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Abstract

‘We consider the reactive Boussinesq equations in a slanted cylinder, with zero stress boundary conditions and arbitrary Rayleigh
number. We show that the equations have non-planar traveling front solutions that propagate at a constant speed. We also establish
uniform upper bounds on the burning rate and the flow velocity for general front-like initial data for the Cauchy problem.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. Introduction

The existence of traveling fronts for reaction—diffusion equations and their stability has been extensively studied
since the pioneering work of Kolmogorov et al. [26] and Fisher [17]. A large number of results have been obtained
during the last decade on the generalization of the notion of a traveling front to reaction—diffusion—advection equations
in a prescribed flow. These include non-planar traveling fronts in shear flows [9,10,12], and pulsating traveling fronts
in periodic flows [6,39,40], as well as results for monotonic systems in a unidirectional flow [35-37]. One of the main
qualitative effects of a flow is the speed-up of front propagation due to front stretching. Various bounds have been
obtained for the speed of propagation of fronts in prescribed flows [1-3,7,13,22,25,23,24,30], including variational
principles for the front speed [7,8,18,19,21,22]. The homogenization limit in a periodic flow has also been studied [27].
Extensive recent overviews can be found in [5,31,41].

However, those results have been obtained under the assumption that the flow is imposed from outside, and that it is
not affected by the evolution of the solution of the reaction—diffusion—advection equation, that is, by the temperature
or concentration of the reactant. This is known as the constant density approximation in the combustion literature [42].
A first step in the coupling of the temperature and fluid flow evolution is via the Boussinesq approximation: the density
mismatch is so small that the density difference is accounted by a buoyancy force in the equation for an incompressible
flow. Recently a number of works considered systems of a reaction—diffusion—advection equation coupled to a flow
equation of the Boussinesq type. Global existence and regularity of solutions in two dimensions was studied in [28]. It
has been shown that non-planar convective traveling fronts may not exist in a vertical cylinder if the Rayleigh number
is too small while for large Rayleigh numbers the planar fronts become unstable [14,32,33]. Moreover, there exists a
bifurcation at a critical value p. > 0 — non-trivial convective fronts may exist for the Rayleigh numbers close to p,.
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[32,33]. Numerical computations [34] show that non-planar convective fronts exist and are stable for a large range of
Rayleigh numbers p > p.. The fingering instability in this regime was investigated in [15].

One of the difficulties in the analysis of the Boussinesq problem at large Rayleigh numbers in a vertical cylinder is
the presence of unstable planar fronts that make uniform lower bounds on the front speed quite difficult. However, it
has been observed in [4] that such planar fronts cannot exist in a horizontal cylinder. One of the main results of [4] is
that non-planar fronts in a horizontal cylinder exist for small Rayleigh numbers. A purpose of the present paper is to
extend this result to all positive Rayleigh numbers; we use an approach that is different from [4] and is based on the a
priori bounds developed in [14].

The reactive Boussinesq equations for the temperature 7 and flow u have the dimensional form

T,+u-VT=/<AT—I—%(2)f(T), (D
u +u-Vu—vAu+Vp=gTe,,
V-u=0.

Here e, is the unit vector in the vertical direction, g is the strength of gravity, the speed vg is proportional to the

traveling front speed in the absence of gravity, « is the thermal diffusivity and v is the fluid viscosity. The temperature
is normalized so that 0 < T < 1. The nonlinearity f(7') is assumed to be a Lipschitz function of the ignition type

f(T)=0 forOLT <G with6y>0, f(T)>0 forT e(fp,1) and f(1)=0. 2)
We consider Eqgs. (1) in a slanted two-dimensional cylinder x € R, ax < z < ax + H with a finite slope o < co. It
is convenient to rotate the cylinder in order to make it horizontal to simplify the notation. Then (1) becomes
v2
T,+u-VT =k AT + -2 £(T), (3)
K
u,+u-Va—vAu+ Vp =gTe,
V.-u=0,
where u is the flow velocity measured relative to the new coordinate system. The gravity on the right points in a
direction € that is non-parallel to the x-axis, as the original cylinder was assumed to be non-vertical (o < 00). The

new rotated problem is posed in a cylinder D = R, x [0, L], L = H/~/1 + 2. The boundary conditions for the

temperature 7 are set to be front-like:
oT
T—1 asx—>—o0o, T—0 asx— +oo, 8—=O atz=0,L. (@Y)
Z

The flow u = (v, w) satisfies the no stress boundary conditions:

uw—>0 asx—>+oo and w,w=0 atz=0,L. ®))
Here w = w, — v; is the flow vorticity so that

Av = —wy, Aw = wy.

In order to pass to the non-dimensional variables we introduce the laminar front width § = «/vp and reaction time
te=«/ v(% and rescale the space and time variables: Xpew = Xo1d/8 and trew = fo1d/ .. We also rescale the flow upey =
U,1d/vo. Then the Boussinesq equations become

T,+u-VT = AT + f(T), (6)
u+u-Vu—oAu+ Vp=pTe,
V-u=0,

where o = v/« is the Prandtl number and p = g&3/«? is the Rayleigh number. The problem is now posed in the strip
D =R, x [0, 1];, A = L/§, with the boundary conditions that come from (4) and (5).

The traveling front solutions of (6) are solutions of the form T (x — ct, z), u(x — ct, z) with the speed ¢ to be
determined. They satisfy
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—cTy +u-VT = AT + f(T), (7)
—cuy+u-Vu—ocAu+Vp=pTe,
V-u=0,

with the boundary conditions

T
T—6_ asx—>—o0, T—->0 asx— +4o0, 8—:0 atz=0,A (8)
z

and
w,w=0 atz=0,A. ©)]

Here 6_ is a constant that is not a priori prescribed. We recall that, as has been observed in [4], if the direction of
gravity € is not parallel to the x-axis, any traveling front solution of (7) must be non-planar, that is, it must depend on
both variables x and z. This is the main difference between the cases of a vertical and slanted cylinder: planar fronts
exist in the former case but not in the latter. Our main result is the following theorem.

Theorem 1. Let the nonlinearity f(T) be of the ignition type (2). Then a traveling front solution (c, T, w) of (7) exists
such that it is non-planar: T, # 0, the flow u # 0 and the reaction rate f(T) % 0. Moreover, the solution satisfies the
following properties: ¢ > 0, T € C>%(D), VT € L>(D), u € H (D) N C>%(D). If we assume in addition that

F(T) < (T —60)% /2%, (10)

then the left limit is 6— = 1.

The assumption (10) is of technical nature. It does not involve the Rayleigh number p, it is rather a restriction on
the channel width A. We do not address the question of the uniqueness of the traveling front speed or profile in this
paper — this problem requires an additional study. Our results can be generalized to the no-slip boundary conditions
u=0on dD at the expense of a more technical proof — we leave this problem for a future publication.

The general idea of the proof follows the method developed in [11] and is as follows. We first consider the problem
(7) on a finite domain D, = [—a, al, x [0, A];. Solutions (7, u;) of the restricted problem exist for all c € R. We
normalize them by the requirement that

max 7. (x,z) = 6. an

x>0, ze[0,A]

This imposes a restriction on the speed c. In order to show that there exists a speed ¢, so that (11) holds we first obtain
some a priori bounds on ¢, 7 and u under the condition (11). Then we use the Leray—Schauder topological degree
theory and the above a priori bounds to show that ¢, exists. The a priori bounds allow us to pass to the limit a — oo.
Finally we show that the right limit of 7" as x — +0c0 is equal to zero, and that the left limit is equal to one under
the additional assumption on f(7") in Theorem 1. This general strategy is similar to that in the proof of existence of
traveling fronts in a prescribed decoupled flow, as in, for example, [9,12]. The main difficulty and novelty are in the a
priori bounds for the solution of the coupled problem in a bounded domain.

Our second result shows that the solution of the Cauchy problem for (6) propagate with a finite speed and that this
speed is close to the speed of the laminar front ¢y when the Rayleigh number is small. Recall that there exists a unique
speed co so that a traveling front solution of

—c0@x =Py + f(P), P(—o0)=1, P(+00)=0

exists.
In order to make this precise we define the bulk burning rate V (1), the Nusselt number N(7) and the average
horizontal flow U (¢) by

t

— 1
V(t)=;/V(S)ds, V(t)=/f(T)

0

dx dz
)\I 9

12)
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t
N(t):%/N(s)ds, N(t):/lVT|2¥, (13)
0
1 1
U=+ f [o()] o ds. (14)
0

The following theorem provides uniform bounds on these bulk quantities. It also shows that the coupled problem (6)
is in a sense a “regular perturbation” of the single reaction—diffusion equation with p = 0.

Theorem 2. Assume that there exists R so that To(x,z) =0 for x > R and To(x, z) = 1 for x < —R and that the
initial vorticity wgy € L?(D). There exists a constant C > 0 so that under the above assumptions on the initial data T,
ug we have the following bounds

co—Clp+ p*1+0o(1) V() <co+ Clp + p*1+o(1), (15)

2
N < |:C,o +,/%° + C2p2] +o(D),
U(t) < Cp[l + pl+o(1)

ast — —+o0.

This theorem may be interpreted as a stability result for a perturbation of a homogeneous reaction—diffusion equa-
tion by the buoyancy coupling. The proof is based on the construction of super- and sub- solutions, and a bound on
the decay of the solutions of advection—diffusion equations that is uniform in the advection flow.

The third result of this paper deals with the Boussinesq system in a narrow domain. It has been shown in [14] that if
a vertical strip is sufficiently narrow and gravity is sufficiently weak then solutions of the Cauchy data become planar
as t — +oo. The following theorem generalizes this result to inclined cylinders.

Theorem 3. Let € = (e1, e2) be the unit vector in the direction of gravity and let p; = pej, j = 1,2, and let the initial
data (To, ug) be as in Theorem 2. There exist two constants Ay and po so that if the domain is sufficiently narrow:
A < Ao and gravity is sufficiently small: p < po, then the burning rate is bounded by

V() <co+Cpr+o(l) ast— 4oo. (16)

Moreover, the front is nearly planar in the sense that

t
— 1
N.(t) = ;/|| Tz(s)||§ds <Cps+o(l) ast— +oo. (17)
0

The main observation of this theorem is that only the gravity strength in the direction perpendicular to the strip
enters in the upper bounds (16) and (17).

The paper is organized as follows: Theorem 1 is proved in Sections 2 and 3. Theorems 2 and 3 are proved in
Section 4.

2. The finite domain problem

We consider in this section the approximating problem
—cTy +u-VT = AT + f(T), (18)
—cuy +u-Va—oAu+Vp=pTé,
V.-u=0,
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in a finite domain D, =[—a, a], x [0, A];, a > 0, with the boundary conditions
oT
T(—a,z)=1, T(a,z)=0, a—:O atz=0,1A (19)
z

and
w=0, w=0 atz=0,2 and v(ta,z)=w(ta,z)=0 atx==a,ze[0,A]. (20)

One can show with the techniques of the present section that a solution T, u, of (18) in D, with the boundary
conditions (19) and (20) exists for all ¢ € R. However, given an arbitrary ¢ there is no way to control the limit of 7,
and u, as a — oo. Hence, following the standard procedure, we impose an additional constraint (11). This ensures
that the non-trivial part of the solution does not escape to infinity when we pass to the limit a — oo.

Proposition 1. There exists a speed c, € R so that there exists a solution (T, u,) of (18) in D, with the boundary
conditions (19) and (20) such that

max T,(x,z) =6p. 21
x20,z€[0,A]

We denote the corresponding solution as (cq, Ty, ;). There exists ag > 0 and a constant C > 0 that is independent
of a, so that for all a > ay:

lcal <C, (22)
and

/|VTa|2dxdz+f|Vua|2dxdz+||ua||oo<C. (23)

D, D,

Moreover, the uniform Hélder estimates hold: there exists ag > 0 and a constant C > 0 independent of a so that for
all a > ap we have

lwallcrep,) + IBallcrep,) + 1 Tallcrep,) < € (24)
provided that 0 < o < 1.

Proof. The proof consists of two parts. First, we introduce a family of problems depending on a parameter t € [0, 1]
so that at T = 0 we have a simple linear problem without advection or coupling and at T = 1 we have the full problem
(18) with the correct boundary conditions. The normalization condition (21) is imposed for all 7 € [0, 1]. We obtain
the a priori bounds as in (22), (23) and (24) for such solutions that are uniform in t € [0, 1]. In the second step we
use the a priori bounds, the Leray—Schauder topological degree argument and the information on the linear problem
at T = 0 to show that solutions of the nonlinear coupled problem at T =1 exist. We drop the subscript a throughout
the proof to make the notation less cumbersome.

Step 1. A priori bounds for solutions. Let us first define a one-parameter (homotopy) family of finite domain Boussi-
nesq problems in the vorticity formulation
—'Tf +tu* - VIT =AT" +tf(T"), (25)
—cTol +u" - Vol —c Ao =1pé- VT := prler T — e T/,
o' =w; —v!, V-u'=0.
As mentioned above, t is the homotopy parameter: T € [0, 1], with T = 0 corresponding to the linear problem, and
7 =1 to the full problem (18)—(20). The problem (25) is posed in D, with the same boundary conditions
or*
Iz

0, w'=w"'=0 forz=0,1 (26)

and

T'(—a,z)=1, T'(a,2)=0, v'(*a,2)=0"=(+a,z)=0 forx==a, (27)
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as (18). We also require that

max T (x,z) =6y (28)
x20,z
and obtain a priori bounds on ¢?, T and w®. We drop the superscript t below wherever it causes no confusion. The
general plan is as follows. First, we bound the speed ¢ above and below by a linear function of ||v||s in Lemma 1.
Next we bound ||u||» from above by a linear function of |VT||; in Lemma 3. The inequality in the other direction,
a bound on ||VT||% in terms of a linear function of ||u||~ is established in Lemmas 4 and 5. Since the latter bound is
quadratic in || VT ||2, the last estimates allow to obtain a uniform bound on this quantity, from which all other a priori
bounds follow in a fairly straightforward manner: see Corollary 1 and Lemma 6.
We begin with a lemma that bounds the speed ¢ in terms of the horizontal flow velocity ||v|=(p,)-

Lemma 1. Let (¢, T, u) satisfy (25)—(27) with the normalization (28) and let u = (v, w). Then there exists ag > 0 so
that for all a > ag we have

1= 1|vflo S < T+ M7+ 7]V 0. (29)

Proof. First, we observe that the function 4 (x) = Aeelrta) g 4 super-solution for the reaction—diffusion—
advection equation (with the flow u fixed) if A > 1 and

Mt
C>(¥+7+T||U||oo, (30)
that is,
0Ya
_CW‘FT“'V‘/IA?AI//A‘FTJC(WA)» (€1}
provided that (30) holds with
T
e T
ogr<1 T

Furthermore, we have

T'(—a,z)=1<A=vya(=a), T(a,z) =0<1a(a) (32)
at the two ends of the domain D,. We now show that this together with (31) implies that
T(x,2) <Yalx) (33)

for all (x,z) € D, and A > 1. Indeed, consider the family of functions 14 (x). Then all ¥4 are super-solutions in
the sense that the inequality (31) holds. Moreover, as the maximum principle implies that 0 < T < 1, for A > 5¢2*¢
sufficiently large we have ¥4 (x) > 5 > T'(x, z) for all (x, z) € D,. We define

Ao =inf{A € R: Y4(x) > T(x,2) forall (x,2) € Dy}.

The previous argument implies that Ag is finite, Ag < 5 e22¢ and, moreover, clearly Ag > 0. Observe that since the
domain D, is compact, we should have ¥ 4,(x) > T (x, z) — otherwise this inequality would be violated for A slightly
larger than A at some point in D,. Moreover, the equation ¥4,(x) = T (x, z) should have a solution. We claim that
Ao = 1. Indeed, otherwise the point (xo, zo) that solves ¥4, (xo) = T (x0, z0) cannot be at the boundary of D, because
of the boundary conditions on the function 7. Hence this point has to lie in the interior of D,. The continuity of /4 (x)
with respect to A implies that the graphs of ¥4,(x) and T (x, z) are tangent at (xg, zo). Then the strong maximum
principle implies that ¥4, (x) = T (x, z) which is a contradiction, as they differ on the boundary. Hence, we conclude
that Ag = 1 and (33) holds for all A > 1 and thus for A = 1, so that

T(x,7) <e @0ta), (34)

However, the existence of such a super-solution contradicts the normalization condition (28) if a > In(6, 1) /a
because (28) implies that there exists zg so that 7'(0, zg) = 6p. Therefore, the existence of a solution 7" that satisfies
(28) implies
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c<  inf (a+—)+z||v||oo\1+Mr+r||v||oo (35)
a=In@;/a

provided that a > In(1/6p). This proves the upper bound in (29). In order to prove the lower bound we observe that

the function ¢ = 1 — e*™*~ is a sub-solution for 7' with the flow u fixed if
¢ < —a —7|[vflo- (36)
That is, if (36) holds, then T (x,z) > 1 — e**~%)_ This is shown in a way similar to the proof of (34) under the
assumption (30) above. However, ¢ (0) =1 — e™** > 0 for

In((1 —6p)""
> .
o

This implies that max,>o T (x, z) > ¢ (0) > 6y provided that both (36) and (37) hold. Hence, in order for (28) to be
possible we need

(37

c> sup [ —Tlvllso] = —1 = llV]loo (38)
a>(In((1-6p)~1))/a

provided that @ > In((1 — 6p)~!). This is the lower bound in (29) and the proof of Lemma 1 is complete. O

Next, we establish a bound on |[u|| = (p,) and ||@|[L~(p,) in terms of VT || 2(p . These bounds are all obtained
from the following type of estimates.

Lemma 2. Let S, = [—a,al, x 2, be a finite cylinder with a smooth bounded cross-section 2 € RY d=1,2.
Let ¢ be a function that satisfies one of the following three condmons (1) ¢(x y) = 0 on the whole boundary 9S,,
(i) ¢(x,y) =0 for y € 382 and 3¢(x Y =0 for x = —a, a, or (iii) 8n =0 forye€d2, and ¢(x,y) =0 for

X = —a, a. Then there exists a constant C that depends only on the domain 2, but not on the cylinder length a, so
that we have
IpllLs,) < CLIADNL2es,) + 191l 125, ]- (39)

Proof. Let Q be any cylinder of the form [xg, xo + 1] x £2 C S, with —a < xg < a — 1. The standard interior elliptic
estimates up to the boundary [20] can be applied to Q in all the three cases (i)—(iii). The corners at x = %a are not an
obstacle. Indeed, both in the case of the Dirichlet and Neumann boundary conditions prescribed on the lines x = %a,
one can extend the solution to a larger cylinder [—a — 1, a 4- 1] x §2 by reflecting the solution across the line x = +a,
either in the even or odd way, respectively. Hence the usual elliptic estimates up to the boundary can be applied to all
such cylinders Q to obtain

Il 20y < CLIAPIL2(s,) + 191l L2s,)] (40)
in all three cases (i)—(iii). Then the Sobolev embedding theorem in dimensions d = 2, 3 implies that

@llL>@) < Cllll g2y < [||A¢||L2(Q) + ||¢||L2(Q)] < C[||A¢||L2(sa) + ||¢||L2(Sa)]
with the constant C that only depends on the domain 2. O

This lemma can be easily extended to higher dimensions using the appropriate Sobolev embeddings. It implies
immediately the following bounds on |lul|s and |||l in terms of VT 2p, -

Lemma 3. Let (c, T, u) satisfy (25)—(27) with the normalization (28). There exists ag > 0 and a constant C > 0 so
that, for all a > ag, the following estimates hold:

lallLe(p,) < C||VT||L2(D‘,) (41)
and

||CU||L°°(Da) < C||VT||L2(D‘,)[1 + ||VT||L2(D{,)]- (42)
Moreover, Vu satisfies the same bound:

IVullzep,) < CIVT I 2p [1+ VT 120, ]- (43)
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Proof. We use the vorticity equation

—ca)x—}—u~Va)—0Aw:pr(é-VJ‘T), w=0 ondD,. (44)
Case (i) of Lemma 2 implies that

lollzny) < C[IVT Il 2(p,) + (Il + [ulloe) Vol 12(p,) + @] 120, ] @5)
Here, the constant C depends only on p and A. Note that multiplying the vorticity equation by w and integrating by
parts, using the boundary conditions, we obtain

/ IVol*dxdz =1p /(é VAT wdx dz < 7o) VT [12l|o]l2-

Dq

The Dirichlet boundary conditions for @ imply that the Poincaré inequality applies to @ so that ||l 2p,) <
A /M) Vol 12p,)- Hence we obtain

A
Vol < ;thIVTllz (46)
and thus
loll2p,y < CIVT | L2p,) 47

with the constant C independent of the cylinder length a. This, together with (45) and the bound (29) on the speed c,
implies (42), provided that we show (41).
We now prove (41). The horizontal flow component v satisfies the Poisson equation

0
Av=—w;, v(xa,z)=0, 8—U=0, atz=0,A. (48)
Z

The boundary conditions at z = 0, A are obtained from v, = wy — @ = 0 as follows from (26). The third case (iii) of
Lemma 2 implies that

lvlizeen,) < CIV@ll2(p,y + IVl2p,) ]- (49)

The first term in the right-hand side is bounded by (46). In order to bound the second one, we multiply (48) by v and
integrate to obtain, using the boundary conditions and (46)

[ 19087 vz = [t . dne < loclololls < CIVT Lol (50)

Dy Dy
Now, observe that (48), the Neumann boundary conditions for v and the Dirichlet boundary condition for w at z =0, A
imply that
2
dx2

It follows then from the Dirichlet boundary conditions for v at x = +a that

/v(x, z)dz =0.

A

/v(x,z)dz:O (51
0
for all x. One may alternatively deduce (51) from incompressibility of the flow u and the boundary conditions.
Therefore, it follows from the Poincaré inequality that [[v||;2p ) < (A/270) ||Vl 2(p,)- Thus, (50) implies that both
IVullp2p,y S CIIVT Nl 12p,y and [[vli2p,) < CIVT |l 2(p,) With a constant independent of a. Hence, (49) implies
(41) for the horizontal flow component.
The vertical flow component satisfies

9
Aw=w,, wx,0)=wl(x, 1) =0, a—w(ﬂ:a,z)zo. (52)
X
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The Neumann boundary condition at x = #a is deduced from the relation w, = @ + v, and the Dirichlet boundary
conditions for v and w at x = *a. The case (ii) in Lemma 2 implies that

lwllzep,) < CIVol2p,) + lwli2p,)]- (53)

As before, we use (46) to bound the first term in the right side. In order to bound the second we multiply (52) by w
and integrate, using the boundary conditions and (46) again, to obtain that

/ |Vw|*dx dz = —/wx(x, Dw(x,z)dxdz < [loxl2lwllz < CIVT 12 lwll2. (54)
D, D,

The Dirichlet boundary conditions for w at z =0, A imply that |wl|;2(p,) < A/7 VW]l 2(p,,- Thus, (54) implies that
IVl 20, < CIVT Il 2, - (55)

and hence [wll;2p,) < CIVT | 2(p,) With a constant independent of a. Therefore, now (53) implies (41) for the
vertical flow component. Thus, the proof of (41) is complete. We recall that then (42) follows as well, as explained in
the paragraph below (47).

In order to complete the proof of Lemma 3 it remains to bound the derivatives of u. First, we observe that the
function = v, satisfies the boundary value problem

—AY =w;,, Y=0 ondD,. (56)

Hence, case (i) of Lemma 2 applies to the function . Moreover, the elliptic estimates for w, as in (40), imply that
”wZZ”LZ(Da) < ||Aw||L2(Da) < C||VT||Lz(Da)(1 + ||VT||L2(DQ)). Hence, the same proof as in the derivation of the
bound (42) applies to ¥ and we obtain that

lvzllLee(p,) < C||VT||L2(DH)(1 + ||VT||L2(Da))-
This, together with (42) implies that
el < CIVT 2, (L+ 1V T 1200,)-

The other pair of derivatives, v, and w,, do not satisfy a homogeneous boundary condition on the lines x = +a.
Therefore, one cannot apply the standard elliptic estimates up to the boundary to the function n = w, = —v, (the
second equality follows from the incompressibility of the flow). In order to circumvent this difficulty, we extend
the function w to a larger cylinder D,y = [—a — 1,a + 1] x [0, A] by setting w(—a — x,z) = w(—a + x, z) and
w(a + x,z) =w(a — x,z) for 0 < x < 1. The resulting function is of a class C%(D441) since w(x, z) satisfies the
Neumann boundary condition at x = %a. This also extends the function n = w, to the larger cylinder. Moreover, n
satisfies the Neumann boundary condition along the horizontal lines z =0, A:

N =Wz =—V;x =0 onz=0,2,
and
AN = wyy,

with the function w extended to the larger cylinder by the same reflection. Hence, the interior elliptic estimates up to
the boundary for solutions of the Neumann problem imply that

11l 20y < NADl L2 (p,y + 10l 22(D,)

for any rectangle Q = [xg, xo + 1] x [0, A] that is strictly contained inside the larger cylinder D, . Therefore, the
Sobolev embedding theorem together with the above estimates imply that

Il by < CLIANL2(p,) + 1l L2(0] = Clloxell 20, + 111l 120, (57)

However, as the function w satisfies the Dirichlet boundary conditions in D,, we can apply the estimate (40) to the
function w up to boundary, to obtain

loll g2, < ClIAI 2, + @l 20,
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We now use the vorticity equation (44) to bound [|Aw||;2(p,y and the estimate (47) to estimate [|w||;2(p,, and con-
clude that

loxzll2(p,) < CIVT N2y (L IVT I 2p,))- (58)
Furthermore, the estimate (55) for [[Vw||;2(p,) implies that

Il 2,y = lwzllL2p,) < IVwli2p,) < CIVT llL2(p,)- (59)
We infer from the bounds (57), (58) and (59) that

Inll 2o (py) < CIVT I 20p,) (1 + VT Nl 12(p,)-

This proves the uniform bound on w, and hence the proof of Lemma 3 is complete. O

Let us now proceed to estimate |V T || L2(Dy) in terms of ||v] e (p,), @ bound in the direction opposite to that in

Lemma 3. More important, we will bound the square | VT ||% in terms of a linear function of ||v|| . As we are unable to
obtain such bound by the standard elliptic estimates, we have to proceed with an explicit calculation. As a preliminary
step we show the following.

Lemma 4. Let (c, T, ) satisfy (25)—(27) with the normalization (28). Then, there exists a constant C > 0 and a
constant ag > 0 so that we have for all a > ap and 0 < 7 < 1

A
/|VT|2dxdz+/Tx(a,z)dz<C[1+||v||oo]. (60)
D, 0

Proof. Recall that the function 7" satisfies

—cTy +tu-VT = AT +tf(T) (61)
with the boundary conditions

T(—a,z)=1, T(a,z)=0, %—Z:O atz=0,A. (62)
We multiply (61) by (1 — T') and use the boundary conditions and incompressibility of the flow u to obtain

A
% = / Te(a,z)dz + / IVT|?dxdz + t/(l —T)f(T)dxdz. (63)
0 Dy
Hence, Lemma 1 and the fact that (1 — 7)) f(T) > 0 imply that
A
/|VT|2dxdz+/Tx(a,z)dz<%<C[1+|Iv||oo] (64)
D, 0

and Lemma 4 is proved. O

In order to close the bounds (29), (41) and (60) we need to bound the integral of 7 in (60). This is done in the next
Lemma.

Lemma 5. Let (¢, T, u) satisfy (25)—(27) with the normalization (28). There exists a constant C > 0 and a constant
agp so that we have for alla > ag and 0 < t < 1

A
og—/Tx(a,z)dzgc[H||VT||2]. (65)
0
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Proof. In order to find a bound for fok Ty (x = %a, z) dz we introduce
A
I(x)= %/T(x,z)dz
0
and integrate Eq. (25) for T in z. Using the boundary conditions we obtain

—Lix=Gx), I(-a)=1, I(a)=0, G(x)=%/f(T(x,z))dz—/(ru-VT—ch)c;—Z.

This equation can be solved explicitly:
I(x):—/(x—s)G(s)ds+Ax—|—B
with constants
a a
A= 1+1/( )G(s)d B—1+{ﬂ )G(s)d
=515 a—s)G(s)ds, =513 a—s)G(s)ds
—a —a

that are determined from the boundary conditions. Thus, we have

a

Li(—a)= A, Ix(a):A—/G(s)ds.

—a

Using the expression for the function G (x) in (66), we now infer that

< —ILi(a)= +—/(a+s)G(s)ds_—+—//(a+x)f T (x, ))

—a 0
——//(a—l—x)u VT (x, Z)

A
+ c/[( N )szdx
- a X .
2a T
Integrating by parts, using the boundary conditions and incompressibility of u, we obtain

—a 0
0< —1I(a) = —+ [f

a i

X dzdx
f/af T(x,z2))

—a 0 —a 0
a A a A
N T // (r. DT )dzdx c //szdx
2a v D1, 2 A 2a A
—a 0 —a 0

417

(66)

However, the normalization condition (28) implies that f (7 (x, z)) = 0 for x > 0 since there is no reaction to the right
of x = 0. Therefore, we can drop the third term above. This is one of the crucial points in the proof of the current

lemma. Hence, we conclude that

0<—J <1 rakT dzdx raA T dzdx
\_)C(a)\%_'_z\/\/f( (X,Z)) A +Z//v(xﬂz) (X,Z)

—a 0 —a 0

fF dzde 1 ‘7 dzd
C zZdx T Zdax
| [T+ T(x,
af/ - 2a+2fff((xz))

—a 0 —a 0

+ Tlvlloo + el

(67)
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We used the fact that 0 < T < 1 to bound the last term above. Next, we look at I, (—a):

dzdx
0<—Ii(—a)= —/(a—s)G(s)ds____//(a_x)f ))
4
—i—%//(a—x)u.VT(x,z)dzdx_%//(a_xﬂ,xdz)\dx.
S g

We can drop the second term above, as (a — x) f(T') > 0, so that, after integration by parts, we get

fF dzdx
Oé—lx(—a)\— —//v(x 2T (x, Z) ——//T =+ |c|

—a 0 —a 0

1
<2—+T||v||oo+|6|- (68)
a

Let us now put together (67), (68) and (63). We observe that, with F =1 f f f(T) dxkdz, we have the following three
inequalities:

c=1I(a)—I,(—a)+ F,
—I(a) < L+ 5 T+ tlvlloo + el

0< —I(—a) < % + 7]Vl + el
This implies that

F <= 4 20lvlos +4ic (69)
and thus

—I:(a) < 3|c|+ + 27 ||v|lee  fora = ap.
Lemma 1 implies then that

—I(a) <c[1 +r||v||oo+é].

Finally, Lemma 3 implies that

WV

1
—I(a) < C[l + |IVT |2 + —:| fora > ayp.
a

Thus, Lemma 5 is proved. O
The previous lemmas imply uniform bounds that we summarize as follows.

Corollary 1. Let (¢, T, u) satisfy (25)—(27) with the normalization (28). There exists a constant C > 0 and ay > 0 so
that we have for alla > ap and 0 < 7 < 1

lullze(p,) + IVullLoe(p,) + ol g2,y + 1el + VT 2,y + T / f(T)dxdz< C. (70)

Dy
In particular, as a consequence we also have

IVull 2, + loll () < C. (1)
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Proof. Lemmas 5 and 4 imply that

/ VT |?dxdz < C[l + tllvlloo + ||VT||L2(D,,)]-
Then Lemma 3 implies that
IVT 11 720p,, < C(L VTl 2p,))

and thus the estimate on |[VT'|[;2p, in (70) holds. Then Lemma 3 implies the bounds on [[ul|z(p,), VUl Lo (p,)
and ||@||;2(p,)- The bound on |c| in (70) now follows from Lemma 1. Finally, the estimate on the total reaction rate
follows from the above bounds and (69). One can eliminate the factor 7 in front of the total reaction rate in (70):
actually, one can show that it remains bounded as T — 0. However, unlike the other estimates in (70), we will use the
bound on the total reactionrate only at t =1. O

It remains to prove the uniform Hélder C1-%-estimates for 7' (x, z), @ and u in order to finish the proof of Proposi-
tion 1.

Lemma 6. There exist two constants C > 0 and ag > 0 so that the following bound holds for all a > ag:
lollcrep,y + allcrep,) + 1Tl crep,) < C (72)
provided that 0 < o < 1.

Proof. The bound for T follows from the standard elliptic local regularity estimates up to the boundary [20], the
C'-bound on the flow u and the uniform bound on the speed ¢ in Corollary 1. The Hélder estimate for e follows then
from the vorticity equation (44) with the Dirichlet boundary conditions, the above mentioned C!*-bound on T, the
same uniform estimates in Corollary 1 and the same results of [20]. Finally, the Holder bounds on u follow from the
Poisson equations (48) and (52) on the horizontal and vertical flow components, respectively, and the Holder estimates
forw. O

This completes the proof of the a priori bounds in Proposition 1. We now turn to the proof of the existence part of
this proposition.

Step 2. The degree argument. The a priori bounds proved in the first step of the proof allow us to use the Leray—
Schauder topological degree argument to establish existence of solutions to the problem (25)—(27) with the normal-
ization (28) in the bounded domain D,. This method of construction of traveling wave solutions goes back to [11].
We introduce a map

Ke:i(c,w,T)— (07,27, Z7)
as the solution operator of the linear system
—cZi+tu-VZT =AZ" +1f(T), (73)
—c2{ +u-VQ' -0 ARQ" =1pleraTy — e1 1]
in D, with the no stress boundary conditions
0zt
0z

0, w'=2"=0 atz=0,1 (74)

and
Z'(—a,y)=1, Z%(a,y)=0, i*=2"=0 atx==a. (75)

Here the unknown flow @ = (", w") and the given flow u are the incompressible flows corresponding to the vortic-
ities £27 and w, respectively, and satisfying the no-stress boundary conditions. The number 67 is defined by

9" =0y —maxT(x,z) +c.
x>0
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The operator K, is a mapping of the Banach space X = R x C*(D,) x C1¥(D,), equipped with the norm
(¢, w, T)lIx = max(|c|, |lwllcrap,)s IT llcre(p,))s into itself. A solution q° = (c”, 0", T") of (25)-(27) is a fixed
point of /C; and satisfies K, q° = 7, and vice versa: a fixed point of ; provides a solution to (25)—(27). Hence, in or-
der to show that (25)—(27) has a traveling front solution, it suffices to show that the kernel of the operator F; =1d — K,
is not trivial. The standard elliptic regularity results in [20] imply that the operator K, is compact and depends continu-
ously on the parameter t € [0, 1]. Thus the Leray—Schauder topological degree theory can be applied. Let us introduce
aball By = {||(c,w, T)||x < M}. Then Lemmas 6 and 1 show that the operator F; does not vanish on the boundary
d By with M sufficiently large for any t € [0, 1]. It remains only to show that the degree deg(F1, By, 0) in B)y is not
zero. However, the homotopy invariance property of the degree implies that deg(F, B, 0) = deg(Fo, By, 0) for all
T € [0, 1]. Moreover, the degree at T = 0 can be computed explicitly as the operator F is given by

Fole, 0, T) = (maxT(x,y) = 60,0, T = T ).
x=0

Here the function Ty(x) solves
’1¢  dT§

c
dx2 dx

and is given by

=0, T{(-a)=1, T{@ =0

e~ X _e—ca
TOC (x) = m.
The mapping F is homotopic to
D(c,w, T) = (max Ty (x,y) —6p, 0, T — TOC)
x>0
that, in turn, is homotopic to

~ .0
d(c,0,T)=(T§0) — by, 0, T — T,*),

where cg is the unique number so that TOC* (0) = 6. The degree of the mapping @ is the product of the degrees of
each component. The last two have degree equal to one, and the first to —1, as the function 7(j (0) is decreasing in c.
Thus deg Fo = —1 and hence deg F; = —1 so that the kernel of Id — K; is not empty. This finishes the proof of
Proposition 1. O

Remark 1. Observe that the C!%-regularity of 7', u and w can be bootstrapped to C>*-regularity: we have

||a)||c2.a(Da) + ”“”CM(D(,) + ”T”CZ’O‘(DH) § C (76)
provided that 0 < o < 1.

3. Identification of the limit

In order to finish the proof of Theorem 1 we consider the solutions (c¢?, T¢, u®) constructed in Proposition 1 and
pass to the limit @ — +o00. The a priori estimates in the same proposition imply that we can choose a subsequence
a, — oo so that T,(x, z) = Ty, (x, z) converges uniformly on compact sets to a function T (x, z), while the flow
u,(x,z) =ug,(x,z) converges to a flow u(x, z) = (v, w) and the front speeds also converge: ¢, = ¢4, — c¢. The
vorticity functions wy (x, z) = wy, (x, ) converge to the limit w = wy — v;. The limits satisfy the uniform bounds

el + ulloo + lolloo + / VTP dxdz + / F(T)dxdz + / Vuldrdz < C (77)

that follow from Corollary 1 and the Holder estimates (24) and (76). The regularity estimates on (7%, u®) imply that
the limit functions T and u satisfy the Boussinesq system

—cTy +u-VT = AT + f(T),
—cwy +u-Vo—ocAw=pE-ViT),

w=wy — V. (78)
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Moreover, the boundary conditions on the lateral boundaries hold for 7" and u:

oT
— =0, w=w=0 onz=0,A. (79)
a9z
The normalization condition
max T (x,z) =6 (80)
x>

is also satisfied.

Therefore, to finish the proof of Theorem 1, it remains only to show that (i) 7 converges to a constant 6_ as
x — —ooand T — 0 as x — +o0, (ii) u - 0 as x — +o00, and (iii) f— = 1 if the reaction rate satisfies f(7T) <
(T — 90)1/ A2. First, we note that the uniform L2-bound on VT in (77) implies that 7 converges to two constants 6_
and 64 as x — 00, possibly passing to a subsequence x, — £oo. The elliptic regularity results imply that actually
T converges to these constants as x — £00. Moreover, the bound for the total reaction rate f f(T)dxdz in (77)
implies that f(6—) = f(6+) = 0. Furthermore, integrating (78) we obtain

dxd
O —6,) = f 2

In order to identify the limits 6+ we will make use of the following lemmas that provide some additional infor-
mation on solutions on a finite domain before the passage to the limit. The first result describes the behavior near the
rightend x = a,,.

1)

Lemma 7. There exists a sequence a, — o0 so that

a Tn (an ’ Z)
0x

as n — oo, uniformly in 7. Moreover, we have lim,,_, 5, T, (a,, — x0, 2) = 0 for all xy € R.

-0 (82)

Proof. We introduce a shifted solution @, (x, z) = T,,(x + a,, z) , Vv, =W, (x + a,, z) defined in the domain —2a, <
x < 0. The functions &,, and v, satisfy the same a priori bounds (77) as T,, and u,, and hence they converge as n — 0o
to some limits @ and v that satisfy

—cP,+v- VO =AP, inx <0, @(0,z)=0. (83)

as f(®,) =0 for x > —a, and thus in the limit f(®) = 0. The function @ satisfies the Neumann boundary conditions
at z = 0, A. The uniform upper bound on ||[V®, ||, together with the elliptic regularity results imply that @ has to
converge to a constant ¢_ as x — —oo along a subsequence. We note that, as 0 < @ (x, z) < 6y, the constant @_
satisfies the same bounds:

0< d_ <O

Integrating (83) we obtain
Ad_ = f ,(0,2)dz <0. (84)

Hence, either @_ = 0 or ¢ < 0. In the former case @ = 0 and hence @, (0, z) = 0 for all z. That implies that both
T (a,,z) = 0as n — oo and T} (a, — xo, 2) = @I (—xp,z) = 0 as n — oo, as claimed in Lemma 7. It remains to
rule out the second case, ¢ < 0. This is done in the next lemma that provides a crucial lower bound on the speed c;,.
In particular it shows that ¢ > 0 — this will conclude the proof of Lemma 7. O

Lemma 8. The front speed is positive: ¢ > 0.

Proof. Integrating the temperature equation in (78) for 7,,, we obtain
A A

aT, aT, k 0T,
m:/ (an,z)dz_/—<—an,z>dz+/f(Tn)dxdz>/—(an,z)dz+/f<Tn>dxdz. (85)
X 0x 0x
0 0 0

0
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Observe also that we have a uniform bound

(/f(T,,)dxdz)(/ IVTn|2dxdz) >C (86)

that follows from the fact that 7}, (0, z) < 6p and T,,(—ay, z) = 1. The proof of (86) is as in [13]: there exists zg € (0, 1)
such that both

dxdz
/‘VTn(x7ZO)}2dx <3/|VTn|2 P Dy =[—ay, anlx x [0, 2],

and
; dxd
ff(T(sz) /fT(xz))xz.
—dn D,

Let x; be the left-most point so that T;,(x1,z0) =1 — (1 — ) /4:

) 1 -6
x1 =infix € (—a,,0): T,(x,z0) =1 — )

and x> > x be the left-most point so that T}, (x2, z9) = 6y + (1 — 6p)/4:

1—6
x2=inf{xe(—an,0): T (x.20) = b0+ — 0}.

Existence of x; and x, is guaranteed by the fact that 7;,(—a,, z) = 1 and T, (0, z) < 6y for all z € [0, A]. Then the
reaction rate f (7, (x, zo)) > C for x; < x < x2 so that

Clx1 —x2| < /fT(x z0)) dx /fT(x 2))

and

4|x1 — x2]

X2
1 —6p)2 dxd
&</|VT,,(x,ZO)|2dx<3/|VT,1|2 .
X1

Multiplying these two inequalities, we arrive at (86).
The estimate (86) and the uniform upper bound on [|[VT}, |2 in Corollary 1 imply that

/ f(T)dxdz > C. (87)

Then, passing to the limit in (85), and using (84) we obtain
cA(l1—d_)>C >0,

a7,
/ dz — /cpx(o, )z,
0x

with the function @ as in the proof of Lemma 7. Now, we recall that @_ < 6y < 1 and thus the front speed ¢ > 0. This
finishes the proof of Lemma 8 and hence also that of Lemma 7. O

as

Lemma 8 and (81) imply that 6_ > 6. However, if 6_ = 6, we have f(T) =0 everywhere and hence (78) is a
linear equation. The maximum principle implies that T is constant in this case. The last condition in (77) implies that
this constant has to be equal to 8y. Hence, either 6_ > 64 or T = 6.

Let us now rule out the special case 6_ = 6 = 6.
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Lemma 9. The left and right limits 0_ and 64 satisfy 6— > 0.

Proof. We have already shown that 6_ > 6 and, moreover, if 6_ = 6, then
0_ =06, =0. (83)

Hence, it suffices to show that the latter is impossible. Let us assume that (88) holds. As we have explained above,
then

T, — 6y, and 07,/dx — 0 uniformly on compact sets. (89)

Then, integrating the equation

a7,
ax +u, - VT, = AT, + f(T},)

—cp

between x = 0 and x = a,, we obtain, as f(7},,) = 0 in this region,
A A A A
oT, oT,
¢n | Th(0,2)dz — [ v,(0,2)T,(0,2)dz = W (ap,z)dz — W 0, z)dz. 90)
0 0 0 0

We now pass to the limit n — oo in (90). The first term on the left converges to cOpX, as we have assumed that T
converges uniformly to 6y on compact intervals. The second term on the left converges to

A

/ v(0,z)0pdz =0,
0
as incompressibility of the flow u,, and the boundary conditions at x = £a imply that

/ v, (0,2)dz =0.
The limit (82) in Lemma 7 implies that the first term on the right side of (90) converges to zero. Finally, the last term
on the right side of (90) converges to zero because of (89). Therefore, we obtain

cr6y =0.
However, this implies that ¢ = 0 which contradicts Lemma 8. Hence, the case 6_ = 6 = 6 is ruled out and thus
0_ > 0+. O

We continue the analysis of the behavior of the solution at the right end of the domain.

Lemma 10. The gradient VT, converges to zero “as x — +00” uniformly in n, that is, for every € > 0 there exists
N e Nand R so that |VT,(x,z)| <eforalln > N and all R < x < ay.

Proof. Let us assume that this is not the case. Then there exists ¢g > 0 and a sequence b, — 400 so that
VT, (b, zn)| = €o for some z; € [0, A]. Note that Lemma 7 implies that

|an — by| — o0. 1)

Let us define the shifted solution ¥, (x, z) = T,,(x — by, 2), Vu(x, 2) =, (x — b,;, z) on the domain x € [—a, —b,,, a,, —
b,]. Then ¥, and v, satisfy the same uniform bounds as 7; and u,, and thus they converge to a pair of functions ¥, v
uniformly on compact intervals, together with their derivatives. The functions ¥ and v are defined on the whole real
line because of (91). Moreover, the function ¥ has left and right limits ¥4 as x — *o0o. Hence, the same argument
as in the proof of Lemma 7 shows that ¥ must be equal a constant, as it has left and right limits and satisfies

—c¥, +v- V¥ =AY,
However, this contradicts the fact that max; [V (0,z)| > &. O

The decay of the gradient of 7,, implies that the flow ahead of the front goes to zero for large x, uniformly in 7.
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Lemma 11. The flow u,(x, z) converges to zero on the right uniformly in n, that is, for any ¢ > 0 there exists R > 0
and N € N so that lu,(x,z)| <& forall R <x <a,andn > N.

Proof. We choose N and R so that |VT,| < ¢ forall n > N and x € [R, a,]. Then, we decompose T;, = T1r1 + T
with supp Tln C{x <R+ 1} and supp 7™ C {x > R}. We also require that both Tln and T satisfy t_he same
uniform gradlent bounds as 7;,. Moreover, we have |[VT?"!| < &. We also split w, = a)“‘ + a)out and u, = u) + u"
accordingly:

aTin aTin

—e
0x 9z

—cna)iln +u,- Va)il“ — UAa)L“ = p(ez ), a):ln =0 ondD,,,
and similarly for "
We now bound [u'| and [ud™| separately for sufficiently large x. First, we look at w}" = (v, wi"). The function
w,! satisfies a homogeneous equation
in

" fu, Vo' —cAw"=0 92)

in the rectangle Dri24, ={R+2<x < a,, 0 <z <A}, as T,ﬁ“ vanishes in Dgr42 4,. The function a)il“ satisfies
a uniform C%%-bound - this is shown in the same way as the C 2.2 _hound for the full vorticity function w in (76).
This in turn implies that the function ¥ (z) = a)iln(R + 2, z) is uniformly bounded in C 210, A]. Let g(x) be a smooth
monotonic and positive cut-off function so that

gx)=1 forR+2<x<R+3 and gx)=0 forx>R+4. 93)
Then the function @™ can be decomposed as

o (6.2) = Y (g () + .
The function ¢, satisfies

§n

+u, - V;n - GA{H = fn in DR+2,a,,, é‘n =0 on aDR+2,a,,« (94)
The right side f;, is given by
foi=09"(2)g(x) + o (28" (x) — cay (2)&"(x) — va ¥ (2)g' (x) — wa ¥ (2)g(x).

It is supported in R + 2 < x < R + 4 and is uniformly bounded since IIwmIICZa(D ) < C. Let us choose o > 0
sufficiently small, then the functlon &,(x,2) = &n(x, 7) e** satisfies
9&n 98 2. .

—tn +acé, +u, - V&, —av,é, — oA, + 20— o oa“éy =g, InDpyng,,

& =0 on 8DR-Q—Z,a,, 95)
with g, = f,,(x) e**. Multiplying (95) by &, and integrating by parts, using the boundary conditions, we obtain

o / V&, |* dx dz + (cat — o[ V]| oo — 0t?) / |60 1* dx dz < lignll2 1 ll2- (96)

DR+42.ay Dry2,ay

However, as the function £, vanishes at z = 0, A, the Poincaré inequality implies that

2
T
/ Ivsn|2dxdz>F f 1€, 1% dx dz.

DR324y DR+2,an

Hence, the following upper bound holds

/ 6P dxdz < llgnl2 <

DR+2,un
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provided that « is sufficiently small, since ||v] < C. Using (96) once again we conclude that

/ |VE,|?dx dz < C.

DR+2,an

Therefore, the function ¢, satisfies

/ [IVEal? + 16017 ]€®** dx dz < C.

DR+2.ay

This, in turn implies the same bound for the function w!":

ap A anp A
/ /|wi{‘|2e2“x drdz + / /|ij;‘}2e2“x drxdz < C. 97)
R42 0 R+2 0

It follows that the L?-norm of wi,n decays uniformly in n:

ay A an A

[ [leifaraz<emen [ [l e asa < e ©8)

o 0 o 0

for ro > R + 5, and the same bound holds for Ve!™:

anp A an A
/ / Vol dr dz < e / / Vol |* 2% dx dz < Ce™o". (99)
ro 0 ro 0

As the function a),i{‘ satisfies the homogeneous equation (92) for x > R 4 1 with a bounded flow u, the standard
local elliptic estimates now imply that

|0 (x,2)| < Ce™™ forx > R+S5. (100)
The W27 elliptic estimates then imply the uniform decay of the gradient of a)in“:
|Vl (x,2)] < Ce™  forx > R+S5. (101)

Now we can bound the flow ul® = (vi", wiM) itself. First, we look at the horizontal component vi". It satisfies the

following Poisson equation in Dg42 4, :

i 0ol vl .
—Av)' = a—Z" in Dry2.q,, 8—; =0 onz=0,4 v,'=0 onx=a,.
Moreover, the Cz’“-regular@ty of u, implies that the boundary value ¢ (z) = v,L“(R +2,7) is bounded in C2[0, A].
Therefore, as we did with w,', we represent v, (x, z) = ¢ (z)g(x) + v, (x, z) with the cut-off function g(x) as in (93).
The function v} satisfies
in

oz 9
AT = f = = ()g(x) — ()8 (1) + - in Dpyng,.

0z
with an exponentially decaying function f,,, as follows from (101). The boundary conditions are
al_]izn ~in
5 =0 onz=0,A, v, =0 onx=R+4+2,a,.
Z

The same argument as we used to obtain (97) implies that

an

A
//|vj,“|2e2f‘dedzgcf|f,,(x,z)|2e2ﬂxc1xdz<C (102)
R+20
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with a sufficiently small 0 < 8 < «. Therefore, in the same vein as we have obtained (100) and (101), we conclude
that

|v,i1n(x,z)’ <Ce™ forx>R+5 (103)
and
|Vl (x,2)| < Ce™  forx > R+S5. (104)

The uniform bour}d on wiln now follows, as it satisfies the Dirichlet boundary condition wiln x,0) = w,i;‘ (x,2) =0and
the derivative dw)"/0z = —dv,'/dx is exponentially decaying (104). We infer that

lwih(x,2)| < Ce™ forx >R +S5. (105)
Now we bound ud". The corresponding vorticity satisfies

awout
n out out A 1 out :
—Cp o +u, - Vo, —0Aw, =p(e-V T, ) inD,,, w=0 onD,.

However,

VT < e (106)
by construction, hence the maximum principle implies that

|lop™(x, 2)| < epq(z) < Ce. (107)
Here the non-negative function g (z) satisfies the boundary value problem

~0q" (@) +wp(2)q' (@) =1, q0)=q()=0.
We infer from the standard local elliptic estimates up to the boundary, (107) and (106) that

|Vo™(x,2)| < Ce in Dy, (108)
as well. The vertical flow component satisfies

9 out 9 out + ,
At = —;U" in Dy, wM(x,0) = wi(xr, 1) =0, —on = é n.2) _
X X

Therefore, the maximum principle implies once again that

0.

Cpe
g (x, )| < 52k —2) <Ce in D,
Hence, the same local elliptic regularity results allow us to conclude that

|[Vwy'(x,2)| < Ce in D,,.

In order to bound the horizontal flow component vS"! and conclude the proof of Lemma 11 we observe that dv" /dz =

dw"/9z — wd" so that [dvo"/dz| < Ce in D,,. However, v9"" also satisfies the mean-zero condition

A
/v,(l’ut(x,z) =0 forall —a, <x <a,.
0

Hence, we have |v,‘1’“‘(x, 2)| € Cein D, , and the proof of Lemma 11 is now complete. O
The next lemma implies that the right limit satisfies 6, = 0.

Lemma 12. The right limit is 0, = 0.
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Proof. Let us choose R independent of n so that ¢,, > sup,. g |v,(x, 2)| for all n. Lemma 8 implies that the speeds
¢, are uniformly bounded below by a positive constant, thus it follows from Lemma 11 that we can find such R > 0.
Then the function ¢ (x) = Ae™**, with a sufficiently small « > 0, satisfies

—Cpx 0, -V = Ag.

An argument as in the proof of Lemma 1 shows that if A is chosen so that Ae™*% > 1 then T}, (x, z) < Ae™®* on the
domain x € [R, a,]. Therefore, the limit T (x, z) obeys the same bound, which in turn implies that 64 =0. O

Finally, we show that under the additional assumption (10) the left limit 6_ = 1. This is the only place in the proof
where assumption (10) is used.

Lemma 13. Let us assume that f(T) < (T — 00)%./A%. Then the left limit is 6_ = 1.

Proof. We note that we have for each x € R

(M (x) —m(x))?
A

with M (x) = max; T (x, z) and m(x) = min; T (x, z). It follows from the maximum principle that the function m(x)
is non-increasing. Indeed, the maximum principle implies that m(x) cannot achieve an interior minimum. Moreover,
for each finite a, the function m,(x) attains its maximum (equal to 1) at the point x = —a. Therefore, m,(x) is
decreasing immediately to the right of x = —a. As m,(x) cannot achieve an internal minimum, it follows that m, (x)
is a decreasing function of x for all @ > 0. Thus, the function m(x), which is the limit of m,(x) as a — 400, is also
a decreasing function. Let us assume that 6_ < 6y, then monotonicity of m(x) implies that m(x) < 6y for all x € R.
Then we have

/|VT(x,z)|2dz >

dx dxd
/|VT(x,z)|2dxdz>/(M(x)—m(x))27;/(T(x,z)_go)ivz.

We also observe that

; /f(T)dxdz c6? +/|VT|2dxdz /Tf(T)dxdz
cv_ = , —_— =
A 2 A A

so that

/|VT|2dxdz=f<T— %)f(T)dxdz.

Hence we obtain using (10)

6_ dxdz 6_ dx dz
/(T—T)(T—Oo)i P >f<T—j)f(ﬂdxdz?/(ﬂx,z)—%)i VIR

However, the left side is smaller than the right side unless T = 6, the case that we have already ruled out. O

This finishes the proof of Theorem 1.
4. Bounds for the initial value problem

We consider in this section the solutions of the Cauchy problem with general front-like initial data and obtain the
uniform bounds on the bulk burning rate and other average quantities stated in Theorems 2 and Theorem 3. We prove
the first result, and the proof of the second result is presented in Section 4.2.

4.1. Bounds in an arbitrary strip

We prove in this section Theorem 2. Let 7' (¢, x, z), u(¢, x, z) be the solution of the Cauchy problem
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T, +u-VT = AT + f(T), (109)
u +u-Vu—oAu+ Vp=pTe,
V.u=0, (110)

with initial data Ty(x, z), ug(x). We assume that there exists R > 0 so that Ty(x,z) =0 for x > R and Ty(x,z) =1
for x < —R, and that the initial vorticity is bounded in L%

/|a)o(x, z)|2dxdz < +00.

The assumptions on the initial temperature Ty can be relaxed — it simply has to approach one and zero at the two ends
of the domain sufficiently fast. _ _ .

We recall that the bulk burning rate V (¢), the Nusselt number N (¢) and the average horizontal flow U (¢) are defined
by

t

V(t):;/V(s)ds, V(t):/f(T)dx)LdZ, (111)
0
t
ﬁ(r):;/N(s)ds, N(t)=/|VT|2dxde, (112)
0
l t
Ut)= ;/”v(s)”oods. (113)
0

The laminar front speed ¢ is defined as the unique ¢ so that equation
@' =" + f(@), P(—00)=1, D(+00)=0

has a solution 0 < @ < 1. We recall the statement of Theorem 2.

Theorem 4. There exists a constant C > 0 so that under the above assumptions on the initial data Ty, g, the following
bounds hold

co— Clp+ p*1+0o(1) V() <co+ Clp + p1 +o(1), (114)

2
N@) < [Cp+,/%° +C2p2] +o(1),
U(t) < Cp[l+ pl+o(1)

ast— —+00.
Proof. First, we prove the following bounds on N () and V (¢) in terms of U (¢).

Lemma 14. There exists a constant Cq that depends only on the initial data Ty so that

_ 1— — 1 1

NOKS=V®)+U@)+ Co| —+—|, 115

() 5 O+U@)+ 0|:t+\/f:| (115)
and

V(< +Um+c[1+1] (116)

<c -+ —.
0 0 t \/;

Proof. Define g(T) =T (1 — T) and its integral

dxdz
T

R(t)Z/g(T)
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The idea of using a concave function g(7) in a related context is due to B. Winn [38]. We observe that

dR dxd dxd dxd
» =/g/(T)AT x/\ < +/g’(T)f(T) - <> —/g”(T)lVTl2 - :

with the burning rate V (¢) defined in (111). Thus

— V@) (117)

dR ,dxdz
5 TVo=2 [ IVTE===2N),

which after averaging in time becomes

R()

o

In order to obtain an upper bound for the potentially small term R(¢)/t in (118) we construct sub- and super-
solutions for T' (¢, x, z). This construction follows [40]. We look for a sub-solution for T of the form

Yi(t,x,2) = Po(x — cot +x1 +£1()) — q1 (1, x, 2).

Here @ is the traveling wave in the absence of convection, at p = 0, normalized so that @((0) = 6y. It is the unique
solution of

—co@y = D) + f(Po), Po(0) =6y, Po(—00)=1, Py(+00)=0.

+ V() =2N@). (118)

The functions &1 (¢) and g (z, x, z) are to be chosen. In order for 1/; to be a sub-solution we need

Yy
G[wl]zW-Fll'Vlﬂl—AWl—f(wl)go-

We have

Gl =& @+ udf— "1 —u Vg1 + Mg+ f(@0) — (@0~ q0).
With an appropriate choice of x, that is, by shifting @ sufficiently to the left we can ensure that Ty(x, z) > @o(x) —
g10(x) with 0 < g10(x) < (1 —6p)/2 and g10(x) € L' (R). Then we choose ¢ (¢, x, z) to be the solution of

S uVa=ag, 005D =a0@, =0 az=0. (119)
The following lemma from [16] provides a uniform L'—L> decay estimate for ¢ that is independent of the advection
term.

Lemma 15. There exists a constant C > 0 that is independent of the (incompressible) flow u so that

C
HCII(I)HOO < A—||910||L1(D) (120)

NG

fort>1.

As mentioned above, the main point of the above result is the independence of the constant in (120) from the
flow u. We also note that this L!—L> estimate behaves in a one-dimensional way for large times, as one would expect
for a strip. The factor of A in the denominator is compensated by the fact that the L!-norm is taken over the strip and
not only in x. We postpone the proof of Lemma 15 till the end of this section.

We can find § > 0 so that if &g € (1 — 4§, 1) and g1 € (0, (1 —6y)/2) then f(Pg) < f(Py — §). Hence we have in
this range of @y:

Gl < &) + v, (121)
Furthermore, if @ € (0, §) then f (Do) = f(Po— ) = 0 and hence in this range of @y we have (121) with the equality
sign. Finally, if @ € (8,1 — 8) then | f(Po) — f(Po — q)| < K|g| and & < —B. Hence G[y;] < 0 everywhere
provided that
Klg()lloo

()= v + 5

(122)
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Thus choose

£1(t) =U 1)t + CA/1. (123)
Therefore we obtain a lower bound for 7':
T(t,x,2) > Po(x —cot + Ut + CN1) —q1 (1, x, 2). (124)

In order to obtain an upper bound we set ¥, = @o(x — cot —x2 — &2(t)) + g2 (t, x, z) and look for &> (¢) and ¢» (2, x, 2)
so that G[¥,] > 0. The constant x; is chosen so that

To(x,2) < Po(x — x2) +¢2(0,x,2)

with ¢2(0, x, z) € LY(D) and 0 < q2(0, x,z) < 6p/2, as with q1(0, x, z). The function ¢»(, x, z) is then chosen to
satisfy the same advection—diffusion equation (119) similarly to ¢g;. Hence it obeys the same time decay bounds as ¢q; .
With the above choice of g» we have

G() = =&} +v®) + f(Po) — f(Po + q2).

Once again, we consider three regions of values for @q. First, if 1 — § < @ < 1 with a sufficiently small § > O then
f(@o) — f(Do+¢g2) 20, as g2 > 0. Hence G[v,] > 0 in this region provided that £ > 0. Second, as g» < 6p/2 we
have f(®g) = f(DPy+qg2) =0if 0 < Py < § with a sufficiently small § > 0. Hence G[y,,] > 0 in that region under the
same condition éz > 0. Finally, if &g € (6, 1 — §) then @6 < —pBwith 8 >0 and | f(@g) — f(DPo+ ¢q2)| < K|lg2]lc0-
That means that G[y,] > 0 if we choose &; so that

K92l

52>||v(t)||oo+ 5

Therefore we choose

L0 =UD1+CV1,
as with £ (¢). Then, we obtain upper and lower bounds

Po(x — cot +&1(1) +x1) —q1(t, x,2) < T(t,x,2) < Po(x — cot — &(1) — x2) + q2(t, x, 2) (125)
that imply in particular that

®o(x — cot + U0)t + Co[l +/11) — Co <T(t,x,2) < Po(x — cot = U)t — Coll ++/1]) +

Co
— 126
N 7i (126)
with a constant C determined by the initial conditions. Hence, using (125)—(126) and the L'-bounds
qu(t)HLl(D)<CO9 j=1327
we obtain
cot—&2(1)—x2 cot+&§1(1)+x;
dxdz dzdx dzdx
RHy=[TA-T) = T(1-T) + T(1-T)
A A A
—00 cot—&2(1)—x2
00 0 o0
dzdx
[ fra-nEEcas [a-onds (@0 +e0)+ [ oo
cot+&1 (1) +x —00 0
< Co(1+V1) +2tU ).
This together with (118) implies that
_ _ 1 1 —
V(t)~|—2U(t)+Co[—+—] >2N (1) 127)
NG

so that (115) holds.
Moreover, we have
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t
V(z)——/([f T(s, x, z))d dZ) s:%f(/T,(s,x,z))dxAdZ ds (128)
0

dxdz

1
= /[T(t,x,z) — To(x,2)]

1 dxdz
< ;f[%(x —cot —x2 — &) + q2(t,x,2) — Po(x + x1) +q1(0,x,2) | ——
c : cot+& (1) +x2 : o]
<7°+; / (1—<Po(x))dx+;/q§o(x)dx c0+U(t)+Co[7+ }
—00 0

as follows from (125), (126). This proves (116) and finishes the proof of Lemma 14. O
On the other hand we have the following upper bound for U () in terms of N ().
Lemma 16. There exists a constant C > 0 so that for all t > 0 the following inequality holds
_ — 1
Urn<cC N()+ —|w . 129
(1) [p (1) ﬁll oIILz} (129)
Proof. We multiply the vorticity equation

dw 1
§+u Vo—-ocw=pE-V-T)

by w and integrate:
1d 3
55/’a)(t,x,z)‘zdxdz+o/’Va)(t,x,z)}2dxdz=p/w(t,x,z)(el-VT)dxdz, (130)

with &L = (ez, —ey).
The Poincaré inequality for w (¢, x, z) implies then that

1d 2 o 2 2 2
Eaﬂw(z,x,zn dxdz+5f|Va)(t,x,z)’ dxdz < Cp /|VT(t,x,z)| dx dz.

Integrating this equation in time we conclude that
1
1 2 257 l 2
'/ |V (s, x,2)|"dxdzds < C| pN (1) + “llollys |- (131)

However, as in the proof of Lemma 3, we have [[v()||L>p) < Cl[Vo ()|l 12(p)- This, together with (131) implies
(129). O

Putting the bounds (129) and (115), (116) together and using the Cauchy—Schwartz inequality we arrive at

Vi Vi
Hence we obtain an upper bound

2
N < |:C,0+‘/%O+Cz,02:| +o(l). (132)

This, together with (129) implies that
U(t) < Cp[l1+ p]+o(l).

t
_ 1 1 C 1 1 —
2N(l)<60+co|:?+—}+Tp/\/N(S)dS<Co+C0|:?+—}+C,0 N ().
0
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It follows then from (128) that
V(1) <co+Cp[l +p]+o(D).

The lower bound on V (¢) in (114) is proved similarly. This finishes the proof of Theorem 4. It remains only to prove
Lemma 15. O

Proof of Lemma 15. We will show that there exists a universal constant C > 0 so that the solution of

oy
E—i—u-le:UAw, (133)

¥(0,x,2) =vo(x,2) 20

with the Neumann boundary conditions at z = 0 and z = A, and u sufficiently regular, satisfies

¥ O] oo py < CR*OW0ll 1 () (134)
Here n(¢) is the unique solution of
nfy  C (135)

L+n3(0)A3 oAt
We multiply (133) by ¥ and integrate over the domain D to obtain

Ly = oIV (136)
—— =—0 .
2dr "2 2
We now prove the following version of the Nash inequality [29] for a strip of width A in two dimensions:
Myl
IVwiz>C : (137)

it + 230w w13

The proof of (137) is similar to that of the usual Nash inequality. We represent i in terms of its Fourier series-integral:
nz
van=y [ cos( )wnac)
n20p
where
N 2 :
) = = f e ikx cos(nTnZ>w(x, 2)dx dz.

D
Therefore we have

A 2
|1/fn(k)|<XIIwIIL1- (138)
The Plancherel formula becomes

[y ofara= 3 | eikx_ipxm(%)COS(nTmM(k)l/?;(p)%
D

n,m >0R2

=23 [lhwls:

n=0

and similarly

/\w(x ) dxdz=2 2/<k2

zdk

)\wn(/o\

Let p > 0 be a positive number to be chosen later. Then using the above Plancherel formula we write

Iyll3 =1+11,
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with the first term that is bounded using (138)

A zdk _ Cho(lrpl+ 1) Cp(p+1)
== 3 [0S < ——5—— IVl < =——I¥I}.
OSSP 1k<p
The rest is bounded by
47’n
1< Z /(k2 )|wn(k>| dk < 2||wn§.

n>0 keR
Therefore we have for all p > 0:

Co(o+1)
115 < === —IvIi{ + 2||wf||%.
We choose p so that
3 _ MIVYIS
(W
and obtain
2/3 2/3 4/3
o < S1Vv I (A“/*nwn/ 1)||W CIVYI3Iv Iy
2 2/3 2/3 1 —43
ann/ i W23y
4/3 2/3 4/3 2/3
;@/3 I 172 IV 137 + 2P vy 133 1w .

This is a quadratic inequality ax? 4+ bx — ¢ > 0 with x = V¥ |13, a = CA2A |y (137, b = (/223 |y |}, and
c= ||1p||2 and hence

—b+~b? +4ac 2c > c
2a b+ +dac Vb2 +4dac

x =

This implies that

25 ey (WI oo
Ivwis" > v s =+ 2 v v i3

and therefore

—1/2

—3/2

4y 2k

V113 > C||w||2< a7 +4A2/3||1/f||2/3||1/f||§)
CA2 |y 1S
I+ 231 v I3

Hence (137) indeed holds.
We insert (137) into (136) and use the conservation of the L!-norm of v (recall that the initial data is non-negative)
obtain

divia ___ Cod?lyl3

—1
CIII#IIg( +M|W|I1|I¢|Iz>

< . (139)

dr Ivollf + 23 volli v 13

Integrating (139) in time we have
4 3
A 1 1
Corlt < Ivolly n Yol _ [A3+ . ]
w3 ¥ 1l2 Z(t) z°(1)
where z(r) = ([ (1) ll2/¥oll1, and thus
o0 1
0 (140)

14+2323(t) ~ CoAlt’
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The function on the left side of (140) is monotonically increasing and hence we have

lv®], <n®lvoli. (141)

where n(t) is the solution of (135).
Let us denote by P; the solution operator for (133): ¥ (¢) = P;o. Then (141) implies that || P |[;1_, ;2 < n(t). The
adjoint operator P;* is the solution operator for

RYV; - -

T‘f—u-vwzamp, (142)
V(0,0 =Jox), xeD

with the Neumann boundary conditions at z = 0, A. Note that the preceding estimates rely only on the anti-symmetry

of the convection operator u - V. Therefore we have the bound ||P/||;1_, ;2 < n(¢) and hence || Pl ;2_, p < n(t) so

that

[v O e <0/ |w /2] 2 <n*@/2NYoll 1

and thus (134) indeed holds.
The estimate (120) follows from the observation that for large ¢ >> 1, when n(¢) is small, we have the bound

e C
S Gom

This finishes the proof of Lemma 15. O
4.2. Bounds on the burning rate in a narrow domain

We recall that no non-planar traveling fronts do exist in the reactive Boussinesq problem in a narrow vertical
strip when gravity is sufficiently small [32,33,14]. Moreover, solutions with general front-like initial data become
asymptotically planar in the long time limit [14]. We extend now this result to the inclined cylinders. More precisely,
we have the following result (this is a re-statement of Theorem 3).

Theorem 5. Let € = (e1, e2) be the unit vector in the direction of gravity and let p; = pe;, j = 1,2. There exist two
constants Ao and pg so that if the domain is sufficiently narrow: A < Ao and gravity is sufficiently small: p < po then
the burning rate is bounded by

V() <co+Cpr+o(l) ast— +oo. (143)

Moreover, the front is nearly planar in the sense that

t
— 1
N (1) = ;/” T.(s) |5 ds < Cp3 +o(1) ast — +oo. (144)
0

The key point in Theorem 5 is that the bounds in (143) and (144) are independent of the gravity strength p; in the
direction parallel to the cylinder.

Proof. Multiplying the vorticity equation by w and integrating by parts we obtain
1d
T lw|?dx dz + U/ |Vo|?dx dz = ,02/ Tywdxdz — p1 / T.wdxdz. (145)

The Poincaré inequality applies to w(x, z) with the Poincaré constant proportional to 1/A. Hence, if A < A¢ and
0j < po, (145) implies that

1d o
55/|w|2dxdz+5/|Vw|2dxdz<Cp§/|TX|2dxdz+Cp12/|TZ|2dxdz. (146)
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We now differentiate the equation for 7'(¢, x, z) in z to get

T,
a—+u VT.+u, VT = AT. + f/(T)T..

Multiplying this equation by 7, we obtain

1d
55/|TZ|2dde+/|VTZ|2dXdZ+/TZuZ'VdedZZ/f/(T)TZZ<M/Tzzdxdz'

The last integral on the left side is bounded by

/ T;u, - VT dxdz

:‘/TUZ~VTdedZ <

2 1 2
2 [ Jug|“dxdz + §|VTZ| dx dz.
This, together with incompressibility of u, the Poincaré inequality for 7, and (147) imply that

1d ) 5
o T, 2 dxdz+ VT2 dxdz <4 | |o|?dx dz,

435

(147)

(148)

provided that A < Ag. Combining (146) and (148) and using the Poincaré inequality for w and 7, once again, we

obtain the following inequalities for £2 () = ||a)(t)||% and N, (1) = ||TZ||%:

1de2 C 2

53 T 2@ SCoINK®) + CpiN: (o)
and

1dN; + C € N.<ag.

2 dr o
Hence, the functlon O = N; + £2 satisfies

1dg 2

dr +[ —4- Cpl]QSszNx(t)-

Therefore, we have

t
Q1) < Qoe "' +Cp3 / e VITIN (s)ds
0

with y > 0 provided that C/A% > 5 and C,o12 < 1. We conclude that

t t t T
0@) = %/ Q(t)dr < %/e*” dr—i—%//e*)’(ff“)Nx(s)dsdt
0

t

Co C Co C C
< 7‘) Cry fo(s)ve e VTdrds < +ﬁNX(r)<cp§+T°.
y

N

The last inequality above follows from the bound on N (¢) in Theorem 4. Now, the bound (144) in Theorem 5 follows.

Then, (146) together with (144) and the same uniform bound on N (¢) in Theorem 4 yield

/||Vw(s)||2ds Cp; +@

We recall that [[v(7)||L=(p) < ClIVol|12(py — this, together with the above, show that

Ui)<Cpp+ —.
() 02 7

Finally, using (128) and (149) we obtain (143). O

(149)
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