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Abstract

In this paper, we consider the global wellposedness of 3-D incompressible inhomogeneous Navier–Stokes equations with initial
data slowly varying in the vertical variable, that is, initial data of the form (1 + εσ a0(xh, εx3), (εuh

0(xh, εx3), u3
0(xh, εx3))) for

some σ > 0 and ε being sufficiently small. We remark that initial data of this type does not satisfy the smallness conditions in
[11,18] no matter how small ε is.
© 2014
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1. Introduction

In this paper, we investigate the existence of some large global solutions to the following 3-D incompressible
inhomogeneous Navier–Stokes equations with initial data slowly varying in one space variable:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tρ + div(ρu) = 0, (t, x) ∈ R
+ ×R

3,

∂t (ρu) + div(ρu ⊗ u) − �u + ∇Π = 0,

divu = 0,

ρ|t=0 = ρ0, ρu|t=0 = m0,

(1.1)

where ρ,u = (u1, u2, u3) stand for the density and velocity of the fluid respectively, Π is a scalar pressure function.
Such a system describes a fluid which is obtained by mixing two immiscible fluids that are incompressible and that

* Corresponding author.
E-mail addresses: marius.paicu@math.u-bordeaux1.fr (M. Paicu), zp@amss.ac.cn (P. Zhang).

L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.anihpc.2014.03.006
0294-1449/© 2014 L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.anihpc.2014.03.006
http://www.elsevier.com/locate/anihpc
mailto:marius.paicu@math.u-bordeaux1.fr
mailto:zp@amss.ac.cn
http://dx.doi.org/10.1016/j.anihpc.2014.03.006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2014.03.006&domain=pdf


814 M. Paicu, P. Zhang / Ann. I. H. Poincaré – AN 32 (2015) 813–832
have different densities. It may also describe a fluid containing a melted substance. One may check [20] for more
background of this system.

When the initial density has a positive lower bound, Ladyženskaja and Solonnikov [19] first established the unique
resolvability of (1.1) in bounded domain Ω with homogeneous Dirichlet boundary condition for u. Similar results
were obtained by Danchin [14] in R

d with initial data in the almost critical Sobolev spaces. Simon [24] proved the
global existence of weak solutions of (1.1) with finite energy (see also the book by Lions [20] and the references
therein). Abidi, Gui and Zhang [3] investigated the large time decay and stability to any given global smooth solutions
of (1.1).

When the initial density is away from zero, we denote a
def= 1

ρ
− 1, and then (1.1) can be equivalently reformulated

as ⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂ta + u · ∇a = 0, (t, x) ∈ R

+ ×R
3,

∂tu + u · ∇u + (1 + a)(∇Π − �u) = 0,

divu = 0,

(a,u)|t=0 = (a0, u0).

(1.2)

Notice that just as the classical Navier–Stokes system (which corresponds to the case when a = 0 in (1.2)), the
inhomogeneous Navier–Stokes system (1.2) also has a scaling. Indeed if (a,u) solves (1.2) with initial data (a0, u0),
then for ∀	 > 0,

(a,u)	
def= (

a
(
	2·, 	·), 	u(

	2·, 	·)) and (a0, u0)	
def= (

a0(	·), 	u0(	·)
)

(1.3)

(a,u)	 is also a solution of (1.2) with initial data (a0, u0)	.
In [13], Danchin studied in general space dimension d the unique solvability of the system (1.2) with initial data

being small in the scaling invariant (or critical) homogeneous Besov spaces. This result was extended to more general
Besov spaces by Abidi in [1], and by Abidi, Paicu in [2]. The smallness assumption on the initial density was removed
in [4,5].

Very recently, Danchin and Mucha [16] noticed that it was possible to establish existence and uniqueness of a
solution to (1.1) in the case of a small discontinuity for the initial density and in a critical functional framework. More
precisely, the global existence and uniqueness was established for any data (ρ0, u0) such that for some p ∈ [1,2d)

and small enough constant c, we have

‖ρ0 − 1‖
M(B

−1+ d
p

p,1 (Rd ))

+ ‖u0‖
B

−1+ d
p

p,1 (Rd )

≤ c. (1.4)

Above, M(B
−1+ d

p

p,1 (Rd)) denotes the multiplier space of B
−1+ d

p

p,1 (Rd), which is the set of distributions a such that ψa

is in B
−1+ d

p

p,1 (Rd) whenever ψ is in B
−1+ d

p

p,1 (Rd), and the norm of which is determined by

‖a‖
M(B

−1+ d
p

p,1 )

def= sup
‖ψ‖

B
−1+ d

p
p,1

=1
‖ψa‖

B
−1+ d

p
p,1

.

On the other hand, motivated by results concerning the global wellposedness of 3-D incompressible anisotropic
Navier–Stokes system with the third component of the initial velocity field being large (see for instance [22]), we [23]
relaxed the smallness condition in [2] so that (1.2) still has a unique global solution provided that(‖a0‖

B

3
p
p,1

+ ∥∥uh
0

∥∥
B

−1+ 3
p

p,1

)
exp

(
C0

∥∥u3
0

∥∥2

B
−1+ 3

p
p,1

) ≤ c0 (1.5)

for some c0 sufficiently small and p ∈ (1,6). This smallness condition (1.5) was improved by Huang and the authors
of this paper [18] to(‖a0‖L∞ + ∥∥uh

0

∥∥
B

−1+ d
p

p,r

)
exp

(
Cr

∥∥ud
0

∥∥2r

B
−1+ d

p
p,r

) ≤ c0 (1.6)

for some p ∈ ]1, d[, r ∈ ]1,∞[ and in general d space dimension.
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Before going further, we recall the functional space framework we are going to use in what follows. As in [8,12,
21], the definitions of the spaces we are going to work with requires anisotropic dyadic decomposition of the Fourier
variables. Let us recall from [6] that

�h
ka =F−1(ϕ(

2−k|ξh|
)̂
a
)
, �v

	a =F−1(ϕ(
2−	|ξ3|

)̂
a
)
,

Sh
k a =F−1(χ(

2−k|ξh|
)̂
a
)
, Sv

	 a =F−1(χ(
2−	|ξ3|

)̂
a
)

and

�ja =F−1(ϕ(
2−j |ξ |)̂a)

, Sj a =F−1(χ(
2−j |ξ |)̂a)

, (1.7)

where ξh = (ξ1, ξ2), Fa and â denote the Fourier transform of the distribution a, χ(τ) and ϕ(τ) are smooth functions
such that

Suppϕ ⊂
{
τ ∈ R/

3

4
≤ |τ | ≤ 8

3

}
and ∀τ > 0,

∑
j∈Z

ϕ
(
2−j τ

) = 1,

Suppχ ⊂
{
τ ∈ R/|τ | ≤ 4

3

}
and χ(τ) +

∑
j≥0

ϕ
(
2−j τ

) = 1.

Definition 1.1. Let (p, r) ∈ [1,+∞]2, s ∈R and u ∈ S ′
h(R

3), which means that u ∈ S ′(R3) and limj→−∞ ‖Sju‖L∞ =
0, we set

‖u‖Bs
p,r

def=
(∑

j∈Z
2rjs‖�ju‖r

Lp

) 1
r

.

• For s < 3
p

(or s = 3
p

if r = 1), we define Bs
p,r (R

3)
def= {u ∈ S ′

h(R
3) | ‖u‖Bs

p,r
< ∞}.

• If k ∈ N and 3
p

+ k ≤ s < 3
p

+ k + 1 (or s = 3
p

+ k + 1 if r = 1), then Bs
p,r (R

3) is defined as the subset of

distributions u ∈ S ′
h(R

3) such that ∂βu ∈ Bs−k
p,r (R3) whenever |β| = k.

Notations. In all that follows, we shall denote

Bs
p

def= Bs
p,1

(
R

3).
Definition 1.2. Let p be in [1,+∞], s1 ≤ 2

p
, s2 ≤ 1

p
and u in S ′

h(R
3), we set

‖u‖
B

s1,s2
p

def=
∑

k,	∈Z2

2ks12	s2
∥∥�h

k�
v
	u

∥∥
Lp .

The case when s1 > 2
p

or s2 > 1
p

can be similarly modified as that in Definition 1.1.

Motivated by the study to the global wellposedness of 3-D classical Navier–Stokes system by Chemin, Gal-
lagher [9] and by Chemin, Gallagher and the first author of this paper [10] with some large initial data slowly varying
in one direction, Chemin and the authors of this paper [11] proved the same type of global wellposedness result as that
in [23] but with the smallness condition being formulated in critical anisotropic Besov spaces for the initial velocity
field and initial density in the usual isotropic Besov spaces. We should point out that there is tremendous difficulty in
propagating anisotropic regularity for the transport equation.

More precisely, the following theorems were proved in [11]:

Theorem 1.1. (See Theorem 1.2 of [11].) Let p be in ]3,4[ and r in [p,6[. Let us consider an initial data (a0, u0) in

the space B
3
p
p × (B

−1+ 2
p

, 1
p

p ∩B−1+ 3
r

r ). Then there exist positive constants c0 and C0 such that if

η
def= (‖a0‖ 3

p
+ ∥∥uh

0

∥∥ −1+ 2
p , 1

p

)
exp

(
C0

∥∥u3
0

∥∥2
−1+ 2

p , 1
p

) ≤ c0, (1.8)

Bp Bp Bp
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the system (1.2) has a unique global solution

a ∈ Cb

([0,∞);B
3
p
p

(
R

3)) and u ∈ Cb

([0,∞);B−1+ 3
r

r

(
R

3)) ∩ L1(
R

+;B1+ 3
r

r

(
R

3)). (1.9)

Moreover, there hold

∥∥uh
∥∥

L̃∞(R+;B−1+ 2
p , 1

p
p )

+ ‖a‖
L̃∞(R+;B

3
p
p )

+
3∑

i,j=1

∥∥∂i∂ju
h
∥∥

L1(R+;B−1+ 2
p , 1

p
p )

≤ Cη,

∥∥u3
∥∥

L̃∞(R+;B−1+ 2
p , 1

p
p )

+
3∑

i,j=1

∥∥∂i∂ju
3
∥∥

L1(R+;B−1+ 2
p , 1

p
p )

≤ 2
∥∥u3

0

∥∥
B

−1+ 2
p , 1

p
p

+ c2. (1.10)

Theorem 1.2. (See Theorem 1.3 of [11].) Let σ be a real number greater than 1/4 and a0 a function of B
3
p
p ∩B

−1+ 3
q

q

for some p in ]3,4[ and q in ] 3
2 ,2[. Let vh

0 = (v1
0, v2

0) be a horizontal, smooth divergence free vector field on R
3,

belonging, as well as all its derivatives, to L2(Rx3; Ḣ−1(R2)). Furthermore, we assume that for any α in N
3, ∂α∂3v

h
0

belongs to B
−1, 1

2
2 (R3). Then there exists a positive ε0 such that if ε ≤ ε0, the initial data

aε
0(x) = εσ a0(xh, εx3), uε

0(x) = (
vh

0 (xh, εx3),0
)

(1.11)

generates a unique global solution (aε, uε) of (1.2).

Let us remark that Theorem 1.1 implies the global wellposedness of (1.2) with initial data of the form:(
a0(xh, x3),

(
εuh

0(xh, εx3), u
3
0(xh, εx3)

))
for any smooth divergence free vector field u0 = (uh

0, u3
0) and with ε, ‖a0‖

B
3
p
p

, for some p in ]3,4[, being sufficiently

small.
We also mention that Gui, Huang and the second author of this paper [17] proved that: given a0 ∈ W 1,p ∩ H 2

for some p ∈ (1,2) and σ > 1
p

, vh
0 as in Theorem 1.2 and some smooth divergence free vector field w0 = (wh

0 ,w3
0),

(1.2) has a unique global solution with initial data

aε
0(x) = εσ a0(xh, εx3) and uε

0(x) = (
vh

0 + εwh
0 ,w3

0

)
(xh, εx3) (1.12)

provided that ε is sufficiently small.
The purpose of this paper is to decrease the value of σ in (1.11) and (1.12) when the initial velocity is a sort of

well-prepared data with one slow variable.
Our main result in this paper can be stated as follows:

Theorem 1.3. Let a0 ∈ H 2 and u0 ∈ B
0, 1

2
2 ∩ H 2 with divu0 = 0. Then for any σ ∈ ]0,1/2[, there exist some positive

constants C0 and c0 > 0 so that if

ε exp
(
C0‖u0‖2

B
0, 1

2
2

) + ε
σ
2 ‖a0‖

B
3
2
2

exp
(
C0 exp

(
C0‖u0‖2

B
0, 1

2
2

)) ≤ c0, (1.13)

(1.2) with initial data

aε
0(x) = εσ a0(xh, εx3), uε

0(x) = (
εuh

0(xh, εx3), u
3
0(xh, εx3)

)
(1.14)

has a unique global solution

a ∈ C
([0,∞);H 2(

R
3)) u ∈ Cb

([0,∞);H 2(
R

3)) ∩ L2(
R

+; Ḣ 3(
R

3)). (1.15)

Moreover, there hold
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∥∥uh
∥∥

L̃∞(R+;B0, 1
2

2 )

+
3∑

i,j=1

∥∥∂i∂ju
h
∥∥

L1(R+;B0, 1
2

2 )

≤ Cε exp
(
C‖u0‖2

B
0, 1

2
2

)
,

∥∥u3
∥∥

L̃∞(R+;B0, 1
2

2 )

+
3∑

i,j=1

∥∥∂i∂ju
3
∥∥

L1(R+;B0, 1
2

2 )

≤ 4
(
ε + ‖u0‖

B
0, 1

2
2

)
. (1.16)

Let us point out that as∥∥u0(xh, εx3)
∥∥

B
−1+ 3

p
p,r

≥ Cε
− 1

p and εσ
∥∥a0(xh, εx3)

∥∥
B

3
q
q

≥ Cε
σ− 1

q ,

initial data like (1.14) does not satisfy either the smallness condition (1.6) nor that in (1.8).
We also mention that by combining the method in this paper with that in [4], we can improve the regularity of the

initial data in Theorem 1.3 to be the critical one. For simplicity, we shall not pursue this direction here.
The organization of this paper is as follows:
In the second section, we first prove the estimate for the free transport equation with convection velocity in some

anisotropic Besov type space, we then prove the related estimates for the pressure term.
In the third section, we prove Theorem 1.3.
In Appendix A, we collect some basic facts on Littlewood–Paley theory which has been used throughout this paper.

1.1. Scheme of the proof and organization of the paper

Again due to the difficulty of propagating anisotropic regularity for the transport equation as we mentioned before,
motivated by [10], we re-scale the unknowns as

a(t, x)
def= εσ b(t, xh, εx3), uh(t, x)

def= εvh(t, xh, εx3), u3(t, x)
def= v3(t, xh, εx3). (1.17)

Let us denote

∇ε
def= (∇h, ε∂3) and �ε = �h + ε2∂2

3 .

Then (b, v) verifies⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂tb + εv · ∇b = 0, (t, x) ∈R
+ ×R

3,

∂t v
h + εv · ∇vh + (

1 + εσ b
)(∇hΠ − �εv

h
) = 0,

∂t v
3 + εv · ∇v3 + (

1 + εσ b
)(

ε2∂3Π − �εv
3) = 0,

divv = 0,

(b, v)|t=0 = (a0, u0).

(1.18)

The advantage of this formulation is that there is no slow variable for a0. However, the estimate to the pressure
function turns out to be a big difficulty. As a matter of fact, by taking space divergence to (1.18) and using divv = 0,
we get

∇εΠ = εσ ∇ε(−�ε)
−1(divh(b∇hΠ) + ε∂3(bε∂3Π)

) + ε∇ε(−�ε)
−1 divh divh

(
vh ⊗ vh

)
+ ε∇ε(−�ε)

−1 divh ∂3
(
v3vh

) − 2ε∇ε(−�ε)
−1∂3

(
v3 divh vh

)
− εσ ∇ε(−�ε)

−1 divh

(
b�εv

h
) − εσ ∇ε(−�ε)

−1∂3
(
b�εv

3). (1.19)

Notice that the last term above is of order εσ−1, which looks like the problem of the classical Navier–Stokes system
with ill-prepared data slowly varying in one direction, where the authors [11] require the analyticity assumption for
the third variable of u0 in order to prove the global wellposedness result. Our new observation here is to write

εσ ∇ε(−�ε)
−1∂3

(
b�εv

3) = εσ ∇ε(−�ε)
−1(∂3b�εv

3) − εσ ∇ε(−�ε)
−1(b�ε divh vh

)
,

which together with the law of product forces us to consider the propagation of regularity for the transport equation
of (1.18) in Bs

q for some s > 1. To overcome this difficulty, we will use a completely different argument than that used
in the proof of Theorem 1.1 in [11], where we only need to propagate Bs

q with s ∈ ]0,1[ for the transport equation.
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Considering the strong anisotropic property of the system (1.18), we shall first estimate v in some critical
anisotropic Besov spaces. Then by carefully choosing the norm for the convection velocity in the transport equa-

tion of (1.18), we succeed in propagating the isentropic regularity in B
3
2
2 for b.

Let us complete this section by the notations of the paper: Let A,B be two operators, we denote [A;B] =
AB − BA, the commutator between A and B . For a � b, we mean that there is a uniform constant C, which may be
different on different lines, such that a ≤ Cb, Lr

T (L
p
h(L

q
v)) stands for the space Lr([0, T ];Lp(Rx1 ×Rx2;Lq(Rx3))).

We denote by (a|b) the L2(R3) inner product of a and b, (dj )j∈Z (resp. (dj,k)j,k∈Z2 ) will be a generic element
of 	1(Z) (resp. 	1(Z2)) so that

∑
j∈Z dj = 1 (resp.

∑
j,k∈Z2 dj,k = 1).

For X a Banach space and I an interval of R, we denote by C(I ;X) the set of continuous functions on I with
values in X, and Lq(I ;X) stands for the set of measurable functions on I with values in X, such that t �−→ ‖f (t)‖X

belongs to Lq(I).

2. Preliminary estimates

In this section, we shall first present a result concerning the propagating of isentropic regularity for the transport
equation with the convection velocity in some appropriate anisotropic space. We shall also provide the estimates for
the pressure function in (1.18).

Lemma 2.1. Let b0 ∈ B
3
2
2 , v satisfy

∫ T

0 ‖∇v(t)‖L dt < ∞ with v = va + vb and∥∥∇v(t)
∥∥

L
def=

∑
j∈Z

2
j
2
(∥∥�j∇hva(t)

∥∥
L2

v(L∞
h )

+ ∥∥�j∇hvb(t)
∥∥

L4
h(L∞

v )
+ ∥∥�j∂3v(t)

∥∥
L2

v(L∞
h )

)
. (2.1)

Then the following transport equation{
∂tb + v · ∇b = 0, (t, x) ∈R

+ ×R
3,

b|t=0 = b0
(2.2)

has a unique solution b ∈ C([0, T ];B
3
2
2 ), which satisfies for 0 ≤ t ≤ T

‖b‖
L̃∞

t (B
3
2
2 )

≤ ‖b0‖
B

3
2
2

exp

(
C

t∫
0

∥∥∇v
(
t ′
)∥∥

L dt ′
)

, (2.3)

where the norm ‖ · ‖
L̃∞

t (B
3
2
2 )

is given by Definition A.1 in Appendix A.

Remark 2.1. It is easy to observe from (2.1) and Lemma A.1 that for all f ∈ B
3
2
2 (R3), one has

‖∇f ‖L∞ � ‖∇f ‖L � ‖∇f ‖
B

3
2
2

.

Since the diffusion terms in (1.18) is �ε , which is anisotropic in the horizontal and vertical variables, we shall derive
the a priori estimate of the convection velocity v in (2.2) in the anisotropic Besov spaces, which prevents us from

getting the L1(R+;B
3
2
2 (R3)) estimate for the gradient of the velocity v. That is the main reason why we choose to

work with the more complicated norm ‖ · ‖L given by (2.1).

Proof. For simplicity, we just prove the a priori Estimate (2.3) for smooth enough solutions of (2.2). The existence
part of Lemma 2.1 follows from constructing appropriate approximate solutions and then performing the uniform
estimate of the type (2.3) for such approximate solutions. The uniqueness part of Lemma 2.1 is a direct consequence
of (2.3).

We first get by taking ∂i , i = 1,2,3, to (2.2) that

∂t ∂ib + v · ∇∂ib + ∂iv · ∇b = 0 for i = 1,2,3.
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Applying �j to the above equation and then taking the L2 inner product of the resulting equation with �j∂ib, we
obtain

1

2

d

dt

∥∥�j∂ib(t)
∥∥2

L2 + (
�j(v · ∇∂ib)

∣∣ �j∂ib
) + (

�j(∂iv · ∇b)
∣∣ �j∂ib

) = 0. (2.4)

Using Bony’s decomposition (A.1) for v · ∇∂ib gives

v · ∇∂ib = T (v,∇∂ib) +R(v,∇∂ib).

It follows from a standard commutator’s argument that(
�j

(
T (v,∇∂ib)

) ∣∣ �j∂ib
) =

∑
|j ′−j |≤4

(([�j ;Sj ′−1v] · ∇�j ′∂ib
∣∣ �j∂ib

)
+ (

(Sj ′−1v − Sj−1v) · ∇�j�j ′∂ib
∣∣ �j∂ib

))
− 1

2

∫
R3

Sj−1 divv|�j∂ib|2 dx.

So that we deduce from (2.4) that

∥∥�j∂ib(t)
∥∥

L2 � 2j‖�jb0‖L2 +
∑

|j ′−j |≤4

t∫
0

(∥∥[�j ;Sj ′−1v] · ∇�j ′∂ib
∥∥

L2

+ ∥∥(Sj ′−1v − Sj−1v) · ∇�j�j ′∂ib
∥∥

L2

)(
t ′
)
dt ′

+
t∫

0

(‖Sj−1 divv‖L∞‖�j∂ib‖L2 + ∥∥�jR(v,∇∂ib)
∥∥

L2

+ ∥∥�j(∂iv · ∇b)
∥∥

L2

)(
t ′
)
dt ′. (2.5)

Applying classical commutator’s estimate (see [6] for instance) and Lemma A.1 yields

∑
|j ′−j |≤4

t∫
0

∥∥[�j ;Sj ′−1v] · ∇�j ′∂ib
(
t ′
)∥∥

L2 dt ′ � 2−j
∑

|j ′−j |≤4

2j ′
t∫

0

∥∥Sj ′−1∇v
(
t ′
)∥∥

L∞
∥∥�j ′∂ib

(
t ′
)∥∥

L2 dt ′

� dj 2− j
2

t∫
0

∥∥∇v
(
t ′
)∥∥

L∞
∥∥∇b

(
t ′
)∥∥

B
1
2
2

dt ′.

The same estimate holds for the second line of (2.5) and
∫ t

0 ‖Sj−1 divv(t ′)‖L∞‖�j∂ib(t ′)‖L2 dt ′.
On the other hand, we deduce from Lemma A.1 that∥∥�jR(v,∇∂ib)

(
t ′
)∥∥

L2 �
∑

j ′≥j−N0

∥∥�j ′v
(
t ′
)∥∥

L∞
∥∥Sj ′+2∇∂ib

(
t ′
)∥∥

L2

�
∑

j ′≥j−N0

dj ′(t)2− j ′
2
∥∥∇v

(
t ′
)∥∥

L∞
∥∥∇b

(
t ′
)∥∥

B
1
2
2

� dj (t)2
− j

2
∥∥∇v

(
t ′
)∥∥

L∞
∥∥∇b

(
t ′
)∥∥

B
1
2
2

.

Hence by virtue of (2.5), we obtain

‖�j∂ib‖L∞
t (L2) � 2j‖�jb0‖L2 +

t∫
0

(
dj 2− j

2 ‖∇v‖L∞‖∂ib‖
B

1
2
2

+ ∥∥�j(∂iv · ∇b)
∥∥

L2

)(
t ′
)
dt ′. (2.6)

To deal with the last term in (2.6), we get, by applying again Bony’s decomposition (A.1) to ∂v · ∇b, that

∂iv · ∇b = T∂ v∇b +R(∂iv,∇b).

i
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Applying Lemma A.1 gives∥∥�j(T∂iv∇b)
∥∥

L2 �
∑

|j ′−j |≤5

‖Sj ′−1∂iv‖L∞‖�j ′∇b‖L2 � dj (t)2
− j

2 ‖∇v‖L∞‖∇b‖
B

1
2
2

,

and

‖Sj ′+2∇b‖L∞
v (L2

h) + ‖Sj ′+2∇b‖L2
v(L

4
h) �

∑
	≤j ′+1

2
	
2 ‖�	∇b‖L2 � ‖∇b‖

B
1
2
2

,

so that∥∥�j

(
R(∇hv,∇b)

)∥∥
L2 �

∑
j ′≥j−N0

(‖�j ′∇hva‖L2
v(L

∞
h )‖Sj ′+2∇b‖L∞

v (L2
h)

+ ‖�j ′∇hvb‖L4
h(L∞

v )‖Sj ′+2∇b‖L2
v(L

4
h)

)
� dj (t)2

− j
2 ‖∇v‖L‖∇b‖

B
1
2
2

,

the same estimate holds for ‖�j(R(∂3v,∇b))‖L2 . As a consequence, we obtain

∥∥�j(∂iv · ∇b)
∥∥

L1
t (L

2)
� dj 2− j

2

t∫
0

(‖∇v‖L∞ + ‖∇v‖L
)‖∇b‖

B
1
2
2

dt ′,

which along with the fact: ‖∇v‖L1
t (L

∞) � ‖∇v‖L1
t (L), and (2.6) implies that

‖b‖
L̃∞

t (B
3
2
2 )

≤ ‖b0‖
B

3
2
2

+ C

t∫
0

∥∥∇v
(
t ′
)∥∥

L

∥∥b
(
t ′
)∥∥

B
3
2
2

dt ′.

Applying Gronwall’s inequality to the above inequality yields (2.3). This completes the proof of the lemma. �
To estimate the pressure function Π in (1.18), we get, by taking space divergence to the momentum equation

of (1.18), that

−�εΠ = εσ divh(b∇hΠ) + ε2+σ ∂3(b∂3Π) + ε divh divh

(
vh ⊗ vh

)
+ ε divh ∂3

(
v3vh

) + ε∂2
3

(
v3)2 − εσ divh

(
b�εv

h
) − εσ ∂3

(
b�εv

3). (2.7)

Proposition 2.1. Let (b, v,Π) be a smooth enough solution of (1.18) on [0, T ] and g(t)
def= ‖v3(t)‖2

B
1, 1

2
2

. We denote

Πλ
def= Π exp

(
−λ

t∫
0

g
(
t ′
)
dt ′

)
and vλ

def= v exp

(
−λ

t∫
0

g
(
t ′
)
dt ′

)
. (2.8)

Then for t ∈ [0, T ] and ‖b‖
L̃∞

T (B
3
2
2 )

≤ 1
2Cεσ , one has

‖∇εΠλ‖
L1

t (B
0, 1

2
2 )

≤ C

1 − Cεσ ‖b‖
L̃∞

t (B
3
2
2 )

(
ε
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ∥∥vh
λ

∥∥ 1
2

L1
t,g(B

0, 1
2

2 )

∥∥vh
λ

∥∥ 1
2

L1
t (B

2, 1
2

2 )

+ ε
σ
2 ‖b‖

L̃∞
t (B

3
2
2 )

‖�εvλ‖
L1

t (B
0, 1

2
2 )

)
, (2.9)

where the norm ‖ · ‖L1 is given by Definition A.2 in Appendix A.

t,g
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Proof. Thanks to (2.7) and divv = 0, one has (1.19), from which, we infer

‖∇εΠλ‖
L1

t (B
0, 1

2
2 )

� εσ ‖b∇εΠλ‖
L1

t (B
0, 1

2
2 )

+ ε
∥∥vh ⊗ vh

λ

∥∥
L1

t (B
1, 1

2
2 )

+ ∥∥v3vh
λ

∥∥
L1

t (B
1, 1

2
2 )

+ ∥∥v3 divh vh
λ

∥∥
L1

t (B
0, 1

2
2 )

+ εσ
∥∥(−�ε)

−1∇ε(∇b · �εvλ)
∥∥

L1
t (B

0, 1
2

2 )

. (2.10)

Next we estimate term by term above.

Notice that the operator (ε|D3|) σ
2 (−�h)

1
2 − σ

4 (−�ε)
−1∇ε is a Fourier multiplier with symbol (ε|ξ3|) σ

2 ×
|ξh|1− σ

2 (|ξh|2 + ε2ξ2
3 )−1(iξh, iεξ3), which is bounded by 1. Therefore, by virtue of Definition 1.2, the operator

(ε|D3|) σ
2 (−�h)

1
2 − σ

4 (−�ε)
−1∇ε maps uniformly bounded from B

0, 1
2

2 to B
0, 1

2
2 , we write

εσ
∥∥(−�ε)

−1∇ε(∇b · �εvλ)
∥∥

L1
t (B

0, 1
2

2 )

= ε
σ
2
∥∥(

ε|D3|
) σ

2 (−�h)
1
2 − σ

4 (−�ε)
−1∇ε(−�h)

− 1
2 + σ

4
(|D3|

)− σ
2 (∇b · �εvλ)

∥∥
L1

t (B
0, 1

2
2 )

� ε
σ
2 ‖∇b · �εvλ‖

L1
t (B

σ
2 −1, 1−σ

2
2 )

,

which together with the law of product of Lemma A.2 and Proposition A.1 ensures that

εσ
∥∥(−�ε)

−1∇ε(∇b · �εvλ)
∥∥

L1
t (B

0, 1
2

2 )

� ε
σ
2 ‖∇b‖

L∞
t (B

σ
2 , 1−σ

2
2 )

‖�εvλ‖
L1

t (B
0, 1

2
2 )

� ε
σ
2 ‖∇b‖

L∞
t (B

1
2
2 )

‖�εvλ‖
L1

t (B
0, 1

2
2 )

.

Whereas applying the law of product of Lemma A.2 to vh ⊗ vh gives∥∥vh ⊗ vh
∥∥
B

1, 1
2

2

�
∥∥vh

∥∥2

B
1, 1

2
2

�
∥∥vh

∥∥
B

0, 1
2

2

∥∥vh
∥∥
B

2, 1
2

2

,

which together (2.8) ensures∥∥vh ⊗ vh
λ

∥∥
L1

t (B
1, 1

2
2 )

�
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

.

Along the same line, applying the law of product of Lemma A.2 to the remaining terms in (2.10), we readily get

‖∇εΠλ‖
L1

t (B
0, 1

2
2 )

≤ C

(
εσ ‖b‖

L̃∞
t (B

1, 1
2

2 )

‖∇εΠλ‖
L1

t (B
0, 1

2
2 )

+ ε
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+
t∫

0

∥∥v3
∥∥
B

1, 1
2

2

∥∥vh
λ

∥∥
B

1, 1
2

2

dt ′ + ε
σ
2 ‖∇b‖

L∞
t (B

1
2
2 )

‖�εvλ‖
L1

t (B
0, 1

2
2 )

)
, (2.11)

which together with the fact that

t∫
0

∥∥v3
∥∥
B

1, 1
2

2

∥∥vh
λ

∥∥
B

1, 1
2

2

dt ′ �
( t∫

0

∥∥v3
∥∥2

B
1, 1

2
2

∥∥vh
λ

∥∥
B

0, 1
2

2

dt ′
) 1

2 ∥∥vh
λ

∥∥ 1
2

L1
t (B

2, 1
2

2 )

�
∥∥vh

λ

∥∥ 1
2

L1
t,g(B

0, 1
2

2 )

∥∥vh
λ

∥∥ 1
2

L1
t (B

2, 1
2

2 )

,

implies (2.9). This completes the proof of the proposition. �
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Taking λ = 0 in (2.11) leads to the following corollary:

Corollary 2.1. Under the assumption of Proposition 2.1, one has

‖∇εΠ‖
L1

t (B
0, 1

2
2 )

≤ C

1 − Cεσ ‖b‖
L̃∞

t (B
3
2
2 )

(
ε
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
∥∥

L1
t (B

2, 1
2

2 )

+ ∥∥vh
∥∥

L2
t (B

1, 1
2

2 )

∥∥v3
∥∥

L2
t (B

1, 1
2

2 )

+ ε
σ
2 ‖b‖

L̃∞
t (B

3
2
2 )

‖�εv‖
L1

t (B
0, 1

2
2 )

)
, (2.12)

whenever ‖b‖
L̃∞

t (B
3
2
2 )

≤ 1
2Cεσ .

3. The proof of Theorem 1.3

The purpose of this section is to present the proof of Theorem 1.3.

Proof of Theorem 1.3. Given initial data (aε
0, u

ε
0) by (1.14), Theorem 0.2 of [14] ensures that the system (1.2) has a

unique solution on ]0, T ∗[ so that

a ∈ C
([0, T ∗[;H 2(

R
3)) u ∈ C

([0, T ∗[;H 2(
R

3)) ∈ L2([0, T ∗[;H 3(
R

3)).
We may assume that T ∗ is the lifespan to this solution (a,u). Then to complete the proof of Theorem 1.3, it amounts
to prove that T ∗ = ∞ and there holds (1.16).

In order to do so, we denote (b, v) to be given by (1.17). Then (b, v) verifies the system (1.18) with initial data
(a0, u0). We shall first investigate the L1

T ([0, T ∗[;Lip(R3)) estimate of v, and then use the relation (1.17) to derive
the L1

T ([0, T ∗[;Lip(R3)) of u, finally we establish the L∞([0, T ∗[;H 2(R3)) estimate for (a,u).
In fact, motivated by [23,22], we shall deal with the L2 type energy estimate for each dyadic block of vh and v3

separately.

3.1. The anisotropic estimate of vh

Let g, vλ,Πλ be given by (2.8). Then by virtue of (1.18), we have

∂tv
h
λ + λg(t)vh

λ − �εv
h
λ = −εv · ∇vh

λ − (
1 + εσ b

)∇hΠλ + εσ b�εv
h
λ.

Applying the operator �h
j �

v
k to the above equation and then taking the L2 inner production of the resulting equation

with �h
j �

v
kv

h
λ , we obtain

1

2

d

dt

∥∥�h
j �

v
ku

h
λ(t)

∥∥2
L2 + λg(t)

∥∥�h
j �

v
kv

h
λ(t)

∥∥2
L2 −

∫
R3

�ε�
h
j �

v
kv

h
λ · �h

j �
v
kv

h
λ dx

= −
∫
R3

�h
j �

v
k

(
εv · ∇vh

λ + (
1 + εσ b

)∇hΠλ − εσ b�εv
h
λ

) · �h
j �

v
kv

h
λ dx.

However by using integration by parts and Lemma A.1, we get

−
∫
R3

�ε�
h
j�

v
kv

h
λ · �h

j �
v
kv

h
λ dx = ∥∥∇h�

h
j �

v
kv

h
λ

∥∥2
L2 + ε2

∥∥∂3�
h
j �

v
kv

h
λ

∥∥2
L2 ≥ c

(
22j + ε222k

)∥∥�h
j �

v
kv

h
λ

∥∥2
L2,

whence a similar argument as that in [11,15,23] gives rise to

d

dt

∥∥�h
j �

v
kv

h
λ(t)

∥∥
L2 + λg(t)

∥∥�h
j �

v
kv

h
λ(t)

∥∥
L2 + c

(
22j + ε222k

)∥∥�h
j �

v
kv

h
λ(t)

∥∥
L2

≤ ε
∥∥�h

j �
v
k

(
v · ∇vh

λ

)∥∥
2 + ∥∥�h

j �
v
k

((
1 + εσ b

)∇hΠλ

)∥∥
2 + εσ

∥∥�h
j �

v
k

(
b�εv

h
)∥∥

2 .
L L L
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Integrating the above inequality over [0, t] and using Definition A.2, we write∥∥vh
λ

∥∥
L̃∞

t (B
0, 1

2
2 )

+ λ
∥∥vh

λ

∥∥
L1

t,g(B
0, 1

2
2 )

+ c
(∥∥vh

λ

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥vh

λ

∥∥
L1

t (B
0, 5

2
2 )

)
≤ ∥∥uh

0

∥∥
B

0, 1
2

2

+ C
(
ε
∥∥v · ∇vh

λ

∥∥
L1

t (B
0, 1

2
2 )

+ ∥∥(
1 + εσ b

)∇hΠλ

∥∥
L1

t (B
0, 1

2
2 )

+ εσ
∥∥b�εv

h
λ

∥∥
L1

t (B
0, 1

2
2 )

)
.

Notice that∥∥vh(t)
∥∥
B

0, 3
2

2

≤ ∥∥vh(t)
∥∥ 1

2

B
0, 1

2
2

∥∥vh(t)
∥∥ 1

2

B
0, 5

2
2

,

applying Lemma A.2 and then Definition A.2 yields

ε
∥∥v3∂3v

h
λ

∥∥
L1

t (B
0, 1

2
2 )

�
t∫

0

∥∥v3(t ′)∥∥
B

1, 1
2

2

ε
∥∥vh

λ

(
t ′
)∥∥

B
0, 3

2
2

dt ′

�
( t∫

0

∥∥v3(t ′)∥∥2

B
1, 1

2
2

∥∥vh
(
t ′
)∥∥

B
0, 1

2
2

dt ′
) 1

2 (
ε2

∥∥vh
λ

∥∥
L1

t (B
0, 5

2
2 )

) 1
2 ,

and

ε
∥∥v · ∇vh

λ

∥∥
L1

t (B
0, 1

2
2 )

≤ ε
∥∥vh · ∇hv

h
λ

∥∥
L1

t (B
0, 1

2
2 )

+ ε
∥∥v3∂3v

h
λ

∥∥
L1

t (B
0, 1

2
2 )

≤ c

4
ε2

∥∥vh
λ

∥∥
L1

t (B
0, 5

2
2 )

+ C
(
ε
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ∥∥vh
λ

∥∥
L1

t,g(B
0, 1

2
2 )

)
.

While we get, by applying again the law of product of Lemma A.2 and Proposition A.1, that

‖b∇hΠλ‖
L1

t (B
0, 1

2
2 )

� ‖b‖
L∞

t (B
1, 1

2
2 )

‖∇hΠλ‖
L1

t (B
0, 1

2
2 )

� ‖b‖
L∞

t (B
3
2
2 )

‖∇hΠλ‖
L1

t (B
0, 1

2
2 )

,

and ∥∥b�εv
h
λ

∥∥
L1

t (B
0, 1

2
2 )

� ‖b‖
L∞

t (B
3
2
2 )

∥∥�εv
h
λ

∥∥
L1

t (B
0, 1

2
2 )

.

As a consequence, we obtain∥∥vh
λ

∥∥
L̃∞

t (B
0, 1

2
2 )

+ λ
∥∥vh

λ

∥∥
L1

t,g(B
0, 1

2
2 )

+ 3c

4

(∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥vh

λ

∥∥
L1

t (B
0, 5

2
2 )

)
≤ ∥∥uh

0

∥∥
B

0, 1
2

2

+ C
(
ε
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ∥∥vh
λ

∥∥
L1

t,g(B
0, 1

2
2 )

+ (
1 + εσ ‖b‖

L̃∞
t (B

3
2
2 )

)‖∇hΠλ‖
L1

t (B
0, 1

2
2 )

+ εσ ‖b‖
L̃∞

t (B
3
2
2 )

∥∥�εv
h
λ

∥∥
L1

t (B
0, 1

2
2 )

)
. (3.1)

Now for some c1 sufficiently small, we denote T0 to be determined by

T0
def= sup

{
t ∈ [0, T ∗[, ‖b‖

L̃∞
t (B

3
2
2 )

≤ c1/ε
σ
2
}
. (3.2)

Then by plugging Estimate (2.9) into (3.1), we get for t ≤ T0 that∥∥vh
λ

∥∥
L̃∞

t (B
0, 1

2
2 )

+ λ
∥∥vh

λ

∥∥
L1

t,g(B
0, 1

2
2 )

+ c

2

(∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥vh

λ

∥∥
L1

t (B
0, 5

2
2 )

)
≤ ∥∥uh

0

∥∥
B

0, 1
2

2

+ c

8

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ C
(
ε
∥∥vh

∥∥
L∞(B

0, 1
2 )

∥∥vh
λ

∥∥
L1(B

2, 1
2 )

+ ∥∥vh
λ

∥∥
L1 (B

0, 1
2 )

+ ε
σ
2 ‖b‖

L̃∞(B
3
2 )

‖�εvλ‖
L1(B

0, 1
2 )

)
.

t 2 t 2 t,g 2 t 2 t 2
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Then taking λ ≥ C and c1 being small enough in (3.2) results in∥∥vh
λ

∥∥
L̃∞

t (B
0, 1

2
2 )

+ c

4

(∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥vh

λ

∥∥
L1

t (B
0, 5

2
2 )

)
≤ ∥∥uh

0

∥∥
B

0, 1
2

2

+ C
(
ε
∥∥vh

∥∥
L∞

t (B
0, 1

2
2 )

∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ c1
∥∥�εv

3
∥∥

L1
t (B

2, 1
2

2 )

)
(3.3)

for t ≤ T0.

3.2. The anisotropic estimate of v3

By virtue of the v3 equation of (1.18), we get, by a similar argument of Subsection 3.1, that∥∥�h
j �

v
kv

3
∥∥

L∞
t (L2)

+ c
(
22j + ε222k

)∥∥�h
j �

v
kv

3
∥∥

L1
t (L

2)

≤ ∥∥�h
j �

v
ku

3
0

∥∥
L2 + C

(
ε
∥∥�h

j �
v
k

(
v · ∇v3)∥∥

L1
t (L

2)

+ ε
∥∥�h

j �
v
k

((
1 + εσ b

)
ε∂3Π

)∥∥
L1

t (L
2)

+ εσ
∥∥�h

j �
v
k

(
b�εv

3)∥∥
L1

t (L
2)

)
,

from which, we infer∥∥v3
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c
(∥∥v3

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥v3

∥∥
L1

t (B
0, 5

2
2 )

)
≤ ∥∥u3

0

∥∥
B

0, 1
2

2

+ C
(
ε
∥∥v · ∇v3

∥∥
L1

t (B
0, 1

2
2 )

+ ε
∥∥(

1 + εσ b
)
ε∂3Π

∥∥
L1

t (B
0, 1

2
2 )

+ εσ
∥∥b�εv

3
∥∥

L1
t (B

0, 1
2

2 )

)
.

As divv = 0, applying the law of product of Lemma A.2 yields∥∥v · ∇v3
∥∥

L1
t (B

0, 1
2

2 )

≤ ∥∥vh · ∇hv
3
∥∥

L1
t (B

0, 1
2

2 )

+ ∥∥v3 divh vh
∥∥

L1
t (B

0, 1
2

2 )

�
∥∥vh

∥∥
L̃∞

t (B
0, 1

2
2 )

∥∥v3
∥∥

L1
t (B

2, 1
2

2 )

+ ∥∥v3
∥∥

L̃∞
t (B

0, 1
2

2 )

∥∥vh
∥∥

L1
t (B

2, 1
2

2 )

.

Then thanks to (2.12), we deduce that∥∥v3
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c

2

(∥∥v3
∥∥

L1
t (B

2, 1
2

2 )

+ ε2
∥∥v3

∥∥
L1

t (B
0, 5

2
2 )

)
≤ ∥∥u3

0

∥∥
B

0, 1
2

2

+ C
(
ε
∥∥vh

∥∥
L̃∞

t (B
0, 1

2
2 )

(
ε
∥∥vh

∥∥
L1

t (B
2, 1

2
2 )

+ ∥∥v3
∥∥

L1
t (B

2, 1
2

2 )

)
+ ε

∥∥v3
∥∥

L̃∞
t (B

0, 1
2

2 )

∥∥vh
∥∥

L1
t (B

2, 1
2

2 )

+ ε1+ σ
2 ‖b‖

L̃∞
t (B

3
2
2 )

∥∥�εv
h
∥∥

L1
t (B

0, 1
2

2 )

)
(3.4)

for t ≤ T0 determined by (3.2).

3.3. The closure of the anisotropic estimate

Let T be determined by

T
def= max

{
t ∈ ]0, T0[:

∥∥vh
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c
(∥∥vh

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥vh

∥∥
L1

t (B
0, 5

2
2 )

) ≤ C1
(
ε + ‖u0‖

B
0, 1

2
2

)}
(3.5)

for some sufficiently large constant C1, which should be chosen later on. We shall prove that T = T0 = ∞ whenever
there holds (1.13). Otherwise, taking

ε ≤ c

8CC1(ε + ‖u0‖
B

0, 1
2

2

)
,

we deduce from (2.8) and (3.3) that for t ≤ T
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(∥∥vh
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c

4

(∥∥vh
∥∥

L1
t (B

2, 1
2

2 )

+ ε2
∥∥vh

∥∥
L1

t (B
0, 5

2
2 )

))
exp

(
−C

t∫
0

∥∥v3(t ′)∥∥2

B
1, 1

2
2

dt ′
)

≤ ∥∥vh
λ

∥∥
L̃∞

t (B
0, 1

2
2 )

+ c

4

(∥∥vh
λ

∥∥
L1

t (B
2, 1

2
2 )

+ ε2
∥∥vh

λ

∥∥
L1

t (B
0, 5

2
2 )

)
≤ 2

(∥∥uh
0

∥∥
B

0, 1
2

2

+ Cc1
∥∥�εv

3
∥∥

L1
t (B

0, 1
2

2 )

)
,

which leads to∥∥vh
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c

4

(∥∥vh
∥∥

L1
t (B

2, 1
2

2 )

+ ε2
∥∥vh

∥∥
L1

t (B
0, 5

2
2 )

)
≤ 2

(∥∥uh
0

∥∥
B

0, 1
2

2

+ Cc1
∥∥�εv

3
∥∥

L1
t (B

0, 1
2

2 )

)
exp

(
C

t∫
0

∥∥v3(t ′)∥∥2

B
1, 1

2
2

dt ′
)

. (3.6)

Let us take ε is so small that εCC1c1 ≤ c. Then for t ≤ T, one has

ε1+ σ
2 ‖b‖

L̃∞
t (B

3
2
2 )

∥∥�εv
h
∥∥

L1
t (B

0, 1
2

2 )

≤ εCC1c1

c

(
ε + ‖u0‖

B
0, 1

2
2

) ≤ ε + ‖u0‖
B

0, 1
2

2

.

Hence if we take ε so small that

CC1ε
(
ε + ‖u0‖

B
0, 1

2
2

) ≤ c

4
and CC2

1ε
(
ε + ‖u0‖

B
0, 1

2
2

)2 ≤ c,

we deduce from (3.4) that for t ≤ T∥∥v3
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c

2

(∥∥v3
∥∥

L1
t (B

2, 1
2

2 )

+ ε2
∥∥v3

∥∥
L1

t (B
0, 5

2
2 )

) ≤ 4
(
ε + ‖u0‖

B
0, 1

2
2

)
. (3.7)

Therefore combining (3.6) with (3.7), we conclude that there exits a small enough positive constant η0 so that if

ε ≤ η0C
−2
1

(
ε + ‖u0‖

B
0, 1

2
2

)−2

one has∥∥vh
∥∥

L̃∞
t (B

0, 1
2

2 )

+ c

4

(∥∥vh
∥∥

L1
t (B

2, 1
2

2 )

+ ε2
∥∥vh

∥∥
L1

t (B
0, 5

2
2 )

)
≤ 4

(
ε + ‖u0‖

B
0, 1

2
2

)
exp

(
32C

c

(
ε + ‖u0‖

B
0, 1

2
2

)2
)

for t ≤ T. (3.8)

On the other hand, it is easy to observe that when k > 	, the support to the Fourier transform of �h
k�

v
	v is included

in 2kC̃ for some annulus C̃ in R
3, so that the operator �j�

h
k�

v
	 is identically zero if |j − k| > N0 for some fixed

integer N0. Along the same line, when k ≤ 	, the operator �j�
h
k�

v
	 is identically zero if j > 	+N0. Hence it follows

from Lemma A.1 that

ε‖�j∂3v‖L1
t (L

2
v(L∞

h )) �
∑
k>	|k−j |≤N0

ε2k2	
∥∥�h

k�
v
	v

∥∥
L1

t (L
2)

+
∑
k≤	

	≥j−N0

ε2k
∥∥�h

k�
v
	∂3v

∥∥
L1

t (L
2)

� ε‖v‖
L1

t (B
2, 1

2
2 )

∑
k>	|k−j |≤N0

dk,	2− k
2 + ε‖∂3v‖

L1
t (B

1, 1
2

2 )

∑
k≤	

	≥j−N0

dk,	2− 	
2 ,

for some (dk,	)k,	∈Z2 ∈ 	1(Z2). This yields

ε‖�j∂3v‖L1
t (L

2
v(L∞

h )) � dj 2− j
2
(‖v‖

1 2, 1
2

+ ε‖∂3v‖
1 1, 1

2

)
. (3.9)
Lt (B2 ) Lt (B2 )
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Applying Lemma A.1 again gives∑
k>	|k−j |≤N0

∥∥�j�
h
k�

v
	∇hv

∥∥
L1

t (L
4
h(L∞

v ))
�

∑
k>	|k−j |≤N0

2
3k
2 2

	
2
∥∥�h

k�
v
	v

∥∥
L1

t (L
2)

� ‖v‖
L1

t (B
2, 1

2
2 )

∑
k>	|k−j |≤N0

dk,	2− k
2 � dj 2− j

2 ‖v‖
L1

t (B
2, 1

2
2 )

,

and ∑
k≤	

	≥j−N0

∥∥�j�
h
k�

v
	∇hv

∥∥
L1

t (L
2
v(L∞

h ))
�

∑
k≤	

	≥j−N0

22k
∥∥�h

k�
v
	v

∥∥
L1

t (L
2)

� ‖v‖
L1

t (B
2, 1

2
2 )

∑
k≤	

	≥j−N0

dk,	2− 	
2 � dj 2− j

2 ‖v‖
L1

t (B
2, 1

2
2 )

.

Let us denote

va
def=

∑
k≤	

�h
k�

v
	v and vb

def=
∑
k>	

�h
k�

v
	v.

We thus obtain∑
j∈Z

2
j
2
(‖�j∇hva‖L1

t (L
2
v(L∞

h )) + ‖�j∇hvb‖L1
t (L

4
h(L∞

v ))

) ≤ C‖v‖
L1

t (B
2, 1

2
2 )

.

This together with (2.1), (3.7), (3.8) and (3.9) ensures that

ε‖∇v‖L1
T

(L) ≤ C exp
(
C‖u0‖2

B
0, 1

2
2

)
(3.10)

for some large enough positive constant C.
By virtue of (3.10), we get, by applying Lemma 2.1 to the first equation of (1.18), that

‖b‖
L̃∞
T

(B
3
2
2 )

≤ ‖a0‖
B

3
2
2

exp
(
Cε‖∇v‖L1

T
(L)

) ≤ ‖a0‖
B

3
2
2

exp
(
C exp

(
C‖u0‖2

B
0, 1

2
2

))
. (3.11)

Then taking C1
def= 8 exp( 32C

c
(ε + ‖u0‖

B
0, 1

2
2

)2) in (3.5), (3.2) together with (3.5) and (3.11) ensures that T= T0 = T ∗

whenever there holds (1.13).

3.4. The H 2 estimate of (a,u)

Thanks to (1.17), (3.7) and (3.8), we get by applying Lemma A.1 that

‖∇u‖L1
T ∗ (L∞) � ‖u‖

L1
T ∗ (B

2, 1
2

2 )

+ ‖u‖
L1

T ∗ (B
0, 5

2
2 )

� ‖v‖
L1

T ∗ (B
2, 1

2
2 )

+ ε2
∥∥∂2

3 v
∥∥

L1
T ∗ (B

0, 1
2

2 )

� C exp
(
C‖u0‖2

B
0, 1

2
2

)
, and

‖u‖L2
T ∗ (L∞) � ‖v‖

1
2

L∞
T ∗ (B

0, 1
2

2 )

‖v‖
1
2

L1
T ∗ (B

2, 1
2

2 )

� C exp
(
C‖u0‖2

B
0, 1

2
2

)
. (3.12)

Moreover, u satisfies Estimate (1.16) on [0, T ∗[. Therefore, it suffices to prove that T ∗ = ∞ in order to complete the
proof of Theorem 1.3.

With (3.12), we now turn to the propagating of H 2 regularity for (1.2) with data given by (1.14). The main difficulty

in solving this problem is due to the fact that a(t, xh, x3) = εσ b(t, xh, εx3) is not small in L̃∞(R+,B
3
2 (R3)) even if ε
2
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is very small. That is the reason why we are going to use energy method as that in [3,4]. For this, we denote ρ
def= 1

1+a

and ρ0,ε(x)
def= 1

1+εσ a0(xh,εx3)
and u0,ε(x) = (εuh

0(xh, εx3), u
3
0(xh, εx3)), then to solve (1.2) for (a,u) is equivalent to

solve (ρ,u) via⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tρ + u · ∇ρ = 0, (t, x) ∈R

+ ×R
3,

ρ∂tu + ρu · ∇u − �u + ∇Π = 0,

divu = 0,

ρ|t=0 = ρ0,ε, u|t=0 = u0,ε.

(3.13)

Notice that

mε
def= 1

1 + εσ ‖a0‖L∞
≤ ∥∥ρ(t)

∥∥
L∞ ≤ 1

1 − εσ ‖a0‖L∞
def= Mε for t < T ∗.

And it follows by a standard energy estimate that for any t < T ∗

1

2
‖√ρu‖2

L∞
t (L2)

+ ‖∇u‖2
L2

t (L
2)

= 1

2
‖√ρ0,εu0,ε‖2

L2 ≤ Cε. (3.14)

Taking the L2 inner product of the momentum equation of (3.13) with ∂tu leads to

1

2

d

dt
‖∇u‖2

L2 + ‖√ρ∂tu‖2
L2 ≤ ∣∣(ρu · ∇u | ∂tu)L2

∣∣ ≤ 1

2
‖√ρ∂tu‖2

L2 + C‖ρ‖L∞‖u‖2
L∞‖∇u‖2

L2,

from which and (3.12), we deduce that for any t < T ∗

‖∇u‖2
L∞

t (L2)
+ ‖√ρ∂tu‖2

L2
t (L

2)
≤ 2‖∇u0,ε‖L2 exp

(
Cε‖u‖2

L2
t (L

∞)

) ≤ Cε. (3.15)

Note that we can also write the momentum equation of (3.13) as{
�u − ∇Π = ρ∂tu + ρu · ∇u,

divu = 0.
(3.16)

Then by virtue of (3.12) and (3.15), we get, by using classical estimates on linear Stokes operator, that for t < T ∗∥∥∇2u
∥∥

L2
t (L

2)
+ ‖∇Π‖L2

t (L
2) ≤ ‖ρ∂tu‖L2

t (L
2) + ‖ρu · ∇u‖L2

t (L
2)

≤ Cε

(‖√ρ∂tu‖L2
t (L

2) + ‖u‖L2
t (L

∞)‖∇u‖L∞
t (L2)

) ≤ Cε. (3.17)

To estimate ‖∇2u‖L∞
t (L2), following [3,4], we get, by first acting ∂t to the momentum equation of (3.13) and then

taking the L2 inner product of the resulting equation with ∂tu, that

1

2

d

dt

∥∥√
ρ∂tu(t)

∥∥2
L2 + ∥∥∇∂tu(t)

∥∥2
L2

= −
∫
R3

(
∂tρ∂tu · (u · ∇u) + ρ∂tu · (∂tu · ∇u) − 3

2
div(ρu)|∂tu|2

)
dx, (3.18)

where we used the transport equation ∂tρ = −div(ρu). Next we estimate term by term above. Using once again the
transport equation ∂tρ = −div(ρu) and integration by parts, one has∫

R3

∂tρ∂tu · (u · ∇u)dx

=
3∑

j=1

( ∫
R3

ρuj∂j ∂tu(u · ∇u)dx +
∫
R3

ρuj∂tu(∂ju · ∇u)dx +
∫
R3

ρuj∂tu(u · ∇∂ju)dx

)
.

Notice that

‖u‖L∞ ≤ C‖∇u‖
1
2

2

∥∥∇2u
∥∥ 1

2
2,
L L
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we get, by applying Hölder inequality, that

3∑
j=1

∣∣∣∣ ∫
R3

ρuj∂j ∂tu(u · ∇u)dx

∣∣∣∣ ≤ ‖ρ‖L∞‖u‖2
L∞‖∇u‖L2‖∇∂tu‖L2

≤ C‖ρ‖L∞‖∇u‖2
L2

∥∥∇2u
∥∥

L2‖∇∂tu‖L2

≤ Cε‖∇u‖4
L2

∥∥∇2u
∥∥2

L2 + 1

8
‖∇∂tu‖2

L2 .

Along the same line, we have

3∑
j=1

∣∣∣∣ ∫
R3

ρuj∂tu(∂ju · ∇u)dx

∣∣∣∣ ≤ ‖ρ‖L∞‖u‖L∞‖∂tu‖L6‖∇u‖L3‖∇u‖L2

≤ ‖ρ‖L∞‖∇u‖2
L2

∥∥∇2u
∥∥

L2‖∇∂tu‖L2

≤ Cε‖∇u‖4
L2

∥∥∇2u
∥∥2

L2 + 1

8
‖∇∂tu‖2

L2,

and
3∑

j=1

∣∣∣∣ ∫
R3

ρuj∂tu(u · ∇∂ju)dx

∣∣∣∣ ≤ ‖ρ‖
1
2
L∞‖u‖2

L∞‖√ρ∂tu‖L2

∥∥∇2u
∥∥

L2

≤ Cε‖∇u‖2
L2

∥∥∇2u
∥∥2

L2 + ∥∥∇2u
∥∥2

L2‖√ρ∂tu‖2
L2 .

This yields∣∣∣∣ ∫
R3

∂tρ∂tu · (u · ∇u)

∣∣∣∣ ≤ ∥∥∇2u
∥∥2

L2‖√ρ∂tu‖2
L2

+ Cε

(
1 + ‖∇u‖2

L2

)‖∇u‖2
L2

∥∥∇2u
∥∥2

L2 + 1

4
‖∇∂tu‖2

L2 . (3.19)

Similar to the derivation of (3.19), we get∣∣∣∣ ∫
R3

ρ∂tu · (∂tu · ∇u)dx

∣∣∣∣ ≤ ‖∇u‖L∞‖√ρ∂tu‖2
L2 , (3.20)

and ∣∣∣∣ ∫
R3

div(ρu)|∂tu|2 dx

∣∣∣∣ = 2

∣∣∣∣∫
R3

ρu · (∂tu · ∇∂tu) dx

∣∣∣∣
≤ ‖ρ‖

1
2
L∞‖u‖L∞‖√ρ∂tu‖L2‖∇∂tu‖L2

≤ Cε‖u‖2
L∞‖√ρ∂tu‖2

L2 + 1

4
‖∇∂tu‖2

L2 . (3.21)

Plugging Estimates (3.19)–(3.21) into (3.18), we obtain

d

dt

∥∥√
ρ∂tu(t)

∥∥2
L2 + ∥∥∇∂tu(t)

∥∥2
L2 ≤ Cε

(
1 + ∥∥∇u(t)

∥∥2
L2

)∥∥∇u(t)
∥∥2

L2

∥∥∇2u(t)
∥∥2

L2

+ Cε

(∥∥u(t)
∥∥2

L∞ + ∥∥∇u(t)
∥∥

L∞ + ∥∥∇2u(t)
∥∥2

L2

)∥∥√
ρ∂tu(t)

∥∥2
L2 . (3.22)

Notice that by taking L2 inner product of the momentum equation of (3.13) at time t = 0 with ∂tu(0, x), we get∥∥√
ρ0∂tu(0)

∥∥2
L2 +

∫
3

(ρ0u0 · ∇u0 − �u0) · ∂tu(0) dx = 0,
R
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which gives rise to∥∥√
ρ∂tu(0)

∥∥
L2 ≤ C

(∥∥ρu · ∇u(0)
∥∥

L2 + ∥∥�u(0)
∥∥

L2

)
≤ C

(‖ρ0,ε‖L∞‖u0,ε‖L∞‖∇u0,ε‖L2 + ‖�u0,ε‖L2

) ≤ Cε.

Hence by virtue of (3.12), (3.15) and (3.17), we get, by applying Gronwall Lemma to (3.22) that

‖√ρ∂tu‖L∞
t (L2) + ‖∇∂tu‖L2

t (L
2)

≤ Cε

(∥∥√
ρ∂tu(0)

∥∥
L2 + (

1 + ‖∇u‖2
L∞

t (L2)

)‖∇u‖2
L∞(L2)

∥∥∇2u
∥∥2

L2
t (L

2)

)
× exp

(‖u‖2
L2

t (L
∞)

+ ‖∇u‖L1
t (L

∞) + ∥∥∇2u
∥∥2

L2
t (L

2)

) ≤ Cε (3.23)

for t < T ∗.
On the other hand, we deduce from (3.16) that∥∥∇2u

∥∥
L∞

t (L2)
+ ‖∇Π‖L∞

t (L2) ≤ C
(‖ρ∂tu‖L∞

t (L2) + ‖ρu · ∇u‖L∞
t (L2)

)
≤ Cε

(‖√ρ∂tu‖L∞
t (L2) + ‖∇u‖2

L∞
t (L2)

) + 1

2

∥∥∇2u
∥∥

L∞
t (L2)

,

which along with (3.15) and (3.23) implies that∥∥∇2u
∥∥

L∞
t (L2)

+ ‖∇Π‖L∞
t (L2) ≤ Cε for t < T ∗. (3.24)

It follows the same line that

‖�u‖L2
t (Ḣ

1) + ‖∇Π‖L2
t (Ḣ

1) ≤ ∥∥∇(ρ∂tu)
∥∥

L2
t (L

2)
+ ∥∥∇(ρu · ∇u)

∥∥
L2

t (L
2)

≤ C
(‖ρ‖L∞

t (L∞) + ‖∇ρ‖L∞
t (L3)

)(‖∂tu‖L2
t (Ḣ

1) + ∥∥∇(u · ∇u)
∥∥

L2
t (L

2)

)
,

from which, we infer that for t < T ∗

‖�u‖L2
t (Ḣ

1) + ‖∇Π‖L2
t (Ḣ

1) ≤ Cε

(
1 + ‖b‖

L∞
t (B

3
2
2 )

)(‖∂tu‖L2
t (Ḣ

1)

+ (‖∇u‖
1
2

L2
t (L

2)

∥∥∇2u
∥∥ 1

2

L2
t (L

2)
+ ‖u‖L2

t (L
∞)

)∥∥∇2u
∥∥

L∞
t (L2)

) ≤ Cε, (3.25)

where we used (1.17) so that

‖∇ρ‖L∞
t (L3) ≤ Cε‖∇b‖L∞

t (L3) ≤ Cε‖b‖
L∞

t (B
3
2
2 )

.

Summing up (3.14), (3.15), (3.17) and (3.23)–(3.25), we arrive at

‖u‖L∞
t (H 2) + ‖∇u‖L2

t (H
2) + ‖∂tu‖L2

t (H
1) + ‖∇Π‖L2

t (H
1) ≤ Cε for t < T ∗. (3.26)

Finally thanks to (1.17) and (3.26), to derive the L∞
t (H 2) bounds for ρ − 1, we only need to estimate ‖∇2ρ‖L∞

t (L2).

Indeed taking ∇2 to continuous equation of (3.13), and then taking the L2 inner product of the resulting equation
with ∇2ρ, we obtain

‖ρ‖L∞
t (Ḣ 2) ≤ ‖ρ0‖Ḣ 2 exp

(
C

t∫
0

‖∇u‖H 2 dt ′
)

for t < T ∗. (3.27)

(3.26) together with (3.27) ensures that T ∗ = ∞. The uniqueness of this class of solution for (1.2) is classical
(see [4,14] for instance), and we omit the details here. This completes the proof of Theorem 1.3. �
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Appendix A. Littlewood–Paley analysis

In this section, we collect some basic facts on Littlewood–Paley theory, which we used throughout the paper. For
the convenience of the readers, we first recall the following Bernstein type lemma from [12,21]:

Lemma A.1. Let Bh (resp. Bv) a ball of R2
h (resp. Rv), and Ch (resp. Cv) a ring of R2

h (resp. Rv); let 1 ≤ p2 ≤ p1 ≤ ∞
and 1 ≤ q2 ≤ q1 ≤ ∞. Then there hold:

If the support of â is included in 2kBh, then∥∥∂α
xh

a
∥∥

L
p1
h (L

q1
v )

� 2
k(|α|+2( 1

p2
− 1

p1
))‖a‖

L
p2
h (L

q1
v )

.

If the support of â is included in 2	Bv , then∥∥∂β
x3

a
∥∥

L
p1
h (L

q1
v )

� 2
	(β+( 1

q2
− 1

q1
))‖a‖

L
p1
h (L

q2
v )

.

If the support of â is included in 2kCh, then

‖a‖
L

p1
h (L

q1
v )

� 2−kN sup
|α|=N

∥∥∂α
xh

a
∥∥

L
p1
h (L

q1
v )

.

If the support of â is included in 2	Cv , then

‖a‖
L

p1
h (L

q1
v )

� 2−	N
∥∥∂N

x3
a
∥∥

L
p1
h (L

q1
v )

.

To consider the product of a distribution in the isentropic Besov space with a distribution in the anisotropic Besov
space, we need the following result which allows to embed isotropic Besov spaces into the anisotropic ones.

Proposition A.1. (See Lemma 2.2 of [11].) Let s and t be positive real numbers. Then for any p ∈ [1,∞], one has

‖f ‖
B

s,t
p
� ‖f ‖Bs+t

p
.

In order to obtain a better description of the regularizing effect of the transport-diffusion equation, we will use
Chemin–Lerner type spaces L̃λ

T (Bs
p,r (R

3)) (see [6] for instance).

Definition A.1. Let (r, λ,p) ∈ [1,+∞]3 and T ∈ ]0,+∞]. We define L̃λ
T (Bs

p r) as the completion of C([0, T ];S) by
the norm

‖f ‖L̃λ
T (Bs

p,r )

def=
(∑

q∈Z
2qrs

( T∫
0

∥∥�qf (t)
∥∥λ

Lp dt

) r
λ
) 1

r

< ∞,

with the usual change if r = ∞.

We also need the following form of functional framework, which corresponds to the weighted Chemin–Lerner type
norm introduced in [22,23] for r = 1.
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Definition A.2. Let f (t) ∈ L1
loc(R

+), f (t) ≥ 0 and X be a Banach space. We define

‖u‖L1
T ,f (X)

def=
T∫

0

f (t)
∥∥u(t)

∥∥
X

dt.

To study product laws between distributions, we need para-differential decomposition of Bony [7]: let a, b∈S ′(R3),

ab = T (a, b) +R(a, b), or ab = T (a, b) + T̄ (a, b) + R(a, b), where

T (a, b) =
∑
j∈Z

Sj−1a�jb, T̄ (a, b) = T (b, a), R(a, b) =
∑
j∈Z

�jaSj+2b, and

R(a, b) =
∑
j∈Z

�ja�̃jb, with �̃j b =
j+1∑

	=j−1

�	a. (A.1)

Finally we recall the following law of product from [11]:

Lemma A.2. (See Lemma 2.3 of [11].) Let p ≥ q ≥ 1 with 1
p

+ 1
q

≤ 1, and s1 ≤ 2
q

, s2 ≤ 2
p

with s1 + s2 > 0. Let

σ1 ≤ 1
q

, σ2 ≤ 1
p

with σ1 + σ2 > 0. Then for a ∈ B
s1,σ1
q (R3), b ∈ B

s2,σ2
p (R3), one has ab ∈ B

s1+s2− 2
q
,σ1+σ2− 1

q
p (R3),

and

‖ab‖
B

s1+s2− 2
q ,σ1+σ2− 1

q
p

� ‖a‖
B

s1,σ1
q

‖b‖
B

s2,σ2
p

.
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