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Abstract

We study here instability problems of standing waves for the nonlinear Klein—Gordon equations and solitary waves for the
generalized Boussinesq equations. It is shown that those special wave solutions may be strongly unstable by blowup in finite time,
depending on the range of the wave’s frequency or the wave’s speed of propagation and on the nonlinearity.
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Résumé

On étudie des problemes d’instabilité des ondes stationnaires pour des équations de Klein—-Gordon non linéaires et des ondes
solitaires pour des équations généralisées de Boussinesq. On établit que ces solutions d’ondes spéciales peuvent étre fortement
instables par explosion en temps fini, selon le rang de la fréquence des ondes ou la vitesse de propagation des ondes et la non-
linéarité.
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1. Introduction

In this paper, we study strong instability of standing wave solutions €' ¢, (x) for the nonlinear Klein—-Gordon
equation

2u—Au+u—uP'u=0, (1,x)eRxR", (1.1)
and of solitary wave solutions ¢, (x — wt) for the generalized Boussinesq equation
Ou— %u+92(3%2u+ lu”"'u) =0, (1,x) eRxR, (1.2)

whereneN, —l<w<1,p>1,p<1+4/(n—2)if n >3, and ¢, is the ground state, i.e., the unique positive
radially symmetric solution in H'(R") of the equation

~Ap+(1—0?)p—191P 'p=0, xeR" (1.3)

See Strauss [28] and Berestycki and Lions [3] for the existence, and Kwong [14] for the uniqueness of ¢,.

The stability and instability of the ground state standing waves e’ ¢,,(x) for (1.1) have been studied by many
authors. Berestycki and Cazenave [1] proved that e ¢, (x) is strongly unstable by blowup (see Definition 1.2 below)
when w = 0 (see also Payne and Sattinger [24] and Shatah [26]). Shatah [25] proved that elot ¢y (x) is orbitally stable
when p < 1+4+4/n and o, < |w| < 1, where

p—1
we = .
\/4—(n—1)(19—1)

On the other hand, Shatah and Strauss [27] proved that et ¢ (x) is orbitally unstable when p < 1+4+4/n and |0| < @
or when p > 144/n and |w| < 1. Ohta and Todorova [22] proved that el ¢, (x) is strongly unstable by blowup when
n>3and (p+ 3Naw? < ( p — 1). Recently, it was proved by Ohta and Todorova [23] that ei’“’d)w (x) is strongly unstable
by blowup whenn >2, p<1+4/nand || <wcorwhenn =22, 1+4/n<p<1+4/(n—1)and |o| < 1.

For related results for the nonlinear Schrodinger equations, see [1,9,29,30], and for general theory of orbital stability
and instability of solitary waves, see Grillakis, Shatah and Strauss [12,13].

In view of the result of Ginibre and Velo [11], the Cauchy problem for (1.1) is locally well-posed in the energy space
X = H'(R") x L%(R"), that is, for any (1, u1) € X there exists a unique solution # = (u, 3;u) € C([0, Tmax), X)
of (1.1) with #(0) = (ug, u1) such that either Tnax = 00 or Tax < 00 and lim,_, 7, ||ii(¢)||x = co. Moreover, the
solution #(¢) satisfies the conservation laws of energy and charge

E(ii(1)) = E(uo,u1), Q(ii(t)) = Quo,u1), 1t €0, Tmax),
where

1 1 1 1
E(M,v)=/{§|Vu|2+ Elulz—lr Elvl2 — —p+1|M|p“}dx
Ril

and

O(u,v) = Im/ uvdx.
Rn

In what follows, we put <Z>>a, = (¢w, iwgy). Then, note that
E'($) — ©Q' () = 0.
Orbital stability of standing waves for (1.1) refers to stability up to translations and phase shifts. More precisely,
Definition 1.1 (Orbital stability and instability). We say that a standing wave e\? ¢, (x) is orbitally stable for (1.1) if

for any & > 0, there exists 8 > 0 such that for any (ug, u;) € X = H'(R") x L2(R") with ||(uo, u1) — dullx <8, the
solution #(¢) of (1.1) with initial value % (0) = (ug, u1) exists for all 7 € [0, 00) and satisfies

i(t) — o (- + )| y <.

sup inf |
0<t<co OER, yeR”

Otherwise, e/ ¢, (x) is said to be orbitally unstable.
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Definition 1.2 (Strong instability by blowup). We say that a standing wave el ¢, (x) is strongly unstable by blowup
if for any & > 0, there exists (ug,u1) € X such that ||(ug, u1) — ¢w|lx < € and the solution u#(¢) of (1.1) with initial
value #(0) = (uo, u1) blows up in finite time.

In view of the above definitions of instability, if the standing wave ¢'“’¢,,(x) is strongly unstable by blowup, then
it is orbitally unstable.
The principal result of the present paper for (1.1) is the following.

Theorem 1.3. Assume that p > 1, p<1+4/(n—2)ifn >3, -1 <w < 1, and

0<2(p+Dw?><p—1 ifn=1, (1.4)
0<(p+3?<p—1 ifn>2. '

Let ¢, be the ground state of (1.3). Then the standing wave solution ei“”d)w (x) of (1.1) is strongly unstable by blowup.

As mentioned above, the strong instability by blowup of standing waves ¢! ¢, (x) has been proved by [1] for the
case w =0 and n > 1, and by [22] for the case (p + 3w? < (p — 1) and n > 3. In the proof of Theorem 1.3, we
need to assume that w # 0 for technical reasons (see (2.1) and the proof of Proposition 2.1 below). Theorem 1.3 gives
a new result for the case n = 1, 2, which is a natural extension of the result for the case n > 3 by [22]. Although the
result for the case n > 3 is not new, the proof is slightly simpler than the one in [22]. In fact, the essential point in
the proof of [22] was to introduce two appropriate invariant sets for the flow of (1.1) (see (2.4) in [22]), while in the
present paper we use only one invariant set X'y which is defined by (2.5).

Now we turn attention to the Boussinesq equation (1.2). The original Boussinesq equation was the first model for
the propagation of weakly nonlinear dispersive long surface and internal waves [5,7]. Eq. (1.2) has the equivalent form

Up = Uy,
{ V= (U —Uxx — |M|p_lu)x~

(1.5)

It is known in [17] that the Cauchy problem for (1.5) is locally well-posed in the space X = H LR) x LZ(R).
Moreover, the solution #(¢) = (u(t), v(z)) with initial value (ug, vo) in C ([0, Tmax), X) satisfies the conservation laws

E(i(1)) = Euo, vo),  Q((1)) = Q(uo, vo), 0 <1 < Tinax,

where
1 1 1 1
E(u,v)= /{Elaxu|2+ Sl + Sl = P |u|p+1}dx
R
and
V(u,v>=/uvdx.
R

Put (i&'w = (¢n, —wP,). Then, a simple computation shows that
E'($0) + V' ($) = 0.

The stability of solitary wave (Zw (x — wt) up to translations can be defined in the following.

Definition 1.4 (Orbital stability and instability). We say that a solitary wave solution (f)w (x — wt) of (1.5) is orbitally
stable if for any & > 0, there exists 8 > 0 such that for (ug, vg) € X = H'(R) x L2(R) with

[ ueo, ”1)_‘77w|

the solution u#(¢) = (u(t), v(z)) of (1.5) with initial value #(0) = (ug, vo) satisfies

x <6,

sup ;gﬂg||ﬁ(l) - (Za)(' +y)||X <&

0t <o

Otherwise, q;w (x — wt) is considered to be orbitally unstable.
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Definition 1.5 (Strong instability by blowup). We say that a solitary wave solution J)w (x — wt) is strongly unstable by
blowup if for any & > 0, there exists (u, vg) € X such that ||(ug, Vo) — P |lx < € and the solution u(¢) of (1.5) with
initial value 1#(0) = (uq, vo) blows up in finite time.

The stability of solitary waves 4360 (x — wt) with |w| < 1 has been the subject of a number of studies, and a satis-
factory stability theory is now in hand. For example, Bona and Sachs [4] proved that the solitary wave <$w (x —owt) is
orbitally stable if 1 < p <5, (p—1)/4 < w* < 1. Liu [17] proved the orbital instability under the conditions 1 < p <5
and w?> < (p—1)/4or p > 5and |w| < 1. On the other hand, Liu [18] showed that solitary wave q;w (x —wt) is strongly
unstable by blowup for the wave speed w = 0 (see also [19]).

The principal result for (1.5) is stated as follows.

Theorem 1.6. Assume 1 < p < oo and 0 <2(p+ Dw? < p — 1. Let ¢, be the ground state of (1.3). Then the solitary
wave solution ¢,(x — wt) = (¢Pp(Xx — wt), —wd,(x — wt)) of (1.5) is strongly unstable by blowup.

In next section, we give the proofs of Theorems 1.3 and 1.6. The method of the proofs is based on the idea
by Berestycki and Cazenave [1] in the study of strong instability of standing waves for the nonlinear Schrodinger
equation as well as the nonlinear Klein—-Gordon equation. The crucial point in their proof is to construct some suitable
invariant sets under the flow of the evolution equations. Then the strong instability results are obtained by use of the
virial identities with the variational characterization of ground states. This method is recently developed by many
authors [18-23]. To optimally use these virial identities, we need to construct some particular invariant sets of the
flows of (1.1) or (1.5).

Notation. As above and henceforth, we denote the norm of the Lebesgue space L” (R") by | - || , for 1 < p < 0o. The
function space in which we shall work is the Sobolev space X = H!(R") x L2(R™).

2. Proof of strong instability

In this section, we prove the main results, Theorems 1.3 and 1.6.
Define functionals J,, and K,, on H!(R") by

1 , 1—e? 1 sl
Jw(v)=§||vv||2+T||v||2—m”vﬂpﬂa

200+n—2 s (I1—0®)QRa+n), -, (p+Da+n i
Kw(v)=fllvvllz+fllvllz—?Ilvllﬁﬂ,

where we put

_(p—D —(p+3)a?
o=
2(p — Dw?

(2.1)

Note that
Ko@) = Jo()la=1, vilx) =A%(x/1),

and by assumption (1.4) we have 2o > 1 if n =1; « 2 0 if n > 2; and 200 + n — 2 > 0 except the case n = 2 and
(p+3?=p—1.
Moreover, we put

dy = inf{J,(v): ve H'(R")\ {0}, Ko(v) =0},
So={ve H' ®R"\ {0}: J,(v) =0},

Go={w € Sy: Jo(w) < Jy(v) forall v e S,},

My ={ve H' R\ {0}: Jo(v) =du, Ku(v) =0}

and
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s 1
Jo () = Jyp(v) — mKw(v)
_(p—Da+2[1 p—Da 1-0*
=t Datn { NI+ G hay2 2 ||v||2}.
Then, we have
~ _(p—l)ot+2 l 5 2 2
Jw(v)—i( et { Vvll5 +aw ||v||2}, (2.2)
de = inf{J,(v) |ve H' R\ {0}, Ku(v) =0} >0. (2.3)

Our first goal is to show that the ground state ¢, belongs to the set M,, under the assumption (1.4). To this end,
we need to consider the case n =2 and (p + 3)a)2 = p — 1 separately. For this case, see [2] and [8, Theorem 8.1.5].
In what follows, we assume that (p +3)w? < p — 1 if n = 2.

Proposition 2.1. I[f n = 1 or n > 3 assume (1.4); if n =2 assume (p + 3Ne? < p — 1. Then the set M, is not empty.
To prove Proposition 2.1, we need the following lemmas.
Lemma 2.2. Ifv € HY(RY satisfies K, (v) <O, then jw(v) > d,.

Proof. Let v e H! (]R”) satisfy K (v) < 0. Then, there exists A € (0, 1) such that K, (A;v) = 0. Since v # 0, we
have d,, <J (Alv)—)» J v) < ] (v). 0O

Remark. In view of relation (2.3) and Lemma 2.2, it is found that
d,, = inf{J,(v): ve H'(R")\ {0}, K,(v) <O}

The following compactness lemmas are obtained by Frohlich, Lieb and Loss [10], Lieb [16] and Brezis and
Lieb [6].

Lemma 2.3. [10,16] Let {f;} be a bounded sequence in H LR™). Assume that there exists q € (2,2%) such that
limsup;_, o I fjllg > 0, where 2 =o00ifn=1,2 and 2* =2n/(n — 2) if n > 3. Then, there exist {y;} C R" and
f e H' (R \ {0} such that {fj(- — ;) has a subsequence that converges to f weakly in H'(R").

Lemma 2.4. [6] Let 1 < g < 00 and {f}} be a bounded sequence in L9(R"). Assume that f; — f a.e. in R". Then
we have

IFilg = 1fi = £g = 1L£1Ig — 0.

Proof of Proposition 2.1. Let {v;} be a minimizing sequence of (2.3). By (2.2), we see that {v;} is bounded in
H'(R"). Indeed, when n = 1, 2, by the assumptions of Proposition 2.1 and (2.1), we have aw? >0, s0 {v;} is bounded
in H'(R"). When n > 3, by (1.4) and (2.1), we have o > 0, so {||Vv;||2} is bounded. Since 2 < p 4 1 < 2%, for any
& > 0 there exists C; > 0 such that s < es?+ Cesz* for all s > 0. Thus, by K,(v;) = 0 and the Sobolev inequality,
we have

200 +n—2 (1—w®Qa+n) .
Tllvv,’ll%fllﬂlz Clvjli3 < ClIVv;lI3

Since {||Vv;l2} is bounded, we see that {v;} is bounded in H'(RM).

Moreover, by K (v j) = 0 and the Sobolev inequality, there exist positive constants C;, C» and C3 such that
CrllviI2, <
Therefore, by Lemma 2.3, there exist {y;} C R", a subsequence of {v;(- — y;)} (we denote it by {w;}) and w €
H'(R) \ {0} such that w; j — w weakly in H'(R"). By the weakly lower semicontinuity of J,,, we have

+1 . -1 .
Cz||u,||” < Gsllvj Il Since vj # 0, we have C1/C3 < |lvjl|?" and limsup;_, o [|vjlp+1 > 0.

J (w) < hmmf] (wj) =dy
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Moreover, by Lemma 2.4, we have
Ky(w;j) — Kp(wj —w) — Ky (w) — 0,

which implies K, (w) < 0. Indeed, suppose that K, (w) > 0. Since K,(w;) =0, we have K, (w; —w) < 0 for large ;.
By Lemma 2.2, we have fw(wj —w) >d,, and

Jo(w) =limsup{J,(w;) — Jo(w; —w)} <O0.

Jj—>00

On the other hand, by w # 0 anc~1 (2.2), we have fw(w) > (. Thisisa contradiction. Therefore, we see that K,,(w) < 0.
Finally, by Lemma 2.2 and J,(w) < d,,, we have K, (w) =0 and d,, = J,(w). Hence, w € M,,. O

Proposition 2.5. If n = 1 or n > 3 assume (1.4); if n = 2 assume (p + 3)w> < p — 1. Then we have
My =Go=1{e"¢u(-+y): 6 R, ycR"}

if translations and phase shifts are considered or
Mo =Gy ={£¢u(-+y): yeR"}

if only translations are considered, where ¢, is the ground state of (1.3).

Proof. First, we show that M, C G, . Let w € M,,. Then, there exists a Lagrange multiplier € R such that J/ (w) =
nK, (w). That is, w satisfies

—{1=Qa+n-2n}Aw+ {1 — Qe +n)n}(1 —0*)w=(1-{(p+ Da +n}n)w/”w (2.4)
in H~'(R"). By K,,(w) =0 and (J, (w), w) =n({K, (w), w), we have
2(p+1) p+l

IVwl3 = (n —nQa +n){(p+ Da+n})w|"T).
p—1 p

Since w # 0, we have
n
< 9
Qa+n){(p+ Da +n}

which implies 1 — 2a+n —2)np > 0and 1 — 2« +n)n > 0in (2.4). Thus, by [8, Theorem 8.1.1], we have x - Vw €
HY(R"), and we have

n

0=Ko(w) = hJowi)lh=1 = (J,(w), aw — x - Vw) = (K, (w), aw — x - Vw) =105 Ko (wp)]5=1,

where w) (x) = A*w(x/X). Moreover, by K, (w) =0, we have

Qa+n=27% _  , (1=0)Qu+n)? , {(p+Da+nf 1

0 Ko (wy)lim1 = —————[Vwll3 + 5 lwlly = == lwliy%,
Qa +n—2){(p — Do +2} (1 — ) Qo +n)(p — e

=- > IVl - : lwl <0.

Thus, we have n =0, and w € S,,. Moreover, for any v € S, we have K, (v) = 0. By the definitions of d,, and M,,,
we have J,(w) =d,, < J,(v). Therefore, we have w € G,,, and we conclude M,, C Go-
On the other hand, by [8, Theorems 8.1.4 to 8.1.6], we have G, = {e‘eqbw(- +y): 6 eR, y € R"}. Since M, is not
empty by Proposition 2.1, we have M, =G,. O
Define the set X' by
Zi={w,v) € X | E@,v) —0Q,v) <dy, K,u)<O0}. (2.5)

Note that A(¢,,, iwg,) € X1 for any A > 1.
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Lemma 2.6. The set X\ is invariant under the flow of (1.1). That is, if the data (ug,uy) € Xy, then u(t) =
(u(1), d;u(t)) € X1 for any t € [0, Tpax), where u(t) is the solution of (1.1) with initial value (uo,u1) and Tax is
the life span of u(t).

Proof. For the sake of convenience, we put

Ly,(u,v)=E,v) —wQ(u,v).

It is immediately observed that
1 .
Jo@) = Lo (1, v) = S|l = ioull3 < Lo (1, v). (2.6)

From the conservation of energy and charge, we have L, (i(t)) = Lo, (ug, u1) < d,, for any t € [0, Tmax). So, to
conclude the proof of the lemma, it suffices to show that K, (u(#)) < O for any ¢ € [0, Tihax). Suppose that there
exists g € (0, Tax) such that K, (u(fp)) = 0 and K, (u(t)) < 0 for r € [0, #p). It then follows from Lemma 2.2 that
jw(u (t)) =2 d, > 0 for t € [0, tp). Thus, we see that u(ty) # 0. Since K, (u(t9)) =0 and u(ty) # 0, it follows from
relation (2.6) and the definition of d,, that d,, < J,,(u(tg)) < Lo, (4(ty)) < d, which is a contradiction. O

For A > 1, let uy () = (u;.(¢), 9;u,(t)) be the solution of (1.1) with data i, (0) = )»q;w, where qgw = (¢p, iwg,) and
¢ is the ground state of (1.3). Let Ty, be the life span of i; (¢). Define

1 2
L) = 5||ux(r) 5 0<r<Ty.

The key lemma to prove the strong instability is the following lower estimate for the virial identity.

Lemma 2.7. For any A > 1, there exists a constant a; > 0 such that

d? +3 .
@Ix(t) > pTHB,u;L(t) —1wuk(t)\|§ +a,, 0<t<T,.

Proof. By simple computations, we have
L (t) =Re/ A1ty (H)uy (1) dx =Re/(8,ux(t) — iwuy (1) )up (1) dx

R R”

and

L) = ||du;. (1) ||§ + Re/ 32u (1, X)uy (1, x) dx

Rﬂ
3 1 .
= 22 a3+ {1V [+ (1= 0?) [0} - 0+ DE@)
3 1
- P;F lliww. (6) = duur®) |3 + (p — 1)(E | Vur )5 + ww? ||M(t)||§>

— (p+ D Lo (i () + 200 (i1 (1))

p+3 . (p—DW(p+Da+n) -
== |9 (1) — ieour ()5 + TESES: A0)
— (p+ DLo (M) + 200 (7ds). Q2.7

Here, in the last equality, we have used the fact that L,, and Q are conserved quantities. For any A > 1, it is easy to
see that

Lo(Mo) = Jo(rdw) < Jo(d) = de (2.8)

and

00 (7o) = 0?2 ¢0l3 > &l pull3- (2.9)
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On the other hand, it is found that
n+2)—mn—-2)p

2 _
¢llz = =D —?)

de. (2.10)

Here, we put
(p—D((p+ Da+n) - -
a, = dy— (p+1)Ly(A +2wQ (rAdy).
X (p—Da+2 w—(p ) w( ¢w) Q( ¢a))
Then, by (2.8)—(2.10), we have a; > 0. Moreover, by (2.7), we have

p+3 . 2 (p—DUp+Da+n), -
IHOP THB,M;L(t)—1a)u;\(t)”2+a,\+ > Da 12 {Jo(ur(®)) — do} 2.11)
for 0 <t < Ty. Since u, (¢) is the solution of (1.1) with data quw € X, it follows from Lemma 2.6 that i, (t) € X}
for any 0 < ¢ < T,. Hence, it then follows from (2.11) and Lemma 2.2 that

+3 i
1) > F5=[ay,0) = oo, )3 +

for 0 <t < 7). This completes the proof of Lemma 2.7. O

Proof of Theorem 1.3 then follows from Lemma 2.7 and concavity arguments due to Levine [15] as in Payne and
Sattinger [24]. For the sake of completeness, we give the proof.

Proof of Theorem 1.3. We use the notation of Lemma 2.7. Since A(Zw — qzw in X as A — 1, it suffices to prove that
T, < oo for any A > 1. We prove this by contradiction. Assume that 7, = co. By Lemma 2.7, we have 1, () > a;, > 0
for any ¢ € [0, 0o). This implies that there exists #; € (0, oo0) such that I/{(t) > (0 and I, (t) > O for any ¢ € [#1, 00). Let
B = (p — 1)/4. Then by using Lemma 2.7 we obtain the following estimate

LOL) - B+ DE0?

3 _ 2
> %{”aﬂ”(z) — i, (O3 ur )3 (Re/(atuk(t) —iwux(t))uk(t)) dx} >0.

R
Thus, for ¢ € [t1, 00), we have

(L0 7F) ==L L0 <0,

(L0 7F) ==L P2{LOL) - (B+ DL} <O,
Therefore,

L™ <L) = BL@) P @)@ — 1), 1€ln, 00),
so there exists #, € (¢1, 00) such that I; (1) ™# < 0. However, this is a contradiction. This completes the proof. O

Having established the strong instability by blowup of standing waves for (1.1), attention is now given to the proof

of Theorem 1.6, that is, strong instability of solitary waves for (1.5). The proof of Theorem 1.6 is similar to that of
Theorem 1.3 and is approached via the following two main lemmas.
Lemma 2.8. Let

Dy ={w,v) € X | E@,v) + oV (u,v) <dy, K,(u)<0}.
Then the set X, is invariant under the flow of (1.5). That is, if (ug, vo) € X5, then u(t) = (u(t), v(t)) € X, for any
t € [0, Thax), where 1i(t) is the solution of (1.5) with initial value (ug, vo) and Tyax is the life span of u(t).

Proof. We omit the proof because it is similar to that of Lemma 2.6. O

Note that A(¢,,, —w¢,) € 2> for any A > 1.
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Lemma 2.9. The set A ={w € HY(R) | 5_1 wE LZ(R)} is dense in HY(R), where W is the Fourier transform of w.
Proof. See Lemma4.4in[18]. O

Let q&w = (qbw, a)¢w) where ¢,, is the ground state of (1.3). By Lemma 2.9, there is W, = (w,,, —wwy,;) € A such
that w‘9 — qbw in H' ase; — 0. For A > 1, let it ”0 = Awg We claim that i ”0 € X». In fact, we have

Lo(iy) = E(iif) + 0V (i§) = E(Ao) + oV (Ado) + a(er),

where o (g;) — 0 as g; — 0. Since Ad;w € X5, choose ¢; small enough such that a(e;) < d, — Ly, (Ady). It is then
found that

Lo(i}) < Lo($0) = do- (2.12)
Similarly, we have

Ko (3) = Ko (o) +(ei) < Ko (h0) =0

and
—oV (iy) = =V (hn) +a(e) = @*321¢u |3 + a(e)) > @ $ull5- (2.13)
This in turn implies that iié € X5. On the other hand, it is easy to see that
3+p
2
=——"—d,. 2.14
I90l3 = 15 =y (2.14)

For & > 1, let ii,(t) = (u;.(t), v1(1)) be the solution of (1.5) with initial value ii{j. Let T}, be the life span of u;.. Put

Ly, .
mo:ius 0<t <Th.

Since ﬁg € A, the function I, (¢) is well-defined. The following estimate of the virial identity can be obtained in
a similar way as in Lemma 2.7.

Lemma 2.10. For any A > 1, there is a constant a;. > 0 such that

3
1){/([)21)2 |vs(®) + 0ur @) |3 +ar, 1 €10, T).

Proof. Since the proof of Lemma 2.10 is similar to that of Lemma 2.7, we only give an outline of the proof. A simple
computation shows that

IA/(I)=RC/$ i, (1) 05, (1) dg = Refé ;. (1) {0.(6) + wily (1) } d&

and

L) =

va)Hz (||8 w05+ (1= ?) [un(0)]3) = (p + DE(ii.(1)

_r Hvx(f)—l—wux(t)Hz-l—(P—1)<§||3xux(t)||§+Oéw2||ux(t)‘|§)

—(p+ DLy (1) — 2wV(ﬁA(t))

—DU(p+ Do+ 1)
(p—Da+2
Therefore, in view of (2.12)—(2.14), Lemma 2.10 can be obtained by Lemmas 2.2 and 2.8. O

3 . .
= p; ||vk(t)+wuk(t)||§ To(ur.(1) = (p + DLy (ii5) — 20V (i)

Proof of Theorem 1.6. The proof follows from Lemma 2.6 and the proof of Theorem 1.3. O
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