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Abstract

We consider a quasilinear elliptic equation involving a first-order term, under zero Dirichlet boundary condition in half-spaces.
We prove that any positive solution is monotone increasing with respect to the direction orthogonal to the boundary. The main
ingredient in the proof is a new comparison principle in unbounded domains. As a consequence of our analysis, we also obtain
some new Liouville type theorems.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

MSC: 35B05; 35B65; 35J70

1. Introduction and statement of the main results

We consider C!¢ weak solutions to the problem
—div(a(u)|VulP72Vu) + b)|Vul? = f(u), inRY,
u(x’,y) >0, inRY, (1.1)
u(x’,0) =0, on aRf

where we assume N > 2, o € (0, 1) and

(H) 1l<p<2,1<g<p;
(Hy) a, b and f are locally Lipschitz continuous functions on R;
(H3) there exists y > 0 such that a(s) > y for every s € R.

We denote a generic point in Rﬁ by x = (x/, y) with x" = (x1, x2, ..., xy_1) and y = xy.
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Note that the C!+* regularity of the solutions follows by the well-known results in [18,30,31,40].

We study monotonicity properties of the solutions, w.r.t. (with respect to) the y-direction, via the Alexandrov—
Serrin moving plane method [1,6,27,38]. For the semilinear case, the founding papers on this topic go back to the
works [2-5,15,28]. We also refer the readers to [7,9,16,19,20,25,36] for other results concerning the monotonicity of
the solutions in half-spaces also in more general settings (always in the uniformly elliptic case).

In the present work, we consider the quasilinear problem (1.1) and we continue the study that we have started in
[21,22].

The first main contribution of this paper is the following:

Theorem 1.1. Let u be a solution to (1.1) and let us assume that u € Cllo’g (R_ﬁ) and Vu € LOO(R_A(). Let (Hy), (Hp)
and (H3) be satisfied and assume that f(s) > 0 for s > 0. Then u is monotone increasing w.r.t. the y-direction, that is

u . oN
5 =0 inRY.
For a(-) =1 and b(-) = 0 problem (1.1) reduces to

—Apu=f(u), inRY,
u(x’,y)>0, inRY, (1.2)
u(x’,0)=0,  ondRY.
The monotonicity of solutions to (1.2) was first studied in [ 14] in the two dimensional case and considering positive
nonlinearities. Later, in dimension N (always for positive nonlinearities) a first result was obtained in [21]. Both the
results hold under the restriction 232 < p < 2.

N+2
As a consequence of Theorem 1.1, we can remove this restriction and get the following:

Corollary 1.2. Let 1 <p <2 andu € Cllo’f (@) be a solution of problem (1.2) with |Vu| € L“(Rﬁ). Assume that f
is locally Lipschitz continuous with f(s) > 0 for s > 0. Then u is monotone increasing w.r.t. the y-direction.

Let us point out that in [21] the restriction % < p < 2 is needed because there the strong maximum and
comparison principles of [13] are used, which, in turn, are based on the estimates in [12]. A novelty in this paper,

even in the special case of the pure p-Laplacian operator, is the fact that we avoid the restriction 2]<]vi22 <p<?2.

Let us also mention that the case p = 2 is well known, as remarked here above, while recently in [22] the mono-
tonicity of solutions to (1.2) is proved in the case 2 < p < 3, for positive power-like nonlinearities or in the case p > 2,
for strictly positive nonlinearities.

The technique exploited in the proof of Theorem 1.1 also allows us to improve Theorem 1.8 in [21] allowing the
presence of a first-order term in the equation and avoiding also in this case the restriction p > 2NN—:_F22 Namely we have
the following:

Theorem 1.3. Let (Hy) and (H3) be satisfied. Assume that u € Cl’a(@), withu € Wl'oo(Rﬁ), is a solution to

loc

—div(|VulP72Vu) + b@)|Vul? = f(u), inRY,

u(x',y) >0, in Rﬁ,
u(x’, 0) =0, on B]Rf
with b(u) > 0. Suppose that

z>0: O<s<z = f@)>0 and s>z = f(s)<O.

Then u is monotone increasing w.r.t. the y-direction.

Let us emphasize some new Liouville type results that complement and improve those we proved in [21, Theo-
rem 1.6]. They follow from our monotonicity results and some techniques used in [21]:
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Theorem 1.4. Assume 1 < p <2 and let f be locally Lipschitz continuous. Let u € Cllo’f (R_ﬁ) N Wl*oo(Rﬁ) be
a non-negative solution of

—Apu=f@), inRY

1.3
u(x', 0) =0, on aRﬁ. (13)

Assume that one of the following holds:

(@ N=2and f(s) >0 fors >0, with f(0) =0,
(b) N >3, f(s)>0fors>0, f(0)=0and f is subcritical w.r.t. the Sobolev critical exponent in RN,

- (N—=D(p-1)
() N=3, f(s) >0fors >0, f(0)=0and f(s) > As N*IfP in [0, 8], for some A, § > 0.

Then u=0.
On the other hand, if N > 2, f(s) > 0 for s > 0, then there are no non-negative solutions of (1.3).

We refer the readers to [14,21,22,42] for other Liouville type theorems for quasilinear elliptic equations in half-
spaces.

The proofs of the monotonicity results in half-spaces are generally based on weak comparison principles in narrow
unbounded domains. We refer the readers to [3-5,9,15,16,20,25,36].

In our case, the presence of the therm |Vu|P~2 gives rise to a phenomenon that was first pointed out in [8,11],
in the case of bounded domains. Namely, we will prove our monotonicity result via a weak comparison principle in
domains that can be decomposed into two parts. A narrow part (w.r.t. the Lebesgue measure of the section) and a part
where the gradient of the solution is small.

We will state our comparison principle, which is the second main contribution of the present work, under more
general structural assumptions and for more general quasilinear problems (cf. (1.5) below). We also remark that
no restriction on the sign of u and v is required. More precisely, we consider continuous functions a = a(x, u),
b=>b(x,u) and f = f(x,u) defined on Rﬁ x R and satisfying the following conditions:

(H4) a,b and f are locally Lipschitz continuous functions, uniformly w.r.t. x. Namely, for every M > 0, there are
positive constants L, = L,(M), Ly = Lp(M) and Ly = L ¢ (M) such that for every x € Rﬁ and every u,v €
[—M, M] we have

|a(x,u) —a(x, v)| < Lglu —v|, \h(x,u) — b(x, v)| < Lplu— v,
| O, u) = o, 0)| < Lylu—vl.

For every M > 0 there is a constant K = K (M) > 0 such that for every x € Rﬁ and every s € [-M, M] we
have

‘a(x,s)’él(, |b(x,s)|<K;

(Hs) There is a constant y > 0 such that a(x, s) > y for every (x, s) € Rf x R.

Remark 1.5. (i) When the functions a, b and f depend only on the variable u# and are locally Lipschitz continuous
on R, assumption (Hy) is automatically satisfied.

(ii) Typical examples of functions a = a(x,u) satisfying both (Hs) and (Hs) are provided by a(x,u) =
(sinz(xl) +10)(Ju|+ 1) ora(x,u) = |u| +2 +cosz(|x|).

We have the following:

Theorem 1.6. Let 1 < p <2, N > 2 and let (Hy), (Hy), (Hs) be satisfied. Fix Ly > 0 and My > 0. Consider ) €
0, xo], 7, & > 0 and set

(1.4)

N>

. mN-1 A A
Zoyy =R X )’0—5,)’04‘5 s Yoz
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Letu,v e CII(;?(E(A,,VO)) such that ||u]leo + [|Vit]loo < Mo, ||V]loo + [|VV|loo < Mgy and

—div(a(x, )| VulP2Vu) +b(x, )| Vul? < f(x,u), in Doy,
—div(a(x, v)[Vo[P72V0) + b(x, v)[ V[ > f(x,v), in D,y (1.5)
u<v, on 38(z,¢),

where the open set Sz ¢y C X (5., ) is such that
S(r,s) = U Ixt/’e,
x'eRN-1
and the open set I;,’g C{x'} x (yo — %, yo+ %) has the form
155 =AL UBS with|ALNBS|=0 (1.6)
and, for x' fixed, AL, B, C (yo— % Yo+ %) are measurable sets such that
|A;, <t and B, CyeR: |Vu(x’,y)| <e, }Vv(x’,y)| <e}

Then there exist

70 =10(N, p,q, 0, Mo, y) >0

and
eo=¢0(N,p,q,ro0, Mp,y) >0

such that, if 0 < t < 19 and 0 < & < gy, it follows that
u<v inSey).

If the functions f, a and b are assumed to be globally Lipschitz continuous on Rﬁ X R and the functions a and b are

supposed to be bounded on Rﬁ X R, the same conclusion holds true without any assumption on the boundedness of u
and v.

Note that, both gy and ¢ in Theorem 1.6 can be explicitly calculated, cf. Remark 2.3. For later purposes, we also
state the following special case of the previous theorem. It corresponds to the case in which B, =) and the set Sz )
is contained in a narrow strip. This result also provides an extension of Theorem 1.1 in [21] to the case of problems
involving a first-order term as in (1.1) or in (1.5).

Theorem 1.7. Let 1 < p <2, N > 2 and let (H}), (Hy), (Hs) be satisfied. Fix My > 0. Consider A > 0 and set
A

2 2 2
Letu,v e Cl’a(Z‘(A,yO)) such that ||u]leo + [|Vit]loo < Mo, ||V]loo + [|VV|loo < Mgy and

loc

_ A A
Ty =RY 1><(yo——,yo+—>, Yo 2.

—div(a(x, u)|Vu|p_2Vu) + 00, )| Vul? < flx,u), in Xy,
—div(a(x, v)|[Vo[P72V0) + b(x, v)[ Vol > f(x,v), in Dy, (1.7
u<v, on 38,

where S C X, y,) is an open subset.
Then there exists

A=A(N,p,q.Mo,y)>0
such that, if 0 < A < A, it follows that
u<sv inS.

If the functions f, a and b are assumed to be globally Lipschitz continuous on Rﬁ X R and the functions a and b are

supposed to be bounded on Rﬁ X R, the same conclusion holds true without any assumption on the boundedness of u
and v.
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We point out that A in the above theorem, can be explicitly calculated, cf. Remark 2.3.

Remark 1.8. Theorem 1.6 and Theorem 1.7 are the main ingredients in the proof of our monotonicity result The-
orem 1.1. The new geometry of the domain that we consider is crucial to prove our monotonicity result in the case
2N+2

1 < p < 2, without the restriction p > S that appears in [21]. At each x’ fixed, the section of the domain is

decomposed into two parts: a narrow (w.r.t. the Lebesgue measure) part and a part where the gradients are small.

The qualitative properties of positive solutions to —A ,u = f (), in various unbounded domains, are also studied
in [10,14,17,19,21-24,26,33,37,39,42].
Here below we describe the scheme of the paper:

(1) In Section 2 we prove the general weak comparison principle stated in Theorem 1.6 (and also Theorem 1.7). The
proof is carried out exploiting the iteration scheme introduced in [21] (see also [22]), and taking advantage from
the geometry of the considered domain.

(i1) In Section 3 we prove a crucial property of local symmetry regions of the solutions. Namely we show that such
regions must touch the boundary. This follows by a fine analysis of the limiting profiles of the solution.

(iii) In Section 4 we prove Proposition 4.1, that allows to carry out the moving plane procedure via Theorem 1.6.

(iv) In Section 5 we prove Theorem 1.1.

(v) In Section 6 we prove Theorem 1.3 and Theorem 1.4.

2. The weak comparison principle: Proof of Theorem 1.6

In the sequel we will use the following inequalities: V7, 7’ € RN with |n| + || > O there exist positive con-
stants C1, C2 depending only on p such that

(01720 = '[P = 0] = Co(lnl + |0 )’ o =o' ifp > 1,
P2y — [0/ |P 0| < Caln—n/|””" if1<p<2. @.1)

Notation. Generic fixed numerical constants will be denoted by C (with subscript in some case) and they will be
allowed to vary within a single line or formula. |S| denotes the Lebesgue measure of a set S. fT and f~ are the
positive part and the negative part of a function f,i.e. f™ =max{f, 0} and f~ = —min{f, 0}.

We start recalling a lemma, whose proof can be found in [21, Lemma 2.1].

Lemma 2.1. Let 0 > 0 and B > 0 such that & < 2~B. Moreover let Ry > 0, ¢ > 0 and
L: (R, +00) = R
be a non-negative and non-decreasing function such that

{ L(R)<OL2R)+g(R) YR > Ry,

L(R)<CRF VR > Ry, (2.2)

where g : (Rg, +00) — R7 is such that limg_, ; o0 g(R) = 0. Then
L(R)=0.
We provide now the proof of a generalized version of the Poincaré inequality in one dimension.

Lemma 2.2 (Poincaré type inequality). Let I be an open bounded subset of R and assume that I = A U B with
|[AN B| =0, A and B measurable subsets of I. Let p : [ — R U {o0} be measurable and such that

inf p(z) > 0.
tel
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Then for any w € H(} (I) such that fl ()8, w|?(t) dt is finite, the following inequality holds:

/wz(z)dt<2|1|max{|A|supL,|B|supL}/p(t)|atw|2(z)dr. (2.3)
y rea p(1) reB P) y

X

Proof. Since w belongs to Hé (I), there exists a € I such that w(x) = / d;w(t) dt. Thus we have

a

X

lw )] </}8,w(t)|dt</}8,w(t)|dt=/|8,w(l)|dt+/|8,w(t)|dt

a 1 A B

1/2 1/2
< |A|1/2</ |atw|2<r>dr) + |B|1/2(f |atw|2(r>dr>
A B

L\ 12 12 1\ 12 12
<<|A|sup—) (/p(tnatwﬁmdr) +<|B|sup—) (/p(r>|a,w|2<r)dz> L4
red p(1) . rep P() )

Finally, by using (2.4) we obtain

/wz(t) dt < |I|supw?(z)
Y tel

1 1
<2|1|(|A|sup—/p|a,w|2(r>dt+|B|sup—/p|atw|2<r)dr>,
red P(1) s tep p(t) ’

from which the thesis immediately follows. O

Proof of Theorem 1.6. In the proof, the quantities L,(Mo), Ly (Mo), L f(Mo) and K (Mp) will denote the structural
constants appearing in assumption (Hy4). Also we denote by || - |00, the L°° norm in X ).
We remark that (u — v) ™ belongs to L°(X; y,)) since u and v are bounded in X, . For a > 1 we define

¥ = [ —v)T]"% 2.5)
where p(x', y) = @(x') € CSO(RN_I) is such that

0 =0, in Rﬁ,
o=1, in B'(0, R) c RV,
¢=0, in RV=1\ B'(0,2R), (2.6)

C
Vol < 7. inB'(0.2R)\ B'(0. R) € RN

where B'(0, R) = {x’ e R¥~!: |x’| < R}, R > 1 and C is a positive constant.
Let C(R) be defined as

C(R) :={S.) N {B'(0, R) x R}}.
The assumptions in (2.6) and the inequality u < v on 957,y imply that ¥ € Wol’p(C(ZR)). This allows us to use ¥
as a test function in both equations of problem (1.5) and to get (by subtracting)
/ (a(x, w)|Vu|P"2Vu — a(x, v)|Vo|P 2V, Vi) + / (b(x, u)|Vul? — b(x,v)|V|?)y
C(2R) C2R)

< / (FGw) — £ 0) ¥, @)
C(2R)
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from which we infer

/a(x,u)(|Vu|p_2Vu—|Vv|p_2Vv,V1//)+ / (a(x,u) —a(x,v))(IVv|"2Vv, Vi)

cOR) CQ2R)
n / b(x, u)(quIq _ IVqu)Iﬂ + f (b(x, u) —b(x, v))|Vv|q1//
COR) C(2R)
< [ G- reow
C(2R)
and hence

/ a(x,u)(|VulP~>Vu — |Vv|P ">V, Vi)

C(2R)
< / |a(x,u)—a(x,v)||VvI”_1|V1ﬁ|+K(Mo) / [[Vul? — [Vl |y
C(2R) C(2R)
+ f |b(x,u) — b(x, v)||Vv|?y + f | fx,u) = fx,v)|y
C(2R) C(2R)
< La(My) / IVolP" 1V |lu — v] + K (Mo) f [[Vu|? — Vol |y
C(2R) C(2R)
+ Lp(Mo) / Vo9 |u —v| + Ly (Mo) / Ylu —vl.
C@2R) C(2R)

Since Vu and Vv belongs to L% (X)), using (2.5) we obtain
o / a(x,u)(|VulP~*Vu — |[Vu|P "2V, V(u — v) ) [(u — u)+]“‘1¢2
C(2R)

+ / a(x,u)(|VulP~*Vu — |[Vu|P "2V, Ve?)[(u — v)T]*
C(2R)

<aL,(Mo)||Vvll2" f [ — o) ]|V — ) |92 + Lo(Mo) | Vo2 / [ — )" ve?|

C@2R) C(2R)
1
+ (Lo (Mo) [Vl + L (M) / [ =]
C(2R)
+ g K (Mo)Mf™! / IV — o)t |[( — )]
C(2R)

2.8)

(2.9)

(2.10)

where, in the last term we used the mean value theorem and the boundedness of Vu and Vv to deduce that ||Vu|? —

[Vul4| < gMo?™ 1|V —v)|.
Recalling (2.1), from (2.10) we obtain
-2 2 -1
aCry [ (IVul + Vo))’ IV — )t [ —v)T]" @?
CQ2R)
< C2K (M) [ V(=07 Ve | [ — vt
C@2R)
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a—l4a+1

+aLy(Mo)| Vol %! f IV —o)T|[@-vt] 7 ¢
C(2R)

+ La(Mo) | V)| 5! f [ — )] ve?]
C(2R)

+ (Lp(Mo) IVl + L £ (My)) f [ —w)* ]2
C(2R)

a—l+a+l

+qK (Mo)Mo? ™! / Vu—o)T|[@-vt] 7 ¢
CQR)

It is easy to resume the computations above as follows:

aCry / (1Vul + 1901)" 72| V@ — o) [ — )] ?

C(2R)

< (C2K (Mo)(2Mo)P ™" +2MJ L (Mo)) f Ve[ —v)T]*

C(ZR)
ta (La(Mo)ML™" + gK (Mo)Mo? ™) / IV — ) |[— 0t g2
C(2R)

+ (Ly(Mo)Mg + L 1 (Mo)) / [(w—v)*]" 2
CQ2R)

2
Recalling that p < 2 and using the weighted Young inequality zy < ez% + ﬁ—a, from

a—l+a+l

/\V(u—v>+|[(u—v>+] Tyt = / V=) [ =] 7 - [w—v)*]

C(2R) CQR)N{|Vu|+|Vv|>0}

we deduce that, for every § > 0 it holds
-2 2 -1
aCiy / (IVul + Vo))V — o) [ [ —v)']" ¢?
C(2R)

<(C2K (Mo)(2Mo)P ™" +2MJ Lo (Mo)) / Ve [ —v)T]*
C(2R)

+68-a- (La(Mo)ME™" + K (Mo)Mo?™") / V(=) Pl — o)t
CQ2R)

N (a (La(Mo)M{ ™" + g K (Mo) Mo~

15 + (Lp(Mo) Mg + Lf(MO))) / [(u—

C(2R)

< (C2K (Mo)2Mo)P ™" + 2MJ Lo (Mo)) / |Ve?|[(u —v) "]
C(2R)

@2.11)

a+l

2
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+ 802277 (Lo (Mo)Mo + g K (Mo) Mo~ P~ 1) f (IVul + |Vv|)”‘2|V(u — v)+|2[(u - v)+]“‘1¢2
C(2R)
N ( 2277 - (Lq(Mo)Mo + g K (Mo) M7~ P~ 1)
o
48

+ (Lb(MO)Mg + Lf(M()))) / [(u _ v)+]oz+l(p2.
C(2R)
(2.12)

Here we are using the fact that ¢ > 1 > p — 1, since (H}) holds.
Take now

Cry
8= .
2- (2272 La(Mo)Mo + 2> Pq K (M) Mo? =P~ 1)

Consequently we have

c _ .
a% (1Vu] + Vo))" 2|V (= vy [ — v) T 2

C(2R)

< (C2K (M) (2Mo)P ™! +2MY Lo(Mp)) / |Ve? [ —v)T]*
C(2R)
(2277 Lo (Mo) Mo + 22~ Pqg K (M) Mo~ (P~ D)2

N+ at+l 2
ot [lo-ors
C(2R)

+ (Ly(Mo)M{ + L s (My)) / [(u— v)+]“+l¢2. (2.13)
CQR)

Since o > 1 we immediately get that

/ (1Vul + Vo))" 2|V — o) [ —v) ] ?
C(2R)
o 2(C2K (M) (2Mo)P " + 2M[ Lo (My))
Cry

/

[ vl - o
C(2R)
N (2277 Lo (Mo) Mo + 2P g K (Mo) Mo~ P~ 1)?
(C1y)?

[ — )] g2
C(2R)

2(Lp(Mo)M{ + L s (My)) fratl 2
Cry /[(u_v)] v

(2.14)
C(2R)

Let us define
_ 2(C2K (Mg)(2Mo)? ™! +2M{ L,(Mp))
B Cry
(227P Lo (Mo) Mo + 227Pq K (Mo) Mo~ P=D)2 2(Ly(Mo)M{ + L 5 (Mo))
: (Ci7)? " Ciy ’
n= [ Fellw-oT = [ - T

CQ2R) C2R)

¢l , (2.15)

(2.16)
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and note that both ¢ and ¢, depend only on p, ¢, ¥y and My, in particular they are independent of o > 1. Thus, with
the definitions above, we now rewrite (2.14) as follows: for every o > 1,

/ (IVul + Vo))" |V — o) [l — ] 2 < el + el 2.17)
C(2R)

We also observe that
/ ( / (IVu| + |Vv|)p_2|V(u - v)ﬂz[(u - v)+]a_1> dy (pz(x’) dx’
RN-1 [f;f
— IVul + Vo))" 2 V@ = ) P — )t 9? < 400
( )
CQR)

since ¢ depends only on x’ and the right-hand side of (2.17) is finite. Hence, for almost every x’ € RV ~! we have that

/ (IVul + Vo))" |V — o) [ — )] dy < 400, (2.18)
1‘(/,8

X

which also entails: for almost every x’ € RVN~!

/ (IVul + 1Vol)? 2|8, — o) [ — )T dy < +o00. (2.19)
IT;E

x

< Evaluation of the term 1. Let us recall the decomposition stated in (1.6) which gives
Seoy= |J 15° with I5° =A% UBE.
x'eRn—1
We set
) = (|[Vu(@' 1) + V(1))
in order to apply Lemma 2 2 in each IT/E, for which (2.19) holds true, with p(t) := py(t), A:= A, B := B; and

-2

w) =[u—v)T K, t)] . Note that the constant in (2.3) in this case is given by

Bt 1
B%,| sup .
5 Px (1)

c 23 max{ |A,
T P i

Therefore, for almost every x” € RN —1 we have

Cro(x') < Cr e := 200 max{T(2Mo)* 7, ho(28)* 7}, (2.20)

so that, since 1 < p < 2, C¢ ¢ can be chosen arbitrary small, for T and e sufficiently small. Now, recalling that ¢
depends only on x’ and using Young inequality with conjugate exponents ‘”1 and o 4 1, we get

L<2 / [ —v)*]"p|Ve| =2 / [ —v)T]¢IVe|? Vo2

C(2R) C(2R)
+ra+1 v 2a v ot+1
<2/[( ) |<p| +2/Irpl
+1 Ol+1
C(2R) C(2R)

LH o o o
<2 / (/([(u—v)+] ? )2dy>¢31|v90|¥5dx/+2 / Wika
RN-1 5% C(2R)

X
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and the application of Lemma 2.2 yields

(a + 1)? 2 —1 2 etl atl atl
I < Cre—F— / (IVu| + Vo))" [ — o) ] o, —0)H |7« [Vl 22 +2 / Vol 2
C(2R) C(2R)
(a + 1)? -2 -1 2 atl atl atl
<Cre / (IVul + Vo)) [ — )T [V — o) e o Ve 22 +2 / Vo| 7,
C(2R) CQ2R)
(2.21)
where C: . has been defined in (2.20).
< Evaluation of the term I,. We use the same notations as in the evaluation of /; and we get
RETICH 152 N
L= [ ([a=v"] )¢ = ([ =] ) dy )(p(x'))"dx
C2R) RN-1 1;;8
a—+1 2 p—2 +e—1 +12 Y
<Cre — (IVul + Vo) (@ — )] 3y —v)"["dy ) (¢ (x")) " dx
RN-1 IT;E
< a+1 2 p—2 +ya—1 +12 2
<Crpe ) (IVul + Vo) [ =] [V — vt e (2.22)
CQR)
Let us fix
a=2N+1>1. (2.23)

Recalling that C; , tends to 0, as both 7 and ¢ go to zero, we can take 7 > 0 and € > 0 small enough, such that

1\ 1
CQCLS(O[;F ) <3 aCrela+ P <27 (2.24)
so that from (2.17) we have
f (1IVul + Vo))" |V — o) [l — )] 2 <2611 (2.25)
C(2R)

From (2.6) we infer that

/(|W|+|W|)”‘2|V<u—v>+|2(u—v>‘>‘—1
C(R)
< / (IVul + Vo))" |V = o) P —0)*e? <201y (2.26)
C(2R)

and, using (2.21), we obtain
/ (1Vul +1Vol)" |V — o) [ — )]
C(R)

-2 -1 2 ekl atl atl
<c1Cre(a+1)? / (IVul + Vo))’ [ -0t [V —v)*[o @ [V 2 +4cy f Vol 2.
C(2R) C@2R)
2.27)
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Recalling (2.23) one has

/(|W|+|Vv|)”‘2IV<u—v)+!2<u—v>0‘—l
C(R)
<0 / (IVul +1V0l)" |V — o) [ =) ] + ER 2, (2.28)
CQ2R)
where
0 =ci1Crela+1)%
¢ =4 CF >0

exploiting also (2.6). Notice that, in view of (2.24), we also have that & < 2~ . In order to apply Lemma 2.1 we set

L(R) = / (|Vu| + |Vv|)p_2}V(u — v)+|2[(u — v)+]a_1,
C(R)
and
g(R)=CR™2.
Then from (2.28) we have

L(R) <OLRR)+g(R) VR >0,
L(R) < CRV VR > 0.

Applying Lemma 2.1 with 8 = N, we get L(R) = 0 and consequently the thesis. O

Proof of Theorem 1.7. The desired result is obtained with the same proof as that of Theorem 1.6 with the following
slight (but necessary) modifications. Replace S ¢) by S, set e =1 =2, B}, =0, I;,’S =A7, =SN{x"} x (yo— %
yo + %) and observe that (2.20) becomes

Ci(x') < G =222 2Mp)* 7, (2.29)
and that (2.24) becomes
1\? 1
czck<0”2r ) <3 aGE+n?<2V. (2.30)

The conclusion then follows by taking A small enough in the latter one. O

Remark 2.3. In view of (2.15), (2._1 6), (2.20), (2.23) and of (2.24), it is possible to calculate explicitly the value of &g
and tg. The same can be done for A.

3. Properties of the local symmetry regions

Let us start this section recalling a useful change of variable. Under our assumptions on the function @ = a(s) set

N

A(s) ::/a(t)l’%‘ dt.

0

It follows that A belongs to Cllo’: ([0, +00), [0, +00)), is strictly increasing and satisfies A(0) = 0 and
lim;—, o A(f) = +00. Set

w:=A(u) 3.1
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then w € Cllo’g‘ (R_ﬁ) and

—A,w+bw)|Vw|! = f(w), inRY,

w(x',y) >0, inRY, (3.2)
w(x’,0) =0, on 8R£
with l;(w) = L('”))q and f(w) = f(A’1 (w)). It follows that b and f still are locally Lipschitz continuous

(a(A~L(w))) =1
(here we used the fact that ¢ > 1 > p — 1, since (H)) is in force). We notice that: f(s) > 0 for s > 0 if and only if

f (s) > 0 for s > 0 and that f(0) = f (0). This shows that, as we will recall later, it is not restrictive to our purposes
to assume from now on that

a(s)=1.

We also observe that using the mean value theorem in the y-direction, the Dirichlet condition on u and the fact that
Vu e LOO(Rﬁ ), we get that u is bounded on every set of the form {0 < y < n}, for any n > 0. This implies that also
w and Vw are bounded on every set of the form {0 < y < n}, for any 1 > 0 (the bound might depend on 7).

With this in mind, now we are going to prove an important properties concerning the local symmetry regions of
the solutions. Let us start with some notations.

We define the strip X, by

2 ={0<y<A}
and the reflected function u; (x) by

u)(x) = ux(x’, y) = u(x’, 20— y) in Xo;.
As customary we also define the critical set Z,, by

Z, = {x € Rﬁ: Vu(x) :O}.

We have the following:

Theorem 3.1. Let | < p <2 and let u € Cllo’f (R_ﬁ) be a solution to (1.1) with a(s) = 1. Let (Hy), (H3) be satisfied
and assume that f(s) > 0 for s > 0. Let us assume that both u and Vu are bounded on every strip Xy, n > 0. Suppose
furthermore that u is monotone non-decreasing in X, for some A > 0. Assume that U is a (not empty) connected

component of X \ Z, such that u(x) = u, (x) in U, (i.e. a local symmetry region for u). Then necessarily U touches
the boundary of RY, namely

aUN{y=0}#0.
Proof. Let us start showing the following:
Claim 1. There exists Tt = t(U, A) > 0 such that dist(4, {y =0}) > 1.

By contradiction let us assume that there exists a sequence of points

xn = (x), yn) €U,

such that
lim dist(xn, {y= 0}) = lim y, =0. (3.3)
n—oo n—oo

We consider the sequence

A ’ )"
Xp = xn,E

and the two different cases
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(a) u(x,) is strictly bounded away from zero uniformly on n;
(b) up to subsequences limy,_, o0 u(X,) = 0.

Case (a). Define the sequence
un(x) =u(x"+x,, ). (3.4)
Let £ C ]R_; be a compact set. Since both # and Vu are bounded on every strip X, n > 0, we get

0<uy(x) <CKK),  |Vup(x)|<C(K) Vxek,

for some positive constant C (k).
Therefore C-® estimates (see the classical results [18,31,40]), Ascoli’s Theorem and a standard diagonal process
imply that

cld(gN
Uy S B, Uoo, (3.5)

up to subsequences, for &’ < «. Recalling that u,, (0, %) > yo > 0, uniform convergence implies that u, is a non-trivial
non-negative solution to the equation in (1.1) (with a(s) = 1). Actually, by the strong maximum principle [41], we
have that

Uoo(x) >0 Vx eRY. (3.6)

By the definition of U/ (i.e. u(x) = u; (x) in U), since by (3.3) (together with the Dirichlet condition and the mean
value theorem) we have

u(xy yn) < [Vu)| o - yn =0, asn— +oo.
Then it follows:

lim u(x),2h — y,) = nlir-l{loou(xr/“ yn) =0. (3.7)

n—-+00

From (3.7), using (3.4) and (3.5), we obtain

Uoso(0,21) =0.

This is a contradiction with (3.6) and Claim 1 is proved in case (a).

Case (b). Arguing exactly as in the proof of the case (a) here above, it follows that necessarily u ., = 0. This implies
that case (b) occurs only if f(0) = 0 because if not, 0 cannot be a solution of our equation.

Recalling (3.4) we define

: (3.8)

I/_l (x/ y)_un(X/’y) _u(x/‘i‘x;,»y)
n ) = —_
un (0, %) u(x), %)

so that

_ A
Un (0, 5) = 1,

and u,, uniformly converges to 0 on compact sets of Rﬁ by construction. Recalling that we are assuming that a(s) =1,
it is easily seen that

p—1
2 Up

A q—(p—1) _
— div(|Vita [P Vit,) + (u <0, —)) “b(up) - | Vit |1 = £ () bt

that is
—div(|Vitn| P2 Vity) 4 &, (x) - [Vitg [P~ = G (x) -l (3.9)

where



A. Farina et al. / Ann. I. H. Poincaré — AN 32 (2015) 1-22 15

fun)

p—1
n

én(x) = b(uy) | Vuy, |77P7D & (x) =

The assumptions on b(-) and f(-) and the fact that ¢ > 1 > p — 1 imply that ¢, and ¢, are bounded on every strip X)),
n > 0. Indeed, since b and f are locally Lipschitz continuous functions we have

[én (0] < [0 o 5, 1Vull S5, (3.10)
0<a 0 = L9 < L (o, ) )7 < L (o, ) 1257 @11
u

n

where we used that f(0) =0.
On the other hand we have that lim,_, o+ ZJ:,L_Q =0, since f(0) =0 as remarked above, p — 1 < 1 and f is locally
Lipschitz continuous. The latter, together with the fact that both u,, and Vu, converge to zero uniformly on compact

sets of Rﬁ and ¢ > 1 > p — 1, immediately yields that also ¢, and ¢, converge to zero uniformly on compact sets
of R—ﬁ

Fix0<é < % and consider an arbitrary compact set /C of Rﬁ containing the point (0, %). By Harnack inequality
(see [35, Theorem 7.2.2]), applied to Eq. (3.9) on the compact set K N {y > 8} cC RY, we get that

sup i, <Cy _inf i1, <Ch. (3.12)
Kn{y>s} Knty=8)

Moreover, by the monotonicity of u in X, we have

sup u, < sup u, <Cg. (3.13)
Kn{y>0} Kniy>8}

Hence we can use (once again) C1¢ estimates, Ascoli’s Theorem and a diagonal argument to get, up to subsequences,
that

ot (BY)
—

- loc
Un

for o’ < . Arguing as above, we see that i > 0 in Rﬁ and u(0, %) =1.
Taking into account the properties of ¢, and of ¢,, we can pass to the limit in (3.9) obtaining

—Apii=0 inRY.

By the strong maximum principle [41], we therefore get that u > 0 since u cannot be equal to zero because of the
condition (0, %) = 1. Actually, by construction, we have

—A,i=0, inRY,
i>0, inRY, (3.14)
i(x’,0)=0, ondRY.
By [29, Theorem 3.1] it follows that u is affine linear, that means
i (x’, y) =ky,
for some k > 0 by the Dirichlet assumption. This is a contradiction since by assumption u and consequently u# have

a local symmetry region and this concludes the proof of Claim 1.
We show the following:

Claim 2. There exists y =y (U, 1) > 0 such thatu >y in U.

To show this, assume by contradiction that there exists a sequence of points

xn=(x,, yn) €U,
such that
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lim u(x,)=0 (3.15)
n—o0

and with y, converging (up to subsequences) to yg > 0.
Using definition (3.4) we set
. u(x’ +x,y)
i (x',y) = ———=,
u(-xn ’ yi’l)
so that (0, y,) = 1 and u,, uniformly converges to O on compact sets of R_ﬁ by construction (see (3.15)). As above
(see (3.9)), it is easy to see that

—div(|Vit,|P2Vity) 4 & (x) - [Vitg [P~ = &) -l ", (3.16)

with ¢, and ¢, satisfy (3.10) and (3.11) and, both of them converges to zero uniformly on compact sets of I@
Furthermore, we have that

Iv /
~ Clof (R{X )

n

up to subsequences, for o’ < . Then, arguing as above, we get that i > 0 in ]R_ﬁ and u(0, yo) = 1, with yp > 0.
Moreover

—Apit=0 inRY.

By the strong maximum principle (see [41]) we get that i > 0, since & cannot be equal to 0 because of the condition
u(0, yo) = 1. In fact, as in (3.14), by construction and using [29, Theorem 3.1], it follows that u« is of the form:

IZ(x’, y) =ky, (3.17)

for some k > 0.
Since by construction

u(0, yo) = u» (0, yo),
if yo <A, we get a contradiction by (3.17) concluding the proof of Claim 2. If else yo = 2, it follows by construc-
tion that g—;(O, vo) = 0. This is deduced by observing that aaiy” vanishes somewhere on the segment from (0, y,) to

(0,21 — yy) (since (x,, y») € U) and exploiting the uniform convergence of the gradients. Therefore again we get
a contradiction by (3.17) concluding the proof of Claim 2.
Since f(s) > 0 for s > 0, Claim 2 implies that there exists y* > 0 such that

fw) >yt inlU. (3.18)

Now we proceed in order to conclude the proof. Let gg(x’, y) = gr(x") with p(x") € C°(R¥ 1) defined as in (2.6).
For all ¢ > 0, let G, : Rt U {0} — R be defined as

t, if t > 2e,
Ge(t) =14 2t —2¢, ife<r<2s, (3.19)
0, ifo<r<e.

Let x be the characteristic function of a set. We define
- Ge(IVul)
U=y, pgi=eWpp—- = ,
e, R:=¢€ @R Val Xt
where U* is the reflected set of U/ w.r.t. the hyperplane T3 = {y = A} and
t
st=C. / b+ (1) dr', (3.20)

0
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with C some positive constant to be chosen later. By the definition of ¢/ and taking into account the fact that U/ is
a local symmetry region of u, we have that Vu = 0 on 9 (U UU™). Moreover Vu € LOO(R_'X ) implies that u is bounded
in X, . Therefore ¥ is well defined and we can use it as a test function in Eq. (1.1) (see also [32, Lemma 5]), getting

/|Vu|p_2(Vu,VlI/)dx+ / b u)|Vu|i¥ dx = / b~ (w)|Vul¥ dx + f fW)¥dx.

uuu* Uuuu* uuu* uuu*

(3.21)

Since u and ¥ are even w.r.t. the hyperplane {y = A}, it follows that (Vu, V¥) is even too. Therefore we infer that

/|Vu|p’2(Vu,V11/)dx+/b+(u)|Vu|q11/dx=/b’(u)|Vu|qu/dx—i—/f(u)llldx.
u u u u
Let us suppose 1 < g < p. For every 0 > 0 we have

x1<C(o) - xP+0, x>0,

saye.g. C(o) = ola. Therefore (3.22) and (3.23) imply

/|Vu|p_2(Vu,Vlll)dx+C(0)/b+(u)|Vu|pl1/dx+a/b+(u)l1/dx
u u 1z

> /b_(u)|Vu|qu/dx + / fWWdx > f fu)Wdx.
u u u
By (3.18) we can choose ¢ in (3.23), say ¢, small enough such that
yt—s|ptwl| =C=>0,
so that
/ |Vu|P~2(Vu, V&) dx + C(&)fb+(u)|Vu|”l1/dx > é[ W dx.
u u u
Choosing Cin (3.20) equal to C (o) in (3.25) we obtain

G.(|V G.(V
/e_s(”)goRWulp_Z(Vu,VM) dx+/e_s(”)M|Vu|p_2(Vu,VgoR)dx

[Vul [Vul
u
- \Y%
> C/e_s(”)wRde.
[Vul
u
G:(1) .

We set he(t) = t meaning that 2(¢) = 0 for 0 < ¢ < ¢. We have

‘/e—“”mvmp—z(w, V%) dx‘ <C [ 19ulr (9|9 (V) o
u u

< c/ \VulP=2(\Vulh,(1Vul)) | D*u| g dx,
u

where || D?u|| denotes the Hessian norm.
Here below, we fix R > 0 and let ¢ — 0. Later we will let R — oo. To this aim, let us first show that

(i) [Vul?2ID?ullor € L'U) YR > 0;
(i) |Vulh,(|Vu|) —> O0a.e.inU as e — 0 and |Vu|h,(|Vu|) < C with C not depending on ¢.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Let us prove (i). Defining D(R) = {U/ N {B’(0, R) x R}}, by Holder’s inequality it follows

1
/|Vu|f’—2|yD2u||goRdxgc(mzm)( f |Vu|2<i’—2>||D2u||2go,%dx>2
u D(2R)

1
<c< / |Vu|1’2'3||Dzu||2<p§|vbt|l’2+/9dx>2

DQR)
1

2
< C||Vu P72 P2 \VulP2F | D2u|?dx ), (3.28)
LeRY)
D(2R)
with0 < B < 1 and ¢%€|Vu|p’2+/3 consequently bounded. By Claim | we have
dist(u, {y= 0}) > 0.

Using [34, Proposition 2.1],> we infer that
1
2 2 12 2
/ |Vu|?~27P|| D?u| dx) <C.
DQ2R)
Then by (3.28) we obtain

f \Vu|P~2|| D*u|prdx < C.
u

Let us prove (ii). Recalling (3.19), we obtain

0, ifr>2e,
h() =4 %, ife<r<2e,
0, if0<r<e,

and then |Vu|h,(|Vu|) tends to 0 almost everywhere in Uf as € goes to 0 and we have |Vu|h, (|Vu]) <2.
Then by (3.26), (3.27) and (i), (ii) above, passing to the limit as ¢ — 0, we get

/e—S<")|Vu|P—2(w, Vogr)dx > C/(pR dx VR >0.
u u
Recalling (2.6), we have that there exists C = C(||Vul|;» (RQ’)) (not depending on R) such that

1
|t4 N supp(gr)| - = =C |4 N supp(gr)|

and we get a contradiction for R large, concluding the proof. O
4. Recovering compactness

In this section we prove a crucial result, which allows us to localize the support of (u — u3)™*, where X is defined
in (4.2) below. The localization obtained will enable us to apply the weak comparison principle Theorem 1.6.
With the notations introduced at the beginning of the previous section, we set

A={reR": u<uyin X, Vu < A} 4.1)

3 Actually in Proposition 2.1 of [34] it is considered the case ¢ = p. The same result in the more general case 1 < g < p follows exactly in the
same way repeating the same calculations.
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and we define
Li=supA.

We have the following:

19

4.2)

Proposition 4.1. Let 1 < p <2 andletu € Cllo’f (I@) be a solution to (1.1) with a(s) = 1. Let (Hy), (H) and (H3)
be satisfied and assume that f(s) > 0 for s > 0. Let us assume that both u and Vu are bounded on every strip X,

n > 0. B
Assume 0 < A < +00 and set
We 1= (u —u510) " Xiy<ite)

where ¢ > 0. B
Given0 <6 < % and p > 0, there exists ey > 0 such that, for any ¢ < gy, it follows

SuppW;c{O<y<5}u{X—5<y<I\+s}u( U ij/),
x'eRN-1

where Bf , 1s such that

B, c{ye© r+e): |Vu(x',y)| <p.

Yz (<3)] < )

(4.3)

Proof. Assume by contradiction that there exists § > 0, with 0 < § < %, such that, given any g9 > 0, we find € < g9

and x; = (x., ye) such that:

) ulxy, ye) = uj o (xg, ye);
(i1) x. belongs to the set

{(x/,y)e]RN: sgysgf\—a}

and it holds the alternative: either |Vu(xe)| > p or [Vug,  (xe)| = p.

Take now &y = %, then there exists &, < % and a sequence

Xn = (xy/p Yn) = (x;ns YEn)

such that
(o, Yn) = sy, (X V)

and satisfying conditions (i) and (ii) above. Up to subsequences we may assume that
Yp —> Yo asn — +00, Withégyoéi—é.

Let us define

ﬁn(x/, y) = u(x’ +x;,,y).

4.4)

Since both u and Vu are bounded on every strip X, n > 0, as before, by C1¢ estimates, Ascoli’s Theorem and

a standard diagonal process we get that

/I
CIJX (RN)
loc + ~
oc

(up to subsequences) for o’ < .
We claim that

in Rﬁ, with 1 (x, 0) =0 for every x € RN-L
5 in X5

AN\
S O

(4.5)
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— (0, yo) =ut5 (0, yo);
— |Vi(0, yo)| = p.

To prove this note that, since each i, (x’, y) is positive and satisfies the homogeneous Dirichlet boundary condition
by construction, we have & > 0 in Rﬁ_’ and u(x,0) =0 for every x € RN-! 1t is also clear that & < iu; in X5 and
(0, yo) = it5(0, yo). Since (as shown above) i < i3, actually there holds: i (0, yo) = ii; (0, yo). Finally, at xo = (0, yo)
(where (0, yo) = u5(0, yo)) we have that Vii(0, yo) = Vii; (0, yo), because xo is an interior minimum point for the
function w(x) := 5 (x) — i (x) > 0. For all n we have |Vu(x,)| = p or IVus i (xn)| 2 p, and, using the uniform c!
convergence on compact set, we get |Vii(0, yo)| = p.

Recalling that we assumed here a(s) = 1, passing to the limit we obtain that u satisfies

/|Vﬁ|p‘2(Vﬁ,V<p)dx+/b(ﬁ)|Vﬁ|"dx=ff(ﬁ)<pdx VgoeCfO(Rﬁ).
RY RY RY

Since # > 0 in Rﬁ , by the strong maximum principle [35, Theorem 2.5.1], it follows that &z > O or & = 0; by the
fact that [V (0, yp)| = 6§, the case u = 0 is not possible. Hence i > 0 on RN. Moreover we have i < i; in X5 and
11(0, yo) =15 (0, yo). By the strong comparison principle [35, Theorem 2.5.2], we have that i = i3 in the connected
component, say U, of X5 \ Z, containing the point (0, y9). By Theorem 3.1 we have that dl/ N BRf # (). The latter
yields the existence of a point z = (z/, 24) such that i (z) = 0, which contradicts i > 0 in Rﬁ . O

5. Proof of Theorem 1.1

Let us start recalling that, in view of the changing of variable in (3.1), which preserves the monotonicity property,
it is not restrictive to prove Theorem 1.1 in the case a(-) = 1. As already remarked, the assumption Vu € LOO(RQ\_' )
implies that w and Vw (see (3.1)) are bounded on every set of the form {0 < y < A}, for any A > 0. Thus, we can use
the results demonstrated in Section 3 and Section 4.

The proof is based on the moving planes procedure. By Theorem 1.7 the set A defined in (4.1) is not empty and
X € (0, +00]. To conclude the proof we need to show that X = o0.

Assume that A is finite, set Ag = A + 2,

Mo := llull oo o< y<aitron T I1Vull Lo qogy<aisrop +1>0

and take 79 = 7(N, p, g, Ao, Mo, y) > 0 and g9 = £9(N, p, g, Ao, Mo, y) > 0 as in Theorem 1.6.

By Proposmon 4.1 we have that, given 0 < § < mln{& T—O} and 0 < p < g9, we find € > 0 such that, for any

0 <& <min{g, 2 7 1}, it follows

SuppW;c{ogygs}up'\—sgygiﬂ}u< U Bf,>,

x'eRN-1

where Wb = (u —ujz )" - X{y<i+e) and B’ is defined in (4.3).

We claim that u < uj Lein X5, which contradicts the definition of A and yields that A = oco. This, in turn, implies
the desired monotonicity of u, that is (x y) = 0in RN

To this end, we proceed by contradlctlon. Suppose that the open set

S25+¢,p) 1= {x € X5 o u(x) —uj (x) > O}

is not empty, then u and v = uj_ satisfy (1.5) with A = yo = X+ e(< Ag), as well as: [[ulloo + || Vitlloo < Mo,
lVlloo + IVV]leo < Mp. Since by construction 26 + € < 79 and p < &g, we can apply Theorem 1.6 to conclude that
u <uj, on S2s+te,p)- This clearly contradicts the definition of S5+, ). Hence S2s+, ) = ¥, which concludes the
proof. 0O
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6. Proof of Theorem 1.3 and Theorem 1.4

Proof of Theorem 1.3. Since we assumed that b(u) > 0 then —A ,u < f(u) so that Theorem 1.7 in [21] applies and
gives that actually

O<u<z

in Rﬁ. Note that, once it is proved that 0 < u < z, then the strong maximum principle (see [35]) applies and gives
that 0 < u < z. It follows furthermore that u is strictly bounded away from z in X, for any A > 0. In fact, if this is
not the case, arguing as in the proof of Theorem 3.1 (see case (a)) we could easily construct a limiting profile us,
with 0 < u < z, touching z at some point. This is not possible again by the strong maximum principle [35]. This is
enough to repeat the proof of Theorem 1.1 and get the thesis. O

Proof of Theorem 1.4. If u is not identically zero, then it is strictly positive by the strong maximum principle (see
[35,41]). Therefore u is monotone increasing w.r.t. the y-direction by Theorem 1.1 and the proof of (b) and of (c)
follows by [33,39] exactly in the same way as (b) and (c) in Theorem 1.6 of [21].

To prove (a) let N =2 and denote by (x, y) a point in the plane. Define

w(x):= lim u(x,y). (6.1)
y—00
We see that (see e.g. the proof of Theorem 8.3 in [21] for details) w : R — R is non-negative and bounded with
—(Jw'|""*w') = fw) 0.

A simple O.D.E. analysis shows that w is constant and, by the assumptions on f, it follows that necessarily w =0
that also implies # = 0 and the thesis.

To prove the non-existence result when f(s) > O for s > 0, we first consider the case N = 2. By the above argument
(which uses only the assumption f(s) > 0 for s > 0) we infer that u = 0 which contradicts f(0) > 0. Thus, there are
no non-negative solutions. The same argument can be employed to treat the case N > 3. Indeed, in this case the

=Dp=D
assumption f(0) > O implies that f(s) > As ¥ 5 in [0, 8], for some A, § > 0, yielding u = 0. Again contradicting
f0)=>0. O
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