective. Then, there exisés> 0 such that, for every: € G satisfying
Ik — hollg < 8, there exists a solution of the equation

A(e)=h, e€kE.

In our setting, we use this theorem with the spakes Eyn andG = G1 x G2 with

Gi— L?(B3(0, T); H-1(22)?) x L?(B3(0,T); HX(2)) if N=2,
Y7 12(B3(0, T); WL8(2)3) x L2(B3(0, T); H-1(2)) if N=3

and

G, H x L2(£2) if N=2,
271 (L4%2)°NH) x L3(2) ifN=3

and the operator
Az, q, p,v1,v2) = (A1(z. ¢, p. v1), A2(z, p, v2), 2(0), p(0)),
Ai(z,q, p,v1) =Liz+ (z- V)z+ Vg — v1l, — pen

and
Ao(z, p,v2) =Lop+2z-Vp+ V- (02) —v2l,

for every(z, q, p, v1,v2) € En.
In the following proposition, we check that the previous framework fits the regularity required to apply Theo-
rem 2.

Proposition 3. Let us assume thate L>°(Q)V. Then,A € CY(E; G).

Proof. We start by noticing that all the terms arising in the definitioddadre linear (and consequenty}), except
for (z- V)z andz - Vp. However, the operators
((Z’ q, P, V1, U2)9 (Zs q: ﬁ’ ‘Elv 172)) [ ((Z : V)Z’ ra vla) (77)

are bilinear, so it suffices to prove their continuity fr(ﬁw X EN into G1.
In fact, for N = 2 we can use thaié/z(z, zZ, p) € L*(Q)°® for any couple((z, ¢, p, v1, v2), (%, G, p, U1, U2)) €
En x Ex and we get

~ ~ 1/2 1/2~
“ (Z : V)Z”LZ(ﬁg(O,T);H*l(.Q)Z) < C”Z ® Z||L2(/33(0,T);L2(Q)2) < C”ﬂ3/ Z||L4(Q)2 ”ﬂ3/ Z”L“(Q)Z
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and

~ ~ 1/2 1/2 ~
Iz - VAl L2y, ry: -1y < ClIAZl L2py0.1: 222 < ClIBS 2l a0 11B3 51l Laco)-
On the other hand, fav = 3 we find that

| vz ||L2(/33(O,T);W*1=6((2)3) S Cllz ® 2l L2p30.7): L8(2)%)
1/2 12~
< C||/33/ Z||L4<o,T;L12<9)3)||ﬁ3/ a0, 7;12(2)3)

and

- - 1/2 1/2-~
llz - Vp”LZ(ﬁs(o,T);Hfl(Q)) < C||pZ||L2(ﬁ3(o,T);L2(Q)3) < CliB3 Z||L“(O,T;L‘5(KZ)3)”/33 Z”L“(O,T;L?’(Q))'

Therefore, in both cases the continuity of (77) is established.
This proves Proposition 3.0

As a consequence of this result, we can apply Theorem &fer0 e RY andho = 0. In fact,.4'(0,0, 0,0, 0):
E — G is given by
A'(0,0,0,0,0)(z, ¢, p, v1, v2) = (L1z + Vg — v1l, — pen, L2p + V - (82) — v21,, 2(0), p(0))

forall (z,q, p, v1,v2) € EN and is surjective in view of the null controllability result for the linearized system (58)
given in Proposition 2.
As a conclusion, an application of Theorem 2 gives the existenée-dd such that, if

[ p @) 2v-2(2) c12(0) <8

then we find two controlgv1, v2) such that the associated solution to (76) verifigl) = 0 andp(T) =0 in £2.
This establishes the null controllability result for system (11) and so concludes the proof of Theorem 1.

Appendix

In this paragraph, we obtain a local estimate of the termAgrappearing in the right-hand side of (31). Let us
first introduce two open setss andw, such thqtgz € w3 € wg € w and a functiont € D(wy4) with ¢ =1 in ws.
Secondly, for simplicity we defing = sA e**¢ and we set

ax, 1) =7 x)Apx, T —1) inRY x (0, 7),

whereu has been extended by zero outsige
Let us first see which is the heat equation satisfied bindeed, applying Laplace’s operator to the equation
verified by and keeping in mind (23), we get

(Ap(T — 1)), — A(Ap(T —1)) = f inQ, (78)
where
f=ADeI)T — 1)+ Age(T — 1) + AG@VY)T — 1) = V(V - (Dpy)(T —1))
—V(V-gu(T =) = V(V- (OVY(T —1))).
From (78), we deduce that

i, —Aii=F inRN x(0,7T), 7
{ﬁ(0)=0 inRY, 7
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where
F=0tf+7tA@(T —1) = 20V - VAQ(T — 1) — HAL Ap(T —1).

Notice thatF e L2(0, T; H~2(RM)N) and we a priori know thai € LZ(RN x (0, T))N (from its definition).
From the equation [1 (79), we have thiate L2(0, T; H2(RV)N), so that«(0) makes sense.

Now, we rewriteF" in a more appropriate way, so that it is given by the sum of two functions: in the first one,
we include all the terms with derivatives of second ordeg9fD¢y, 6 Vi andg; in the second one, we consider
all the other terms. Notice that this second function has a support containgd .

More precisely, we puf’ = F1 + F>, with

F1=AA((De3)(T — 1) +AA(Eg1(T = 1)) + AA (L OVY)(T — 1) = AV (V - (¢ (DpF) (T —1)))
—AV(V - (£81(T =0)) = aV(V - (@OVY)T = 1)) + 7' A(Ep(T 1))

and

Fp==20V¢ -V(Dey)(T —t) = NAL (DY) (T — 1) — 27V - Vg (T —t) —nALga(T — 1)
—24V¢ -VOVYNT — 1) = AALOVY)N(T — 1) + HV(VE - (Dey) (T — 1))
+AVE(V - (DeI)T — 1) +7V(VE - go(T — 1)) + 7V (V- g1(T — 1)) + 4V(VE - (OVY)(T — 1))
+AVE(V - OVYNT —1) = 27'Ve - V(T —1) — i AL(T — 1)
_ 20V - VAT — 1) — HAL A(T —1).
Notice thatF, Fy € L2(0, T; H~2(RV)N), while F» € L2(0, T; H~1(RV)¥). Next, we are going to introduce
two functionsiit andi? in L2(RYN x (0, 7))V satisfying
~i ~i _ H N
[fo ™ hawxom 2

for i = 1, 2. Once this is made, we will have= il + 2 and it will suffice to estimate the integrals

/ f |2 dx dr.

w2x(0,T)
Definition and estimate afl. By definition, we will say thafi! is the solution by transposition of the Cauchy

problem for the heat equation (80) fo= 1. This means that! is the unique function i.2(RY x (0, 7))V that,
for eachh € L2(RN x (0, T))V, one has

/f 121~hdxdt=// (7t (g1+ Doy +OVY)(T —1)) - Azdxdr

Rx(0,T) RN x(0,T)
—f f n¢(g1+ Doy +§V¢)(T —1)-V(V-2) dxdt+/ f ﬁ/gga(T —1t)- Azdxdr, (81)
RN x(0,T) RN x(0,T)

wherez is the solution of
—zz—Az=h inRN x(0,7),
2(T)=0 inRY.

Remark that, for every € L2(RN x (0, T))", (82) possesses exactly one solutionL2(0, T; H2(RV)N) that
depends continuously dn Thereforeji1 is well defined and

(82)

~1 =~ =
%71 L2y 0,1y < Cill Fill .20, 7: m-2RV)N) (83)
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for a positive constar@y. Furthermore, it is not difficult to show that € C°([0, T1; H=2(RY)") and solves (80)
for i =1 in the distributional sense.
Furthermore, we can easily deduce from (83) that

/f |121|2dxdt<C<// 1h¢g1]? dxdr

RN % (0,7) RN x(0,T)
+// |ﬁgéw|2dxdr+// |ﬁ;D<py|2dxdz+// Iﬁ/ggo|2dxdt),
RN x(0,T) RN x(0,T) RN x(0,T)

for a constantC > 0. Here, we have used the fact that
T —t)=n() vte(,T).
Thanks to the properties gf we finally get

// |ﬂ1|2dxdt<// |ﬁ1|2dxdt<c<// |ﬁg1|2dxdt+/[ 17 @] dxdr

wpx(0.T) RN x(0,T) w4x(0.T) w4x(0,T)
+/ / |ﬁDgp)7|2dxdt+/ / |ﬁéw|2dxdt>, (84)
wax(0,T) wax(0,T)
with C > 0.

Definition and estimate 62. Now, we deal with the Cauchy problem (80) for 2, where the right-hand side is
in L2(O T; H-1(RM)N). The existence and uniqueness of a solutie L2(0, T; HX(RY)N) is classical. Recall
that F1 (1) has support itw4 \ w3 for ¢ a.e., while we would like to estimate tlﬂé -norm of the solution inw2 and
w2 is disjoint of wg \ w3.

We will start by writingii? in terms of the fundamental solutiak = G(x, r) of the heat equation. To do this,
we first notice thalfz can be written in the form

1?2 = le—l- V. fzz,

Wherele and Fzz are L2 functions supported by, \ w3) x [0, T] wh_ich can be written as sums of derivatives
up to the second order of produd®? ¢ g1, 1DP e, 1DPr Doy, 1DP 6V andi DP o with 1 < |B] < 4.
Observe that, for any € w4 \ w3 and anyx € wy, one hagx — y| > dist(dws, dws) = d > 0. Then, we have:

t t
ftz(x,t):/ / G(x—y,t—s)ﬁﬂ(y,s)dyds—/ / VyG(x—y,t—s)-Fzz(y,s)dyds (85)
0 w4\o3 Owa\w3

forall (x,1) € w2 x (0, T), where

1 a2
G(x,t):We WI%/20 yx e RN, Vi > 0.

Now we integrate by parts with respectidn (85), passing all the derivatives frofiz; and Foz to G andv,G.
This is possible because we are integrating in a region wiiéssof classC®. This yields an expression faf of
the form

ﬁz(x,t)zf Z DYG(x —y,t =)Dt (¥)zap(y.5)dyds,

(@a\@3)x (0,1) ¥€1.BE]
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where alla € I satisfy|a| < 3, all 8 € J satisfy 1< |8] <4 and

20,8y, ) = 1(8)(Ca,881(y, 8) + Do, p9(y, 5) + Eq p(D@y)(y, 5)
+ Fa g (OVY)(3,9)) + Gapl (8)9(3,5),  Ca.ps Daps Eaps Fupr Gap €R.
From the previous considerations, we readily have
|ﬁ2(x,t)|§/ / Z|D;‘G(x—y,t—s)||z(y,s)|dyds
(@a\@3)x (0.1) *€!

forall (x,7) € w2 x (0, T), where

2(y,5) = 1(s)(C181(y, 8) + C20(y, 5) + C3(Dpy)(y. s) + Ca@VY)(y, 5)) + Csi ()p(y, 5).

Obviously, for every O< § < d there exists a positive constafits, ») such that

2
|D*G(x —y, t—s)|<Cexp(2( ) ))

forall (x,7) € wa x (0, T), all (y,s) € (wg\ w3) x (0,¢) and anyw € I, so that

|ﬁ2(x,t)|<6/ / <2(I >|z(y s)| dyds

(w2\@3) % (0,1)

with C(w) > 0.
At this moment, we integrate i, x (0, 7) and we obtain:

f / || dxdt<Cf</f ex p(z(t >\z(y,s)]dyds>2dt

wrx(0,T) Ows\w3
T

<CT l 4 2 ds)d
= exp Z(I _ S) ”Z(S) ||L2(a)4) $ !
0

0

for someC (w) > 0.
Finally, we write the last term as a convolution, say

f (fi* f2)(0)dt,
0

where
~ _ 2 ~ 2
A =10 00 ) € L'R),  fol) = 20|72, lo1(0) € LXR)
and we use Young's inequality. This provides
/ f 2% dx dr < CT/ / |z|% dx dz.
w2x(0,T) w4x(0,T)

Taking into account the expressionzfwe get
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// |a2|2dxdt<CT(// 17 % dx dt

wpx(0,T) wax(0,T)

+/ / 17112(1g112 + D@3 I? + 10V | + |9l?) dxdt). (86)
w4 x(0,T)

Putting this together with (84), we arrive at the estimate searched in this paragraph:

/ |ﬁ|2|A<p|2dxdr<C(1+T><f/ 1712]¢|? dx dr

w2x(0,T) w4x(0,T)

+/ / 2(1s12 + D52 + 15V + o1?) dxdt). (87)
w4 x(0,T)
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