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Abstract

Given o > 0 and p > 1, let u be a bounded Radon measure on the interval (—1,1). We are interested in the equation
—(|x|2au’)/ + |u|P_1u = p on (—1, 1) with boundary condition u(—1) = u(1) = 0. We establish some existence and unique-
ness results. We examine the limiting behavior of three approximation schemes. The isolated singularity at O is also investigated.
© 2015 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we consider the following semilinear singular Sturm-Liouville equation

{—(|x|2“u’>’+ Pl =pon (=1.1), (L)
u(—=1)=u(l)=0.

Here we assume that o > 0, p > 1, and u € M(—1, 1), where M(—1, 1) is the space of bounded Radon measures on
the interval (—1, 1). We denote

Col-1,1]={¢ e C[-1,1]; ¢(—1) =¢(1) =0}
Then w can be viewed as a bounded linear functional on Co[—1, 1]. That is,
M(=1,1) = (Co[—1, 1D*.

In the previous work [23], we studied the corresponding linear equation (i.e., p = 1 in (1.1)). For the linear case,
we defined a notion of solution for all « > 0 and a notion of good solution for 0 < o < 1. We proved the existence and
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uniqueness of the good solution for every measure u when 0 < o« < 1 and we proved the uniqueness of the solution

when o > 1. We also presented a necessary and sufficient condition on u for the existence of the solution when o > 1.
For the semilinear equation (1.1), we can adapt from [23] the notion of solution and the notion of good solution.

Rewrite (1.1) as —(|x|**u’) + u = u — |u|?~'u + 1. Then according to [23], a function u is a solution of (1.1) if

we L (=1, )N WE (=1, 1\ {0D), [x|u’ € BV(~1,1), (1.2)

and u satisfies (1.1) in the usual sense (i.e., in the sense of measures). When 0 < « < 1, a solution u of (1.1) is called
a good solution if it satisfies in addition

lim u(x) = lim u(x), when0 <o < é
x—>0~

x—0t
- —1
xl_i)r{)1+ (l—Hn \x|> u(x)—xl_1>m (1+ln |x|) u(x), when o = % (1.3)

lim |x[2 'u(x)= lim |x|** 'u(x), when % <a<l.
x—0t x—0~

In this work, we are interested in the question of existence and uniqueness, the limiting behavior of three different
approximation schemes, and the classification of the isolated singularity at 0.
It turns out that we need to investigate the following four cases separately:

O<a§%,p>l, (14)
1 1
§<a<1,1<p< 1 (1.5)
l<oz<1,p> ! , (1.6)
2 T 2a—1
a>1, p>1. (1.7)

As we are going to see, the notion of good solution is only necessary for cases (1.4) and (1.5). In fact, for the case
(1.6), if the solution exists, it must be the good solution.
Our first result concerns the question of uniqueness.

Theorem 1.1. If « and p satisfy (1.4) or (1.5), then for every u € M(—1, 1) there exists at most one good solution of
(1.1). If o and p satisfy (1.6) or (1.7), then for every u € M(—1, 1) there exists at most one solution of (1.1).

Remark 1.1. In fact, for o and p satisfying (1.4) or (1.5), there exist infinitely many solutions of (1.1); all of them
will be identified in Section 7.

The next two theorems answer the question of existence.

Theorem 1.2. Assume that a and p satisfy (1.4) or (1.5). For every u € M(—1,1), there exists a (unique) good
solution of (1.1). Moreover, the good solution satisfies

-1
(i) lim (1 +1n |x|) u(x)=— lim [xju’(x) = lim [x[u'(x) = 29D wheno =L and p > 1,
x—0 x—0t x—0~
20,/ 2a,,/
(ii) )}i_r)rb|x|2°‘_lu(x) =— lim+ % = lim % = Z;{O}z) when 1 s<a<landl<p< 2a T
x—0 x—0

Gi) [t a1~ 1 < = 2l g and | (ur=a = a0~1) | < e = )] o e e M1
and their corresponding good solutions u, ui.

Theorem 1.3. Assume that o and p satisfy (1.6) or (1.7). For each u € M(—1, 1), there exists a (unique) solution of
(1.1) if and only if i ({0}) = 0. Moreover, if the solution exists, it satisfies
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@) lim x> lu(x) = lim |x|**u/(x) =0,
x—0 x—0
Gi) [P~ = 1alP =i o < o= ] g and [ (it = 11010 |

and their corresponding solutions u, ii.

L= =)t sor e M1

We now study (1.1) by three different approximation schemes. The first one is the elliptic regularization. Take
0 < € < 1 and consider the following regularized equation

{_((|x|+6)2aué)/+|u€|p_lue:,uf on (_1’ 1), (1 8)
ue(—=1) =uc(l)=0. '

Givena > 0, p > 1 and u € M(—1, 1), note that the existence of u. € HOI(—l, 1) with u, € BV(—1, 1) is guaranteed
by minimizing the corresponding functional, and the uniqueness of u is also standard. Our main results are the
following two theorems.

Theorem 1.4. Assume that o and p satisfy (1.4) or (1.5). Then as € — 0, u¢ — u uniformly on every compact subset
of [—1, 11\ {0}, where u is the unique good solution of (1.1).

Theorem 1.5. Assume that o and p satisfy (1.6) or (1.7). Denote by &y the Dirac mass at 0. Then as € - 0, u¢ — u
uniformly on every compact subset of [—1, 1]\ {0}, where u is the unique solution of

{ —(aPuy + ulP " == (0D o on (—1,1), (19)
u(=1) =u(l)=0. :

Remark 1.2. In Section 4 we will present further results about the mode of convergence in Theorems 1.4 and 1.5.

The second approximation scheme consists of truncating the nonlinear term. Fix p > 1 and n € N. Define
gpn:R—Ras
1

gpn(t) = (signt)min{|t|p,n1_5|t|}. (1.10)
It is clear that

0<gp1(1) <gpal®) <--- < [t1"~"t, Vi >0,

1P~ < gpa(t) < gp (1) <O, Vi <0,

gpn(t) = 111771, asn — oo.

Consider the equation

{—(|x|2“u;)/+g,,,n<un)=u on (=1,1), (L1
up(—=1) =u, (1) =0. ’

Rewrite (1.11) as —(|x|2“u;1)’ +up = uy — gpn(uy) + . Then according to [23], a function uy, is a solution of (1.11)
if

up € LY (=1, ) N WEN (=1, 1\ {0}), |x|*ul, € BV(~1, 1),

and u satisfies (1.11) in the usual sense. When 0 < o < 1, a solution u,, of (1.11) is called a good solution if it satisfies
in addition (1.3).
We will see in Section 5 that when 0 <« < 1, for all p > 1 and n € N, there exists a unique good solution u,, of
(1.11). When @ > 1, for all p > 1 and n € N, there exists a unique solution u,, of (1.11) if and only if u ({0}) = 0.
We have the following results concerning the sequence {u, }o2 ;.

Theorem 1.6. Assume that o« and p satisfy (1.4) or (1.5). Then as n — oo, u, — u uniformly on every compact subset
of [—1, 11\ {0}, where u is the unique good solution of (1.1).
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Theorem 1.7. Assume that « and p satisfy (1.6). Then as n — oo, u, — u uniformly on every compact subset of
[—1, 1]\ {0}, where u is the unique solution of (1.9).

Theorem 1.8. Assume that « and p satisfy (1.7) and p ({0}) = 0. Then as n — oo, u,, — u uniformly on every
compact subset of [—1, 1]\ {0}, where u is the unique solution of (1.9).

Remark 1.3. The more precise mode of convergence in Theorems 1.6, 1.7 and 1.8 will be presented in Section 5.

Remark 1.4. The third approximation scheme consists of approximating the measure y by a sequence of L!-functions
under the weak-star topology. This is a delicate subject. For example, for % <a<landl <p< ﬁ, let uw = do

i

and f,, = Cnp(nx — 1), where p(x) = X[\x|<1]€“‘2" and C~1 = f,o, so that f;, A 8o in (Co[—1, 1])*. Let u,, be the
good solution corresponding to f,,. Then u, — u but u is not the good solution corresponding to §p. This subject will
be discussed in Section 6.

Finally, we study the isolated singularity at 0. The next result asserts that for o and p satisfying (1.6) or (1.7), the
isolated singularity at O is removable.

Theorem 1.9. Assume that o« and p satisfy (1.6) or (1.7). Given f € L'(—1,1), assume that u € quc((—l, D\{0})
satisfying
1

1 1
—/u(|x|2“;’)’dx+f|u|l’—1u¢dx=[f;dx, Ve € C((—1, D\{0}).
—1 —1

-1
Thenu € LY (—1,1) and
1

1 1
—/u(|x|2“;’)’dx+/|u|P*1u§dx:/f§dx, Ve e C(—1,1). (1.12)
—1 —1

—1

Remark 1.5. An easy consequence of Theorem 1.9 is that (1.1) does not have a solution if o and p satisfy (1.6) or
(1.7) and u = &g, which is a special case of Theorem 1.3.

On the other hand, for « and p satisfying (1.4) or (1.5), the isolated singularity at O is not removable. In this case,
we give a complete classification of the asymptotic behavior of the solutions.

Theorem 1.10. Assume that o and p satisfy (1.4) or (1.5). Let u € C2%(0, 1] be such that

—(x2uyY +ulP"lu=0 on(0,1), (1.13)
u(l) =0.
Then one of the following assertions holds.
i) u=0.
(ii) u = u, for some constant ¢ € (—00, 0) U (0, +00), where u, is the unique solution of (1.13) such that
uet _ . (1.14)

0t Ea(x)
and
L,if0<a < %,
Eo(x)={Inl, ifa=1, (1.15)

1 7|
xza—_l,éf‘§<(x<l.
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(ill) u = uyo0, where U is the unique solution of (1.13) such that

2(1—w)
Iim x 7T uypeo(x) =1pq, (1.16)
x—0t
and
1
2 2 1 p—1
Ly = | (1 —a)? P _ . (1.17)
’ p—1 p—1 11—«

(iv) u=u_q where u_oo = —U 4.
Moreover, u_. = —uc. If c >0 or c =400, uc > 0. Forc >0, uc | 0 and u¢c 1 tt400.

Remark 1.6. The solutions # ., and u_, are called the very singular solutions, which is a terminology introduced
by Brezis, Peletier and Terman [8].

Remark 1.7. Given u € M(0, 1), we can also study the following equation,

{ —(2u'y +ulP~'u=p on(0,1),

b =0 (1.18)

In Section 10, we discuss (1.18) under appropriate boundary conditions at 0, and we will also compare the results
about (1.18) with some well-known results about the semilinear elliptic equation.

Our study of (1.1) is motivated by various results about the semilinear elliptic equation

{—Au+|u|1’_1u=,u on £, (1.19)

u=0 ondQ,

where 1 < p < 00, Q is a bounded smooth domain in RY and 1 is a bounded Radon measure on £2.
The existence and uniqueness of an L”-solution of (1.19) forall 1 < p < oo and u € L (L2) is proved by Brezis
and Strauss [9]. When p is just a bounded Radon measure, the following two cases were studied separately:
G l<p< % if N > 3 and no restrictionon p if N =1, 2,
(i) p> 5 if N> 3.

Bénilan and Brezis proved the existence and uniqueness for case (i) and the nonexistence for case (ii) if u =4,
for some a € Q (see, e.g., [2] and the references therein). For case (ii), a necessary and sufficient condition on u
for the existence of a solution was given by Baras and Pierre [1] (see an equivalent characterization by Gallouét and
Morel [17]).

About the isolated (interior) singularity, Brezis and Véron [10] proved that the isolated singularity is removable
for case (ii). For case (i), Véron [20] classified the asymptotic behavior of the solutions near the isolated singularity
(a different proof was given by Brezis and Oswald [7]).

Brezis [5] observed that, for case (ii) with © = §, where a € €2, a sequence of approximate solutions may converge
to 0, which is obviously not the solution corresponding to u = §,. This phenomenon was then studied by Brezis,
Marcus and Ponce [6] in a more general setting.

We refer to Appendix A of Bénilan and Brezis [2] for a comprehensive review on this subject, and to the mono-
graphs of Véron [21,22] for a variety of results about the singularities of solutions for more general classes of PDEs.

The rest of this paper is organized as follows. We present in Section 2 some preliminary results which in particular
imply Theorem 1.1. The question of existence is studied in Section 3 where Theorems 1.2 and 1.3 are proved. The
three approximation schemes mentioned in the introduction will be investigated respectively in Sections 4, 5 and 6. In
Section 7, we describe all the solutions of (1.1) when « and p satisfy (1.4) or (1.5). The removability of the singularity
is studied in Section 8 and the classification of the singularity is studied in Section 9. Finally, Section 10 is devoted
to (1.18).
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2. Preliminary results and the uniqueness

We start with a few results from [23] about the linear operator. The investigation of the linear operator can also be
found in [11,12]. We consider the unbounded linear operator A, : D(Ay) C L'(=1,1) > LY(—1, 1) where

Aqu=—(xP**uy, 2.1)
D={uel (=1 DNWE (=1L INOD: w(=1) =u() =0, |xu’ e W (=1, D}, 2.2)
and
NC[— , when0 < < é
D - 1
D(A,) = DN { 1+ln Ix\ uEC[—l,l]}, whena—z, (2.3)
Dn{u; 1xP*'ueC[-1,11}, when } <a <1,
~, when oa>1.
We have the following properties of the linear operator A, .
Proposition 2.1. (See Lemma 2.2 in [23].) Assume 0 < a < 5. For all u € D(Ay) we have
| 0
lim (x>’ (x) = /(A ) s‘—2“) ds — E/(Aau)(l _ |s|1—2“) ds, 2.4)
x—
1
D= [ (4 (1— H“)dL, 2.5
00) = 55 [ (Aaan (1= 15172 ds @5)
—1
20,/ 3
[1x1 =S 1 Agulls. 2.6)
6
lullwrn < . lAqullpr - (2.7)
Proposition 2.2. (See Lemma 2.3 in [23].) Assume o > % Then
D(Aq) = {u e D; lirr})|x|2°‘ u' (x) = } (2.8)
X—>
where D is defined by (2.2). For u € D(Ay) we have
l
H|x|2%/ < | Aqull 1, whena > ~ (2.9)
L>® 2
. 1\~ 1
Iim(1+4+In— u(x)=0, when o = —, (2.10)
1—0 x| 2
- 1
1+1n— u _4HAU4‘ , when o = —, (2.11)
- 2 Lt 2
: 200—1 1
lim |x]| u(x)=0, whenao > —, (2.12)
x—0 2
H|x|2“—1u < lAgull, 1. whena > - (2.13)
wil = 2q —1 0 2 '
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Proposition 2.3. (See Proposition 2.1 in [23].) The operator Ay satisfies the following properties.

(i) For any a > 0, the operator Ay is closed and its domain D(Ay) is dense in Li(—1,1).
(i) Forany A >0and a >0, I + LA, maps D(Ay) one-to-one onto LY(—=1,1) and (I + »A,)~ " is a contraction
in LY(—1,1).
(iti) Forany »>0,a >0and f € L'(—1, 1), ess sup(/ +1Aq) " f < max {0, esssup f}.
(iv) Let y be a maximal monotone graph in R x R containing the origin. For any o > 0, let u € D(Ay) and g €
L*°(—1,1) be such that g(x) € y (u(x)) a.e. Then fil Aqu(x)g(x)dx = 0.

We now prove the uniqueness result.

Proof of Theorem 1.1. Fix u € M(—1,1). If @ and p satisfy (1.4) or (1.5), assume that u and i are two good
solutions of (1.1) corresponding to . Then u — it € D(Ag) and Ag(u — ) = ||~ i — |u|P ™ u.

If « and p satisfy (1.6) or (1.7), assume that u and & are two solutions of (1.1) corresponding to w. Then
—(Ix*(u — )" = |a|P~ % — |u|P~'u. We claim that u — i € D(Ag). For a > 1, it is clear by the definition of
D(Aq). For § <a <1 and p > 521, by (2.8), it is enough to show that lim 1x]2*(u — @) (x) = 0. Indeed, since

|x|*%(u — @t)’ € BV (—1, 1), the limits lim Ix|%%(u — @)’ (x) and 11118 |x|?*(u — %)’ (x) exist. They have to be zero.

Otherwise, it contradicts the fact that u —u € LP(—1, 1) with p > 2a T
Then for all the cases, assertion (iv) of Proposition 2.3 implies that

1

/(|u|p Vi — |u|P~ 1u)s1gn(u—u)dx_/A (u — ) sign(u — fi)dx > 0.
-1

On the other hand, (|&i|”~'4 — |u|P~'u)sign(u — i) <0 a.e. Therefore u =i a.e. O
3. Proof of the existence results

The basic idea in the proof of Theorems 1.2 and 1.3 is to approximate the measures by L!-functions. Therefore,
we start with the case when u € L'(—1,1)in (1.1).

Proposition 3.1. For every « >0, p > 1 and f € L'(—1, 1), there exists a unique u € D(Ay) N LP(—1, 1) such
that Aqu + |u|P~'u = f a.e. on (—1, 1), where Ay and D(Ay) are given by (2.1) and (2.3) respectively. Moreover,
Mul? g < W f i and [[Aqullpr <2101 fliz-

To prove Proposition 3.1, we need the following result by Brezis and Strauss [9].

Lemma 3.2. (See Theorem 1 in [9].) Let B be a maximal monotone graph in R x R which contains the origin. Let 2
be any measure space. Let A be an unbounded linear operator on L'(Q) satisfying the following conditions.

(1) The operator A is closed with dense domain D(A) in LI(Q);for any . >0, I +AA maps D(A) one-to-one onto
LY(Q) and (I + 2A)~L is a contraction in L}(Q).
(ii) Forany A >0and f € L' (), ess sup(l +21A)~! f <max {0 ess supf}
(iii) There exists § > 0 such that § ||u||L1 <|lAull;1, Yu € D(A).

Then for every f € LY(Q), there exists a unique u € D(A) such that Au(x) + B (u(x)) > f(x) a.e. Moreover,
| f—Aullpr <1 fllpr and [|Aullpr <20 fll 1.

We now prove Proposition 3.1. We apply a device by Gallouét and Morel [17].
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Proof of Proposition 3.1. We first assume O < o < 1. Applying Proposition 2.3 and the estimates (2.7) and (2.13), we
deduce that A, is an unbounded operator satisfying the conditions (i)—(iii) in Lemma 3.2. Consider 8(u) = |u|?~'u
as a maximal monotone graph in R x R. Then Lemma 3.2 implies the desired result.

We then assume « > 1. For any n € N, consider the unbounded linear operator

1
Agntt = —(x|%u’) + —u.
Take its domain D(Ay,,) = D(A4). Note that

1
Aa,n :Aa + _I’
n

gt T = (2 1) (2, +1
o,n = N A+n o s

1 An -1 n

It is clear that A, satisfies the conditions (i)—(iii) in Lemma 3.2. Therefore, for every « > 1, p > 1, n € N, and
fe L(—1, 1), there exists a unique u, € D(Ay) N LP(—1, 1) such that

1
—(IxPul) + ~ —ttn + Jun | Yy = fon (=1, 1).
That is,

/|x|2“ e dx+/ u,,g“dx+/|un|1’_ ungdx—ff;dx V¢ e Col—1,1]. (3.1)

Moreover, we have

1
|||Mn|p||L1 + ; ”Mn”Ll + H |X|2aul/,l : < C’

+ H(lxlza 1/1 /!
L>®

where C is independent of n. Therefore, passing to a subsequence if necessary, we can assume that there exists
ue Wzlo'cl([_l’ 11\ {0}) such that u, (x) — u(x),Vx € [=1, 1]\ {0}, and |x|**u), — |x|**u’ in L'(—1, 1). It implies
that u(—1) =u(1) =0 and }lun + |unl? Yuy — u|?Yu ae. on (=1, 1).

o
We now prove that the sequence {%un + |un,|? _1un} ) is equi-integrable. For this purpose, take a nondecreasing

function ¢ (x) € C*°(R) such that ¢(x) =0 for x <0, (pEl);) > 0 for x > 0 and ¢(x) = 1 for x > 1. For fixed k € N and
t e RT, define

Py (x) =signx p(k(|x| —1)).

It is clear that Py ; is a maximal monotone graph containing the origin. Moreover,
{x 1 Per(x) # 0} = (—00, —1) U (1, +00),
|PL)| < | Poi )| < | Prs ()] < | Prgr ()] - <1
lim |Pr| = xpxj=1-
k— o0

Then assertion (iv) in Proposition 2.3 implies that

1
- [Py Py a0,

Therefore

1
1
f|Pk,, ()| <;|un|+|un|”> dxsf|Pk,,<un>||f|dx.
—1 —1
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Passing to the limit as k — oo, the Monotone Convergence Theorem implies that

1
/ <—|Mn|+|un|p>dx§ / | fldx, YVt > 0and Vn € N.
n

[lun|>1] [l |>1]

Then

1 C
llanl =1 < / g P <
[lup]>t]

For any € > 0, there exists 7. > 0 such that

1
/ (—Iun|+|un|p>dxs / |f|dx<2\7’neN
n

[lunl>tel [lun|>te]
Take § = W Then for all K C R such that |K| < §, we have
1 1 1
;|Mn|+|“n|p dx < ;|Mn|+|“n|p dx + ;'un|+|“n|p dx
K KN[lun|>t] KN[lun|<te]

1
< [ (Gt )dx+ o2 ok
[lun|>1te]
<e.
o
Thus, the sequence {%un + luy, |1’_1un} | is equi-integrable.
e

A theorem of Vitali implies that u, + |u, [P~y — |u|P~'u in L'(—1, 1). Passing to the limit as n — oo in (3.1),
we obtain

1 1
/|x|2“u’;’dx+/|u|P*1ugdx=/fgdx, V¢ e Col-1,11.

Therefore, u € D(Ay) N LP(—1,1) and Aqu + |u|?~'u = f ae. on (-1, 1). The uniqueness follows from Theo-
rem 1.1. O

We now start to prove Theorems 1.2 and 1.3. Given u € M(—1, 1), there exists a sequence {f,},2, C LY (-1,1)

such that f, X win (Co[—1, 1])*. For each f,, by Proposition 3.1, there exists a unique u, € D(Ay) N LP(—1,1)
such that

1
/|x|2“ /g‘dx+/|un|p u,,;dx_/fngdx Ve e CyI-1,1]. (3.2)
-1

Lemma 3.3. Assume that 0 < a < % and p > 1. Let {u,};> | be the sequence satisfying (3.2). Then u, — u in
C[—1, 1], where u is the (unique) good solution of (1.1).

Proof. Note that | full;1 < C, where C is independent of n. Then Proposition 2.1 implies that [[up ||z

H |x|2"‘u || Wil = C where C is independent of n. Therefore the sequence u,, is bounded in wl4(—1,1) for some

/

2ot /
uy,, = |x|

fixedg € (1, 20{) By compactness, there exists a subsequence such that u,, — u in Co[—1, 1] and |x|2"‘
in L1 (—1,1). Passing to the limit in (3.2) as ny — 00, we obtain that

1 1
/|x|2°‘u/§/dx+/|u|p_1u§dx=/§du, V¢ e ClI-1,1].
-1 —1 -1
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We conclude that u is a good solution of (1.1). The uniqueness of the good solution and “the uniqueness of the limit”
imply that u, — u in C[—1,1]. O

Lemma 3.4. Assume that « = % and p > 1. Let {u,},° ; be the sequence satisfying (3.2). Then there exists a subse-
quence {ny}p2 | such that

1\! 1\"!
<1+ln|x—|> unk—><1+lnm> winL"(—1,1), Vr < o0, (3.3)

-1
where u is a solution of (1.1). Moreover, (1 +In |71‘) ueBV(—1,1)and

X 1
1\ 1\ 1
lim <1+ln —) u(x) = lim lim /fnk(s)ds+<ln—> /fnk(s)ln —ds |, (3.4)
x—0+ |x| x—0F k—o00 [x| |s|
0 X
1\ ; I\ T I
lim <1+ln —) u(x)= lim lim /f,,k(s)ds—i-(ln—) /fnk(s)ln —ds | . (3.5)
x—0~ |X| x—>0"k—o00 |x| |S|
x -1

Proof. Proposition 2.2 implies that

1\!
1+In— Up
x|

-1
where C is independent of n. As a consequence, we obtain (3.3). Moreover, (1 + In ﬁ) ueBV(=1,1), up, — u

<C,

Wl,]

|||x|“;,“W1,1 +

in LP(—1,1) and |x|u;lk — |x|u’ in Li(-=1,1). Passing to the limit in (3.2) as ny — oo, we obtain that u is a solution
of (1.1). The proof of (3.4) and (3.5) is the same as the one of Lemma 6.3 in [23]. O

Lemma 3.5. Assume that % <a<land 1l <p< ﬁ Let {u,,},‘io=1 be the sequence satisfying (3.2). Then there
exists a subsequence {nk},fil such that

20—1

12wy, — %1 tuin LT (=1, 1), Vr < oo, (3.6)

where u is a solution of (1.1). Moreover, |x|**~'u € BV (—1, 1) and

X 1
1
: 20—1 : : 20—1 1-2
tim P = 5 tim i ([ g @ds 1 [ gols! s ). (3.7)
0 X
0 x
. 200—1 _ 1 : : 200—1 1-2«
lim |x]| u(x) = —— lim lim Su (8)ds + |x| Ju ()Is] ds|. (3.8)
x—0~ 200 — 1 x>0~ k—o0
x -1

Proof. Proposition 2.2 implies that || x| *u!, H wit t || Ix 2w, || wi1 = C, where C is independent of n. As a con-

sequence, we obtain (3.6). Moreover, |x|**~'u € BV (=1, 1), u,, — u in LP(—1,1) and |x|2"‘u:1k — |x]?*~ 1 in
L! (—1, 1). Passing to the limit in (3.2) as ny — oo, we obtain that u is a solution of (1.1). The proof of (3.7) and (3.8)

is the same as the one of Lemma 6.4 in [23]. O

Lemma 3.6. (See Lemma 6.5 in [23].) Fix p € C(R) such that suppp = [—1,1], p(x) = p(—x) and p > 0. Let
pn(x) = Cnp(nx) where C~! = f,o. Forpe M(=1,1), let f, = wx p,. Then f, € C[—1,1], | fullp1 < el pq, and

fn A win (Co[—1,1D)*. Forany —1 <a <b < 1and y € [—1, 1], we have
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0, fory e[—1,a),

b—y %, fory=a,
lim / pn(s)ds =1 1, fory e (a,b), 3.9
n—o0 1
a-y 3, fory=0>,
0, fory e (b, 1].
Moreover,
X 0 {
lim lim /fn(s)ds = lim lim /f,,(s)ds = —u({0}). (3.10)
x—0tn—o0 x—0=n—>o0 2
X

Proof of Theorem 1.2. The existence of good solution for 0 < & < % and p > 1 has been proved by Lemma 3.3.
Assume now that f;, is the sequence identified in Lemma 3.6. For o = % and p > 1, we claim that

hr{)lJrnll)m ffn(s)ds—i—(ln—) /fn(s)ln—ds

= hrg nll)m /f,,(s)ds + (ln —) /fn(s)ln —ds

1
= 7 1(0D.

For%<a<1and1<p<2a%l,weclaimthat

lim lim /fn(s)ds+|x|2°‘ 1/fn(S)|S|1 2 ds

200 — 1 x>0t n—o00

_20l—lx—>0 n— 00

X
lim lim /fn(s)ds+|x|2“*1/f,,(s)|s|1*2“ds
X

1
= mﬂ({o})-

The proof of these two claims is the same as their counterparts in the proof of (i) of Theorem 6.1 in [23]. Therefore,
in view of Lemmas 3.4 and 3.5, we proved the existence of good solution for 1 s<a<landl<p< 1 557 as well as
assertions (i) and (ii). Assertion (iii) will be proved in Section4. O

Lemma 3.7. Assume that o and p satisfy (1.6) or (1.7). Let {u,},2, be the sequence satisfying (3.2). Then
x| Vu, — |x[**Vuin L (=1, 1), Vr < oo, where u is the solution of (1.9).

Proof. Proposition 2.2 implies that |[[x|**u}, | ;11 + |[1x|**~"un 11 < C. where C is independent of n. It follows

that |x|**uj, — |x[**u’ and |x]**'u, — |x|**"'u in L"(—1,1), ¥r < co. Note that ||u||;» < C. Then Fatou’s
Lemma implies that u € L?(—1, 1). Passing to the limit in (3.2) as n;y — 00, we obtain

1 1 1
/|x|2°‘u/§/dx+/|u|p_1u§dx=/§du, Ve e CL(=1, D\ {0)). (3.11)
-1 -1 -1
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Here we use the same device as in Brezis and Véron [10]. Let ¢(x) € C°(R) be such that 0 < ¢ <1, ¢ =0 on
(—%, %) and ¢ =1 on R\(—1, 1). Let ¢, (x) = ¢(nx). In (3.11), perform integration by parts and replace ¢ by ¢, ¢
where ¢ € CCZ(—I, 1). It follows that
1 1 1
= [utaPeneyyax+ [ i ugnsdr = [ onpdi, ¥p e =11, (3.12)
-1 -1 -1
For each term on the left-hand side of (3.12), we obtain

1 1
/ 112U (x) @ (nx)¢” (x)dx — / 12U’ (x)¢” (x)dx,
—1 -1

1 1
Za/u(x) signx|x |2~ o(nx)¢’ (x)dx — Za/u(x) signx|x >~ 1¢/ (x)dx,
21 1

1 1
/Iu(X)I”_lu(X)w(M)fﬁ(X)dx e / ()P~ u ()¢ (x)dx,
—1 -1

1

Zn/|x|2°‘u(x)90’(nx)¢’(x)dx <

n2a—1 H‘p/(b/”Loo ”u”Ll(—nl,%) — O,

==

1

1
. _ 200 2\ 7
2an f u(x) signx|x 71/ (n)g (0dx| < (;) 0| o Nutll o 1,1, =0,

1
n

1

2 200 1 1 2
n / U (Ol 2" ()b (x)dx 5—2a_2( )
n

n

P

0" ool 1 1y = O,

n

where p’ is the Holder conjugate of p, which satisfies % +2a —2 > 0. For the right-hand side of (3.12), the Dominated
Convergence Theorem implies that

1 1
Jin [ oo = [ 900d 41— (0D 0.
—1 -1
Thus
1 1 1
f |x[*“u'¢dx + / |ul? ugpdx = / ¢d (v — ({0} 80) , Yo € CL(—1,1).
-1 -1 -1

Therefore u is the solution of (1.9). O

Proof of Theorem 1.3. Suppose ©({0}) = 0. Then Lemma 3.7 implies that (1.1) has a solution. Conversely, assume
that u is a solution of (1.1). We claim that u({0}) = 0. Indeed, we have

1 1 1
—/u(|x|2‘x§/)/dx+/|u|p_lu§dx=/§du, Vi € CX(—1,1). (3.13)
- —1 -1
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Take ¢ € C°(R) such that 9 =1 on (—1, 1), suppe C (—2,2) and 0 < ¢ < 1. Replace ¢ (x) by ¢(nx) in (3.13). Then
for each term on the left-hand side of (3.13), we have

2

" 2a+§
2 200 1 1
<7
2 [Py ] < o |l 2 2, >0
2 n !
n

2a+2%

27 Vo,
el [0/l e Nt 2 2) =0,

2
Zan/u(x)|x|2“_l<p’(nx)signxdx <
_2

1
/ lu) [P~ ux)e(nx)dx — 0.
—1

For the right-hand side of (3.13), we have

1
fw(M)d/L=/L({0})+ f p(nx)dp + f p(nx)du.

-1 0,21 [-2.0)

Note that

lim / ¢(nx)dp = lim / p(nx)du =0.
n—oo n—oo
0,2] [-2,0)

Therefore, u ({0}) = 0.
Assume now that the solution exists. We prove assertion (i). Indeed, since |x|2“_lu € BV (—1, 1), the one-side

limits lim_ [x>*"1u(x) and lim |x|?*~'u(x) exist. They must be zero. Otherwise, it contradicts u € LP(—1, 1).
x—0 x—>0~

The same reason guarantees that lin}) Ix|2*u’ (x) = 0. Assertion (ii) will be proved in Section 4. O
X—>

4. The elliptic regularization

For any 0 < € < 1, we consider the regularized equation (1.8). Since M(—1,1) C H~!(=1, 1), the solution u, of
(1.8) is actually the minimizer of the following functional

1 1 1

1 1

I(u):—f(|x|+6)20‘|u’|2dx—|——/|u|”+ldx—/udu, Vu e Hy(—1,1).

2 p+1
-1 -1 -1

It implies that u satisfies the following weak formulation

1 1

1
/(|x|+6)2au’€v’dx+/|u€|p_1u€vdx=/vdu, VveHol(—l,l). 4.1)
1 1 1

Take v, = @(nuc) where ¢ € C*®(R) and ¢’ > 0 such that ¢ = 1 on [1,00), ¢ = —1 on (—o0, —1] and ¢(0) = 0.
Notice that

1 1
/ (1x] +€)** ugvydx =n f (x| +€)* lu ¢ (nue)dx = 0.
—1 —1
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Then
1 1
||ue||{p<_1,1)=n1ggo/|ue|”‘luevndxsngn;ofvndus||u||M(,1,1). 4.2)
-1 -1

We now examine the limiting behavior of the family {u.}.. o and we are going to establish the following sharper form
of Theorems 1.4 and 1.5.

Theorem 4.1. Given o > 0, as € — 0, we have

(Ix| + €)% ul — |x**u’ in L' (~1,1), Vr < oco. (4.3)
Moreover,
1

ue — uin Co[—1, 1], if0<a<§, 4.4)

1 \! 1\°! 1
1+1In ue — [ 14+1In— win L"(—1,1), Vr < oo, ifa= -, 4.5)

|x| + € | x| 2

1

(x| + €)% N ue > |x|** win L™ (=1,1), Vr < o0, ifa > 5 (4.6)

Here u is the unique good solution of (1.1) if @ and p satisfy (1.4) or (1.5); u is the unique solution of (1.9) if « and
p satisfy (1.6) or (1.7).

The proof for the case 0 < o < % of Theorem 4.1 is the same as the proof for the case 0 < @ < % of Theorem 5.1
in [23], except some obvious modifications due to the nonlinear term. We omit the detail.

Proof of Theorem 4.1 for o« = % Write K = lim+ u,(x) and K- = lim u,(x). One can perform integration by
x—0 x—0~
parts (the same as the proof of Theorem 5.1 of [23]) and obtain, for x € (0, 1),

ue(x>=1n<li> K++/du /|ue<s)|" ue(s)ds
X+ €

0,x)

/|u€(s)|f’— " (s)ln(l:::e)ds—i— f In (E) du(s),

[x.1)

and for x € (—1,0),

0
ug(x)=1n< 1+6> eK_ + / du—/|u6(s)|p_lu€(s)ds
|x| 4+ €

(x,0) x
+e€ 1+e€
ue()|” Lue(s)In ds+/ln(—>d s).
/|e()| (s) <||+) ST e w(s)
(—1,x]
Taking into account the relations u.(0") = u(07) and €K, j —eK_ = —n ({0}), we deduce that

1 1
eKF=—2n o)+ <signs>1n<| |+ )du()

Ite
21“( € )(—1 U, 1)

—— /(slgnsnue(s)w 1ue(s)ln( Lte )ds,
21n( Isl+e
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and

1+e€

- 1
ek, = EM({O}) + m

(signs) ln< )du(s)

Lte
21“( € )(—1,0)U<0,1>

1

1 1

- —/(signs)|ue(s)|p_lue(s)ln( te >ds
2In (1<) Isl+e

It is easy to check that |eKj‘| < % Il pq and |eK6_ < % lell oq since ||u€||€p < ||ull o4 Therefore, we obtain that

1 -1
1+1In Ue
lx|+€

where C is independent of €. It follows that (4.3) and (4.5) hold for a subsequence {uen }

+ ”(|x| + e)u HBV(—],]) =C,
wll(=1,1)

o0

nel Moreover, the sequence

{lue, 1P ue, }:il is equi-integrable and |u, |”~'ue, — |u|P~'u in L' (—1, 1). Passing to the limit as n — oo in (4.1),
we obtain

1 1 1
/|x|u’v’dx+/|u|”_1uvdx=/vdu, Yve Cll—1,1].
-1 -1 -1

Notice that [|uell;p+1(—1,1) < C. The same argument as in the proof of Theorem 5.1 in [23] implies that

limeK = limeK = ! o}

e—>0 € e—0 € 2M ’
and

. 1! _ 1! 1

Iim (1+In— u(x)= lim (1+In— u(x)=—-u{0}.
x—0t |x| x—0~ |x] 2

Therefore, u is the good solution. The uniqueness of the good solution and the uniqueness of the limit imply that (4.3)

and (4.5) hold for the family {uc}e~g. O

Proof of Theorem 4.1 for % <o < 1. We denote K j = lim+ u,(x) and K. = lim u}(x). Integration by parts
x—0 x—>0—
yields, for x € (0, 1),

1-2a _ 1-2 p
MG(X):<(X+€) (1+¢) ) —EZQK:_-F / du—/|u€(s)|p_1ue(s)ds

20— 1
(0,x) 0
1
1-200 __ 1 1—2a
_/luas)w*‘ue(s) e —-d+e 7,
200 — 1
X
s+ —(1+e'
+ 7o — 1 du(s),

[x,1)

and for x € (—1,0),
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1-2a _ 12«
MG(X)=<(|X|+6) (1+e) ) 20{K + / d/'L /|M6(S)|p IME(S)dS

200 — 1
(x,0)
120 _ 12«
f|ue<s>|” e )<('S'+€) kA% )ds
120 _ 1 12«
/ (Is|+¢€) 20[_(1 +€) du(s).

(—1,x]

By the relations u(07) = u.(07) and €K} — 2K = —u ({0}), we have

f—ll(Signs)We(S)|p_lue(s) [(s] 4+ €)' =2 — (1 4+ €)' 2] ds

2[61—20: - +E)1—2a]
f( Loy, signs) [(Is] + 72 — (1 4+ )72 du(s)
2[el2 — (1 + )12

1
*KE=—pn(on -

’

and
I Gsigns)ue )P~ ue () [(Is] + €)' 72 — (1 + €)' 2] ds
2[61_2“ _ (1 +€)1—2a]
S 1oy, (signs) [(s]+ €)' 72 — (1 +e)!72¢] du(s)
2[6172"‘ _ (1 +6)1 20:]

ZOIK—_l {0} _
€ 5_2“‘( )

It is easy to check that [€2* K| < 3 [llloq and €K | < 3 llull g since lluell}, < [l pq- Therefore, we obtain
that

<cC, 4.7)

2a—1
x| +e€ u
H(l | ) BV (-1,1)

+ |l o u,

€
WLI(=1,1)
where C is 1ndependent of €. It follows that (4.3) and (4.6) hold for a subsequence {uen }n 1
Ifl<p< m, there exists 6 € (p, m) such that [[uc || o1 1) < C. Thus the sequence {|ue,|”~ 1146”}00] is
equi-integrable and |u., I”_luen = |u|P~Yuin L1(=1, D). Passing to the limit as # — oo in (4.1), we obtain
1
/ Ix|?%u'v'dx + / lulP uvdx = / vdp, Yu e C[-1,11.
—1 —1

The same argument as in the proof of Theorem 5.1 in [23] implies that

— lim K = hm PK = —pc (o)
e—0 —0
and
1
: 200—1 1 200—1 _
x1_1)18+ |x] u(x)_xl_l)rgi |x] “(x)_iz(za— 1)M({0})~

Therefore, u is the good solution.
If p> 2 ~—7> & consequence of (4.7) is that u., — u uniformly on any closed interval I C [—1, 1]\ {0}. Passing to
the limit as n — oo in (4.1), we obtain

1
/|x|2“u/v/dx+/|u|p_1uvdx=/vd,u, Yo e CL((—1, D\ {0)).
1 2 s
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Since IIuEIIi,, < |lnll o, Fatou’s lemma yields u € L?(—1, 1). The same argument as in the proof of Lemma 3.7
implies that u is the solution of (1.9). The uniqueness of the solution and the uniqueness of the limit imply that (4.3)
and (4.6) hold for the family {uc}..o. O

We omit the proof for the case & > 1 of Theorem 4.1 since it is the same as the proof for the case % <a <1 and

1
P
If we assume the data to be L', we have a further result about the mode of convergence.

Theorem 4.2. For o > % and jn € LY(—1, 1), the mode of convergence in (4.5) and (4.6) can be improved as

1 \! 1\"! 1
<1+ln|x|+6> u€—><1+1nm> win Col=1, 1], ifo = 2. (4.8)

and

1
(x] + ) N ue — x| win Co[—1,11, if o > > (4.9)

To prove Theorem 4.2, one can just perform the same argument as the proof of Theorem 5.2 in [23]. We omit the
detail.
As we indicated in the previous section, the following is the

Proof of (iii) of Theorem 1.2 and proof of (ii) of Theorem 1.3. For u, it € M(—1, 1), denote by u, and i, their
corresponding solution of (1.8). From (4.1) we have

1 1
/(|x| + €)% (ue — i) v'dx + /(mev’—lue — |de|P e vdx
—1 -1

1
= f vd(u — v), Yv e Hi (—1, 1).
—1

Take v = ¢, (u€ — 126), where @, is the smooth approximation of either signx or (signx)™. We obtain

Jnel?~ e = lite P~ = = 2]

and

~

+
— A ip—1n +
H(wev’ e —lad i) | <[ (w-2)*] -

L!
Then Fatou’s lemma yields the desired result. O

5. The approximation via truncation

In this section, we consider the approximation scheme via the truncated problem (1.11). As we mentioned in the
introduction, the following lemma ensures the sequence {un};'lil is well-defined.

Lemma 5.1. Fix p > 1 andn e N. When 0 < o < 1, for each u € M(—1,1), Eq. (1.11) has a unique good solution
uy. When a > 1, for each u € M(—1, 1), Eq. (1.11) has a unique solution u, if and only if u ({0}) = 0. Moreover, for
both cases, ||gp.n(un) | 1 < Il g and | (xPP2u) | o < 2l pg-

Proof. For u € M(—1, 1), take f;, = pn * u, where p,, is specified in Lemma 3.6. Then f, A uin (Co[—1, 1D* as
m — oo. For fixed m € N, the same argument as in the proof of Proposition 3.1 implies that there exists u, ,, € D(Ay)
such that
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1
/ X *uy, ¢ dx + / 8pun(ttnm)sdx = f futdx, ¥t € Cjl-1,1]. (5.1)
-1 -1
Moreover,

| gpnnm) | 1 < W fonllpr < el g s

[,y =20l <2000

L'~

IfO0<a< 5, then {unm}fno

_, is a bounded sequence in Wha(—1,1)for1 <q < % Thus, passing to the limit as
m — oo in (5.1), we obtain

/IXIM ’é“dxﬁL/gpn(un){dx—/(du, V¢ e Cyl—1, 11, (5.2)

where u,, |2«

< llullpg and [|(x12u) || o < 21l pg-

If 1 < <1,asm— oo, we obtain |x[*u), , — |x|**u), and x>~ u, y — |x|**"u, in L"(—1, 1), ¥r < oo.
Then the Dominated Convergence Theorem 1mphes that g, n(Un,m) —> &p,n(Uy) in L! (—1, 1). We again obtain (5.2).
The same as the proof of Theorem 1.2, we can check that

1\ 1\ 1 1
Iim {1+1In— up(x)= lim {1+1In— uy(x) ==-pn {0}, ifa = -,
x—>0t |x| x—0~ |x| 2 2

200—1 200—1

1 1
un(x)=7u({0}) <a<1

;
i, ] 200 —1)

up,(x)= lim |x|
x—>0~
Therefore, u,, is a good solution of (1.11) such that ||gp,n(un) ||L1 < Il pq and H(|x|2"‘u;l)’|}M <2l ag-
If « > 1, as m — 0o, we obtain lezauil’m — |x|2"‘u;l in L"(—1,1), Vr < 00, and u, , — u, uniformly on any
closed interval I C [—1, 1]\ {0}. Passing to the limit as m — oo, we have ”gp,n(un) “Ll < |lmlaq and

1

/|x|2°‘ iy ¢ dX-l-/gp,n(un);“dx:/Cdu» Vi e Cl((—1, D\ {0}).
—1 —

The same as the proof of Theorem 1.4 in [23], we have that u,, is a solution of (1.11) if and only if x ({0}) = 0. If u,

is a solution, it clearly satisfies |gp.n(un)|| ;1 < il p¢ and H(|x|2°‘u;l)’||M <2l ag-

Q) (2

We now proof the uniqueness. Assume that u, ~ and u,

u’ —u'? e D(Ay) and

—(x 1 @® = uPYY + gp @) — gpn@®) =0.

Assertion (iv) of Proposition 2.3 implies that

are two solutions of (1.11) corresponding to . Then

/(|x|2“(u“> u?) sign@'V — u®)dx > 0.
—1

Therefore, g, n(unl)) = gp, n(u(Z)) and u(l) = uﬁlz) O

We now prove Theorems 1.6, 1.7 and 1.8. Actually, we will prove the following result with a more accurate mode
of convergence.

Theorem 5.2. As n — 00, we have

Ix?u!, — |x**u’ in L' (1, 1), ¥r < o0. (5.3)
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Moreover,
1

u, — uin Co[—1, 1], ifO<oz<§, 5.4
1\"! 1\! 1

<1+ln—> un—>(1+ln—> uin L' (—1,1), Vr <00, ifa=—, (5.5)
x| x| 2

2a—1 20—1 . r . 1
|x| U, —> |x| uinlL'(—1,1), Vr < oo, zfa>§. (5.6)

Here u is the unique good solution of (1.1) if @ and p satisfy (1.4) or (1.5); u is the unique solution of (1.9) if @ and
p satisfy (1.6) or (1.7).

Proof. Assume 0 < o < % We obtain that the sequence {u,,}°° , is bounded in WH4(—1,1) for I < ¢ < % Hence,

n=1
there exists a subsequence such that

(i) up, — uin C[—1,1],
(i) gpnmy (Uny) = )P tuin L1(—1, 1),

(iii) |x|**uj, — |x|**u’in L™ (=1, 1), Vr < o0.

Passing to the limit as ny — oo, we obtain that
1 1 1
/|x|2"‘u’§’dx+/|u|p_1u§dx:/§du, V¢ e CAl-1,11.
-1 -1 -1

Thus, u is the good solution of (1.1).
Assume o = % Denote K+ = lim+ |x|u;,(x) and K~ = lim |x|u), (x). Integration by parts yields, for x € (0, 1),
x—0 x—0—

X
1
up(x) = (hl;) -K*+ / dﬂ_/gp,n(un(s))ds
(0,x) 0
1
1 1
_/gpyn(un(s))lngds—i— / In~du(s),
X [x,1)
and for x € (0, 1),
0

“n(x):<lnﬁ> K™+ / dﬂ_/gp,n(”n(s))ds

(x,0) x

X

1 1
- / gpn(un(s))In mds + / In md,u(s).
-1 (=1,x]
One can check that

1 -1
lim <l+ln —) u,(x)=—K%,
x—0t |x|

x—0—

1 —1
lim <1+1n ﬂ) Up(x) =K~
X

Since u,, is a good solution, then K+ + K~ = 0. On the other hand, K~ — K+ = 11 ({0}). Therefore, K™ = — %M N
and K~ = % w ({0}). Furthermore, a direct computation yields that
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1\!
14+In— Up
x|

where C is independent of 7. It implies that (5.3) and (5.5) hold for a subsequence {u ni };i |- As aresult, the sequence

+[xt | gy =€,
W],l

{gp,nk (u,,k)};:o=1 is equi-integrable and g , (4n;) — |u|P’1u inL! (—1, 1). Passing to the limit as ny — oo, we obtain
that

1 1 1
/|x|u’§’dx+/|u|p_1u§dx=/§du, V¢ e Col-1,11.
-1 -1 —1

Moreover, we can check that

. 1\ o 1\ L1
lim <1+1n—> u(x) = lim lim <1+ln—) up, (x) =—K =§M({O}),

x—0t |x] x—0t k—o00 |x|

-1 -1
lim <1+lni> u(x) = lim lim <l+lni> unk(x):Kfziu({O}).

x—0~ |x| x—0" k—00 |x|

Thus, u is the good solution of (1.1).

Assume o > % Denote K™ = lim+ |x|2"‘u;l(x) and K~ = lim |x|2°‘u;l(x). Integration by parts yields, for
x—0 x—0~
x€(0,1),
xl—2o¢ -1 ~
+
up(x) = ————| —K" + du — | gpn(un(s)ds
200 — 1 P
(0,x) 0
/lslza_l s+ [ S
- —— un(s))ds —dul(s),
2a—1 Spmiiin 2a—1 N
x [x,1)

and for x € (—1,0),

|x|l—2a

0

-1 B

un(x)=ﬁ K™+ / d,u,—/gp,n(u,,(s))ds
(x,0) X

X

|S|1—20{_1 |S|1—20{_1
- za—_lgp,n(”n(s))ds + 20!4_10'#(5)

—1 (=1,x]
One can check that

K+
llm 20—1 J— ,
o bl 00 = =
lim Le2e—! _ K _
T a0 = 20

When % < a < 1, since u, is the good solution, we have K+ + K~ = 0. On the other hand, K~ — K+ = 11 ({0}).
Thus K+ = —11 ({0}) and K~ = ¢ ({0}). When a > 1, the fact that u, € L'(—1, 1) implies that K* = K~ = 0.
For either case, we have

SC’

H |x|2(x—lun

2a ./
wil + HM Hn BV

where C is independent of . It implies that (5.3) and (5.6) hold for a subsequence {un k}
o0
n=1

If « and p satisfy (1.5), it implies that {g,.n, (tn,)} _

o0

k=1"

is equi-integrable. Therefore gp n, (uy,) — lulP~Yu in
L! (—1, 1). Passing to the limit as ny — 0o, we obtain that
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1 1 1
/|x|2“u’;’dx+/|u|P*1ugdx:/gdu, V¢ e CAl-1,11.
-1 —1 —1

Moreover, we can check that

1
1' 20!—1 — 1 1 20(—1 — K+ — O ,
i ™ uCo = T e, 00 = =50 200
1
]~ 20(71 — ] ] 20(71 — —Kf - O .
Jim. [x[7 7 u(x) [im  lim, x| iy (x) 7o —1 300 — 1)M({ D

Thus, u is the good solution of (1.1).
If o and p satisfy (1.6) or (1.7), we obtain that u,, — u uniformly on any closed interval / C [—1, 1]\ {0}. There-
fore,

1 1 1
[ peuciar - [ur-tucds = [ cdu. ve e cli-1. 0\ on.
~1 ~1 ~1
The same argument as in the proof of Lemma 3.7 implies that « is the solution of (1.9).

For all the above cases, the uniqueness of the limit implies that (5.3)-(5.6) hold for the whole sequence
{up}o2,. O

If we assume the data to be L', we have a further result about the mode of convergence.

Theorem 5.3. For o > % and n € LY(—1, 1), the mode of convergence in (5.5) and (5.6) can be improved as

1\"! 1\"! 1
1+In— U, — [1+In— uin Co[—1,1], ifa = =,
| x| x| 2

1
X%, = X win Co[—1,11, if o > 5

The proof of Theorem 5.3 is just the same as the one of Theorem 5.2 in [23], except some obvious modifications
due to the nonlinear term. We omit the detail.

Remark 5.1. The choice of g; , can be more general than the one given by (1.10). In fact, assume that g, ,, satisfies

(i) gp,n € C(R), nondecreasing,
(ii) 0<gp1(t) < gpa(t) <--- <|t|P~1t, fort € (0, 00),
(i) [1|P7" < gp2(t) < gp,1(1) <0, for 1 € (—00,0),
(iv) gpn(t) = [t[P~ 11, as n — oo,
(v) foreach p > 1 and n € N, there exist constants C = C(p,n) > 0and M = M(p, n) > 0 such that

lgp.n@®)| < Clt|, for [t] € (M,00), if 0 < <1,
1gp.n ()| = Clt], for |t] € (M, 00), if a > 1.

Then all the results in this section still hold and the proof remains the same.
6. The lack of stability of the good solution for % <a<landl<p< Zal—_l

This section is devoted to the question of stability of the solution with respect to the perturbation of the measure
w under the weak-star topology. Recall that Lemma 3.3 implies that when 0 < o < % and p > 1 the unique good
solution is stable. Lemma 3.7 implies that when « and p satisfy (1.6) or (1.7) and u ({0}) = 0, the unique solution is
stable. Therefore, we only investigate the stability of the good solution when % <a<landl<p< 20)—_1 In this
case, as we pointed out in Remark 1.4, the stability of the good solution fails.
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1

<a<landl<p< ﬁ Given u € M(—1, 1), there exists a sequence {f,},2, C L'(—=1,1) such

that f, X win (Co[—1, 1])*. Let u, be the unique good solution of the following equation

Assume

—(xPup) 4 lun|? " un = fo - on (=1, 1), 6.1)
it (1) = un (1) =0 ‘

By Proposition 3.1, we know that u,, € D(A,) N LP(—1,1) and

1 1 1
/|x|2“u;§/dx+/|un|P—1un;dx:/fn;dx, V¢ e CI-1,1]. (6.2)
-1 —1 —1

The limiting behavior of the sequence {u,},> | is sensitive to the choice for the sequence { f,,}72 ;.

Theorem 6.1. Assume that % <a<landl<p< 2011——1 Take p € C(R) such that suppp =[—1, 1], p(x) = p(—x)
and p > 0. Let cl= f,o and pp(x) = Cnp(nx). For fixed t € R, take

fa=uxpp+7t(Cnpnx —1)—Cnpnx +1)). (6.3)

Then f, A win (Col[—1, 1])*. Let uy,, be the unique good solution of (6.1). Then as n — 0o, we have

1\ 1\ 1
(I—Hn—) un—><1+ln—> win L"(—1,1), Vr < oo, ifa= -, (6.4)
x| x| 2
200—1 20—1 ., - r 1
|x| U, —> |x| uinlL' (—1,1), Vr < oo, zfz <a<l1, (6.5)

where u is a solution of (1.1) such that, if « = %

-1
tim (1410 5) " G0 =~ lim xlu’() = Ju((O) + .
. x o (6.6)
: 1\7! . , | .
lim (l—i-ln—) u(x) = lim |x|u'(x) =50 ({0}) — 7,
x—0~ x| x—0~
and lf% <a<l,
lim | lux) = — g lim w0 = 2I(L2(o{:(1};) + %1
x—0t x—0t 67
lim x () = g Tim [x P (x) = Sl —
x—0~ x—0~

Remark 6.1. A straightforward consequence of Theorem 6.1 is that the limiting function u is the good solution if and
only if T = 0. This means that, in general, the stability of the good solution fails.

Proof of Theorem 6.1. Note that we already have (3.3)—(3.8) by Lemmas 3.4 and 3.5. Also note that since u,, is the
good solution of (6.1), we have

X

P 060 = [ (b 17 g 5) = £ 9)) s, Vi & (1.1,
0

Therefore,

X
lim |x[*4 (x) = lim lim |x|**4’ (x)=— lim lim s)ds.
x—>0+| | 2 x—>0+k—>oo| | nk( ) x—=0T k—o00 fnk()

0



H. Wang / Ann. I. H. Poincaré — AN 33 (2016) 965-1007 987

Similarly,

x—>0—

0
lim |x[**4/(x) = lim lim / Foi (s)ds.
x—0~ k—>o00
X

Then taking into account (6.3), one can obtain (6.6) and (6.7). Finally, the uniqueness of the limit implies (6.4)
and (6.5). O

If w e L'(—1, 1) and the convergence is under the weak topology o (L', L>), we can recover the stability of the
good solution.

Theorem 6.2. Assume that % <a<l, l<p< Tl—l and € L'(—1, 1). Let the sequence {f;, n,C L'(—1,1) be

such that f, — p weakly in o (L', L*). Let u,, be the unique good solution of (6.1). Then as n — 0o, we have

1\°! 1\°! 1
1+In— up—> | 1+1In— uin Co[—1,1], ifa = =, (6.8)
x| x| 2

1
1122wy — 62 in Col—1, 11, if5<a<l, (6.9)

where u is the good solution of (1.1).

The proof of Theorem 6.2 is the same as the one of Theorem 6.2 in [23], except some obvious modifications due
to the nonlinear term. We omit the detail.

7. The non-uniqueness for the cases (1.4) and (1.5)

Throughout this section, we assume that « and p satisfy (1.4) or (1.5). We present a complete description of all the
solutions of (1.1). Note that if « is a solution of (1.1), then we have

lim |x|?u'(x) — lim |x|%%/(x) = —p ({0}) .
x—>0t x—>0~
On the other hand, we have

Theorem 7.1. Assume that o« and p satisfy (1.4) or (1.5). For any t € R and any u € M(—1, 1), there exists a unique
solution u of (1.1) such that

lim |x|*u'(x) =1,
x—0t

7.1
lim |x[u'(6) = 7+ ((0)) 7D

Proof. We first prove uniqueness. For any T € R and any p € M(—1, 1), assume that both u; and u5 are solutions of
(1.1) satisfying (7.1). Then

—(1x 1 (r — w2)) + 1|7~ uy = ua | ua =0,
and lirr}) Ix 12 (uy — us)'(x) =0. When 0 < o < %, take ¢ € C°(R) such that ¢(0) =0, ¢’ >0, ¢ > 0 on (0, +00),
x—
¢ <0 on (—o0,0), and ¢ = sign on R\(—1, 1). Since u; —up € W1(0, 1), we have

1 1
/ (X1 (uy — u2)) ¢ (w1 — uz)dx = — / 12 (1 — u2))2¢' (1 — uz)dx <0.
0 0
Therefore,

1
f<|u1|"—1u1 — ua|P " un)p (uy — un)dx =0.
0
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It implies that u1 =up a.e. on (0, 1). The same argument implies that u; = u» a.e. on (—1,0). When l <a<1and
l<p< M 7> by Proposition 2.2, we have u; — up € D(Ay). Assertion (iv) of Proposition 2.3 1mplles that

/(|x|2a(ul —uz)") sign(u) — uz)dx <0.

Therefore, u; = uy a.e.on (—1, 1).
Next we prove the existence when 0 < o < % and p > 1. We first claim that for every v € M(0, 1) and 7 € R, there
exists v € W1(0, 1) such that x2*v’ € BV (0, 1) and

—(x2Y + P lv=v  on (0, 1),
v(1) =0, lim x2v/'(x) =1. (7.2)
x—0t

Indeed, define a nonlinear operator A : C[0, 1] — C[O0, 1] as

1—2a
Av(x)— /Iv(s)lp lv(s)ds+/|v(s)|” lv(s) ds
Ol
dvdt
f / v 0 1~ 2a
x (0,1)
It is clear that A is continuous. Take
X% = {v € H} (0,1); ve L*0, 1), x*v' € L*(0, 1), v(l) = o} : (7.3)

with the norm

lvllxa = vl 2 + x| 2.

It is easy to check that X is compact in C[0, 1] and A (X*) C X“ (see, e.g., [11]). Therefore, the Schauder Fixed
Point Theorem implies that there exists a fixed point v € X* such that v = Av. This fixed point v is precisely a solution
of (7.2).

For any u € M(—1,1), take w1 = ulo,1y and o = ul(—1,0). For any v € R, we deduce from the above claim
that there exist u; € W1(0, 1) and u, € W'!(—1,0) such that x**u; € BV (0, 1) and |x|**u}, € BV (—1,0), which
satisfy

—@x2u) + ur P luy =p1 on (0, 1),
u()=0, lim x*u}(x)=r,
x—0t

and
—(Jx1%uy) + lua|P~tuz =z on (—1,0),
uz(=1) =0, lim lxub(x) =T+ n ({0}).
x—>0"
Take
4 —jur on 0, D),
“luxy on(-1,0).

Then u is a solution of (1.1) satisfying (7.1).
When 1 5 <a<landl < p < 5., the existence of the solution of (1.1) with property (7.1) is a direct consequence
of Theorem 6.1. O
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8. Removable singularity
In this section, we prove Theorem 1.9. The idea of the proof is the same as Brezis—Véron [10] and Brezis [5].

Lemma 8.1. Assume thata >0, p> 1 and f € L'(—1,1). Letu € LY ((—1, 1)\{0}) be such that

loc

1

1 1
—/u(|x|2“;’)’dx+/|u|f’—1u;dx=/f¢dx, Ve € C((—1, D\{0}).
-1 -1 -1

Then u € W (=1, D\{0}) and

—(xPP*uY +ulPlu=f on(a,b), V(a,b) CC (=1, D\{0}.
The proof of Lemma 8.1 is standard.

Lemma 8.2. Assume that o > 0, p > 1 and f € L'(—1, 1). Assume that u € W>'((—=1, D\{0}) and

loc
—(xP*uY +ul’'u=f on(a,b), ¥(a,b) CC (-1, D\{O0}.

Then
1

1 1
—/u+(|x|2°‘§‘/)/dx + /(u*)l’;dx < / fredx, Yo € C((—1,1)\{0}) and ¢ > 0. (8.1)
-1 -1

-1

Proof. Denote Lu = (|x|**u’)’. Fix an interval (a,b) CC (—1, 1)\{0}. We recall the following Kato’s inequality
(Lemma A in [19]),

Llu| > (Lu)signu  in D'(a, b).

By the same argument as Lemma 1 of [10], we obtain

L™y > (Lu)sign™u  inD'(a,b), (8.2)
where
1 whenx >0,
signfx =11 whenx=0,
0 whenx <O.

Since Lu = |u|?~'u — f on (a, b), it implies that
L@ > ulPusigntu— fF=wH? = f+ inD'(a,b).

Therefore
b

1 1
—/u+(|x|2“;’)’dx + /(u+)p§dx < f ftedx, Yo e C®(a,b) and ¢ > 0.
-1 -1

a
Since (a, b) is arbitrary in (—1, 1)\{0}, we derived (8.1). O
Lemma 8.3 (Maximum principle). Let a > 0. Assume that (a,b) CC (=1, D\{0} and u € L' (a, b) satisfying u >0
a.e., suppu CC (a,b) and
(x1*u’y >0 inD'(a,b).
Then u =0 a.e. on (a, b).
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Proof. Assume suppu C (a, 1;) CC (a,b) CC (a,b). Take the positive smooth mollifiers p,(x) = Cnp(nx) where
1

p(x) = x[x|<11e**-1 and C~! = [ p. Consider u, = u * p, with n large enough such that (El — %, b+ %) C (a,b).
Notice that u, > 0 and u, € CZ°(a, b). We claim that

/(|x|2°‘ "Yedx =0, ¥ € C(a, b) with £ > 0. (8.3)

Indeed, we have

b

/ (x2u Y cdx = / (X2 dx

b

1
=/,0n(y) /M(Z)(|Z+y|2°‘g“’(z+y))/dz dy.

1 a
n

It is enough to show

b
/u(z)(lz + ¢z +))dz =0, Vy e (—%, %), V¢ € CP(a,b) with ¢ > 0.
a
We already know
b
/u(z)(lzl%‘(p/(z))/dz >0, Vo € C2°(a, b) with ¢ > 0.
a

Given y € (—— —) and ¢ € CX(a, b) with ¢ > 0, define

20 20
_()—/| |2"! ¢t + )dz+/| |2a| Gt )i on (@B,

Take ¢ = @h where h is the cut-off function such that z € C2°(a,b), h > 0,h=1on (5:1, I;) and supph C (a, 15). Then
@ € C°(a, b) with ¢ > 0. Therefore

b b

/ w12+ Y2+ y)) dz = / u() (12129 (2)) dz > 0.

a a

Thus we proved (8.3). It implies that ( |x|2"‘u,’1)’ >0 on (a, b). The standard Maximum Principle yields that u, = 0.
Since u, — u in L'(a, b), we have u =0 a.e. on (a,b). O

Lemma 8.4 (Keller—Osserman estimate). Assume that « >0, p > 1 and f € LY(=1,1). Letu € leocl((—l, DH\{0})
be such that

—(x12uY +ul?’'u=f on(a,b), Y(a,b) CC (—1, D\{0}.
Then

o=z 1
u(@) < Clen p)lx| 7T +up(x), Y0 < [x] < X (8.4)
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where C(a, p) is a positive constant depending only on o and p, and ug € D(Ay) N LP(—1, 1) is the unique solution

of

{—<|x|2“ug>’+u§=|f| on (-1, 1),
up(—1) = up(1) =0.

Proof. We fix xg such that 0 < |xg| < % Consider the interval

o= (0= oo+ ) ce 1o

2 2
Define
2 3
=
v(x) =A (% —(x —xo)z) on Iy,
where A > 0 is a constant to be determined so that
—(Ix**v") +v” >0 on I, (8.5)
Indeed, we have
2 9
4 2 p—T
ey = 2 (P52 <
p—1 4

where

2 2
J=2 (—1 T 1) (x — x0)2|x % + (% —(x— x0)2> (|x|2“ +2a(x — xo)x 2! signx) .
p—
Since x € Iy, we have |J| < A(oz)|x0|2‘)““2 where A(w) is a constant only depending on «. Notice that _p%l —2=

— % . Therefore,

_ 2
p—1

42 2
—(Ix*) 0P = (—A(a)p — o2+ k”) <% —(x —x0)2>

Take A such that
4

p—1

—A) Ixo|?**2 2P =0,

i.e.
1

4A =
e ( (@) |x0|2a+z>f .
p—1

Then the inequality (8.5) holds. Now take v = v + uo which satisfies
—(IxP*8) + 07 = | f]  on Ly
Denote Lu = (|x|**u’)’. We have
Lu—0)>ulPlu—o" only.
Applying the revised Kato’s inequality (8.2), we obtain
L(u—=0)") = (ul”'u—vP)sign"(u—v) >0 inD'(Iy).
Notice that lim (x) = +oo and u € L®(Iy,). It follows that (u — v)™ = 0 near 9I,,. Then Lemma 8.3 implies

X— X0

that (u — v)* =0 on Iy,. In particular,
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i I\"7T (4A@)\ 7T 22
M(XO)SU(XO)=(Z> <p_1> Ixol 7=1 +uo(xo).

1

_2 1
Let C(a, p) = (%) rt (4;‘_(0{)) ! Note that x is arbitrary in (0, %], so we obtain (8.4). O

Lemma 8.5. Under the assumption of Theorem 1.9, we have u € Ll‘i A=1,1).

Proof. We first prove that u™ € Lf’DC(—l, 1). Applying Lemmas 8.1 and 8.2, we find

1 1 1
—/u+(|x|2“§‘/)/dx + f(u+)p§dx < / ftedx, Yo € C2((—1,1)\{0}) with ¢ > 0.
-1 -1 -1
Take ¢(x) € C*°(R) such that 0 < ¢ <1, ¢ =0 on (—%, %) and ¢ =1 on R\(—1, 1). Define ¢, (x) = ¢(nx) €
C*°[—1,1]. Forany { € C°(—1, 1) with ¢ > 0, we have

1 1 1
/(u+)p(pn§dx f/“+(|x|2a(§0n{)/)/dx+/f+§0n§dx-
—1 -1 -1
Notice that

1
1 n

1
/qu(|x|2"‘((,o,,g‘)’)’dx=20m/qusign)c|x|2°‘71<p’(nx)§dx—i—201/u+ signx|x |2~ o(nx)¢'dx
21

-1 _

=

1 1
1 n

+fu+|x|2“¢n§”dx+2n/u+|x|2“<p’(nx)§’dx+n2/u+|x|2agp”(nx)§dx.

-1 _1 _1
n n

In view of Lemma 8.4 and Proposition 3.1, we know

nut x|

I

+|

2a—1
whe | s
Lo(-4,4) L= 5
where C is independent of n. Also notice that

1

1
/nlwl(nx)ldx=/|</)/(x)|dx
Z1

1

n
and

1

1
fnl(ﬂ”(nX)ldx=/|§0”(X)|dX-
-1

Therefore,

1
/ ut(1x1* (9,))'dx < C,

-1
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where C is independent of n. It implies that

1
/(u+)P¢n§dx =<C.
-1

p

Passing to the limit as n — oo, we have (u™)?¢ € L'(—1,1). Hence, u™ € L

Ly (-1,1). O

(—=1,1). Similarly, u~ €

Proof of Theorem 1.9. Take ¢(x) € C*®°(R) suchthat 0 <¢ <1, 9 =0o0n (%, 3) and ¢ = 1 on R\(—1, 1). Define
©n(x) = @(nx) € C*°[—1, 1]. Then we have

1 1 1
- / u(lx P (gn0) ) dx + f P~ ugngdx = / Fontdx, ¥ € C(—1,1). (8.6)
el e el

Note that u € LZ)C(—I, 1) by Lemma 8.5. Passing to the limit as n — oo in (8.6), the same argument as in the proof
of Lemma 3.7 implies (1.12). O

9. Classification of singularity
In this section, we prove Theorem 1.10. The proof combines ideas by Véron [20,21] and Brezis and Oswald [7].

Lemma 9.1. Assume that « > 0 and p > 1. Let u € C?(0, 1] satisfying (1.13). Then u cannot change signs, i.e., either
u>0,oru<0on(0,1].

Proof. For a fixed ¢ € (0, 1), multiply (1.13) on both sides by u(x) and integrate by parts on the interval (¢, 1). We
obtain that

1 1

—%ﬂ“%(zﬂ(;)) =/x2“u/(x)u/(x)dx+/|u(x)|p+ldx > 0.

t t

It implies that |u| is decreasing on (0, 1] and therefore changing sign is not permitted for u. O

Lemma 9.2. Assume that o > 0 and p > 1. Letu € C%(0, 1] be such that u > 0 and u satisfies (1.13). Let

2

v(r)z(lia)”_] u(rﬁ)ec%o,l]. 9.1)
Then v solves
_U//(r) - (ﬁ) %U/(r) + Up(r) =0 on (O’ 1)7 (92)
v(l)=0.

2
Moreover r =Tv(r) € L*°(0, 1).

22«
Proof. One can directly check that v solves (9.2). From Lemma 8.4, we have x P~T u(x) € L*°(0, 1). Therefore
2
rr-Tu(r) e L*°0,1). O

Lemma 9.3. Assume that o and p satisfy (1.4) or (1.5). Assume that v € C2(O, 1], v > 0 and v solves (9.2). Denote

r_[(_2 2p 1\ 03
|G G- 03

Then one of the following assertions holds.
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2 —
@) Tim P To(r) =l
r—
2
(i) lim r7To() =0,
r—

Moreover, if v satisfies (i), then

- 2 - 2 1
V() =Ly qr 7T | <D, Qr 1 T2, Vre (0,1]. (9.4)
Lt 2 2Ap4D 1 . .
Proof. Write l;’}xr P=Tu(r) = ¢(x) where x =r »=T ~ T=@ Tt is easy to obtain that ¢(x) € L°°(0, 1) and it solves
297 (1) = —E (6P (x) —p(x)) on (0,1)
2(P+Il)_%)2 ) )
p— —a

¢(1)=0.
We claim that 0 < ¢(x) < 1. Indeed, if ¢ (xp) > 1 for some xg € (0, 1), then ¢ is convex and increasing on (0, xp).
Therefore ¢” (x) > X% on (0, xg), and thus ¢ (x) > ¢ — cInx, which contradicts ¢ € L°°(0, 1). Hence 0 < ¢p(x) < 1.
As a result, ¢ is concave and lim+¢(x) exists. If 0 < lim+¢(x) < 1, then ¢"(x) < —X% for x near 0, and thus
x—0 x—0
¢(x) < —¢ + cInx, which again contradicts ¢ € L*°(0, 1). Therefore either lim ¢(x) =1 or lim ¢(x) =0. If
x—0F x—0t

lim+ ¢(x) =1, since ¢ is concave, it implies that 1 > ¢ (x) > 1 — x, Vx € (0, 1], which is precisely (9.4). O
x—0

Lemma 9.4. Assume that % <a<land 1 <p< 20[%1 Assume that v € C2(0, 1], v >0 and v solves (9.2). If
2

2
lirn+ ro-Tu(r) = 0, then there exists €y > 0 such that r7=1_v(r) € L*°(0, 1).
r—0

In order to prove Lemma 9.4, we need the following lemma from [21], which is originally due to Chen, Matano
and Véron [13].

Lemma 9.5. (See Lemma 2.1 on p. 67 of [21].) Let y(t) € C[0, 00) be such that y > 0 and

@) tlirroloy(t) =0,
(i) limsupey(t) = 400, Ve > 0.

11— 00
Then there exists n € C*°[0, 00) such that
@) n>0,7" <0, lim n(r) =0,
—o0

(i) lim e'n(t) = +o00, Ye > 0,
11— 00
(@)

(i) 0 < htli gp a0 <09
N/ N\
@ (%), (L) eL'©.00,
im 7O _ |im YO _
(v) lim S75 = lim So5 =0.
2
Proof of Lemma 9.4. Write v(r) =r r-1y(¢t) where t = ln% and 7 € [0, 00). Denote 8 = 2(;:1) — ﬁ Then

y(t) € C?[0, 00), Jlim (1) =0 and y(r) solves

{y%o+maw+¢3ﬂn—ynn=o on (0, 00),
(0) =0.
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@)

Assume lim sup e/ y(t) = +00, Ve > 0. Denote w(z) = 0

where 7 is given by Lemma 9.5. Then w € L®°(0, o0) N

11— o0

c?[o, o0) and w satisfies

w”’(t) + (,8 + 2:77((;))) w'(t) = f(@) on(0,00), (9.5)
where

fO=n""tOw? ) - (l_}?al LU B WU)) w(t) € L®(0, 00).

’ n(t) n()

We claim that

tl_l)l‘go w'(t) = tl_l)rgo w”’(t) =0. (9.6)

We only show tlim w’ () = 0 since one can show the other part of (9.6) by the same idea. To show tlim w'(t) =0,
—00 — 00

it is enough to obtain that w’ is uniformly continuous and w’ € L?(0, 00). To do so, we first need w’ € L*®(0, o).
Indeed, from (9.5) we obtain

e’ w' (1)) =n*)e f(1).
That is,
()€’ f(s)ds  w'(0)n*(0)
ePin2(r) ePin2(r) -
Note that the Mean Value Theorem yields

o 1P ()eP fs)ds 2 (§)ePt £ ()
ePin(t) —n*(0)  BePSn2(€) +2ePin (E)n(€)’
where & € (0,¢) and & depends on 7. One can check that the right hand side of (9.7) is in L°°(0, co). Therefore

w’ € L*(0, 00). As a consequence, w is uniformly continuous. To show the uniform continuity of w’, note that (9.5)
implies

(w’(t) 4 (/3 + 2’37((:)) ) w(r)) — f()+2 (7,77((:)) ) w(t). 9.8)

One can check that the right hand side of (9.8) is in L*°(0, 00). Therefore w’(¢) + (ﬂ + 2%) w(t) is uniformly

t
w’(t) _J0

9.7)

continuous and so is w’. Now, multiplying (9.5) by w’(¢), we obtain
n/(t) / 2
(/3 +2 ) ) (w'(1))

S 2dt 24t [\'"" 7 @) n(t)

1 7]//([) m / 2 i(np_l(t)wp+l(f)>_ p—1 p—2 / p+l1
+2(77(f)+'8'7(l)>w(t)+dt p+1 o1 OTOwTT@).

Notice that n?~2n'w?*+! e L1(0, 0o) since

[ 2ot as < [urt@| a1 - nr | <2001 g
0

where n is any integer, £ € (0, n) and the choice of & depends on n. By Lemma 9.5, there exists #, — oo such that
lim w(,) =6 > 0. Since w’ € L*°(0, 00), without loss of generality, one can assume that lim w’(z,) exists. As a
n—oo n—o0

result, we obtain that lim fot" (w'(1))2dt exists. Therefore w’ € L2(0, 00).
n—>oo
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Note that (9.5) and (9.6) imply tlim w(t) = 0, which is a contradiction with lim w(f,) = 6 > 0. Hence, there
—> 00 n—oo
2
exists €y > 0 such that e0" y(¢) € L®(0, 00),i.e., r71 Cv(r) e L0, 1). O

Lemma 9.6. Assume that % <a<land 1 <p< 20(%1 Assume that v € C2(0, 1], v >0 and v solves (9.2). If
P u(r) ¢ L0, 1), then rfv(r) ¢ L®(0, 1), V6 < 2o

Proof. Fix k € [21“__“1, %) Write v(r) = Mr—*h(s) where s = % with j =2k — 21“__“1 > 0 and M is a positive
2*k(_p*l)

constant such that M”_lj i = 1. Then h(s) € CZ(O, 1/j]1, h > 0 and & solves

2=k(p=D) _,

{h”(s)=s P ) —k (k= 351) i 7%he) on 0.17)),
h(1/j) =0.

Integrating the above equation, we obtain, for s € (0, 1/j),

1/j 1/j
20 2-k(p

h(s)—i—k(k— — 1)j2/;Zh(t)(z—s)dt:—h/(l/j)(l/j—s)+/tf’_”zhp(t)(t—s)dt.
—

s N

Therefore,

1/j
, X . 2-k(p=1) 2=k(p=1 —1
|h(s) + R A/)A/j—9)| < [t 2 WP 2 dt.

N

Assume rkv(r) ¢ L°°(0, 1). Then h(s) ¢ L°°(0, 1/j). The above inequality then implies that

2—k(p

s zf”h!’(s) ¢ L0, 1/)).

2—k(p—1)
The definition of / implies that rk+27Zv(r) ¢ L°°(0, 1). By induction, we obtain a sequence k, € [21“_;1, %)
such that r*v(r) ¢ L>(0, 1), Yn € N, kg = zla—_txl and

2—kni(p—1)

kn=kp_1+ 2[7

That is,

o — 2 p+1\" 2 20 — 1
"Tp—1 2p p—1 l—a /)’

Therefore, r®v(r) ¢ L*(0, 1), VO < % O

Lemma 9.7. Assume that % <a<landl <p< Tl—l Let u € C2(0, 1] be such that u > 0, E‘—‘a ¢ L>°0,1) and u
(1-a)

2
solves (1.13), where Eq is defined by (1.15). Then lim+x T u(x) =Ipq.
x—0
Proof. Since Eia ¢ L™, it implies
. u(x)
lim sup =
x—0t Ealx)

Consider v defined by (9.1). We have that

: v(r)
lim sup =
r—0t Ia (I‘)

+o00
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where
ln—, 1fot:%,
Io(r) =9 21 | L
r- 1a,1f§<a<l.

It is then equivalent to show that

lim rr- lv(r)_lpw, 9.9)

r—0%

where 1, p.a is given by (9.3). If o = %, one can check that v is the radially symmetric and positive solution of the
following equation

—Av+vP =0 on Bp\ {0},
v=0 ondB,

where B; C R? is the unit ball centered at the origin. Then Theorem 4.1 by Véron [20] implies (9.9). If % <a<l,
Lemmas 9.3, 9.4 and 9.6 imply (9.9). O

Lemma 9.8. Assume that s<a<land 1l <p< T Let u € C%(0, 1] be such that u > 0, - € L°°(0, 1) and
u solves (1.13), where E, zs defined by (1.15). Then its even extension u(x) := u(|x|) is the good solution of the
following equation

—(Ix]2*@Y + aP =cody  on (—1,1),
a(—1) =u(1)=0,

where cq is some nonnegative constant.

(9.10)

Proof. We first claim that there is a sequence {a,};>; C (0,1) such that lim a, = 0 and that the sequence
n—>oo

{ “u (an)} _, is bounded. Otherwise, it means that lim+x2"‘u/ (x) = —oo since u is non-increasing. Then for all
x—0
M > 0, there exists ay; € (0, 1) such that lim ay =0 and
M —+o00

, M
W (x) < =5, Vx € (0,am).
X o

It follows that
2
u(ay) - M

200—1
wam/2) M1 (1 i ca<l,
Eq(am/2) ~ 20— 1 2 2
M

which contradicts £~ € L°(0, 1). Therefore, such a sequence {a,},-, exists. Without loss of generality, assume

hm aXu' (a,) = —%0

The assumptions Eia eL®0,1)and 1 < p <
one obtains

imply that u € LP(0, 1). For any ¢ € Cj[—1, 1], from (1.13)

1
200—1
1

/ XU ¢ dx + / uPgdx = —a;*u’ (@n)t (an).

an dn

Passing to the limit as n — 00, it yields that x2y e L1(0, 1) and

/|x|2“ ' dx—l—/ ”;‘dx:%oq(O).
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A similar computation for i yields that [x|**i’ € L'(—1, 1) and

/|x|2°‘ 't dx~|—/ i ¢dx = oz (0), V¢ € CAI—1, 11.

Thus |x|?>*i’ € BV (—1, 1). Denote lim |x %’ (x) = K. We can check that
x—0

li 1+1 ! _l'() KT, if !

m n— ux)= , To=—,

x—=0t | x| 2
+

ux)=——, if = <a<1.
200 — 1 2

lim |x|2!
x—0t

Since u is an even function, we have

. 1\ ' , i\t 1
lim (1+4+In— u(x)= lim {14+In— u(x), 1fot=§,

x—0t |)C| x—>0— |)C|

1
lim [x?* 'ax) = lim x> lakx), if = <a <1.
x—0t x—0~ 2

Then we can conclude that u is the good solution of (9.10). O

Proof of Theorem 1.10 for 0 < o < % Lemma 9.1 implies that u# does not change its sign. Therefore we only need
to consider u > 0 in (1.13).
We first prove the uniqueness. For solutions of type (ii), if there are two solutions u#; and u solving (1.13) with
lin&+ ui(x)=c,i =1,2, then
X—>

1 1
/xz"‘((m —u2))?¢ (uy — up)dx + /(uf —ub)p(uy — uz)dx =0,
0 0

where ¢ € C*°(R) such that ¢(0) =0, ¢’ >0, ¢ > 0 on (0,00), ¢ < 0 on (—00,0), and ¢ = sign on R\(—1, 1).

It follows that u; = us on [0, 1]. For solutions of type (iii), if there are two solutions #| and u, solving (1.13) with
2(1—a)
lim x »~T u;(x) =1, 4, i =1, 2, then estimate (9.4) implies
x—0t

|1 (x) — ua(x)| < 21p ox, Vx € (0, 1],

for some o > 0. Also notice that

— (% (1 (x) — u2(x))) + c(x) (1 (x) —ua(x)) =0 on (0, 1),

where

Po—ube
c(x)= %’ ifuy(x) #uz(x),

WP, if g (x) = ua(x).

It is easy to check that ¢ € C(0, 1] and ¢ > 0. A maximum principle on (e, 1) implies

max, |1 (x) — uz ()| < |ur(€) —uz(e)] <21p o€
X

Let € — 0T and then u = u5 on (0, 1).
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We now claim that, for u > 0 satisfying (1.13), one of the following assertions holds.

. . 2(1—a)
1) lim x 7" u(x)=1pq4.
x—0t

(i) lim u(x) = c, for some ¢ > 0.
x—07t
Indeed, denote

p 3—4a

1=2a\ P17 -D020 |2 l—a _1-2

v(r) = ra b Fm ), 9.11)
l—«o 1 —2«a

where v is defined in (9.1). Then A(s) € C? [ oo) and £ satisfies

1— 2a’

1 —
B'(s)=s P2 T%mhP(s) on < « ,oo).

1 -2«
A result of Fowler (p. 288 in [16]) implies that, as s — oo, either

h(s)_[(p(1_2“)+1)(2 20[)1|LI i

(p = D2(1 = 2a) DA o),

or

AP(1 —2a)? .
h(S)ZAS-f‘B'f‘? (1+0(1))
for some constants A and B. Therefore, the relation (9.11) implies our claim.
We then show the existence of the u, and the u4o. Consider the Hilbert space X* given by (7.3). Note that

X% C C[O0, 1]. Itis straightforward to check that there is a minimizer of the following constraint minimization problem,

1 1
1 1
min E/xza(u’(x))zdx—i- mf|u(x)|p+ldx
0

ueX*, u(0)=c
0

and the minimizer is indeed the u.. Moreover, a comparison principle implies that u¢, > u, if ¢; > c¢2. On the other
(1 o) 2(1 o)
hand, Lemma 8.4 implies that u.(x) < C(a, p)x 7T for0 <x < 5. Since u is decreasing, u.(x) < C(a, p)2 »~T

for % < x < 1. Therefore lim u.(x) < oo forall x € (0, 1]. We Clalm that #4o0(x) = lim u.(x). Indeed, since
c—00 c—> 00

limsupu4oo(x) > hm uc.(x)=c,
x—>0t -0t

we have

limsupu 4o (x) = +00.
x—0F
Note that u . is still a solution of (1.13). The previous claim implies that u  satisfies (1.16).
Finally, denote ug(x) = 1im+ uc(x). Then lim+ ug(x) = 0. Therefore ug =0. O
c—0 x—0

Proof of Theorem 1.10 for % <a < 1. The same as the case 0 < o < % we only need to consider # > 0 in (1.13).
We first prove the uniqueness. Note that the even extension of u. is the good solution of (9.10) with cg = 2¢. The
uniqueness of the good solution of (9.10) implies the uniqueness of u.. The proof for the uniqueness of u  is the
same as the case 0 <« < %
We now prove that, for u > 0 satisfying (1.13), one of the following three assertions holds.

(i) u=
(i) 11rn éf(g) = ¢, for some ¢ > 0.
X—>

2(1-a)
(i) lim x 77T u(x)=1Ipq.
x—0t
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u(x) u(x)

We consider lim sup

0 If limsup % o = 0, Lemma 9.8 implies that u(x) := u(|x]) is the good solution of (9.10)
x—ot % x>0t ¢
with co = 0. Therefore the uniqueness of the good solution of (9.10) forces u = 0. If 0 < lim sup 1? (8) < 00, then u
x—o0t %
satisfies (9.10) with cg > 0. Therefore by Theorem 1.2, we have xlir& gﬁf& =co/2. If lim %lip gofg) =00, Lemma 9.7
x—

. . . 20-o)
implies lim x 71 u(x) =1, 4.
x—0t

The existence of u. is already given by Theorem 1.2. Note that the limits lim u.(x) and lim u.(x) are
c—00 c—>0t

well-defined for x € (0, 1]. The same as the case 0 < o < %, we can check that uyo(x) = lim u.(x) and
Cc—> 00

0= lim u.(x). O
c—0t

After Theorem 1.10 was proved, the author was informed the recent work by Brandolini, Chiacchio, Cirstea and
Trombetti [4]. The authors in [4] studied the positive solutions of the following equation

—div (A(|x)Vu) +u” =0 on B} := B\ {0},
where B; C RY is the unit ball centered at the origin, N > 3, and A is a positive C 1 (0, 1]-function such that

im tA'(r)
t—0t .A(l)

=1, forsome ¥ € 2 — N, 2).
For the special case when A(r) = r¥ with © € (2 — N, 2), aconsequence of the main result in [4] is

Theorem 9.9. Assume 1 < p < N_LM. For a positive solution u € C%(0, 1] satisfying

' _ uP ()
{Z/(/f;)__i_O(N_]_Fﬁ)%_”r—z,’ on (0, 1), 9.12)

one of the following cases occurs.

) u=0,
(ii) 1im+ rN=2+0 () = A, for some A € (0, 00),
r—0
1
2—0 Tl
(i) lim roTu(r) = [(N —W *2+9>2P><2*”)] T
r—0t (p—1)

2
Remark 9.1. Let i (x) = N~ 7-Tu(x'/N), where u satisfies (9.12). Then # satisfies

—(x2FY +aP =0 on(0,1),
(1) =0,

where o =1 — % € (%, 1). It is now easy to check that Theorem 9.9 coincides with the case % < a < 1 of Theo-
rem 1.10. However, the proofs of these two theorems are different.

10. The equation on the interval (0, 1)

In this section, we first consider the following equation,

_(x2au/)/+|u|p_lu=l,(, on (0, 1)7

li 20,/ =B,
XE{)LX u(x)=p (10.1)
u(l) =0,

where u € M(0,1), 2 >0, p>1and 8 €R.
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A function u is a solution of (10.1) if
uel?@O,1)N Wl’l(O, 11, x**u’ € BV(0, 1), (10.2)

loc

and u satisfies (10.1) in the usual sense.
The following result concerns the existence and uniqueness of the solution of (10.1).

Theorem 10.1. Let u € M (0, 1).

(1) If a and p satisfy (1.4) or (1.5), then there exists a unique solution of (10.1) for all B € R. Moreover, this unique
solution satisfies

1\~! 1
lim <1+1n—) u(x)=— lim xu'(x)=—B whena =~ and p > 1,
X x—0t 2

x—0t
20,/
1
limxz‘)‘*lu(x):—limx u(x):_ p when — <a<land1<p < .
x—0t =0t 2a —1 20— 1 2 20— 1

(1) If o and p satisfy (1.6) or (1.7), then there exists a solution of (10.1) if and only if B = 0. Moreover; if the solution
exists, then it is unique and it satisfies

lim x* 'u(x) = lim x*u'(x) =0.
x—=0t+ x—0t+

Proof. We first prove the existence in assertion (i). Take i € M(—1, 1) as the zero extension of wu, i.e., t(A) =
w(AN(,1)), where A C (—1, 1) is a Borel set. Then Theorem 7.1 implies that there exists a solution u satisfying
—(xPPeay +alP"la=pn  on (=1,1),
lim |x[*@’ (x) = B,
x—0
u(—1)=u(l)=0.
Therefore, u = it|(o,1) is a solution of (10.1).
We then prove the existence in assertion (ii). We still take f as the zero extension of w. Notice that £ ({0}) = 0.
Then Theorem 1.3 implies that there exists a solution u satisfying
—(xPPoay +alP"la = on (=1,1),
lim |x|2*@'(x) =0,
x—0
u(—1)=u(l)=0.
Therefore, u = u|(o,1) is a solution of (10.1) with 8 = 0. On the other hand, if (10.1) has a solution with 8 # 0, it
implies that u ~ xza%l near x = 0. It is a contradiction with the fact that u € L7 (0, 1).
We now prove the uniqueness for both cases. Assume that there are two solutions # and u;. Then we have
=y —u2)) + lug [Py = Jua|Pluy =0 on (0, 1),
lim x2*(u; —un)' (x) =0,
0+

X—>

u(l) =uy(1) =0.
Define it; € le’cl([—l, 1\ {0}), i =1, 2, such that u; = u; on (0, 1) and #; =0 on (—1, 0). Then the same argument

for the uniqueness of Theorem 7.1 implies that ity = uy. Thus, u; =uy. O

Remark 10.1. When 0 < o < %, we can also consider the following equation,
—*uY +ulP~tu =g on (0, 1),
Iim u(x) =8, .
L0 =P (10.3)
u(l)=0,



1002 H. Wang / Ann. I. H. Poincaré — AN 33 (2016) 965-1007

where u € M(0,1), p > 1 and B € R. Indeed, the uniqueness of the solution of (10.3) has been proved in The-
orem 1.10. The existence of the solution of (10.3) follows from the existence of the minimizer of the following
minimization problem,

1 1 1

1 1
min —/xza(u/(x))zdx—i— —/|u(x)|P“dx —[u(x)du(x) ,
ueX*, u(0)=4 | 2 p+1

0 0 0

where X¢ is given by (7.3). Moreover, a direct computation shows that this unique solution u satisfies

x—0

1 1
1im+x2“u’(x)=—/|u(s)|l’*1u(s)(1 —s1*2“)ds+/(1 —s"72dp(s) — (1 —2a)B.
0 0

We now discuss the connections between Theorem 10.1 and the well-known existence results about the semilinear
elliptic equation. Let B; C RY be the unit ball centered at the origin and u € M(By). For p > 1, consider the
following equation,

—Au+ulP'u=p on By, (10.4)
u=0 ondBj. '

Recall that a function u is a weak solution of (10.4) if u € L”(B1) N W, (B1) and

/VuV{dx—}—/|u|1’71u{dx:/§d,u, V¢ € C3°(By).
B B B

Although the general existence theory about (10.4) is well-known, the following corollary provides a more precise
information when p is rotationally invariant, i.e., t(A) = u(O A), where A is any Borel setin By and O isany N x N
orthogonal matrix.

Corollary 10.2. Assume that u € M(By) is rotationally invariant. Let |SN _1| be the surface area of SN ~!. Define
neM(@,1)as

(A =n ({r@; reA, e SNfl}) , VA C (0, 1) such that A is a Borel set. (10.5)

Let fyji be the push-forward measure of ji under the map f :[0,1]1 — [0,1] with f(r) =r", ie., fii(A) =
A (f~1(A)), VA C (0, 1), Borel set.

2
(1) Assumethat1 < p < %for N=>3o0rp>1forN=2 Thenu(x)=NrTi (|x|N) is a weak solution of (10.4),
where U satisfies

2 —
_(tzu—%)l;/(,))ur|L;(t)|p—1g(;)=N‘p_—pl |SN1 lf*;l on (0, 1),

2
lim, 20 (1) = N7 [SVU T o)), (10.6)
1—
i(1)=0.

(i) Assume that p > %for N > 3. Eq. (10.4) has a weak solution if and only if u({0}) = 0. Moreover, if u({0}) =0,
2
thenu(x)=Nr-Tu (|x |N) is a weak solution of (10.4), where u satisfies

2 _
—(@ORF @Y + @i =N SV A on 0,1,

lim 2007 (1) = (1) = 0.
t—0t

(10.7)

To prove Corollary 10.2, we need the following lemma.
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Lemma 10.3. Assume that © € M(By) is rotationally invariant. Assume that u € L (B1) N WOI’I(B1), u is radially
symmetric, and

/VuV{dx + / lulP  ucdx = / ¢dw, V¢ € CS°(B1) such that ¢ is radially symmetric.

Bi B By
Then u is a weak solution of (10.4).

Proof. We use the same idea as the proof of Proposition 5.1 in [18]. We first take w € LP(B1) N W(}’l (B1) as a weak
solution of

Aw=ul"'lu—u onBy.
Then w is radially symmetric and
/VwV{dx—l—/|u|p_1u§dx=/§du, Vi € C3°(By).

By By By

For any ¢ € C3°(B)) such that ¢ is radially symmetric, we have

/w(Ac)=fu(A¢>.

By By

Moreover, for any ¢ € C2°(By) such that ¢ is radially symmetric, there exists ¢ € C3°(By) such that ¢ is radially
symmetric and A{ = ¢ on Bj. It implies that

/(w —u)pdx =0, V¢ € CZ°(By) such that ¢ is radially symmetric.
Q
Then
1
/(w(t) —u(®)p)tNldt =0, Yo € C°(0, 1).
0

Therefore w =u ae. O

Proof of Corollary 10.2. Note that Theorem 10.1 ensures the existence of & in (10.6) and (10.7).
We first prove assertion (i). For any ¢ € C°(By) such that ¢ is radially symmetric, we denote g(xIM) = ¢ ().
Then g(r) € C[0, 1], g(1) =0 and g'(r) € L' (0, 1). Therefore,

1 1
[ EaPaag wa+ [ aor-taogod (108)
0 0
1
_2p N—1 -1 ~ _2p N—1 -1
= N[5 / O @ + N7 S g Oudon.

0
Note that fol gMd(fi)(@) = fol g(rN)d/l(r) by Theorem 3.6.1 on p. 190 of [3]. Let t = rV in (10.8). We have
1 1
[ e + gmaion = N7 sV [ V20 N ar
0

0
1

2
+ NPT sV / i) P M) g VYN
0
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2
Let u(x) = N7 Ti(jx|V) with x € B;. Then u € L?(B;) N W(;’l (B}). Moreover,

1
2
/VuV&dx=Nﬁ+2\sN*1\/r2N 20'rMyg' (rNYNrN " ar,
0

B

/|u|p ‘u;“dx—Np T

SN ‘ /|u(r P iaer Mg (rNy NN ar,

/ cdp = / g ii(r) + g0 ((0).

Therefore,

/VuV;dx + / |u|1’_1u§dx = / ¢dp, V¢ € C§°(By) such that ¢ is radially symmetric.
B B B

By Lemma 10.3, u is a weak solution of (10.4).
We now prove assertion (ii). If £ ({0}) = 0, then the same proof as the above shows that u is a weak solution of
(10.4). On the other hand, if u is rotationally invariant and (10.4) has a weak solution, then

/VuV{dx + / lu)?ucdx = / ¢du, V¢ € C3°(By) such that ¢ is radially symmetric.
B B By

Write g(r) = ¢(x) where r = |x|. Then g € w0, 1) and g(1) = 0. Write u(r) = u(x) where r = |x|. Then
lu|?PrN=1 e L1(0, 1) and, by Theorem 2.3 in [18], u € Wllo‘cl (0, 1] such that ¥N~'4’ € L1(0, 1). Therefore

1
‘SN_I‘/ N1y (r)g' (r)dr+‘SN 1)/NrN_l|u(r)|1’_1u(r)g(r)dr
0 0

_ / 2(MNd(r) + gO) ({0)) .
0
That is

tim 1) = sV o).

r—0+t

It forces p ({0}) = 0. Otherwise, u ~ r~N*2 near r = 0. Therefore |u|PrN =1 ~ p=N=2P+N=1 pear = 0. Since
p=> %, it implies that |u|?rN~1 ¢ L1(0, 1), which is a contradiction. O

The well-known result by Baras and Pierre [1] states that for u € M(By), p > % and N > 3, Eq. (10.4) has a
weak solution if and only if

Ww(E)=0, VE C Bj such that Caplp,(E) =0, (10.9)

where Cap, ,, is the capacity associated with the W27 (RV)-norm and p’ is such that % + # =1

Remark 10.2. In the case when u is rotationally invariant, the criterion (10.9) is equivalent to w({0}) = 0. Therefore,
the necessary and sufficient condition in assertion (ii) of Corollary 10.2 is consistent with (10.9).

The proof of this remark relies on the following lemma.
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Lemma 10.4. Let u € M(By) be rotationally invariant, i be defined by (10.5), and HN=L pe the (n — 1)-dimensional
Hausdorff measure on SN~ Then for any ji-integrable function f, we have

ff(X)du(X) Sk 1|/ /f(r9)d7-lN 'O) | diar) + f©Ordo), (10.10)

0.1) \s¥-!
where r = |x| and 6 = ﬁ Vx € B1\ {0}.
Proof. By a standard linearity and approximation argument, we only need to prove (10.10) for characteristic func-

tions. Moreover, by a standard argument involving the properties of Borel algebra and Radon measure (see, e.g., the
proof of Theorem 2.49 in [15]), we only need to show that

w((0,alxU) = (0, a]) x HNN (), Ya e 0,1), VU c SV~! such that U is open.

1
ISV=1]

Apply once again the standard approximation argument. It is further reduced to show that

i ((0,
[ o) 2820 [ s voeceh
(0,a]xSN-1

SN—I

We use some ideas by Christensen [14] to show (10.11). For fixed x € and € > 0, denote

C(x;e)= {y e sN-1. d(x,y) < e} ,
the so-called spherical cap, where d(-,-) is the standard Riemannian distance on SN—1. Define

C(e) = u((0,a] x C(x; €)).

Note that C (¢) is well-defined since p is rotationally invariant and (0, a] x C(x; €)) is independent of x € SV -1
Denote B, = (0, a] x S¥~!. Define

Ke(x,y): By x B, — R,
as

1
Ke(x,y)= { Gk 1fd<\x|’ \yl) <6
0, otherwise.

For any x € B,, write ¢(x) = ¢ <|§—|> Define

Kep(x) =/Ke(x,y)<p(y)du(y), Vx € By.
Ba

Itis clear that K.¢(x) — ¢(x) as € — O for all x € B,. Therefore, the Dominated Convergence Theorem implies that

lim f Kep(x)d(HN ™! x i) (x) = f ()dHY ! x 1)(x).
B, B,
Note that

/ Kep(x)d(HN 7! x ) (x) = / () / Ke(x, dHY " x @) (x) | dp(y)

B, Bq Ba
- 07 N—-1 Cl(x:
_ Rk« a]);,é (C(x;€)) o()du ().
(€)

Ba



1006 H. Wang / Ann. I. H. Poincaré — AN 33 (2016) 965-1007

Therefore, there exists A € R such that

5 20, aDhHN ~H(C(x; €)) _
m =
=0 C(e)

A.
Take ¢ = 1. It implies that A = |SN -1 | Hence, identity (10.11) holds and the proof is complete. O

Proof of Remark 10.2. Assume that u satisfies (10.9). Since Cap, ,, ({0}) = 0, it is clear that u ({0}) = 0. On the
other hand, assume that p is rotationally invariant and u ({0}) = 0. For any E C Bj such that Cap, p/(E ) =0, it holds
that dimy (E) < N — 2, where dimy,; is the Hausdorff dimension. Therefore,

/ xe(r@)dHN"L©) =0, vr € (0,1).
SN-1

Hence Lemma 10.4 implies that

1
W)= ey [ | [ weeoan='o) |aier+niop=o. o
0,1) \snv-I
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