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Abstract

We give existence results for solutions of the prescribed scalar curvature equation on S3, when the curvature function is a positive
Morse function and satisfies an index-count condition.
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Résumé

Nous démontrons 1’existence de solutions de I’équation courbure scalaire sur 53, quand la courbure scalaire est une fonction de
Morse positive satisfaisant a une condition d’indice.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let S3 be the standard sphere with round metric go induced by S3 = 9 B;(0) C R*. We study the problem: Which
functions K on S> occur as scalar curvature of metrics g conformally equivalent to go? Writing g = ¢*go and k(0) :=
%(K (6) — 6) this is equivalent to solving for t = 1 (see [3])

—8Ag3p+ 69 =6(1+1k(©®)¢’, ¢>0 inS>. (1.1)
In stereographic coordinates Sy (+) centered at some point 6 € $3,1.e. Sp(0) =0, Eq. (1.1) is equivalent to
—Au=(1+thkg(x))u’ inR> u>0, 1.2)
where kg (x) :=k o Sp(x) and
1 _1
u(x) = Ro(p)(x) =35 (1+ |x|*) 20 0 Sp(x). (1.3)

An obvious necessary condition for the existence of solutions to (1.1) is that the function K has to be positive
somewhere. Moreover, there are the Kazdan—Warner obstructions [14,7], which imply in particular, that a monotone
function of the coordinate function x; cannot be realized as the scalar curvature of a metric conformal to g.
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Numerous studies have been made on Eq. (1.1) and its higher dimensional analogue and various sufficient con-
ditions for its solvability have been found (see [2,16,15,11,12,6,4] and the reference therein), usually under a non-
degeneracy assumption on K. On S a positive function K is non-degenerate, if

AK(@)#0 if VK(6)=0. (nd)
For positive Morse functions K on $3 it is shown in [18,5,10] that (1.1) is solvable if K satisfies (nd) and
d:= _<1 + Y (—1)““‘(’“9)) £0, (1.4)
VK (6)=0,
AK(0)<0

where ind(K, 0) is the Morse index of K at 8. We are interested in the case when the non-degeneracy assumption (nd)
is not satisfied.

As in [10] we use a continuity method and join the curvature function K to the constant function Ky = 6 by a one
parameter family K;(0) := 6(1 + tk(6)).

The positive solutions of (1.2) for = 0 are completely known (see [9,13]) and given by a non-compact manifold

1

2\ -4 \
> :yeR,,u>O},

Xy

Z:= {zw(x) ::uz3i<1+

where z,, y(y) = oo as u — 0.

Thus, in general, there are no a priori L°°-estimates for (1.1). For # = 0 this lack of compactness stems from the
fact that the noncompact group of conformal transformation of S acts on solutions. In particular the dilations allow
solutions to concentrate in a single point with large L°°-norm. One expects that a non-constant k breaks this symmetry
leading to a priori estimates for solutions. Indeed, in [10,11] it is shown that if K € C2(S) is a positive function and
satisfies (nd) then for § > O there is C = C (K, §) > 0 such that for all ¢ € [§, 1] and solutions ¢; of (1.1) we have

C'<@®) <C and |l c2usy < C.

Furthermore, Chang et al. [10] compute the Leray—Schauder degree for (1.1) for ¢ > 0 small, and show that it equals
—deg(G, B1(0),0), which is given by d in (1.4), when K is a Morse function. The map G is associated to K and
defined on B (0) C R*. The a priori estimate implies the invariance of the degree as the parameter r moves to 1 and
gives a solution to (1.1) if d # 0.

Hence, if (nd) fails, we face two problems: Is the a priori bound still valid and how do critical points of K with
AK =0 occur in the index count condition (1.4)? A priori bounds, when (nd) fails, are given in [17]. Here, we will
mainly deal with the second question and give a generalized version of (1.4).

In the following, unless otherwise stated, we will assume that K =6(1 +k) € C 683 is positive. To give our main
results we need the following notation. We write kg = k o Sy and for a critical point 6 of k we let

ao(9) = f(kem — T o) Ix]|7°,
]R3
a1(0) := A%kg(0) + V(Akg(0)) - (D2k9(0))‘1v(Ak9 0)),

15
ar(0) =k (01 (0) = =~ / | D%y (0) ()2,
9B1(0)

12 _

a3(0) := p(zﬂk@ (0)) IV(Akg 0)) - f(ng (%) = Ty, 0(x))Ix|~°
R3
48 _ ;120 1
+ ?(Dzke(o)) 'V (Akg (0)) - f (ko (x) — Tki,o<x))|)% +—5 ?{(ké)(x) - TQ’O()‘))W’
R3 ]R3

where all differentiations are done in R?, the mth Taylor polynomial of k in y is abbreviated by
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m

1
UGB ICES
=0

and {'is the Cauchy principal value of the integral,

f f) = lim / £
]R3

R3\ B, (0)
Denote by M, M., and My the sets,

M := {9 € 83 Vk(0) =0, Akg(0) = ap(0) =0, and ay(0) # 0},
My :={0eM: 0<—ai(0)/a®) <1},
My = {9 eM: ai(0) =0}.
We fix 0 € S and define for 0 < 1 < oo and y € R? the Melnikov function I by
1 1

To(u,y)i=¢ / ke (x)(z,0,,)% dx = c f ko (1x + ¥)(z1,0)® dx.

R3 R3

Theorem 1.1. Suppose 1 + k € C®(S3) is positive and satisfies
D%k (0) is invertible, if 0 € A:={0 € §>: Vk(9) =0 and Ag:k(9) =0},
the set M is empty, and az(0) # 0 if 0 € My. Then there is Ry > 0 such that for any R > Ry and 6 € S3 the degree
deg(Fg’ , 82r, 0) is well defined and independent of 6 and R, where
Qp = {(M,y) eR* R <pu<Rand|y| < R},
and (1.1) is solvable, if for some (and hence for any) 6 € S3and R > Ry
0#d:=—deg(I}. 2r. 00+ Y (—HmMED, (1.5)
6eMy: az(0)>0

The number d is the Leray—Schauder degree of the problem (1.1). If, moreover, k is a Morse function, then

d=—<1+ > (—1)i“d<’<s9>), (1.6)

feCrit_ (k)
where
Crit_ (k) := {0 € $*: Vk(0) =0, Ak©)* +ao(0)* + a1 (0)* #0, and
Jim sgn(Ak(©) +ao@)p —a1@)u®) = 1},

Under the assumptions of Theorem 1.1 the set M is finite. Thus we need only consider and sum over a finite number
of points 6.

In [17] it is shown for Morse functions K that the condition M = # is equivalent to the compactness in C2(S3)
of the set of solutions to (1.1), when ¢ € [§, 1 4 &] for small § > 0. In the general case this condition is only sufficient.
Hence, the Leray—Schauder degree of (1.1) is invariant with respect to ¢ € (0, 1]. By simply replacing k by sk for
some s > 0 we obtain from Theorem 1.1, if we abandon the condition M = ¢, that the degree of (1.1) is given by d
for any ¢ such that

:0eMand —
ax(9) a(0)

(1.7)

O<t<min{—al(0) @) >O}.

The first addend in (1.5) gives the degree of the solutions that remain uniformly bounded as t — 0T, whereas the
second addend is the degree of the solutions that blow up as t — OT. It is part of the proof to show that the family
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of solutions splits in this way. Here, the assumption a3(0) # 0 at points 6 € M, where a;(9) = 0, assures that the
blowing-up solutions lie on C Lcurves (1, ¢;) emanating from ¢ = 0 (see [17]).

If k satisfies (nd) the solutions are uniformly bounded with respect to ¢ € (0, 1], the set M is empty, and one
recovers (1.4). The derivative of the Melnikov function Iy is closely related to the above mentioned map G in [10]
(see Remark 5.1 below).

It is interesting to note that if K is a Morse function, then the formula for the degree in (1.6) is independent of the
coefficients a3 (#). This gives the perspective that for Morse functions and ¢ satisfying (1.7) the degree is always given
by (1.6).

We sketch the strategy of the proof of Theorem 1.1 and outline the remaining part of the paper. The transformations
in (1.3) gives rise to a Hilbert space isomorphism between H 1.2(§3) and DV2(R3), where D'2(R3) denotes the
closure of C2° (R?) with respect to

2 2
| =/|W| .
R3

Due to elliptic regularity (see [8]) and Harnack’s inequality it is enough to find a weak nonnegative solution of (1.1)
in H12(S3), or of the equivalent equation. We take advantage of both formulations: We fix 6 € $3, consider (1.2), and
find solutions as critical points of fte :DM2(R3) — R, where

1 1
) = E/|Vu|2 - g/(l + thy (x))ul®.

To avoid cumbrous indexing we will suppress the dependence 6 and write f; instead of f,e. For ¢ = 0 the functional fy
possesses, as seen above, a (3 + 1)-dimensional manifold of critical points Z. We recall some facts about the spectrum
of f'(z) in Section 2. We use a finite dimensional reduction of Melnikov type developed in [1,2]. In Section 3 we
recall without proof that a sequence of solutions to (1.1) can only blow-up in a single point (see [18,15]) and fit
this result into our framework. Section 4 contains the finite dimensional reduction of our problem, where we sum
up the results in [17] and obtain a one-dimensional function that describes the blow-up behavior of solutions. The
computation of the Leray—Schauder degree is done in Section 5. Appendix A contains the proof of differentiability of
the curve of blowing-up solutions, which is done briefly by using the computations and estimates in [17].

2. The unperturbed problem
We define for 1 > 0 and y € R? the maps U,,, 7, : D!2(R?) — DL2(R?) by
Uy (u) = ,u_%u<;> and 7T,(u):=u(-—y).
"

With this notation the critical manifold Z is given by

Z={zuy=TyolUyu(z10): y R}, u>0}.

It is easy to check that the dilation I{,, and the translation 7,, conserve the norms || - || and || - || ;6. Thus for every u > 0
and y € R

U) ' =U)' =U,. (T '=(T)' =Ty, and fo=foolly=fooTy 2.1)
where ()" denotes the adjoint. Twice differentiating the identities for fp in (2.1) yields

fJ @) =Ty oly) ™ o f(Ty oUu(v)) 0 (Ty oUy) Vv e DV2(R?). (22)

Moreover, we see that U (i, y, z) := 7, o U, (z) maps (0, 00) x R? x Z into Z, hence
a—z(u, v.o)=Tyoly:T.Z - Tryeu,pZ and Ty olUy : (T Z2)~ — (T101d, () 2) - (2.3)
The tangent space 17,  Z at a point z,, y € Z is spanned by 4 orthonormal functions,

TZu,yZ :((é,u,y)i: i 20...3>7
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where (éﬂ, y)i denotes for i = 0 the normalized tangent vector %z ,y and for 1 <i < 3 the normalized tangent vector

d ? :
Gy 2y = ~ gy 2y~ BY (2.3) we obtain

(éu,y)i = 7; o uu((él,O)i)~
An explicit calculation gives for 1 <i <3
Gr0)i(0) = —o— (1 + [xP) F.
/15
For i =0 we find

: _ 4 231 _ 2\—1
(él,o)o(x)——n\/ﬁ(l-i-lxl) (1—=2(1+1x?)").

Using the canonical identification of the Hilbert space D'2(R?) with its dual induced by the scalar-product and
denoted by KC: (D12(R?)) — DI2(RY),

(K@), u) =9w) V(p,u) € (D"*(R%)) x D"*(R),

we shall consider f/(u) as an element of D'"2(R3) and f”(u) as one of £L(D"2(R?)). With this identification f;"(u)
is of the form identity—compact (see [2]) and hence a Fredholm operator of index zero.

Since f{'(zu,y) is a self-adjoint, compact perturbation of the identity map in DL2(R3), its spectrum o ( 1o @)
consists of point-spectrum, possibly accumulating at 1. In [17] the spectrum and the eigenfunctions of fi/(z,.) are
computed,

G(f(;/(zﬂqy)) = {)»i,j =1

15
-2 i jeNol. 24
di+it -1 "7 0} 4

and the dimension of the eigenspace, (cbl.“ ]yl) corresponding to the eigenvalue A; ; is given by (i -52) _ (12 ) the dimen-

sion of the spherical harmonics of degree i. Since Z is a manifold of critical points of f;, the tangent space T, Z at
a point z € Z is contained in the kernel N (fy'(z)) of fi(z). As A; ; =0 if and only if i + j = 1, the dimension of
N(f§(2)) is 4, which implies that

T.Z=N(fy(z)) forallzeZ. (2.5)

If (2.5) holds the critical manifold Z is called non-degenerate (see [1]) and the self-adjoint Fredholm operator fé’ (2)
maps the space DLZ(R3) into TZZJ- and is invertible in £(T,Z 1. From (2.2) and (2.3), we obtain in this case

[ @) e, 70 = 1B @) N pgrany Voez. 2.6)

Moreover, f'(z) and f (2)|7, 71 have precisely one negative eigenvalue —4 with one-dimensional eigenspace (z).
3. Blow up analysis

Based on the results in [18,15] we have the following lemma (see [17, Corollary 3.2])
Lemma 3.1. Suppose 1 +k € cl(s? is positive. If (t;, ;) € [0, 1] x C2(S3) solve (1.1) with t =t;, then after passing
1o a subsequence either (¢;) is uniformly bounded in L*°(S%) (and hence in C*%(S>) by standard elliptic regularity)
or there exist 0 € S3 and sequences (i) € (0,00), (y;) € R3 satisfying lim; oo ;i = 0 and lim; . y; = 0, such that
(in stereographic coordinates Sy () about 0)

_1
Ro(pi) — (1 + lik(.)(yl-)) *Zu;,y; is orthogonal to Tzﬂiv."'i Z,

_1
”Re(wl)_(l'i_tlk@(yl)) 4Z,u,~,y,- H'DI,Z R3 20(1)
(R?)
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4. Finite dimensional reduction

For the rest of the paper, unless otherwise indicated, integration extends over R? and is done with respect to the
variable x.

In this section we state without proof results obtained in [17], which yield a finite dimensional reduction of our
problem.

Lemma 4.1. [17, Lemma 4.2] Suppose 1 + k € C>(S?) is positive and 6 € S3. Then there exist py = po(k) > 0,
to =tg(k) > 0, b = b(k) > 0, an upper continuous function po:R — Ry U {o0}, depending only on k, and two
functions w: 2 — DV2(R3) and & : 2 — R* depending on k and 0, where

2:={(t, . y) € [=b, 1+ b] x (0, +00) x R*: 0 < pu < po(1)},

po(r) =+oo if |t < 1o,

such that for any (t, L, y) € §2

w(t, u,y) isorthogonal to A “4.1)
Fl@uy +wlt, w,y)=at, w,y) &uy €Ty, Z, (4.2)
w1, y) = wolt, w, || + |a, . »|| < ro. (4.3)

where {(éﬂ’y),-: i =0...3} denotes the basis of T, . Z given in (1.6) and

Wy

wo(r, pw, y) == ((1+ tkg(y))fé — 1)z y-

The functions w and & are of class C* and unique in the sense that if (v, B) satisfies (4.1)—(4.3) for some (t, i, y) € §2

then (v, B) is given by (w(r, . y), &(t. 11, y)).
Moreover, we have for 1 < j <3

2
G, 11, )0 — Y@t i y)o| < O(t(|Vhke ()| min(1, 12) + min(1, 1)),

i=1

Gt . y) —i&,-(r,u,y)j < O(tmin(1, u4)), (4.4)
where -
ai(t, u, y) :=—tmin(l, ) (1 + tke(y))_‘ST 3;—\/§<ng()’))’
@ (t, p,y) = —tmin(1, %) (1 + tke(y))% ;—ﬁ(Ak%(y))

Remark 4.2. From the proof of Lemma 4.1 in [17] and (4.4) we see that
.
_a(tv u, Y)
Iu
is a well defined, continuous function for (¢, i, y) € £2.

Lemma 4.3. [17, Lemma 5.1] Under the assumptions of Lemma 4.1 we have for all (¢, u,y) € 2 with |u| < 1 and
1<i,j<3

. 2
L IO VTS S APPES L 16

2 1+1
+ O(|Vk + 7).
tu 0y; 315 0x;0x; (‘ e(y)‘ H )
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Under the assumptions of Lemma 4.1 suppose (#;, ¢;) € (0, 1] x C2(S3) solve (1.1) with = ; and blow up at
0eS3ie t; —> tp € [0, 1] and there is a sequence (6;) in $3 such that 0; — 6 and @; (0;) — oo as i — oo. Setting

ui =Ry (¢i)
we obtain from Lemma 3.1 that for large i the tuple (u; — zy,,y; 6) satisfies (4.1)—(4.3) for (¢;, i, y;) € §2. From the
uniqueness part in Lemma 4.1 we get that for large i

1
—a(ti, jui, yi) =0.

1M1

Consequently to exclude or to construct blow-up sequences it is enough to exclude or construct zeros of @ (¢, i, y) for
small u. From the expansion of & in Lemma 4.1 we immediately get that Vkg(0) =0 and Aky(0) =0if 0 € S3isa
blow-up point.

Thus the remaining possible blow-up points are the critical points 6 of k where Akg(0) =0 = Agk(9). If 0 is
a nondegenerate critical point of &, then the determination of blow-up points can be reduced to a one dimensional
problem.

Lemma 4.4. [17, Lemma 6.1] Under the assumptions of Lemma 4.1 suppose 0 is a nondegenerate critical point of kg,
ie.
Vkg(0)=0 and D’ky(0) is invertible.

Moreover, assume Aky(0) = 0. Consider the function &, defined by

315

G0t 3) 1= 52 (1 1KO) @ )

which is well defined and continuous in §2 (see Remark 4.2). Then there are §1 = §1(k) > 0anda C 2-function B,
Bt w):te[=b,1+b), 0<p <8} >R,

such that B(t, u) = O(u?) as w — 0 and

&(t,,u,ﬂ(t,u)) =0 forallte[—b,1+b], 0<pu<34.

Moreover, B is unique in the sense that, if y € Bs, (0) satisfies & (t, w,y) =0 for some t € [—b, 1 +b]and 0 < u < 81,
then'y = B(t, jb).

Hence, to exclude or to construct blow-up sequences, which blow-up at a nondegenerate critical point 6 of k with
Aky(0) =0 it suffices to study a(t, u, B(t, 1))o-

Lemma 4.5. [17, Lemma 6.2] Under the assumptions of Lemma 4.4 and k € C 6(83) we have

_5 3314
(ae(t, . Bt 1)) = —tp (14 1k(9)) 3 ni@ao(e)

3
+ept (14 tk(@))_% HS;(;/g (a1(0) +tax(9))

3
_57334/5
+ 1> (1 +th(0)) " * N

a3 () + O(tp>t2) + O(2p*ts),

Consequently, under the assumptions of Lemma 4.4, if (¢;, ¢;) blow up at 6 € $3 then necessarily Akyg(0) =0=
ao(0) and a(0) # 0. The necessary condition a;(0) # 0 follows from that fact, that if a>(0) = O then from its defin-
ition a(#) # 0, which is impossible by Lemma 4.5, if 6 is a blow-up point. Moreover, the expansion in Lemma 4.5
leads to restrictions on (#;), that is (¢;) has to converge to —a;(0)/ax(9).

It remains the question if there exist (¢;, ¢;) that blow up at 6 € S3,if Akg(0) =0 =ay(P) and a>(0) # 0. This is
true if a1 (0) # 0, in the case aj(0) = 0 one needs to assume a3z (6) # 0.
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Theorem 4.6. Suppose 1 + k € CO(S3) is positive and satisfies

D?kg(0) is invertible, if 0 € A:= {0 € $*: Vk(0) =0 and A k() =0}
and

a1(0)> +az(0)>#0 forall6 € M.
Then there is § > 0 such that for any 0 € My U My there exists a unique C'-curve

0<p<8)opr (), ¢" (1, ) € (=8, 1+ 8)\ {0}) x C*>*(S%),

such that as @ — 0

o, L Ja@+om) if a1 (0) #0,
() = TR
@2(0) | az(@) +Ou'T1) ifa;(0)=0

and (p9 (u, -) solves (1.1) fort = 19 () and blows up like

_1
[Ra (" (e, )) = (1417 K ©)) ™ * 20,00 | pr2syncaes, o)) = O(1)-

The curves are unique, in the sense that, if (t;, ;) € (=8, 14 8) \ {0}) x C>*(S%) blow up at some 6 € S> then 6 €
My U My and there is a sequence of positive numbers (jL;) converging to zero such that (t;, ¢;) = (i), o (i, )
for all but finitely many i € N.

Proof. The claim follows directly from [17, Theorems 1.2, 1.3, 7.1]; we only need to note that if (#;, ¢;) blow up at
some 6 € S3 with lim;_, « #; = 0 then by our assumptions a3(6) # 0 and 6 has to be in My. O

In order to compute the degree of the concentrating solutions, when t — 0%, we need to compute the derivative of
t9(yasu— 0t.

Lemma 4.7. Under the assumptions of Theorem 4.6 suppose 6 € My. Then

0" () __a3(6)
o @)

1

+0(u*).

The proof is given in Appendix A. The next observation is important for the calculation of the degree of solutions
which remain uniformly bounded as ¢ — 0.

Lemma 4.8. Under the assumptions of Theorem 4.6 suppose 6 € A and let a be as in Lemma 4.1. Then there is §3 > 0
such that for all 0 < & < 8§, exist t2(8) > 0 and d(8) > 0 satisfying

1

m
1]<t2(8), s <o, IyI<8| T 1L

Proof. The assumptions of Theorem 4.6 imply ao(0)? + a1(8)* 4 a3(8)? # 0. In the case ap(9)* + a1 (0)* # 0 we
may choose #,(8) independently of 4: If ag(0) # 0 we set () := 1 and if ag(f) = 0 and a;(0) # 0 we let 1,(5) :=
%max(l, laz(8)])~ a1 (9)] such that

1
a1 (0) + tax(0)| > E|al(9)| for || < 12

If ap(0)2 + a1 (0)* = 0 we set

las ()] ’ 1>5.
4la2(6)|

()= min(
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From the expansion in Lemma 4.5 there exists 0 < § < §;1 such that

1.
hi(t, ) := aa(t, u, B(t, ,u))o #0 ford <u<éand |f] <1n(d). 4.5)

To obtain a contradiction assume there are (t,, it,, yn) € (—t1,11) X (8, 82) X Bs,(0) such that

aty, n, yn) = 0 asn— oo.
Ihn

We may assume (¢, in, Yn) = (&, L, ¥) as n — 0o, where § < it < 82. Thus, &(7, i, ¥) = 0. The uniqueness part of
Lemma 4.4 gives y = B(7, i1). Hence, h(z, it) = 0 contradicting (4.5). O

5. Leray-Schauder degree
We recall that for 6 € $3 the Melnikov function Iy : (0, 00) x R? — R is defined by
1 6_ 1 6
To(u, y) =% ko (x)(zp,y)” = 3 ko (ux + y)(z1,0)°.
It is known (see [1,2]) that Iy extends via
1
Iy(=p,y):=Tp(u,y) and Tp(0,y) :zke(y)gf(sz

to a function in C2(R x R?) and

723 ok oI
(0 )——(y) f(mo)G f—() GL0n=0.
82F9 712«/_ 0%k 82F
ayiayj(ogy)_ 3 m()’% 920 ](0 y) =
92I; 72
ﬁjm, »= Ake(y)— f (21,00 = fAke(Y) (5.1)

Using the Kelvin transform z;, , |x|_1zu,y (x/]x]?), we see

_ 1
() (2 +15P) ) = ¢ / ko (x/1xP)25,.,.

Consequently, we may extend I to a function in C%(S*) by identifying R x R3 with §4\ {(0, —6)} via S(0,6) and
setting

v

1
I5((0.~6)) = k(=6) 2 / (21,00 = ZX2k(—0).

Hence there is a function I € C?(S*,R) such that I} is the function I" in stereographic coordinates centered at
(0,0) € S*.

Remark 5.1. The function I is related to the map G, which was used in [10] to compute the degree of (1.1), via (up
to an unimportant constant)

8F9

“G(u,y)i and W(u7y)=/¢c G, y)a,

when the set of conformal transformations of 3 is parametrized by u € (0, oo) and y € R3 using the coordinates Sg.
Obviously the factor ! does not change the degree. We make use of I as it is convenient to have a potential and
because it fits perfectly in our perturbative approach.
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By standard elliptic regularity the operator L,, defined by
Lo (—8Ag +6)7'(6(1 +1k(0))¢°).

is compact from C?(S?) into C?(S?). Under the assumptions of Theorem 1.1 for any & > 0 there is a positive constant
C.s such that the Leray—Schauder degree deg(Id — L, By s, 0) is well-defined and independent of ¢ € [§, 1] (see [17]),
where

Bys = {¢ € C*(S?): l@llc2(s3y < Cr.s and C,:; <o}

We will compute deg(Id — L;, B 5, 0) for small ¢ using the Melnikov function I". To this end we use the transformation
(1.3) and get for any 0 € S°

deg(Id — L;, By 5, 0) = deg(f/. Ro(Br.s). 0).

In the sequel we will denote by do the derivation with respect to u and by 9; the derivation with respect to y; for
1 <i < 3. A direct calculation gives 0;z,,y = /L_lcg (&4,y)i» where

731/15
=g -

We first show that there is an open neighborhood U of the equator {(0, 8): 6 € S3} in $* such that all critical points of
I in U lie on the equator.

Lemma 5.2. Under the assumptions of Theorem 4.6 there is 83 = 83(k) > 0 such that I'' (s, 0) # 0 for all (s, 0) € Us,,
where

Us, := {(5,0) € §*: 0 < dist((s,6), {(0,6): 0 € $3}) < 83).

Proof. Fix 6 € S3. We have by (5.1)

, _ n2ﬁ Akg(0) 2 2
foli3) =3 (wmm+0%mm)+““+””'

Hence, for 6 ¢ A there is §(6) > 0 such that Iy (x, y) # 0 for all (u, y) satisfying 0 < || < & and |y| <.

As T.,  Z =ker(f{ (zu.y)) by (2.5) we obtain for any v € T;, | Z*
5/(zu,),)4ua,-zu,y = (i 2py0 V) — £ Gpy)Hizp v =0 fori=0,....3. (5.2)

Suppose 6 € A. From Lemma 4.1, the fact that w(¢, u, y) and z,, , are orthogonal to 9;z,,y, and (5.2) we see for
|| + |y| < 1in coordinates Sy

cg;fl&(h W, )i = f,/(Zu,y + w(t, u, y))aizu,y

= — /(1 + tky (x)) (Zﬂ,y + w(t, u, y))saiZ/L,y

= - \/\(Zu,y)“.zlu’yaizli,y —t\/kg(x)(zll,y)saiz“,y - 5\/(any)4w(t, M, y)aizlhy + O(t2)
=—13; [y (i, y) +O(1?). (5.3)
We apply Lemma 4.8 and obtain from (5.3)
[T (e, y)| = da(8) > 0
for all 6 < < 87 and |y| < &2, which gives the claim. O
Thus, under the assumptions of Theorem 4.6 there is R > 0 independent of 8 € S 3 such that

(I ~10)N (0, 00) x R3 € 2&,.,
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where §2p is defined by

2g :=(R™", R) x Bg(0).

Lemma 5.3. Under the assumptions of Theorem 4.6 we fix some point © € S° such that Vk(—9) # 0 and use coor-
dinates Sy and the transformation in (1.3). Then there is t| = t)(k, ) > 0 and Ry = Ry(k, ®) > R > 0 such that if
0 <t <11 then any solution u; of (1.2) is of the form z,, y + w(t, i, y), where (i, y) € (0, Ro) x Bg,(0). Moreover,
either (L, y) € 2g, or u;y =Ry (@ (1, ) and t = 1% (u) for some 0 < . < (Ro)~"/2 and 6 € My, where ¢? and t?
are given in Theorem 4.6.

Proof. From the expansion of Y in Theorem 4.6 we may take 151 > 0 such that we have for all 0 € My and 0 < u <
(R)™!
laz(0)|
la3(0)]
We first show that the solutions of (1.1), which do not belong to

<220, (5:4)

Lg:= {(pe(u, ) 0<pu<@R)7L 0¢ Mo},

remain bounded as t — 0. Let (¢;, ¢;) be a sequence such that ¢; solves (1.1) with r =1,

0<t;—>0 and |¢illoo—> 00 asi— oo.

The uniqueness part of Theorem 4.6 shows that (¢;, ¢;) equals (17 (i), (pg(u,-, -)) for some 6 € My and (u;) tending
to 0.

Consequently, there are two types of solutions to (1.1), the solutions which lie in Ly and blow up as ¢t — 0 and
solutions which remain uniformly bounded above (and by Remark 5.4 below) as t — 0. From our analysis above there
is 71 > 0 such that the solutions in Lj, defined by

Ly = {go: @ solves (1.1) for some 0 < ¢ <7 and ¢ ¢ Lo},
are uniformly bounded below and above.
Using the transformation in (1.3) with coordinates Sy there is Ry > 0 such that for any solution u, € Ry (Lp) of
(12)with0O <t <7

1 .
It = 2y praes) = 5 12000 prages, if (2, 3) & 2,.

Due to the classical result of Caffarelli et al. [9], Gidas et al. [13] all positive solutions of (1.2) are given by Z. Hence,
using the uniform bound, there exists 0 < #; < 7 such that any solution u, € Ry (L) of (1.2) with 0 < ¢ < #| satisfies
dist(u;, Z) < po, where pg is given in Lemma 4.1. Shrinking #; if necessary, we see that for any solution u; € Ry (Lp)
of (1.2) with 0 < ¢ < 1 there is z;,,y such that (i, y) € £2g, and

ur — zy,y isorthogonal to Z;, ' Z, |lus — zylIpragsy < po-
For f/(zu,y +u; — zu,y) = 0 the uniqueness in Lemma 4.1 yields for

MTZZM,y"i_w(ts M, y)’ Where (M?)})E‘QR()'

The solutions in Ry (L) given by Theorem 4.6 are by construction of the form z,, , + w(z, u, y), where y(u) —
Sy (0) for some 6 € My as u — 0. Enlarging R depending on dist(—1, My) and shrinking #; we infer from (5.4) that
any solution in u; € Ry (Lg) of (1.2) with 0 < ¢ < 1 satisfies,

1
ur=2zuy+wt,n,y), where0<p < E(RO)_I and |y| < Ryp.

This finishes the proof. 0O
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Remark 5.4. We note that the uniform lower bound of positive solutions follows directly from Harnack’s inequality
and the upper bound. To see this we multiply (1.1) by ¢ and use Sobolev’s inequality to get

3
[ 81562 4607 =6 [ (14 1k@)6° < const@ 15
s3 S

which shows that [|¢|| ;71.2(s3) is bounded below by a positive constant (k). Harnack’s inequality then implies

3

c(k)? < / 8|V|? + 6¢ = 6/(1 +tk(6))¢® < const(k) infg(p(9)6,
0eS?
53 S

and leads to the desired lower bound.
For the computation of the degree we will use tubular coordinates, when we are close to the critical manifold Z.

Lemma 5.5. There are p1 > 0 and a differentiable homeomorphism Q : By, (Z) — N Z(p1), where N Z(p1) denotes
the normal disk bundle of Z in DV2(R3) with radius p1 and

By, (Z) := {u e D"*(R): dist(u, Z) < p1}.
Proof. We consider the map ¢ : Z x D12(R?) — R* x DI2(R3), defined by

q(z.w) = ((w. i), 2 +w).

For its derivative we find

Dal RGN ED
T\ )70 @+

d 0 (Ty oUy)~! 0
Dql(z,ouuz,()):(() ’Ton/{M)Dql(Z’O)< y OM (Tvouu)q .

Hence, Dq|;,0) is uniformly invertible and we may apply the inverse function theorem to deduce the existence of pj
and Q(u) :==¢q~'(0,u). O

and

By Lemma 5.3 there are two types of solutions to (1.1) as t — 07 the solutions in L, remain uniformly bounded
as t — 07 and the solutions in L¢ blow up as t — 0T and are isolated by Theorem 4.6 and Lemma 4.7 for each fixed
small ¢ > 0. From Lemma 5.5 we obtain for any 0 < § <ty and ¢ € [8, #1] using the additivity of the degree

deg(f/. Ro(Brs).0) =deg(f/. Bop.ry(2).0)+ > degioe(f). Ra(¢” (1. "))).
0eMy:
Elug >0:E te(()ll,e):t

where p; := min(pg, p1) and

Bpy o (Z):= 07 ({(zpy, W)t (zpuy, w) € NZ(02), (14, Y) € 28, }) NRo (Brs).-

We first compute the degree of the blowing-up solutions

Lemma 5.6. Under the assumptions of Lemma 5.3 there holds for 0 <t < t;

Y deme R ) = Y e,

6eMy: 6eMy: az(6)>0
u? >0: 1% (u¥)=t
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Proof. Note that if a;(0) = O then the definition of a>(#) implies a2(0) < 0. From Theorem 4.6 for 6§ € My there

exists a 1 = u? (1) > 0 such that 1?(u) = 1 if and only if — % > 0. As a3(9) < 0, this is equivalent to a3(6) > 0.

Lemma 4.7 then shows that 1 (7) > 0 is unique.
Fix 6 € My, such that az(#) > 0,0 < § < 9, and ¢ € [§, tp]. By Theorem 4.6, Lemmas 4.1 and 5.3 we know that

U =Ry (9"0 (“9’ ) = 20 y(uoy T w(t, w’ y(ﬂe))’

Jw(e n”, yw”) [ =0’y =00, y(u")=B(t. 1),
and the solution ¢ remains uniform isolated for 7 € (0, 79]. Consequently after possibly shrinking 7y we have for
e=/t

degioe (f}, uyo) = deg(f;, Ue(uy0), 0),

where

Ue(uyo) := {zﬂ,y + w: |u —u9| <&t y —y(u9)| <e, we th_y, lw]l gs}.

We note that by Lemma 5.5 we may work with tubular coordinates that is any u € Ug(u,0) splits into the sum of

Q) = 20(u),.0w), and u — Q(u) =w € Tou) Z™.
To obtain a contradiction, assume

sz/(ZlLJ' +w)+ 1 — S)fz/(zu,y + w(t, u, y)) + (1 - s)Proij’y P (ft/(Zu,y + w)) =0

for some s € [0, 1] and z, y +w € BUg(uMe). By Lemma 4.1 we have f/(Zu,y +w(t, u,y)) €T, Z,which yields

.y
PrOszu,v z+ (ft/(zu,y + U))) = O

The uniqueness part of Lemma 4.1 implies w = w(z, u, y), which gives the contradiction f/(z,.,y + w) = 0 for some
L,y +we aUg(MMH).
Consequently

deg(f;. Ue(uy0). 0) = deg(f/ (zp.y +w(t. 1. ) +Projg, 7o (f/ @p.y +w)). Ue(u,0).0)

3
=deg (ProjTZM‘yZL (f/(z,w + w)) + Za(t, ”w, y)i(éu,y)i, Ue(u,0), O),

i=0

where we used again Lemma 4.1. Forw € T | Z1 with |w| = ¢ we may estimate

f[/(ZM,y +w)= f;/(zu,y) + ft//(Zp,,y)w + 0(82)
= £/ (zuy)w +0(e2) + O(0) = f§ (z,y)w + O(?),

where || f§/(z.,y)wl| > conste due to (2.6). Note that f;/(z,,,,)w € TZJI; .- Hence

3
deg (PrOjTZ‘LYyZL (‘ft/(zll.,y + w)) + ZC{(I, M, )’)i(ép,,y)i’ Us(”lﬁ)a 0)

i=0

3
= deg(f(;/(zu,y)w + Za(t7 M, y)l (é#,y)iv UE(”;,LH)ﬂ 0)
i=0
By Lemma 4.4 there holds in Ug (u,,6)
alt,u,y)i=0 fori=1...3 <— y=28(@,nw.

As above we may deduce
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3
deg(f(;/(zﬂ,y)w + 3t )i Gy Ue o), 0)

i=0
3
= deg(f(;/(zu,y)w + Ol(l‘, u, B, M))O(éu,y)o + ZCY(I, M, y)i(éu,y)iv Us(ul,ﬂ)’ O) .
i=1

From Lemma 4.3 we have for |y — y(u?)| =¢

1 T _5 1
W(‘W’ W Vi) icics = _3%J§(1 + k()" D (y(”)) (v = (1)) + O(e"2).

As Dzk(y(ue)) is non-degenerated we may replace Z?:l al(t, 1, y),-(é,l,y)i by

=D%k(y(1”)) (v = y(1)) - Gui<i<s,
without changing the degree and get
degloc(ft/’ ”;ﬁ) = deg(f(;/(zu,y)w + (X(ts u, B(t, M))O(éu,y)o
- Dzk()’(ﬂg))()’ - y(MG)) Euy)i<i<as Ue(u,0),0).
From the proof of Lemma 4.7 in Appendix A we know

ay 1

_— t, = 9 O 4 )

Bu( w) =az(@) +0(u?)
where

9
Py

1 30
J/(t,u)=m(1+tk(9)) i\/E(Ot(t,u,ﬂ(t,u)))o~

w33

By (2.4)—(2.6) the self-adjoint operator f'(z,.,y) restricted to T, unZ L is invertible with only one negative eigenvalue.
Hence, we finally see

degioc (7 1,0) = deg(fg 2y y)w + a3 (@) (1 — 1) pey)o
—D*(y(1) (y — v (%)) - Guy)i<i<ss U (u,6),0)
—(=1)-1-(=1)3 . (=1)nd*O)
This ends the proof. 0O
We shall show that the degree deg(f/, By, r,(Z),0) of the solutions that remain bounded as t — 07 is given by
—deg(I), 2g, 0) for # € S3 and large R. We prove the identity by comparing local degrees. Since we cannot assume

that the critical points of Iy are isolated, we use a transversality argument and consider small perturbations of I'j
and f/.

Lemma 5.7. Under the assumptions of Lemma 5.3 let € € R* such that |€| < py and T’y — & # 0 in d82g,. Suppose
Iy — € has only non-degenerate zeros in §2g,, such that

—1 N
Ay Z supl || (I (. ) ||s Ty (e, y) =€ and (. y) € 2, }.

Then there exists t| = t1(k, Az) > 0 such that for any 0 <t < t; any solution u; € By, g,(Z) of
0=f/ ()= fl ) + () 't Qu) - Gouy)

is of the form u; =z, y, + w(t, [is, 1), Where G(t, s, y1) = —(cg) "'t & and (s, y1) € 2g,. Moreover; there is
C1=Cq(k, Ay) > Osuch that if (us,, t,) € By, ry(Z) x (0, t1) satisfy ft; g(“zn) =0andt, — 0% then thereis (i1, y) €
§2R, such that, up to a subsequence,

|Mtn_la“|+|ytn_y|<cltna (55)
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where I'j(ji, y) = €. Vice-versa, for any zero (ji, y) € $2g, of I'y — & and for 0 < t < t; there exists one and only one
point (ju;, y;) such that a(t, iy, y;) = —(cz;)’lt,ug and (5.5) holds.

Proof. From the uniqueness part in Lemma 4.1 we have u; = z,, y, + w(t, s, y;) and czoe(t, s, yi) = —t ;€. As
u; € By, ry(Z) there holds (i, y;) € £2g,.
Fix a sequence (u;, ) with (#,) converging to 0. Since (i, , yr,) is bounded, we may assume that (u;,, y;, ) converges
to (&£, ¥). From expansion (5.3)
_l‘l’lg = CEM;;I&(ZYH /’Ll,, ) yt,,) = _tn([;; (I’Lly, ) )’tn) + O(tn))v
hence Iy (ji, y) = €. A further expansion yields

O=c§/“[:1&(tn, Mt,l,yt,,) _i_l‘l’lg

—ty (Fé’(ﬂ, y) (pybl - y) +o((tts, yi,) = (i, i))) +0(ty).

tn
which gives as n — 0o
"= = M, —
(I (. 9) + 0(1))< ) O(t)
Vi, =Y
proving (5.5) for I'})(jt, y) is invertible.
Let (i1, y) be a zero of I'y — €. Arguing as above we see as (i, y) — (i, y) and forany 0 <1 < 1

—1- - - n— /1
cep e, u, y) + 18 = —1(I} (i, ) + 0(1))(y B y) +0(r?).
Using the degree in a O(f)-neighborhood of (f, ), we find (u;, y;) such that
&(ts Mt yl) = _(Cé)iltlitg
and (5.5) holds. To prove uniqueness of (u¢, yr), we use the fact that by (A.8) below and the results in [17, Lemma 5.1]
9w, . y)| =0@) for0< j<3and (1,y) € 2g,. (5.6)
We obtain
3 (cemy 1at, e, yo)i +18;)
= 8'(fz/(zp.t y T w(, pr, yl)) i X e,y +t§i)
= [ (Zpry, + W, e 3)0j (2, v, + W s )0 Zpa v + FL (Zprye + W e, 30)) 0105 20y,

= 6/(Zﬂn.\’t +w(, wr, yt))aj (Zu,,y, +w(, wr, yl)) 0iZpry, — St / k(x)(zut,yt)étajzﬂt,yt 0iZpay,

+ fo(zugy + W, 1, ¥0)) 38240,y _t/k(x)(zmm)s‘f’jaizm,y[ +0(¢?)

u

(Zu, ),)w(t Wiy Vi) a]Z/L[ Vv IZM/ y f (Zu,,y,)ajaiz//.,,y, w(t, e, ¥i) — tajaiFH(IU«t’ Vi) +O(t2)~
Differentiating fo (Z1,y)0izu,y = 0 with 9; and testing with w(¢, 1, y,) we obtain

0= 1o @pury )W, 1y ¥0) 32y, 3, 02y + F0 Zpyy0) 002,y WE, s Vo)
and finally

3 (cemy ' alt, e, yo)i +18:) = —13;8; Ty (e, yo) + O(22). (5.7)

To prove uniqueness, we choose 8 > 0 such that sgndet I, (i, y) = sgndet I';)’ (fx, y) # 0 for any |(@, y) — (i, )| <8
and (ft, y) is the only zero of Fé — £ in Bs(i, y). From (5.7), there exists 7(8) > 0 such that if 0 < ¢t < ¢(§) and

(i, yi) € Bs(ft, y) solves cza(t, py, y ) = —t €, then

sgndet(9; (Cg/l,t_l&(t, Wi yo)i +1€;)) = sgndet I ([, y).
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From (5.3) after possibly shrinking #(8) we get for 0 < ¢ < #(§)
sgndet I}/ (ji. §) = deg(Iy — &, Bs(it. §), 0) = deg(—ce ™ 'a(t, . y) — 12, Bs(it. 7). 0)
= > sgndet(d; (—p; '@, mr, yo)i) — (ce)™'ét)

(e, y1)€Bs (f1,y) _
cea(t, s,y ) ==t E

=#{(we, y1) € Bs(it, y): cza(t, e, yo) = —tju,€ ) sgndet I ([, y).
Hence #{(i1;, 1) € Bs (i, §): cga(t, i, y1) = —tp €} = 1, proving uniqueness. O

Lemma 5.8. Under the assumptions of Lemma 5.7 let (1, y) € §2g, be a zero of I'y — £ and (t, u;, y;) such that
O<t<ty, cst_x'(t, Wi, Y1) = —t € and (5.5) holds. Then we have the identity of local degrees

degloc (‘ft/’gv Zu,,y, + U)([, Mt yl‘)) degloc( 8 (,LL y))

Proof. We have
/ 3

Ji , i . - A .
d; () = f; (u) + (cg) 1t<(EQ(u))0,')8'éQ(u)-l-(Cs) 1IQ(M)MZ81'Z%(EQ(u))i((EQ(u))j,-),

i=0 j=0

" P
t’g(u) =

where we used Lemma 5.5 to see

00 u); .
3: L =(CGow)j)-

Since [|0;w(t, s, y1)|l = O(t) we have for small 7 that
DV2(R?) = (9 (zpyy + wlt, s, y0)): 0< j <3) DT

Mt Vt
We recall that the eigenvectors (D“ y[ of f'(zy,y) withi+ j # 1 are spanning T, Z* (see Section 2). Differentiating

fm(zu}—l—w(t W, y))q)l“]yl:Owegetfori—i—j;él

(" gy + W, 110, 30)8) (20,3 + w112, 3)), 157) = 0.
Furthermore, by (5.6) and (5.7)

nt syt

<ft/,/§ (Zproye F W 1102 )05 2y + W 110, 30))1 03 (20,3, + W 12, 1))
= 3j(ft/,§(zunyt + w(t, ey Y1) 9iZpry,)
(A% @ueye w10 30) 3 (2 +wE s 30)). Bw (e 3)
=3 (cemy '@, 1e, y0i +187) + 1] Zugy) D Zpae, v, Biw(E, e, i) +O(17)
=—19;0; Iy (e, 1) + O(17).
Fori + j # 1 we find
£ ey + Wt s 30) @ = £ @y s )PLT +O().

Consequently, in the above decomposition the map ft g(Zm, v +w(t, iy, ¥r)) looks like

—10;0; Ty (e, ye) + O(?) O(t)
0 f(;/(zur,yzﬂrzﬂm zL1+0@) J°

From (2.4)—~(2.6) we know that f{(z,,. yt)ITZM v is invertible with only one negative eigenvalue. Shrinking #; if
necessary we may assume in view of (5.5) '

sgndet I (ur, yr) = sgndet Iy (72, 3)

and the claim follows. O
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Lemma 5.9. Under the assumptions of Lemma 5.3 there is to > 0 such that for all t € (0, t0], 0 € S°, and R > Ro we
have

deg(f,’, By, ry(Z), 0) = —deg(ly, $2g,, 0) = —deg(Iy, 22g, 0).

Proof. By transversality and Lemmas 5.2-5.3 we can choose € small that I’y — € has only non-degenerate zeros and
deg(Iy, 2g,, 0) =deg(Iy — &, 2g,, 0),
deg(f/, Bp,,ro(2),0) = deg(ft”g, By, ry(2),0).

By Lemmas 5.2-5.8 we have for small ¢
deg(f, Bpy.ro(Z2),0) = deg(f; , Bpy.ry(Z),0)

= Z degjo. (ft/,é" Zuy Fw(t, 1Y)
(. y)ef2g,
cea(t, |0, y)=—1UE

= Z degloc(Fﬂ{ - g’ (e, y))

(14, y)€82R,
Ty (u,y)=¢

= —deg(ly — &, 2g,, 0) = —deg(Iy, 2g,, 0).
From Lemma 5.2, after possibly enlarging Ry, and since Iy and [ are just the map I” in different charts the degree
is invariant with respect to 6 € $3and R > Ro. O

If K is a Morse function we may compute deg(I, £2g, 0) explicitly, using the Poincaré—Hopf index formula as
in [10].

Lemma 5.10. Suppose 1 + k € C(S3) is a positive Morse function such that ay(0)* + a3(0)> # 0 for all € M. We
define Crit_ (k) C 3 by
Crit_ (k) := {0 € $*: Vk(0) =0, Ak(0)> + ap(0)* + a1 (8)* #0, and
lim sgn(Ak(©) + ao®)p — ay(O)p’) = —1}.
u—0t

Then we have for all ¥ € S3

deg(Iy, 2ry, =1+ Y (-)MED L H (o pindko),
6 eCrit_ (k) feMy: az(0)>0

Proof. Since I'y is even in u, the Poincaré—Hopf index formula for the Euler characteristic and the additivity of the
degree give for every ¥ € §°

2 =deg(I"’, $*, 0) = deg(I",Us,, 0) + deg(I"’, $* \ Us,. 0)
=deg(I"',Us,, 0) + 2deg(Iy, 2g,, 0),
where
Us, = Us, U{(0,0) € $*: 0 € $°}.
We set

09 = lim sgn(Ak(©) +ao@)u — arO)p® - ax@)ir),
nw—

which is well defined because at least one of the four coefficients does not vanish.
As k is a Morse function and by Lemma 5.2 each critical point of I'* in U5, is isolated and lies on the equator.
Consequently,
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deg(I" Us,, 0)= Y degyoc(I", (0,0)).
Vk(0)=0
Fix 0 € $3 such that Vk(9) = 0 and use stereographic coordinates Sp. If Ak(9) # 0 we easily get from (5.1)
degioo (1", (0.6)) = (= D)"*D sgn(Ak(9)) = (= 1) "oy,

Hence we may assume Ak(6) = 0. We obtain by (5.3) for small ¢ and r
1
degloc(rlv (07 9)) = deg([‘@/? Br(os O), 0) = deg(_aa(tv u, Y), Br(oa 0)’ O),

where we extend i&(t, u, y) for u <0 to a continuous function in B, (0, 0) by Lemma 4.1 via

- 1. N .
a(t,—u,y)i=—oat, u,y)=a(, ny); forl<i<3,
t(—u) tu

- L.
a(ta —M, )OZ——(X(I, “, )O
t(—p) Y ru Y

By Lemma 4.4 we may extend B to a continuous function for || < r by
As a(t, u, y); =0if and only if y = B(¢, u, y), we see

1=
deg(—i&a,u,y), B,(0, 0),0) =deg<—(’““(f’“’ﬂ(t’“))(’), B,(0, 0>70>'
tu olt, 1k, y)

From Lemma 4.1 we see for (u, y) € B,(0)

_5 7
—a(t, . y) = (1+ tho () * ——=Vko(y) + O(1*
(1+ ko (1)) T (%)

= (1 + tko(0)) :/gDzkg ©0)y +0(r2).

3z

By Lemma 4.5 after shrinking ¢ and r if necessary we then get

_1z
deg(( ,Moe(f,u,ﬂ(t,u))o) B, (0, 0)’0)
—a(t, 1, y)i

_ op _ oL
Case((L 0" )on00.0) —ase((2 ).0.000)

= (—1)indk0) 5
This gives
deg(I" Us;, 0) = Y (=1)"EDgy.
Vk(6)=0
By the Poincaré—Hopf index formula we have
Z (—1)indk0) — o
Vk(6)=0
hence
Z (—1)indkO 5 — o Z (—1)indk.0)
Vk(©)=0 VEk(6)=0, 09 <0

which gives the claim. 0O



M. Schneider / Ann. 1. H. Poincaré — AN 24 (2007) 563-587 581

Proof of Theorem 1.1. From [17, Theorem 1.1] the condition M, = @ implies that for any § > 0 the Leray—Schauder
degree deg(Id — L;, By s, 0) of the problem (1.1) is well-defined and independent of ¢ € [§, 1]. Hence it is enough to
compute the degree for small t > 0. Lemma 5.3 shows that for small # > O the total degree is the sum of the degree of
the blowing-up solutions, computed in Lemma 5.6, and the degree of the solutions, which remain bounded as t — 07,
given in Lemmas 5.9 and 5.10, if K is a Morse function. Summing up yields the claim. O

Appendix A. Derivatives of @ and #°

The appendix is devoted to the computation of the derivative of ¢/ with respect to s in the case when a;(6) = 0
and a3(0) # 0. From the results in [17] we know in this case as & — 0

a3(0)
ax(0)
We shall prove the corresponding expansion for the derivative as stated in Lemma 4.7 above. Since we proceed as
in [17], where derivatives with respect to ¢ and y are computed, we will only sketch the computations and arguments
that lead to the desired result.

We first recall the expansion of @, w and B8 as u — 0 given in [17, Section 4,6]

1% (u) = - wA+O(u't4),

Lemma A.1. [17, Section 4] Under the assumptions of Lemma 4.1 we have as ;1 — 0

4
Gt y) = Y @t )| = 10(u*F2) + 2O | Vho ) + 13| Vo ()| + 1| Akg ()] + 1),

j=1

where o1, oy are given in Lemma 4.1, for 1 <i <3

1

33 _5 0

= 3
asz(t, p,y)i i=—tpw” ——(1 4tk P— Ak ,
31, 1, )i 0 2\/1_5( 0(»)) . 0 (y)

5 318
- o 4 -3 3 Xi
ag(t, p, y)i = —1p* (14 tko (y)) 4nﬁ}[(ke(X+y)—Tk(,(.ﬂ),o(X))W

and
3

R 3 _5 314 5 1
a3(t, n, y)o:=—tu (1+tk0(y)) 4]_[\/5 (kﬁ(x+y)_Tk0(.+y),0(x))W,

3 3
. _53ix./5 _9314/5
as(t, o y)o =t (14 tho (y)) 30 A%k (y) = it (1 + tho (1)) 16 ( / \Dzk@(Y)(x)2|2>-

9B1(0)

If, moreover, k € CO(S3) then

5
G(t, V)0 — D& (1, 1, Y)o| = O(n) +PO( [Vhs [ 412 [Vha ()] 4+ 11 Aks ()] + *+3),

J=1

where

tw’ 3%4\/5 f(
T

RPTI: ko (y + %) = Tig (44).0())
0

as(t, i, y)o = o

Lemma A.2. [17, Section 4] Under the assumptions of Lemma 4.1 we have as 1 — 0

1
w(t, (1, y) = wolt, i, y) +wat, . y) +10(|Vke () |11 + n> %),

where wy is given in Lemma 4.1 and
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wa(t, . y) i= rmin(L, 12) (14 tks (1)) 75 0 U (82(0)).
() = ( / D ()22 (21 ) )

The operator .7:0 e LDM2RY, T, T OZJ‘) is defined by
Fo = @0lr,  22) " o Projz, 1.

The definition of wy is equivalent to wy € T, yZ and

1 . .
I3 Gz yywa =5t f D%k () (x — ¥)*(zp0y +w0)” - +a2(t, i, ¥) - Epy- (A.1)

Lemma A.3. [17, Section 6] Under the assumptions of Lemma 4.4 we have

B(t, 1) =0+ (D%kg(0))~ (Za,(t ,u,0)>+0( 3+1 i),

Jj=3

where & (t, i, y) is defined analogously to & by

R 3145 5 R
aj(tv/-’Lv )’) = t[,L—JT(l +tk(9))4(aj(t1 M, y)la“-aaj(t»/-’Lv )’)S)T

We begin by computing the derivative of @ with respect to .

Lemma A.4. Under the assumptions of Lemma 4.1 and k € C®(S3) we have

+10(*2) + 120(| Ve (3|21 + |Vhko 0|11 + | Ak () |1 + p3H4),

d(@o _ 25: 9o
d

and for 1 <i <3

a(“)’ = Z a(“’)‘ (133) + 20(|Vho ) 1+ [Vho (1)1 + | Ako ()] + 73).
j=1

Proof. Asin [17] we define H : R x (0, 00) x R3 x DI2(R3) x R* - DV2(R3) x R* by

Ht, oy, w,@) = (f] @,y +w) =& &y, (w0, Guyi)),)-

The functions @ and w are implicitly defined via H (¢, u, y, w, &) = (0, 0). We have

oH >, .
(a( —>) ( M, y, w, Ol)) (z) = (ft”(z,u,y + w)‘ﬂ - ,Bg:,u,y’ (<§07 (Eﬂa}’)l»l)‘

From [17, Remark 4.4] we may assume that (%—)(z‘, w,y, w(t, i, y),a(t, i, y))) is uniformly invertible with re-
spectto (¢, u, y) € §2, i.e.

dH R -
—-»(tali»yaw(tal/v»y)»a(l,l/u)’)) <C* fOI'aH(f’/L,}’)ESl (A2)
o(w, a)
In the sequel we will suppress the dependence of w and @ on 7,  and y, when there is no possibility of confusion.
Moreover, we always assume 0 < u < 1.
Differentiating H (¢, u, y, w, &) = (0, 0) with respect to & we get
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oH _<ft// <,y _&_ aéll-,)” <<w’ a(éu,y)l >) >
3/L I ol !
dw
LS (%). (A3)
o(w, ) g_z

A direct calculation gives for 0 </ <3

Ha(éu x)l ‘

o
Differentiating (w; (¢, £, ), (§,.y);) = 0 leads to
0\ _ [dwilt . y)
ou ou
Differentiating (A.l) we see

A2y

< const ufl. (A4)
ou

<w,- (t, 1, ), : (éu,y>z>. (A.5)

dwy

fw( p,y) w2+f (Zu,y)m

1 B(Z ,7+w )
:St/ ED ko (y)(x —y)z(z,w +w0)4#0-

4 daa(t, b, y) - 3(éu,y).

€Ly L, y) - A.6
o Su,) +oa(t, 1, y) o ( )
From (A.2)—(A.6) we obtain
]
H % H < const u. (A7)

Estimating f,"(z;,,y +w) =5 Z“ Y and f/"(zu,y + w)% as in [17, Section 5] and using (A.4) and (A.5) we see

d
9H ( (wg:wz)

2w, 3) )HO(‘W(”H“HE)'

dH o
_W(t’l‘lﬂy3wva)_ &
ki

Consequently, by (A.2),

Jw  d(wo + wr) da  dap 141
_—— — — — | =tO(|Vk, 4. A8
‘au » +‘au » (|Vkg ()] 4+ ' *4) (A.8)
It is easy to see that for 0 < i, j <3
Iy
< .yt (‘i:uy) > (A.9)
which implies, if we test (A.3) with (é‘ﬂ Vs
a(a)j . 0zuy 0w
= — A.10
o =fi @u,y +w) o +t3 (Euv)/ (A.10)
By (A.8) we estimate f,"(z,.,y + w)(dz"“ . aM)(SM y)j asin [17, Section 5] and arrive at
3(@); 49(zp,y + wo)
2 st / (ko () = ko () Gy + w0) =20 )
3y
—1 / (ko (x) — ko () (zpu,y + wo)S%

d 1 .
- Sr@ ( / 51)% )& = 22 @y + wo) wa . y) j>
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4 :
- 10@ </(1 + tho (1)) (zpuy + wo)3(wz)2(§u,y)j>

+120(|Vko )P + [ Vo ()| + 13+4). (A1)

The computations in the proof of Lemma 4.7 in [17] show, that

— 1 2 —v)2 4 : L 3 2.6 )
5t/ 2D ko (y)(x —y) (Zp.,y+w0) w2(€p.,y)] 10/(1+tk0()’))(zu,y+w0) (w2) (Eu.,y)]

3

2pt 4 2 2 oo
-—— D7ko(y)(x)°|” + O(Aky(y))) if j =0,
(1+lk9(y))4 (faBl(O) ’ | )
if1<j<3,
where the term Q(Ak@ (y)) does not depend on (.

Since zy,y, (§u4,y)j» wo, and their derivatives with respect to u are known functions the remaining integrals may
be computed explicitly as in [17, Section 4]. This leads to the desired result and finishes the proof. O

Lemma A.5. Under the assumptions of Lemma 4.1 we have for all (¢, u,y) € 2 with |u| <land 1 < j<3

dalt, w, 2 R
A0 T kg 0) - Ak ()
ay; 33\/5 0x;

2

3
5 314 1
— 13 (1 + thy () — ( “(x+y) — Ze, (>( )‘f)| g
+10(|Vko ()| 1> + ;ﬁ*f) +120(|Vks ()1 + |Vk9(y)|,u2 +1%). (A.12)

Proof. Proceeding as in [17, Section 4] we find

9
arlt V0 _ e 4y )M@M)O_Za(; “, y)< (5’”)1 (gw)o> (A.13)
9y; dy; =0
and
9
fz”(zu,y"‘ )M(Eﬂ y)O
Yj
ko(x) — k 2y -
:—St/M( 2 V)4 Z/ty(sﬂ 2o — 20/(Zu ‘) (w—w )Z_“’.}(gu’y)o
(1 +tho ()7 9y, dy;
+120(|Vhko () [P + | Ve (9) |11 + 123). (A.14)

The tricky part is the term containing (w — wy). Differentiating

J3 Gy)w = wo) (i y)o =0
with respect to y; and using the expansion (see [17, (4.17)])

ft/(Zp,,y +w)= f(;/(z/x,y)(w —wp) — 1 /(kG (x) — ko ()’))(Z/x,y + wO)S :

+120(|Vhs )1 + | Vho () |14 + 1)

we obtain

0Zu.y .+
-20 / (23)>(w — wo) az“i’ Euy)o

"

=Jo (Zu y)(w wO) (gu y)O _f(;/(zu,y)(w — wp)

30
ayj
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9 k k AE,
z—Za(t ", y>z<<sw)z, (s“.y )°> f [ FOZRO 3 oo
) (1 + ko (1)) 9

+t20(|Vk9(y)’ o+ Vo )] + 12%). (A.15)
Inserting (A.15) and (A.14) into (A.13) leads to
dar(t, by Y)o —t
Wi (1 +tky ()
+120(|Vhko ()11 + [ Vho () |14 + 1)

— ok 5
= / 2 ) Erdo
(1 +tho(y))3 J 9%j

+120(|Vko ()P + |Vk9(y)|M2 +12%),

/(ke(x) ke()’)) ((Zu W Ep, ¥)0)

where we used partial integration and the fact that a; Zuy(x) = ax Zl/- y(x) and (éu,y) jx) = _aix;(éﬂ’y) j(x).
The latter integral may be computed as in [17, Section 4]. This finishes the proof. D

Proof of Lemma 4.7. The function ¢? is implicitly defined by y (t? (), ) = 0, where

9
3

1
@ w=g — (1 +1ko (0)) a(t, 1, B, W),

&lo

7134

Hence

0 (ay\ oy
E)M ar au’
The derivative of y with respect to ¢ is computed in [17, Section 6] and is given by

a 1
(0 0) = ax(0) +O(ut).
From the definition of y we find fort =7

9
oy 30(1 + tkg(0))# [0 () d(a)o a8
5w = > ( S Bl ) + = 0 B ) 3 u)) (A.16)
w IM47T3Z\/§ o dy
In view of Lemma A.3 and the fact that Vkg(0) = 0 we may estimate functions F of 8 = B(¢, 1) and of ky(B) =
ko (B(t, u)) as follows

4

F(B) = F(0)+ F'(0)(D*ks(0)) <Za (t, 1, 0)) +0(n 3+1 i),

j=3
F(kg(B)) = F (ko (0)) + O (1) (A.17)

For instance, we have |Vkg (8)| + |Akg(B)| = O(/ﬂ). Moreover, from Theorem 4.6 we may estimate 12 by tO(u).
To compute the derivative of 8 we use that 8 is defined by &(z, i, B(¢, 1)) = 0 and get from Lemmas 4.3 and A.4

1
9 L1 23345 5 1
a—ﬂa,m:r = (U ko (0)F (Do () (Z(J—Da,(t i, ﬂ)) +0(u*t1).
w j=3 i=1..3
Thus we see by Lemma A.5

d
(“)0( e ﬂ)—ﬂ(t 1) = —V Akg (0)(D?ks (0)) ™ (Z(J—Da,(t IMO)z)
i=1..3

j=3
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2 e
24 D*Vkg(0 1
= f Vko(x) = Y 2O oyt

=0 BC W
x (D*ks ()~ (ea(t, 16, 001),_; s
+10(u*t).
Moreover,
290 4, py = i(; —2)a;(t, 1, Bo+10(u*t ).
o

j=3

We use the estimate in (A.17) to see as in Lemma 4.5 in [17]

EN[N)

-3 332

/5

2
1 1 _
x f ng(x)—ZEDerg(O)(x)e —= (DK (0)) 'V Akg (0)
=0 '

as(t, w, Bo =03t i, 0)g + 14> (1 + tho (0))

x|
+10(u°)

and

aa(t, 1, Blo+as(t, 11, B)o = aa(t, 11, 0)0 + as(t, 11, 000 + 1O (1°).

Summing up and inserting the result into (A.16) we find

g—Z(r, 1w = %(al(e) +ta(8)) + 3a3(8) +O(u4).

Asai(0) =0and r = —a3(0)/ar (@)1 + O(u' 1) we get

ay 1

- t, = 9 O 4 )

Bu( w) =az(®) +0(u*)
which yields the claim. O
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