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Abstract

The goal of this work is to provide a general framework to study singular limits of initial-value problems for first-order quasilinear
hyperbolic systems with stiff source terms in several space variables. We propose structural stability conditions of the problem
and construct an approximate solution by a formal asymptotic expansion with initial layer corrections. In general, the equations
defining the approximate solution may come together with differential constraints, and so far there are no results for the existence of
solutions. Therefore, sufficient conditions are shown so that these equations are parabolic without differential constraint. We justify
rigorously the validity of the asymptotic expansion on a time interval independent of the parameter, in the case of the existence
of approximate solutions. Applications of the result include Euler equations with damping and an Euler—-Maxwell system with
relaxation. The latter system was considered in [27,9] which contain ideas used in the present paper.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

This work is concerned with singular limits of first-order quasilinear hyperbolic equations with stiff source terms
of the form

d
1 Q(e,U)
QU+ - AjU)U ==——, (1.1)

j=1
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with initial conditions
U, x)=Ul(x,¢). (1.2)

Here U : ]R,Jr X ]Rf —> G C R” is the unknown variable with x = (x,---, x4), € € (0, 1] is a small parameter and
Q :[0, 1] x G — R is a smooth vector function. In physical models, ¢ often stands for a relaxation time. The set G
is called the state space and A; (1 < j <d) are n X n smooth matrix functions defined on G. We suppose that (1.1) is
symmetrizable hyperbolic (see [8]): i.e., there exists a symmetric positive definite matrix Ag(U), called symmetrizer,
such that for all U € G,

(1) Ag(U)E - & > My|&|?, for all & € R";
(i1) Aj(U) g Ao(U)A;(U) is symmetric forall 1 < j <d,

where My > 0 is a constant, “-” is the inner product of R"” and | - | is the Euclidean norm of R". In general, Q only
depends on U. The fact that it may also depend on ¢ is due to an Euler—Maxwell system with relaxation (see the last
section).

In (1.1), the variable ¢ should be understood as a slow time linked with the usual time ¢’ by ¢ = ¢’. Therefore, (1.1)
is equivalent to

d
B U+ Aj(U)ay,U = Q(Sg’ v (1.3)

j=1

System (1.3) is a general form of first-order quasilinear hyperbolic equations with stiff relaxation source terms. It was
studied by many authors in the case where Q is a function of only U. Under stability conditions, the limit equations
of (1.3) as ¢ — 0 are of first-order hyperbolic type. For mathematical results and physical examples of (1.3), we refer
to [32,19,6,12,3,25,26,33,29,34] and references therein.

The aim of the present work is to study the limit of smooth solutions of (1.1)—(1.2) as ¢ — 0, in a d-dimensional
torus T¢ = (R/Z)?. Then U is supposed to be smooth and periodic with respect to x. As usual for first-order hyper-
bolic problems with relaxation, we assume

0(0, U):[Q(%)] (1.4)

where ¢ : G — R’ is a smooth function, 1 < r < n. With the same partition, we denote

U=|:Z], ueR" 7, velR".

I 11 12
More generally, a vector V € R” and an n x n matrix M will be denoted by |:“; ,,i| and [%21 M22:|’ respectively.
In order to obtain a parabolic limit from (1.1), we further assume
q(U)=0<+= v =0, and d8,q(u, 0) is invertible for all u € R"~". (1.5)

The singular limit problem & — 0 for (1.1) was considered in [22,21,23] in the case of special models. See also
[4] for the approximation of parabolic equations by diffusive BGK models. Contrarily to (1.3), in general the limit
equations of (1.1) are of parabolic type. In [16], Lattanzio and Yong considered a first-order symmetrizable hyperbolic
system of the form

1 4 o)
8,U—|—EZAj(sU)ijU+ZAj(U)8XjU= o
j=1

j=1

(1.6)

with smooth and periodic initial data U given in (1.2). Assuming appropriate stability conditions and the existence
of approximate solutions, they proved the convergence of the system to parabolic type equations on a time interval
independent of ¢. In this problem, the singular limit arises from Q(U)/ €2 and the term containing A;(eU)/e, and
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there is no difficulty to treat the term containing A j(U). The advantage of this system is that axjA j(eU) is always a
term of order O(¢). This is a very useful property in higher order energy estimates by using the Moser-type calculus
inequalities.

When A; (1 < j <d) are constant matrices and A j =0, system (1.6) is semilinear and was considered in [23] in
one-dimensional case. The result in [23] can be applied to a linear wave equation of heat conduction and a generalized
discrete two-velocity model. Now write (1.6) as

M) oW
- .

d d
1 )
U +— D" A0, U+ (Aj(U)+ B, U = =

J=1 Jj=1

Since (A jelU)—A; (O)) /€ is of order O (1), (1.6) is essentially an extension of semilinear problems in several space
dimensions. Moreover, in the last section we will see that the result in [16] cannot be applied to the Euler equations
with damping and the Euler—-Maxwell system with relaxation, which are both quasilinear systems.

In order to study the singular limit ¢ — 0 for the quasilinear system (1.1), we propose stability conditions on the
system. As in previous works for singular perturbation problems, we construct an approximate solution by a formal
series asymptotic expansion with initial layer corrections. The novelty here is that the limit equations defining the
approximate solution are generally combined by differential constraints. So far no general results are available for the
existence of solutions to such limit equations even (1.1) is semilinear. Then sufficient conditions are shown so that
these equations are parabolic without differential constraint. Further sufficient conditions can be investigated for the
local existence of smooth solutions to the limit equations, but this is beyond the goal of the present paper. We justify
rigorously the validity of the asymptotic expansion on a time interval independent of the parameter, in the case of
the existence of approximate solutions. Applications of this result include the Euler equations with damping and the
Euler—Maxwell system with relaxation mentioned above. For the latter system, there are differential constraints in the
limit equations.

Since U is smooth and periodic in x, according to Kato (see [13]), for all integer s > d/2 + 1, there exists a
maximal time 7, > 0 such that problem (1.1)—(1.2) admits a unique local-in-time smooth solution U? satisfying

Uf e C(10,T,), H(T)) nC' ([0, T), H ' (T%)). (1.7)

The central problem of the study is to show that U? converges as ¢ — 0 and o inf ) T. > 0. More precisely, for all
<e<

integer m € N and a constant 7, > 0 being independent of ¢, we denote by U}" an approximate smooth solution to
(1.1)—(1.2) defined on time interval [0, T;,]. The error of the approximation is defined by

O, UM

R (1.8)

d
1
Ry, =0,Uf" + — > AU, U -
Jj=1
Then a necessary condition for U] to be an approximate solution to (1.1)-(1.2) is that R, — 0 as ¢ — 0.
In Section 4, we construct such an approximate solution by an asymptotic expansion with initial layer corrections

of the form
m
U3 = (Uit ) + I (z.x)), meN, (1.9)
k=0
where 7 =1/ is a fast time. The properties of the approximate solution strongly depend on its leading profile

Uy = [ZO], which is a formal limit of U¢. From (1.1), (1.4)—(1.5) and (1.9), we have vy =0,
0

d
ZA}l(uo,O)axjuo—asg’(o, up,0) =0, (1.10)
j=1
d d
o+ Yy _ AR (U0)dg v + Y A (Uo)dy;ur + go(uo, Vg, v1) =0, (1.11)

j=1 j=1
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and
d
vi =g (0, 0)~" | Y A3 (w0, 0)d,u0 — . 0" (0,u0,0) | , (1.12)
j=1
where
d 1
go(uo, Vitg, v1) =Dy A} (Uo)v1d;u0 — 8,9 Q1 (0, o, 0)v1 — 500" (0, o, 0). (1.13)
Jj=1

Thus, the system for uo is composed of (1.10)—(1.11). Comparing to the study in [16], Eq. (1.10) is quite new. It
stands for a differential constraint for uq. For system (1.6), since Q is independent of ¢, the corresponding differential
constraint for ug is

d
> A 0)dy,u9 =0.
j=1

It is trivially satisfied under assumption A}l (0) =0 for all j, which was made in [16]. Thus, there is no differential
constraint in the limit equation of (1.6).

Now we use a projection technique to eliminate u#; in (1.11). Let D be a constant square matrix of order n — r such
that

DA} (u,00=0, VueR'" VI<j<d. (1.14)
Applying D to (1.11), we obtain
d
Ddyuo+D Y A} (Uo)ds; v1 + Dgoluo, Vuo, v1) =0. (1.15)
j=1

Then (1.11) can be written as

d d
> AN Wy u1 + Wy = D) (B0 + Y AP U0)d, 01 + goluo, Vo, v1)) =0. (1.16)
j=1 j=1
When u is solved, v is given by (1.12). Hence, (1.16) is a constraint for . Substituting (1.12) into (1.15) gives

d d d
Dduo+D Y AijW0)d7 . uo+ D > " Bjuo)dx,uo+ D Y Cij(uo)dyuo duo + Dfoluo) =0, (1.17)
i,j=1 j=1 i,j=1
where
Aij(uo) = A% (0, 0)d,q (0, 0) ™" A% (o, 0), (1.18)

B, (uo) = — A} (10, 0)d,[ 8,9 (o, 0)~"0: 0" (0, uo, 0)]
— 9y A} (0, 0)dyq (0, 0)~' 9. 0" (0, uo, 0)

— 3y9: Q' (0, u, 0)3ug (0, 0) "' A7 (uo, 0), (1.19)
Cij(uo) = A (uo, 0)3,[dyq (0, 0) ' A% (0, 0)] + 3, A} (w0, 0)dyq (0. 0) ™" A7 (uo. 0), (1.20)
and
1
foluo) = =307 0" (0,40, 0) + 8,0: 0" (0, uo, 0)3yq (0, 0)~' 3 0" (0, o, 0). (1.21)

We point out that u¢ is a vector function and then (1.17) is a system of partial differential equations combined
with the differential constraint (1.10). If D =1,,_,, the unit matrix of order n — r, solving ug requires compatibility
conditions between (1.17) and (1.10). In a simple case that
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A}l(u, 0) =0 and 85Q](O,u,0) =0, VueR"™, Vli<j<d,

the differential constraint disappears. Then the principal part of the system (1.17) is governed by the second-order
partial differential operator of evolution-type:

d

O+ ) Aijuo)dg, -
i,j=1

If this operator is parabolic, it is possible to solve (1.17) locally in time (see [15]). In particular, when n —r =1,
ug satisfies a scalar parabolic equation, which can be solved by standard techniques. This is the case of the semilinear
examples and the Euler equations with damping given in the last section. Another interesting case is that the equations
and the differential constraint are separated. For example, let r1, rp € N, with r{ + r, =n — r. If the first 1 lines of
A}I(Uo) and 3, Q' (0, u, 0) are zero, we take D = diag(L,,, 0,,), with 0, being the r, x r zero matrix. Then (1.14)
holds and (1.17) means that only the first r; components of u( satisfy a second-order evolution system of partial
differential equations together with r, differential constraint conditions given by (1.10). A typical example of this
situation is the Euler—-Maxwell system with relaxation.
The main result of this paper is to prove that, for any fixed integer m > 2, we have T, > T, and

sup [[U(t, ) — U (2, )lls < ce™,
0<t<Ty
where || - ||s stands for the norm of H*(T%) and ¢ > 0 is a constant independent of ¢. It is stated in Theorem 2.1 in
Section 2. The result implies that the convergence of system (1.3) is valid in [0, T}, /¢]. The proof of Theorem 2.1
is based on uniform energy estimates with respect to €. However, usual energy estimates are not efficient for our
problem. The main difficulty comes from the term axjA ;(U?) which is of order O (1) instead of order O (e) for (1.6).
To overcome this difficulty, we use a continuation argument as follows. Assume

U0, ) — U (0, )|ls < ce™.

For all Tsl € (0, Ty) N (0, T,,1, the function t — [|U* (¢, -) — U (¢, -)||s is continuous on [0, Tal]. It follows that, for
any fixed integer m > 2, if ¢ is sufficiently small, there exists a maximal time TS2 € (0, T,) N (0, T;,,], such that

sup |U(z,) = U (t,)|ls <e.

0<t<T?

This result is shown in Lemma 3.2. Therefore, it remains to prove

sup | U®(t,) = U (t, )5 < ce™.

0<t<T?

Indeed, by a simple argument, the last inequality easily implies that TE2 = Tyu. Hence, T, > T,,. Besides, the continu-
ation argument allows to keep only the quadratic terms in energy estimates. Thus we avoid complicated calculus and
the use of a nonlinear Gronwall-type inequality as in [33,16].

This paper is organized as follows. In the next section, we present the stability conditions for the singular limit of
(1.1) and state Theorem 2.1. Section 3 is devoted to the proof of the theorem, which is achieved by a series of lemmas
for energy estimates together with a Gronwall inequality with variable coefficients. In Section 4, we show the detailed
derivation of the equations for Uy and I; defined by (1.9). For small initial data, we prove that for all 0 <k <m, I}
exists globally in time and decays exponentially fast to zero as t — +o0. Finally, we give semilinear and quasilinear
examples to which the approximate solutions can be rigorously constructed and thus the theorem can be applied.

2. Assumptions and main results

We first introduce the following notations. For a multi-index o = (a1, -+, og) € N9, we denote

glel

= a ag
Oxy " -+ 0xy

9 with |o|=a1+ -+ ag.



1108 Y.-J. Peng, V. Wasiolek / Ann. 1. H. Poincaré — AN 33 (2016) 1103-1130

We denote by | - || the usual norm of the Sobolev space H* =4 H*(T%), and by || - || and || - ||oc the usual norms of

d def . . .
24 L*(T9) and L>® e L>(T%), respectively. We also make a convention that || - || = || - [lo. Finally, (-, - ) stands

for the inner product in Lz(Td) and Im(V) stands for the image of a function V. For two sets w, Q2 € R", w CC Q
means that w is relatively compact in .

Throughout this paper, s > d/2 + 1 is an integer and ¢ > 0 stands for a generic constant independent of . We
assume there exists an approximate solution U/" to (1.1)—(1.2) defined on a time interval [0, T,,], with T,, > 0 in-

dependent of ¢. Here U[" is not necessarily given by (1.9). Let Uy = [ZO] with vg = 0 and ug € C([0, T), ], H*t1)
0

being an arbitrary smooth solution of (1.17) and (1.10).
We make the following assumptions:

(H1) A}l (1o, 0) and A}l(uo, 0) are constant matrices and auA}l (uo,0)=0forall 1 <j<d;
(H2) there is a constant ¢y > 0, depending only on G, such that

Ao(u,0)3y Q(0,u,0)& -& < —cole"|?, VY(u,0) € G, V& e R";

(H3) 8,0:Q"(0,u,0)=0forall u € R*"; ]
(H4) U € H* and there exists a convex open set Go C G such that Im(U) CC Go;
(H5) for sufficiently small & > 0, U™ satisfies U™ € C([0, T,,1, H**1) N C1([0, T,, 1, H*), In(U™) CC G,

U2 0,) = U, &)l <ce™, 2.1)

and
_u _u
18U (t, s <c4ce e 2, sup |UZ(t, ) — Uo(t, )ls <ce+ce <, (2.2)
0=r=<Ty,
where u > 0 is a constant independent of ¢;
(H6) the error R}, defined in (1.8) can be expressed as

R =¢"! [r(” +emEe,

with r,, € C([0, Tp,1, H®), F}, € C([0, T ], H*) and

t

o
| F5@)|ls <ce+ce .

Theorem 2.1. Let s > d /2 + 1 be an integer and U® be the exact solution to (1.1)—(1.2) defined on the maximal time
interval [0, Ty) satisfying (1.7). Let m > 2 be any fixed integer and U" be an approximate solution to (1.1)—(1.2)
defined on [0, T,,,] with T,, > 0 being independent of . Assume (H1)—(H6) and (1.4)—(1.5) hold. Then there exists
&0 > 0 such that for all ¢ € (0, &9, we have T, > T,, and

sup U (1) — U (1) |ls < ce™. (2.3)
0<t<T,
Moreover,
T,y
/ [ (1) — ™ (0)||? dr < ce>™m+D, (2.4)
0

Now the following remark is necessary.
Remark 2.1.
e (H1)-(H3) together with (1.4)—(1.5) are structural stability conditions of the quasilinear system (1.1) and they can

be checked for a given system and a given u. In particular, they are satisfied with all examples given in the last
section.
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e (H1) is used in the proofs of Lemmas 3.3-3.4 and 3.7. It replaces condition A}l (0) =0 for studying (1.6) in [16].
e (H1) is satisfied if A}l (u,0) and A}.l (u, 0) are constant matrices for all # and all 1 < j <d. This is the case of all

examples given in the last section. In particular, (H1) is satisfied when u is a constant and 8,,A}] (1o,0) =0, or
when (1.1) is semilinear, namely, A is a constant matrix forall 1 < j <d.

e (H2) stands for the partial dissipation property of (1.1). Together with (1.4)—(1.5), it gives a property on the
symmetrizer that we need later (see Lemma 3.1). When r = n the dissipation is complete and U = v. This case is
easier to treat comparing to the partial dissipation case 1 <r <n — 1.

e (H3) is a technical assumption to treat the source term Q and it is trivially satisfied when Q is a function of
only U.

e (H4) is necessary to apply the existence theorem of Kato, see [20].

e In (H5), (2.1) is a natural condition on the initial data. It stands for initial errors. Condition (2.2) and (H6) can be
checked in the construction of U" in Section 4.

3. Justification of formal expansions
3.1. Preliminaries

Let m > 2 be an integer and U]" be an approximate solution of (1.1)—(1.2) defined on [0, T,], with T;,, > 0 being
independent of €. Then, for all TE1 € (0, Ty) N (0, T;, ], both the exact solution U? and the approximate solution are
defined on time interval [0, Tgl], on which we define

Wé=U*-U".
From (1.1) and (1.8), we obtain

d &

1 a b
3tW£+gX;Aj(U8)3x_/WE=;+8—2—an» 3.1)
j=
where
d
a* =) [A;WU) — A;U)] o, U (3.2)
j=1
and
b*=Q(e,U%) — Q(, UM). (3.3)

Let o € N? with |a| < 5. Thanks to the symmetry of Ag and A j» we obtain an energy equality:
d 2
E(AO(US)B“WS, I*W®) = (dive A(US)“W*, 0*W*) + =(Ao(U*)3%a®, 3* W*)
€
2
+ 5(A0(U*)8%Db", ¥ W*) — 2{Ao(U)d“ Ry, , 0% W*)
€

2
+ (A0 (U £ 5 W),

where
d
divsA(V)zatAo(V)—i—lzaxjﬁj(V), (3.4)
& =
and
d
fe=Y " f =AU, W) — 0% (A (U)o, WF). (3.5)
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We write this equality as follows:

d

E(AO(US)B"‘Ws, W) =1 + IS+ IS+ IT + IS,
with the natural correspondence for I, -- -, 15“ .

1,e° s
We first give two preliminary results, which are useful in the proofs of results in Sections 3—4. The proof of

Lemma 3.1 can be found in [33] with a minor variation.
Lemma 3.1. For any u € R"~", (H2) together with (1.4)—(1.5) implies that A(l)2 (u,0)=0.

Lemma 3.2. Assume (HS5) holds and m > 2. If ¢ > 0 is sufficiently small, then there exists a maximal time Ts2 €
(0, T:) N (0, T,,1, such that

IWe@lls e Vrelo,T7] (3.6)
and

either \WE(T2)|ly=¢ or T2 =T,,. (3.7)
Moreover,

1U*(#) — Up(0)lls Ece+ce_g_2[, U lls <c, Vtel0, T2, (3.8)

Im(U¢(t,x)) CC Go, V(t,x) €[0,T2] x T¢. (3.9)

Proof. For all Tgl € (0, T,) N (0, T;,1, since W¢ e C([0, Tgl], H?), the function ¢t — ||W¥(¢)||s is continuous on
[0, Tgl]. Moreover, for any fixed integer m > 2, any fixed constant ¢ > 0 and sufficiently small ¢ > 0, we always have
ce™ < ¢.

If 7, < T, then [0, T,) N [0, T;,] = [0, T;,,], which is a bounded closed interval. It follows from (2.1) that there
exists a maximal time T‘g2 € (0, T;,1, such that (3.6)—(3.7) hold. Otherwise, T,, > T, and [0, T,) N [0, T,,] = [0, T¢).
Since T, is the maximal existence time for U¢, we have

lim [[W®()ls = +o0.
t—Tg
Hence, there still exists a maximal time Tg2 € (0, T,), such that (3.6) holds and ||W8(T82)||S = ¢. This proves
(3.6)—(3.7). Finally, (3.8) follows from (3.6) and (2.2), and (3.9) follows from (3.6), Im(U}*) CC Gy and the con-
tinuous imbedding H® — L*°. O

3.2. Energy estimates

In general we start the energy estimates by an L?-estimate for o« = 0 followed by higher order estimates for
|| > 1. These estimates are indeed similar for the non-conservative system. In order to avoid repeated calculations,
we consider a general estimate of order |o| < s which includes the L2-estimate as a particular case, by adopting a
convention that || - || =0.

In Lemmas 3.3-3.7 below, we establish the estimates for Iff e 1;’" . on [0, ng]- For this purpose, we always
assume that the conditions of Theorem 2.1 hold and we will repeatedly use (3.6), (3.8) and the continuous imbedding

def

HS — W= wloo(T4), For simplicity, in what follows we drop € in W¢ and in I¢

['e»+ 15, and we introduce

ut

ve(f) =e 2. (3.10)

I

This function has already appeared in (H5)—-(H6) and (3.8). We also write W = [ W

W”:|' From (1.4) and (1.5) we have

auQ<o,u,0)=[8 M((L 0)]’ 3UQ(0»14,0)W=[avq(uoo)wu]v Vu e R G11)
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The strategy of the proof is to control each I (i # 3) by

) c 1 1
SI0 WO + SIW O+ (14 2ve@ + S IW O ) IW O + s, (3.12)

where § > 0 stands for an arbitrary small constant (independent of ¢) to be chosen later and ¢ > 0 may depend on &.
The first term in (3.12) will be absorbed by 5’ due to the dissipation assumption (H2). Then the second term in (3.12)
can be treated by an induction argument on |«/|. Finally, a Gronwall inequality yields the desired estimate.

Lemma 3.3. It holds

) 1 1
1O = SI WO +c(14+ -ve@® + 5 IW OL)IWOIE i el0.721 (3.13)

Proof. Recall that
I = (dive A(U)0W, 0% W),
where dive A(U?) is defined in (3.4). We first prove that

N

1 1
(8 Ao(U*)a" W, 8 W)| < c(l +ove ;HW”HS) W2 (3.14)
Indeed, system (3.1) yields

1 d a® b
_ (T7¢ €
UW === D AU, W+ —+ 5 — R,

j=1

B
In view of the given expressions, we have obviously
d
| > aswm9,w|_ <cwi <ce,
j=1 =

and

la®lloo < clW]s < ce.
From m > 2 and (H6), we also have

IR oo < €™ rmlloo + "~ 1 Fylloo <c.
Now we write b® as

b* = Q(e, U%) — Q(e, U

=Q0(e,U%) = Q(, U") — dy Q(e, USYW
+ (du Q(e, U — dy Q(e, Up)) W + (du Q(e, Uo) — 0y Q(0, Up))W + 3y Q(0, Ug) W.

Noting (3.11), we obtain from (HS), (3.6) and (3.8) that

1b°[loo < c&® + ceve + [ W/,
which implies that

c c I

10:Wlloo <c+ Ve + ;z”W Ils-
Therefore, (3.14) follows from (H5) and

3 Ao(U®) = Ay(U*) (0 W + 8, U").

Next, since A j(U?) is symmetric, we have
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A rrenadyy a¢ws\ —/a Allrrenqaw ! qoy ! A12 crreNqayll qayprl
(85, A (U)W, 0 W) = (3, A; (U)W, 0% W) +2(3,; A (U)W, 3% W)
+ (0, AW W g*wh).
The last two terms on the right-hand side are bounded by
8
clW s W < —19* W + cell WIS
For the first term, we use (H1) to get
0y, ATt W W!, 8*W!)| = |(0,; (A U*) — A (Uo)a* W, 9 W)
< cl|dy;(U* = Uo)lloo W1
<cle+ve)lIWIS.

Hence,

d
1 ~ 1
- <Z 3, Aj (U)W, 8"‘W> < c(l + —vg>||W||f.
e = I3
Together with (3.14), this yields (3.13). O

Lemma 3.4. It holds

1) c 1
11301 = SN WO + S IWH Ol -1 + ¢ (1 + gvsm) W3, vt el0, T2, (3.15)

Proof. Recall that
2
1§ = =(Ag(U")3%a®, 0* W)
I3
2 & o & o 2 o _& o
= ~{[A0(U*) = Ao(W0)] 8%a*, 0 W) + —({A0(Un)3“a®, 3* W), (3.16)
where af is defined in (3.2). From (H5) and (3.6), it is clear that
[8%a’|l < [la®|ls < cl|W ;.
Similarly, (3.8) yields
[A0(U?) — Ao(Up)lloo < c(& + ve).
Therefore,

2 & o, & qa 1 2
“[lt40w®) = Aownio®a®, 9 w)| fc(1+gv€) w2, (3.17)

For the second term in (3.16), by Lemma 3.1 we have A(l)z(Uo) = 0. Then a straightforward calculation gives

-

I
-

(Ao(Uo)a%a®, 8* W)= ) (Ao(Uo)d“[(A;(U!") — Aj(U))d,, U], 9°W)

J

(Ag' W [(AJ UM — A U)oy ul], 0% W)

-

1

J

+

J

(Al Wy [P = AW, 57w

d
3
=1
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+

'M&

I
_

(AT (W) (AT (U) — AT (UA))d,ul ], 0¥ W)
J

M&

+ 3 (A2 W) [(A?Z(Ug") — AU, v;"] e wh). (3.18)

1

J

Obviously, the last two terms in (3.18) are bounded by
8
Wl 1W< — 19" W + cell WIS

Since vo = 0, (HS) yields ||v}*||s < ce + cv. Therefore,
d
| (al woe [P — AL A ] 0 W) < e e+ v IWIE
j=1

For the first term in (3.18), we have
At = AU = (AT @l oy — AT @E o) + (A @ ol — A f 09)
1
=— / ATl + 0t —ul), vHW' do

0
1

— f WA v+ 00" — )W do.
0
The second integral above is easily estimated due to the appearance of W/, The first one can be treated due to
condition 9, A }.1 (10, 0) =0 in (H1). Precisely, we write
QA (Ul + 0 —ul), v}
= [0 A] (ul + 0" —ul), v) — 0, AL (o, V)] + [0 A (wo, v") — 0, AT (o, 0)]
1
/ O ASH (=0 uo + 0"l +60w® —ul)), o) (ul — uo + 6w* —u))do’
0

1
+/83UA”(uo,9/v’8")v’8"d9’.
0
Hence,

A (Wl + 0w —uly, v )W do

o\_ S _

1
faWA“(( —0Nuo + 0" (U + 60 —u)), v") (" —uo + 0w —u), W) dodeo'
0

1 1
//asz}l(uo,e’v;")(W’,ug")dede’.
0

Since [|U"||s < ce + cvg, it follows that
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(Xd: Lupae (A @y — AV W) a,ul], 04w )‘
j=1

C
< E||a”‘w”(r>||2 + IWH Oy -1 +e e +ve) IWIE,
This proves
2 8 c 1
g|<A()(Uo)a“cﬁ, W) < (‘3—2||a°‘w”(t)||2 + 8—2||W”(t)||,2al,1 +c <1 + gvs) W12
Together with (3.16)—(3.17) it yields (3.15). O

Lemma 3.5. It holds

43 1
1§‘(r>sg—||a“W”<t)|| + 2||w"(;)|||a| 1+c(1+ vg(r>)||W<t)||s, vt € [0, T/,

where the positive constant cg is given in (H2).

Proof. Recall that
1§ = %(AO(US)a“bS, W),
where b® is defined in (3.3). We first write b® as
b® =3y Q(0, Up) W
+ ey 3. 0(0, Up) W
+[00,U%) = 00, U") — 3y Q(0, Up) W]
+¢[8:0(0,U) = 3:Q(0, U") — 3y 3: Q(0, Up) W]

+[0(e, U%) = 0(0,U°) = 3,00, U%) — (Q(e, U") — 00, U;") — £9: 00, UM)],

which implies that
I3 = I3 + I3y + I35 + 1[5, + 155,

with the natural correspondence for Ig‘l, cee I§‘5. Now we estimate each of these terms.
(i) For I3} we write

Ao(U*)d% [y Q(0, Up) W] = Ao(Uo)dy Q(0, Up)d* W
+ Ao(Up) [9% (8 Q(0, Ug) W) — dy (0, Up)d* W]
+ [Ao(U?) = Ap(U0)] 8% [0y Q(0, Up) W1.
Then (H2) implies that
(A0 (U0)dy Q(0, Up)d* W, 3 W) < —col|8* W12
Noting (3.11) and A(l)z(Uo) =0, we obtain
(Ao (U0)[9*(3y Q(0, Ug) W) — 8y Q(0, Up)d* W1, 3 W)
= (AF U0)[0* (3uqg W) W") — 8, Up)a* W], a*w").

(3.19)

This term vanishes when o = 0. Hence, for all |«| < s, by the Moser-type calculus inequalities (see [14,20]), we

always have

(A0(Uo)[9* 3y Q(0, Up) W) — 3y Q(0, Up)d* W1, 3% W)
<c|WHh g =1 1% W

)
< Zna“vv”nz +ellWhiR,_,
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For the last term in /57, a similar calculation yields
([A0(U®) — Ap(Up)10%[0y Q(0, Up) W1, 0% W)
= ([A§*(U*) — A (U0)]9*[duq(Uo) W], 8% W)
+([AF U — AP (U0 )9*[8uq Uy W!], 3> W),
Since ||Ag(U?) — Ag(Up)|lco < c& + cve and v£2 < v, it is clear that
([A0(U®) = Ao(U0)]0* [9y Q(0, Ug) W], 8* W)
<c(e+ve) W gl W lljal
8
< I WP 4 el WHIR, ) + e + vo) W
This shows that

o
I3; <

2¢o mp2 , € 11,2 1 2
2 0% W +8—2IIW lig—1 +¢ 1+8_2Ve Wi

(ii) For I3, (H3) yields

1
Ay 0: 0(0, Up) = [ 0 avgegl 0, Up) ] _

8u88QH(07 UO) av 3 1(07 UO)

Hence,
I3 = g(Aél(U’f)a“(avagQ’(O, Upyw'), 0w’}
+ %([A?(US) — AR U0)]0* (8,0: 0" 0, Up W), 0 W)
+ %(A(I)Z(Us)a“(avas 0", upyw™), 3°w')
+ %(Ag1 (U*)3*[8,8. 0" (0, Uy W], 3> w)

2
+ (AU [%.9: 0" (0, Uy W' +8,9. 0" (0, Uy W], 9* W)

1115

in which each term is quadratic containing W/, except for the second one, which is obviously bounded by

c (1 + %US) ||W||f. Hence,

) c 1

(iii) For 1%, since 8,4 (Up) =0, we have (3.11) and 9,4 (Ug) W = 9y q(Uo)W. Hence,

Q(0,U%) — 00, U") — dy Q(0, U)W

0 0
= + .
[q(U’E) —qU") — 3U61(U£")W} [(auq(ug”) - 3U61(U0))W}

By the Taylor formula, it is clear that

18%(q(U®) — q(U") — duqUMW) || < | W} < cel|W |,
and

0% (duq(U") — duq(Uo)) W)l < c(e + ve) W 5.
Since A}*(Up) = A} (Up) =0, we have
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2
S l{A0@a*(00.U) = 00.U7") = 9y Q0. Uy W), 5 W)|

< ST W0 (¢ = g = duq@HW). 0*W")
+ 832|(A(2>2(U0)3a(3U61(U§1) — duqUo) W), 9* W)

= S(e+ v Wi oW

< 2w 4 (1 + iug) W12,
22 o2 s

Now
2
I = 8—2((A0(U8) — Ao(U0))d*(Q(0, U®) — Q(0, U") — 8y Q(0, Up) W), 9* W)

2
+ S{A0W0)a* (20, U) = Q0. U") — dy Q0. Up) W), 8 W).

The first term can be estimated as above by using [|U® — Up||s < c(e + v¢). Therefore,

) 1
|18 < 8—2||a°‘W”||2+c (1 + ;%) W2,
(iv) Similarly, we obtain
1134 = e|(Ao(U*)0%(3: Q(0, U®) — 3. Q(0, U") — 8y 9: Q(0, Up) W), 8 W)
1) c 1
S 8_2”8(le1”2 + 8_2||WH||‘20[|_1 +C (1 + gv8> ||W||§
(v) For this last term in /3, we have

Q(e,U®) — Q(0,U°) — €0, Q(0, U®) — (Q(e, Uy — Q(0, U") — 0. Q(0, UM))
1 1
282[/8U8828Q(98,tU8+(1 — ) UM)Wdzde,
0 0

which implies that

|1°‘|<2 2IWsIW s < cll W2
351 < e IWIIWlls < cIW 5.

From the estimates in (i)—(v), we obtain (3.19). 0O
Lemma 3.6. It holds

8 1
[1E(1)] < = 10°WE @))% + ¢ (1 + 8_2”8(”) W) +ce®™, Vtel0, T2 (3.20)

Proof. We have
I = —2(Ao(U®)d“R®, 3* W)
= —2([A0(U®) — Ao(Up)] 3% R®, 3" W) — 2(Ag(Up)d“ R®, 0 W).
Since

[A0(U*) — Ao(Uo)lloc < cllU* = Upllow < U — Uplls < c(e + ve),

using (H6) and (3.6) we obtain
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1
[{[Ao(U®) — Ao(U0)] 8 R, 0“W)| < ce™ <1 + gvs) 17 lls + 1E I IW s
1
<c (1 + —zvg) W2 + ce™.
€
For the second term in If, we use A(I)Z(Uo) = A%I(U()) =0 to get
[(A0(U0)a* RE, 3*W)| = ™ |(AZ* (U0) 3% rm, 3* W) + (A0 (U0)d* FE, 3 W)
8 11,2 1 2 2
< pnaaw I“4+c|1+ 8—21)5 WIS+ ce™.
This proves (3.20). O
Lemma 3.7. It holds

1) c 1
5O =< S 19*WIOI + S IW Ol - +e (1 + gvgm) W@, vt elo,T7]. (3:21)

Proof. Recall that

d
2
¢ = - Z(Ao(ug)f;, W),

j=1
where fa‘fj is defined in (3.5). Then
Ao(U®) f; = AoUO)[(Aj(U®) = Aj(U0))dy; (3“W) — 3% ((A;(U*) — Aj(Un))dx, W)]
+ (Ao(U®) — Ao(Uo))[Aj (U0)dy; (0% W) — 8% (A (Uo)x; W)]
+ Ao (Uo)[ A} (U0)ds; (3 W) — 8% (A (Uo)dx, W) .
Applying the Moser-type calculus inequalities together with

IA;(U*) = A;Uo)lls <cle+ve),  1Ao(U") — Ag(Uo)lls < c(e + ve),

the first two terms in | /5| are bounded by ¢ (1 + %v8> ||W||§.

For the last term in |/$|, we use again A(I)Z(Uo) = A(Z)I(Uo) = 0. Since A}I(Uo) is constant (thanks to (H1)),
a straightforward calculation yields

{Ao(U0)[A;j(Uo)dy; (3% W) — 3% (A;(Uo)dx; W) ], 0“W)

= (A0 W[AF W0)ay; 3“W'T) — 3% (A} Uo)ay, )], 0* W)
+(AF (U [ AT U0y, 0 W) — 0% (A3 (Un)dx, W)], 0% W)
+(AF (W) [AT (U0)dy, (0* W) — 9 (AT (Uo)d, WH)], 9* W),

in which each term on the right-hand side contains W/, By the Moser-type calculus inequalities, it is easy to see that

(A0(Uo)[ A (Uo)dx,; (9*W) — 0%(A(Uo)dx, W)], 0% W)

<cllW o W15

8 c
< o 10" WIP + SIWHIE -+ eI W

This implies (3.21). O
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3.3. Proof of Theorem 2.1
Adding the estimates in Lemmas 3.3—3.7 and taking § to be sufficiently small, we conclude the following result.

Lemma 3.8. There is a constant ¢1 € (0, co], independent of ¢, such that for all t € [0, TSZ] and all « € N with lx| <s,
it holds

d c 1
E(Aoaﬁ)a“vv,a"‘W>+8—§||a°‘W”<z)||2 2||W”(r>|||c,| 1+c(1+ va(t))IIW(t)IIZ

+ 8—2||W”<z)||s W (@))% + ce®™. (3.22)

By an induction argument together with Lemma 3.8, we obtain the final energy estimate in H* as follows.

Proposition 3.1. Under the assumptions of Theorem 2.1, it holds

t
1
||W(z)||§+8—2/||W”(z’)||§dt’§cs2m, v € [0, T2]. (3.23)

Proof. Recall |W/|_; = 0. Applying Lemma 3.8 with |a| = 1, we see that ||W”|| on the right-hand side of
(3.22) can be controlled by —2|| wi ||2 on the left-hand side of (3.22) with |Ol| = (0. More generally, let n € (0, 1].
e

Multiplying (3.22) by 5'*/ and summing up the equalities for all index a € N with || < s yields

d C1
o 2 MA@ W, 9 W)+ 5 o w2

| <s loe| <s
c 1 c
=5 2 IOl +e (1 + S—ng(o) WIS+ S IWI Ol IW OIS + ce™
o] <s—1
in which c is independent of 1. Let n be suitably small. Then
c Cl
= 2 TIWIOIR, = 55 Y0 et wi o)
ler]<s—1 ler] <s

and

||W”<t)|| ST et wl o).

la|<s

S = 0g2
Therefore,

d cn’ 1
7 2 1AW, 9 W)+ W WIF < (1 - 8—2vs(t>) W@l

loe] <s
c
+ S IWEOI W OIS + ce™
By the Young inequality, we have

11 ) _an’ 11 2 C2 4
clWE(Olls IIW(t)IISSTIIW (t)||5+c—SIIW(t)I|s-

It follows from ||W (¢)||s < ce for all ¢ € [0, TZ] that

g > AgUHa W, 0" W)+ ||W”<r)||2<c<1+ Ly lvg(m) IW (@2 + ce™™

loe|<s
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Now we fix n > 0. Integrating this inequality over [0, ¢] with ¢ < TE2 and noting that ) r]"’"(Ao(Us)a"‘ W, 9“ W) is

lee| <s

equivalent to || WI|§, we use (HS) to obtain
1 t [ 1
IWOIS + / W@ de’ <c / (1 + g—zvga’)) IW @3 de’ +c™, Vi el0, T,].
0 0

1
Finally, noting / (1 + = (t’)) dt’ < const. for all t < T? < T,,, the Gronwall inequality implies (3.23). O

g2
0

Proof of Theorem 2.1. In view of the estimate established in Proposition 3.1, it remains to prove TE2 = T,,, which
implies that T > T,,,. Recall from Lemma 3.2 that ng € (0, T,) N (0, T;,] and [0, T82] is the maximal time interval on
which (3.6)—(3.7) hold. On the other hand, by Proposition 3.1, we have

IW@)lls <ce™, Vtel0,T7].

In particular, ||W(T82)|| s < ce™. When m > 2 and ¢ is sufficiently small, we always have ce” < ¢ for any fixed
constant ¢ > 0. Thus, TE2 =T, follows from (3.7). O

4. Formal asymptotic expansions

We are looking for an approximate solution to (1.1)—(1.2) of the form

+00
D (Ut x) + I(r.x), T=1/17 (4.1)
k=0

with profiles I; that converge exponentially fast to zero when t tends to infinity. In what follows, we present a detailed
construction of Uy and I, and we show that U]" defined by (1.9) satisfies conditions (H5)—(H6) together with the

+00
definition of R’, in (1.8). Remark that for V = Z ek Vi and a sufficiently smooth function H, we have formally
k=0
+00
H(V)=H(Vo)+ Y _ e[dy H(Vo)Vi + C(H. k, V)], (4.2)
k=1
where C(H, k, V) only depends on H and the first & elements of V = (Vy, V1, Vo, --), with C(H, 1, V) = 0. The
+00
derivation of Uy and [ is based on the fact that both series Z ek Ui (t, x) and (4.1) are formal solutions of (1.1).
k=0
4.1. The equations for Uy
“+00
Putting Z ek Uk (z, x) into (1.1), the identification of the powers of ¢ yields
k=0
e Q(0,Up) =0, 43)
d
e7lt ) A;(U0)dy,Uo — 8. Q0. Uo) — dy Q(0, Up)U1 =0, (44)
j=1

k d

d
e WU+ AjU0) Uk + ) ) [00A;j U0 Uit +C(Aj 1+ 1, D)o, Uiy
j=1 1=0 j=1
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k+1
1
= 7[00, UpUkias +C(8/0(0. ).k +2 -1, U)]
=0
1
*20(0,Up) =0, VkeN. 4.5
~ G el € 4.5)
Eq. (4.3) gives vg = 0 thanks to (1.5). Next, we separate (4.4) into two systems of n — r and r equations:
d
> Al (o, 0)d,u0 — 9. 07 (0, u0,0) =0, (4.6)
j=1
d
> A3 (w0, 0)ds;u0 — 8: Q" (0. uo. 0) — v (o, O)v =0 (4.7)
j=1

System (4.0) is a differential constraint on u( which has been discussed in the introduction. From (4.7) and (1.5), we
have

d
vi = 8uq (0, 0" | Y A3 (w0, 0)d;u0 — 3: 0" (0,0, 0) | . (4.8)
j=1

Similarly, for k € N we separate (4.5) into two systems of n — r and r equations. Noting

0,4} (Vo) =0, 950" (0. Up) =0, C(Q"(0,).k +2.U) =0,

we obtain
d d
dyu+ Y AP W0 vkt + ) AT U0)dwjuir1 + gk (Ui, VU osik, vit1) =0 (4.9)
j=1 j=1
and
- 1
21 22 k+2 11
vk + ; [A3 (U0 8y w1 + AT (U0) 3y ves1] — Gt 20U
k d
+ D D [@uAT Uodurir + 3, AT (Uo)vi1)-B -
1=0 j=1

+ (0 AZ Uour 1 + 0 AT (Uo)vit1)-0, vk 1]

d
+ 22 [CAT T+ L Wbyt + CAT 1+ 1, U)oy ]
=0 j=1
k+1
— Z 7 [040:.0" 0, Uourcra1 + 8,9 0" (0, Up)vkyas +C (30" (0, ),k +2 =1, U)] =0, (4.10)

where

k d
(Ui, VUDo<i<t vir1) = Y > [CAT 141, 0D u— + C(A, 1+ 1, U)oy e
=0 j=I

d
Z (90 A} (Uo)visr Bkt + (B A Uourr + A (Uo)vir ) O, vi—i ]

M»

~

>&7-
»—AO

_sz [8.,8L 070, Up)uks2—1 + 8,01 07 (0, Up)vs2—1 +C (8L 07 (0, ),k +2—1,U)]
=1
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- maﬁ“g’(o, Uo). 4.11)

In the last summation of (4.10), from (1.5), we have
3,9L 0" (0, Up)ugsa—1 + 3,81 0" (0, Uo)vis2—1 = dyq(Uo)vis2, for I =0.

Hence, (4.10) allows to express vg42 as:

d
vip2 = 0uq (o, 0) " Y AT (w0, 0)dy; a1 + Vi g ukr + Vi, keN, (4.12)
j=1
where Vk1 ) and szJr2 may depend on Uy, Uy, - - -, Uy, vr+1 and their first-order derivatives, but are independent of

ur+1. Remark that, due to (H3), ux1 does not appear in (4.11).
Now let us make more details for these equations according to the value of k. For k = 0, system (4.9) becomes

d d
duo + ) AP U0)dx,v1 + ) A} Uo)dy,ur + goluo, Vuo, v1) =0, (4.13)
j=1 j=1
where g is defined in (1.13). In (4.13), v can be replaced by (4.8), but u; is an independent unknown. From (H1),
A}.l (Up) is a constant matrix for all 1 < j < d. In order to eliminate u in (4.13), we assume that there is a constant

square matrix of order n — r, denoted by D, such that (1.14) holds, i.e., DA}.1 (Up) =0forall 1 < j <d. Applying D
to (4.13) yields a nonlinear system of second-order partial differential equations for u:

d
Ddug+ DY A (Uo)d;v1 + Dgoluo, Vi, v1) =0. (4.14)
j=1

Then (4.13) is a differential constraint for |, which can be rewritten as

d d
> A Wy 1 + Wy = D) (Bh0 + Y AP U0, 01 + goluo, Vo, v1)) =0, (4.15)
Jj=1 j=1

Putting (4.8) into (4.14) yields a closed system for uq:

d d

Ddug+D Y Ayj (u0)d3,x, 40 + D > Bj(u0)dy;uo
ij=1 j=1
d
+D Y Cij(uo)dy,uo ;0 + Dfoug) =0, (4.16)
ij=1

where A;j, Bj, C;j and fo are defined in (1.18), (1.19), (1.20) and (1.21), respectively.

System (4.16) and its differential constraint (4.6) are just the limit equations (1.17) and (1.10) given in the introduc-
tion. Assume that (4.16) and (4.6) admit a local smooth solution u(, defined on [0, Tp] with Tp > 0 being independent
uo

of €. Then we have constructed Uy = [ 0

:| and vy, which is given by (4.8). Moreover, we still have a constraint (4.15)

onui.
Now let k > 1. By induction, assume that Uy, Uy, - - -, Ur—1 and vi are defined on [0, T;—1] with T_1 € (0, To]
being independent of ¢, and we have a differential constraint on u of the same type as (4.15):

d d
> AN o, 000y g + Moy = D) (B + D AP WU, 1)
j=1 j=1
+ (Iy—r — D)gk—1((Ui, VU)o<i<k—1. vi) = 0. 4.17)

Similarly to the case k = 0, applying D to (4.9) yields a linear system of partial differential equations for uy:
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d
Ddju + DY AP (WU0)d; vt + Dgic (Ui, VUDo<i<k. vkg1) =0 (4.18)
j=1
Then (4.9) becomes a linear differential constraint for uy1, which can be rewritten as
d d
> Al o, 03w + (o — D) (Bt + Y AR Wo)y, v
j=1 j=1

+ (i — D)gi((Ui, VUi)o<i<k, vi+1) = 0. 4.19)

Putting (4.12) with k + 1 instead of k + 2 into (4.18), we obtain the equations of uy:

d d d
Dou+ D Y Aijuo)dg ux + Dy Bidyur+ DY Ciux+ Dfi =0, (4.20)
i,j=1 j=1 j=1
where Bf, C ;‘ and f; may depend on Uy, Uy, - - -, Ux—_1 and their first-order derivatives, but are independent of .

Assume that (4.20) and (4.17) admit a local smooth solution u; defined on [0, T;] with T} € (0, Tx—1] being
independent of €. Thus we have constructed Uy and viy1, which is given by (4.12) with k + 1 instead of k + 2.
Finally, we still have a constraint (4.19) on uj41.

Remark that the second-order operator is the same in (4.16) and (4.20). If 9: 07(0, ugp, 0) =0 and A}l (19, 0)=0
for all 1 < j <d, then the constraints (4.6) and (4.17) are trivially satisfied with D = 1,,_,. Hence, uo and uj are
determined by (4.16) and (4.20). In this case, we give below a sufficient condition for (4.16) and (4.20) to be parabolic.
Its proof is quite similar to those proved in [16,33]. A typical example of this situation is the Euler equations with
damping given in the last section.

d
Proposition 4.1. Let = (w1, -+, wg) € R\ {0} and A2M(w, ug) = ZA?I(MO, Ow;. Assume Ker(AZI(a), uo)) =
j=1
d
{0}, i.e, r >n—r and AZl(a), uo) is a full-rank matrix. Then, Z A;j(uo)w;w;j is a negative matrix. Consequently,
ij=1
if D=1,_,, then both (4.16) and (4.20) are strictly parabolic.

4.2. The determination of Iy and the initial date of uy

2

Since t = ¢“t, we have formally

+00 +00
Y Uit x) =) e Pz x), 4.21)
k=0 k=0

with

) g Ui—on

| h
Pt h! ot

P (z,x) = 0, x).

Hence,

+oo

+00
D e (Ut x) + I(r.0)) =Y ¥ (Pu(r. x) + Ii(x. ). (4.22)

k=0 k=0

Now write (1.1) in variables (z, x). Putting (4.22) into (1.1) and repeatedly using (4.2) and the same techniques as
above, we obtain
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9z (Io + Po) = Q(0, Ip + Po).
d
dc (I + P1) = 9y Q(0, Io + Po) (I + P1) + 0:Q(0, I+ Po) — Y _ Aj(Io + Po)dy; (o + Po),
j=1
dc (Ix + Pr) = 9y Q(0, Io + Po)(Ix + Px) + F(k, 1 + P), forall k > 2,

where

k—1
1
Fk,I+P)=) l—,[ayaég(o, To+ Po)(k—t + Pe) + C(3.0(0, ).k — 1,1+ P)]
=1

d

1
+ 0500, Io+ Po) = 3 Ao+ Po)ds; (k1 + Piet)
j=1
k—2
= > > [ovA;Uo+ POUrr + Piot) + C(Aj 1+ 1,1+ P)] (a1 + Pi—z-)
j=11=0
depending only on the first k terms of I + P = (Io+ Po, 1 + P1, -+, Ix—1 + Pr—1,--+).
+00
On the other hand, due to (4.21), Z &k Py (7, x) is also a solution of (1.1). Hence, we obtain as above
k=0

d: Po = 0(0, Py),
d

dr Py =0y Q(0, Po) Py +0:Q(0, Io) — > A (P)dy; P,
j=1
d: Pp = 8y Q(0, Py) P + F(k, P), forall k > 2.
It follows from Py(z, x) = Up(0, x) and Q(0, Py) = 0O that
d-1p = Q(0, Ip + Po),
3 Iy = 3y Q(0, Iy + Po) i + [9y Q(0, Ip + Po) — 9y Q(0, Po)| Pe(x, x) + Gk, 7, x), Vk>1,

(4.23)

where
Gk,t,x)=F(k, I+ P)—F(k,P), Vk=>1,
with
d
F,I+ P)=0.0(0, 1o+ Py — ZA,-(I() + PO)BXJ. (Io + Po).

j=1

17

Now we solve I and determine the initial conditions for ug. Let Uy = |:v i| be given smooth functions of x,
k

obtained through a formal asymptotic expansion of the initial datum U’

Ux.e) =) e Ur(x).

k=0

+00
If Z sk(Uk(t, x) + I (7, x)) is a solution of (1.1)—(1.2), we should have
k=0

U (0, x) + I (0, x) = Ug (x),
or equivalently

{uk(O,x) + I} (0, x) = itg (x),

ik - (4.24)
ve(0,x) + 17 (0, x) = vx (x), Yk >0.
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From QI (0, U) =0 and the first equation of (4.23), we have 9, I({ = 0, which means that there is no zero-th order
initial layer for u. In this case, we may take I({ = 0. Together with vy = 0, we obtain
- II -
up(0, x) =up(x), Iy (0, x) =vp(x),
which are the initial conditions for u and Ié’ . Hence, the equation of Iél becomes

O I = q(io(x), 1), xeT?

Lemma 4.1. Let (g, Vo) be sufficiently small and vg be sufficiently close to zero. Then there exists a unique global
smooth solution Iy satisfying

[ Io(T, ) ls+m —> O, exponentially as T — +o0. 4.25)

Proof. By Lemma 3.1, the condition in (H2) can be written in an equivalent way:
A (u, 0)8yq (u, 0)E" - " < —co|)?, YueR"™, T eR".

Since Ao is symmetric positive definite, so is A(2)2. It follows that each eigenvalue of 9, g (u, 0) is negative uniformly
with respect to u. Therefore, for sufficiently small data vg, there is a unique global solution Iél (r, x) which decays
exponentially fast to zero as T — +oo (see [1]). Next, by induction, for all « € N4 with la| <s+m, Y Ié’ satisfies a
linear ordinary differential equation of the form

3 Y = duq(ito(x), I')Y + go(r,x), xe€T?, (4.26)

with exponential decay of g, as T — +oo. This implies (4.25). We refer to [33] for solving the linear equation
of Y. O

By induction, for k > 1 and for all i < k — 1, assume that /; exists globally in time and ||/; (7, .)|s+m—i decays
exponentially fast to zero as T goes to infinity. Then so does ||G(k, T, x)||s4+m—&, since

Gk,t,x)=F(k,1+P)—F(k, P),
and F only depends on those of (I;, P;) fori <k — 1. The first n — r equations in (4.23) are
a1l =G (k, 7, x).

Hence,
T
I, x)=110,x)+ f Gk, 7', x)d7',
0
which admits a limit O as t goes to infinity. Therefore,
+00
Ikl(r,x) =— / Glk, 7', x)dt'
T

and
||Ik1 (7, )ls+m—k —> 0, exponentially as T — +o0.

In particular,

+00
[0, x)=— / Gk, 7, x)dr.
0

Together with (4.24) it determines the initial value of uy:
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+00
ur(0,x) = ﬁ,{ x) + / Gk, 7, x)dr.
0

Finally, the last r equations in (4.23) imply that / ,{I still satisfies a linear system of the form (4.26). Thus, I ,gl exists
globally in time and

||11£1(‘L', Is+m—k —> 0, exponentially as T — +o0.
4.3. Error estimates

In the last two subsections we have constructed Uy and [ on time interval [0, Ty ] for all k € N, with O < Tp4+1 < Ty.
Now we show that, for any fixed m € N, the approximate solution U" defined by (1.9) satisfies (H5)—(H6). Indeed,
since IOI =0,

Ol (1), ) =20 13 (1/6%, ) = £ 7 0uq o, 1),
and Ié’ (t, -) decays exponentially fast to zero as T — 400, (HS) is obviously satisfied.

The following result (see [16]) implies that (H6) is also satisfied.

Proposition 4.2. Let R, be defined by (1.8). Then

R;:é‘mil |: Oi|+8m1Frfz’

I'm
where r,, € C([0, T, ], H*) and F;, € C([0, T, 1, H®) satisfying

ut

|FE@)ls <ce+ce 2, Vtel0, Tyl
5. Examples
5.1. Semilinear examples

We give two examples of semilinear equations of the form (1.1) with n =2 and d = 1. Both were considered as
applications of (1.6) in [16]. The first one concerns a wave equation of heat conduction and was studied by several
authors (see [10,17] and references therein). It reads

22w -2 w+aw=0, >0, xeR

Let

U=0w, vV=—=eoiw.

Then the system is written as

1
oru + —0yv=0,
&

1 v
0V + —0yu = -
€ £

It is of the form (1.1) with

Uz[ﬂ, m:[?é} Q@O=L&]

Let Ao =1, and r = 1. It is easy to check that the system is symmetrizable hyperbolic and satisfies (1.4)—(1.5) and
(H1)—(H3), with Agdy Q(u,0) = diag(0, —1). The corresponding limit equations for Uy are vyp = 0 and the one-
dimensional heat equation
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duo — d2uo = 0.
The second example concerns a generalized discrete two-velocity model in a slow time:
{ o f +e” o f =2 (f +8)7 (g = 1)
hg—eldg=eHf+8V(f—g). t>0,x€eR,

where y is a real number and f + g > 0. It was studied in [31,28,18]. With a change of variables u = f + g and
v = f — g, the system is written as

1
3,14 + —axv = O,
€
2u¥v

&2

1
0V 4+ —0yu = —
£

Let Ag=1Ip,r =1 and

u 0 1 0
i F R R e

For u > const. > 0, the system is symmetrizable hyperbolic and satisfies (1.4)—(1.5) and (H1)-(H3), with
Apdy Q(u, 0) = diag(0, —2u”). The corresponding limit equations for Uy are vy = 0 and

1 _
orugy — Eax (”0 Vaxuo) =0.

For both semilinear examples above, we have A}l =0and Q only depends on U. Then the differential constraints
disappear and D = 1. It is easy to check that their approximate solutions U}" can be constructed for all m € N and
thus Theorem 2.1 can be applied.

5.2. Euler equations with damping

The equations take the form (see [22,21,11,30,7] etc.)
9y p + div(pv) =0,
ay (pv) +div(pv ® v) + Vp(p) = —ﬁ, i'>0, xeRY,
&

where p > 0, v, p and ¢ > 0 stand for the fluid density, the velocity, the pressure and the relaxation time, respectively.
As usual, we assume p’(p) > 0 for all p > 0. For smooth solutions, the system is equivalent to

1
0o + —div(pv) =0,
&

1
dv+ [0V + Vh(p) = ——, >0, xR,
& &

where ¢t = et’ is the slow time and /'(p) = p/f)p). Let

j T
P v/ pe’ .
—p, U=|"|, A= U1 =124,
er [v] e [h’(p)ej vfld} /

and

0
—v

o) = [ ] . qU)=—v,
where v/ is the j-th component of v, e j is the j-th vector of the canonical basis in R?, and the superscript T stands for
the transpose. Let n =d + 1 and r = d. Since p > 0 and #'(p) > 0, with symmetrizer Ao(U) = diag(p~", h'(p)~'14),
it is straightforward that the system is symmetrizable hyperbolic and satisfies (1.4)—(1.5) and (H1)-(H3).

It is important to point out that the system cannot be put in the form (1.6). Hence, the result in [16] cannot be
applied.
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The leading profile (pg, vg) satisfies vp = 0 and a porous medium equation

9:po — Ap(po) =0,
which is strictly parabolic since p is a strictly increasing function. Hence, it admits a local smooth solution. It is easy

to see that vy = —Vh(pp). The leading initial layer profile I = [’go] satisfies
0

d:p0=0, d.00=—7o.

Thus, it is clear that [y exists globally in time and decays exponentially fast to zero as T — 400, even for large initial
data. ~

Similarly, by induction we can construct higher order profiles ok, I = [gk} and vg41 for k > 1. More precisely,
k

the equations for p and I are

0ok — P’ (p0) Apk + b =0,
O pr =gl (r,x), B0k =—k + gl (z, %),

where by only depends on (p;, v;) for 0 <i < k and their first-order derivatives, g,ﬁ and g,I(I decay exponentially fast
to zero as T — +o0. Finally, viy1 is given by expression (4.12). Thus, the approximate solution U}" is constructed
for all m € N and Theorem 2.1 can be applied.

Finally, for this system, we have A}l(p, v) = v/. Since A}l(p, 0) =0 and Q is a function of only U, there is no
differential constraint and thus D =1 for all k € N.

5.3. An Euler—Maxwell system with relaxation

The system reads (see [2,5]):
dy p +div(pv) =0,
@mm0+dwwv®vy+me)=—pua+vxB)-%%
oy E —rotB=pv, divE=>b(x)—p,
dB+r1otE=0, divB=0, ¢ >0, xcR>.

Here E and B are the electric field and the magnetic induction, b is a given time-independent function, p, v, h and &
have the same physical interpretations as in the previous example. The differential constraint equations

divE =b(x)—p, divB=0
are time invariant. This is a system of 10 equations. In the slow time ¢ = &t’, it becomes
1
0 p + —div(pv) =0,
€

1
0B+ —rotE=0, divB=0,
£

1 oV .
E——-rotB=—, divE =b(x)— p,
I3 £

1 1 1
v+ —(.V)v+ —Vh(p) = ——(¢E +ev x B+ ).
€ € £

Let
o ) v/ 0 O ,oejT
B 0 0 Jj 0 .
U= E ) u = B N AJ(U)Z 0 J]T 0 0 ) J:152937
E )
v h(pej 0 0 /I3

and
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1128
X 0
Qe U) = . , Q’(S,U)=[ 0 } q(U) =—v,
oV
gpv

—v—¢eE—¢cvxB

where
00 O 0 0 1 0 -1 0
J1=|:0 0 —l:|, J2=|:0 0 0:|, J3=|:1 0 0:|.
01 0 -1 0 0 0 0 O
Then the system is written in the form (1.1). By choosing a symmetrizer

Ao(U) =diag(p™" . I3, I, 1'(0) ' I3),
we easily check that the system is symmetrizable hyperbolic and satisfies (1.4)—(1.5) and (H1)—(H3) with n = 10 and

r = 3. See [27,9] for the derivation and the justification of the limit, of which the present paper is inspired.
Similarly as above, this system cannot be put in the form (1.6) and hence the result in [16] cannot be applied.

Moreover, we have

0 0 O
A}l(u,O):[o 0 Jj]¢o, 3: 01 (0,u,0)=0.
0 Jl 0
Hence, there are differential constraints for the leading profile, which are given by
0 0 O 0
o:Z[o 0 Jj:|8xju0=|:rotE0:|,
j=tLo JI' o —rot By

J
namely,

rot By =rot £y = 0.
Together with the constraints of the Maxwell equations:

divBy=0, divEy=>b— po,
we deduce that By is a constant and there is a potential function ¢ such that Eg = V¢g. Finally, vp = 0 and the

equation for pq is

3 po +div(pov)) =0, v =—=V(h(po) + ¢o).

Therefore, (pg, ¢o) satisfies the drift—diffusion system:

{ 3 po — div (poV (h(po) + ¢0)) =0,
Apo=b—po, Eo=Veo.
It is well-known that this system admits a local smooth solution (see [24]). Thus, we have constructed Uy and vy. It is
easy to check that the differential constraints of u are
—rot By 4+ 0, Eg — pov; = 0.

00
The leading initial layer profile Iy = go satisfies

0

o

rot E1 4+ 0;Bg =0,

d:p0=0, 3;Bo=0d:E9=0, d,0p=—70p.

Thus, as above Iy exists globally in time and decays exponentially fast to zero as T — +00.
Similarly, by induction and together with the differential constraints of uy, we can construct higher order profiles

ug, Iy and vg4 for k > 1. In particular, (pg, ¢x) solves a linear drift—diffusion system:
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{ 3 px — div (00 V (h' (po) pi + ¢1)) + div(prv1) = ey,
A = —pi + br
By, solves a linear div—rot system:

divBy =0, —rotBy+0;Ex—1+ -1 =0,

and

Er=Vr — Vi1, vkr1=—V(H (po)ox + o) + 0:¥k—1 + Vi
where oy, By and y, only depend on U; and v; for 0 <i <k — 1, and
k—1
Bi—1 =r0typ—1, Gp—1= _Zpivk—h k>1.
i=0
Moreover, we still have differential constraints for uj41:

rot Ex41 + 0By =0, —rotByy1+ 0 Er+ & =0.

The initial layer profile I satisfies a linear system of ordinary differential equations with the same principal part as I
and a source term decaying exponentially fast to zero. Thus, the approximate solution U}" is constructed for all m € N
and Theorem 2.1 can be applied. In this example, the corresponding choice is

v1.Vpo
D =diag(1,06), go(uo, Vug, vi) = 0 ,
—povi

and

Vka1.V oo + div(prvy) — o
gk (Ui, VUo<i<k, Vks1) = 0 , k>1.
Ck
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