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Abstract

In this paper we study compactness and quantization properties of sequences of 1/2-harmonic maps uy : R — S™=1 such that
Nurll g2 R.Sm-1y < C. More precisely we show that there exist a weak 1/2-harmonic map oo : R — 8™~ a finite and possible
empty set {ay, ..., ag} C R such that up to subsequences

14
|(—A)1/4uk|2dx N |(—A)1/4uoo|2dx + Zkiéai, in Radon measure,
i=1
as k — +o0, with A; > 0.
The convergence of uy to uso is strong in Wllo/c ald R\ {ay,...,ag}), forevery p > 1. We quantify the loss of energy in the weak

convergence and we show that in the case of non-constant 1/2-harmonic maps with values in S ! one has Aj =2mn;, with n; a
positive integer.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In the paper [9] Riviere and the author started the investigation of the following 1-dimensional quadratic Lagrangian

L(u)= /|(—A)‘/4u<x>|2dx, (1)
R
where u : R — A, N is a smooth k-dimensional sub-manifold of R™ which is at least C2, compact and without

boundary. We observe that (1) is a simple model of Lagrangian which is invariant under the trace of conformal maps
that keep invariant the half-space Ri: the Mobius group.
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Precisely let ¢ : R — R in W!2(R2, R%) be a conformal map of degree 1, i.e. it satisfies
dp| |99
ax| |dy
<a¢ a¢> . )

’

ax’ 3y
detVep >0 and V¢ #0.

’

Here (-,-) denotes}he standard Euclidean inner product in R™. ~
We denote by ¢ the restriction of ¢ to R. Then we have L(u o ¢) = L(u).

Moreover L(u) in (1) coincides with the semi-norm ||u ”?—'11 2@ and the following identity holds
/|(—A)1/4u(x)|2dx = inf{ / \Vii|*dx: it € WH2(R%, R™), trace il = u} (3)
R R2

The Lagrangian L extends to maps u in the following function space
H'2®R,N) = {ue I:II/Z(R, R™): u(x) €N, ae.}.
The operator (—A)!'/# on R is defined by means of the Fourier transform as follows
(—) P = 1]

(given a function f, f denotes the Fourier transform of f).
We denote by 7 the orthogonal projection from R™ onto A/ which happens to be a C¢ map in a sufficiently small
neighborhood of AV if A" is assumed to be C**!. We now introduce the notion of 1/2-harmonic map into a manifold.

Definition 1.1. A map u € H'/>(R, N) is called a weak 1/2-harmonic map into N if for any ¢ € H'/>(R,R™) N
L°° (R, R™) there holds

=0.

li=0 —

d
EL(nN’(u + 1))

In short we say that a weak 1/2-harmonic map is a critical point of L in H'2(R, N) for perturbations in the
target.

We next give some geometric motivations related to the study of the problem (1).

First of all variational problems of the form (1) appear as a simplified model of renormalization area in hyperbolic
spaces, see for instance [2]. There are also some geometric connections which are being investigated in the paper [11]
between 1/2-harmonic maps and the so-called free boundary sub-manifolds and optimization problems of eigenval-
ues. With this regards we refer the reader also to the papers [14,15]. Finally 1/2-harmonic maps into the circle S'
might appear for instance in the asymptotics of equations in phase-field theory for fractional reaction—diffusion such
as

(=M 2u+u(l—[u?) =0,

where u is a complex-valued “wave function”.
In this paper we consider the case N = 8™=1 Tt can be shown (see [9]) that every weak 1/2-harmonic map satisfies
the following Euler—Lagrange equation

(—M)'"2unru=0 inDR). “)

One of the main achievements of the paper [9] is the rewriting of Eq. (4) in a more “tractable” way in order to be able
to investigate regularity and compactness property of weak 1/2-harmonic maps. Precisely in [9] the following two
results have been proved:
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Proposition 1.1. A map u in H'/2(R, 8"~ 1) is a weak 1/2-harmonic map if and only if it satisfies the following
equation

=) u A (=) ) = T (w (), u), (5)

where w(u) : R™ — /\2 R™, v w(u)v :=u A v and in general for arbitrary positive integers n, m, £, for every
linear operator Q € Hl/z(R”, Mosm BN and u € HI/Z(R”, R™), T is the operator defined by

T(Q.u):= (=Mo" u] — 0(=2)"2u + (=M)* (- ) *u. (6)

Eq. (5) has been completed by the following “structure equation” which is a consequence of the fact that u € S~
almost everywhere:

Proposition 1.2. All maps in H'/2(R, 8™~ satisfy the following identity

)4 - (=) ) = S(@@), 1) = R((=2)*u - R(=8)*u), (7)
where w(u) : R — R, vi—> w(u)v :=u - v and in general for arbitrary positive integers n, m, £, for every Q €
HY2R", My (R)), and u € HY2(R", R™), S is the operator given by

S(Q.u) == (=M Q=) u] = R(QVu) + R[(=2)* QR(= 1)/ *u] ®)

and R is the Fourier multiplier of symbol m(&) = —i é—‘

We call the operators T', S three-term commutators and in [9] the following estimates have been established: for
every u € H'/2(R,R™) and Q € H'/?(R, My (R)) we have

H T(Q,u) ”H—l/Z(R) <Cl Q”HI/Z(R)”M”HI/Z(R), )
1SCQ. )] 412y < CNQN iy Nl 172y (10)

and

1/4 1/4
[ R(=2) " u - R(=2)"u) < Cllullyn - (1D
What has been discovered is a sort of “gain of regularity” in the rh.s. of Egs. (5) and (7) in the sense that, under
the assumptions u € HY 2(R,R™) and Qe HY 2(R, Mysm(R)) each term individually in 7 and S — like for instance
(— A)1/4[Q( A)1/4 Jor Q(— A)l/2 —isnotin H~1/2 but the special linear combination of them constituting 7
and S is in H~!/2. The same phenomenon appears in dimension 2 in the context of harmonic maps, for the Jacobians
da db da db

J(a,b):= 353 3y ~ By ox (with a, b € H'(R?%)) which satisfy as a direct consequence of Wente’s theorem (see [5,25])

|12 <

”J(a, b) ” H-1(R2) < C||‘1||1-'11(R2) 151l g1 (R2) (12)
whereas, individually, the terms g—i gi’ and g‘yl gb are not in H “1(R?).
The estimates (9) and (10) imply in particular that if u € H'/2(R, §”™!) is a 1/2-harmonic map then

=) oy < €l =) "] 2y, (13)

where the constant C is independent of u.

From the inequality (13) it follows that if C||(—A)"%u|| 2%, < 1 then the solution is constant. This the so-
called bootstrap test and it is the key observation to prove Morrey-type estimates and to deduce Holder regularity
of 1/2-harmonic maps, see [9].

We mention here that since the paper [9] several extensions have been considered. The regularity of solutions to
nonlocal linear Schrodinger systems with applications to 1/2-harmonic maps with values into general manifolds have

L' m ¢xm (R) denotes, as usual, the space of £ x m real matrices.
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been studied by Riviere and the author in [10]. n/2-harmonic maps in odd dimension # has been considered in [23]
and [6] respectively in the case of values into the (m — 1)-dimensional sphere and into general manifolds and the
case of -harmonic maps in WP (R", §"~1), with ap = n, has been recently studied by Schikorra and the author
in [12]. Finally Schikorra [24] has also studied the partial regularity of weak solutions to nonlocal linear systems with
an antisymmetric potential in the supercritical case (namely where ap < n) under a crucial monotonicity assumption
on the solutions which allows to reduce to the critical case.

In this paper we address to the issue of understanding the behavior of sequences u; of weak 1/2-harmonic maps.
We observe that as in the case of harmonic maps the bootstrap test (13) implies that if the energy is small then the
system behaves locally like a linear system of the form (—A)!'/?y = 0 (namely the r.h.s. is “dominated” by the Lh.s. of
the equation). As a consequence we obtain that any sequence uj of weak 1/2-harmonic maps with uniformly bounded
energy weakly converges to a weak 1/2-harmonic map u«, and strongly converges to u., away from a finite (possibly
empty) set {ay,...,ae} CR.

Namely we have (up to a subsequence)

¢
|(—A)1/4uk|2dx — ‘(—A)l/“uoo‘zdx + Z Aidq;, in Radon measure,
i=1
as k — +o00, with A; > 0. It remains the question to understand how the convergence at the concentration points a;
fails to be strong. A careful analysis shows that the loss of energy during the weak convergence is not only concen-
trated at the points a; but it is also quantized: this amount of energy is given by the sum of energies of non-constant
1/2-harmonic maps (the so-called bubbles). More precisely we get the following result:

Theorem 1.1. Let u, € H'/2(R, 8" 1) be a sequence of 1/2-harmonic maps such that |[uy|| g12 < C. Then it holds:

1. There exist uso € H'/2(R, ™1 and a possibly empty set {ay, ..., as}, £ > 1, such that up to subsequences
Un = oo in WP (R\{ar, ..., a}), p>2ask— +oo (14)
and
(=)' U Atog =0, inD'(R). (15)

2. There is a family ﬂix{ e HY2(R, 8™ of 1/2-harmonic maps (i € {1,...,¢}, j € {1,...,N;}), such that up to
subsequences

H(—A)”“(uk — oo —Zﬁi;é’)

i,j

—0
Ly, (R)

, ask— +oo. (16)

Theorem 1.1 says that for every i, A; = Zjv’: 1 L(iigl). Therefore there is no dissipation of energy in the region
between 1, and the bubbles and between the bubbles themselves (the so-called neck-regions).

We would like now to mention a result obtained in the paper [11] on the characterization of 1/2 harmonic maps
u:S' — S' which permits us to deduce that in the case of 1/2 harmonic maps with values in S one has A; = 27n;,
with n; a positive integer and also to provide a simple example showing that the quantization may actually occur,
namely the set {ay, ..., a¢} may be nonempty.

Theorem 1.2. (See [11].)u : S' — S is a weak 1/2-harmonic map if and only if its harmonic extension it : D* — R?
is holomorphic or anti-holomorphic.

We remark that because of the invariance of the Lagrangian (1) with respect to the trace of conformal transforma-
tions we can study without restrictions the problem in S! instead of R.

From Theorem 1.2 it follows that 1/2-harmonic maps u : S! — S! with deg(u) = 1 coincide with the trace of
Mobius transformations of the disk D> € R?. Moreover every non-constant weak 1/2-harmonic map u : S' — S!
satisfies
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f|(—A)1/4u|2dx — 21k < 400,
Sl

where k is a positive integer which coincides with |deg(u)|.
Let us consider now the following sequence of 1/2-harmonic maps

Z_an

Uy -8t st u,(2) =

k]

1—a,z

with |a,| < 1 and a, — 1 as n — +o0. In this case we have u, — —1in C}’ (R '\ {1}), thus the set of concentration
points is nonempty. Theorem 1.1 yields the existence of one bubble i, such that

| =) un —dice)| 2 — 0. asn— +oo.

We explain now the method we have used to prove the main Theorem 1.1.

In order to get the quantization of the energy we exploit a “functional analysis” method introduced by Lin and
Riviere in [20] in the context of harmonic maps in non-conformal dimensions, i.e., in dimension n > 3. Such a
method consists in the use of the interpolation Lorentz spaces in the special case where the r.h.s. of the equation can
be written as a linear combination of Jacobians.

This technique has been recently applied in [18,19] and in [3] for the quantization analysis respectively of linear
Schrodinger systems with antisymmetric potential in 2-dimension, of bi-harmonic maps in 4-dimensions, and of
Willmore surfaces. We refer the reader to the papers [21,20] for an overview of the bubbling and quantization issues
in the literature.

We describe briefly the key steps to get the quantization analysis.

1. First of all we will make use of a general result proved in [3] which permits to split the domain (in our case R) into
the converging region (which is the complement of small neighborhoods of the a'), bubbles domains and neck-regions
(which are unions of degenerating annuli).

2. We prove that the L? norm of (—A)/#u; in the neck regions is arbitrary small (see Theorem 3.1). Thanks
to the duality of the Lorentz spaces L>! — L> this is reduced in estimating the L>°°, L>! norms of uy in these
regions. Precisely we first show that the L>° norm of the uy is arbitrary small in degenerating annuli, i.e. annuli
whose conformal class is not a priori bounded (see Lemma 3.2) and as far as the L%! norm is concerned, we use the
following improved estimate on the operators 7 and S which is proved in Appendix A.

Theorem 1.3. Let u, Q € H'/2(R"). Then T(Q, u), S(Q, u) € H' (R") and

|70, w) |31 @ny < CNCl 172 el 172 eny (17)
Isco, u)”'Hl(Rn) < CIQl g lull 172 gy - (18)

We recall here some definitions. We denote by L% (R”") the space of measurable functions f such that

sup)»|{x e R"™: |f(x)| >A}|1/2 < 400,
>0

and L>!(R") is the space of measurable functions satisfying
+00
1/2
/ {x € R: [£00] =2} da < +oo.
0

We denote by 7' (R") the Hardy space which is the space of L' functions f on R” satisfying

/sup|¢t * f(x)dx < 400,
t>0

Rn

where ¢; (x) :=t""¢(t~'x) and ¢ is some function in the Schwartz space S(R") satisfying fR'l ¢(x)dx =1.
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Finally for every s € R and ¢ > 1 we denote by W*4(RR") the fractional Sobolev space
{feS'®R): F gl | FIf1] e LY(R")}.

For more properties on the Lorentz spaces, Hardy space ! and fractional Sobolev spaces we refer to [16] and [17].

In a forthcoming paper [8] we are going to investigate bubbles and quantization issues in the case of nonlocal
Schrodinger linear systems with applications to 1/2-harmonic maps with values into manifolds. The difficulty there
is to succeed in getting a uniform L>! estimate as well on degenerating annuli as in the local case (see [18]).

It would be also very interesting to understand the geometric properties of the bubbles in the case of more general
manifolds.

This paper is organized as follows.

Section 2 we address to the compactness issue which is the first part of Theorem 1.1. In Section 3 we prove L?
estimates on degenerating annual domains. In Section 4 we prove the second part of Theorem 1.1. In Appendix A we
prove Theorem 1.3.

2. Compactness

In this section we prove the first part of Theorem 1.1. The result is based on the following e-regularity property
whose proof can be found in [9,10] and in [7].

Lemma 2.1 (¢-regularity). Let u € H'/2(R, S"~1) be a 1/2-harmonic map. Then there exists g9 > 0 such that if
-2 1/4
ZZ 7/ |(=2) / u L2(Bx2iry) S €05 (19)
Jj=0

then there is p > 2 (independent of u) such that for every x € R, y € B(x,r/2) we have

1/p ,
(2 [l el ar) <X 20 ul g @)
B(y.r/2) i20

where C > 0 depends on ||“||H1/2u(R)-

By bootstrapping into Egs. (5) and (7) and by localizing Theorems A.1 and A.2 (see [7]) one can show the follow-
ing:

Corollary 2.1. Let u € H'/2(R, 8" be a 1/2-harmonic map. Then for every x € R there exists r > 0 such that the
following holds

1/2—1 1/4
r1271P| (= )Y u||L,,(BW)) S Cllull grrzgry @D

for every p > 2 and
1/2 1/4
P8 P ul oy < Cllullinngey: @2)
We will use also the localized version of the following result whose proof can be found in [1, p. 78]:

Lemma 2.2. Let 0 <o < 1 and g € LP(R), 1 < p < 0. Then there is a constant C > 0 independent of g, such that

” (_A)_%g”Lr(Rn) g C” (_A)_%g is(R”) ”g”}‘;?ﬂ{n)’

f0r0<9<1,1§s<oo,%=ﬁ+%'

s

Next we show that if for some x € R and p > 0 we have

Y27 2 s ) < 205
>0
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1

L1yl
where gg > 0 is the small constant appearing in the e-regularity Lemma 2.1, then u € ng . 2 (B(x, p)), forall g > 2,

1 1
ie. (=A% Tue Ll (B(x,p)).

Proposition 2.1. Let x € R and p > 0 be such that
—j/2 1/4
22 ! ”(_A) ”“LZ(B(x,sz)) < €0
Jj20

with gg > 0 given in Lemma 2.1. Then there exists C > 0 (independent of x, p and dependent on ||u| HI/Z(R)) such that
for all g > 2 the following holds

1.1 .
” (_A)2q+4” ||L2(B(y,p/2)) <C 22 iz ” (=) “LZ(B(X,zfp))’ (23)
j=0
forall y € B(x, p/2).

Proof. We set v = (—A)!/*u. From Lemma 2.1 it follows that there exists ¢ > 2 (independent of u) such that for
every y € B(x, p/2)

—j/2 1/4
1l La By pran < C Y272 (=) ) 2520 ) 24)
j>0

By bootstrapping into Egs. (5) and (7) one gets

(=M 2 <C Y 2712 (=n) . (25)
R N L DL (o s
Now we set f := (—A)!/4v. By applying Lemma 2.2 in B(y, p/4) with g :=v, p=¢q,r =2, 5 = q% a =} and
= %2 we obtain
I8 £l 2eay ey < CIAIE 2, 10l 2 a0y /a0 (26)
' L4+2 (B(y,p/4))
1 1 1
In particular we get that (—A)2 v € L2(B(y, p/4)) and hence (—A)Z+Zu € L*(B(y, p/4)) with
=+ —j/2 1/4
[ =2 % 2y ppayy < € 27PN u] a0 20 27

j=0

From Corollary 2.1 it follows that the above arguments actually hold for every ¢ > 2. This concludes the proof. O

We show now a singular point removability type result for 1/2-harmonic maps.
Proposition 2.2 (Singular point removability). Let u € H% (R, S"™=1) be a 1/2-harmonic map in D' (R\{ay, ..., ac}).
Then
UA(=A)2u=0 inD R).

Proof. The fact that

UA(=N)Iu=0 inD'(R\{ar.... ar})
implies that

A4 un (=) u) =T@r,u) inD'(R\{a1,...,as}),
where T (uA, u) € I:I_%(R) and

2
@Al oy <Ry (28)

)
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The distribution ¢ := (=M)Y*w A (= M) Y*u) = (T (un, u)) is of order p = 1 and supported in {ay, ..., as}. Therefore
by Schwartz Theorem [4] one has

o= cad”Sy.

ler]<1
Since ¢ € H -3 (R), then the above implies that ¢, = 0 and thus
(=) (A (=2)Y*u) =T @A, u) inD'(R).

We conclude the proof of Proposition 2.2. O

The proof of the first part of Theorem 1.1 concerning the compactness of uniformly bounded 1/2-harmonic maps
is contained in the following lemma.

Lemma 2.3. Let u; € HY2(R, 8™V be a sequence of 1/2-harmonic maps such that ||uy | 12 < C. Then there exist

a subsequence uy of uy, a function uso € I:II/Z(R, S’"‘l) and{ay,...,ap}, £ > 1, such that
1
up = oo ask' — +ooin H2 ((R\{ai, ..., ae})) for p>2, (29)
and
(=M U Atoo =0 in D' (R). (30)

Proof. 1. First of all there exist a subsequence uy of ug, a function u, € H'2(R, 8™~ 1) such that U — Uoo aS
k' — 4o00. .
2. Suppose first that for some p > 0 and forall k > 1, 3" ;54 27/ (= A) 4 ug || 2 (gx 27 y) < 0 With g9 > O given

11
in Lemma 2.1. Then from Lemma 2.1 and the Rellich-Kondrachov Theorem (the embedding Watz ’2(B(x, p/4)) —
W%’t(B(x, 0/4)) is compact for all t < quqz) it follows that

Upy — oo ask’ — +ooin H'*(B(x, p/4),8™ ")

for all x € R. In particular we have also
(=A)2up = (=A)Tug  ask' — +ooin HV2(B(x, p/4), ™).

Hence
(=N up A — (—A) oy At as K — o0 in D' (B(x, p/4)),

and
(=A)2uy Atlao =0 inD'(B(x, p/4)).

3. Claim 1. There are only finitely many points {ay, ..., ag} such that

(=A) 2ty Ao =0 in D' (R\ {ar. ..., ar}). G1)

Proof of Claim 1. We associate to every x the number pX > 0 such that

€0

||(_A)1/4”k ||L2(B(x,p§)) =3

where g¢ is as in Lemma 2.1.
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For every M > 0 and k > 1 we set

1
I,f” = {x: p§< M}

1
]:,ﬁw = {B(x, M)’ X EI,?/I}.

By the Vitali-Besicovitch Covering Theorem (see for instance [13]), we can find an at most countable family of

. k.M k.M M M kM1 M : . .
points (xj )jEJkM, x;m el and [[7 C Ujel,ﬁw B(xj » 37)- Moreover every x € F;” is contained in at most N

J
balls, N being a number depending only on the dimension of the space.

Now we observe that

and

C > Nkl oy = [ (=84 | e,
—_ 2
2D 9y (CVSA A,
jerM
_ &2 _ &2
>Ny 6—2:1\/ 1|J,§‘4|6—Z.
jesM

Thus |J,£"1 | < 400 for every k and M and this implies that for k and M large enough |J,§” | = C, with C independent
of k and M. In particular there exists mo > 0 such that

mo 1
=y B(x.l;’M, M)'
j=1

By definition we have [ ,fw tlcog ,f” for all kK and M. By using a diagonal procedure we can subtract a subsequence

f/’M — xjo.o’M forall M > 0 and j and

1M c B(x‘?o’ ,—).
- J
j=1 M

Now we let M — 400 and get

k' — 400 such that x

0 . 00,0
15, € Joo0 = {x5

J }j:l,...mo' U

Claim 2. [f x ¢ Jxo.0 then there exists ¥ > 0 such that
oo A (—A) 2 ttoo =0 in D' (B(x, ).

Proof of Claim 2. We assume that x?o’o #ooforall j=1,...,mg. Let y =dist(x, Joo,0) and K > 0 be such that
2Kk < y. Let M > 0 be such that for all M > M and for all j=1,...,n0 we have

1
,0 M
x50 =M < e (32)
Let k > 0 be such that for all k¥’ > k and for all j=1,...,mo we have
/ 1
oo, M k'\M
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By combining (32) and (33) we get
KM

X=X ’>’x—x;?°’0

A ) B Lt
J J J

2 1 1 3 1
————— = > —.
K 4K 4K 2K M
Therefore x ¢ U;"il B(x?l’M, %), and x ¢ I,?,’I for all ¥ > k. In particular pp > M~! and (up to subse-
quences) Pp'x —> Poox > 0. Now let 0 < r < poo . We observe that B(x,r) € B(x, ppx), for k' large and
=) upll 2y < -

Let jo > 3 be such that 270/2(fi, [(—=A)4up > dx)'/? < &.

We now estimate ), 2712 (=AY Ay 2B x 20 220 ry)) -

Y 2= L2(B(x.2"(2"%0r))
h>0

Jjo

o
_ Chj2|[, AN1/4
eyt 2 20

L2(B(x,2" (2 %or)))

h=0 h=jo+1
£0 (/2 4 o 2 \?
<= (S 2] 42 (]O+1)/2</.|(—A)1/4uk’ dx)
i R
V2 e e
J2—18 16

By applying Step 2 we get
oo A (=M us =0 inD'(B(x, 7))

for 7 < 272/or, This concludes the proof of Claim 2 by setting a; := x>*and L =mg. O

Now we apply Proposition 2.2 and we get that
oo A (=AY ?use =0 inD'(R).
We can conclude the proof of Lemma 2.3 and the first part of Theorem 1.1. O

3. L>»™ and L? estimates on degenerating annuli

The goal of this section is to prove some energy estimates of 1/2-harmonic maps in degenerating annuli, i.e.
annuli whose conformal class is not a priori bounded. Such estimates are crucial in the next section in order to get the
quantization analysis in the neck regions.

The main result of this section is

Theorem 3.1. There exists § > 0 such that for any 1/2-harmonic map u € H? (R, 8™, forany § <8 and », A >0
with & < (2A)~! satisfying

1/2
sup / |(—A)1/4u|2dx) <3, (34)

A,(2A -1
PECGATIR B 0,25\ B0.0)

we have

172
/ |(=M)*uPdx<C  sup / |(—A)‘/4u|2dx> . (35)

A,2A)1
B(0, A=)\ B(0,)) pelr GO B(0,2p)\B(0,p)
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The proof of Theorem 3.1 consists in three steps:
(1) First we show that we can control in degenerating annuli the L7 norm of (—A)!/#u for some ¢ > 2 by

1/2

sup / |(_A)l/4u|2dx) . h
2A)-1

P AR b0 23\ B0, )

(2) Then we estimate the L% norm of (=AY 44 in degenerating annuli in terms of (36).
(3) Finally we use the global L*! estimates obtained in Appendix A (see Theorem 1.3) and the duality L2 200
in order to conclude.

Lemma 3.1 (L?-estimates). There exists § > 0 such that for every 1/2-harmonic map u € H? R), if

1/2
sup / |(_A)1/4”|2dx> =0 ”
-1

PN N 0200\ B0, )

for some § < g, A, A>O0with2A < (4A)71, then there exist g > 2 and 6 € (0, 1) (independent of u, A, A) such that

1/q
sup (pq/z_l / ‘(—A)l/“u]q dx>
pe[21,(4A4)1]
B(0,2p)\B(0,p)

, 17246
<C|: sup / |(—A)1/4u| dx) ] .
,2A -1
PE-CATIR B 0,27\ B(0.0)

Proof. We choose § = %0 where gp > 0 is the constant appearing in the ¢-regularity Lemma 2.1.

Step 1. There exists p > 2 (independent of X, A, u) such that

1/p
su p/2—1 / —A)/4, pdx) <Cllull | . 13
pE[ZA,(AIl)A)—‘](IO |8 <l ”H%(R) (38)
B(0,2p)\B(0,p)

Proof of Step 1. Let r > 0 be such that

5 1/2
[(=a)"4ul dx> <.
B(0,2r)\B(0,r)

Claim. There exists p > 2 (independent of u, § and r) such that

1/p
(mm / }(—A)‘/“ul”dx) <Clul 59

B(0,3r\B(0,3r)

H%(R)'

Let y € B(0, %r) \ B(0, %r) (we clearly have dist(y, d(B(0,2r) \ B(0,r))) > 1/4).
Let jo > 3 such that 270/2( [ [(—=A)Y4u>dx)V/? < 8, and B(y,27%r) C (B(0,2r) \ B(0,r)) for all y €
B(0,3r)\ B(0, 3r).
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Estimate of ), - 2702 (=AY Ay I 220,20 2-200ry))*

D2 =) ] 0.0n 02y

h=0
Jo 00
_ —h/2 1/4 —h)2 1/4
= 22 ” (=A) "u ||L2(B(o,2h(2—2./0r))) + Z 2 ” (=A)u “L2(3(0,2h(2—2/0r)))
h=0 h=jo+1
00 1/2
<o o) er o fiearda)
h=0 R
V2
) + = <eé&p.
V2—-1 2
Lemma 2.1 implies the existence of p > 2 such that
/2-1 1/4 |P r
(w / |(=A)"%ul dx> <Cj, ||u||H%(R) (40)

B(y,27tothr)

for some C i, > 0 depending on jjo and on ||u|| g1/2(R)-
By covering the annulus B(0, %r) \ B(0, %r) by a finite number of balls B(y, 2~U0+Dr) we finally get

/p
(,p/2—1 / |(—A)1/4u|pdx) < Cjpllull . 1

H2[®R)
B(0,3r\B(0,31)

and the proof of the Claim is concluded.
Hence

1/p
sup (pp/21 / |(—A)1/4u|”dx> <Cllull .1 . (41)
pE2A, (4A)~1] HZ(R)

B(0.2p)\B(0,p)

We thus conclude the proof of Step 1. O

Step 2. There exists ¢ > 2 (independent of A, A, u and dependent on p) such that

l/q
sup (,oq/z_1 f ‘(—A)l/“u’q dx)
2x,(4A)"1
PR GO B(0,20)\B(0,p)

1/2
<C s / |(—A)1/4u|2dx> . 42)
P27 B(0,2p)\B(0,p)

Proof of Step 2. Let us take ¢ ' = (1 —0)p~! + 627!, with # € (0, 1). Then by Holder’s Inequality and by using
(40) we get

/q
(pq/Z—l f |(—A)l/4u|pdx>
B(0,2p)\B(0,p)
1-6 0

< (o> / (=) u|” dx P / |(—A)1/4M|2dx)7

B(0.2p)\B(0.p) B(0.20p)\B(0.p)
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0
— 2 2
<C”””;%9(R) sup f (=) 4u| dX>
A,02A)"1
PE AT 0,200\ B(0.p)

0
2
<C  sup f |(—A)1/4u|2dx> .
A,2A)"!
PE- AT N 0,20\ B(0.p)

This concludes the proof of Step 2 and of Lemma 3.1. O

Lemma 3.2 (L> estimates). There exists § > 0 such that for any 1/2-harmonic map u € H? (R), for any § < & and
X, A >0with A < (2A)~! satisfying

) 1/2

o, ) e
-1

PEXCATT g 0 290\ B0, p)

then

1/2
1/4 1/4 12
| 2o 0. car- 18009 SC 5P . / |(=2)! 4| dx) ; 43)
PELCAT g 0.200\ B0, )

where C is independent of 1, A.

Proof. We set f = (—~A)1/4u in B(0, (4A)~1)\ B(0,2x) and f = 0 otherwise.
Let § < §/4 where § is the constant appearing in Theorem 3.1. From Lemma 3.1 it follows that for all A, A > 0
with 24 < (4A) " if

Y
([ o)
—1

PECAT Ng 0 203\ B0, p)

then there exist ¢ > 2 and 6 € (0, 1) such that

1/q

w ([ lcoria)
2.4 A)!

pelz @A B(0.20)\B(0.p)

5 1/246
<C|: sup / ‘(—A)l/“u’ dx) :| .
PN g0 250\ B0,0)
We set
5 1/246
y =C|: sup / |(—A)1/4u| dx) ] .
PElH N g0 250\ B0,0)
We observe that for all p € [2A, (4A4)~!] one has:
izt [ e

B(0,2p)\B(0,p)
> p?* 1ot |{x € B0,2p)\ BO. p): |f| > a}].

Let k € Z, then the following estimate holds

oY |{x e B(0.27Ma72)\ B(0.27a?): | f| > |
izk
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i —2\1—q/2
<a?Y Myq =yt Y 200/
jzk * j=k
< yi21-a/20k=a/2 (1 — zl—q/z)—l
= y42k(1=4/2) (4271 _ 1)—1,
Therefore
oe2|{x eR: |f|> Ol}| < yd2kd-a/2) +a2|B(O,2ka72)|
L ydok=a/2) (2‘1/2’1 — 1)71 + o222k 2,
Now we choose k in such a way that 2% = y2/2. It follows that
29/2 _ 1

2
y _ —1
a2|{xeRI |f|>a}|<7(2q/2 1_1) +7/2=2q/_2_23’2'

Hence

| =2 ]| 2o 0,40y 1 )\ 8022

=sup(e?|{x € B(0, 4A)7")\ B(0,21): [(—A)*u(x)| > “H)l/z
a>0
24/2 _ 1 1/2
< <72‘1/2 — 2) y. (44)

By combining (44) and the fact that the L% norms of (—A)1/4u in the annuli B(0, A’l) \ B(O, (4A*])) and
B(0,21) \ B(0, 1) are controlled by the respective L> norms we get the estimate (43) and we conclude the proof
of Lemma3.2. O

Now we can prove Theorem 3.1.
Proof of Theorem 3.1. From Theorem 1.3 it follows that any 1/2-harmonic map u € H'/2(R, S™1) satisfies

(=) 4ul| ;2.1 ) < C where C depends on lull g2 gm-1y-
Now it is enough to use the duality L>! — L2 and Lemma 3.2 to get

/ ‘(_A)m“’zdx < ”(_A)IMMHLU(R) ” (=) ”L2v°°(B(0,(2A)—1))\B(0,)L)
B(0,(A)~)\B(0,1)
12
<C  sup / |(—A)1/4u|2dx>
pelr,2a)~1]

B(0,2p)\B(0,p)

We can conclude the proof of Theorem 3.1. O
4. Bubbles and neck-regions

In the proof of the first part of Theorem 1.1 (see Lemma 2.3) we have shown (up to a subsequence) that

4
|(—A)1/4uk|2dx N |(—A)1/4uoo|2dx + Z)‘i‘saw in Radon measure.

i=1

The aim of this section is to show that for every i € {1...¢} there exist bubbles (ﬁi;.f), j €{l,..., N;} such that
N; i, j
hi=200 IV a P dx.
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We first give the following definitions.
Definition 4.1 (Bubble). A bubble is a non-constant 1/2-harmonic map u € HY2(R, 8™ 1.

Definition 4.2 (Neck region). A neck region for a function f € L?(R) is the union of finite degenerate annuli of the
type Ax(x) = B(x, Ry) \ B(x, ry) with ry — 0 and If—: — 400 as k — 4-o00 satisfying the following property: for all
6 > 0 there exists A > 0 such that

12
( u / |f|2dx> <s.
-1

pelArg,(24) R"]B(x,Zp)\B(X»P)

Proof of the second part of Theorem 1.1. We have to show that there is a family of bubbles ﬁ;{ e H'/2(R, S 1)
(@ efl,...,2}, je{l,..., N;}), such that up to subsequences

H(—A)”“(uk — oo —Zﬁé.f)

iJj

— 0, ask— oo. (45)
(R)

LIZOC
We first observe that the bootstrap test (13) implies that each bubble has a bounded from below energy co > 0.
Therefore for every i, N; < 4o00.

For simplicity we assume that £ = 1 and that there are at most two bubbles.

Now let us take § < § such that C§ < &g (the constants C and § are the ones appearing in the statement of Theo-
rem 3.1).

We also set y = min(%, ).

Step 1. For every k > 1 we set

p,}zinf{p>o; Ix € B(ay, 1): /|(—A)‘/4uk\2dx=y2}~
B(x,p)

There are two cases:
Case 1. liminfy_, 1 p; > 0.
In this case there is not concentration of the energy, namely A; = 0.
Case 2. limy_, 4o p; = 0. For every k > 1, let x| € B(ay, 1) be the point such that me eoh) (= A 4 u)?dx =

¥2. We have (up to subsequences) x,! — ay as k — +oo (outside any neighborhood of a; there is no concentration).
Now we choose a subsequence of uj (that we still denote by uy) and a fixed radius « > 0 such that

. 2
11msup[ sup { f |(—A)1/4uk(y)| dy=y2” =0.
k—o0 LO<r<a

B(ay,@)\B(ay.r)

Now we borrow the idea in [3] to split the annulus B(xj x, &) \ B(x1 k, ,o,:) in domains of unbounded conformal class
where the energy is small and domains of bounded conformal class where the energy is bounded from below.
Precisely by applying Lemma 3.2 in [3], we can find a sequence of family of radii

0 1 Ny 1
Ri=a>R >-->R " =p;

with {1, ..., N1} = Iy U I,. For every i, € Iy one has
lim log R <400 and / |(—A)1/4ﬁk(y)|2dy > 2 (46)
k—+o00 Rkiwrl -

B(xp, RECED\B(xy g, Ri'6)
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and for every iy € I, one has

: Rt
k_l::l:loo ]Og(W> = 400 and

. P41 1/4 ~ 2 2 (47)
Vo e (R, R 2), / (=) Mg ()| dy < 292,

B(x1,k,20)\B(x1 k,p)

We consider the smallest annulus AZZ = B(x14, R:'0) \ B(x1k, Rty of the first type i¢ € Ip. For such an i, we
define

rlil :inf{r < Rki£+1: Jx € A;f: / |(_A)1/4uk|2dx — )/2}
B(x,r)

We consider the following two cases.
Case 1. There exists a subsequence of r;f such that

ig
lim —%- > 0.
k— 400 Rkl({

’

In this case there is not concentration of the energy in A;f and we pass to the next A;f (if there is any).
Case 2. We have

ig

lim .
k—+00 RklZ

In this case we have once again concentration. Let x2 x € A;f such that

2
[ lea i =y
Blxar)
and we set p7 = r,i"'.

We separate two sub-cases:

1
Case of two “separated” bubbles. liminfy_, | o % > (. In this case the following two conditions hold
k

X6 —x2kl

lim —————— = +o00,
k—o00 'Oli

X — X2kl

lim 42 =400.
k— 00 'Ok

In this case the bubbles ii2 o and i1 « are “independent”.
Let us consider the two “separated” balls B(x g, p,l) and B(x3 k, ,0,%), with

X1,k — X2,k
S — oo,
k—00 Py +'0k

For every o we set

./\fkl(ot) = B(a;, o)\ (B(xl’k,oflp,l) U B(xz,k, ofl,o,?)).
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The above construction gives the existence of « small enough independent of k such that
for j =1,2 and for all p such that B(x;«,20) \ B(xj,2p0) C ./V'k1 ()
|(—A)1/4uk|2dx <2y? and
B(xj 1, 2p)\B(x k> p)

f (=) | dx = 2.

B(xjk.00)

Claim. The region /\fkl () is a neck-region.
Proof of the Claim. It is a consequence of the following general property.

Lemma 4.1. Let Ay = B(xg, Ri) \ B(xk, rr) an annulus satisfying riy — 0, If—k" — 400 and x; — Xoo as k — 400,
and
sup / (=) 4ue | dx < 292 (48)
<otk
TRSPS 2B (xk,20)\B (3, 0)
Then for all n > 0 there exists A > 0 such that

sup |(—A)1/4uk|2dx <. (49)

e[A ,A*IR
relane 4B (e 200\ Bxgr)

Proof. Suppose by contradiction that there exist n > 0 and two sequences Ay — +00 as k — +00 and Agry < 7 <
(Ag)~L Ry such that
[(=) | dx > . (50)
B (xk, 270\ B (xie, )

We define uy (y) = u(7xy + xx). From condition (48) and Theorem 3.1 it follows that
/ (=) 4| dx < 292 1)
R, T
B(O,i)\B(O,i)
Lemma 2.1 and Lemma 2.3 imply that iy — lieo in Wll)/f’p (R \ {0}) for all p > 1, where iio, is a nontrivial
1/2-harmonic maps (fB(O,Z)\B(O,l) |(—A)Y*iiso|? dx > 1). On the other hand the condition (48) gives
/|(—A)1/4ﬂoo|2dx <C2%% <&l

R

The bootstrap test yields that it is trivial which is a contradiction.
We conclude the proof of Lemma 4.1 and of the claim. O

By applying Theorem 1.1 we get that for all > 0 small enough

/ (=) uy P dx <.
M@

1
Case of bubble over bubble. liminfy_, 4 % = 0. We define iz x(y) = u(,o,%y + x2.k) We have iy — U200 in
k

le/cz’p(R\ {a}) forall p > 1 and fB(O D\BO.1) |(—A)1/4122,oo|2 dx > n. Therefore iy o is a new bubble (case bubble
over bubble: the bubble iy , “contains” it] « and for k large enough x1 x € B(x2k, ,o,%)). For every o we set
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Ny @) = (B(x1k, @0f) \ B(xix, 07" }))
and
Nic(e) = Njl (@) UN 2 (@).

By arguing as above one can show that Ny («) is a neck region.

Since we have assumed that there are at most two bubbles, the procedure stops here. Otherwise one has to continue
the procedure until annuli of the type Iy have been explored.

Therefore for every n > 0 we get:

1. Case of independent bubbles:

Jim /\( A ue? dx= lim_ / [(= )V | dx
N‘(a)
+Y lim / (=) u|” dx
k—+00

j=1 j
B(xj e o)

+ lim / (=) i | dx

k—+00
R\B(aj,a)
2
<n+Z / \(—A)1/4gé’0|2dx
I=1B0.a-1
+ f (=) uoo|” dx. (52)
R\B(aj,x)

2. Case of bubble over bubble:

hm /|( A)l/4uk| dx< l1m / ’( A)1/4uk| dx
/\/k(Oé)

+ lim [ f (=) 4| dx

k—+o00
B(xpk.0~ oD\ B(x1 .0

+ / |(—A)l/4uk|2dx]

B(xp.apb)

+ lim / (=) 4u | dx
k—+4o00
®\Blar,0)

<n+ / (=) 42| dx
B(0,a~)\B(0,a)
+ / [(—a) 4l P dx + / (=) U | dx. (53)

B(0,a~1) R\B(a;,a)

By taking in (52) and (53) the lim for o, n — 0 we get the desired quantization estimate (45). This concludes the
proof of the second part of Theorem 1.1. O
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Appendix A. Commutator estimates: Proof of Theorem 1.3

In this section we prove Theorem 1.3. To this end we shall make use of the Littlewood—Paley dyadic decomposition
of unity that we recall here. Such a decomposition can be obtained as follows. Let ¢ (£) be a radial Schwartz function
supported in {£ € R": |£]| <2}, which is equal to 1 in {£ € R": |&| < 1}. Let ¥ (&) be the function given by

V(&) :=¢(E) — P (28).

Y is then a “bump function” supported in the annulus {£ e R": 1/2 < |&| <2} 4
Let o = ¢, ¥ (§) =¥ (277§) for j # 0. The functions v;, for j € Z, are supported in {§ € R": 2771 g <
2711} and they realize a dyadic decomposition of the unity:

D=1
JEZ
We further denote

J
$jE) =Y yn(®).

k=—o00

The function ¢; is supported on {£, |&| < 2741y,
For every j € Z and f € §'(R") we define the Littlewood—Paley projection operators P; and Pg; by

Pif=vif. P<if=0if
Informally P; is a frequency projection to the annulus (2771 < |&| < 27}, while P is a frequency projection to the
ball {|§] <2/}. We will set f; = P; f and f/ = P, f.
We observe that f/ =3"1_ _ fiand f =32 fi (where the convergence is in S'(R")).

k=—o00
Given f, g € S'(R") we can split the product in the following way
fe=1IN(f g+ I(f g+ I13(f, g), (54)
where
+o00 +00 )
M=y fi >, =y figd™
—00  k<j—4 —oo
+o00 +00 )
f.=> fi > a=» gf™
—00  k>j+4 —o0
+o0
I3(f,8) = ij Z 8k-
—co  lk—jl<4

We observe that for every j we have

supp F f/~*g;] c {2772 < 1g1 < 272
Jj+3

suppf[ > fjgk:|C{|§|<2j+5}-

k=j—3

The three pieces of the decomposition (54) are examples of paraproducts. Informally the first paraproduct IT; is
an operator which allows high frequencies of f (~ 2/) multiplied by low frequencies of g (< 2/) to produce high
frequencies in the output. The second paraproduct T, multiplies low frequencies of f with high frequencies of g
to produce high frequencies in the output. The third paraproduct I73 multiplies high frequencies of f with high
frequencies of g to produce comparable or lower frequencies in the output. For a presentation of these paraproducts
we refer the reader for instance to the book [17]. The following two lemmas will be often used in the sequel.
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Lemma A.1. For every f € 8’ we have

sup| £/ < M(f).
jezZ

Lemma A.2. Let  be a Schwartz radial function such that supp(y) C B(0, 4). Then for every s > [%] + 1 we have
[ (=2 F || 1 < Cyn(1+5"41)4%,

where Cy ,, is a positive constant depending on the C 2 norm of Y and the dimension.

Lemma A.3. Let f € 153((3()’0()(1[%”).2 Then for all s > [5]+ 1 and for all j € Z we have

27 =8 fi] oo < Cyn (14" A2 Fll g, -

For the proof of Lemma A.1 we refer to [9] and of Lemmas A.2 and A.3 we refer to [6].
Given u, Q we introduce the following pseudodifferential operators

T(Q.u) = (—M)"*HQ(=M)"*u) = 0(=M)"Pu+ (=) Fu(=n)"*0 (55)
and

S(Q.u) == (=) Q=) u] = R(QVu) + R((—28)/*QR(= 1) *u) (56)
and R is the Fourier multiplier of symbol m(§) = —i % We prove in this section some estimates on the operators
(55) and (56).

Proof of Theorem 1.3. We make the proof for n = 1. The case n > 1 is analogous (for the details we refer to [7]).

e Estimate of [|77; ((—A)/4Q(—A)4u)| 1.

00 1/2
”Hl ((—A)1/4Q(—A)1/4u)”H1 :/< Z 2] Q%((—A)1/4Mj4)2) dx (57)

R Jj=—00

1/2
</sup|(—A)l/4uj_4|(ZZ</Q§> dx
O j
1/2 172
(ftcsrara)([Evoi
J

Rr R
S CUOl a2 mylull g2 wy-

e Estimate of [|77;((—A)/4Q(—A)4u)| 1.

. 12
||171((—A)1/4Q(—A)1/4”)”Hl :/< Z ((_A)1/4QA/)2((_A)1/4MJ._4)2) “ o
Rn Jj=—00
. 1/2
</sup\(—A)”“uf“‘l(Z«—A)”“Qj)z) dx
R /

2 The homogeneous Besov space Bgooo(R") is the space of tempered distribution u for which |lu]| B0 (Rn)} = SUPjez H]-'*' X
B 00,00

[ j Flullll oo gy is finite (see for the precise definition of the Besov spaces [22]).
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<( [ortcarma) ) (fZ( o) dx)m

S CHON 2@y lull ey

e Estimate of || TT2((—A) /4 Q(=A)4u) |41 It is as in (58).
e Estimate of ITl3((—A)/4(Q(—A)V*w)).
We show that it is in B? |- We observe thatif & € BO oo then (— MA)V4h e B oo % and thus

sup /Z Y M=) )
Al 0 <1
Bso,00 R

Jok=jI<3

Jj+6
- /Z S M)Ay A)”“uk){( INUEAE N S A)”“h}

”h” oo\ o k—jI<3 1=j-5
‘We have

/Z > COYHQi ) ) dx

”h” Qoo S kI3

fz > (05" ) (=) I ~0 dx
HhH <l

Jolk=jIs3

<C swp mllge [ Y0 D0 2P0 udx
121 59, o ST B J o k—jI<3

) 1/2 1/2
([ ) ([ Dicarnrn)
R? ] R~ ]

S CIQN gyl 172 @wy-

By analogous computations we get

Jj+6
sup >y (—A)1/4(Q,j(—A)1/4uk)|: > (—A)1/4ht:|dx<C||Q||H1/2(R)||M||HI/Z(R)-

”h”Bgo.oogan Jolk=JjI<3 t=j—5
e Estimate of IT3((—A)Y/*Q(—M)V4u — Q(— M) 2u).
| 775((= )" Q=) 4u = Q=) u) | o

j+6
>0 =M (=) uy) - Q,-(—A)Wuk){hf—u > h,}dx. (59)

”h” oﬁ o k—jI<3 r=j-5
We only estimate the terms with 4/, being the estimates with /4, similar.

/Z 3 =040 (=8) ) = Q5 (=A) Pug) [0 dx

IIhH i k—j1<3

= / > FlROF[=m) 05— g — Q(—A)Pu ] dx

””“ Qoo g J Ik—jI<3

- f S Fnio] [ff[Q, WF[=M) 4] = y) (1912

“”“ B J k—jI<3

—|x—y|l/2)dy:|dx. (60)
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Now we observe that in (60) we have |x| < 2/73 and 2/72 < |y| < 2/*2. Thus HES 5.

Hence

2 = x =y 2 = |y|1/2[ ‘1—5

1/2
i
1/29-1
=|y|‘/2f[1+‘1—f }
y y
> ck [ x kel
= |y|/? _(_) _ (61)
X_:k! y

We may suppose that 7o =0 k, ( Ykt g convergent if | I 2, otherwise one may consider a different Littlewood—
Paley decomposition by replacmg the exponent j — 4 w1th j —s, s > 0 large enough. We introduce the following
notation: for every k > 0 we set

Skg=F[e7 Vgl 2 Fe].
We note that if i € B, ., then Si/ € B and if h € HS then Sph € HS /2T,

Moreover if Q € H'/2 then V¥t1(Q) e H*1/2,
‘We continue the estimate (60).

(60) = / S Fni) [ / FIOAWF[(—8) Fu](x — ) (1112

'h” B k—jI<3

—|x—y|‘/2)dy} dx

Z@v/Z Z (= I)E-H}— vieRI— 6] [Ser(—A)lMuk](x)dx

thl <1

=0 "pn J lk—jI<3
b 125 f o> VRT[8e0 (=) A dx by Lemma A3
H || Qoo STE=0 Tpn j k—jI<3
Z 6€4€+1”h”3govoo/‘z Z 2(€+1)j[S£Q.I.(_A)l/4uk](x)dx
uhn Ooélg = ¢ oo S k=jI<3

12
ce .
CZ 2 “4”1</ZZZ(H]MISzQﬂzdx)
RrRe J

1/2
X ( / Z|(—A)l/4uj |2dx> by Plancherel’s Theorem

R}l .]
CZCEQ 6e4e+1</Zzzwﬂ)jp:[slgj]fdx) (/Z|( Ay dx)
R J R
172
e g ([l ([ Zican )
Rn J RrRe J

o0 12 1/2
Cl 60 40+1~0 i 12 /4. |2
<C) T </§ 2/dex> </§ (=) u; | dx)
=0 R J Rt J

o
Coo_
<Y 2Nl g Il ey
=0
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e Estimate of ITo((—A)/*(Q(—=A)V*u — Q(—A)2u)).
[T ((=)H(Q (=) 4u) — 0(—2)?u )||

DY [E=n e = A)‘/“ j) = (=A@ )] dx

“’“' oo< gn J o l—=jI<3

= 30 FLOTFEM Ui (=M Ry = (=) Pujhy ] dx
uhu <1Rn i<

Zce/Z Z (— l)zz+1]_- vl gi- 4] [Sﬁ(_A)l/4Mjh;](X)dx

“”“ oo<1 Rn J l—jI<3
< sup o lhllgy ZE,/ZIVM(Q)’ [Se(=A) | dx
Ihllzg, <1 =g

o0
< _Z(/Z|2 (k+1/2)]v5+1(Q)] 4“2(54—1/2)]5‘( A)1/4 |d.x)
Z:OE

Ce —2(+1/2)j |\ gb+]1 Hj—4|2 12

<C;)E /Zz [V QI~* ax

= Rt J

. 12
X < / Z AT 5 (= M)y |2 dx> by Plancherel’s Theorem
Rt J

oo 172
—e ([T ier Fivor ) ae
=0 R J

_ 1/2
% (/ZZWH)HEl2(“1/2)|.7-'[(—A)1/4uj]|2dx)

<c “(/Zz IF[vei| dé) (/ZV( ) ]| dX> .

Ct 53¢ . .
0252 1Ol girmlulgiog. O
=0

The proof of the following theorems and its localized version can be found in [7].
Theorem A.1. Let u, Q € W'/24(R"), with g > 2. Then T(Q, u), S(Q,u) € L1/*(R") and

7,040 <Cl=0)'*Q] o | (=2)" ],y
150, 0] 4 <Cl(=M)V2Q| 1y [ (=2)u] -

. . 2
Theorem A.2. Let Q € HY/?>(R"), u € W'/24(R") with g > 2. Then T(Q, u), S(Q, u) € Lf/_JgZ(]R”) and

[T 0] 2, <Cl=8)"0Q| ] (=)
+2

us<Q,u>uM% <Cl-80] o] (- Pl .

“Hm;
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(62)

(63)
(64)

(65)

(66)
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Remark A.1. Actually Theorems A.1 and A.2 hold for the 2-terms commutators
T(Q.u)=T(Q,u) = (=8)*Q(=1)"*u = (=) (Q(=2)"*u) — QA u

and
S0, u) = S(Q,u) — R((=M)* QR(=2)*u) = (=) *[Q(— ) *u] = R(QVu).
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