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Abstract

We provide a rather complete description of the sharp regularity theory to a family of heterogeneous, two-phase free boundary
problems, J,, — min, ruled by nonlinear, p-degenerate elliptic operators. Included in such family are heterogeneous cavitation
problems of Prandtl-Batchelor type, singular degenerate elliptic equations; and obstacle type systems. The Euler—Lagrange equa-
tion associated to J,, becomes singular along the free interface {u = 0}. The degree of singularity is, in turn, dimmed by the
parameter y € [0, 1]. For 0 < y < 1 we show that local minima are locally of class C Le fora sharp « that depends on dimension,
p and y. For y = 0 we obtain a quantitative, asymptotically optimal result, which assures that local minima are Log-Lipschitz
continuous. The results proven in this article are new even in the classical context of linear, nondegenerate equations.
© 2014 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let 2 C R” be a bounded domain, 2 < p < 400, f € L1(£2) for ¢ >n and ¢ € WP (£2) N L™®(£2), with, say,
@1 # 0. The objective of the present manuscript is to derive optimal interior regularity estimates for the archetypal
class of heterogeneous non-differentiable functionals

Ty () :=/(|Vv|”+Fy(v)—|—f(X)~v)dX—>min, (L.1)
2

among competing functions v € Wé’p(.Q) +¢. The parameter y in (1.1) varies continuously from O to 1,i.e., y € [0, 1]
and the non-differentiable potential F), is given by
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Fy(v) =24 (vF) +2_(v7)", (1.2)

for scalars 0 < A_ < A4 < 00. As usual, vE = max{=£v, 0}, and, by convention,

Fo(v) := A4 Xv>0} + A— X{v<0}- (1.3)

The non-differentiability of the potential F, impels the Euler-Lagrange equation associated to 7, to be singular
along the a priori unknown interface

3y = (0{uy > 0} Ud{u, <0}) N2,

between the positive and negative phases of a minimum. In fact, a minimizer satisfies, in some weak sense, the
following p-degenerate and singular PDE

Y -1 RV 1 .
Apu= ;(M(,ﬁ)y Xiu=0y — A— (™) xu<oy) + ;f(X) in £2, (1.4)
where A ,u denotes the classical p-Laplacian operator,
Apu = div(|Vu|P 72 Vu).

The potential Fj is actually discontinuous and that further enforces the flux balance
_ 1
|Vug|” = [Vug |P=F(x+—x_), (1.5)

along the free boundary of the problem, which breaks down the continuity of the gradient through .

A number of important mathematical problems, coming from several different contexts, are modeled by opti-
mization setups, for which Eq. (1.1) serves as an emblematic, leading prototype. This fact has fostered massive
investigations, and linear versions, p = 2, of the minimization problem (1.1) have indeed received overwhelming at-
tention in the past four decades. The upper case y = 1 is related to obstacle type problems. The linear, homogeneous,
one phase obstacle problem, i.e., p =2, f(X) =0 and ¢ > 0 was fully studied in the 70s by a number of leading
mathematicians: Frehse, Stampacchia, Kinderlehrer, Brezis, Caffarelli, among others. It has been established that the
minimum is locally of class C!'! and this is the optimal regularity for solution. The two-phase version of the problem,
i.e., with no sign restriction on the boundary datum ¢, challenged the community for over three decades. C!-! estimate
for two-phase obstacle problems was established in [19] with the aid of the powerful almost monotonicity formula
obtained in [5].

The lower limiting case, y = 0, relates to jets flow and cavities problems. The linear, homogeneous, one phase
version of the problem was studied in [1], where it is proven that minima are Lipschitz continuous. The two-phase
version of this problem brings major new difficulties and C%! local regularity of minima was proven in [2], with
the aid of the revolutionary Alt—Caffarelli-Friedman monotonicity formula, developed in that very same article. Gra-
dient estimates for two-phase cavitation type problem with bounded non-homogeneity, i.e., p =2, f € L=, y =0
in (1.1), were established by Caffarelli, Jerison and Kenig with the aid of their powerful almost monotonicity for-
mula, [5].

The intermediary problem 0 < y < 1 has also received great attention in the past decades. The related free boundary
problem can be used, for example, to model the density of certain chemical specie, in reaction with a porous catalyst
pellet. The linear, p = 2, one-phase, ¢ > 0, homogeneous, f = 0, version of the problem (1.1) is the theme of a
successful program developed in the 80s by Phillips and Alt—Phillips, [18,17,3], among others. In similar setting,
Holder continuity of the gradient of minimizers was proven by Giaquinta and Giusti [9]. Further investigations on the
linear, two-phase version of this problem also require powerful monotonicity formulae in their studies, see [27].

In the mathematical analysis of variational free boundary problems as (1.1), the first major key issue to be ad-
dressed concerns the optimal regularity estimate available for a given minimum. A simple inference on the weak
Euler-Lagrange equation satisfied by a minimum, Eq. (1.4) and also the flux balance (1.5) for y =0, revel that A ,u
blows up along the free boundary of the problem, §, := d{u, > 0} Ud{u, < 0}. Therefore, it becomes a fundamental
question to understand precisely how this phenomenon affects the (lack of) smoothness properties of minima. Un-
der such perspective, and to some extent, the theory of two-phase free boundary problems governed by non-linear,
degenerate elliptic operators had hitherto been unaccessible through current literature, mainly due to the lack of mono-
tonicity formulae in this context.
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In the study of sharp smoothness properties of minima to the functional 7,,, further difficulties also arise from the
very complexity of the regularity theory for the governing operator A,. We recall that p-harmonic functions, i.e.,
solutions to the homogeneous equation

Aph=0 in By,

are locally of class C1® for an exponent 0 < « p < 1 that depends only upon dimension and p. The precise value
of ap is in general unknown — see [13] for the planar case n = 2, and [22] for sharp Holder estimates for inhomoge-
neous problems. This fact indicates that interior estimates available for p-harmonic functions, that in turn are below
quadratic, C!'!, will compete with optimal growth along the free interface Sy - The regularity theory for heterogeneous
equations A & = f(X) is even further involved and, up to our knowledge, the understanding on this class of problems
is not yet fully complete.

From the mathematical point of view, the exponent y appearing in (1.1) should be comprehended as the parameter
that measures the singularity of the absorption term of the related equation. For non-differentiable but continuous
functionals, J, with 0 < y < 1, it has been conjectured that the gradient of a minimum is locally continuous, even
through the singular free interface §, . The first result we present in this paper gives an affirmative answer to such
question. Furthermore, it provides the asymptotically optimal C'-¢ interior regularity theory available for minima of
such functionals.

Theorem 1.1 (C1% regularity estimates). Let u be a minimizer of the problem (1.1). Assume 0 <y < 1 and
f e Li(82), for some g > n. Then u € Cllo’ca,for

o ;:mm{a,,, v M} (16
p—v (p—Dyg
where the estimate indicated in (1.6) should be read as
— . (q—n)

Ifmin{ 14 , M} <ap, thenue Cl‘m‘“{/fyw;—l)q},

p—v (p—1Dyg

(1.7)
. Y (61 —n) 1,0

If min ,—————(2=0p, thenuecC"?, forany0 <o <ap.

p—v (p—Dyg

Furthermore, for any 2' € $2, there exists a constant C > 0 depending only on §2', n, p, q, |¢llLo2), I fllLe2),
Ay, A, v and (o — o), such that

||I/l ||Cl.0{(g/) < C

Before continuing, let us make few comments on Theorem 1.1 and its implications. The key ingredient of the
regularity estimate established in Theorem 1.1 reveals how the competing forces involved in the lack of smoothness
for minima of (1.1), namely

(regularity theory for A ) x (singular absorption term ~ u”*]) x (roughness of the source f)

_r_
get adjusted, via the sharp relation (1.6). Regarding the exponent o, one easily verifies that the function X > | X| -1
has bounded p-Laplacian, thus «, is appearing in (1.6) is below the critical value ﬁ However, nonnegative func-

tions with bounded p-Laplacian, v, do grow as distl’%' (X, %) away from § = d{v > 0}, see [10]. In this particular
v

setting, it is possible to replace «, by ﬁ in (1.6). Thus, at least if f € L®°, Theorem 1.1 revels u € C »~7, which is

the precise generalization of the optimal regularity estimate obtained for the one-phase linear setting p = 2, see for

instance [17,18].

Confronting the effect of the singular absorption term ~ u” ! and the influence of integrability properties of the

1, min{«

-
source f, we conclude that solutions to (1.1) are locally in C P p=y }, provided f € LY for any

(p—v)
n'i

»(1=7) =1q(p,n,y). (1.8)
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Interestingly enough, one verifies that

q(p,n,17)=00 and lim = . (1.9)
( ) r=1(p—=Dg(p,n.y) p—1
Also it is revealing to compute the limit
lim g(p,n,y)=n, (1.10)
y—0

which leads us to the discussion of the delicate limiting case, y = 0 in the minimization problem (1.1). As mentioned
earlier in this Introduction, for homogeneous, f = 0, linear, p = 2, jets and cavities problems, Lipschitz regularity
estimates have been established in the one-phase and two-phase case, respectively in [1] and [2]. Heterogeneous,
two-phase versions of the problem require the use of almost monotonicity formula, [5]. However, the Caffarelli—
Jerison—Kenig monotonicity formula only holds if f(X) > —C. Thus, even for linear problems, p = 2, Lipschitz
estimates for minimizers of (1.1), y =0, are only known if f € L°°(§2). We further point out that the integrability
exponent obtained in (1.10) is a borderline condition, as it divides the regularity theory for (non-singular) Poisson
equations, Lu = f, between continuity estimates when f € L" ¢ and differentiability properties when f € L"T¢. The
optimal regularity theory for the conformal case f € L" is rather delicate. It has been recently established by the third
author, [21], that solutions to nonlinear equations F (X, Dzu) = f(X) € L" have a universal Log-Lipschitz modulus
of continuity, i.e.,

lu(X) —u(¥)| S1X —Y]|-log|X — Y.

Such regularity is optimal in the context of heterogeneous equations with L” right-hand sides. After some heuristic
inferences, it becomes reasonable to inquire whether minimizers of problem (1.1), with y = 0, also have a universal
Log-Lipschitz modulus of continuity. The second main result we establish in this paper states that indeed minimizers
of Jo with sources f € L" also enjoy such an optimal universal modulus of continuity.

Theorem 1.2 (Log-Lipschitz regularity for y = 0). Let u be a minimizer of the problem (1.1), with y =0 and
f € L"(82). Then u is Log-Lipschitz continuous and for any 2’ € 2, there exists a constant C that depends only
on 2, n, p, l@llreoy, | fllLr @), A+ and A, such that
|u(X) —u(¥)| < C|X —Y|log|X — Y.

In particular, Theorem 1.2 assures that u € C]%CT (£2) for any T < 1. We further mention that Theorem 1.2 is sharp
due to the borderline integrability condition on the source f. We leave open the key question on whether functional Jy
has a locally Lipschitz minimizer, provided f € L?($2) for g > n. We highlight that this question remains open even
for the linear case p = 2. A critical analysis on the machinery employed in the proof of Log-Lipschitz estimates,
Theorem 1.2, reveals that it should not be possible to access the C%! regularity theory for minima of 7y through pure
energy considerations, even if the source f € L*.

We further mention that Theorem 1.1 and Theorem 1.2 can be established, with minor modifications, to further
involved energy functionals of the type

G, (v) = /G(X, Vo) + G, (v) + g(X,v)dX,
2

where G is a p-degenerate kernel with C! coefficients, |G, S Fy and |g(X, v)| < g(X)|v|™, where 0 <m < p and
geli, forg> max{IFLm, n}. We have chosen to present our results in a simpler setting as to further emphasize the
new ideas designed in this work.

The paper is organized as follows. In Section 2 we gather few tools that we shall use in the proofs of Theorem 1.1
and Theorem 1.2. In Section 3 we comment on existence and establish universal L° bounds for minima of prob-
lem (1.1). Section 4 is devoted to the proof of Theorem 1.1 and in Section 5 we establish Log-Lip estimates for
cavitation problems, proving therefore Theorem 1.2. Under the condition f € L4, ¢ > n, in Section 6 we show sharp
linear growth and strong nondegeneracy properties for solutions to the cavitation problem y = 0. In Section 7 we
investigate stability properties for the family of free problems 7, in terms of the singular parameter 0 < y < 1. More
precisely we show that local minima of functional 7,, converges to a local minima of the functional Jy, as y — 0.
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2. Preliminaries and some known tools

In this section we gather some preliminaries results that we will systematically use along the article. Initially, as
mentioned within the Introduction, clearly one should not expect solutions to the minimization problem (1.1) to be
smoother than p-harmonic functions. Therefore, the regularity theory for degenerate elliptic operators is a first key
ingredient in understanding sharp estimates for minima of 7, .

There are several different strategies to establish the C'® regularity theory for p-harmonic functions, see for
instance [6,7,14,23,25,26]. We state such result for future references.

Theorem 2.1 (C 1% estimates for p-harmonic functions). Let h € WP (By) satisfy A ph =0in By in the distributional
sense. Then, there exist constants C > 0 and 0 < a), < 1, both depending only on dimension and p, such that

”h”C]‘a”(Bl/z) < C||h||L1’(Bl)~

A particularly interesting approach was suggested by Lieberman in [15], where the regularity theory for
p-harmonic functions is accessed through the following leading integral oscillation decay lemma:

Lemma 2.2. (See Lieberman [ 15, Lemma 5.1].) Let h be a p-harmonic function in Bg C R". Then, for some positive
constant 0 < ap < 1, there holds

n+pap
/|Vh(X)—(Vh),|de<C<%> /\Vh(X)—(vh)R|de,
Br

where C = C(n, p) > 0 is a positive constant.

In Lemma 2.2 and throughout this article we use the classical average notation

= : X.
W) ][w IB(XO)I / vd

B, (Xo) Br(Xo)
Local Holder continuity for heterogeneous equations A ,& = f can be delivered by means of Harnack inequality,

which will be another fundamental tool in our analysis.

Theorem 2.3 (Harnack inequality). (E.g. [20].) Let € € WP (Bg), & > 0 a.e., satisfy Apé = f in Bg in the distribu-
tional sense, with f € LY1(BR) and q > %. Then, there exists a constant C, > 0 depending only onn, q, p and R —r
such that

L
supé < C,finte + ("5 o) 7 |
B, i
forall0 <r <R

In the sequel, let us discuss some further inequalities that will be used in the proofs of our main results. The esti-
mates presented herein have elementary character and are mostly known. We include them for completeness purposes
and courtesy to the readers.

Lemma 2.4. Let i € Wl’p(Bl), with2 < pand h € Wvll’p(Bl) be solution to Aph =0 in By. Then, for a constant
c=c(n, p) > 0, there holds

/[IVW’ IVhIP]d /|V(w m|’dx.

By
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Proof. For each 0 < 7 < 1, let ¢, denote the linear interpolation between v and 4, i.e., ¥; := ¢ + (1 — t)h. From
Fundamental Theorem of Calculus we have

1
d
/(|V1//|”—|Vh|'")dX=/d—r</|V1//r|1’dX>dt. 2.1

B 0 By

Passing the derivative through and using the fact that div(|Vh |1’_2Vh) - (Y —h) =01in By, we find

1
/:—,(/er”dx)dr— /dr/ IV P2V, — |VAIP2Vh) -V — h)dX
0

By B

1
:p/%dr/ (IVY P2V — |VAP72VR) - V(i — h)dX, (2.2)
0 B

because {; —h = v (¥ — h). The lemma now follows easily from the well known classical monotonicity

(111772861 — &P 262,61 — &2) > c(n, p)IE1 — &7, (2.3)
for any pair of vectors &, & € R”. In fact, combining (2.1), (2.2) and (2.3) we reach

[wwrr = 19nir) > o, p)/ e [ |90 - wl? =con p)/rf"dr/

By B By

and the lemma follows. O
Lemma 2.5. Let y € (0, 1). For any positive scalars a > 0, b > 0 there holds
(a+Db) < (a” +b"). (2.4)

Proof. In fact, just notice that, since y — 1 is negative, we have
" s t+a)T!, Ve (0, 00). (2.5)

Then, integrate (2.5) from O to b to obtain the desired inequality. O
Next we prove two useful asymptotic inequalities.

Lemma 2.6. Let 0 < u < 1 and suppose a real function ¢ verifies
() <A(r1 o (Mt +r),
min(es, (,_1)
for r small enough. Then ¢ (r) = O(r =1’) as r approaches zero.
Proof. In fact, if ¢(r) < rélep(r)* + r¢2, then for 8 := min(ey, f_—‘ﬂ), there holds

M < rel—ﬁ¢(r)a + re2—p
rB

N<¢ﬂ(re?) +1
rou

)7
s(%) +1,

since £=41 < B. The above readily implies ¢ (r) = O(r#) as claimed. O
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Lemma 2.7. Let ¢ (s) be a non-negative and non-decreasing function. Suppose that

$(r) <cl[(%> +u]¢(R>+c2Rﬁ 2.6)

forall r < R < Ry, with Cy, «, B positive constants and C», |4 non-negative constants, 8 < «. Then, for any o < B,
there exists a constant (Lo = wo(Cr, o, B, o) such that if u < o, then for all r < R < Ro we have

r\’ -
d(r)<Cs3 R [¢(R)+ C2R”] .7
where C3 = C3(C1, 0 — B) is a positive constant. In turn,

@¢(r) < Car?, (2.8)

where C4 = C4(Ca, C3, Ro, ¢, 0) is a positive constant.

Proof. It suffices to show the estimate for o = 8. For 0 <8 < 1 and R < Ry we have

OR\® B
¢(OR) < C [<7> + M](P(R) + 2R

=0C1[1 4 u0~*]¢(R) + C2R". (2.9)

We choose 0 < 6 < 1 such that 2C16% = 6° with B < 8§ < a. Now we take o > 0 satisfying o6 ~% < 1. Thus we
obtain for all R < Ry

P(OR) <O°$(R)+ C2RF. (2.10)
Inductively we get
¢ (0*'R) < 0°p (9" R) + C26"P RP
k

< 9(k+1)5¢(9kR) + C0"PRP Zei(%ﬂ)
i=1
< G0 [p(R) + C2R7] 2.11)
for all k € N. Hence, taking k such that oK1 R < r < 9% R we obtain 2.7).

Finally, we have

¢ <C3( =) [¢(Ro) + C2RT]
Ro

C
= [R_j(qs(Ro)JrczRg)]r” (2.12)
0
which proves inequality (2.8). O
3. Existence and L°° bounds of minimizers

In this section we establish existence and pointwise bounds for a minimum of the functional 7, . The arguments
presented herein work indistinctly for the cases 0 <y < 1 and y =0.

Theorem 3.1 (Existence and L™ bounds). Let 2 C R" be a bounded domain, f € L1(2), ¢ >n, g € WhP(£2) N
L>®(£2) and 0 < Ay # A_ < 00 be fixed. For each 0 <y < 1, there exists a minimizer u, to the energy func-
tional

Ty () := /(IVv|p+Fy(v)+f(X)~v)dX,
2
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over Wol’p + @, where F,(v) := Ay (DY +A_(v)? and by convention, Fy(v) := At X{v>0} + A_X{v<0). Further-
more, uy, is bounded. More precisely,

luyllLo2y < C(n, p,dg, Ao, l@llLo@e)s 1 f La(2))-
Proof. Let us label
Io:==min{J, (v): v e Wé’p + o}

Initially we show that Iy > —oo. Indeed, for any v € WO1 P 4 ¢, by Poincaré inequality there exists a positive constant
c=cn, p, 2, fllLe) > 0 such that

cllvlly, —cllglly, = IVOIL, <IVUlly,. 3.1
By Holder inequality, since
gzn>—"L—, (3.2)
p—1

we have

‘/f(X)vdX‘ SIAL e lvlizr < €t p SO fllalvllee.
2

which combined with (3.1) gives

—C —cllgly, = IV, <IVolz, = Ci(n, p, DN fllzallvlize.

Finally, we reach
—C —cliglzy = IVSIL, <IVVIL, = Ciln. p. DN fllLallvliLe < Ty (). (3.3)
Let us now show existence of a minimum. Let v; € W¢1,’P (£2) be a minimizing sequence. For j > 1,

jy(vj) <h+1

From (3.3) and Holder inequality we obtain

/|ij|de<C||Uj||Lp +Ip+ 1. (3.4
2

By Poincaré inequality we estimate

Clvjllr < C(IVjllLe + Ve + lIdlLr). (3.5)

Also we have
1
ClVjlie <C+§||ijllip' (3.6)

Combining (3.4), (3.5) and (3.6) we reach

/|VUj|PdX <SC(IVoliLe + ¢ller) + 1o+ 1. (3.7)
2

Thus, using Poincaré inequality once more, we conclude that {v; — ¢} is a bounded sequence in W(} "P(£2). By reflex-

ivity, there is a function u € W;’p (£2) such that, up to a subsequence,

v;j —>u weakly in wh? (), vi > u in LP(£2), v;j —>u ae.in$2.
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From lower semicontinuity of norms, we readily obtain
/ [VulP dX < liminf/ IVu;|PdX.
J—>00
2 Q
By pointwise convergence we have, in the case 0 < y < 1,

/Fy(u)—i-f(X)udX <1iminf/ F,(vj)+ f(X)v;dX.
Jj—00
2 2

For y =0, recalling that we are working under the regime A > A_, we have

/LX{u@}dX: / A Xwj>00dX + / A X<y dX

2 {u<0} {u<0}
< / ?»+X{v,->0}dX~I—/)»—X{v,-<0}dX-
<0} 2

Thus,

J—>00

/)»X{ugo}dxgliminf< / )\+X{Uj>0}dX—|—/)LX{Ujg()}dx>.
2 (<o} 2

On the other hand, since v; — u a.e. in §2, we have
/)"+X{u>0} dX = / ?»+( lim X{u,~>0}) dX
j—o00 ’
2 {u>0}
= lim )"+X{Uj>0} dX.

Jj—>00
{u>0}

Hence,

/Fo(u)dXéliminf/Fo(vj)dX.
j—o00
2 2

In conclusion,
Jy () <liminf J, (v;) = I,
j—>00

for 0 < y < 1, which proves the existence of a minimizer.
Let us now turn our attention to L® bounds of u,,, which hereafter in this proof we will only refer as u. Let us
label

Jo = H}f‘ﬂ

that is, the smallest natural number above sup,, ¢. For each j > jo we define the truncated function u; : 2 — R by

- " .
= [ il @9
u if |u| < J,
where sing(u) = 1 if u > 0 and sing(u) = —1 else. If we denote A := {|u| > j}, we have, for each j > jo
u=uj in A? and wuj=j-sing(u) inAj. (3.9

Thus, by minimality of u, there holds, for 0 < y <1,
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/|W|PdX=/|W|P—|W,~|PdX
2

g/f(uj—u)dX+/k+((u;r)y—(u+)y)dX+/A_((u;)y—(u_)y)dX. (3.10)
Aj Aj Aj
Notice that

/f(u]—u)dX_ / fG—wdX+ / fu—j)dx

AjN{u>0} AjiN{u<0}

/Ifl (lul = j)d

Moreover, we have

m [ (@) = @ yax=ae [ @ —w)axea [ () - ) dx

Aj A;jN{u>0} A;jN{u<0}
<0
and
A /((u;)V —(u7))dx = / ((H7) =@ ) dx +a / (j¥ = ul’)dX
Aj A;jN{u>0} A;jN{u<0}
<0.
Then, we find
/F,,(uj)—Fy(u)go. (3.11)

4j
For y = 0 it suffices to notice that u; > 0 and u have the same sign. From the range of truncation we consider,
it follows that (ju| — j)* € W(} "7 (£2). Hence, applying Holder inequality and Gagliardo—Nirenberg inequality, we

/Ifl(lul =) ax <A e N0l =) poca
A

-1 -1
SIfllealAjlT 7" 1 VullLea;),

where p* Young inequality gives
-L_1 > __p ___»r 1 p
I fllalAjl = aIVullLrca;y < ClAj[p=1 a=D pxe=D +5||Vu||Lp(Aj). (3.12)
Combining (3.10) and (3.12) we obtain
/|Vu|de < C|A/~|1_5+g, (3.13)
Aj

where ¢ = Q;[ZZ rf)) and (see (3.1) and (3.7) substituting Iy by J, (¢))

lullLra, ) < 1Ajol 7 ||”||Ll’(A ) SC. (3.14)
(Aj) =

Boundedness of u now follows from a general machinery, see for instance [24, Chap. 2, Lemma 5.2, p. 71]. O



R. Leitdo et al. / Ann. I. H. Poincaré — AN 32 (2015) 741-762 751

Remark 3.2. A consequence of L> estimates for a minimum u to the functional 7, is the universal control of u
in WL-P_ In fact, we have

/|Vu|"dx<Jy<<p)—/Fy(u)dX+/|f(X)||u|dX
2 2 2

< Ty (@) +C(n, p, 2,11 fllze)

<C, (3.15)

where C = C(n, p, $2, ¢, || fllLe) > 0 is a positive constant. Here we used the elementary inequality ¥ < max{l, ¢},
fort > 0 and 0 < y < 1. In conclusion,

lullyrr < C. (3.16)

We close up this section by stating the Euler-Lagrange equation associated to the functional 7,,, 0 <y < 1 as well
as the flux balance — also known as the free boundary condition — satisfied by a minimum u( to Jp, through the free
boundary. The proofs of these facts are rather standard and we omit them here.

Proposition 3.3. Let u,, be a minimum to the functional J,, 0 <y < 1. Then u,, solves

. . I
Apu = %(M(zﬁ)y oy = 2= () " o)) + SfX) in g2, (3.17)

in the distributional sense. Also, if ug is a minimum of Jo, with |{ug =0}| =0, f € LY(£2), g > n, Xo € F+(ug) U
§ (uo) a generic free boundary point and B a ball centered at Xy, then for any @ € C(l) (B, R"), there holds

lim / (((p = DIVuol? — rq)vi, ®)dH"™" + lim / (((p = DIVugl? —r_)va, @)dH" " =0,
€10 €,/70

BN{up=e€} BN{up=¢2}
where v and v, denote the outward normal vectors on B N {ug = €1} and B N {ug = €2} respectively. In particular,
the flux balance

1
Vul |” = |Vug|” = —— Oy — -
| Uy | | Uy | p— 1( + )
holds along any C¢ piece of the free boundary.
4. Sharp C1“ estimates for minima

This section is devoted to the proof of Theorem 1.1, which assures optimal Holder continuity estimates for the
gradient of minima of the energy functional 7,,, for 0 < y <1 and g > n. The borderline situation y =0 and f € L"
will be addressed in the next section.

Hereafter in this section, # = u,, denotes a minimizer of the functional 7, with 0 < y < 1. Theorem 1.1 concerns
an optimal interior regularity result; therefore, in order to prove such interior estimate, we fix an arbitrary point X € 2
and R > 0 such that R < dist(Xo, 92). We will show that u € C* at Xy, for « as in (1.6).

In the sequel we show the first main step in our strategy to obtain sharp regularity theory for minima of the
energy Jy .

Lemma 4.1 (Comparison with p-harmonic functions). Let u € WP (Bg) and h € WP (BR) satisfy Ap,h=0in Bg
in the distributional sense. Then, there exists a positive constant C = C(n, p) > 0 depending on dimension and p
such that for each 0 < r < R, there holds

n+pap
/|W(X) — (Vu),|Pdx < c(%) /|Vu(X) — (Vu)g|"dX + c/|w(X) —Vh(X)|" dx, 4.1)
B, Bg Br

where 0 < a, < 1 is the optimal exponent in Lemma 2.2, which, in turn, reveals the sharp C Le estimate stated in
Theorem 2.1.
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Proof. For each r € (0, R] we estimate

/|Vu(X) — (Vu),|"dX < C, /|Vu(X) —(Vh),|"dX +C) /|(Vu), —(Vh),|"dX,
B, B, B,
for a constant C), that depends only on p. Analogously, we obtain

/|Vu(X) —(Vh),|PdXx < c,,/|vu(X) - Vh(X)|"dX + c,,/|Vh(X) — (Vh),|" dx.
B, By B,

In the sequel, we apply Holder inequality and estimate

p

/(Vu(X) — Vh(X))dX

B,

[, = | ax =
B,

| B, P~

p
< B |1p71 (/|W(X) —Vh(X)|dX)
B,

1 -1 p % P
gw{um P(/|Vu(X)—Vh(X)| dX) }

B,
= /|Vu(X) — Vh(X)|" dx.
B,
Combining (4.2), (4.3) and (4.4) we obtain

/|Vu(X) — (Vu),|"dX < c,,/|Vh(X) - (Vh)r|de+Cp/|Vu(X) - Vh(X)|"dx.
B, B, B,

Interplaying the roles of u and % in (4.5) and arguing in the bigger ball Bg, we find

/|Vh(X) — (Vig|"dX < Cp/|Vu(X) - (Vu)R|de+Cp/|Vu(X) — Vh(X)|"dX.

Bg Bg Bg
Now, in view of Lemma 2.2 and (4.5) we can further estimate

n+potp
/}W(X) — (Vu),|PdX < C(n, p)(%) /|Vh(X) — (Vh)g|"dX
B, Bpr

+Cn, p) /|Vu(X) —Vh(X)|"dx.
Br
Hence, combining (4.6) and (4.7) we readily obtain

n+[)0lp
/}Vu(X) — (Vu),|"dX < Cn, p)(%) /|Vu(X) — (Vu)g|? dX

B, Br

r n+pa,
+C(n,p)|:l + <E) :|/|Vu(X) —Vh(x)|" dX,
Bpr

which finally implies

n+pap,
/|Vu(X) — (Vu),|"dX < C(%) /’Vu(X) - (Vu)R|"dX+C/|W(X) - Vh(X)|"dx,
Bg Bg Bg

and the proof of Lemma 4.1 is concluded. O

4.2)

4.3)

4.4)

4.5)

(4.6)

.7

(4.8)

(4.9)
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We have now gathered all the tools and ingredients we need to establish local Holder continuity of the gradient of
a minimum of the energy functional 7,0 <y < 1.

Proof of Theorem 1.1. We start off the proof by denoting, for writing convenience, Bg := Bgr(Xo) and u = u,
a given minimum of the functional 7,,, 0 < y < 1. Let & be the p-harmonic function in Bg that agrees with u on the
boundary, i.e.,

Aph=0 inBg and h—ueW,"(Bg).

By Lemma 4.1 we have

n+pap
/|W(X) — (Vu),|PdXx < c(%) /|Vu(X) — (Vu)g|"dX + C/|Vu(X) —Vh(X)|"dX.  (4.10)
B, Bg Br

On the other hand, by the minimality of # we have

/(|Vu|1’—|Vh|1’)dX</(Fy(h)—Fy(u))dX—i—/f(X)(h—u)dX. 4.11)
Bg Bgr Br

Invoking Lemma 2.4, there exists a constant C3 = C3(p, n) > 0 such that

C3/(|Vu|p— |Vh|P)dX>/|V(u—h)|PdX. 4.12)
Br Bg
Moreover, we have
/Fy(h) — F,(wdX =y /[(/ﬁ)y — (@) ]dx + - /[(h*)y — (™) ]ax
Bg Bg Br

with

JU6 =@y lax< [ [0 - @) Jax

Bg {ht>ut}
= / [(hT) — (") ]dX + / (ht —ut) ax. (4.13)
{ht>ut}N{ut>0} {ht>ut}N{ut=0}

Notice furthermore that

(ht—ut)dx < / (h —u)” dX. (4.14)
{ht>ut}N{ut=0} {ht>ut}N{ut=0}
By Lemma 2.5 there holds
(%)~ @y lax< [ @ -utyax
{ht>utIin{ut>0} {ht>utin{ut>0}
= / (h—u)dX
{ht>ut}N{ut>0}

</|h—u|de. 4.15)
Bg

Analogously, we obtain
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/[(h_)y —(w7)"]dx < / [(h7) = (u7)"]dX + / (u—h)"dX, (4.16)
Bgr {h=>u=}N{u=>0} {h=>u=}N{u—=0}
with
[y -wylexs [ -y ax
{h=>u=}N{u=>0} {h=>u=}N{u=>0}
= / (u—h)ydx
{h=>u=}N{u=>0}

</|h—u|VdX. “4.17)
Br

Hence, we find

/Fy(h)—Fy(u)dX<C/|h—u|VdX, (4.18)
BRr Br

where C = C (A4, A_) is a positive constant.
Combining (4.12), (4.11) and employing Holder inequality followed by Poincaré inequality and (4.18) we obtain

/|V(u—h)|de<C3/Fy(h)—Fy(u)dX
Br Bg

<C4/|u—h|de
Br

v/p
< cs</|wu - h)|”dX) |Bg|' Y /n=y/p,
Br

where C4 and Cs depend on p, n, A4 and A_. Thus, by Young inequality we reach the following estimate
- _ 1
/ Fy () = Fy () dX < C(p)[C(pondog A)] 77| Byl 0r /07D 4 [V =
Bg

<CP[Cp,n,ay, AP/ P7D B Yy /=y %Hw -n|?,. (4.19)

Y
p—

1
where C(p,y) = (477/) v (%) and C(p) = (%) »=T, Holder inequality and Poincaré inequality yield

p=l_1
/f(X)(h —u)dX <||fllea|Brl 7 9llu—hllLr
Bpr

—1
<N lealBel'T 045 [V =], 4.20)

Thus, applying Young inequality once more, we reach

, 1
V=g, +Z||V(u—h)||”

/ﬂX)(h —w) <CE)(If12a) 7T Brlp T 7 i)
Br

p_ Lig=mp 1
= CPI(IF o) 1Bl 1) 4 [V = m] .21

Replacing (4.19) and (4.21) in (4.10) we easily obtain
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n+pop
/|Vu — (Vu),|"dX < Cn, p, a,,)(%) /|vu(X) — (Vug|"dX
B, Bpg

+C(n, p,ay)C(n, p, by, h_)|Bg|!T1/mpy/(P=1))

(q-")l’]

_p_ 141
+C, p,ap)(Iflna) 7T |Bgl i to=Dg

F\ TPy » py/(p—y) napla=n
<C(% /|Vu(X)—(Vu)R} dX 4+ CR"™PY/(P=Y) L CR"PTra |
Br

where C = C(n, p, Ay, A_,ap, || fliLe) is a positive constant. In view of Lemma 2.7 and WP bounds of u we
conclude

][ [V — (Vu), [P dX < C(n, p, hg, s | fllLa(@) dist(Xo, 382)) - 1%, (4.22)
Br(Xo)

for « entitled in (1.6). Finally, Campanato’s Embedding Theorem (see for instance [16]) gives the desired Holder
continuity of the gradient of u. The proof of Theorem 1.1 is complete. O

Remark 4.2. It is important to notice that the estimates from Campanato’s Embedding Theorem are not uniform as

y goes to zero. In fact, an inspection of the proof of such theorem (see for instance [16, Theorem 1.54]) reveals that

estimate (4.22) implies

2"-Cn, p, A, A=, | f (@), dist(Xo, 982))
2% —1

This is the reason why the constant in Theorem 1.1 does depend upon y, even though the universal constant appearing

in (4.22) does not depend upon y.

|Vu(X) = Vu@)| < X — Y|~

5. Log-Lipschitz estimates

In this section we address sharp regularity for jets and cavities type problems, i.e., y = 0, with sources in the
conformal threshold case f € L"(§2), where n is the dimension of the ambient. Hereafter # = 1 denotes a minimizer
of the energy functional

Jo(v) := /(|Vv|p + A X=0) + A— X0 + f(X) -v)dX, (5.1
2

for scalars 0 < A_ < A4 < oo. Existence and pointwise bounds for ug has been assured by Theorem 3.1.

Proof of Theorem 1.2. We start off by fixing an arbitrary point X¢ € £2 and R > 0 such that R < dist(Xg, 0£2). As
before, we denote Bg := Bgr(Xp). We follow the initial steps of the proof of Theorem 1.1. Let & be the p-harmonic
function in By that agrees with u on the boundary, i.e.,

Aph=0 inBg and h—ueW,”(Bg).

By Lemma 4.1 we have
n+po
/|Vu(X) — (Vu),|"dX < C(%) p/|Vu(X) — (Vu)R|”dx+C/|Vu(X) — Vh(X)|"dX. (5.2)
B, Bg Br

On the other hand, by the minimality of # we have

/(|Vu|P — |VAIP)dX < /(Fo(h) — Fow))dX +/f(X)(h —u)dX. (5.3)

Br Bg Br
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Readily one verifies that

[ (Both = Fow) ax < €2 1Bl

Bpr

As before, applying Holder inequality and afterwards Poincaré inequality we obtain

S=

p=l_
Pt lu—hllLe

/f(X)(h —u)dX < | flir|Brl

;_l+l
SUWfllen|Brl e 7 7n

Therefore, with the aid of Young inequality we estimate

|V (u —h)||L,,.

P

/ PO =0 dX < C)(IF 1) T8I [V =2, + [V

P
—1

=C(P)(If )P T IBrI+ —||V(u m| -

Taking into account (5.2) and replacing (5.4) and (5.6) into (5.3) we reach

n+pap
/|Vu—(Vu),|de<C(n,p)<%) /|Vu(X)—(Vu)R|de
Bg

+ C(l’l, p)[C()‘“I»!)"*)]'BRl +C(l’l, p)C(nv p’)"+’)"*’ ”f”L")'BRI

r n+pap
<C<E) /|Vu(X)—(Vu)R|de+CR”,

—h) ”Ll’

where C =C(n, p, A4, A_, || f|lL») is a positive constant. In view of Lemma 2.7 we obtain

/ |Vu — (Vu),|"dx < cr”,

Br(Xo)

which shows that the gradient of u lies in BMO space and for any fixed subdomain £2’ € §2, there holds

IVullsmoceny < C(2',n, py g, Ao, 11 fllLn)-

From Fefferman—Stein BMO Characterization Theorem, see [8], there exist vector fields Iy, 17, ...,

such that

Vu(X) =I(X) + Y _R;(I}),
i=1

where R ; denotes the classical Riesz transform,
n X
|X |+

Ri(f)=f*K; forK;(X;):=
It now follows by a similar reasoning employed in the Appendix of [11] that

|Vu(X)| < —log|X — Xo|, for X € B,(Xo), p < 1.

Finally, by Morrey’s type estimate, we obtain, for s > n,

54

(5.5)

(5.6)

(5.7)

I, € L®(£2),
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1
|u(X)—u(Xo)|<C|X—x0|l—?-.< / |Vu(Z)|SdZ> ”
By (Xo)
[X—Xol
<C|X—Xo|1‘?</
0
< CIX — Xol - [log|X — Xo|

1/s
llog Z|* - |Z|”—1dz>

9

and the proof of Theorem 1.2 is concluded. O
6. Lower gradient bounds

From this section on, we aim towards gradient estimates to minimizers of heterogeneous p-jet flow functional (5.1).
We remark once more that even for equations with no free boundaries, say A_ = A, it is not possible to obtain point-
wise control of the gradient of i, under the borderline condition f € L". In this case, as proven in Theorem 1.2, the
best control available is of logarithm order. Therefore, from this section on, we shall assume the source function f(X),
appearing in functional (5.1) is g-integrable, for ¢ > n. Under such natural hypothesis, our next theorem shows that
ug grows linearly away from the free boundary §+ := d{u > 0} N £2.

Theorem 6.1. Let ug be a local minimizer to Jy, with f € LY(2), g > n, 2’ € 2 and X¢ € {ug > 0} N 2'. There
exists a constant co > 0 depending only on n, p, Ay and || f|r4(2) such that

u(Xo) = co dist(X(), §+)

Proof. Let us fix Xg € {ug > 0} N £2’. Tt suffices to show such estimate for points X¢ € {ug > 0} N £2’ such that
0 < dist(Xo. ") < 8(n. p. hy [ fllLac))-
for 8(n, p, A+, || fllLa(s2)) to be regulated a posteriori. Let us denote d := dist(Xo, ) and if we define
1
v(X) = EuO(XO +dX),
one easily verifies that v is a local minimizer to
T = [(VEl +hixieony +d- (X +d-X)-£C0) aX.
B

in WO1 "P(B1) 4 v. The thesis of Theorem 6.1 is equivalent to proving that v(0) is universally bounded away from zero.
Clearly v > 0 in B;. By Harnack inequality (see Theorem 2.3), we have

V() < Cl, p) [0 + [d - fXo+d - X)| [ty
<Con O+ (@ T 1/1,)7T). VX € Bys. (6.1)
In the sequel, we choose a nonnegative, smooth radially symmetric cut-off function i satisfying
¢=0 inByo and ¢=1 in B\ Byp
and define the test function g in By by
g(X) :==min{v, C(n, p){v(0) + (dFg : ”f”q)ﬁ} Y (X}
Notice that g € WP and from Harnack inequality, estimate (6.1), g agrees with v in By \ By,2. Let us label the set

By D IT1:={Y € Bi»: C(n, p){v(0) + (dl v ”f”q)ﬁ} YY) <v(Y)} D Byjmo.
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From the minimality of v, we estimate

/A+(1 = Xig=0) +d - f(Xo+d - X) - [v(X) - g(X)]dX < /(|Vg|" —|Vv|P)dX. (62)
b b
The right-hand side of (6.2) is readily estimated as

/(IVgI” —[Vol?)dX < [Cn, p){(0) + (@' 7 - IIfIIq)”l‘l } -l lloo]”

n . B
<CvOP +C[d 7| fllg]7 - (6.3)

We now turn our efforts towards estimating the left-hand side of (6.2) by below. Readily we obtain

/)‘—&-(1 - X{g>0})dX :/)\+X{g=0} dX

a n
2 Aq|Biji0l. (6.4)
Invoking once more Harnack inequality (6.1) and the fact that IT C By, we estimate
n n 1
/d FXo+d-X) - [v0) = g(X)]dX <C(d' 70| fllg) - {v© + (@71 - I £llg) 7T} (6.5)
a

Combining (6.3), (6.4) and (6.5) we reach

P -2 -2 =
C{v@P +(d "7 -1 fllg)v©} = Ay|Bijiol —C[d "¢ - fllg]7- (6.6)
Therefore, choosing 0 <d < &(n, p, A4, || fllLe(2)) <K 1, appropriately, we conclude
v(0) > c(n, P, Ay, ||f||q) >0,
and the proof of Theorem 6.1 follows. O

Next we iterate linear growth established in Theorem 6.1 as we obtain a stronger non-degeneracy property for ug
near the free boundary.

Theorem 6.2. Let ug be a local minimizer to Jy, with f € L4(82), ¢ > n, 2’ € 2 and X¢ € {ug > 0} N 2'. There
exists a constant ¢ > 0 depending on n, p, Ay and || f|lL1(@), such that

sup ua' =c-r,
By (Xo)

forany 0 < r < dist(382', 082).
Proof. By continuity, it suffices to show uq is strongly non-degenerated, i.e., the thesis of Theorem 6.2 holds within
the positivity set

2 :={up>01N2".

We will obtain such a result by iterating linear growth estimate. More precisely we will initially show that there exists
a 8o > 0 that depends only on n, 2, p, A4 and || f||4 such that if X € {ug > 0} N £2, there holds

sup  up = (14 8p)uo(Xo), 6.7)
By(x)(Xo)

where d(X) :=dist(X, ). In order to verify (6.7), let us assume, for the purpose of contradiction, that no such a 8y
exists. If so, it would be possible to find sequences §; = o(1) and X ; € {ug > 0} N §2’ satisfying

sup ug < (1+8,)ug(X;), ford;:=dist(X;,§)=o(D). (6.8)
Ba; (X))
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Let us consider the following normalized sequence of functions ¢; : By — R defined by
uo(X;+d;2)
0j(Z2) = —~ =
uo(X;)
Clearly, 0;(0) =1, and from (6.8),
0<p0;<1+3; inB. (6.9)
In addition, g; satisfies
d?
Apoj=—=L—— f(X;+d;Z), 6.10
pQj u()(Xj)p” f( j j ) ( )

in the distributional sense in Bj. Taking into account the linear growth established in Theorem 6.1 and Eq. (6.10), we
reach

[Apojl <Cd;- f(Xj+d;jZ), inBy. (6.11)

From Harnack inequality, we deduce the sequence {g;} jen is locally equicontinuous in By; thus, up to a subsequence,
0 — o locally uniformly in B;. Harnack inequality further reveals that for any |X| < r < 1, there holds

1—n
0<[1+8;1-0;(X)<Cr([1+8;1=0;O +d; *-Iflg)=Cr-oD). (6.12)

Letting j — oo in the above estimate, we deduce the limiting blow-up function ¢ = 1 in Bj.
We now show that such a conclusion drives us to an inconsistency. To this end, let Y¥; € %t be such that d =
|X; — Y;|. Up to subsequence, there would hold

Y, —X;
I +o(l)=0; g =0,
J

which clearly gives a contradiction for j > 1. We have shown the validity of estimate (6.7).
To finish up the proof of Theorem 6.2, we employ a Caffarelli’s polygonal type of argument. That is, we construct
a polygonal along which u¢ grows linearly. Starting from X = X, we find a sequence of points {X,},>0 such that:

Louo(Xp) = (14 80)"uo(Xo);
2. |X, — Xy =dist(X, -1, §1);
3. uo(Xy) —uo(Xn—1) 2 c| Xy — Xn—1l. In particular, uo(X,) — uo(Xo) = c|Xn — Xol.

Since u(x,) — oo as n — oo this process must be finite, that is, there exists a last X,,, in the ball B, (Xy). For such
a last point,

| X5y — Xol = cpr.
Finally,

sup up 2 ug(Xyy) = uo(Xo) +c¢lXy — Xol Zc-r,
B, (X)

and the proof is concluded. O
7. Stability for free boundary problems

In this section we show the stability of the family of free boundary problems obtained by the minimization of the
non-differentiable functionals

Ty (v) := /(|Vv|p + 2. (v +2-(v7)" + f(X) - v)dX — min, (7.1)
2
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as y = o(1). The ultimate goal of this section is to show that any limit point ug of {u} },—o(1) is a minimizer to the
p-degenerate cavitation functional

Jo() := /(|VU|‘" + A X0} + A xp<oy + f(X) -v)dX. (7.2)
2

Initially we show compactness of {u, }o<y <1 in the WP topology.

Proposition 7.1. Let u,,; be a sequence of minima to the functional Jy,;, f € L" and assume u,,; — v a.e., yj = Yo.

Then for any 0 < E < 00, uy; — v in the WIL’CE (82) topology.

Proof. It follows from Proposition 3.3 and a.e. convergence that A pUy; = Apv in the sense of measures. Thus, from
truncation arguments, see for instance [4],

Vuyj — Vv ae.in £2. (7.3)
From Theorem 1.2, for any 2" € £2, there exists a constant C (n, p, A1, A—, £2', || f|l»), independent of y;, such that,

IV, llBmocey < C(n, po g Aey 27, (1 f [1n).- (7.4)
Thus, from John—Nirenberg’s Theorem, for 1 < E < oo fixed,

IVuy, I ey < C(ny pydgs Aoy ' 11 f lln).- (7.5)
Finally, combining (7.3), (7.5) and classical arguments, see for instance [12], we deduce

Vu,, - Vo in LE(.Q’),

and the proposition follows. O

Theorem 7.2. Let ug :=limy, uy,; as yj — 0. Then ug is a local minimizer of Jy.

Proof. Let B, be a ball in £2. Given an arbitrary W17 function  that agrees with ug on dB,, we have to show
that

Jo(By,uo) < Jo(Br, V).
By density we may further assume that i is bounded. Let us define the interpolated function
P { uo + 5=y —uo) in Briy\ By
v " in B,.
One simply verifies that

1 .
IV, al” < Cp{IVuol” iy, = wol? 4 |Vry, ww} in By \ Br. (7.6)

In the above estimate, we have used the classical facts:

X IX|—r\” .
V(|X|):m and A <1 in Byyp \ By. (7.7

By L bounds, Theorem 3.1, there exists a constant C1 > 0, independent of y;, such that ||uyj loo < C1. Thus, if we
denote

Hj;(z) = (%),
we have

Hy Yy, 0) < BC1YT - in By \ By, (7.8)
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and

Hy, by, ) < (1 12(5)" Xiwy, 201 i By (7.9)

We can estimate

Ty Briis Yy ) = / IV, + dog Hyf Gy, ) + A=y () dX
Br+h\Br

| X|—r

+ / f(X)|:u0+T(uyJ _MO)]dX‘I'jyj(Br: ¥)
Br+h\Br
<Cp / [Vuol? dX + C)p / IVuy, — Vuol? dX
By 1\B:r B, 4\By
. C
+[24BCDYT +3C1]CplBrn \ Brl + 7 / Juy, —uol” dX
Bryn\Br
+ Jo(Br V) + (1V 115, — 1) / he X(p=0) + A— Xy <o) dX
B,
_1
+1Bran \ BT fllo ). (7.10)
By pointwise convergence u,,; — ug we have
lim |uy; —uolPdx =0 (7.11)
J—>00 ’
By +n\Br

and by Proposition 7.1

lim / Viuty, — Vuo|Pdx =0. (7.12)
j—oo
Brin\Br

From the minimality property of u,,,

Ty Bran ) > Ty Branit) > Ty B+ [ £00u, ax. 7.13)
Br+h\Br

Furthermore, it follows from Proposition 7.1

/|Vu0|1’dx: 1im /|wyj|1’dx. (7.14)
J—>00
B, B,

By the pointwise convergence u,,; — ¢ and Fatou’s Lemma (see the proof of Theorem 3.1), we conclude

/)»+X{uo>0} + A Xuo<0y dX < lij_Iggf/l+(uyj)ny{u,j >0y + A (uy)" Xuy, <0y X, (7.15)
B, B,
and
lim [ f(X)uy, dX = lim /f(X)uodX. (7.16)
j—oo j—oo
B, B,

Finally, combining (7.10)—(7.16) we reach
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Jo(By, uo) < iminf Jy, (By 15, uy;)
j—00

< Jo(Br, )+ Cp / [Vuol” dX

Brin\Br
_1
+ Qhg +3C)Cp|Brin \ Byl + 1Brin \ Bel' 711 fllLace)- (7.17)
Letting &7 — 0, we finish the proof of Theorem 7.2. O
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