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Abstract

The subject matter of this paper concerns the equilibria of the Fokker—Planck—Landau equation under the action of strong
magnetic fields. Averaging with respect to the fast cyclotronic motion when the Larmor radius is supposed to be finite leads to
an integro-differential version of the Fokker—Planck-Landau collision kernel, combining perpendicular space coordinates (with
respect to the magnetic lines) and velocity. We determine the equilibria of this gyroaveraged Fokker—Planck—Landau kernel and
derive the macroscopic equations describing the evolution around these equilibria, in the parallel direction.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We investigate the transport of charged particles under the action of strong magnetic fields, which is motivated by
the magnetic confinement for tokamak plasmas. We neglect the self-consistent electro-magnetic field, but we take into
account the interactions between particles. The external electric field E = —V, @ is fixed, and the external magnetic
field writes

_ B(x)
e

B* dx), |d|=1

where ¢ > 0 is a small parameter, destinated to converge to 0, in order to describe strong magnetic fields. The scalar
function ¢ stands for the electric potential, B(x) > 0 is the rescaled magnitude of the magnetic field and d(x) denotes
its direction.
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The presence density f¢ = f°(¢, x, v) > 0 of a population of charged particles with mass m and charge ¢ satisfies
8 fC+v-Vif*+ L(E4+vABY)-Vuf* = 0(f°. f%). (t.x.v) eRy xR xR, (M)
m

FE0,x,v) = f"(x,v), (x,v) eR>xR. )
Here Q denotes the Fokker—Planck—Landau collision kernel cf. [21,13,14]

O(f. Hv) = divv{ /a(!v —V[)S(v =) [f (V) VoS @) = fF)Vy £ (V)] dv/}
R3

Tﬁg’ is the orthogonal projection on the plane of

normal w # 0. The interpretation of the density f* is straightforward: the number of charged particles contained at
time ¢ inside the infinitesimal volume dxdv around the point (x, v) of the position-velocity phase space is given by
fe(t, x,v)dxdv. Eq. (1) describes the evolution of the density f¢ due to the transport and to the particle interactions.

The behavior of (1), (2) without collisions, when & N\ 0, is now well understood [20,24,15,3-6]. It reduces to
homogenization analysis and can be solved using the concept of two-scale convergence [17,18,16].

Gyroaveraged collision operators have been proposed in [25,11,12,19]. The main difficulty lies on the relaxation of
the distribution function towards an equilibrium. Many of these gyroaveraged collision operators fail to relax to equi-
libria, in particular those obtained by linearization around Maxwellians (which are not gyrokinetic equilibria, at least
in the finite Larmor radius regime). Very recently, the averaging techniques developed in [3—5] have been extended to
the collisional framework. Gyroaveraged collision kernels have been proposed for the relaxation Boltzmann operator,
the Fokker—Planck and Fokker—Planck—Landau operators [7—-10].

There are mainly two asymptotic regimes describing the transport of charged particles under strong magnetic fields:
the guiding center and the finite Larmor radius approximations. In the guiding center approximation, the ratio between
the perpendicular and parallel spatial lengths is much smaller (and thus neglected) with respect to the ratio between
the cyclotronic period and the observation time unit. In this case, any Larmor circle reduces to its center. Therefore,
the particle positions are left invariant at the cyclotronic time scale, the magnetic field becomes locally uniform, and
the gyroaverage plays only in the perpendicular velocity space. For these reasons, the derivation of the guiding center
approximation is relatively simple, and explicit models are available for general tridimensional magnetic geometry [5,
6,10]. The situation is quite different for the finite Larmor radius approximation. In this case, we assume that the ratio
between the perpendicular and parallel spatial lengths is small, remaining of the same order as the ratio between the
cyclotronic period and the observation time unit

LJ_ _ Tc
Ly Tops

where o > 0 stands for the scattering cross section and S(w) =1 —

=K 1.

The particles move on small Larmor circles, the position is not anymore left invariant at the cyclotronic scale, the
magnetic field is no more locally uniform, and the gyroaverage combines now position and velocity. Think that the
average of a particle position, which is the Larmor center, depends not only on the initial position, but also on the
initial perpendicular velocity. This fact will impact a lot the structure of the Fokker—Planck—Landau kernel. Indeed,
after average, the collision kernel will be not anymore local in space and the equilibria will be given by profile in
velocity and perpendicular position. The computations require much effort, and most of the times, the limit models
are not completely explicit. Generally we start analyzing the case of uniform magnetic fields, eventually we generalize
these results by linearization around the Larmor center (since the magnetic field does not change a lot along a Larmor
radius). The finite Larmor radius regime provides a more realistic description for the tokamak plasmas.

In this paper we concentrate on the finite Larmor radius approximation. Assuming that the magnetic field is homo-
geneous and stationary

B
B = (o,o, _)
€

for some constant B > 0, Eq. (1) becomes

1 ¢
00— (010, S + 0200, 1) + 0300 S+ %E VL4 %(vzavlfs — 010y, fF) = O(f°, f°) 3)
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where w, = g B/m stands for the rescaled cyclotronic frequency. When ¢ is small, the density f* writes as a combi-

nation between a dominant density f and corrections of orders &, &2,
fi=ftefl+e2f2 4. (4)
Plugging (4) into (3) and using the notations X = (x1, x2), v = (v1, v2), 13 = (v, —v1) yield
Tfi=0-Vif +w 0-Vsf =0, (5)
0 f +vsi f+ E-Vof +Tf' = Q(f. ), (©)

where 7 is the linear operator defined in L2(R3 x R?) by

B
Tu=divey@b), b=(,0,0.",0), 0. ==
m

for any function u in the domain

D(T) = {u(x,v) € L*(R? x R%): divy,, (ub) € L*(R? x R?)}.
At any time ¢ the density f(z, -, -) remains constant along the flow (X, V)(s; x, v) associated to the transport operator
V- Vi + ot Vy

X - dXs dav dvs

- _ e - _ 1y - . _
i =V(s), P =0, P =w:V(s), P =0, (X, V)(0; x,v) = (x,v) @)

and therefore, at any time ¢, the density f(¢, -, -) depends only on the invariants of (7)
1%} V1 —
ft,x,v) =g<t,X1 +—,x——,x3,r =11, v3>-
W W

The time evolution for f comes by (6), after eliminating f'. The antisymmetry of 7 ensures that the range of 7 is
orthogonal to its kernel, which allows us to get rid of ! in (6) by taking the orthogonal projection onto ker 7~

Projkw{atf + 0305, f + L E - Vuf} =Projie, 7{Q(f. N}, (1.x,v) €Ry x B X B, ®)

Actually taking the orthogonal projection on ker 7™ reduces to averaging along the characteristic flow of 7 in (7)
cf. [3-5]. This flow is T, = i}—” periodic and writes

_ ~ — _ v v

V(s) = R(—w.s)v, Xs)=x+——

Wc Wc

X3(s) = x3, V3(s) =v3
where R(«) stands for the rotation of angle o
R(a) = (CQSa - sma) .
sine  cosa
For any function u € L*>(R? x R3), the average operator is defined by

T.

(u)(x,v) = Tlfu(X(s; x,v), V(s; x, v)) ds

1= 1
:_/( v {R(‘?‘)”} 3,R(a)ﬁ,v3>da. )

We introduce the notation e’¢ for the R? vector (cosg, sing). If the vector U writes U = |U|e’?, then R(x)7 =
|T|e!@+9) and the expression for (1) becomes
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2 .
1 J‘ﬁ 1 ﬁel((x+(ﬂ) .
wy(x,v)=— [ u )?+——M,x3,|§|e’(“+‘p),v3 do
2 we we
0
2 .
1 3 Lﬁ L{w'em} i
=— Julx+—————,x3,|V|e'%, v3 )da.
2 We we
0

The properties of the average operator (9) are summarized below (see Propositions 2.1, 2.2 in [5] for proof details).
We denote by || - || the standard norm of L2(R3 x R3).

Proposition 1.1. The average operator is linear and continuous. Moreover it coincides with the orthogonal projection
on the kernel of T i.e.,

(u) ekerT and //(u —(u))pdvdx =0, VeekerT. (10)

R3 R3

Remark 1.1. Notice that (X, V) depends only on s and (x, v) and thus the variational characterization in (10) holds
true at any fixed (x3, v3) € RZ. Indeed, for any ¢ € ker T, (x3,v3) € R? we have

T,
//(ugo)(x,v)dﬁd)_c—F///u(x Ve (X(—s;x,v),x3, V(=s; x, ), v3) dvdxds
0

R2 R? R2 R2
T,
Tlc // (X(s;x,v),x3, V(s; x, ), v3)@(x, v) dudxds
0 R2 R2
=//<M)(x,v)go(x,v)dﬁdf.
R2 R?

We have the orthogonal decomposition of L2(R3 x R3) into invariant functions along the characteristics (7) and

zero average functions

u:(u)+(u—(u)), //u— u)dvdx =0.

R3 R3
Notice that 7* = —7 and thus the equality (-) = Proj,, 7 implies

ker(-) = (ker 7)™ = (kerT’*)L =Range 7.

In particular Range 7 C ker(-). Actually we show that Range 7 is closed, which will give a solvability condition for
Tu=w (cf. [5, Propositions 2.2]).

Proposition 1.2. The restriction of T to Ker(-) is one-to-one map onto ker(-). Its inverse belongs to L(ker(-), ker(-))
and we have the Poincaré inequality

B
L Tul. we=22%0
m

el S
el

for any u € D(T) Nker(-).

A very useful result when averaging transport operators is given by the following commutation formula between
divergence and average (cf. Proposition 3.3 in [8]).
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Proposition 1.3. For any smooth field &€ = (&, &,) € R® we have the equality

Lg 1=y 5 =\ L=
<divx,us>=divx{<sx+j“>+<sv-—”> 0 <sv ”> 0 }+am<sm>

welv] vl

c |v] we V|
, Lo\ 1o v\ v
+leﬁ{<§'ﬁ'T>T+<EB'T>T}+31}3($U3>-
[v] [ [v] [v|/|v]

In particular we have for any smooth field &, € R3

(divy &) = divy (&)
and for any smooth field &, € R?

Lg o\ v v\ 1o
<divvsu>=divx{< ”>+<sﬁ-f>—_—<&-f> _}
¢ [v] [ V] [0] [ wc|v]
Lo\to o\ 7o
+diVﬁ{<$ﬁ'T>T+<EE'T>T}+8U3<$U3>-
[vl/ o] [v]/|v]

Coming back to (8), on the one hand, averaging d; 4+ v30yx; + % E -V, leads to another transport operator. This is a
straightforward consequence of the commutation formula between the divergence and average in Proposition 1.3. For
the presentation clarity, the proof of this result is sketched in Appendix A.

Proposition 1.4. Assume that the electric field derives from a smooth potential i.e., E = —Vy¢. Then for any f €
CC1 (R3 x R} NkerT we have

(*E)

<a,f +v30e f+ LE - va> =0 f L Ve f o+ 030y f L (E3) s f- (1)
m B m

On the other hand, the average of the Fokker—Planck—Landau kernel i.e., (Q)(f, f) := (Q(f, f)) writes cf. Propo-
sition 4.10 in [9]

0 2(0)(f, F)(x,v)

4
:divwcx,v{f/Zf()?,x&v/)%-i(;,v,;,v/)®gi(3—c,v,;,v/)vwcxﬁvf(x,v)dv/d;}

R2 R3 i=1

4
—divwcx,v{//Zf(x,v)g"(x,v,?,v’)®al~g"(;7,v’,x,v)vwcx/,v/f(;?,xg,v’) dv’d;?}. (12)
R2R? =1

Up to our knowledge, the above averaged Fokker—Planck—Landau kernel has never been reported in the plasma physics
literature, before [9]. Its calculation relies on gyroaveraging differential operators and velocity convolutions. Some
results regarding the behavior of the gyroaverage with respect to velocity convolutions have been obtained in [10] (in
the framework of the guiding center approximation).

The operator in (12) is completely explicit. We indicate below the expressions for the vector fields entering it.
Notice that their derivation is not of all trivial. The reader may refer to [9] for details. Nevertheless, we are using these
expressions in order to determine the equilibria of the averaged Fokker—Planck—Landau kernel.

The notation div,,.,, stands for the divergence with respect to the variables w.x and v (like that all variables
entering the divergence are homogeneous). Here 1 = ¢ = —1, €3 = ¢4 = 1 and the explicit formulae of the fields
(§7)1<i<4 are given by

£ (R, 0, ¥ 0) = o /2 SO s v5) <(6,0) (la,0)>

vl v
212l + (3 — 2 N L 1
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52()?, 0. X, v’) _ {UX}I/ZI:V —r'cosg ((5,0)’ (Lﬁ,0)> n <(iz,0)’0>i|,

|zl ] ] |z
1/2r/Sin<P<(L5,0) (5,0)>
|zl ol )

E4(x,v,x/, V) _ (r'cosg —r)(v3 —v}) ((LE, 0 (v, O)) ((v3 = Ué)%, —|zle3)

12— -
toxiV 121122 + (v3 — v})2 Sl + (w3 — 02

where v3,v5 € R, r = [0, ' = V], z = (wcX + V) — (X’ + V), 0 =0 /2|2 + (v3 — v};)2, the angle ¢ € (0, 7)

53()?, v, x', V) ={ox}

DI

satisfies
2
2> =r? + ()" — 2rr' cos g, lr—r'| <lzl <r+r'
and
1, ’
x(r.r'.z)= Ur=rj<lzl<rtr) rr eRy, zeR2

221z = =2+ = 12

For every r,r’ € Ry, x(r, ', z)dz is a probability measure on R?

/X(hﬂz)dle, rr eRy.
R2

€L

1y v/]
We

— 1y o 1B
Jx/ 4+ and radii 22, V1

This measure characterizes the interaction between the Larmor circles of centers x + . el ” Toe]?
c C c

and charges only the circle pairs having non-empty intersection i.e.,

oty Ly
X+ ——\(x+ <
W W

More exactly, the measure y appears when averaging integrals with respect to v (see Proposition 4.2 in [8] for details)

< f(x, v’) dv’>(x, ) =a)3 X(r, r, z)f()?,xg, v’) dv’dx’
| I

R2 R3

1ol — 'l

o] + |v/]

||

<

||

forany f = f(x,v) ekerT.

Clearly, the kernel (Q) in (12) is an integro-differential operator in (¥, v) (observe that there is no derivative with
respect to x3 since é}é =0, 1 <i <4) and therefore will satisfy the mass, momentum and kinetic energy balances
only globally in (x, v). Indeed, the averaged kernel writes as a divergence with respect to (x, v) and therefore there
is no reason why its integral with respect to v vanishes. Only the integral with respect to (x, v) balances, assuming
that the integrand has nice decay at infinity. Similarly, the averaged Fokker—Planck—Landau kernel will decrease the
entropy fIn f globally in (x, v). Finally, combining (8), (11), (12) leads to the following model for the dominant
density f =lim,\o f° in (4)

(‘E) _ q B
onf+ T-fo+v33x3f+%<E3)3v3f— (O, 1) (13)

with

4
(O)(f, f):wgdivwcx,,,{/fo(?,x3,v/)éi()—C,U,F,v/)®§i()—c,v,?,v/)vwcx,,,f(x,v)dv/di}

R2R3 =1

4
_a)zdivwcx,v{f/Zf(x’v)%‘i()_c,v,;,v/)®gi§i(;,v/’)_c, v)Vwa/’v/f()?,x&v/)dv/d;}.

R2 R3 i=1
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We concentrate on the equilibria of (Q), which are local in x3, but global in (X, v). For doing that we establish an
H -theorem. Thanks to the H theorem satisfied by (Q) (see Theorem 2.1 for precise statements and notations), the
positive equilibria of (Q) are determined by the constraints

£ .Vinf—g(E) -Vinf =0 1<i<4

It happens that the densities above are parametrized by six quantities p > 0, u = (u1, ua, u3) € RL,K>0,K+G>0

,o://f(?c,v)dvdi, pﬁ:f/(wci+lﬁ)f(f, v) dvdx, pu3=/fv3f()?,v)dvd)?,

R2 R3 R2 R3 R2 R3
2 2 =, 1= =2 =2
pKZ//Wf@,v)dvdx, pG:/ |@cX + Uz W= 01 ¢z 0y ddz
IRZ]R3 R2R3

which are linear combinations of the moments of f with respect to the average collision invariants (cf. Proposition 2.1)

N L s el i Ll
l,a)x—i—lv,v,—, .
c 3 ) )
Clearly p represents the total number of particles in the phase space (X, v) and u3 is the mean parallel velocity in
(¥, v). The mean perpendicular velocity do not enter the numbers parametrizing these equilibria. Indeed, any density
f satisfying the constraint 7 f = 0 has zero mean perpendicular velocity

//ﬁf()_c,v)dvdi://(ﬁ)f(?c,v)dvdf:(0,0).

R2 R3 R2 R3

The role of the mean perpendicular velocity is played by the displacement of the mean Larmor center over one
cyclotronic period

2 oo Jra (5 4 o) f(%,v) dvd
Tc fRz f]R3 f()_C, U) dvdx

u—=

The moment in the definition of pi is associated to the Larmor center x + Z—f which is balanced by the kernel (Q)

//(ﬂ :—f)<Q>(f, ) dvdz =0

R2 R3

The parameter K is related to the kinetic energy |v|?/2 which remains balanced by (Q). The parameter G corresponds
to a new collision invariant (Jo.x + *9|> — [9]%)/2 i.e.,

R S
ff"””” = 0 pavar =0

RZ R3

and characterizes the gyrokinetic framework. Indeed, in the absence of the magnetic field, that is if w. = 0, then
u = (0,0) and G vanishes.
The equilibria appear as Maxwellians of the form

_ p? 9% + (v3 — u3)? lwex + 19 — ) — [v]?
T oysper SR\ T )P T 2
(271)5/2”“#_9 "

(14)

where 6 and u are uniquely determined by imposing the moment equalities defining K and G

uo 0 uo
_:K’ ——:G, 0 O
02 " p=v=
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At a first glance, these equilibria may appear very complicated. The point is that the average operator combines
position and velocity in such a way that, at equilibrium, the particle density satisfies given profiles in velocity and
perpendicular position.

Determining the equilibria of (Q) is a crucial issue for understanding the behavior of the tokamak plasmas, in
the gyrokinetic approximation. The complete characterization of these equilibria is far to be obvious since they are
no more local in space and depend on a larger set of parameters, including several new moments associated to new
collision invariants. In particular we focus on the dissipation mechanisms, the main goal being the derivation of fluid
models, much easier to understand and to simulate numerically. Once we have determined the equilibria of (Q),
we can search for the dynamics in (13) near local (in (¢, x3)) equilibria. In other words we concentrate on strongly
collisional regimes of (13) and we obtain an Euler type system of six equations and six unknowns in the parallel
direction. Up to our knowledge, this result has not been reported yet and represents a first research work in this
direction. This Euler system represents a new hyperbolic model, enjoying new features, coming from the averaging
process with respect to the fast cyclotronic motion. Its study could be very important for a better comprehension of
classical fluid mechanics, combined with fast rotations or, more generally, when fast oscillations play an important
role. For simplicity we discard here all technical difficulties related to the smoothness of the solution of (13), the
validity of the Hilbert expansion we are using, etc. We restrict ourselves to formal computations and write down the
expected macroscopic limit model in the parallel direction.

Theorem 1.1. Assume that the electric field is parallel and depends only on the time and the parallel space coordinate
E = (0,0, E3(t,x3)) and let f™ € kerT be a positive smooth density with rapid decay at infinity. For any t > 0 the
density fT stands for the solution (assumed smooth and having nice decay at infinity) of the problem

1
atfr + U3ax3fr + %E?,(Z,X?,)av}fr = ;(Q)(frv fr)v (t,x,v) € R+ X R3 X R37

fit=0,x,v)= f"x,v) >0, (x,v) eR>xR>. (15)

Therefore the leading order term in the expansion ¥ = f +tf' +--- (ie, f = lime\ o f7) is a local equilibrium
(see (14)) parametrized by the functions p = p(t,x3) > 0, u = u(t,x3), 0 =0(t,x3) >0, u = u(t,x3) > 6(t,x3) >0,
which satisfy the system of conservation laws

atp—i_a)f}(pu?’):o’ at(pu)+aX3(lo(u3u+(07 079))) _p%(oﬂ Oa E3)=07 (tv-x3) €R+ XRa

T w0 0 (u3)? no 30 (u3)? q
rwe v 9 LA g
_p<M_9+2+ > + Oxy | U3p M_9+2+ 5 - 30U3

o 0 o 0
= p( 2+ 2 ) |+ 0| pus 2 + 2 ) |+ p00u3 =0, (1.x3) eRy xR,
u—0 2 uw—0 2

_ P 0
P M_,u_ + 0y, | pu3 M—M— =0, (¢ x3)eR xR
L m—=0 n—=0

and the initial conditions

p(O,xg)://fin(x,v)dvd)_c, p(o,x3)u(0,x3)=//(wcx+l5, v3) " (x, v) dvdx,
R2 R3 R2 R3
(0, x3)0(0, x3) (0, x3)
PO )(M(O,x3)—9(0,X3) i )

0

~

0

~

i (x, v) dvdx,

/ 19]? + (v3 — u3(0, x3))*
2
R2 R3

(0. x3)0/(0, x3) >:/ X+ — (0, x3)* — [0

" dudx.

(0, x3)(M(Os x3) — u(0, x3) — 6(0, x3) 2

R2 R3
The solution (p, u, 6, w) also verifies

p(u—0) p(n—0)
0r (,O In W) + 8x3 (,0143111 W =0, (,x3)e R+ x R.
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For numerical simulations it is useful to write simplified versions of the averaged Fokker—Planck—Landau kernel
which preserve the equilibria and the relaxation property towards these equilibria. The key point is to consider first
order approximation near the equilibria, by neglecting all second order fluctuation terms around these equilibria. The
averaged collision kernel (Q) being quadratic, the computation of the first order approximation L follows in a natural
way, leading to a complete explicit formula. In particular we check that L has exactly the same equilibria as (Q).

Theorem 1.2. For any positive density f = f (X, v) we denote by £y the equilibrium of (Q) having the same moments

as f
/f(f—efyp(x, Vdvd¥ =0, ¢ e {l,0x+"1,v3,[v*/2, (locx + 01> — [0]?)/2}.

R2 R3
The linearized of {Q)(f, f) around the equilibrium &y writes

w2 L(f) = Zdw@”//f; & {gl (sff) —si(éi)/~v’<§>}§idv’d)7.
: f

R? R3

Moreover, the following statements hold:
1. For any two functions f = f(X,v), ¢ = ¢(X, v) we have

[ [sowase=S3 ][ [ [aeile o(£)-werv(Z)]

R2 R3 ]Rz R3 R2 R3
x {£1 Vo —g(& ) - V'e'} dv'dx’ dvdx. (16)

2. For any positive density f we have the inequality

f/—L(f)dvdx<0 (17)

R2 R3
with equality iff
!
gl -v<gif> —&i (&) v’(g—}) =0, l<i<4.

3. The positive equilibria of L are the positive equilibria of (Q)
f>0, L(f/)=0 & [f=&;.

As usual, it is possible to further simplify the average Fokker—Planck—Landau operator, using its BGK approxima-
tion Lggk = —(f — &), whose behavior regarding the equilibria is very similar to that of (Q) (see Theorem 5.1).

Our paper is organized as follows. In Section 2 we investigate the main properties of the average Fokker—Planck—
Landau collision operator. In particular we characterize its equilibria, thanks to an H type theorem. These equilibria
are computed in Section 3. They are special Maxwellians depending on six parameters, which correspond to six mo-
ments. Section 4 is devoted to the fluid model near gyrokinetic equilibria, when the collisions dominate the transport.
Simplified versions of the averaged Fokker—Planck—Landau collision operator are studied in the last section (the lin-
earized around equilibria and the BGK approximation). Some technical proofs and computations have been postponed
to Appendix A.

2. The averaged Fokker—Planck—-Landau collision operator

In this section we present the main properties of the operator (Q)(f, f) := (Q(f, f)), whose expression (12) has
been obtained in [9] for any density f = f(x, v) satisfying the constraint 7 f = 0. The main goal is how to determine
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the equilibria of (Q). These equilibria are local in x3 (since (Q) is local in x3) and we expect that they are special
Maxwellians depending on the velocity v, but also on the perpendicular spatial coordinates x1, xo. We will see that
the set of these equilibria is parametrized by six numbers

p(x3>=//f(x,v>dvdfc, (18)
R2 R3
p(ea)i(xs) = / / (e +0) £ (x, v) dud¥, (19)
R2R3
p (e (x3) = f / v f (x. v) dvdF, 20)
R2R3
—2 R
p(xa)K(xg)=ffo(x,v)dvdx, @1
R2 R3
lwex + 10 —ul? — |92 _
p(63)G (x3) = f . F(x. v) dvdi. 22)
R2 R3

Clearly u3 represents the mean parallel velocity, u/w, is the mean Larmor circle center and K represents the temper-
ature. Notice that the mean perpendicular velocity vanishes for any density satisfying the constraint 7 f since

//ﬁf(x,v)dvdfc://(ﬁ)f(x,v)dvd?c:(0,0).

R2 R3 R2 R3
Therefore the mean perpendicular velocity will not enter the parameter family characterizing the equilibria. The
interpretation of the quantity in (22) comes by observing that the Larmor circle power with respect to the mean
Larmor center u/w, is
_ tvou
X+ ——-—

We We

2 =12
V]

|C‘)c|2

and thus 2G/ a)g is the mean Larmor circle power with respect to the mean Larmor center. The quantities in (18), (19),
(20), (21), (22) are the moments of f with respect to the functions in the set

[0 + (v3 —u3)? |wex +10 —ul*> - [v]? }

C: 17 '_ L_y ’ ’
{ weX + 7V, 03 > 5

All the functions in C are balanced by (Q). This is a consequence of the balances satisfied by Q and the definition
of (Q), as the average of Q.

Proposition 2.1. For any function f = f(x,v) € kerT we have

/ / (Q)(f, f) dvdE =0, / / (@ + ., v3)(Q) (/. f) dvdF = (0, 0,0),

R2R3 R2R3
—2 RY)
//W(Q)(ﬁf)dvdy‘cza
R2R3
— 1= =2 =2
f o + ”2”' O 07 ) dvaz =o.

R2 R3
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Proof. Observe that any function ¢ € C belongs to ker 7, since it depends only on the invariants of 7, that is only on
weX + 170, x3, ||, v3. Therefore, for any such function we can write, thanks to Remark 1.1

/ffp(QKf, f)dvd76=//<0(Q(f, f))dvd)?=//<pQ(f, f)dvdx. (23)

RZ R3 RZ R3 RZ R3

Notice also that any function ¢ € C writes as a linear combination of 1, v, [v|?/2, with coefficients depending only
on x. Therefore the mass, momentum and kinetic energy balances of the Fokker—Planck—Landau kernel guarantee that

fw(x,v)Q(f, fdv=0, xeR’ 24)
R3
Our conclusion follows from (23) and (24). O

We are looking now for the equilibria of (Q). The crucial point is to establish an H type theorem for the kernel
(Q). Most of the results in the sequel are valid for all densities f, not necessarily in the kernel of 7, but with respect to
some particular extension of (Q) to the space of all densities f. It happens that the good choice is to define (Q)(f, f)
by the same formula as in (12). The particular structure of the fields (gi )1<i<4 allows us to obtain the following
characterization of the kernel (Q) in the distribution sense cf. Proposition 4.11 in [9].

Theorem 2.1. Consider two functions f = f(x,v) >0, ¢ = ¢(x, v) (not necessarily in the kernel of T).

1. For any x3 € R we have

/ / (O)(f. f)pdvdx

R2 R3
i////ff L.VInf —e(E)Vinf)(E - Vo —e(£) V'e) dv'dx’ dvdx (25)
i=lg2 g3 g2 g3
where
f=rfew.  f =] as0),
Vo = Vxv@(x,v), V/(ﬂ/ = Vwcx’,v’(p(x{ , xé, X3, U/),
£ =& (x1,x2, v, x],x3,0), (&) =¢&" (x{, x5, v/, x1, %2, ).

2. For any positive density f we have the inequality

[ [mro1pavar <o
R2 R3
with equality iff
E.VInf—g(E) -Vinf =0, 1<i<4 (26)
3. The positive equilibria of the averaged Fokker—Planck—Landau kernel i.e., f > 0, (Q)(f, f) = 0 are the positive
functions verifying (26).

Proof. 1. Notice that for any 1 <i <4 we have & i. (e3,0) = 0 and therefore the operator div,,.,, acts only in
(x1, x2, v). Thus, for any fixed x3 € R we can perform integration by parts with respect to (x, x2, v).

[ fiowsmasce-Sf [ [

RZ R3 - R? R3 R2 R3

x {(£-Vo)(E - VInf) —ei (5" Vo) ((¢') - VIn £')} dv'dx’ dvdx. (27)
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Performing the change of variables (x|, x5, v") <> (x1, x2, v) yields

.
//(Q)(ﬁf)wdvdf:—;wff///ff’

R2 R3 =l R2R3R2R3
x {((") - V'¢)((E) -V Inf) —e((") - V'¢)(E - Vin f)} dvdedv'dx’.  (28)
Combining (27), (28) one gets by Fubini’s theorem

//(Q)(f,f)godudxz—%gZ/f//ff/T"du’d?dvdx

4
R2 R3 i=lp2 g3 g2 g3

where

Ti=( Vo —e(E) V) -Vinf—gE) - Vinf), 1<i<4

2. Applying (25) with ¢ =1n f yields
][]

R2 R3 R2 R3
« (éi Vinf _gi(gi)’ . V/lnf’)zdv/d)?dvd)_c <0, x3eR

2
//lnf<Q>(f, ) dvdz = —%

4
2 R3 i=1
RZ R

with equality iff £/ - VIn f —&;(§') - V'Inf'=0,1<i <4.
3. Consider f a positive equilibrium of (Q). Therefore we have the equality

//lnf<Q><f, £)dvdx = 0
RZ R3

and by the previous assertion we deduce (26). Conversely, let f be a positive density satisfying (26). Then, for any
function ¢ we have, thanks to (25)

//(P(Q)(f, f)dvdx =0
R2 R3
implying that (Q)(f, /) =0. O
Remark 2.1. It is remarkable that the extension we have considered for (Q) (to the space of all positive densities)

still satisfies the balances stated in Proposition 2.1. This can be checked directly, thanks to (25), verifying that for any
peC

£ Vo —gi(E) V' =0, 1<i<d
Actually, as £/ - Vx3 =& - (e3,0)/w. =0, 1 <i <4, it is enough to do it for the functions
W Jocx 4102 — v
2’ 2
For example, let us verify that

1, 0% +179, v3,

2 /2
éi'v%_gi(éi)/'v/%zo’ 1<i<4

The above condition is trivially satisfied for i € {1, 2}. For i =3 we have

2 72 I’ .
v e (@) v = o) P o) PR =0
Z <
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Finally, when i = 4 we obtain

2 712
4 [v] 4\/ /|U|
VI v
§ > e4(£%) 5

{ }1/2{ (r/cos<p—r)(v3—vé)r+|z|2v3 (rcos<p—r/)(v§—v3)r/+|z|2v§}
= O’X —_

lzly/ 1zl + (v3 — v3)? |21/l + (v3 — v})?

vz — v}

|zly/1z1? + (v3 — v})?

Remark 2.2. The previous balances follow also by the argument below. Any local (in x) Maxwellian f(x,v) =
exp(o (x)|v|2 + B(x) - v+ y(x)) which belongs to ker 7 is an equilibrium for {Q), since

(O)(f. H=(0(f. /)= (0)=0.
We deduce by the third statement of Theorem 2.1 that
§.Ve—s5(E) V' =0, 1<i<4

={ox}!/? [+ (r’)2 —2rr' cos g — |z|*] = 0.

for any function ¢(x, v) = a(x)|v |2+ B(x) - v + y(x) in the kernel of T, and in particular for the functions

T L e el Ul R il G )
I, wex +7v, v3, T, ) = ) .

We conclude by the first statement in Theorem 2.1.

3. The equilibria of the averaged Fokker—Planck-Landau collision operator

We determine now the positive equilibria of (Q) by solving (26) for any 1 <i < 4. We recall that

Y1 =x + =, Yo=xy— =L, Y3 =x3, Vs = 0], Vs =3
W W
is a family of independent invariants for 7 = v - Vs + w0 - V5. We start solving Eq. (26) which corresponds to i = 1.
Then we restrict this set of solutions by imposing successively Eq. (26) withi =2,7 =3 and i = 4. It is the only place
where we use the explicit form of the vector fields (§');<; <4, entering the expression of (Q). These computations are a
little bit tedious, but finally they will provide the product of Maxwellians realizing the equilibria of (Q), parametrized
by the moments p, u, K, G. Moreover, we should pay attention to the fact that the probability measure y enters as
a factor any vector field (£');<;<4 and therefore each equality in (26) is non-trivial only on the support of x, that is,
only for pairs of Larmor circles having non-empty intersection. All these proofs are postponed to Appendix A. For
another proof, which avoids the explicit computation of the vector fields (£%);<;<4, we refer to Proposition 3.5. For
simplicity we do not care about the regularity of the solutions. All the derivatives are understood in the classical sense
and we are looking for smooth solutions.

Proposition 3.1. The positive densities satisfying
g1.VInf+ (') - Vinf =0 (29)
are those in the kernel of T.

Proposition 3.2. The positive densities satisfying (29) and
gz.Vlnf—i-(gz)’.V/lnf’:O (30)
are those of the form
LE 2
X+ —
We

o (x3)

fx,v)= exp( >

for some functions « :R — R, B=(B1,2) :R—>R%L L:Rx Ry xR—R.

13
+ B(x3) - (76 + —) + A(x3, |V], v3))

Wc
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Solving for i = 3 in (26), we will determine the particular form of the function A(x3, |v], v3).

Proposition 3.3. The positive densities satisfying (29), (30) and

£5.Vinf— (%) - Vinf =0 €3]
are of the form

1=12
X+ —
@¢

a(x3)
2

a J—ﬁ |5|2
+ B(x3) - (X + —> + v (x3)— + ulxs, v3))
w, 2

C

fx,v) =eXp<

for some functions a,y :R — R, B:R — R?, u:R*> > R.

It remains to determine the function w(x3, v3). This will be done by solving (26) with i = 4, and we deduce that p
is a quadratic function of v3, with coefficients depending on x3.

Proposition 3.4. The positive densities satisfying (29), (30), (31) and

£4.VInf — (6% - VInf =0 (32)
are of the form

1=12
X+ —

a(x3) (v3)?
+(V(X3)+ 2 ) >

Cc

a(x3)
2

_ |v|?
+ B(x3) - <x + —) + y(x3)—
w 2

c

fx,v)= exp{

+8(x3)v3 +U(X3)}
for some functions a,y,8,71:R — R, f:R - R2.

We present now an alternative proof of the results stated in Propositions 3.1, 3.2, 3.3, 3.4. This approach does

not require neither the exact computation of the averaged Fokker—Planck—Landau collision kernel, nor the resolution
of (26).

Proposition 3.5. The positive densities f in the kernel of T satisfying (Q)(f, ) = 0 are of the form

1=12

a(x3)

In f(x,v) =

1= =12
+B(x3) - <x+ —”) 4y 2
w, 2

C C

a(x3) (v3)°
+<)/(X3)+ 2 ) >

c

+8(x3)v3 + n(x3) (33)
for some functions o, y,8,1:R — R, B:R — R2,

Proof. Clearly any positive density f in (33) is a Maxwellian satisfying the constraint 7 f = 0 and

(O)(f, Hr=(Q(f, )= (0)=0.

Conversely, let us consider a positive density f satistying 7 f =0, (Q)(f, f) = 0 and observe that for any x3 € R we
can write

0=f/1nf<Q>(f, f)dvdJT://lnf(Q(f, £))dvdz
R? R3 R2 R3

=//1nf(x,v)Q(f(x,-),f(x,-))(v)dvd)_cso

RZ R3
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since for any x = (X, x3) we have the inequality

/lnf(x, VO(f(x, ), fx,))(w)dv <0. (34)
R3
We deduce that for any x = (X, x3) we have equality in (34), which implies that f(x, -) is a local Maxwellian i.e.,
A) vf? 1o

In f(x,v) = w—T+B( x) - — +8(x)v3 + C(x)

c W

for some functions A, By, Ba, 8, C : R3 — R. We have to determine the structure of the previous functions, such that
the constraint 7 f = 0 holds true. Observe that

v-ViA v %xiB:7®1 —
— - T _B-U+470v-Viduz+ - ViC.

w2 2 e

0=TInf=

Clearly, the third (higher) order term in velocity vanishes, saying that VxA =0, or equivalently A = A(x3) and
#*TB:U®V

Wc

—B-0+7v-Vzdv3+0-VzC=0.

Similarly 6 = 6(x3) and the second order term in v vanishes
#xTB:9®1=0

implying that 9z B is antisymmetric
dy, B2 = 8y, B1 =0, dx, B1 = 0y, B2, VzC = B.

We obtain immediately that there is a function o = «(x3) such that
O, B1(x1, x3) = ar(x3) = 0y, B2(x2, x3)

and thus B = B(x3) 4+ a(x3)X for some functions 8 = (81 (x3), B2(x3)). The function C writes

2
C(x)=B(x3) X+ a(X3)|—| +n(x3)

and finally
A(x3) [v]? _ ot Ly x|
In f(x, " T-’-ﬂ( 3) - X+w— +a(x3)x - w—+5(X3)v3 +Ol(X3)—+77(X3)
1=12 _ 1= A _ =12 A 2
C1C2)) +ﬂ(x3).()_c+_v) L A 2oe()fs)ﬂ (3623) (v3) YRS
2 We We ¢ 2 s 2

We have obtained for In f the form in (33), taking y (x3) = (A(x3) — a(x3))/a)g. O

It is easily seen that any equilibrium of the averaged Fokker—Planck—Landau kernel can be written as

v]?

(@eX +70) + ()/( 3) + 2)3))_ + 8(x3)v3 + 1(x3)

a(x3) lweX + 102 — 192 B(x3)
+ 2
C

In f(x,v) = 2

c

2 we

and appears as a linear combination (with coefficients depending on x3) of functions which are balanced by (Q),
globally in (X, v)

//(Q)dvd?c:O, f/(wcx+lv,v3)<Q>dvd7c=(0,0,0),

R2 R3 R2 R3

lv|? _ lw.x + 19 — [v]? _
f/34@MM=& ff : (0) dvdx = 0.

RZ R3 R2 R3
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Clearly, up to a factor depending on x3, the equilibrium f writes

|v|2+(v3—u3(x3>>2> <|wcx+iv—ﬁ(x3)|2—|v|2>
expl| —

J~exp (‘ 20(x3) 20(x3)

for some functions u(x3) = (1, un, u3)(x3), 6(x3), u(x3), or equivalently as a product of three Maxwellians

P 1 o P 1 o (v3—uz)? 1ex o X +1v—af?
g 10 SXP 2.9 ) @re) P 20 )oap P 2 '

n—0

Motivated by the above considerations, we parametrize the equilibria of (Q) by six functions p, u = (u1, u2,u3), 0, i,
as announced by (14). It will be very useful, for the moment computations, to introduce the following representation
for such equilibria. These decomposition will be the starting point for many development involving the moments, the
entropy, ...

Flrw) = PO (_ 9% + (v3 — u3<x3)>2) exp(_ |weX + 10 — () = |v|2)
L @usreer 20(x3) 20(x3)
_ p(x3) |v|? 1 (v3 —u3(x3)*\ @7 |weX + 10 —u(x3)
= 9 exp ——9 71/26)(13 — exp — . (35)
271% 2ﬁ (27 0) 20 271 21

For integrability reasons we assume that i > 6 > 0. The functions p, u, 6, u are uniquely determined by the moments
of f with respect to
2 e el e

1, 0X +10, v3, —,
weX + v, v3 ) 3

Proposition 3.6. For any (p,uy,us,u3, K,G) € RS, p >0, K >0, K+ G >0 there is a unique local (in x3) equi-
librium f = f(X,v) for (Q) satisfying

/ffdvd?c:p, //(wcfc+lﬁ,v3)fdvdx=pu,

R2 R3 R2 R3

2 2 — =2 52 =2

v _ u wWeX + V|7 —|v _ u
/ %fdvdx:p(;) + pK, f/' ¢ 2' Ll fdvdxzp%—i—pG.
R2 R3 R2 R3

Proof. We are searching for a positive local equilibrium f = f(x, v) parametrized by p, it, 6, u. For any dimension
d and real number T > 0, the notation M”% (w) stands for the Maxwellian of temperature T in R4

w|? d
WGXP(-y ) w e R%.

For simplicity we drop the index d, but the reader should keep in mind that the Maxwellian dimension is that of the
variable taken as argument. The equilibrium f writes, cf. (35)

M (w) =

fEv) =M (B) My (vs - i13) I M (0 X + 0 — ).
e

Clearly, integrating first with respect to x for any fixed v and performing the change of variable a)gd)? = d(w:x +
1= ~ .
v —u) yield

fff(?c,v)dvdi:,é

R2 R3
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and thus p = p. Similarly

//(wc)_c—l—Lﬁ)fdvd)?://(wc)_c—l—Lﬁ—zf—l—ﬁ)fdvdf://szdvdi:ﬁzj,

R2 R3 R2 R3 R2 R3
//v3fdvd)_c 2//(1)3 —u3 4 u3) fdvdx = //fgfdvd?c: pus.
R2 R3 R2 R3 R2 R3
Therefore &t = u and the parameters (”lw'“) u3 appear as the mean Larmor center and the mean parallel velocity of

the local equilibrium f (X, v). It remains to determine 6 and 1. On the one hand notice that

=12 _ 2 2 2
//Wf@v)dvdx:f/%fdvdx—//(”;) fdvdx = pK

R2 R3 R2 R3 R? R3
and
— 1= =252 s l=2 =2 2
/ |weX + v2 ul” — vl f(f,v)dvd?c:// lweX + ;I ] fdvd)?—/ ufdvdx—p(;
B2 13 R2 R3 R? R3

On the other hand, using several times the formula

/|w|2MT(w)dw=T/|w|2/\/l1(w)dw=—T/w-VwM1(w)dw=Td (36)
R4 R4 R4
yields
=12 _ 2
l//|v| + (v3 —u3) f dvdx
Jo 2
R2 R3

=12
= / [ %M% (D) Mg (v3 — u3) 0> M, (0% + 0 — i) dvdx
P
R2 R3

R
//M o (0 s — 1) *) Mo (v3 — u3)o? My (0% + v — if) dvdx

R2 R3
6 6
=43 (37)
uw—0 2
1//|w67c+%—ﬁ|2—|v|2fdvd)_c
P 2
RZ R3
Xx+1v—ul? _ o
://M%(E)Me(v3—M3)%szﬂ(wcx+J‘ﬁ—u)dvdx
RZ R3

=12
[ [ Mo @Mo3 — 2 My + 5~ ) o

R2 R3
uo
=u——-. (38)
u—=0
We are done if we prove that there is a unique solution 6, u satisfying u > 6 > 0, for the system
0 0 0
2ok, - —s

u—0 2 u—=0
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We solve with respect to v := % > 1 which can be expressed in terms of § := % Indeed, v satisfies

‘t
feny

v—2 m—

Y31 b

2 s
n—0 +

G
=—=85>-1
K

DD | D

or equivalently
20—1)2=3S(w—1)—2(S+1)=0.

The above equation of the unknown (v — 1) has one positive and one negative roots, since their productis —(S+ 1) =
G+K

— 2% <0. Then the ratio v = £ > 1 is given by

44385 +/952+16(S+1)
V= .
4

Combining with the equation % + u = K + G we obtain

K+G K+G
= >0, u=vl=v >
1/24+v 1/2+v

Remark 3.1. Any positive density f (X, v) satisfies

—2 PRY) S s =252
//|U| +(l;3 u3) fdvd?c~|—/ |weX + v2M| [v] £ dvds

R2 R3 R2 R3
_/ lweX + 10— | + (v3 — u3)?
N 2

fdvdx >0
R2 R3
which justifies the hypothesis K + G > 0.

4. The fluid model near gyrokinetic equilibria

In this section we investigate the fluid approximation of the model (13) when the collision mechanism dominates
the transport. Clearly we are interested on regimes close to gyrokinetic equilibria. For simplicity we neglect the
perpendicular electric field and we assume that the parallel electric field depends only on (¢, x3) and thus (E3) = E3.
Eq. (13) becomes

1
00+ 03, 7+ L), 7= —(Q)(FTLfT). (xv) €Ry X B xR (39)
and we intend to analyze the asymptotic behavior for small . Formally we have

fi=f+ef 42272+, (40)

Following the standard arguments which allow us to derive the Euler equations starting from the kinetic description
when the collisions dominate the transport [1,2,22,23], we determine the leading order term in the expansion (40) by
the conditions

q — _
=0 [ /{a,f 3l f + ZE38U3f}<p(x, v)dudi =0, (1,x3) €R; x R
R2 R3
for any average collision invariant ¢ of the family
W |ocX + 02— [v]?
2 2 ’
For any (¢, x3) € Ry x R, the density (x, v) — f(, X, x3, v) is a local gyrokinetic equilibrium and writes, cf. (35)

1’ C!)cx + J_Ea U3,

£, x,v) = p(t, X3)M%(5)M0(v3 —u3(t, x3)) e M, (X + 10 — i (t, x3)) (41)
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for some functions p, u = (u1, un, u3), 6, u depending on (¢, x3). The microscopic density f is determined by its mo-
ments whose evolution comes by imposing the balances corresponding to each collision invariant. Using the collision
invariant ¢ = 1 leads to the continuity equation

8o+ 0y (puz) =0, (1,x3) €Ry xR, 42)

In order to obtain the other conservation laws in Theorem 1.1 we need essentially to compute the first and second
order moments, together with their fluxes (see Appendix A for details).

Lemma 4.1. For any local gyrokinetic equilibria cf. (35)
Fe v = o) M s )My (v3 — u3(x3)) 0 My (e + 0 — ii (x3))

we have

[ [+ 45,0505, v) ot = (. w2 +6)
R2 R3
and

//w&+%mm%f@ﬁ=@ﬁﬁm.

RZ R3
Lemma 4.2. For any local gyrokinetic equilibria cf. (35)

foe ) = )M o @M (v3 — u3(x3))0* M (0cX + 0 — 1i(x3))

we have
=12 2
— 6 6
ffwwﬂx,wdvd;:pu{u_@+5)’
R2 R3 ’
a4l 2252
—ul*— 0
/fv3|wcx+ v2u| ] Fix, v)dvdx_pu3<,u—u—9)
R2 R3
V% + (v3 —u3)? ,,Le N
[ [ p v duds = pua (2254 T) |+ 000,
R2 R3
|weX + v —u|> — |v)? _ uo
f/v3 ‘ 2 Ox; f dvdx = 0y, | pus3 M—fe ,
R2R3 M
712 — )2 Tols =2 52
//Wawx,v)dvdf:/ Rt el PR
R2 R3 R2 R3

We will also need to compute the macroscopic entropy [p> g3 fIn f dvdX and its parallel flux g, [ps v3 X
fIn f dvdx associated to any local gyrokinetic equilibrium f (see Appendix A for details).

Lemma 4.3. For any local gyrokinetic equilibrium cf. (35)
F G 0) = p03) M s (B) M (v3 = 13 (63))0f My (0% + 77 = 1(x3))
we have

2 5
fffmf@ﬁzme—iﬁ%m>——p
Qr )5/2M 0 2

RZ R3
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and

2
_ Jo) 5
//v3flnfdvdx = puj ln(i(zn)yz;z@}/z ) — 5Pu3.

R2 R3 u—0

We are ready to derive the macroscopic limit model stated in Theorem 1.1 for strong collisional regimes in the
gyrokinetic framework.

Proof of Theorem 1.1. We have already deduced the continuity equation (42), appealing to the collision invariant
@ = 1. Using the collision invariants w.X + -9, v3 yields

&//@J+%U®ﬁ+//mmj+%mjwﬁ+1&//@J+%MJMﬁ:Q
m

RZ R3 RZ R3 ]RZ R3
a//wfwﬁ+//mﬂ%f@ﬁ+i&//m%f@ﬁza
m
R2? R3 R2 R3 R2 R3

Thanks to Lemma 4.1 one gets
9 (pu) + 9y (puszu) =0, (43)
0 (pu3) + 00, [((03)? +6)] = L Esp = 0. (44)

- 2
Appealing now to the collision invariant w yields

-2 _ 2 =12 _ 2
//ELi%LiQ@fmﬁ+//WELi%—ﬂl%fMﬁ

R2 R3 R2 R3

-2 R
+1E3//W3v3fdvdf=0- (45)
" 3

R2 R3
Notice that (37) allows us to write

-2 _ 2 =12 _ 2
//ELi%LlﬁﬂfMﬁzaffELi%LiifMﬁ—//mywﬁWﬁMﬁ

R2 R3 R2 R3 R2 R3

“l (53]

and therefore, thanks to Lemma 4.2, (45) reduces to

uo 0 uo 0
3t|:p<m+§>i| + 0y, |:,0M3(m +E)i| + p00y,u3 =0. (46)

—2 N2 2
The previous equation can be written in conservative form, replacing the collision invariant |v|+(+'“) by % In

this case we have

v? - 0% + (v3 — u3)? _ (u3)? _ w0 (u3)?
/ de”dx—//ffdvd”/ > fdvdx—ﬂ(m+§+ 5 )

R2 R3 R2 R3 R2 R3
|v|? _ |v|? _ o 1o 30 (u3)?
v3— fdvdx = u3 — fdvdx + uz(v3 —u3)” fdvdx =uzp| —— + — + s
2 2 L—0 ' 2 2
R2 R3 RZ R3 RZ R3

Ll _ _
ff73v3fdvdx=—/fv3fdvdx=—pu3.

R2 R3 RZ R3
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We obtain
v|? |v|? |v|? _
o —fd vdX + 9y, vg—fd dx + - E3 73U3fdvdx_0
R2 R3 R2 R3 R2 R3

or equivalently

uo (u3)? /w 30 (u3)? q
0 — 0 — —=E =0.
z|:,O<M P + > + > + Oxy | U3P ) + 5 + ) p 30U3

¢ loci+1o—| —|v|2
2

Finally, the last collision invarian gives
o2 =2 — =22 =2
/f'w”x+ ”2 ul” =~ vl Btfdvd)_c+//v3|wcx+ v2 il LR
R2 R3 R2 R3
= 1= =12 _ 152
+%E3/ e + "2 u 0y fqudz =o. 47)
R2 R3
Using (38) we deduce that
— L= =2 2 Tols 252
/ [ + ”2’” vl alfdvd)_czalf |@cX + ”2“| OF ¢ quas
R2 R3 R2 R3
0
—/f(ﬁ—wcx—%).a,ﬁfdvdxza,[ (M—“—Qﬂ

R2 R3
and Lemma 4.2 applied to the other terms in (47) implies

uo uo _
o) o5

We write the balance of the microscopic entropy fIn f and we deduce a new conservation law (in other words we
construct a macroscopic entropy). Indeed, multiplying (39) by 1 +1n f7 yields after integration with respect to (x, v)

8t//f’lnf’dvd)_c+8x3//m,f’lnf’dvd?c:%//(1+lnff)(Q)(f’,f’)dvd7c

R2 R3 R2 R3 R2 R3
1
:;//lnff(Q)(f’,ff)dvd)_c. (49)

R2 R3
But thanks to Theorem 2.1 we know that for any (¢, x3) € Ry x Rand 7 > 0

//mft(Q)(ff,fr)dvd)—cgo

R2 R3
and therefore, passing formally to the limit when 7 Y\ O in (49) implies

8t//flnfdvdi+8x3//vgflnfdvdifO. (50)
R2 R3 R2 R3
By Lemma 4.3 we know that

2
5
f/fmfwﬁ=pm(—lﬂ%m)——m
Qr )5/2# 0 2

R2 R3

In £ dvdx = pusl pw; >
i in ot = puatnl o ) 5P

RZ R3
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and (50) reduces to

r 2 2
P 5 Pw 5
In| ——5— ) — = 0 In| ——5— ) — = <0.
_p n((2 )5/21267 Mzgs/z ) 2,0:| + 0x, |:)0M3 n((z )5/2126°2 M203/2 ) 2,0143] =

Combining with the cont1nu1ty equation (42), we obtain the entropy inequality

I o o
pln(m>] + Oy [pu3 ln< Y >] <0. 51

n—0 n—0
When the solution (p, u, 6, 1) is smooth, the reader can check by standard computations, similar to those used when

dealing with the Euler equations, that the inequality in (51) becomes equality, being a consequence of the previous
conservation laws (42), (43), (44), (46), (48). O

0

~

0

~

5. Linearization of the averaged Fokker—Planck-Landau operator

Another important issue is the derivation of a simplified averaged Fokker—Planck—-Landau operator, when the
density is close to the equilibrium. The natural way to do it is to neglect the second order fluctuations around the
equilibrium, which makes sense for example in the strongly collisional regime. The key point is that the resulting sim-
plified kernel still keeps the main features of the original averaged Fokker—Planck—Landau kernel. For any positive
density f = f(x, v) we denote by £ the equilibrium of (Q) having the same moments as f

//(Sf—f)dvd)_c:O, //(a)c)_c—i—J‘ﬁ,vg,)(Ef—f)dvd?c:O,

R2 R3 R2 R3

2 = 1=2 =2
/ P~ pavdr =0, //""“” T ey — pavaz=o
R2 R3 R2 R3

Proof of Theorem 1.2. We assume that f is close to £ and by neglecting the terms of order (f — & f)2 one gets the
first order approximation, denoted by L( f)

OV f) = 07OV S f) — 07OV Er. Ep)
4 — . J— . J—
Zlewcx,v / /{f(x/, V)E (X, v, x5 V) ®E(X, v, X, V) Var o f (X, 0)

R2 R3
—Ef()? v’)fi()_c v, x', v’)®$i()? 0, %, V) Vo o€ (X, v)}dv/d;

_ZdlvaXU// FEE (X, v, X, 0) @ && (X, 0, %, 0) Voo £ (X, V)

R2 R3
—Er(x,v)E' (x v, x/, v’)®8,~§i()7 VX, 0) Voo v Ep (27, 0') f dv'd’

Zlewcxv// Efé QEV(f — EpN+(f - 5f)é Q&' Vé'f}dv'dx

R2 R3
—Zdwa&”// ErE @eai(E )V (f = &)+ (f —EpE @& (§7) VEL ) dv/dy’
R2 R3
= . 2L(f). (52)
We have used the notations
f=f@&,v), = fL0), Er=Er(x,v), Er=Er(x', ),
g =£(%,0,x, V), EY =e'(x, v, %,v),  V=Vrw V=V,
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Since £ is an equilibrium, we know by Theorem 2.1 that
£ -VInEy—&(8') - V'In€;=0, 1<i<4
and therefore

ELE QENV(f—Ep) — (f —EpE ®@&i(E)V'E]

. .V —5 _g 1 i\ v/ /!
=5f5}-{$’ ®% (fgf 2 fgf Lel @ei(e')'V lngf}
V(€ & i
o _& o
=5f5}g’®g’v<fgff):f:fs}s'@slv(%). (53)

Similarly one gets

(f/ —5})51 ®§-lvgf _ gfé—l ®81(§Z)/V/(f/ _5})

e . V=€
=gfg}{ 7€ @EVIng ¢ @ (¢ 7f}

5}.
f/_g/ _ S / _ ,,V/(f’—S/)
=5f5}{ I Lel @ gi(£1)'V In&y —& ®e(E) 54f}
f t
rE! o (L =5 /g N
=—E7EpE' @ei(8')V (Tf>=—5f£f§ ®ei(£)'V <§> 54

Combining (52), (53), (54) leads to the following expression for the first order approximation of (Q) near equilibrium

4

— . / i i f i i\ v/ f/ I 17

wc’*’L(f)=Z}dlvwcx,vf/5f£f{s ®& v<5> —E®e(E)V <g—,f)}dv dx
= R? R '

4 '
:Zdivwcx,v//f;fg}{gf .v<%) —gi(éi)/.V/<£_/>}€:idv/d)7. (55)
i=1 f

R2 R3

We justify now the properties of L.
1. Integrating by parts with respect to (¥, v) we obtain

[ [romasie-$32[ [ [ [

R2R3 i=1  R2g3R2R3
x {(gi -Vg) [si : v(i)] — (g7 Vo) [(s")/ : v’(i/)} } dv'dx’ dvdx
&/l & '

Performing the change of variables ()7 ,v') < (X, v) yields

//L(f)(pdud)?:—iwf////fff}

R2 R3 =1 R2R3R2R3

« {((s")/ . vqp’)[(g)’ . v(%)] _a((E) - V) [gi v(%)} } dvdE v/,

f
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Combining the above equalities gives

2 4
//L(f)fﬂdvd)_c=— CZ///‘/EfEl}Sidv’d;dvd)?

R2 R3 = RZ R3 R2 R3

where
Si— (%.z . V(p _ 8'(§i)/ . V’w’)[éi . V(—J> _ 8'(§i)/ . V’<£>i| 1<i<4
! 5,1" ' & ’ - =

2. It comes immediately by taking ¢ = f/£ in (16).
3.If f is a positive equilibrium of (Q), we have f = &y and therefore L(f) = 0. Conversely, assume that f is a
positive equilibrium of L. Then we have equality in (17), saying that

i f i\’ / f/ .

We consider the Hilbert space L%f ={g(x,v): fRZ fR3 g2 /€ dvdx < +o0o} endowed with the scalar product

2
(g,h)Lz //—dvdx g.helg,
R2 R3

and the linear operator /¢ given by

4 ’
w;ZIf(g) = Zdincx’v//gfg}{fi . V(;) — gi(si)’ . V/<§_/> }Eidv’d;.
i=1 e f !

Obviously f — & belongs to the kernel of /7. By the first statement we deduce that

g, ~FE [ [ foi (e 5(2) -0y v(2)

RZ R3 R2 R3

(i v<h> (&) V'(h,))d’d_/d dx
S R g —&(&') - @ v'dx’ dvdx

saying that [ s is symmetric with respect to the scalar product (-, -) L2 E Moreover, it is easily seen that g € ker/ s iff

gl .Vln(exp(%)) - g,-(gi)’ . V’ln(exp((g—/)) =0, 1<i<4. (57)
f f

Thanks to Proposition 3.4, (57) implies that g € ker!/ iff g/€ s =Inexp(g/Ey) is a linear combination of the collision
invariants
_ 1 WP |wcX + 3 — (9
1, w. lv, vy, —, .
GeXF T 0 2
In particular, since f and £ have the same moments with respect to the above collision invariants, for any g € ker/y
one gets

(f—Ef,g)Lé =//(f—5f)gidvd7c=0
f f

R2 R3

saying that f — &y € (kerlf)J- Finally f — £ ekerly ﬂ(kerlf)J- {0} and thus f=&f. O
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The first order approximation of (Q) near equilibria (see (55)) inherits all the properties of (Q), nevertheless its
structure remains complex. Using L instead of (Q) requires almost the same computational effort. A classical way to
circumvent these efforts relies on the BGK approximation of (Q), which writes

Lok = —(f = &p).

The properties of the BGK operator associated to (Q) are summarized below.
Theorem 5.1.
1. Forany f = f(x,v) and ¢ = ¢(x, v) > 0 we have

/ / Lok (f)Ingdvdx = — / /(f —&7)(ng —1n&,) dvdx.
RZ R3 RZ R3
2. For any positive density f we have the inequality

f / Leck(f)In f dvdE <0
R2 R3

with equality iff f =Ey.
3. The positive equilibria of Lgk are the positive equilibria of (Q)

f>0, Leek(f)=0 <« [f=&.
Proof. 1. For any ¢ > 0,1n&, is a linear combination of the collision invariants

2 = 1=2 =12
_ - v Jwex +~v]” —|7]
1, o +19, v3, —, — :

2 2
By the definition of £ we have
/f(f —&¢)In&,dvdx =0
RZ R3
implying that
//LBGK(f) Ing dvdx = —f/(f —E&r)Ingdvdx = —//(f —&7)(Ing —Iné&y) dvdx.
R2 R3 R2 R3 R2 R3

2. Taking ¢ = f > 0 in the previous statement, we obtain

//LBGK(f)lnfdvdfz —/‘f(f —&p)(nf —In&y)dvdx <0
R2 R3 R2 R3
with equality iff f =&,

3. Clearly Lok (f) =0iff f =&, =0. O
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Appendix A. Proofs of Propositions 1.4, 3.1, 3.2, 3.3, 3.4 and Lemmas A.1, 4.1, 4.2,4.3

Proof of Proposition 1.4. By the linearity of the average operator we obtain

q

<3tf+v38X3f+ H%E . va>= (9 f) + (03003 f) + %(E Vo f).

It is easily seen that 9; and d,, commute with the average operator and thus, taking into account that f € ker 7 one
gets

(0 f) =0 (f) =0 f, (V30x; f) = V3(0x; f) = 03003 (f) = V303 /-
Observe that T(f¢) = fv-Vi¢p = —f0 - E and thus (fv - E) = 0. Thanks to Proposition 1.3 one gets

. | E 15.E . E
(E . va) = <d1Vv{fE}>:d1Vx<f_> —|—T<f—_2> + 8v3<fE3) :lex{f<—>} + 8v3{f(E3)}
We wc || We
implying that
q [ BN g
Z<E-v,,f>=chv);{f Z }+;3v3{f<E3)}-

Using again Proposition 1.3 we deduce that d,, and divy commute with the average operator, implying that
Ouy(E3) = (35 E3) =0, divg(*E) = (divy “E) =0

and our statement follows. O

Proof of Proposition 3.1. Observe that
©,0) (+9,0) T
( -, ] unx,v L ——

ol 1l we|V]

and

. 0) (+v/,0) T

- — . Va)gx’,v’ = =
[v'] [v'] e[V’

where 7/ =’ V5 + w0’ - V. Therefore (29) writes

12 r'sing(vs —v;)  Tlnf rsinp(vy—v3)  T'Inf’

{ox} 4+ {ox}!/? — =0
el el + (w3 — w2 @l el /el + (o — w2 @elV’

which reduces to

Tilzlf:T(/rl/I;zf/, if [r—r'| <lzl <r+r', vs#05. (58)
We claim that 7 In f depends only on the invariants of 7T i.e.,

Tnf(x,v)y=T1nf(y, w)
for any (x, v), (y, w) € R® such that

woX+ =05+ W, x3=y;  Ol=lwl, v3=uws. (59)

Take (x, v), (y, w) verifying (59) and (x, v’) € R such that

1= 177 = o7
A ol [V
<[ x+——({x"+ <
Wc We

vl v

v3 # 03,

|| |we| || ||
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meaning that the Larmor circles of centers x’ + *v'/w¢, X + *0/w. and radii [v'|/|w¢|, |0]/|we| have non-empty
intersection. We also have

, T O T B [w| | V]
w3 # v3, — = < y+——|x+— | < +
|| || c Wc |l |l
and (58) implies
Tlnf(x,v) T'Inf"  Tlnf(y, w)
w2 e

As |v| = |w], we deduce that T In f(x,v) =T In f(y, w) for any (x, v), (y, w) verifying (59), and therefore T In f
remains constant along the characteristic flow of 7. Thus

Tinf=(TInf)=Projye,77Inf=0
and finally In f and f belong to the kernel of 7. O

In the sequel we will need the following easy lemma.

Lemma A.l. Let F = F(y, p) :R* x R" — R? be a smooth field satisfying

[F(Y'.P)—FG.p]-+(0'—y) =0, y,y eR? p,p' eR". (60)
Then there is o € R, B € R? such that F(y, p) =ay + B, (y, p) € R x R™.

Proof. Observe that F does not depend on p. Indeed, taking y' = y + hz, p’ = p + hq we have

[FOy+hz,p+hg) —FQy. pl |
h
Letting 7 — 0 we obtain

z=0.

[0,F(v, p)z+3,F(y,p)q]-t2=0, y,zeR? p,geR™
Replacing z by tu with t € R*, u € R?, one gets
(tdyF(y, p)u+3,F(y, p)g) - +u=0.
Passing to the limit when r — 0, we deduce that
HF(y,p)g-tu=0, ueR? geR"

and thus 9, F = 0, saying that F(y, p) = F°(y), with FO(y) = F(y, 0).
Taking y' =y + hz, h € R*, z € R? in (60) we obtain

[F( + hZ) L 00) BN

Passing to the limit when 4 — 0 yields

(0,F°(»)z) - tz2=0, y,zeR?
which is equivalent to

R(w/2)3,F(y):2®2=0, y,zeR>
Therefore R(r/2)0y F O(y) is antisymmetric, saying that

I FP ) =8, FY( =a,  8,F) () =08, F(y) =0, yeR%.
Notice that

0 0 0 0
Iy o0 = By, 0y, Fy = 0y, 3y, Fy =0, dy, 0 = Dy, 0y, Iy = By, 3y, Fy =0
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saying that « is constant. Finally we have
Vi FY = ey} = 0,00 =V, {F} —ay]
and thus there is 8 = (81, B2) € R? such that
FOy)=ay+p, yeR:. O

Proof of Proposition 3.2. We have

127 —1'cosg

1 1
Tinf+{ox}'?—= . Viln f = {ox}'*—= - ViIn f

£2.VInf ={ox} > ©
PREIEL welz] welz]

and

() V't ' = o) PS8

J'Z J'Z
—T'Inf' —{ox}'/*—=-VsInf = —{ox}'/*—— . V5l f".
we|z| V'] wc|z]

we|z|
Thus (30) becomes

L2 (Velnf = V5inf) =0,  ||o] = [V/]| < |wex + 10 — (wex’ + V)| < [0 + V). (61)
Since the positive density f satisfies (29), In f belongs to ker 7 and thus there is a function g such that

J__
In f(x, v) :g()_c+ —U,x3, |D|,v3>, (x,v) eR? x R’.
,

C

Observe that

Veln f(x,v) = Vyg(¥1(x,v), Y2 (x, v), x3, 0], v3),  (x,v) €R? x R’

and therefore (61) reduces
W =) (Vye.x3,rv3) — Vg (¥, x3, 1, v3)) =0 (62)

for any (¥, x3, 7, v13), (¥, x3, 7/, vy) satisfying |r — r'|/|w.| < | —¥'| < (r +7")/|we|. We cannot apply directly
Lemma A.1, since (62) holds only for pairs of Larmor circles with non-empty intersection. Nevertheless we can
proceed as in the proof of Lemma A.1, taking & € R* small enough, s, u3 € R, u € R2 \ (0,0)

r'=r+hs, vy =3 + hus, v =y + hi
such that
|s] 2r + hs

< |h||lu] <
|| ||

|h|

Therefore (62) holds true, implying that

1. G + hit, x3,r + hs, v3 + huz) — G(¥, x3, 1, v13) _
h

where G(/, x3, 1, v3) = Vag(a, x3, r, v3). Letting h — O we deduce that G depends only on ¥ and x3

0 (63)

Ve, x3,1,v3) = G, x3,1,v3) = GO(¥, x3).
Coming back to (63) we obtain
1. GO(Yy + hit, x3) — G (¥, x3) _
h
and we deduce by Lemma A.1 that

0

T2
Ve, x3,1,v3) = GO(¥, x3) = a(x3) ¥ + B(x3) = V5 {Ot(X3) 14

T‘F,B(XS)'J}
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Finally one gets

fx,v) =exp(g(¥(x,v), x3, 0], v3))

152 15
alx v
=exp< () x+— +ﬁ(x3)'<)_C+—>+)»(X3,|5I,v3))-
2 We We
Proof of Proposition 3.3. We introduce the field b* - o =— wjﬁl -V + %
£.Vinf = —{ox)2 02 S“””b“ JIn f

and

(53)’~V’lnf’=—{ax}”2”|”}“’(b4) Ve Inf.

Thanks to Proposition 3.1 we have

1) V1 _
In f(x,v) =g =x1+w—,W2=xz—w—,x3,r=|vI,v3

c c

and by direct computations one gets

Viln f(x,v) = Ve, x3,10,v3),  Vilnf=—

Therefore b* - V..v is the derivative with respect to r = |v|

1= — Lv_ _
v v 8 v

b*.v Vipln f=— - 'leg+T'<_ v _arg>:arg
wc|v] ] ¢ ]

and (31) reduces to

arg(w, -x31r» U3) _ 8r/g/(W7x3’r/9 Ug) |r —r | |1/f w |
= ; y |w

r r

V. We have

r+7)

||

927

Replacing (', 7, v}) by small perturbations of (¥, r, v3) such that |r —r'|/|wc| < |¥ — '] < (r +7) /|w¢| hold true,
p g 3) by p

we deduce immediately that Z),Tg depends only on x3 and thus

gV, x3,7,v3) =1y (x3).
By Proposition 3.2 we know that
VI —
g=Inf=alxs)—7—+px3) ¥ +A(x,r.v3)

implying that 0,A = ry (x3). Finally A(x3,r, v3) = y(m)% + wu(x3, v3) saying that

a(x3)|_
2

+_

@c

fx,v) =eXp<

Proof of Proposition 3.4. The formula of the vector field &* allows us to write

(r'cosp —r)(v3 —v})

|zly/ 121 + (v3 = v3)?

£ Vinf=—{ox}'/? b* ViyInf

12 V3 — v} z {ox}V?)z|

=12 B LE |§|2
+ B(x3) - X+w—>+V(X3)T+M(X3,v3) . O

+{ox} ~Vzlnf —

lzly/1z1? + (v3 — v})? ¥*

V122 + (v —v5)?

Oy In f
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and

12 (rcosg —r')(vy —v3) (b4

2],/ 1212 4 (v3 — v})?

/
12 U3 — U3 z , {ox}/“lzl
/ — Vol f' —

21212 + (3 — vy)2 @ 122 + (v3 — v})2

In f(x,v) = g (¥ (x, v), x3, 7], v3)

and by Proposition 3.3 we know that

(5;'4)/~V/lnf/=—{o'x} )/'Vx/,v/lnf/

1/2
+{ox}

3Ué In f/.

By Proposition 3.1 we have

b* - Viy,Inf 98

————=—=y(x3).
] r

Therefore (32) reduces to

vz — V)

y (x3)(v3 — v3)[r(r — ¥ cosp) +r'(r' — rcosg)] + z-(Vzln f — V5 In f')

(&
— |2 (3w In f = 3y In f') =0
when |r —r’| < |z| < r + r’. Taking into account that
2
(' cosg) +1'(7 = reosg) =1 + () = 27’ o5 = P
we obtain for any |[r —r'| < |z| <r 47’
I
V3 — V5 Z
wclz] |z

y (x3)(vs — v3) + (Vslnf = V5In f') =0y, In f — By, In f'. (64)

But Vzln f = ng = a(x3)¥ (x, v) + B(x3), implying that

S (Velnf—Vginf)= O‘((j;)

c

wclz| 2
and therefore (64) is equivalent to

L P

||

- - / o (x3) lr—r
av3g(l/f’x3a r, U3) - avgg(llf/vx:i? r/a U3) = (U3 - Ug) [V(x3) + 7]5

c ||

We introduce the function G (¥, x3, 7, v3) = d,,8(¥/, X3, 7, v3) and let us consider i, s € R*, @ € R?\ {(0,0)}, u3 € R

v =y + hi, r' =r+ hs, vy =3 + hus

such that
h 2r+h
RTIST_ gy < 22308
|| |we
We deduce that
G(Y + hit, x3,r + hs, v3 + huz) — G(¥, x3, 7, v3) o(x3)
=uz|y(x3)+ —3
h g
which implies
_ a(x3) Is|
V]ZG-u—i—Ber—i— 0y;G — y(x3) — u3 =0, < |u|
w% |we
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saying that

a(x3)
o2

V;G=(0.0. 8G=0, 3,G=y(x3)+

and

338 (W, x3,1,v3) = G(Yr, x3,1,v3) = ()/(X3) + %)m + 6(x3).

c

The previous equality allows us to determine the function © = p(x3, v3) in the expression of g =1n f

v — Ll
5 TR0 Y Ay ()7 + s, va).
Taking the derivative with respect to vz yields

g, x3,7,v3) = a(x3)

()/(X?,) + ac(:;))v3 +38(x3) = 8U3g = 81}3#

c

and therefore

2
a(X3)) w3)” S(x3)vz +n(x3). O

w(xs, v3) = (V(x3)+ 2 >
Proof of Lemma 4.1. We have
V3(@cT + D) f = u3(@cT + 10 f + pM i (D)(v3 = u3)Mp (3 — u3); My (X + 7 — 1)
=
and thus
// V3(WeX + 1) f(x, v) dvdx = pusit.
R2 R3
It is easily seen, thanks to (36), that

//(v3)2f dvdx = f /(v3 —u3+u3)? fdvdx = / /(v3 —u3)? f dvdx + p(u3)* = p((u3)* +6).
R2 R3 R2 R3 R2 R3
Clearly we have, integrating by parts

//(wcx+Lv)av3fdvdx=(0,0), //v38v3fdvd)_c=—p. O
R2 R3 R2 R3

Proof of Lemma 4.2. Clearly

=12 _ 2
//(v3 —M)Mf(x, v) dvdx =0

R2 R3
and thus (37) yields

-2 . 2 =12 _ 2
/f%wm,v)dvd,—cszwwmv)dvd)-czm( i +§>_

2
R2 R3 R2 R3

Similarly, thanks to (38) we obtain

=Ly =2 52 = ls =12 52
//‘v3|wcx+ v il Ll f(x,v)dvdf://u3|wcx+ v il vl f(x,v)dvdx

2 n—0 2

2 2
R2 R3 R2 R3

uo
= pu -——.
pu3 =

929
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It is easily seen that

-2 _ 2 =12 _ 2
//U3|v| +(l;3 u3) 91, £ (x, v) dodF — x}//%Ivl +(l;3 u3) £ dvdx

R2 R3 R2 R3
~ [ [ vatn = voptus avaz = [ [ = a0 @0 = po0
R2 R3 R2 R3

and
Ll =232 = Lls 22 52
//v3|wcx+ v2 ul” —1v| 8x3fdvd7c—8x3// lwex + v2 ul® —1v| F dvdz
R2 R3 R2 R3
——//vg(ﬁ—wc)_c—J‘ﬁ)-8x3ﬁfdvd)?=//(v3—u3)(wci+lﬁ—ﬁ)-8x3ﬁfdvd)?=0.

R2 R3 R2 R3

Therefore we obtain

V)% + (v3 — u3)? _ o 0
//‘vgfax}fdvdx:a& ous M”_0+§ + B3

R2 R3

s ls 22 =2
- - 0
/fv3|wcx+ v —ul” — 7] 90, f dvdE = 0y, | pus( 1 — w R

R2 R3

and

Proof of Lemma 4.3. By direct computation one gets

2 2 2 o2
/fflnfdvdx_/f[ln< ,oa)cz 3/2>_ O + (3 —u3)®  ocx+10—uf — v 2 :|fdvd)_c
(27[)5/2#9 20 2u

R? R3

(e N0 0)_p M_M_e
Qr )5/2#293/2 O\u—6 2 u—=0

2
pw;
=oln| —&— ) — —
g n((z )5/2“293/2>

//v3f1nfdvdx=//(v3—ug)flnfdvdx+//u3f1nfdvdx=u3//f1nfdudx

R2 R3 R2 R3 R2 R3 R2 R3

2
_ pe; _3
= pus ln((2 O M293/2 ) 2pug. O

i

N D
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