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Abstract

In this paper we consider a steady state phase transition problem with given convection v. We prove, among other things, that
the weak solution is locally Lipschitz continuous provided that v = D& and £ is a harmonic function. Moreover, for continuous
casting problem, i.e. when v is constant vector, we show that Lipschitz free boundaries are C 1 regular surfaces.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we study a stationary phase transition problem where the liquid phase is in motion. For given convec-
tion v, the problem is of determining the temperature 7 from the equation

AT =div[vB(T — Tg)] + f. (1.1

Here B(s) = as + £ H (s) is the enthalpy, a is the specific heat constant, £ is the latent heat constant, H is the Heaviside
function, T is the solidification temperature and f is a given function that accounts for heat sources or sinks. As one
can see, (1.1) is the heat balance equation written for the enthalpy 8 [21]. (1.1) is also known as Stefan problem with
convection.

It is well known that (1.1) portrays various phase transition models. For instance, if v is constant then we have
the so-called continuous casting problem, which is a practical example of a free boundary problem appearing in
industry [1,6,13,22]. It models a metal fabrication technique whereby molten metal is poured into an open mold and
subsequently cooled by a stream of water and extracted at continuous velocity. This method is used most frequently to
cast steel, aluminum and copper, because it allows low cost production of metal sections of good quality [25]. Another
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example of this sort is phase change in saturated porous media. For more details concerning the physical background
of this equation, see [1,6] and references therein.
If we suppose that Ts = 0 then (1.1) transforms into

AT =div[vB(T)] + f.

Notice that 8 has abrupt behavior at s = 0. Typically g(T) =€ + fTTsa(r) dt for T > Ts and B(T) = fTTS a(r)dr
if T < Ts. Here a is the specific heat which in this paper is assumed to be constant. Hence the solid region is char-
acterized by T < Ty and the liquid region by 7 > Ts. Any region where T = Ts and 0 < B(T") < ¢ is called mushy
region [1,19]. The presence of mushy region means that we do not have sharp separation of phases. There are several
boundary conditions guaranteeing that the mushy region is empty, see [13,19]. However, our primary interest here
is the boundary of the sets T > Ts or T < Ts. To fix the ideas we consider I" = d{T < Ts} which we call the free
boundary and study its properties. Our methods can be equally applied to the set 0{T > Ts}.

The objective of this paper is to prove that weak solutions of (1.1) are locally Lipschitz continuous. Moreover the
Lipschitz free boundary must be C ! smooth, see Theorems A, B and C below.

The phase transition problem with convections has been studied by several authors, see [21] and references therein.
The existence of W12 weak solutions to various boundary value problems for (1.1) can be established by penalization
method [13,16,21]. In this way one obtains a bounded Holder continuous solution for a suitable boundary data. Our
first result, Theorem A, strengthens this result up to log-Lipschitz continuity under some weak conditions on the
boundary of the domain and the boundary data. However the optimal regularity of the solutions is Lipschitz as the
free boundary condition (7.5) indicates. One of our main results in this paper is the local Lipschitz continuity of weak
solutions for one phase and two phase problems, see Theorem B. It should be noted that Theorem B does not follow
from Theorem A in [5], since we do not assume that the free boundary is given by the graph of a Lipschitz continuous
function.

Having proven the optimal regularity of weak solution, we address the free boundary regularity which is a very
delicate problem. To tackle it, we apply the free boundary regularity theory for viscosity solutions. The latter is yet
another notion of generalized solution, which utilizes the maximum principle at the regular (in some weak sense) free
boundary points via a Hopf type lemma. This method was developed by L. Caffarelli for the pure Laplace operator
in the series of papers [7,8]. Extension to more general class of operators is proven by M. Feldman in [15]. In view
of these results the regularity problem reduces to the equivalence of weak solution to the viscosity solution which is
contained in Theorem C.

2. Outline

The paper is organized as follows. In Section 3 we introduce some notations used throughout the paper. In Section 4
we state the phase change problem with convection and give its weak formulation. It is worthwhile to point out that
one phase problem is linked to obstacle problem as the computation (4.4) shows. In particular we get that the positive
part of weak solutions to continuous casting problem, i.e. when v = ey, are locally non-degenerate, see Proposition 2.

The main results of this paper, Theorems A, B and C, are formulated in Section 5. First we show that the weak
solution is locally log-Lipschitz continuous. This improves the known result that u = Ts — T is a-Holder continuous
for any o < 1. Under further assumption that the lateral boundary ¥ = 9£2 x (0, L) is Liapunov—Dini surface and the
Dirichlet data prescribed on X is C%! we show that the log-Lipschitz estimate holds in C; = £2 x (0, L). As a result
one obtains that the free boundary is a log-Lipschitz graph over 2 ¢ R¥~!. This is contained in Theorem A and the
proof is given in Section 6.

If we have sharp separation of solid and liquid phases, i.e. the interface does not have thickness, then one can
deduce the free boundary condition for smooth solutions directly from Eq. (4.5). This is carried out in Section 7.

In Section 8, we prove that the weak solutions to one phase problem are Lipschitz continuous on any subdomain
of C;, = £2 x (0, L). According to the free boundary condition (7.5) the Lipschitz regularity of free boundary is
optimal. The rest of Section 8§ deals with the one phase continuous casting problem, i.e. when u > 0. Using a strong
connection with the obstacle problem we show that u is non-degenerate at free boundary points. This implies that
the free boundary d{u > 0} is locally a set of finite perimeter. Moreover, it is N — 1 rectifiable. In Section 9 by
employing Alt—Caffarelli-Friedman monotonicity theorem we prove optimal regularity for the solutions of the two
phase problem. Note that the proofs of Lipschitz continuity for one and two phase problems differ considerably.
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Measure theoretic properties of d{u > 0} for two phase continuous casting problem are discussed in Section 10
where we extend the results from Section 8 under some assumption on the Lebesgue density of positivity set near
Xo € d{u > 0}. We point out that the same argument works for d{u < 0}.

Finally in Section 11 we prove Theorem C stating that the weak solution is also viscosity solution. The proof
utilizes Lemmas 2.2 and 2.3 from [11] and a careful analysis of blow-up limits. As a result we obtain that Lipschitz
free boundaries are C! from Theorem 1 of [15] and conclude the proof of Theorem C.

3. Notations

Co,C1,Cp, ... generic constants

XD the characteristic function of aset D c RV, N >2

Q2 the closure of 2

082 the boundary of 2

v outer unit normal

X=(x,z) eRV x=(x1,...,xny-1,0)

Du the gradient of u, Du = (0x,u, Oy, u, ..., d;u), 0x;, = 8LXI-’ i=1,...,N—1,0;,= 3%
CL the cylinder Cp = £2 x (0, L), L > 0 for some £2 CRN-!
B, (X) (Y eRN: Y — X| <r}

B, B (0)

I, I'(u) d{u > 0} — the free boundary of u

221 (w) Q7w ={x: ulx) >0}

27w 27 () ={x:ulx) <0}°

vt max(v, 0) = —min(—v, 0) >0

v max(—v, 0) = —min(v,0) >0

4. Statement of problem

Given a bounded domain £2 ¢ RY~!. For fixed L > 0 we denote C;, = £2 x (0, L). Let X € C;, C R, then the
notation X = (x, z) is used throughout the paper, where x € §2, z € (0, L). Our starting point is to rewrite Eq. (1.1)
for u = Tg — T. Notice that various but equivalent forms of Eq. (1.1) are considered in [13,21,22].

4.1. Consistent mathematical model

In this section we will slightly transform (1.1). Let 7 (X) be the temperature at a point X € Cp and Tg be the
solidification temperature. Thus the liquid phase is characterized by T (X) > T. Introduce the normalized temperature
T(X)=T(X)—Ts and put

u(X)=—-T(X)=Ts — T(X).
As T solves the heat balance equation (1.1), it follows that the normalized T solves the equation

AT = div[v(D)] + f.

If we take u = —T then from the previous equation we get
Au = div[—V,B(—u)] - f
=div[v{au + Bo(w)}] — f — tdivv, 4.1)
where
0 ifs <0,
Bo(s) = { €[0,f] ifs=0, 4.2)
L if s > 0.

Redefining f = — f + ¢divv and 8 = as + Bp we infer that u solves the following equation
Au=div[vBw)] + f. (4.3)
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For the one phase problem, i.e. when u > 0 in Cr, Eq. (4.3) can be linked to the obstacle problem [9]. To see this
we suppose that u vanishes in the strip £2 x [0, §] for some positive §. We assume that f is a function of X and u. Let
us take Bo(t) = £x{t > 0} and v = ey, i.e. the unit direction of z-axis. Then, under these assertions, u is the solution
of Au(X) = 3, Bw(X)) + f (X, u(X)).

Next we introduce the Baiocchi transformation w(x, z) = foz u(x,s)ds and compute

Z

N—1
Aw(X) = /[Z B 1 (X, s):| ds + 0,u(X)
i=1

0
z

= /[Bzﬂ(u(x, s)) + f(x, s, u(x,s)) — azzu(x, s)] ds + d;u(X)

0
=Bu(X)) — B(u(x,0) +/f(x, s, u(x.s))ds + d.u(x,0).
0

By assumption # = 0 in 2 x [0, 8], thus u(x,0) = d;u(x,0) = 0, therefore from the definition of f(¢) = at +
Lx{t > 0} we get

Aw(X) = ﬂ(u(X)) +/f(x,s, u(x.s)) ds
0

=au(X) + Lx{u(X) > 0} + F(X). 4.4)

Here f(X) = [y f(x,s,u(x.s))ds.

This observation accounts for a strong link between the one-phase continuous casting problem and the inhomoge-
neous obstacle problem Aw(X) = aw,(X) + £x {w(X) > 0} + f(X). In particular for the Stefan problem with f =0
and a =0, (4.4) is the classical obstacle problem provided that x {u > 0} = x{w > 0}. In Section 8 we will utilize
(4.4) to prove the non-degeneracy of u for the one phase continuous casting problem.

4.2. Weak formulation

The main objective of this paper is to study the optimal regularity of weak solutions to the equation
Au(X) = div[v(X)B(u(X))] + £ (X, u(X)) (4.5)

and the smoothness of the free boundary d{u > 0}. Here f = f(X,u) is a given function of variables X € R" and
u € R, measurable in X for any u € R, and v is a given vector field defined in Cy .

In order to formulate this equation in weak sense we shall require that v e L% (Cy, RY) and v is weakly divergence
free, i.e.

/v-D<p:0, Vo € H (Cp). (4.6)
CL
Furthermore, we shall assume that
f(X, u) is continuous in « and there is f* € L>(Cz) such that sug|f(X, u)| < fA(X), ae. X €Cyp, 4.7
ue

see [21, p. 189].

As in Section 4.1 we interpret u(X) as the normalized temperature at a point X € C;, whereas f accounts for
sources and v(X) is the velocity of convection. Recall that (4.5) manifests the heat conservation of thermodynamical
system with enthalpy 8 = B(u) defined as follows

as ifs <0,
B(s)=1¢€[0,¢] ifs=0, (4.8)
as+L0 ifs>0.
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Here a > 0 is a constant. An equivalent definition S(s) = as + Bo(s), with_ﬁo given by (4.2), will be used as well.
First we formulate the Dirichlet problem for (4.5) in Cr.. For ¢ € C*°(Cr) we multiply Eq. (4.5) by ¢ and integrate
by parts. This yields the identity

/(pDu-v—/DuD(p:/¢,3(u)v~v—/ﬂ(u)v-D<p+/fg0. 4.9)
Cr CL

aCr. Cr aCy

Upon taking ¢ € HO1 (Cp) in the last identity, the boundary integrals vanish. Thereby we get the first integral identity,
used in the weak formulation of (4.5):

/,B(M)V-Dgo—/DuDgo:/ﬂp, Vo € Hy (Cp). (4.10)
Cr Cr Cr

Definition 1. Let v e L®(Cz, RY) and (4.6)—(4.7) hold. Then u € H'(Cy) is said to be a weak solution of (4.5) if
(4.10) is satisfied. Here 8 is the maximal monotone graph given by (4.8).

For a function g € C(3Cy) N H L(Cy) it is convenient to introduce the functions
ho(x) =2(x,0), hp(x)=2g(x,L), and g(X)=g(X) ifXe€d2x(,L). “4.11)

In other words hg(x) (resp. hz (x)) is the restriction of the trace of § € C(Cp) N HY(Cp) on £2 x {0} (resp. on £2 x {L}).
Now consider the weak solutions to Dirichlet’s problem

Au =divlvBu)]+ f inCg,

u(x,0) =ho(x), x €S2,
u(x,L)=hr(x), x €S2, (DP)
u=g(X) on X =082 x (0,L).

Definition 2. Let v e L>®°(Cy,RV) and (4.6) and (4.7) hold with f* € L*(Cz). A pair (u, ) is said to be a weak
solution to (DP) if u € Hl(CL), nepm),u=gon X =08 x (0,L), u(x,0) =ho(x), u(x,L)=hr(x), x € £2 and
for any ¢ € H(} Cp)

/nV~Dg0—/DuD(p=/f<p. “4.12)
CL

Cr CL

Remark 1. It is well known that if v and f satisfy the conditions in Definition 2 then a weak solution (u, n) of (DP)
exists (see [21, Theorem 4.14]). Moreover u € C*(Cy) provided that g € C*(dCr) N H'(Cy), see [22].

The theorem to follow is a simple comparison principle for the weak solutions of (DP) (see [21, Proposition 4.17]):

Proposition 1. Let v be Lipschitz continuous in Cr. Assume that f(X,u) is monotone decreasing in u, continuous
in X and Lipschitz continuous in u. Let (u, n) be a weak solution to (DP) and (u*, n*) be a supersolution to (DP):
that is (u*, n*) satisfies u* € H'(Cr), u* > % on 3Cy, n* € B(u*)

/n*v D¢ — /Du*D(p < /fw, peHy(CL), ¢ >0.
CL CL )
If lul + |u*| = p, in S, = 82 x (L — p, L), for some positive small p > 0, then
u<u*,  n<nn.
Remark 2. If 3 € H'(C) and for some constant p > 0, 3 > p (or g < —p) in <, N ACy, then there exists a unique
weak solution to (DP), see [22, Remarks 3—4]. The assumption |u| + |u*| > p, in the strip ¥, = £ x (L — p, L),
is called “sufficient condition for stability”. It is not known if the Comparison Principle holds without assuming it.

However for a suitable data g, large on §£2 x L (or respectively small on £2 x {0}) this assumption holds, see [22,
p. 265].
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5. Main results
Definition 3. Let K C R" be a compact set.

e The class of log-Lipschitz continuous functions defined on K is denoted by LC%! (K). Thus u € LC%!(K) if and
only if

lu(X1) —u(X2)|

1
X1.X2ek | X1 — X2|log X1 —Xa|

e We say that u is locally log-Lipschitz continuous in the domain D RV if u € LC%!(K) for any K € D. The
class of locally log-Lipschitz continuous functions in D is denoted by LC?(;C1 (D).

e The class of Lipschitz (resp. locally Lipschitz) continuous functions is denoted by C O*I(D) (resp. (CIOO’C1 (D))).

Theorem A. Let ve L (Cr,RN), f(X,u) be bounded on Cy, x I for any finite interval I C R and (u, ) be a weak

solution to (DP) in the sense of Definition 2. Suppose that g € COYC and ho(X) = —m~ <0and hp (X)) =mt >0

are constants, see (4.11). Then

1° u is log-Lipschitz continuous in Cy, i.e.

sup X)) —uX)|  _ o: (5.1)

_ 1
X1, x,eC; | X1 — Xa|log X1—X2]

2° If, in addition, v = ey, f =0 and there exists a positive constant cy > 0 such that

hminfg(x,z) —g(x, z0) >
220 Z—20

>0, Vxed, (5.2)

then the free boundary is a graph of a log-Lipschitz continuous function over 2. Here g is the restriction of
boundary data g on the lateral boundary X = 2 x (0, L), see (4.11).

Remark 3. The LC%! (Cp) estimate for u, under the assumption g € C%! (as in Theorem A) and ¥ = 92 x (0, L)
being a Liapunov—Dini surface, cannot be improved. Indeed, it is known that if w is harmonic in a domain D with
C? smooth boundary, w = ¢ on D with ¢ € C%1(D), then near 3D we have |Dw(x)| = O(log m), see [17].
Clearly, if one takes @ =0, f = 0 then u will be harmonic away from the free boundary, so the gradient Du may not
be bounded.

Next we would like to analyze the local regularity of the weak solution to (DP). The conditions imposed on v for
the one phase case are weaker than those for two phase problem, namely we assume that v is a gradient of a harmonic
function, whereas for nonnegative solutions u#, v can be any Lipschitz vector field.

Theorem B. Let u be a bounded weak solution of (4.5) (see Definition 1) with f (X, u) being bounded on Cy x I for
any finite interval I C R.

1° Ifu>0inCr andve C® (Cr,RN) thenu € Cl(())c1 (CL). Moreover, if v=-e, and f(X,u) < og for some oy < ﬁ
then u is locally non-degenerate.

2° Let u be a weak solution, v= D& and & is harmonic. Then any continuous weak solution of (4.5) is locally
Lipschitz continuous.

3° Under assumptions above the free boundary d{u > 0} is countably N — 1 rectifiable provided that u™ is non-
degenerate.

Remark 4. The last statement of Theorem B can be extended to d{u < 0} under the assumption that #~ is non-
degenerate.



A.L. Karakhanyan / Ann. I. H. Poincaré — AN 32 (2015) 715-740 721

It is worthwhile to point out that C%! is the best regularity for continuous weak solutions. This can be seen from
the free boundary condition (see (7.5)). Notice that the linearly scaled solutions

u(Xo+r;jX)

ur; (X) = , Xoe€d{u>0},r;>0,7;]0

,
J

are Lipschitz continuous by Theorem A, because D(r; “lu(Xo+r X)) = (Du)(Xo + r; X). Furthermore, employing

a customary compactness argument we can see that u,; — uy, at least for a subsequence, locally uniformly and weakly

in H! so that Aug = div[v(Xg)Bo(up)], where By is given by (4.2). The function ug is called a blow-up limit of u
at X. This observation allows us to study the regularity of free boundary for the weak solutions by showing that, in
fact, u is also a viscosity solution, see Definition 5.

Theorem C. Let u be a weak solution of two phase continuous casting problem and suppose that f = 0.

1° Then u is a viscosity solution in the sense of Definition 5.
2° [f the free boundary is Lipschitz then it is smooth.

Theorem C allows us to utilize the free boundary regularity theory of L. Caffarelli [7.8,12], developed for the
viscosity solutions. In particular the second part of Theorem C follows from Theorem 1 in [15].

6. Log-Lipschitz estimates

The proof of Theorem A is tailored from two lemmas below. The first one deals with the interior LCO'I(CL)
estimate.

Lemma 1. Let u be as in Theorem A, then for any compact set K € Cy, there exists a positive constant C =
C(N,a,lt, supc, lul, SUPxeC, . |o|<supe, |ul | f(X, t)|,dist(K, 0Cr)) such that the following estimate holds
’ <X L
lu(X1) —u(Xr)|

1
X1.X2eK | X1 = Xo|10g =57

<C. 6.1)

Proof. To fix the ideas we assume that B = B{(X) is an open ball and B € C; . By Green’s representation formula

u(X) = v(X) + / Au(Y)G(X,Y)dy,
B

where G (X, Y) is the Green function of B with pole X and v is the harmonic lifting of « in B, i.e. Av=01in B and
u =v on dB. Since Au = div[vn] + f then after partial integration Green’s representation transforms into

u(X)=v(X) — /nv -DyG(X,Y)dY +/f(Y, u(Y))G(X, Y)dY. (6.2)
B B
By definition of weak solutions n € 8(u) hence |n| < Co, for |u| < M is bounded by Remark 1, and |8| <aM +
£ := Cy. In particular it follows that |v| < M and it is smooth in half ball B 1 whereas the log-Lipschitz estimate in
%B for the first integral follows from [20, Theorem 2.5.1]. As for the Green potential of f, it is enough to recall that
lu| < M, so by assumption f (X, u(X)) is bounded. Thus the second integral is C! smooth function of Y € %B. O

Next we estimate u near the lateral boundary 92 x (0, L) = X.

Lemma 2. Assume that Xy = (xg, zo) € 082 x (0, L) and Ry < min(zg, L — z¢). Then there exists a positive con-
stant C = C(N,a, ¢, supc, |ul, supXGCLJﬂgsuch i | f (X, D), Ro, lIgllco.r) such that for any Xo € 982 x (0, L) the
following estimate holds

|u(X1) — u(X2)| < C|X; — Xa|log . VX1, X2 € Bg,(Xo) NCr.

[ X1 — X>|
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Proof. We first flatten out a piece of the lateral boundary X' = 92 x (0, L) by a Liapunov-Dini map ¥ = T(X). Then
X =S(Y),S=T"! and in Y-coordinates T(B,(Xo) N X) C {Y1 = 0}. Then this change of variables preserves the
structure of the equation because for # = u(S(Y)), ¢(X) € C5°(Cr), ¢(Y) = ¢(S(Y)) we have

/ Dy, u(X)Dx,¢(X)dX = / Dy, W(Y) S} (X) Dy, §(Y)Sk (X)dY.

Bgy(Xo)NCL T(Bry(X0)NCL)

Notice that the matrix A" (Y) = S}’?l_ (S(Y))Sé‘(’_ (S(Y)) is a uniformly elliptic with Dini-continuous entries.
As for the first integral on the left hand side of (4.10), it transforms into

/ Sy (S(N)B(H(Y)) Dy, F(Y),

DNCy

where V(Y) = v(S(Y)). Therefore U satisfies the equation £z = div[v(DS)' 8(u)]+ Fwith £(Y) = £(S(Y), u(S(Y))),
=g =g(S{))onY =0and

LU =div ADu.

In particular & € W'2(T(Bg,(X0) N C)).
Put D = T(Bg,(Xo) NCr). Without loss of generality we may assume that the upper half ball B]+ ={Y,|Y| <1,
y1 >0} C D, 0=T(Xp). We want to use a reflection method and put v = — g;. Clearly v satisfies the equation

Lv=divF+ f (6.3)

with F = [V(DS)'B(t) — ADg1]. Notice that v =0 on {y; =0} N D.
Let v* be the odd reflection of v, that is

% V(Y15 Y25 -+, YN)» y1 >0,
v =
—v(=y1,¥2,...,¥8), Y1 <0,

then v* solves the equation
Lv* =divF*+ f*,  in By
where

f*(Y):{f(Zlvy27~..yyl’l)v yl>0, F*Z{F(y],yz,...,y]\/), Y1 >07
—f(=y1,52,---5y), » <0, —F(=y1,y2,...,9n8), y1<0.

Now we take w to be the solution of Lw =0 in By and v* — w =0 on 9 B;. Then using Green’s representation
formula with Green function G 4 (Y, Y) of operator Lu = div(ADu) with pole Yy (see [24, Theorem 1.1]) and after
integration by parts, we obtain

v*(Yo) — w(Yo) = /[f*(Y) + divF*|G 4(Yo, Y)dY
By

=/f*(Y)GA(Yo, Y)dY—/F~DGA(Y0, Y)dY
Bl B]
= J1(Yo) + J2(Yp)

where we set
J1(Yo) =/f*(Y)GA(Yo, Y)dy,

By

JH(Yp) =— /F DG (Yo, Y)dY.
B
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It follows from [24, Theorem 3.3] that J; (Yp) € Cl*V(B%), for any y € (0, 1), because f* is bounded.
To deal with J,, we take small p < % and set Jz,p(Y’) = fBl\Bp(y/) F-DG4(Y',Y)dY. Notice that
| 12(Y) = 2,5 (Y')| < Csup Blp,

again by [24, Theorem 3.3].
Differentiating J, ,(Y’) we get

D ,(Y') = / F(Y)-DG(Y'.Y)dY — / F(Y)D*G(Y',Y)dY
9By(Y') Bi\By(Y")

and using the estimates of [24, Theorem 3.3] (by definitions the entries A are Dini continuous) we conclude

|DJ,(Y')] < C[l +1og<1 + %)}

with some tame constant C.
Now the above estimates and

(1) = 2(1")] < D2 () = o ()] [ 2(") = Ja (V) 4 [ () = J (4.
with p = |Y' — Y| yield

[*(Y") = v* (Y")| < [w(Y) —w(¥Y")| + C|Y' — Y”||:1 +log(1 + ﬁ)}

Finally we recall that the standard elliptic theory [24] yields that w is C! regular in %B. Hence for p < % we get
that v* has modulus of continuity 6*(¢) = tlog % Returning to X variable the result follows. O

Lemma 3. Let u be as in Theorem A. Then u € LC%1 (2 x (0,8) U 2 x (L — 3, L)).

Recall (4.11) and that sg(X) = —m~ < 0 and hy (X) =m™ > 0. For small § > 0, u solves the equation Au =
div[(au + £)v] + f in 2 x (L — 8, L). Then for v =m™ — u we have Av = div[(av + £)v] — f(X,mT — v(X))
and v =0 on £2 x {L}. Thus the odd reflection of v solves the same equation in £ x (L — 8, L + §) with a C%!
continuous data on the lateral boundary. Thus we can apply Lemma 2. Analogously w =u +m™ > 0 can be reflected
across §2 x {0}, hence from Lemma | and 2 we infer that u € LC*'(C;). O

Next we want to prove the second statement of Theorem A. The first step is to show that u is monotone in z variable.
Lemma 4. Let u be as in Theorem A2°. Let X; = (x;,z;) €Cr,i = 1,2 such that 7 — 71 > %|x1 — x2|log lezl
then

u(xi,z1) < uxz, z2).

Here cq is the constant from (5.2).

Proof. We use the domain shift argument discussed in [13]. Let us consider the cylinder
Cap= {(x,z) €Cr:(x+a,z+b)eCr, acRY ! be(0, L)}.

In other words Cy , = (Cr + (—a, —b)) N Cr, where (Cr, — (a, b)) is the translation of C;, by vector (—a, —b) € RN
Let us compare u(x, z) and u(x + a, z + b) on the boundary of C, ;. If X = (x, z) is on the top portion of 3C, p
then (x +a, z + b) € £2 x {L}, which yields

ux,z) <mt=u(x+a,z+b)

since by comparison principle max¢, u =m™ and ming, u = —m™.
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On the bottom of dC, , we have
—m~ =u(x,z) S u(X)|2xp)

thus u(x, z) <u(x +a, z+ b) on the top and bottom of 9C, .
Next we compare u(x, z) and u(x + a, z + b) on the lateral boundary. If x € 92

u(x+a,z+b)—ulx,z)= [u(x+a,z+b) —u(x,z—i—b)] +ulx,z+b) —u(x,z)
=[u(x+a,z4+b)—ulx,z+b)]|+gx,z+b) —g(x,2)
> —o(|a|) + cob.

Here o (¢) = Ctlog%. If x +a € 952 then

ulx+a,z+b)—ulx,z)= [u(x+a,z+b) —u(x+a,z)] +ulx+a,z) —u(x,z)
= [g(x+a,z+b) —g(x+a,z)]+u(x+a,z) —u(x,z)
> cob —0(|a|).

Thus choosing b > %:D the proof follows from Proposition 1. O

As a simple consequence from Lemma 4 we have the following
Corollary 1. Let u be as in Lemma 4, then d,u = 0.

The monotonicity in z variable allows us to define two semicontinuous functions
ht(x) =inf{z, u(x,z) > 0}, 6.4)
h~(x) =sup{z, u(x, z) < 0}. (6.5)

Clearly h™* are the height functions of respectively 32+ (1) and 352~ (1) measured from hyperplane z = 0.
Now we shall prove the log-Lipschitz continuity of 4%,

Lemma 5. Let h™ and h™ be defined by (6.4) and (6.5), then
”hi ”Lc‘“(g_)) <C <oo. (6.6)

Moreover ht =h~.

Proof. We shall prove the lemma for 4. Let & > 0 and take

o(lx1 — x2l)
co )

=hT(x)+e+

Then u(x3, z2) > u(x1, h*t(x1) + &) > 0, implying that

o(lx; —x2|)
) ’

ht(xo) <za=ht(x) +e+

Sending ¢ to zero and swapping x| with x; the first result follows.
It remains to check that 2T = h~. Indeed if there exists a point xo € £2 such that 2~ (xg) < h™ (xq) then, by (6.6)
there is » > 0 such that

h(x)<zo<hT(x), |x—xol<r, xef2 6.7)

where zo = 3 (h* (x0) + 1~ (x0)).

Let w be the harmonic lifting of u in the cylinder Q,(z9) = {x € £2 : |x —x0| < r} x (0, z0). From (6.7) we see that
w < 0on dQ0,(z0). Notice that on the bottom of Q,(xg), {x € £2 : |[x — xo| < r} x {0}, we have w = —m~ < 0 hence
w cannot be identically zero. Hence by maximum principle w is strictly negative in Q,(zo)-
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Next we claim that Aw — 9, 8(w) < 01in Q,(z0). Notice that on the lateral boundary {x € £2 : |x —xg| =r} x (0, zo)
of Q,(xp) the inequality d,u > 0 holds by Corollary 1. This translates to w. Clearly d;w > 0 on the top and bottom
of 30, (z0). Hence applying minimum principle to harmonic function d,w in Q,(z9) we conclude that 9,w > 0 in

Qr(z0)-

Therefore we can compute

/ B(w)dz @ — / DwDg = / Bw)d.p, Vo e Hy(Qr(z0)), ¢ >0 (6.8)
0, (z0) 0/ (z0) 0, (z0)
where we used Aw = 01in Q,(z0). On the other hand w < 0 in Q,(z¢). Thus B(w) = aw, see (4.8). Returning to (6.8)

we get
/ﬁ(w)azw— / DwD¢ = / awd; g

0r(z0) 0r(z0) 0r(z0)
=— / ad;wp <0, Voe Hol(Qr(Zo)), =0
0 (z0)

where the last line follows from d,w > 0 in Q,(zo).

Therefore w is a supersolution in Q,(zg) of the free boundary problem and hence we may now apply the compari-
son principle (see Proposition 1) to the functions w and u to infer that 0 > w > u in Q,(zo) which contradicts the first
inequality in (6.7). O

7. Free boundary condition

For fixed, small ¢ > 0 and ¢ € Cgo (CL), we use the equation for ™ to obtain

/ (Dut —vp(u*))De = / (Dot —v-vtp(ut))e. (7.1)

{u>¢e} d{u>e}

Now take a small § > 0 and use the equation for ™ satisfied in 2~ («) to obtain

(Du~ —vB(u~)) D¢ = / (Dot —v- v Bu))e. (1.2)
{u<—4} dfu<—48}
Substracing off the second integral from the first one, and after having sent ¢ | 0, | 0 we infer
hff)’ (Dyrut —vutBut))s = %iﬁ)l (Dy-u=—v-v Bu7))t. (7.3)
&
o{u>e} H{u<—48}
From the definition of 8 we know that 8(0™) =0, 8(0") = £ hence
li Dy+ut —v-vTe)e =1 / D,-u"¢. 7.4
lim (Dy+ut —v-vte)g lim T (7.4)
u>e) {u<—48}

Therefore the formal free boundary condition follows

Dy+ut —v-vte=D,-u". (7.5)

Remark 5. As (7.5) suggests the best regularity of u is the Lipschitz continuity.
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8. Proof of Theorem B, for u > 0
8.1. Linear growth

In this section we deal with the one-phase continuous casting problem i.e. when u >0 in C; and v = ey. Our first
goal here is to prove that for any compact K € Cy,

[(X1) —u(X2)|
x.Xek  1X1— X2l

Thereby from Remark 5 we will obtain the best local regularity of u.

Remark 6. It is enough to show that if v is Lipschitz continuous and f (X, u) is bounded then u(X) < C|X — Xp| in
K for some positive constant C and X € d{u >0} N K.

Next theorem is quite general and can be applied to one-phase problems with convection v e C%1(Cp).

Theorem 7. Let 0 < u < M be a bounded weak solution of (4.5). Then u is locally Lipschitz continuous provided that
ve COY(Cr,RY) and f (X, u) is bounded on Cy, x [0, M].

Proof. Take a compact set K € Cy . There exists a tame constant C such that
1
sup ugmax<C2_k,— sup u), vVXeKnNTI. (8.1)
By j—1(X) By, (X)

Clearly (8.1) implies the linear growth of u as indicated in Remark 6.
Suppose that (8.1) fails, then there exist k; € N, k; 1 oo, X; € K N I'; and weak solution u; to (4.5) with free
boundary I'; = 0{u; > 0}, such that 0 <u; < M and

1
sup  uj > max(jZ_k-/', —  sup uj>. (8.2)
B —k;-1 X) B —k; (X;)
Put
(X420 x
vj(X):M with §; = sup  u.
Si B, i;-1(X))
It follows from (8.2) that
1
v;(0) =0, supvj>§, 0<vj(X) <2, XeB. (8.3)
B

2

Since the functions u ; are bounded it follows from (8.2) that M > j 27k implying that kj— oo.
By scale invariance of Eq. (4.5) we get
—2k;
vy = 2 @y (¥, +27 )
J

271{]' ) y 272kj y
:wa[(asjvj +LH@))V(X; +279X) ]|+ —— f(X; +279X)
J J
—2k;
EdiVFj—FTf(Xj +2_ij), (8.4)

J
where H is the Heaviside function and
7kj

2
Fj= S_j[(as,-v,- +CH@))V(X; +275 X)].
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Since by assumption v € O, RY) we get from (8.2) and (4.8), the decay estimate
27k M
IF;| < Tﬁ(Z) sup [v| < 7;‘3(2) sup [v| — 0. (8.5)

—k;
Slmllarly o |f(X +27% X)| < L sup | f] < %sup | f| where the last inequality follows from (8.2) and the defi-
nition of S
Letn e Cgo (B1) such that n =11in B3 and ¢ = v; n2 € HO1 (B1). From the weak formulation of the equation we
7

have
/|va|2 2= /vaJDanJ +/Fj(var;2+2nijn)—/fjvjnz.
By By By By
Employing Cauchy—Schwarz inequality and estimating the left hand side we get |’ B |Dv;j ?<C / B, [v? + |F; 1> +

i
| fj1] with some dimensional constant C independent of j. Utilizing (8.3) we obtain from DeGiorgi’s theorem that
v;’s are uniformly y-Holder continuous in B34 for some y € (0, 1). Then using a customary compactness argument
and the decay estimate (8.5) for F; we have, at least for a subsequence j (i), vju) — vo uniformly in B% and weakly

in HI(B%) and

/DU()D(/J(—/va(m)D¢=/Fj(m)~D(p—/fj§0—>0, V(DEC(?O(B%).

Thus vg is a nonnegative continuous harmonic function in B3 such that vg(0) = 0 and sup B, V0= % in view of
7 1
2

(8.3). However this contradicts the strong maximum principle and the proof follows. O
8.2. Non-degeneracy

Let w be the Baiocchi transformation of u given by

Z
w(X) = /u(x,s)ds.
0
Note that if 3,u > 0 then 21 (w) = 27 (1) otherwise the inclusion

27 w) < 2% (w) (8.6)
always holds.

Proposition 2. Let w > 0 be a bounded solution of (4.4) in Cy, and f = 0. Then for any compact set K € Cy, and any
Xo € 2T (w) N K we have

28/2 —Mr
sup w=ri—m 8 —
9B, (Xo) 2N
with M = || Du|| k). In particular for any Xo € 2% (u) N K, B, (Xo) C K we infer

£/2 — Mr
sup u Z2r—m—.

(8.7)
B, (Xo) 2N

Proof. We use an argument from [9]. Notice that it is enough to consider the case X € £2(u) since by continuity of
u it extends to Xo € 3{u > 0}. Let Xo € 2% (w). Put w, (X) = LXX) then by (4.4) we have
Aw, = (Aw)(Xo +rX) =au(Xo+rX) + €x{u(Xo +rX) > 0}.
If Proposition 2 fails then sup, 3 Wr < L2Mr
taking into account (8.6), in By N 2 (wr) we have

for some r > 0. Let ¢(X) = w, (X) — “5M7|X — Xo/>. Then
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€/2— Mr
2N

This in conjuncture with the boundary conditions gives

€/2— Mr

Ag=10+au(Xo+rX)— A|X—X0|2>6—Mr—2NT=e/2>o.

Ag(x) >0 x € By,
qlagne+mw) <0, (8.8)
qlBnag+w) <0
Thus by maximum principle ¢ < 0 in By N 27 (w) implying that w(X() < 0 which contradicts Xy € 27 (w).
Recalling the definition of w(X) = foz u(x,s)ds and (8.6) we conclude that

sup w<r sup u. O
9B (Xo) B (Xo)

Remark 8. If f(X,u) < % near the free boundary then Proposition 2 still holds. Indeed, take g(X) = w,(X) —

%M — Xo|? and argue as above. The boundary conditions in (8.8) still hold. Notice that f(X) = foz f(x,s,

u(x,s))ds < %. As for the Laplacian we recall (4.4) and compute Ag = % —f> %(l —1)20ifr <rg fora

sufficiently small rg. Then applying the strong maximum principle we arrive at the desired result.
8.3. Rectifiability of the free boundary
We now study the measure theoretic properties of the free boundary for continuous casting problem, i.e. when

v =-ey. First we let w(X) = e_%u(X ) and consider the measure Aw. Here a is the constant appearing in the defini-
tion of enthalpy S (4.8). Notice that

o{w > 0} = o{u > 0}. (8.9)
Next by product rule we have
az a2 az
Aw:A[e_Tu] = [Iu—aazu+Aui|e_7. (8.10)
Observe that
Aut =adut + f, in 27 (u). (8.11)

Combining (8.10) and (8.11) we obtain

612 az

Awt = —wT + fe 2

1 in 2% ). (8.12)

Lemma 6. Let u be the weak solution of (DP) and v=ey. Then

1° If f =0 then u = Aw is a nonnegative Radon measure. If f #0 and C > % then u + C|X|?* is subharmonic
ineach D € Cp, and dju 4+ C dX is a nonnegative Radon measure.
2° If f =0, D €Cy then there exist positive constants cp, Cp such that

eprV Tl < / du < Cpr¥ ', VB.(Xo) C D, Xo € d{u > 0.
B (Xo)

3° Iff=0, DeCp then HN~1(8{u > 0} N D) < oo and hence the free boundary is a set of locally finite perimeter
in Cr. Moreover

HV T (B{u > 0} \ drealu > 0}) =0.

Proof. The first assertion follows from (8.11), see also the proof of Lemma 9. Notice that w is Lipschitz contin-
uous in D since so is u. By divergence theorem fBr(XO) Aw = faB,(Xo) Du - v < Cpr¥~! which proves the second
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inequality in 2°. The proof of the first one is by contradiction. Suppose that there are Xy € d{fu > 0}ND and0 <r, | O
such that [, xp dn < %r,?’—l. Put wi (X) = %’:r"x) and recall that by Theorem A and Proposition 2 wy’s are Lip-
Tk

schitz continuous and non-degenerate in the unit ball Bj. Moreover

1 1
}"N_l / dll“:/d“kgza MkZAU)k
KB B

Using a customary compactness argument we can extract a subsequence j = j (k) such that w ;) converge uni-
formly in CO'I(Bl) and weakly in H 1(B}) to a non-zero (by non-degeneracy of wyg’s), harmonic function wo > 0
defined in Bj since pu; — 0 as measures. By uniform convergence wo(0) = 0 and this contradicts the strong maxi-
mum principle for wy is non-zero.

It remains to prove 3°. Fix a 6 > 0. Let B,,(X;) be a ball a covering of £ C D N d{u > 0} such that r; <§. Let
Y; € EN B, (X;) and for each i consider the Besicovitch type covering By, (Y;) of E. Note that

U B (xi) | Bar (7).

m(N)

From Besicovitch’s covering lemma we can extract a subcovering F = | J [ Gx of balls B; = By, (Y¥;) such that

Zi xB; < C for some dimensional constant C and

m(N)
E C U U B;,
k=1 B;eGy

where the balls B; in each Gy are disjoint and Gy are countable. Hence
e Y < Y [an
BieF B; E}-Bi
m(N)

> Y [
k=1 Biegk B;
<m(N) / du. (8.13)
Bss(E)

Thus for the §-premeasure we get

N
H(ISV*](E)g M / du < oo
¢D
Bgs(E)

and letting § — 0 we arrive at the desired result.
Let K = (8{u > 0} \ drea{u > 0}) N D. By [14, Theorem 4.5.6(3)], there exists Ko C K such that #V~1(K) =
HN=1(K{) and for each Xg € Ko

1(Br (X)) = o(r™ 7).

Take 0 < rp — 0 and consider the sequence uy(X) = ”(Xoritrkx) Clearly uy’s are non-degenerate and Lipschitz. As
in the proof of part 2°, by a customary compactness argument we can extract a subsequence j = j (k) such that u )
converges uniformly in Co'l(Bl) and weakly in H 1(Bl) to a non-zero, harmonic function uy > 0, ug(0) = 0. This
contradicts the strong maximum principle. Therefore Ko =@ and H¥~1(K)=0. D

Corollary 2. The free boundary d{u > 0} is countably N — 1 rectifiable, i.e. for any D € C,

a{u>0}chM0U(ijj>

j=1
such that HN =1 (M) = 0 and M;,j>1isan N — 1 dimensional embedded C! submanifold of RV .
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Proof. By Lemma 6, 3° the free boundary d{u > 0} is a set of locally finite perimeter and HN~'(3{u > 0} \
Ored{u > 0}) = 0. The rest follows from Lemma 11.1 and Theorem 14.3 of [23]. O

9. Local Lipschitz estimate for two phase problem
In this section we prove the optimal local regularity of the solution for two phase problem.

9.1. Technicalities

We begin with the following useful observation. If w = e~ “5 u(X) then

a’|DEP>  aAé
-3

a§
Aw:e_Z{Au—aDu-DE—i—u[

9.1)

a’|DEI>  aAé&
-3}

—e % {div(ﬁ(u)DE) 4 f—aDu- Dt + u|:

Thus, taking into account that A€ = 0, it follows that the positive and negative parts of w = w™ — w™ satisfy the
equations

2 2 2 2
aé D A a D
Aw™ =e_7{(au+ —i—E)Aé +f+u+|:7a |4§| — a—ZS:H = fe_TE +w+a7|4§| ,
2 2 2 2
a D A a D
Aw‘:e‘TE au"AE — f4u” M_Q =_f€_75+w_a| §l ) 9.2)
4 2 4
Therefore wt, w™ are continuous, nonnegative functions in C; and
21e12
a“|&ll aléllo
AwE > —|:sup | 7] + sup |u|7cli|e_ 5= . infu > 0)Ufu <0} 9.3)
Cr Cr 4

This observation together with Lemma 8 and 9 will allow us to employ the monotonicity formula of [10] and show
that u is locally Lipschitz continuous in Cy..

Lemma 7. For any compact set K € Cy there exists a positive tame constant C = C(K) such that for any
B,(X0) C K, Xo € I'(u) N K the following estimate holds

/ Aw‘ < CpN L. (9.4)
B, (Xo)

Proof. We employ the identity (9.1) and use Green’s formula to obtain

a’|Dg|? _ﬁ“

/sz / eaZS{div(ﬁ(u)Dé)—}-f—aDM'Df‘i‘uI:

4 2
Bp(XO) Bp(XO)
2 2
at a D aé
- / ez{f+u |4§| }+ / (D -v)e™ 2 {B(u) — au}
Bp(XO) 3Bﬂ(X0)
— / {B(w) — au) DE - De~ % 9.5)
B,(X0)

which yields
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Lemma 8. For any compact set K € Cy, there exists a positive number po depending only on dist(K, dCr), N and a
positive tame constant C = C(K) such that for any B,(Xo) C K, Xog € I"(u) N K the following estimate holds

][ w'<0p, p < oo. 9.6)

9B,(Xo)

Proof. From Green’s representation formula

w(Xp) = / w(Y)P(Y, Xo)dHN ™! — / G(X, Xp)Aw(X)dX, 9.7)
3B, (Xo) B, (Xo)

where P (Y, Xo) is the kernel of Poisson and G (X, X) is Green’s function of B, (X¢) with pole at Xo. At X € I"(u),
w(Xp) = 0 implying that

][ w¥)dHN ! = / G(X, Xo)Aw(X)dX

3B, (Xo) B, (Xo)
)
/G(s) (/ N I/Aw(té)dHN 1(g)dt>
0 B

=G(s) / Aw /G(s) / Aw. 9.8)

By (Xo) By(Xo)

Now the result follows from (9.5) and the estimate G(s) < C 2N o

Next crucial step in our approach is to employ Alt—Caffarelli-Friedman type monotonicity theorem, see [11, Lem-
mas 2.2 and 2.3].

Theorem 9. Let w™, w™ be two continuous, nonnegative subharmonic functions in B1(Xg), w™wt =0, wt(Xp) =
w~ (Xo) =0. Then

SR, Xo, wi, wp) = - / VwiOP / |Vws (X)[?
T T R X — Xo[V 2 X — Xo[N=2
Br(Xp) Bg(Xo)

is monotone increasing function of R < 1.
Moreover if ®(R) =y > 0,YR € (0, 1) then suppw™* N 3IBr(Xo) and suppw™ N dBr(Xo) are half spheres.

We will also need the “almost monotonicity” result from [10, Theorem 1.3 and Remark 1.5].

Theorem 10. Let w™, w™ be nonnegative, continuous functions on B(Xo). Suppose that Aw* > —1 in the sense of
distributions and wT (X)) = w™(Xo) =0, wH(X)w™(X) =0 for all X € By. Then there is a dimensional constant C
such that

¢(R)<c<1+ / (w*)’ + / (w_)z), R<1.

By (Xp) By (Xo)

Lemma 9. Let w(X) =u(X)e™ “ and yy be defined by (9.3). Then for C > 2N’ w*(X) + C|X|? are subharmonic
inCy.
Moreover wt and w™ satisfy the assumptions of Theorem 10.
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Proof. As it is pointed out in [18, Chapter 1.5, p. 54] the subharmonicity has local nature, thus it is enough to show
that for each X € C;, there exists r(X) > 0 such that

v(X) < ][ v, r<r(X),

B,(X)

where v = wt + C|X|?. Since in 2 (1), Av >0 by (9.2), and we may take r(X) =dist(X, I'). If X € {u < 0} then
we use the subharmonicity of C|X|? to get

v(X)=C|X]>< ][ ClY|>dY < ][(w+(Y)+C|Y|2)dY: f v(Y)dY.
By (X) B, (X) B, (X)

Similarly we can prove that v = w™ 4+ C|X | is subharmonic. Hence we conclude that Awt > —C (Aw™ > —C)
in Cy, in the sense of distributions. O

Remark 11. In view of Lemma 9 and Hélder continuity of u, see Remark 1, the pair w™, w™ satisfies the requirements
of Theorem 10

9.2. Proof of Theorem B

We will show that w is Lipschitz continuous. This is clearly enough to conclude that u € C%!(Cy) since Dw =
De_aE(ZX) w + e_%Du. For X € Cp let Xg € I' = d{u > 0} be the closest point to X and let p = |X — Xo| =

dist(X, I'). To fix the ideas we assume that B (X¢) C Cr.

Now suppose that w(X) > Mp > 0 for some large M > 0. We have w(X) > Mp = %pz > M,o2 and |AwT| < Cy
for some tame constant Co > 0, see (9.2). Then it follows from [10, Lemma 4.6] that there is a tame constant C > 0
such that

max w < C min w.
Bg(X) B%(X)

Thus we obtain the inequality
. Mp _ Mp
inf wt>—"2>—"=
Bp(X) )
provided that M is large enough and p is small. Therefore
M
][ w+261][w+2017p,
8B, (Xo) S,

where S, = 0B,(Xg) N B% (X) and ¢ depends only on the dimension N. By Lemma 8

_ + ClM MC]
wo = w —Cp > — Clp> T'O
3B, (X) 3B, (X)

if M is sufficiently large.
Let Y e XXoN Bg (Xo). We use polar coordinates (r, w) about Y. Let E be the set of w € dB1(Y) such that if
(r, w) € 3B, (Xp) then w(r, w) < 0. Applying the estimate (5.16) from [4, p. 443] we get

1
Mcy 1 _ 11 |Dw~ |2 2
—p < — w- <|E[2— ———dZ|
4 o o |Z — Xo|—2

9B, (Xo) B, (Xo)

and integrating 3, w™ (¥, w) on the set (r, ) € B,(Xo) \ Bg (Y), w € E we get (see inequality (5.17) in [4, p. 443])
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1
|Dw*? T

Mg < // dowt (rw) < |E|}p"! / _Ibw7l”
) X r s S |Z_X0|n—2

(@B, (Xo)\Bp (V)0 E B,(X0)
Thus by Theorem 10 and Remark 11 it follows that
1
8 1 8 2 2\ ?2
2 +
M <?[¢(p)]2<c—2c<1+ / (wh)"+ / (u)))
1 ! B1(Xo) B1(Xo)

with some tame constant ¢; > 0 and the proof follows. O

Lemma 10. Let u be a weak solution of (DP). Put u,,(x) = “(X#mr’”x), where rpy, | 0,1, >0 and Xg € o{u > 0}.

Uy, is called blow-up sequence at X € o{u > 0}. There exists a subsequence "y J 0 and a limit ug € WIL’COO (R™),
called a blow-up limit of u at xo € 3{u > 0}, such that for each compact set K ¢ RN

Duy,; — Dug  weakly-star in K, 9.9)
Dumj —> Dug a.e inkK, (9.10)
Um; —> uo  strongly in HILC(RN) and C%C(RN), Va € (0,1) as mj —> oo, 9.11)
Hum; >0} —> d{ug > 0} in Hausdorff distance in K, 9.12)
Xl >0) = Xiuo>0) in L' (K). (9.13)

Furthermore the limit uqy solves the equation
Aug = div (v(X0)Bo(uo)).
Here By(t) = £ is the Heaviside function given by (4.2).
Proof. The proof is quite standard and we refer to Section 4.7 of [2] and pages 19-20 of [3]. O
10. Non-degeneracy of u and rectifiability of d{u > 0}

The goal of this section is to discuss the measure theoretic properties of free boundary for two-phase continuous
casting problem. As we have seen, the non-degeneracy of u™ is crucial in the proof of countably (N — 1)-rectifiability
of d{u > 0}. For the one phase case this follows from the corresponding result for obstacle problem and Baiocchi
transformation, see Proposition 2. However the Baiocchi transformation does not work for two phase case since (8.6)
fails.

10.1. Non-degeneracy of u™

Definition 4. Let u be a solution to (DP). Then u™ is said to be non-degenerate at Xo € d{u > 0} if there exists a
constant ¢g > 0 such that

1
Py / u+>cor

9B, (Xo)

for small r > 0. If D € C;, then u™ is said to be non-degenerate on D if u™ is non-degenerate at each point X € D
with the same constant cg > 0.

By means of (4.4) we were able to link the one-phase continuous casting problem to the obstacle problem for w
and retrieve the non-degeneracy from the corresponding result for w.

Unfortunately this technique does not apply to the two-phase problem. Although the non-degeneracy property
of u™ is not vital for the remaining 2 sections, however for the completeness we would like to indicate how the
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measure theoretic properties of the free boundary follow, similar to Lemma 6, for the two-phase problem once u™ is
non-degenerate. There are various conditions, imposed on the boundary data, guaranteeing that ™ is non-degenerate
(see [19] and references therein). Below we give one in terms of the Lebesgue density of free boundary, which
states that if at Xo € d{u > 0} the free boundary is not tangent to ey, in some measure theoretic sense, then ut is
non-degenerate.

Lemma 11. Let u be a weak solution to (DP), v=ey and f =0. Let
o (u) = {X e 27 (), (X —Xp) ey > 0}, B(u) = {X e 21 (u), (X —Xp)-ey < O},
Bu)={X =(x,2) €Cr, (x,—2) € Bw)).
If liminf, o @%w > 0 then u™ is non-degenerate at X.

Proof. For p > 0, B,(Xo) C Cr, we set u,(X) = “XH20 Then Auf (X) = p(Au™)(Xo + pX) = paD.u} — 0as
p — 0, because u is Lipschitz continuous and in view of Lemma 10.
Moreover Au, =div(vp,(u,)) in By, where

asp if s <0,
Bo(s) = { e[0,¢] ifs=0, (10.1)
asp+£ ifs >0,

and B, — Bo € £H (s), where H is the Heaviside function given by (4.2).
Suppose that there exists py | 0 such that

1
— ][ u+:/u:§k—>0.
Pk

BBpk(Xo) dB

Without loss of generality we may assume that o is a subsequence for which u,, converges to ug as stated in
Lemma 10. It follows from Green’s representation

/upk =/div[ﬁpk(upk)V]G(X,0)

9B B
1 z
=N | P i
By
1 lz 1 154 . lz
= - —— 4 o0(pr) — lim =co>0.
Noyn _ X"  Non |X1" k—o0 |X1"
Blup,) A (p) B\ ()
Here wy = |B1]|. On the other hand limg_, ¢ faBl Up, = — faBl u, < 0 implying that ¢y < 0 which is a contradiction.

This completes the proof. O

10.2. Measure theoretic properties of free boundary

ag . .
Let w = e~ 2 u. Since by Theorem A and Lemma 9 w* and w™ are continuous and Aw* > —C, thendut = Aw™
and du~ = Aw™ are Radon measures supported on 2 («) and 2~ (u), respectively. Lemma to follow summarizes
some properties of d{u > 0} under assumption that u™ is non-degenerate.

Lemma 12. Let u be an weak solution of (4.5). Then if

1° For any D € Cy, there exists a positive tame constant C depending on data such that for any Br(Xo) C D, X¢ €
do{u > 0}

—CRN < / du*t <CRN™L.
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2° [fin addition u™ is non degenerate in D then there exist tame constants cp, Cp such that

cpRV I L / dut <CcpRVNL.
Br(Xo)
3° Let ut be non-degenerate. Then for any D € C; we have
HV1(3{u > 0} N D) < o0.
Furthermore d{u > 0} is a set of locally finite perimeter and
HV 1 (3{u > 0} \ drealu > 0}) =0.
In particular d{u > 0} is countably N — 1 rectifiable.

The proofs are the same as that of Lemma 6 and Corollary 2.

11. Viscosity solutions

Viscosity solution is yet another notion of generalized solution for the free boundary problems. We begin with the
definition of viscosity subsolutions [7,8,12] and [15]. Notice that the free boundary condition (7.5) can be rewritten as

deu™ — 0_eu” =£(V(X), e).

In what follows e denotes the interior normal.

Remark 12. It is convenient to write the free boundary condition by means of the relation
S=g(T,e, X), (IL1)

where G(T, e, X) = T+ £(v(X), e). Note that G(S, T, e, X) =S—G(T, e, X) =S —T — £(v(X), e) is increasing in S,
decreasing in T and continuous in e and X and hence is an elliptic free boundary relation (see [12, p. 6]).

Now we give the definition of viscosity solutions.

Definition 5. Let u be a continuous function in D C Cyr.. Then u is said to be a viscosity solution of the free boundary
problem (DP), if one of the following is true

1° u solves the equation Au = ad,u in 27 (u) U 2~ (u),a > 0.
2° Along I' = d{u > 0}, u satisfies the free boundary condition in the following sense
2°a If Xg € I' = 3{u > 0} is a regular point from the right, with touching ball B C 2% (),
in B
ut >S(X — Xo.v)t +o(1X — Xol), S>0,
inCB
u” <T(X — Xo.v)” +o(IX = Xol), T>0,
with equality in every non-tangential domain in both cases, then
G@S,T,e, X)<0.
2°b If Xg € I' = 0{u > 0} is a regular point from the left, with touching ball B C 2~ (u),
in B
u” = T(X — Xo.v)* +0(IX — Xol). b>0,
inCB
ut <S(X — Xo,v)” +o(IX — Xol). §>0,
with equality in every non-tangential domain in both cases, then
G@S,T,e, X)>0.
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The regularity theory of the free boundary for viscosity solutions with @ = 0 (i.e. when Au = 0in 21 (u) U2~ (1))
can be found in [7,8] and [12]. Subsequently, these results have been extended to more general class of elliptic
operators (see [15] and references therein). In [15] it is shown that the Lipschitz free boundaries are smooth. In order
to apply this result to our problem we need to prove that continuous weak solutions to (DP) are also viscosity solutions.
To do so we will need an asymptotic development estimate for the solutions of Au = ad.u.

Definition 6. For X € D, we say that X is a regular point from the right (left) if there exists a ball B C D (B c (D)
and Xo e BNaD.

Lemma 13. Let u > 0 be a continuous solution of Au = ad,u in a domain §2 with touching ball B at X € 952.
Assume that u vanishes on B1(Xg) N 082. Then the following is true.

1°a If Xg is regular from the right, with touching ball B, either near Xy, in B, u grows more than any linear function
or it has the asymptotic development

u(x) =S(X — Xo, e) +o(|1X — Xol) (11.2)

with S > 0, where e is the unit normal to 0B at X, inward to S2.
1°b Moreover, if u is Lipschitz continuous in B1(Xo) then the equality holds in every non-tangential region.

2°a If X is regular from the left, near X, then
u(x)g’]I‘(X—Xo,e)++0(|X—X0|) (11.3)
with T > 0.

2°b Moreover, equality holds in every non-tangential region.

For the proof see Appendix A.
The proof of part 2° of Theorem C follows from part 1° and Theorem 1 in [15]. Thus it is enough to prove the
following theorem.

Theorem 13. If u is a continuous weak solution of (4.5) with v=-ey, f =0 then u is also a viscosity solution in the
sense of Definition 5.

Proof. We need to verify the free boundary condition at the points regular either from the right or from the left. Let
X be a free boundary point and B C 27 (u) a touching ball at X(. By Lemma 13, S > 0.

First we suppose that #~ is non-degenerate, then the blow-up sequence of u at Xo, uy(x) = M, for any
sequence ry | 0, has a subsequence j = j(k), that converges to a function uy. Moreover, Aug = div[v(Xo)Bo(uo)],
by Lemma 10. In particular it follows that the blow-up limit ¢ is harmonic in {u#g > 0} U {ug < 0}.

Since B C 2% (), it follows {Xe RV, (e, X) > 0} C 27 (up). On the other hand X is regular from the rlght and

S > 0, thus it follows that u*, u~ are non-degenerate. Then, by (9.2) with & (X ) = z, we infer that w* = uFe™7 are

a(zg+ryz) az,
subharmonic functions. Furthermore in view of Lemma 10 w(X) = e~ = uy (X) converges to wo(X) =e -3 up.
Thus by Theorem in [11] and Remark 11 the following limit exists

rli_r)raq)(Xo,rk, wT, w_) =y >0.

Since u™ (and hence w*) are non-degenerate we get y > 0.
Because of the scale invariance of @ we have

¢(srk, Xo, wt, wf) = <1§(s, 0, w,j', wk_)

Letting rp, — O we infer that @ (s, 0, wa', wg ) =y, for any s > 0. Thus by Theorem 9, supp(wi) N B, are spherical
caps. Since {X € RV, (e, X) > 0} C 2% (up) it follows that the spherical caps are fixed half spheres modulo scaling
and that the free boundary of wy is the hyperplane IT = {X € R" | (e, X) = 0}. Clearly the free boundary of u( is the
same hyperplane I1, because wy = upe -5 . Finally recalling that u( solves the equation Aug = div[v(Xp)Bo(©0)]
we conclude that the free boundary condition (7.5) is satisfied in the classical sense.
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Now suppose that ™ is degenerate. Let ug > 0 be a blow-up at Xg. Since by Lemma 13 the equality u* =
S(X — Xo,e)™ + o(|X — Xo|) holds in any non-tangential region, then in B s (¢), we have ug = S(X, e) and ug is
7
harmonic in {ug > 0}. Let U(X) = uo(X) —S(X, e) then U =0in B 4 (e) and U is harmonic in the half space {X €
=z
R¥, (X, e) > 0}. This implies that U = 0in {X € RY, (X, e) > 0} and hence uo = S(X, e) in {X e RN, (X, e) > 0}.
If 3{uo > 0} = IT then we are done. Otherwise let Yy € IT = {X € RV, (X, ¢) =0} and Yy # 0. Choose r > 0 so
that B, (Yp) N d{uog > 0} C I1. Then writing the equation Aug = div[ey Bo(uo)] in weak form we get

/ Duy- Dy = / Bouo)d.9

Br(YO) Br(y())
- / to.0+ / to-
B, (Yo)N{X RN (X, e)>0} B (Yo)N{X€eRN ,(X,e) <0}
= / Lple,en) — / Lple,ey)
B, (Yo)NIT B, (YoNIT
=0, (11.4)

for all ¢ € Cgo (B, (Yyp)). Therefore ug is harmonic in B, (Yp) and the strong maximum principle gives up = 0 in
B, (Yp). We see that d{up > 0} must be the hyperplane /T and hence the free boundary condition (7.5) for ug holds in
the classical sense. In other words the blow-up limit at X is unique and it is S(Y, e)™ — T(Y, )~ with S, T satisfying
the free boundary condition (11.1). In fact we get that 9{u > 0} is flat at Xj.

Returning to u, we conclude that u(X) = S{(X — Xo), e)T — T{(X — Xo),e)” +0(]X — Xo|) near Xg. O
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Appendix A

Here we prove Lemma 13 which is a mild generalization of Lemma 11.17 in [12]. We decided to provide it for the
sake of completeness.

First we establish the inequality (11.2). Without loss of generality we assume that Xo =0 and e = ey. Let 0 €
d{u > 0} and Bgr(Yp) C £2 be a touching ball at 0. For C, 7 > 0 we define

h(X) = C[exp(—7|X|*) — exp(—TR?)] = Cexp(—7R?)[exp(z (R* — |X|?)) — 1].
Suppose that

4N 4a u(Re)
T >max| —, — |, C < B (A.1)
R* R colexp(—55-) — exp(—T R?)]

where co > 0 is the constant from Harnack’s inequality (A.2). Then h(X) can be used as a barrier to control u from
above in Bg(Yp) \ B§ (Yp). Indeed, we have

Ah — ad;h =2tCexp(—1|X|*)[27|X|* = N + az]

R2
>2tCexp(—7|X|?) [TT —N-— aR]

2 TR? TR
=2rCexp(—t|X|) — —N+R|— —a
4 4
>0

provided that the first inequality in (A.1) holds.
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On the other hand #(X) =0 < u(X) if X € d Br(Yp). From Harnack’s inequality we have that

u(Re) < max u<co min u. (A.2)
Bg(YO) B%(YO)

In particular u (Re) < cou(X) forany X € B§ (Yp). Thus for X € BBg we have h(X) = C exp(— %) — exp(—tRz) <
u(x) if the second inequality in (A.1) is satisfied. Therefore we infer from comparison principle that u(X) > h(X) in
Br(Yp) \ B§ (Yp). Notice that near the origin

h(X)=C(R)z+o(|X]) with C(R) > 0. (A3)
Let ko be the smallest positive integer such that 2%0 < § and introduce
ao = sup{m: u(X) > mh(X) in B,—, N Br(Yo)}.
Fork=1,2,3,... welet
o = sup{m: u(X) = mh(X) in By—@y+0 N BR(YO)}.

Note that {orx} increases and put « = sup ox. From u(X) > h(X), X € Br(Yp) \ B§ (Yp) it follows that «g > 0 hence

« > 0. If supag = oo then u grows faster than any linear function. Otherwise taking & = ¢ C(R) and recalling (A.3)
we get (11.2) with S =a.

Now we prove part 1°b of Lemma 13. Clearly if u is Lipschitz continuous then o < 0o. To show the equality in
non-tangential domains we argue towards a contradiction. Suppose that there is a sequence X ke Br(Yp) and 8¢ > 0
such that

u(X*) > Gk + 80| X5|. | X*| =1 ~dist(X*, 9Br(Yp)). (A4)

From Harnack’s inequality we have that u(X) — &z > ¢o8p on some fixed portion of dB,, C Bgr(Yp) since Xk
approaches d Br (Yp) in non-tangential fashion.
Consider the scaled function ui (X) = %’;X) Since u is Lipschitz continuous it follows that, for a subsequence k;,

ukj —> U (A.S)

uniformly to some non-negative harmonic function ug > 0 defined in the half space {X € RV: e - X =z > 0}. By
construction we have

uo(X) — &z >0, in(X,e)>0. (A.6)

Furthermore, from (A.4) we conclude that there is X = (¥, Z) € 9 B; such that Z > 0 and uo(X) —az > @. This in

conjunction with (A.6) and Harnack’s inequality implies that there is a small s > 0 such that B (e) C {X € RV: z > 0}
and

~ _codo .
ug(X) —az > 100 in Bg(e). (A.7)

Let w be the solution of

Aw=0 in By(e) \ Bs(e),

h=2% ondB;(e), (A.8)
h=0 on dBj(e).

and

Awg =rrallDullo in By(e) \ Bs(e),
wy = —(ug —&z)" +w ond(Bi(e) \ Bs(e)).

It is easy to check that u; — &z > wy on 3(Bj(e) \ By(e)) for sufficiently large k. To see this it is enough to show that
(ux —&z)" > w on d(Bj(e) \ Bs(e)). From (A.7) and the uniform convergence uy; — ug we infer that u;(X) — @z >
% in By (e) for any sufficiently large k. Hence on 9 B, (e) we have that (uy — az)™ = (uy — az) > % =w. As for
9B (e) we see that there (ux —&z)™ > 0 = w. Now we can apply the comparison principle to conclude uy — &z > wy

in By(e) \ Bs(e).

(A9)
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From the regularity theory of elliptic PDEs we know that w, wy € C3(Bi(e) \ Bs(e)). Furthermore, by strong
maximum principle 0 < w < %. Note that because w is C3 smooth near 0 we have

w(X)=Ciz+o(|X]) > %z (A.10)

where C| is a tame constant. Notice that C1 > 0 which follows from Hopf’s lemma.

Finally we show that on Bj(e) \ Bs(e), w(X) — wr(X) converges to zero uniformly in the Lipschitz norm. Com-
bining (A.5), (A.6), (A.8) and (A.9) we conclude that w; — w uniformly in Bj(e) \ Bs(e). Recalling that Bg(Yp) is
a touching ball at Xo = 0 and (A.6), it follows that there is a small # > 0 such that wy = w =0 on dBj(e) N B, for
sufficiently large k. Thereby we conclude that

Dwy — Dw, uniformly in B; N Bi(e).

On the other hand from (A.10) we obtain

up(X) —a@z > wp =w + (wg —w) > %z
if k is large. This is in contradiction with the definition of « since returning to u we get u(Y) > (@ + %)z in B, . This
finishes the proof of part 1° of Lemma 13.

Now we turn to part 2°, i.e. when Bgr(Yp) touches X from outside. Let n(X) be the solution of the Dirichlet
problem An(X) = ad,n(X) in Bagr(Yo) \ Br(¥o) such that n =0 on d Bg(Yy) and n = maxap,(y,) % on 9 B2r (Yo).
From comparison principle we have that u(X) < n(X) in Bag(Yo) N £2. Since n € C3(Bar(Yo) \ Br(Yp)) it follows
from Hopf’s principle that n(X) = C(R)z + o(|X|) near the origin with C(R) > 0.

If ko is the smallest positive integer such that 2%0 < § we can define

yo =inf{m: mn(X) = u(X) in CBg(Yo) N By, }.
Now for k =1, 2, 3, ... we define
vk = inf{m: mn(X) = u(X) in CBr(Yo) N By-ay+n }.
Clearly {y} decreases. Let y = infy;. Then y > 0 and if T = y C(R) we have near 0,
u(X) < Tzt +o(1X]). (A.11)

For the proof that equality holds in (A.11) inside every non-tangential region one can proceed as for the equality
(11.2). O
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