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Abstract

We study compactness properties for solutions of a semilinear elliptic equation with critical nonlinearity. For high dimensions,
we are able to show that any solutions sequence with uniformly bounded energy is uniformly bounded in the interior of the domain.
In particular, singularly perturbed Neumann equations admit pointwise concentration phenomena only at the boundary.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

On étudie les propriétés de compacité pour solutions d’une équation elliptique semi-linéaire avec non-linéarité critique. En hautes
dimensions, on démontre qu’une suite de solutions avec énergie uniformément bornée est uniformément bornée dans I'intérieur
du domaine. En particulier, les équations de Neumann perturbées singulierement peuvent avoir des phénomenes de concentration

seulement sur la frontiére.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and statement of the results

The starting point in our investigation has been the study of asymptotic properties for the problem:
—Au+iu=uP in$2,
u>0 in £2, @)
g—z =0 on 452,
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where 2 is a smooth bounded domain in RY, N > 3, p= %—f% is the critical exponent from the Sobolev viewpoint

and X > 0 is a large parameter. Here, n(x) is the unit outward normal of £2 at x € 952.

1
Under the transformation v(x) = A~ 7 Tu(x), d*> = %, problem (1) reads equivalently as a singularly perturbed
Neumann problem:

—d*Av+v=10" in £,

v>0 in £2, (2)
B—Z =0 on 052,
where p = N—f% For general exponent p > 1, problem (2) is related to the study of stationary solutions for a chemo-
taxis system (see [17]) proposed by Keller, Segel and Gierer, Meinhardt (see [18]).
N+2

Problem (1) for A large has been widely studied in the subcritical case p < 5=5. The asymptotic behaviour and the
construction of blowing up solutions have been considered by several authors. In particular, there exist peak solutions
which blow up at many finitely boundary and/or interior points of 2.

The critical case p = %—f% has different features. Starting from the pioneering works of Adimurthi, Mancini and
Yadava [3] (see also [1,2]), asymptotic analysis (see [13,15] for low energy solutions) and construction of solutions
concentrating at boundary points of £2 have been considered by several authors (see for example [21]). We refer to
[20] for an extensive list of references about subcritical and critical case.

As far as interior concentration, the situation is quite different since in literature no results are available and it is
expected that in general such solutions should not exist. A first partial result in this direction is due to Cao, Noussair
and Yan [6] for N > 5 and for isolated blow-up points. They show that any concentrating solutions sequence with
bounded energy cannot have only interior peaks and so at least one blow-up point must lie on 92. At the same time,
Rey in [20] gets the same result for N = 3 by removing any assumption on the nature of interior blow-up points.

Using some techniques developed by Druet, Hebey and Vaugon in [12] for related problems on Riemannian man-
ifolds, Castorina and Mancini in [7] were able to show, among other things, that the conclusion of previous papers
holds without any restriction on the dimension. Namely, for N > 3 at least one blow-up point lies on 952.

However, all these papers do not answer to the full question: do there exist blowing up solutions for (1) with
bounded energy which do not remain bounded in the interior of £2 as A — 4+00? For N > 6 the answer is negative
since we will show that ALL the blow-up points have to lie on 9£2:

Theorem 1.1. Let N > 6. Let A,, — 400 and u,, be a solutions sequence of

N+2

—Auy 4y =NN —2ul?  in L2,

up >0 in 2, 3)
Ay — on 92,

an

with uniformly bounded energy:

2N
sup/u,ﬁV*2 < +o00.
neN
2

Then, for any K compact set in S2 there exists Cg such that:
maxu,(x) < Ckx
xekK

forany n € N.

Theorem 1.1 is based on a local description of possible compactness loss and does not need any boundary condition.
In fact, we realized that Theorem 1.1 is a particular case of a more general interior compactness result, which is still
more interesting that our initial question about singularly perturbed Neumann equations and becomes the main content
of this paper. There holds:
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Theorem 1.2. Let N > 6. Let K be a compact set in §2 and A > 0. There exists a constant C, depending on K and A,
such that any solution u of the problem:

N+2
—Au4+u=N(N —2)uN-2 inS2,
u>0 in$2,
Jo IVul? +u* < A,

satisfies the bound:

maxu(x) < C.
xekK

Compactness properties of the type we are considering appear in a Riemannian context in [8,9] where a careful
analysis based on the C-theory developed in [10,11] for Riemannian manifolds gives the Schoen compactness result
in low dimensions and provides also in high dimensions results as in Theorem 1.2. However, in this context (without
homogeneous Dirichlet boundary condition) the C°-theory developed by Druet, Hebey and Robert is not available.

The paper is organized in the following way. In Section 2 we introduce the notion of (geometrical) blow-up set,
we give a description of this set and we show by a rescaling argument that Theorem 1.1 is a particular case of
Theorem 1.2. In Section 3, we provide the proof of Theorem 1.2: based on a technical result contained in [10,11] due
to Druet, Hebey and Robert (which we report in Appendix A for the sake of completeness), for any interior blowing up
solutions sequence we are able to prove an upper estimate (in terms of standard bubbles) which contradicts a related
local Pohozaev identity.

2. The blow-up set

Let u,, be a solutions sequence of
N2

—Aup + pputy = N(N —2)u,) ™ in £2,
Uy, >0 in 2, “4)
sup,en Jo (IVunl? +u2) < 400,

where §2 is a domain in RN, N >3, and 0 < u,, — p € [0, +00].
We define the (geometrical) blow-up set of u, in £2 as

S= {x € £2: Ax, — x s.t. limsupu,(x,) = +oo},
n——+00

and, by definition of S, clearly u,, is uniformly bounded in CI%C(.Q \S).
Further, define the set

2N_
Y. = {x € £2: limsup f ul 7t >cvr> 0},
n——+00
By (x)
2N
where ¢ > 0. Let Sy be the best constant related to the immersion of H(} (£2) into LV-2(82):

. |Vul®
Sy=_inf %
ueH} ($2)\{0} (fo lul¥v=2)"7

)
By means of an iterative Moser-type scheme, we can describe the set S in the following way:

Proposition 2.1. There exists ¢ = cny > 0 such that it holds S = X.. In particular, S is a finite set and, if u = 400, we
have that u, — 0 in CI%C(Q \ S) (up to a subsequence).

Proof. First of all, we show the following implication:

N
2N 7 N\ N
/ur}lv_2<<7SN ) 7422:></u,$’_2q> < 82 / ul
gN(N —2) Snr

Bor (x) By (x) Bor (x)
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for any r < %dist(x, RN \2). Letgp € C(C)’O(BZ,(x)) besothat 0 < ¢ < 1,9 =11in B,(x) and ||V@|co <
ing (4) by (pzuz—l and integrating by parts, by (5) and Holder’s inequality we get that:

i q 2
/Vunv(<p2”n )+M11/§02MZ—N(N 2)/ l’llv ur%)

Q Q Q
2
N(N =2) 2N\ N 7.5
<SE2( [ W) vt
On the other hand, we can write:

/VunV(gpzuZ 1 1)/(p2uZ 2|Vu | —i—Z/(puZ_lV(qun
2 2
% 2.q-2
/|V(¢un /cp up | Vun|? ——/|ch|
.Q
4 2
/ uy )| —/|w|2uz.
q

2

Combining these two estimates, we get that

2

2 g 2 N(N -2 2N\ N q

5/|V(¢”5)’2<5/|V§0|2“Z+%< / u}yz) /|V(‘/’“r%)’2
2 2

Bor(x) 2
8 1 l
< — ul + = [V (pu?
qr? / "+q/| ()]
Bay (x) 2
2N
in view of [ By (1) U ul? < (%)%Therefore, by (5) we obtain that
N % g 2N q 8
q g q
() (o) e fretecds [
B, (x) 2 By (x)

Z_ Multiply-

Since %q > g, we can iterate the procedure starting from g = 2 up to get a-priori bounds in L”-norms around x

N+2 N

for any p > 2 provided the L%-norm around x is sufficiently small. Namely, we find 0 <4 <1, p > 557 and

2N
¢ =cp > 0, depending only on N, such that, if fB () uy > <c, then

(J )i con f

Bsy (x) By, (x)

for some constant C (N, r) depending only on N and r. Let unl) be the solution of
M N42
—Aup’ =N(N —2u™> in Bs,(x),
uy) =0 on 0 Bs, (x),

2

and u,, 2) be an harmonic function such that u,’ =u, on dBs (x). Since

33 )
NN = 2)u, |LS(35,.(x)>:O<< / u">>

By (x)
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for some s > %, by elliptic regularity theory (cf. [14]) we get that

1
2
Huﬁl)HcO(B,s,.(x)):O(( / uﬁ> )

By (x)

2N
provided |’ By (x) u 2 < c. By the representation formula for harmonic function, we get that

Huflz)”c(’(t?ar/zm)zo( ,/ un>.

9Bsr (x)

Since by the maximum principle 0 < u, < u,(il) + uzz)’ we get that

|
2
||“n||c0(33,/2(x))<c(< / u%) + / “n) (6)

By (x) 9Bsr (x)

for some C > 0. .

By the continuous embedding of H'(£2) into L e (£2) we get that sup,,cy [, o u)? < +00 and therefore, X, is a
finite set, where ¢ = cy is as above. Moreover, up to a subsequence we can assume that u,, — u weakly in H 1(£2) and
u, — uin L%(£2), in view of the compact embedding of H'(£2)into L*(£2). Integrating (4) against gu,, ¢ € C§°(£2),
we get that Mnbt% is uniformly bounded in Llloc(.Q) and hence, u =0 if u = 4-00.

By the compactness of the embedding of H'!(B,, (x)) into L?(Bs,(x)) and of H'(Bs,(x)) into L' (3 Bs,(x)) in the
sense of traces, in view of (6) we get that S = X, is a finite set and, if ;& = 400, u, — 0 in CI%C(.Q \'S) (up to a
subsequence). O

Remark 2.2. Blowing up the sequence u, around a point x € S, by means of the same techniques which we will
exploit strongly in Appendix A, it is easy to show that:

N
N S 5
lim sup / u) 2 2(71\,)
n—+00 N(N —2)

By (x)

for any r > 0. Hence, the value ¢ = cy in Proposition 2.1 can be taken as ¢ = (W"’_z))%
We are now in position to deduce Theorem 1.1 by Theorem 1.2.
Proof of Theorem 1.1. Multiplying (3) by u, and integrating by parts, we get that:

2N
/(|Vun|2+)»nuﬁ) <A =N -2) sup/u,f’_2 < 4o00. (7
neN
2 2
We can define the blow-up set S of the sequence u,. By the validity of Theorem 1.2, we deduce that S has to be an
empty set and therefore, i, is uniformly bounded in CIOOC(.Q).
Otherwise, if S # @, up to a subsequence, we can assume that there exists xo € S such that max,ep, (xy) Un (x) =
400 as n — 400, for any r > 0. By Proposition 2.1, we know that § is a finite set. Let 0 < r < dist(xp, S \ {x0})
and x, be such that u, (x,) = max,ep, (r,) n(x) — +00 as n — +o00. Clearly, since u, is uniformly bounded in

CL(2\S), x, — x as n — +oo.
N2
Introduce &, = un(xn)*ﬁ — 0 and define U, (y) =&, ° un(eny +x) for y € By := B r (0). We have that

Nt2
—AU, + unUp, = N(N —2U* in By,
0<U,(y)<Un(0) =1,
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where wu, = )\,,85. Assume that u, = )Lns,zl — u € [0, +o00]. Since U, is uniformly bounded in HILC(RN ) and
in Cl%c(]RN ), if u = 400, Proposition 2.1 implies that U,, — 0 in C]%C(]RN ) (up to a subsequence) contradicting
U,0)=1.

So, u < +o00. By standard elliptic estimates (cf. [14]), we have that U, — U in CIZOC(RN) where U € H'(RV) is a
solution of

N+2
—~AU+upU=N(N-2)U¥2 inRV, ®
0<UGK)<U©O) =1

(in view of (7)). By a Pohozaev identity on RV (see [19]), we must have that

Un =Kn85—>pL=0.
_N-2
Now, we do the following rescaling. Let v, (x) = A, * u,(x//An + x,,) be defined for x € By(0). The function v,
satisfies:
N42

—Av, +v, =N —2)v%  in B{(0),
v, >0 in B1(0),

S50/ Vol +v7) < A,

since

/(|an|2+v,%)= / (|wn|2+xnui)</(|wn|2+xnu,%)</1.
B1(0) Bl/m(xn) 2

By Theorem 1.2 we get that there exists C > 0 such that

max v,(x)<C.
x€B1/2(0)

So, we reach a contradiction since we have already shown that

N2 1 \'F
v,(0) = Ay ¢ up(xy) = ( 2> — +00
A€

as n — +o00. The proof is now complete. O
3. Nonexistence of interior blow-up points

The proof of Theorem 1.2 is based on a contradiction argument. In view of Proposition 2.1, let us assume the
existence of a solutions sequence u,, of the following problem:
N+2
—Au, +u, =N(N —2uY"* in B1(0),
u, >0 in B (0),
2N
SUPen 5,0 tn < +00,

which blows up in B(0) only at 0: maxyep, () Un(x) — +00 as n — 400 and u, is uniformly bounded in

Cloc (B1(0) \ {O).
By means of Propositions A.1, A.2 and by elliptic regularity theory (cf. [14]), up to a subsequence, we will assume

throughout this section the existence of sequences x,, ..., x* —0,&}l, ... ek — 0and x{,..., x; € RN such that for
anyi=1,...,k:
i iy 22 i i 1 .2 (N
Up(y)=(e),) 2 un(epy +x5) = 5 in Cioe (R \ ;) as n — +o0, )
I+ 1y —xil)

un — uo in CP(B1(0)\ {0}) asn— +oo, (10)
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de(x) T U, (x) < C foranyneN x| <1, (11)
lim hmsupmax(dk(x) T |un(x)—u0(x)|)= (12)

R—+00 p— 4100 x€B},

for some constant C > 0 and for some smooth solution ug > 0 of the equation:

N+2

—Aug+ug=N(N — 2)uN2 in B1(0),

where di(x) =minf{|x —x/|: i = 1,...,k}, By ={|x| <1: |[x —x}| > Re}, Vi=1,...,k} and
Jo_ i Jo_ i
S,:{y,-: lim % .x":j<is.t.M=O(1)}.
n—+oo gl &}
Let now x be so that |x—x'|_R8' forsomei=1,...,k. Wehavethaty_ e 2 satisfies: |[y| =R and |y — y;| >

—|yjl = 1, for R large. Hence, by (9) we get that for any R > 0 large and C > 1 there exists Ny such that for any
n> Noand |x —xi| = Rel

un(x) g CUgfl’x’ilJ,-g;;lxi (-x)v

where
N-2
N2 (x—y g2
Ugy(x) =52 U( ): >
e ) (@Hk—yPT
Since |x — (x} +&ixi)| = (1 — Mﬂx x!| for |x — xi| = Re!, we obtain that for any R > 0 large there
exists Ng such that
u,(x) < 2U€, i (x) (13)
for any n > Ny and |x—x |_Rs
The aim will be to estimate from above u, (x) in terms of the standard bubbles U, el xi x),i=1,...,k,in Bs(0) \

Ule Bpei (x1), 0 < § < 1. By performing some simple asymptotic analysis we get the following result (see also the
techniques developed by Schoen in [22] and exploited in [15,16]):

Lemma 3.1. Ler a € (0, ¥ 2) There exist R > 0, 0 <8 < 1 and Ny € N such that

=~

Uy (x) < Z((SZ)NT_Z_QM - x,ﬂ’z_N+a + My |x — x£,|_a),
i=1

foranyn > No and |x| < § with |x — x”|

>Rel,i=1,....k where M, = 25% SUP) s Un (X).

_4
Proof. Let us introduce the operator L, = —A + 1 — N(N — 2)u,) ~2 . Since u, is a positive solution of L,u, =0 in

B;(0), we have that L,, satisfies the minimum principle in Bs(0) for any 0 < § < 1 (see [14]). Since u( is a smooth
function, by (12) we have that there exist R > 25, 0 <8 <1 and Ny € N such that

o) T uy(ry < (2N 27 - (14)
X u,x) < ————=

k " kN (N —2)

for any n > Ny and x € Bs(0): |x—x| i:l,...,k.

Define now a comparison function ¢, in the form ¢, = ZLI (,0,"1 , Where

P00 = (e0) T = PV M [ — 2

and compute L, on ¢, — uy:
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k

k
La(@n —tn) =Y Lagh =Y (a(N =2 —a)|x —x}| >+ 1 - NV —2u)- )(pn
i=1 i=1

Let x € Bs(0) be such that |x — x], > ,i=1,...,k. There exists j € {1, ..., k} so that |x — x,{l = min{|x — xﬁl :
i=...,k}. Since |x — xn| <x—x), | we have that o (x) (pn (x) forany i =1,..., k and therefore,

k

Lnfpn = n)() = Y (@N =2 =a)]x x| 4 1= NV = 2un(0) 72 ) ()
i=1

k
> a(N =2 - a)x — x| el () = NN = 2u, (1) 72 Y gl (x)
i=1
> [@(N =2 —a) —kN(N —2)(|x —x,{|NTdun(x))Ni]|x — x| el (x) >0

in view of (14), for any n > Ny and x € Bs(0): |x — x| > Rel, i =1,...,k. In view of the validity of (13) on
dBRei (x!), we can always assume that R and Ny are such that

uy(x) < 2(82)%2 |x —x} |2_N

for any n > Ng and |x — x;, | = Rs Therefore, we have that

un () 2R (ef) T e xf V< (ei)NTJ‘“|x — [

forn > Np and |x — x| || = Re forsomei =1,...,k. Since

<@l (x) < pn(x)

k
1 S
t () < 5o My < My > = x| T < on®)
i=1

for |x| = § and n large, by the minimum principle for L, we get the desired estimate in the region x € Bs(0) with
|x—x|>R8’Vl—1 L k. O
We have to combine the estimate contained in Lemma 3.1 with the following Pohozaev-type inequality (“essen-

tially” proved in [7], for the Pohozaev identity refer to [19]):

Lemma 3.2. There exists C > 0, depending only on the dimension N, such that for any |x| <1 and 0 < h < 1= lxl

2 1 e
u, <C 2t 2 u) . (15)
B (x) Bop (x)\ By (x)

Proof. Since Lemma 3.2 is written in a slightly different way with respect to [7], let us outline why some difference
appears. By [7] we get that:

/ u£<__/<x Vo) (pun +R}’l7

By (x)

where ¢ € C0 (Bap(x)) issuchthat 0 < ¢ < 1, ¢ =1 on Bp(x), and

9 N 1 N-2_ ,
Ry=— [ uz|(Vo, Vix, Vo)) + Z0Ag + 2 {x, VipAp)) + —— Vol |.
2

Assuming that |[Vg| < %, we have that (x, V)¢ vanishes outside Byj(x) \ Bj(x) and

[(x, Vo)p| <4
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in By (x) \ B (x). Hence, we get that

‘/x V(pgoun '\4 / ul 2.
Bop (x)\ By (x)

Similarly, assuming that |V2¢| < h2 we show that

C
Ral < 3 f u;

B (xX)\Bj (x)

for some constant C > 0. The proof is now complete. O

Let N > 6 and fix 0 < o < ¥=5 Let us define the following sequence:
; _2+a
Tn =max{8;l: i=. ..,k}N—z—z".
Up to a subsequence and a re-labeling, let us assume that 8,’; = max{efl: i =...,k} and that, for some integer
se{l,...,k— 1}, there hold:
i _ Lk ik
| N T Rk 11 ) S S SN S (16)
'n 'n

as n — 400, where D > 1 is a constant. By (16), we obtain that for x € B, p,, (x,'§) \ Bpr, (xlf) there hold:

e —xh ] > Ixh = xf| =[x — x| > ) —xk| = 2Dry 21, ifi=1,..5 a7
Ix —xi|>|x —xX| = |xk x| > Dry —(D—Dry=r, fi=s+1,... .k

We apply now (15) on Bp,, (x’,j). Letr = %min{|yj|: vj € Sk, yj #0}if Sg \ {0} # 0 and r = 1 otherwise. Since

rn > Sf‘, for n large in view of o < NT*“, we have that

[ ws [ =@ [esEr [
Bpy, (x5) B & (xk) B, (0) B (0)\B;/2(0)

Since Sx N {5 < |y| <r} =0, by (9) we get that

1
Uk 2—) / >0
(Ua) I+ 1y —xx|H)N=2

B, (0)\B;2(0) B, (0)\B,2(0)
and hence,
1, 2 / 1
2 k
u- > —(¢e
/ ”/2(") I+ |y — xP)N-2
Bpp, (xf) B, (0)\B,2(0)
for n large. Let us remark that for n large %8 >r, = Rs,’j > Rsz for any i = 1,..., k. Therefore, we can use

Lemma 3.1 and (17) to provide that

=~

) < 3 ((e0) T PV M ) k(o) TN kg as

i=1

for any n > No and x € Byp,, (xk) \ Bpr, (xk) Hence, by (18) we get that
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Loy i
[ (i)

Bopry (XK)\Bpy,, (xF)

kN N—2—2«a ky\ N—a2 2N 2N
£ £ N-2 5 N—a+25
< C((—”) 4+ M2y N2 (—”) + MYy, N2>

'n 'n
ek N=2-2x 2 29, N—4-3a 2 2+a
<o((2) ) =) M)

N=2

since o < === and M,, is bounded, in view of (10). Finally, by Lemma 3.2 we obtain that

P (e el)),

which gives a contradiction for n large, since 8,’; — 0asn — +o00o.

Appendix A

In this appendix, we want to give a detailed local description of the blow-up phenomenon for a solutions sequence

u, of the following problem:

N+2
—Aup+u, =NN —2u? in B1(0),
u, >0 in B1(0),
2N

SUP,eN fB.(O) uy * < +oo.

We assume that O is the only blow-up point of u,, in B (0):

max u,(x) > +00 asn— 4090,
xeB;(0)

un — ug in Cpp(B1(0) \ {0})

(up to a subsequence), where ug > 0 is a smooth solution of the limit equation:

N+2
—Aug+uog=N(N —2)uy > in B;(0).

First of all, the following classical result holds (see for example [10,11] and [4,22]):

1

Proposition A.1. Up to a subsequence of u,, there exist s € N* and sequences x,, ...,

i,j=1,...,s, i # j, we have:

< 2 el +el
gl = un(x;,) N2 50, 2" 50 asn— 4oo,
|xi — x3
Up (x,’,) = max u,(x) fornlarge,
xEBF,- (xh)
“n

. ) . . 1
U = (&) 7 tn(eny +2,) > ————
A+ 1y1») 2

ds(x)¥un(x) <C foranyneN, |x| <1,

in CIZOC(RN) asn — 400,

where dj(x) = min{|x — x£l|: i=1,...,j} 1 < j<s. Inparticular, there holds

N
2N S 7 2N
liminff uy > — N )4 f uy 2,
n—-+00 N(N —-2)

B1(0) B1(0)

where Sy is the Sobolev constant.

19)

(20)

x5 — 0 such that for any

21

(22)

(23)

(24)

(25)
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Proof. Letx be the maximum point of u,, in B1(0). By (19), (20) we deduce thatxl — 0 and 8,1, = un(x,ll)_ﬁ — 0.
Define U (y) = (g]) = u,,(s 'y +x))foryeB, = Beiy-1(=x 1/¢l). We have that

—AU} + ()2 Ul = NN — 2)(Unl)m in B,,
0<U,(»)<U(0)=1.

By standard elliptic estimates (cf. [14]) and a diagonal process, (up to a subsequence) we have that Un1 — U in
C120c (RN) where U is a solution of

Nt2
{—AU:N(N—Z)UN—Z inRVN, 26)

0<U()SU®©O)=1.

By the classification in [5], problem (26) admits only the solution

Uy)=—""—"7=
(I+1y» 7

Hence, we get that
1 .
Ui (y) = PN Clzoc(RN)'
A +1y5) 2

Moreover, by taking the liminf as n — +o00 and the limit as § — 0, R — 400 in the following inequality chain:

2N_ 2N_ 2N_ 2N 2N_
[woe [ we [ ou= [en®e [u

B (0) By ) B1(0)\Bs(0) Bg(0) B1(0)\Bs(0)
N
2

2N dy 2N Sy 7 2N
liminf N—2 2/7 / N2 _[__ PN / N—z.
n s / tn LA Nv-2) T "
B

B1(0) RN 1(0) B1(0)

which is true for §, R > 0andn > N = N(8, R), we deduce that

If (24) holds true for x,l, we take s = 1 and the proof is complete since (21)—(23) are already verified. Otherwise, by

induction assume that there exist j sequences x,ll, cen X)) > 0asn — 400 satisfying (21)—(23). If (24) holds true, we
have done.
Otherwise, there exists a sequence y, € B1(0) such that

dj() Tty () = n;;a?od () T Uy (x) = +00  as n — +o0. (27)

Since u,, — ug away from 0, by (27) we have that y, — 0 and, for u, = u,( yn)_ﬁ , property (27) reads equivalently
as:
Mn
dj ()

Since (21)—(23) imply d; ) T un(x) < 1 for Jx — x)|<Rel,i=1,...,j,and n > N = N(R), we deduce that y,
must be outside this region, i.e.

—0 asn— too. (28)

i
_ .0 asn—+oo, Vi=1,...,J. (29)
|Yn — x3]

N2

Introduce the function U, (y) = ftn > tn(tny + yn) for y € B,, where the balls B, = {y e RV: |y| < 4 (y"

—£4-="-} expand
to RN as n — 400 in view of (28). Moreover, since

. . 1 .
Ky + yn — xp| = !yn—x,’l!—unly|>§!yn—xi,!
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forany y € B, andi =1, ..., j, we have the following estimate:
U () = ( dj(yn) ) iy + 90T un(uny + yn) H252
dj(pny + yn) ;)T ()

for any y € B,, in view of the maximality property in the definition (27) of y,. Hence, by standard elliptic estimates
and a diagonal process, (up to a subsequence) we get that U, — U in CIZOC (RM), where U is a solution of

N2
—AU=N(N-2)UN2 inRV,
0<U(y) <27, U®©=1.

By the classification in [5], the function U satisfies:

N2

l_,L 2
N2
(W2 +1ly—yol» 2

for some i > 0 and yp € RV. Since U(y) has a nondegenerate maximum point at y = yo, for n large Uy, (y) has a

Uy)=

unique maximum point z,, close to yo. Hence, for the original sequence, the point x;, - UnZn + Yn 1S @ maximum

point of u, on By, (x™) for n large. Since 2" > U, (z) = e un(i T > Un(0) = 1, we get that, for e] 7' =
U (x,j,H)_ﬁ, there holds:

j+1

2

Mn

1
S UGo) VI=pe [—, 1]

By (28), (29) we get that

i+1 ; j ji+1 i 2in > &)
|x] _x,l1|>|yn_xyl,|_|yn_x}€ |—|y;1_xyl,|_ﬂn|zn|>> in "
n
forany i =1,...,j and hence (21), (22) hold. Moreover, there holds:
JH1N A2 j+l
1 %2 1 1 3 2 € N2 1
A (sr’,+y+xé+)—<" > Un(" y+zn>—>u TUWy +y)=—>
Mn Mn 1+ |y|2)T
in C120c (R™) and, so (23) holds. So, the inductive step holds for j + 1. By (21) there holds
2N Jj+1 2N j+l N
[umer [ e [ ey [ente [
Bi(0) ,(x ) B1(0)\B5(0) =1 B (0) B1(0)\Bs(0)
for§, R>0andn > N = N(§, R), and hence, by (23) we deduce that
- 2 2,
it [ i ”“/W [
B1(0) B1(0)
o X »
. N N2
= | —————— . 30
v )<N<N—2)> v [ G0
B1(0)

2N
Since sup,, ¢y B,(0) u)™* < 400, by (30) the induction process has to stop after s steps giving that also (24) holds for

the sequences x,ﬁ, ..., X, . Further, there holds (25) by means of the validity of (30) fors =j+1. O

Now, in the spirit of the blow-up techniques developed by Druet, Hebey and Robert in [10,11], we can perform a
finer analysis. Proposition A.2 below has already been showed in [10] for compact Riemannian manifolds. A careful
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reader could observe that, in fact, their analysis is quite local and does not use any geometric features and/or com-
pactness of the underlying space, and therefore it extends directly to our situation. For the sake of completeness, we
re-write their proof in the simpler context of an Euclidean domain:

Proposition A.2. Up to a subsequence of uy, there existk € N, k > s, sequences xﬁ‘“, e, x,’l‘ — 0, sf,“'l, e sﬁ -0
and points xg41, ..., Xk e RN such that foranyi=s+1,...,k, 1 < j <i, we have:
5,{ el
—— >0, ——>0 asn— oo, (€29)
|x, — x| &n
i i\ %52 i i 1 .2 (N
Ur(y)=(e),) 2 un(ep,y +x,) = vz in Cige(RY\ Si) as n — 400, (32)
(I+1y—xi|» 2
lim _limsup max (de(x) 2 [un () — up(x)]) =0, (33)

R—>+00 p— 400 X€BR

where x,%, ..., X, are given in Proposition A.1l, di(x) = min{|x —x,i ci=1,...,k}, B, ={|x| < I: |x —xfll >

Rei‘v’i:l,...,k}and

J i J_ i
Si:{yj: lim " .x":j<is.t.|xn£7ix"|20(l)}

i
=
n—-+00 Sn n

is a nonempty set. In particular, there holds

2N_ SN 5 2N
liminf / w7 k| ——— + / ué”z. (34)
n—+00 N(N —2)
B1(0) B1(0)
Proof. If (33) holds already true for x,i,...,xj, we take k = s and the proof is complete. Moreover, since
2N

| Cul =Y [y o (UDN2 for R > 0andn > N = N(R), by (23) we deduce that
Uizt By ) ' = 2ui=1 JBr©)\"n Z =AU, 5y
2N d
liminf / uy = >s / 7y2N
oo (d+P)
Uiz By () Br(0)
for any R > 0. In particular, we get that
2N d 2N
liminf / ul > / . / u =’
n—-+00 A+ Py
B (0) Br(0) B1(0\B5(0)
for any §, R > 0, and hence (34) holds.

Otherwise, by induction assume that there exist j — s sequences x;i“, e, x,{ — 0, 5‘,‘,“, e, eﬁ —0asn— +oo
such that (31), (32) hold and
oy dy
liminf > S 35
i [ Y [ G5)
j ; i=lpg.0)
UL, Bp,i (xi) R(

where we take x; =0if i =1,...,s. If (33) holds true, we take k = j and, as before, (35) implies the validity of (34).
Otherwise, (up to a subsequence) there exist R, — +oo and y, € B%n such that

N=2 N-2 N=2
dj(yn) " |un(yn) —uo(yn)| = max (dj ()7 |un(x) —uo(x)|) = (480) 2 (36)
Xe R

for some 8y > 0, where By = {|x| < 1: |x — xb| > Ryel Vi=1,..., j}. Since u, — ug away from 0, by (36) we

have that y, — 0 and d; (y,) 42 un(yn) = (280)N772 for n large. Hence, there exists a sequence x,{“ € an so that
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ai () T ) = max (450 T ) > 280) T

xEBR

2
For s]+1 = un(xJ—H) N-2 there holds:

Jj+l i i
X2 — x| S &,
it /250, T[ —0 asn— +00 (37)
s |7, x|
foranyi=1,...,j.In pa;ticular, s£+1 — 0 as n — 400. Moreover, observing that property (24) is still true if we
add the points xS 1, ... x;:

40 T u,(x) <C, Ixl<1, neN, (38)
we have that |x,{ + —x} |/(9]—H Cﬁ for some i =1, ..., j (up to a subsequence) and so, S;y1 # ¥ and (31) is
satisfied. Up to a subsequence, assume that the limits y; = limn_>+oox — x,{—H /8,{—Irl exist forany i =1,...,j so
that |x! — j+1|/ ST — 0(1). Introduce the set Si+1 = {yi: i < j} and remark that by (37) we have that ;41 N

Bs,(0) =
Consider the function U, (y) = (s]+1) b2 Up (Ej—H y +x£—Irl

) for y € By, where the balls B, = {y e RV: |y| < £j1+1}

expand to RN as n — +00. We want to show that U, is uniformly bounded in CI%C RN\ Si+1). Let y € Bgr(0) be so
that |y — y;| > % for any y; € Sj41. Since forany i =1, ..., j:

Jj+1 Jj+1
j+l x — Xn S &n if S
st Ly =yil =y = 53 z5g iS5,
Jj+l JHL j+1 X, — Xp el
fea™y + i x| =en A j+1 j+1
En j-‘r] 'xn Xn En .
&n i —lyl) = otherwise
(,E’JIJr 2R

forn > N = N(R), we get that d; (8’+1y +x,{+l) j+1/(2R) and by (38) we get that

U = (e5) T un (e y +2) < QR Ty (65 y +xi ™) T w6y +xi ™) < cRYT

forn > N = N(R). By standard elliptic estimates and a diagonal process, (up to a subsequence) we get that U,, — U
in C120C RN\ S i+1), where U is a nonnegative solution of

N+2
—AU=N(N-2)UV2 inRN\ S,
U =1,

since B, (0) C RN \ §;+1. By the result of Caffarelli, Gidas and Spruck [5], we have that:

N2

M 2
N-2
w*+1ly —xi» =z

for some 1 > 0 and x; € RV, Since

Uly)=

( ]+1)NT ( Jj+1

i+1 N2 N-2 1
[en peny+xn )=

wZ Uy(uy) = 2 U(py) = 5
A+ly—p k=T

we can replace 8,{“ with ;w,{“, x; with ;flxi and S;1; with respect to 8,,+ with S;41 with respect to ;ij
to obtain the validity of (32). Now, we want to show the validity of (35) with j replaced by j + 1. Let I =

{i=1,...,j: yi € S]+1} and let C > 0 be such that |x — xj+1| Ce,frl for any i € I. Clearly, we have that

U38 1+| CB(C—HS)E',{H (xrjl—H)
iel

for any § > 0, and by (31) we also deduce that
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U Bre, (1) € By (™)

iel

for n > N = N(R). Similarly, there holds
< Bpe; (x; )>mBR i) =9
oJsi¢l

forn > N = N(R) Hence, we have that for R >2C and 0 <6 < C

Jj+1
U BRSI R Jj+1 (.Xy{+l) @ U BRS”; ()C;l)
i=l,....j, i¢l
:( Re: ]+1 x,ﬁ“ \UBS /+1 >@UBS /+1 U BRgfl(x,’;)
iel iel i=1,.‘.,j, i¢l
D( R} /+1 X,Jl-’_l \UB38/+] )@UBRSI
iel

forn > N = N(8, R) in view of (31), where @ stands for the union of disjoint sets. Hence, we can write

2N 2N 2N
N-2 N2 N-2
/ Un > / up, -~ + / Un

i+1 p i j+1 i i i
Ui Bt 0 B+t G NUier By 1 () Uizi Bgei (i)
2N
i+1y 22 N2
= / Ua)" + / u)
j+1 J (X )
BR(O)\UIEI Bs (- i /fl ) i=l1 RF'

forn > N = N (8, R). Passing to the liminf as n — o0, by the validity of (35), (32) for j+1 and (x; — xi el -
yi € Sjy1asn— +ooforanyi € I, we get that

limin f W > f + / b
n—>+00 " (I+1y = xj11HVN ; A+ ly —xi >N
U Bpi (i) BrON\Uies B> (i) "= Br(0)

for any R large and § small. Letting § — 0, we obtain that

2N Jj+1
liminf > 39
imit 23 / T P <
i+1 . i= lB
U}'/:l BRaﬁ., (x}h)
2N
So, the inductive step holds for j + 1. Since sup,,y /| B,(0) u)* < 400, by (39) the induction process has to stop
after k — s steps giving that also (33) holds for the sequences x,i X x”l - xn. Moreover, arguing as before,
(39) for k = j + 1 implies the validity of
2N k d 2N
liminf [ ) > / S / .
i [ L | Trp-aer "o
B1(0) "= Br(0) B1(0\B5(0)

for any §, R > 0, and hence, taking § — 0 and R — +o0,

N
2N S 5 2N
liminf/u,?”z}k N )y f ul .
n—-+00 N(N =2)

B1(0) B1(0)
Hence, (34) holds and the proof is complete. O
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