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Abstract

In this paper we study low energy sign changing solutions of the critical exponent problem (Py): —Au = w+Auin 2, u=0
on 852, where £2 is a smooth bounded domain in R? and 2 is a real positive parameter. We make a precise blow-up analysis of this
kind of solutions and prove some comparison results among some limit values of the parameter A which are related to the existence
of positive or of sign changing solutions.
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Résumé

Dans cet article, nous étudions les solutions changeant de signe et a énergie minimale du probléme avec exposant critique
(P3) : —Au =u’ + hu dans §2, u = 0 sur 352, ol £2 est un domaine borné et régulier de R3 et A est un parametre réel strictement
positif. Nous faisons une analyse précise du ‘blow-up’ de ce type de solutions et nous prouvons des résultats de comparaisons pour
certaines valeurs limites du parametre A qui sont liées a I’existence des solutions positives ou des solutions changeant de signe.
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1. Introduction

In this paper we study low energy sign changing solutions of the problem known as the Brezis—Nirenberg problem
in smooth bounded domains in R3. We get two kind of results. First with simple arguments we prove some comparison
results among some limit values of the parameter A which are connected with the existence of certain kind of positive
or sign changing solutions. Second we make a precise blow-up analysis of sign changing solutions whose energy
converges to the value 253/2, S being the best Sobolev constant for the embedding of HOl (£2) into LO(£2).

To be more precise we need some notations and recall previous results.

Let us consider the Brezis—Nirenberg problem which is the following elliptic problem with critical nonlinearity

{—Au=|u|2*_2u+ku in £2, (1.1

u=20 onds2,
where £2 is a smooth bounded domain in R”, n > 3, X is a real positive parameter and 2* = 2n/(n — 2) is the critical
Sobolev exponent for the embedding of H| (§2) into L% (£2).
About twenty years ago Brezis and Nirenberg in the celebrated paper [8] proved that if n > 4 there exists a positive
solution of (1.1) for every A € (0, A1(£2)), A1(£2) being the first eigenvalue of —A on §2. Such a positive solution is a
minimizer of the functional

Jo IVuP? =2 [o lul®
(g P

in the space HO1 (£2). The three-dimensional case is quite different. In this case let us rewrite problem (1.1) as

J(w) =

(1.2)

_ — 5 ;
(P) { Au=u’>+Aiu 1in S2,
u=>0 on d52.

Unlike the case of higher dimensions, when 2 is a ball B in R? Brezis and Nirenberg [8] proved that a positive
solution of (P, ) exists if and only if A € (%, A1(B)). In view of [1] the positive solution is unique and is indeed
the minimum of (1.2). For more general bounded domains they proved that if £2 is strictly starshaped about the origin
then, defining

ro(£2) = inf{k € R | (1.1) has a positive solution}, (1.3)

it results Ag(£2) > 0.
Another important number connected with the existence of positive solutions is the following

A(2) = inf{)» € R | a minimizer for (1.2) exists}. (1.4)
Note that, by Remark 2.3 in Section 2, we have
A*(£2) = inf{x € R | (P;) has a positive solution u; with [|u; || < $/?},

where § denotes the Sobolev constant, that is, § =inf, . 1 o) 0 (Il I2/1lull? ¢, ), with [lul> = [, |Vu|? and where

L5(2)
2 2 2
||M/\||A=/|VM| —)»/M .
2 2

As recalled before, by [8], we have that A*(B) = Ag(B) = A1(B)/4 in the case of the ball.

Obviously for general domains Ag(£2) < A*(£2) and, as far as we know, is not yet clear in which cases 1¢(£2) =
A*(82).

A recent interesting result which states the equivalence between the existence of a minimizer for (1.2) and the fact
that the infimum is strictly smaller than S and as well relates the existence of a minimizer to the fact that the regular
part of the Green function of the operator (—A — 1) becomes negative at some point of the domain £2 is contained
in [11].

Concerning the existence of sign changing solutions of (1.1), several results have been obtained if n > 4. As
expected, in this case one can get sign changing solutions for every A € (0, 11(§2)) or even for A > A1(£2). For details
one can see the papers by Atkinson, Brezis and Peletier [2,3], Clapp and Weth [10] and the references therein.
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Obviously the case n = 3 presents the same difficulties enlightened in [8] for positive solutions.

In the first part of this paper, with a simple argument, we prove that there cannot exist sign changing solutions with
low energy in correspondence to a value of the parameter A smaller than A*(£2).

More precisely, let us define

A(£2) =inf{x € R | (P;) has a sign changing solution u; with [Jux |7 <252} (1.5)

Note that sign changing solutions with energy smaller than 253/2 always exist if £2 is a ball as it can be easily seen
by considering the positive solution in the half ball which minimizes (1.2) and extending it by oddness to the whole
ball.

It should also be pointed out that solutions to (1.1) are smooth as a consequence of a result due to Brezis and
Kato [7] (see also [6]).

Now, we state our comparison results:

Theorem 1.1. Let A be such that there exists a nontrivial solution u) of (P,) satisfying:
there exists a connected component §21 of 2 \ {x € 2 | u; (x) = 0} such that

Jo, Wl =2 [o lusl?
(o, lual?H)¥* b
Then we have

A= AH0).

(1.6)

In the case of sign changing solutions this theorem essentially claims that if A < A*(£2) there cannot exist a sign
changing solution u; with a nodal region £21 in which the energy of u; |, is smaller than or equal to § 32,
Corollary 1.2. We have that

A82) = 2¥(2).
Corollary 1.3. If A(£2) is achieved, then we have an alternative:
either
A(2) > A¥(2)
or
A(82) =21*(22) and hence 1*(82) is achieved.
In particular, if §2 is a ball B then
A(B) > 11(B)/4.

Another result that is obtained with same proof as for Theorem 1.1 is the following

Corollary 1.4. Assume that $2 is symmetric with respect to the plane T = {x = (x1, x2,x3) € R3 | x1 =0} and let Dy
be the set D1 = {x € 2 | x; < 0}. Then we have

() <A¥(D1) and A*(Dy) = A*(92).

Though it applies only to symmetric domains, the result of Corollary 1.4 indicates a kind of monotonicity of the
parameter A*(§2) with respect to the domain £2 as it happens for the first Dirichlet eigenvalue of —A on £2. In view
of the result of [11] it also gives a relation between the sign of the regular part of the Green function of the operator
(—A —X)in £2 and in D;.

Theorem 1.1 and Corollaries 1.2 and 1.3 are also related to the following question raised by H. Brezis

If 2 is a ball B in R3, could exist sign changing solutions of (Py) when X is smaller than 3*(B) = A1(B)/4?
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Obviously the above results give a very partial answer to the above question since they only concern the case of
sign changing solutions u; with a nodal region £2; in which the energy |lu; ||i is not bigger than §3/2.

Note that if 1(£2) was achieved by a sign changing solution u;, then either the energy of u; should be less than
253/2 and u; should be degenerate otherwise it could be continued to a solution uy/, A’ < A02), contradicting the
definition of A(£2), or the energy of u; should be equal to 253/2.

In the case when A(£2) is not achieved it is possible to prove (see Lemma 4.2 below) that there exists a family of
solutions u;, such that [[u;||> — 25%?% and u;, — 0 in H] (£2), as A — A(£2), i.e. the solutions u, concentrate. Hence
it is an interesting question to analyze the concentration phenomenon of these solutions.

Indeed the second part of the paper is devoted to analyze the behavior of sign changing solutions of (P;) which
converge weakly to zero and whose energy converges to 253/% as A — A(£2). More precisely we prove that these
solutions blow-up at two points a; and a, which are the limit of the concentration points a;, 1 and a; 2 of the positive
and negative part of the solutions. Moreover the distance between a;, 1 and a; > is bounded from below by a positive
constant depending only on §2 and the speeds of concentrations of the positive and negative part are comparable.
We think that these results, whose precise statements are contained in Theorems 3.1 and 4.1 below, are interesting
in theirselves and important to face the study of sign changing solutions of problems with critical Sobolev exponent.
They were also difficult to get since we could not always exploit the same arguments used in the study of positive
solutions blowing up at two points.

It is also interesting that, once the blow-up analysis is carried out, we can give an alternative proof of Corollary 1.2,
in the case when A(£2) is not achieved, which relies on Pohozaev’s identity and on the sign of the regular part of the
Green function of (—A — A(£2)) as deduced by the result of [11].

A final comment is that one expects that results analogous to those of Theorems 3.1 and 4.1 below should also
hold in higher dimensions and with similar or even simpler proof. Surprisingly our proof only works in dimension
3 because in applying Pohozaev’s identity and getting the convergence of certain integrals the role of the dimension
is crucial. We think that other arguments could be used for n > 4 and a further investigation in this direction is in
progress.

The outline of the paper is the following. In Section 2 we prove Theorem 1.1 and its corollaries and we also show
a qualitative result which gives the connection between the energy of a solution and the number of its nodal regions.
Section 3 is devoted to state and prove Theorem 3.1. In Section 4 we state and prove Theorem 4.1 and we then give
another proof of Corollary 1.2 in the case when A(£2) is not achieved. Finally, Appendix A is devoted to the local
blow-up analysis needed in Sections 3 and 4.

2. Proof of Theorem 1.1 and its corollaries
We start by proving Theorem 1.1.

Proof of Theorem 1.1. First, if u#, does not change sign we deduce that £2; = £2. In this case, it is easy to see that
J(uy) < S.
Assume that

inf Ji(u) =S,
ueH (2), u#0

then u; is a minimizer for J, which contradicts the result of [11] according to which the infimum is achieved if and
only if it is smaller than S. Thus

inf J(u) < S
ueH} (2), u#0

and hence again by the result of [11], J, has a minimizer v,. Thus A > A*(£2).
Now, we analyze the case when u; changes sign. In this case, we define w;_ as

wy =u,; in £21, wy=0 1in 2\ £2;.

Without loss of generality, we can assume that w, > 0. Since u; = 0 on 9§21, we have w; € HO1 (£2). Now, multiplying
(P,) by w, and integrating on £2, we obtain
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NE :=/|wa|2—xfw£=/w§. @
22 2 2

Observe that, because of the assumption (1.6)

iy

Ji(wy) = (o w )1/3

2.2)

Assume that

inf J(u)y=S
ueH} (2), u#0

then w; is a minimizer for J,, which is a contradiction since, by [11], the infimum can only be achieved if it is strictly
smaller than S. Thus

inf J(u) < S
ueH} (2), u#0

and hence by the result of [11], J; has a minimizer v, . Thus A > A*(£2). Theorem 1.1 is thereby proved. O
Next, we are going to give the proofs of Corollaries 1.2—1.4.

Proof of Corollary 1.2. Let A > A(£2) be such that there exists a sign changing solution uy, of (Py) with ||u;, ||§ <
25372, Since |lu; 12 = llu;" 117 + llu; 13, we have that ||u;" |2 < $3/2 or ||lu; |2 < $¥/2. Then the assumptions of Theo-
rem 1.1 are satisfied and therefore A > 1*(£2). Hence the corollary follows. O

Proof of Corollary 1.3. By Theorem 1.1, we know that A(£2) > A*(£2). If A(£2) is achieved then as in the proof

2 3/2 2 3/2 :
of Corollary 1.2, we obtain ||MA(Q)||A(Q) $3/2 or ”u/\(Q)HA(Q) $7/=. So, following the proof of Theorem 1.1, we

derive that S has a minimizer. Now, if we assume that A(§2) = A*(§2) we derive that Jyx(2) has a minimizer and
therefore A*(£2) is achieved. B
Since when £2 is a ball B we know by [8] that A*(B) = A1 (B)/4 is not achieved we get A(£2) > A 1(B)/4. O

Proof of Corollary 1.4. Let A > A*(Dy) such that there exists a positive solution «, of the problem (P;) on D with
fDl [Vu; |> — A fD1 ui < §3/2_ Extending u; by oddness with respect to 7', we can construct a sign changing solution
vy, of (P,) which satisfies

/|vw|2—x/v§=2</|vm|2—x/u§) <2832,
2 2 Dy Dy

Thus A > A(£2) and therefore
A (D1) = A(82). (2.3)
Corollary 1.4 follows immediately from (2.3) and Corollary 1.2. O

We now state and prove a general result on the relation between the energy of a sign changing solution of (P;) and
the number of its nodal regions.

Proposition 2.1. Assume that i < 11(82) and let u) be a sign changing solution of (P,)) such that
up, —~0 asi— pu.

Then, we have

/ Vi ? > kS32(1 + o(1)),
2

where k is the number of the connected components of 2 \ Z,, with Z) = {x € §2 | u; (x) = 0}.
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Proof. Let £2 be a connected component of £2 \ Z;. We observe that

—Au) = ui + Auy in $21,
u, =0 on 082;.

Multiplying (2.4) by u; and integrating on £2, we obtain

1 3 A
2 _ 6 2 2 2
/|V“A| —f”x+’\f”x<—sg</|vuk| ) +)»1(91)/|Vuk| ,
2 29 21 21 2

1

where A1 (£21) is the first Dirichlet eigenvalue of —A on £2;.
Notice that A1(£21) > A1(£2) and therefore (2.5) implies that

< h (9))/' u* < Sg<f|wk|2)3.

Hence

/ |Vu;L|2 >c>0 when Aiscloseto i,
2

where c is a positive constant which depends only on p and A (£2).
On the other hand, since u; — 0 in £2 as A — u, we have that le u% — 0 and hence

] 3
(1+0(1))/|VMA|2§§</|Vm|2) .

2 2

Thus, by (2.6)
/ IV |? = $32(1 +o(1)).

2

Therefore

/Wuuz > kS¥2(1+o(1)),

where k is the number of the connected components of £2 \ Z,. Therefore our proposition is established.

Clearly, Proposition 2.1 implies the following:

Corollary 2.2. Assume that AM2) < A (2) and let uy be a sign changing solution of (P,) such that

/ Vi, |> = 28%% and u; =0 ask— A(£2).
2
Then the set 2 \ {x € 2 | u; (x) = 0} has exactly two connected components.

Before ending this section, let us mention the following remark:

Remark 2.3. Let

V() = 1nf{k € R | (P,) has a positive solution u; with ||uk||k S3/2}
with [lu; |2 = [, [Vu;|? — & [, u3. Then we have

A (82) =21%(82),
where 1*(£2) is defined by (1.4).

Proof. It follows from the same proof as for the case of Theorem 1.1 when u, is a positive solution. O

(2.4)

2.5)

2.6)
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3. Blow-up analysis
This section is devoted to the proof of the following result:

Theorem 3.1. Assume that 1(§2) < »1(£2) and let (uy) be a family of sign changing solutions of (Py) which satisfies

||u;\||2:=/|Vuk|2—>2S3/2 and u), —0 asi— A(£2).

Then, there exist two local extremum points ay._ 1, ay 2 of u) and a positive constant o, which depends only on §2, such
that

s = PS(ay 1p5.1) + POy pisy | = 0, as = A(82),
Wi = 3_1/2u;h(a;\,,-)2 — 400, asi— A(2), forie{l,2},
d(ay,;,082) Zza, forie{l,2} and l|ay1—ayz2l=a fori closeto X(.Q)
where Pd . ) denotes the projection of 84, ) on H0 (£2), that is,
31/4,,1/2

APSq ) =A@,y 82, Pduuy=0 ond2, and S(G’u)(X)z(1+,U,2|x—a|2)1/2.

To prove Theorem 3.1, we need some preliminary results. In the sequel we denote by (u; ) the family of solutions
which satisfies the assumption of Theorem 3.1.

Lemma 3.2. We have that

() [|Vu;r|2—> §3/2, /|w;|2—> S3/2 ash— A($),

2 2
(i) /(uf)6 — S3/2, /(u;)6 — 8§37 asr— X(.Q),
Q Q

where u;L =max(u;, 0) and u, = max(0, —u,).

Proof. Multiplying (P,) by uic and integrating on 2, we obtain
/|w+\ —/ e —i—k/(u)\)z and /yvm —/uk —i—k/ : 3.1)
2 Q
On the other hand, since u; — 0in £2 as A — A(£2), we have
/(u;r)z — 0 and /(u;)z —0 asi— A(£2). (3.2)
Q Q
Therefore, arguing as in the proof of Proposition 2.1, we find
[ |* > $*2(1+ o) and [y |* > $2(1 +o(1).
Clearly
sl = sk |* + e | = 2572 (1 +-0(1).
Therefore claim (i) of Lemma 3.2 follows. Claim (ii) follows from (3.1), (3.2) and claim (i). O

Lemma 3.3. We have that

M, = mrazlxuir — 400, M, _:= m(zzlxu; — 400 asi— ):(.Q).
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Proof. Arguing by contradiction, we assume that M;_, < c as A — A(£2). Therefore y;f € L*°(£2) and ui’ — 0O ae.
Thus (uj\')6 — 0in L(£2) which contradicts Lemma 3.2._Hence M, + > ocoas i — A(£2).
In the same way, we prove that M, _ — 400 as A — A(£2). O

Without loss of generality, we can assume in the sequel that
M + = M, —. (3.3)

Let £2) := MA27+(.Q —ay.1), where ay 1 € §2 such that M) 4 = u,(a,.1), and we denote by v, the function defined
on £2, by

v, (0) = M; L (ar1 + M5 y). (3.4)
It is easy to see that v, satisfies
—AUAZU;+),M):1U)L in £2;,

Q) v, =0 on 982,
n0) =1, |ul<1 in £2;.

(Recall that, we have assumed M + > M, _.)
Using the assumptions of Theorem 3.1, we see that

/|va|2=/|wk|2—>zs3/2, /|vk|6=f|uk|6—>2S3/2 as A — A(£2).
2 2 2 Q

Let us prove the following lemma.

Lemma 3.4. We have that
M)%erd(aA,], R2) > 400  asr— A(2).

Proof. As in the proof of Lemma 2.3 of [5], we can show that

l:= lim Mj_ d(ax,d52)>0.
A—A(2) ’

Arguing by contradiction, we suppose that / < co. Then it follows from (Q,) and standard elliptic theories that there
exists some function v, such that v; — v in ClzOC (IT), where [T is a half space of R3, and v satisfies

—Av=1, |v|<1 in 17,
v=0 on 011,
v(0)=1, Vuv(0)=0,

lvlI* <2832, vl <c.

But if I7 is a half space of R3, by Pohozaev Identity, v has to vanish identically. Thus, we derive a contradiction and

our lemma follows. 0O

From Lemma 3.4, we derive that there exists some function v, such that, v, — v in C120 - (R3), and v satisfies

—Av=1%, |u|<1 in R3,
v(0)=1, Vuv(0)=0, (3.5)
o> <2832, vl <c.

But, we know that if v is a sign changing solution, then ||v||2 > 253/2 (see p- 170 of [17]). Then v has to be positive
and therefore, it follows from [9] that

V(y) =80,y (), with ag = 1/+/3.
Thus
M; (. + M%) — 8000 (3) = 0 in Cf(R?) as A — A(£2).
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Observe that
M; s (axy + M5 y) = 80,00 (0) = M (3. (0) = 84,050 (X)),

where u; 1 = 3_1/2Mf’+.
Lemma 3.5. Let u; 1 (x) = u3(x) — Pd(a; 1 u;.1)(x). Then we have

) f|V14M|2:/|Vuk|2—S3/2+0(1) as h — A(),

2 2
(i) /|u,\,1|6=/|ux|6—53/2+0(1) as h — A(R).
2 2

Proof. We have

/|WM|2=/|Vuk|2+/|VP5<%,,W)|2—2/VWVP5(M,W). (3.6)
2 2 2 2

According to Bahri [4] (see also Rey [14]), we have thanks to Lemma 3.4

/|VP8(HA,1,M,|)|2:S3/2+0(1) as A — A(£2). 3.7
2

We also have

5 5 6
/V”kvpg(am,ﬂ,\,]) :[’“8((1%1,“1,1) :f(”k _8(01,1,#A,l))S(aA,I»MA,l) +/8(ax,1»m.1)
2

Q 2 2
= [ (). = 8(0.00))83 0y + | 88
A 0,00)/9(0,00) (@1, 1,1)"
2 2

Using Lemma 3.4 and Bahri [4] (see also Rey [14]), we have

/8?@,,,%1) =52 +o(l) asr— A(R).
2

‘We now notice that

/ (vp — 8(0,0,0))8507“0) =o0(1), for R large enough,

R3\B(0,R)

and
_ 50 _ 2 (3
/ (V3. = 8(0,00))870.0) = (1), because of v — 80,4) in Cig, (R).

B(O,R)

Then
_ 32
/Vu)\VP(S(a“M/\’I)—S +o(1). (3.8)
2

Therefore claim (i) follows from (3.6), (3.7) and (3.8). The proof of claim (ii) is similar to the proof of claim (i), so
we will omitit. O

Now, let us introduce the following notations:
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hy, == max(|x — a. 1] |us(x)]), (3.9)
xeN

Zy :={x € 2 | up(x) =0}, (3.10)

£2). .+ = the connected component of £2 \ Z, which contains a, 1, 3.11)

dy1:=d(ay,1,082 +). (3.12)

Proposition 3.6. We have that

hy = ma}();(|x —ax,1|1/2‘u;\(x)‘) — 400 ask— A(R2).
X€E

Proof. First, we recall that the function v;, defined in (3.4), converges to §(0 ) in ClzOC (R3). Therefore dj 1Mf’ i

+00 as A — A(£2). Secondly, we are going to prove the following crucial claim:
hy <c=dy1+0 asi— A(R), (3.13)

where c is a positive constant independent of A, for A close to *(£2). B
Arguing by contradiction, we assume that h), < candd) 1 — 0as A — A(£2). We set

1/2 ~ _
wy(y) = dk,/l up(ap,1 +dy1y), Y€+ 1=dﬂ(9x,+ —ax1). (3.14)
Observe that B(0, 1) C §A,+, and we have

Iy|'2wy(y) <c, forallye B(O,1),

_ (3.15)
w3 (0) =d, T ax1) =d, T M+ — +00 ash— A(R).

Therefore O is an isolated blow-up point of w, (see Appendix A for definition). Notice that w, satisfies

_Aw)\:wi—i—)»dilw)\, w, >0 in$; 4,

wy, =0 on BSNZA,_F.

Then it follows from Proposition A.9 in Appendix A that O is an isolated simple blow-up point in B(0, 1). By Propo-
sitions A.6 and A.7 of Appendix A, we know that there exist positive constants c; and ¢, such that

1w (0)(1 +adwiO)1y?) ™" <wi(y) < cow; ' O)y[™" fory € BO, 1/2)\ {0}, (3.16)
Observe that
Aw; + Viw, =0,  with V; = w} +Ad} .
Notice that, since A, is bounded, we have
Vi(y) <c forallye &, 1\ B(0,1/4).
By Harnack Inequality (see Corollary 8.21 of [12]), we deduce that, for any compact set K of §A,+ \ {0}, we have
wy(y) < cxwn(0)™' forall y € K. (3.17)
Now, we set
Wy (y) = wi (O)w; (y).
It is easy to see that w; satisfies

~

— A, = (0) 453 + )»d)%,lﬁ;\, W, >0 in$2; 4,
w, =0 on 32, 4.

By (3.17), w,, is bounded in any compact set of SNZ,\,_F \ {0}. It follows from standard elliptic theories that W, converges
in CZ (IT \ {0}) to some positive function w € C2(I1 \ {0}), where IT is the limit domain of £2,.+ when L — A(£2).

loc
Since d; | — 0, we see that W satisfies
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{—A@:O, w >0 in T\ {0},

w=0 on dI1.

It follows from (3.16) that 0 is a nonremovable singularity of w. Therefore
@), — aGr(0,-) in Cp(IT\ {0D),

where G 7(0, ) is the Green function of the Laplacian operator with Dirichlet boundary condition defined on the limit
domain and « is a positive constant. Such a Green function can be written as

G0, y)=IyI"" = H(,y),

where by the maximum principle H (0, y) > 0.
Applying Pohozaev Identity in the form of Theorem 1.1 of [13], we derive that, for 0 <r < 1/2

2 2 T 6 V.2 2 _
Ads wi— g wx_i)“dx,l wy = [ B(r,x,wy, Vw,)dx, (3.18)

B, 9B, 9B, 3B,
where B, = B(0, r) and where

B, Vi = v o () (3.19)
r,x,u,Vu) = —u— — =|Vu rl—) . .
2 aw 2 av
Multiplying (3.18) by w%(O) and using the homogeneity of the operator B, we obtain
Adf,I/wk——wk (0)/ Nf’——)nd“/wx_ / B(r, x, Wy, ViD;) dx. (3.20)
By 3B, 3B, 3B,

Using (3.16), we derive that

rwi0) / 7 < w03 >0 as k- A(@),
3B,
w2 [ <and? [ Ycod? 50 asio i)
ol PSSR S )
B,
2 ~2 2 by
Ad; 4 / wy <cAdi ; —> 0 as i — A(£2).
3B,

Therefore the left-hand side of (3.20) tends to zero as A — A(£2).
Now, since

Wy — aGr(0,-) inCE.(B,) for0<r<1/2
and for » small
Gr0,x)= |x|_1 — H(0,0) —|—0(|x|), with |x| =r,

we deduce that

o 1
_lim / B(r, x, Wy, Vi) dx = w3 H(0,0) > 0,
A= A(R2), r—0 2

r

where w3 is the area of the unit sphere in R3. This leads a contradiction and therefore claim (3.13) follows.
Now, we are going to prove Proposition 3.6. Arguing by contradiction, we suppose that

h) <c, withc is a positive constant independent of A.

By claim (3.13), we have d; ;1 > ¢ >0 as A — X(£2). Observe that lax,1 — x5, —| = d. 1, where x; _ € §2 such that
[tz (x;,—)| = maxu, . Thus, using Lemma 3.3, we obtain

a1 _XA,—|]/2|MA(XA,_)| — 400 as A — A(£2).
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This implies that #;, — 400 as A — A(§2). Therefore we obtain a contradiction and our proposition follows. O

Now, let x; 2 € £2 and M, > > 0 such that
hy = lan.1 — x> M 2.
where £, is defined by (3.9). We set
iy (y) = M;éux(m,z + M{éy) fory e £2,2:= Mf,z(-(? —X3,2).
Recall that, for any x € £2, we have
Ix — a1 "2 |un ()] < Ixx2 — an 1|V |ui (x.2)-
Notice that, for x € B(xy 2, [xx,2 —ax,1|/2), we have |x —a; 1| = |x5,2 —ax,1]/2. Hence
M;Hu;\(x)‘ < V2 for any x € B(x;hz, |xp,2 — ax,1|/2) Ns2.
Thus, we obtain
|iix(»)| < V2 forany y € B(0, M} ,|x;2 — ax11/2) N $25.2.
As in Lemma 3.4, we can prove that
M3 ,d(x,2,382) > +00  as h — A(82),
and therefore i) converges in C12OC (R?) to some function ¢ such that
—Ap=¢° inR3,
leO@] =1, |o@|<V2,
lol* < 28%/2.

Thus ¢ does not change sign and therefore two cases may occur:
Case 1: u;.(x;.2) > 0. In this case ¢ > 0 and therefore there exist b € R® and o > 0 such that ¢ = 8, ;). Using
Proposition 3.6, we see that

luf|*>25%2 +0(1) asi— A(2)

which contradicts Lemma 3.2. Thus this case cannot happen.

Case 2: uy(xy2) < 0. Thus ¢ < 0 and therefore there exist b € R3 and w > 0 such that ¢ = —§,,). Since b is
a nondegenerate critical point of §(, ), there exists by — b as A — A(£2), such that Vi, (by) = 0 and i, (by) —
314172 'We see that

i+ 85, 31125, (b)) — 0 in Cioe(R?) as L — A(£2).
Thus we have found a second blow-up point a;, 2 of u; with the concentration u, » defined by
ar2=x2+M_3b. and pu2=3""2u(a:2)°

Clearly, we have

Vuy(ax2) =0 and /VPSMM,MI) VP84 y110) = 0 as k— A(R2).
Q
Therefore, as in Lemma 3.5, we obtain

. = Pd(ay 1piz) + PSiay 2zl = 0 as A — A(£2). (3.21)
Now, we are in position to prove Theorem 3.1.
Proof of Theorem 3.1. We have already proved the existence of two local extremum points a, 1, a, 2 of u; satisfying
(3.21) and
i =3"12u(a,.)* = +oo,  pyid(an, 92) — 400 as i — A(82), fori € {1,2}.
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It remains to prove that there exists & > 0 such that

d(a,;,082) 2 a, forie{l,2}, and |ay1—ax2|2a, asi— *£2). (3.22)
Let S ={ay. 1, ax 2}. We first prove that there exists ¢ > 0 such that

hyoi= mgx(d(x, 8$)'2|us.(x)]) < ¢ for A close to A(£2). (3.23)

Arguing by contradiction, we assume that
hyo— 400 as A — A(R2).

Thus, as before, we can build a new blow-up point which ign(_)res ay,1 and a; 7, that is, the image under the new
scaling of a1 and ay 2, will escape to infinity when A tends to A(§2). Clearly, this implies that

lusl® = 3832 4 0(1) as i — A(£2)

which contradicts the assumption of Theorem 3.1. Hence (3.23) follows.

Now, let
£2.,— be the connected component of £2 \ Z; which contains a; >, (3.24)
where Z; is defined by (3.10). Set
dy 2 =d(ay 2,082, ). (3.25)

We distinguish two cases:
Case 1: d; 1 < d, ». In this case, let us prove that

d1»0 asi— A(£2). (3.26)

Arguing by contradiction, we assume that d;_; — 0 as A — A(£2). Since ;. 5 is bounded, 0 is an isolated blow-up point
of the function w,, defined in (3.14), and thus arguing as in the proof of Proposition 3.6, we derive a contradiction.
Case 2: dy 2 <d, 1. Asincase 1, we prove that d) » - 0 as A — X(.Q).
Now, since d(ay ;, 0§2) > d, ;, for i € {1,2} and |a),1 — ax 2| = dy 1 + d). 2, we deduce (3.22) and therefore our
theorem is proved. O

4. Study of concentration speeds

Here we prove that the speeds of the two blow-up points a; 1 and a; 2, constructed in Theorem 3.1, are of the same
order.

Theorem 4.1. Under the assumptions of Theorem 3.1, there exists a constant ¢ > 0 such that

1 _
- < _.1) < ¢ for A close to A($2),
c un(as,2)

where a; 1 and ay, 2 are the blow-up points defined in Theorem 3.1.

Proof. By Theorem 3.1, we know that a; = limk_ﬁz(g) a1, and a; = lim/\_)x(m ay. 2 are isolated simple blow-up
points of (u). Thus, there exist ro > 0, ¢; > 0 and ¢, > 0 such that

-1
ciuy(ax,1) caity (@.1)
- : <up(x) < —2—=2 Vxe Blay1,70) \{ax1)}, 4.1
(1 + agui (@ )lx —ay 1)1/ e —axl
cou; (@ ) @) c1u;.(a5.2) <0, VxeB(ao, 1)\ {ax2} “4.2)
= RS Ly, < 5 2,2570 A28 :
|x — ay 2| (1+ agui(ax2)|x —a; 2|2

where g = 1//3.
We also know that (see Section 3)

hy2 = masg((d(x,S)]/2|uA(x)|) <c for A close to A(£2),
xe
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where S = {ay.1, a2}
Thus, we derive that i, is bounded in each compact set K of £2 \ S. We now consider

L:=(-A—-Vy), with Vs = (jus|* +2)1d.

We know that V;, is bounded in each compact set of §2 \ {a,.1,a, 2} and Lu, = 0. Thus for any compact set K of
£2,.+ \ {ax 1}, we have by (4.1) and Harnack Inequality

0 <uu(x) < Cxouy "(ar1) VxeKy, (4.3)

where §2; 4 is defined by (3.11) and Ck_,_ is a positive constant. In the same way, we have for any compact set K of
25— \an2}

Cx_ui (@) <wp(x) <0 Vxek., (4.4)

where §2; _ is defined by (3.24) and Cg_ is a positive constant.

Now we need to estimate u; in D4 :={x € £, + | d(x, 982, +) < dp} where dy is a fixed positive constant. For this
fact, observe that u; is bounded in §2o := §2 \ | B(ay. i, r0/2) which implies that Au; is bounded in £2¢. Thus, since
u) =0 on 382, 4+, we derive that |[Vu, | < ¢ in D+ and therefore |u; | < cdp in D+, where ¢ is a constant independent
of A. Using also (4.3), (4.4) for K+ := £2; 4+ \ (D+ U B(a, +,r0/2)) and Corollary 2.2, we can choose dy such that

A} ooy ++ < ¢ < X1(£2)  for A close to A(£2),

where ¢’ is a positive constant independent of A and where we have used the fact that A(£2) < A1(£2).
Therefore the operator L satisfies the maximum principle in §29. We deduce that

—supu, <up(x) < supu;r Vx € $20.
0820 3820

Hence, using (4.1) and (4.2), we obtain
huy Naxp) <un(x) < chuy Max)  Vx e 2o, 4.5)

where c/1 and c/2 are positive constants independent of A and $2¢ := 2 \ | B(as..i, r0/2).
up(ax,1)

cannot tend to zero nor
u(ax,2)

To prove Theorem 4.1, we argue by contradiction and we will prove that the ratio —

to +00 when A — A(£2).
Step 1: =290 _, () cannot occur. Assume that it tends to zero when A — A(£2). By (4.1), (4.2) and (4.5), we

us.(as2)
have
s up(ax,1) ,
i——— <upa, Dur(x) <cy Vx € £,
u)(ax,2)
1143 (@) Sup(ap D (x) < —2— Vxe By, o)\ (@ 1) (4.6)
alax,1)u;, 2,15 10 A1) .

(4 a2ul (@ )lx — a5 1212 S x—anl

cou;y (ax, 1) ciuy(ay,1)ux(ay,2)

: Suy(ap,Duxp(x) < : : Vx € B(ay.2,10) \ {ax2}.

lx —az2luslar) (1 + adus (@ 2)|x — ax 2|12

Thus, we derive that W 1= u; (ay, 1_)u A 1S b01£1ded in each compact set K C §2 \ S. It follows from standard elliptic
theories that W) — w in CIQOC(SZ \' &), where S = {aj, a»} is the limit set of the concentration points a; 1 and a, > and
where w satisfies
{—szi(fz)w, >0 in2\S,
w=0 on 0f2.

From (4.6) and the fact that — ZKEZi ; ; — 0, it is easy to see that a is a nonremovable singularity of w but not a,. Thus

w(y)=aGji(a,y), a>0, “.7)

where Gj is the Green function of (—A — A(£2)) in £ with Dirichlet boundary condition, that is,
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(A =M(2))Gi(x, ) =w38, ing2,

(4.8)
G;(x,)=0 on 052,

Vx e 2 {
where w3 is the area of the unit sphere of R3. Now, since u a(ax,1) > 0and u; (ay 2) < 0, we see that u, has to vanish
at some point x;,.. Let X =lim, _, 7 o) x;.. Then x belongs to some compact set of §2 \ S and therefore w(x) = 0 which
contradicts (4.7) because of G5 > 0 in £2, since we have assumed that AM2) < A (2). Step 1 is thus proved.

Sl‘ep 2 _ “A(aA,Z)

wla)
by uj (ay2) instead of uy(ay,1). O

— 400 cannot occur. Step 2 can be proved in exactly the same way as Step 1, we just multiply

Next we are going to give an alternative proof of Corollary 1.2 in the case when A(£2) is not achieved. Let us start
by the following lemma:

Lemma 4.2. Assume that (2) < A1(£2). If)}(.s?) is not achieved and u, is a family of sign changing solutions of
(Py) which satisfies |luz |13 < 2832 with . — A(£2), then

lu || = 28%% and u; —0 in Hy(22) as L — A(£2).

Proof. Let it be such that u; — i as A — A(£2). Thus i is a solution of (P32 Since A(£2) is not achieved we derive
that # does not change sign. We can assume that # < 0.

We argue by contradiction and we assume that & # 0. Thus by the maximum principle we deduce that iz < 0. It is
clear that the connected components of uf will degenerate as A — A(£2).

It is easy to see that u;LL — 0 and therefore as in the proof of Proposition 2.1 we derive that ||uiF 12> S32(1 +o(1))
and therefore, since ||MA||§ < 28%/2, we obtain fluy ||i < 8372,

Now let M4 = max|u,| = |u)(a+)|. It is easy to see that M — +oo (if not, we obtain |u;r|Loo < ¢ and we have
us, — 0 thus [|u || — 0 which is not true).

Thus we can prove that

nu(X) = Mi+u;h<a+ + Mii), for X e M (2 —ay)
converges in CIIOC(R3) to sign(u; (a1))d(0,«q). Furthermore, u; (a4 ) has to be positive. Indeed, the function §,q)
cannot be in the description of u, (since u, — u <0 and ||u, ||i < S3/2). Thus a4 is a concentration point with the
speed M_%_.

Now we introduce %, as in (3.9). Two cases may occur.

Ist case. h), — +00. In this case, we can construct another concentration point a, with the speed A, that means the
function £§4,,1,) appears in the description of u;. Since we assumed that i < O we derive that [|u; ||§ is bigger than
253/2 which is a contradiction with ||u;, ||§ < 283/2. Thus this case cannot occur.

2nd case. h; < c. In this case, we can use the claim (3.13) and we deduce that d  :=d(a, 9525, +) - 0 where
§2;. 4+ is defined by (3.11). (In the proof of this claim we used only the set £2, 4 thus the proof remains unchanged if
u, — 01is not satisfied.)

Now it is easy to see that §2; 4 has to degenerate (because u, converges weakly to a negative function in the whole
domain) and therefore dj 4 has to tend to 0 which is a contradiction with the claim (3.13). Thus this case cannot occur
neither.

The proof is thereby completed. O

Proof of Corollary 1.2 when 1(£2) is not achieved. Let G; be the Green function of (—A — A(£2)) defined by (4.8).
Arguing by contradiction, we assume that A(£2) < A*(£2). Thus (P,) has no positive solution u, such that ||uk||§ <
§3/2, where ||lu |13 = [ |Vup|*> — A [, u. Therefore, using the result of [11], we derive that

Vx e H;x,x)=0, 4.9)
where Hj is the regular part of Gj, that is,

G;(a,x)=|x —al™' — H;(a, x).
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Now, using Lemma 4.2, we see that the assumptions of Theorem 3.1 are satisfied and therefore we can use the
assertions of Theorems 3.1 and 4.1. To this aim, we introduce the following function

Wi (x) =uy(a),Dur(x), x€82.

Using (4.6) and Theorem 4.1, we derive that W, is bounded in each compact set K of £2 \ {a, az}, where a; =
lim/\_J(_Q) ay..i. Thus W, converges to some function w in Clzoc(.Q \ {a1, a2}) and w satisfies

—Aw=A(2)w in2\{ai,a)},
_=0 on 897

a) and a, are two nonremovable singularities of w.
Therefore there exist M| > 0 and M> > 0 such that
w(x) =M G; (a1, x) — MrGj(az, x). (4.10)
For x close to aj, we have
—M H;5(a1, x) — MaGj(az, x) = —Mi H; (a1, a1) — MaGj(az, ai) + v (x), (4.11)

where y is a C'-function defined in the neighborhood of @; and satisfies y (a;) = 0.
Observe that, by (4.9) and the fact that G > 0 we have

vo:=—MiH;(ai,a1) — MyGj(az,ar) <O0. (4.12)

Applying now Pohozaev Identity, see Theorem 1.1 of [13], we have for r small and B, = B(a; 1, )

6
/uA /(“A M*) /B(rx 1 Vi), (4.13)

B,

where B is the operator defined by (3.19).
Multiplying (4.13) by u3 (a;.1), we obtain

A
A/Wf—%/ _ /WA = / B(r, x, Wy, VIV,). (4.14)
F 61@(6&,1)38

B,

Using (4.6), we derive that

/ )‘\/Iy—amlz *+15)

/ Wx < czr (4.16)

/ — 0 asi— A(£). 4.17)
ux(ax 1) ux(ax 1)

Thus, passing to the limit when A — A(£2) and using (4.15)-(4.17), (4.14) becomes

/ B(r,x,w, Vw) =0(r). (4.18)
9B,
We now observe that, since w(x) = M|x —a; |_1 + 10 + y (x), with y (a;) = 0 by direct computation we get

S MZVO 1
B(r,x,w,Vw) = 52 + 0l -).
r r
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Thus, using (4.12), we see that
M yows
2

1in}) B(r,x,w,Vw) = — >0
r—>

3B,

which contradicts (4.18). This ends the proof of Corollary 1.2 when A(£2) is not achieved. O
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Appendix A

In this appendix, we give the definition of isolated and isolated simple blow-up points, which were first introduced
by Schoen [15,16] and used extensively by Li [13]. We also provide the main local blow-up analysis giving first sharp
pointwise estimates to a sequence (w;, ), defined by (3.14), near 0. Then we prove that 0 is in fact an isolated simple
blow-up point of (w; ), ruling out the possibility of bubbles on top of bubbles. The proof follows the same scheme as
in [13]. Moreover, we need some convenient additional arguments. First, we recall some notations and assumptions
stated in Section 2.

We set

wi () =d, Tus(any +diay). forye 4 i=d; | (2t —ar), (A.1)

where d, 1 =d(a. 1,082, +), §2; + is defined by (3.11), and a1 is defined in Theorem 3.1.
Throughout this appendix, we assume that d, 1 — 0 as A — A(§2) and w;, satisfies (3.15), that is

|Y|1/2wA(Y) <c, foryeB(0,1D), A2)

wy(0) =d;’ 1Mx(a,\ 1) = 400 asA— A(R2). :
We also denote by I7 the limit domain of §A,+ when A — A(£2). Recall that w, satisfies

—Aw, =w] +Ad? jw,, w,>0 in §A~,+, (A3)

w) = 0 on 3Q)L,+.

Let us now give the definition of isolated and isolated simple blow-up points.

Definition A.1. y € IT is called an isolated blow-up point of (w,) if there exist 0 <7 < d(y,dIT), C € R and a
sequence (y) in .QA 4, converging to ¥, such that yj is a local maximum of wy, w; (yy) — 400, as A — A(£2), and

1/2

ly =yl wi(y) <€ forall y € B(y, 7).

Remark A.2. (A.2) implies that O is an isolated blow-up point of (w).

To describe the behavior of blowing up solutions near an isolated blow-up point, we define spherical averages of
w;, centered at y; as follows

1

D)= —— ) 3 A4

) = Gl / wa Osrsr (A4
dB(yx.r)

Now we define the notion of isolated simple blow-up point.
Definition A.3. y € IT is called an isolated simple blow-up point of (w;) if y is an isolated blow-up point, such that,

for some positive constant p (independent of A) the function r12%, (r) has exactly one critical point in (0, p) for A
close to A(£2).
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Now, we start giving some pointwise estimates to a sequence (w;) near 0. Hence forward we use ¢ to denote
positive constants which may vary from formula to formula and which may depend only on 7.
Lemma A.4. For any 0 <r < 1/3, we have

max w;(y) <c min w,(y),
By \By )2 Bor\Br2

where c is some positive constant independent of A and r. Here and in the sequel, for R > 0, Br denotes the ball
B(0, R).
Proof. Set

.(y) =r'?w,(ry), forye Bs.
It is easy to see that w; satisfies

— AW, =3 + Ar?d} W, in B,

{O < (y) <cly|”Y* forye B3\ {0}.

Lemma A.4 follows immediately from Theorem 8.20 of [12]. O

Proposition A.5. For any R), — +00, ), >0, &, —> 0 as L — X(.Q), we have
_ _ _ —-1/2
w7 @w (w2 ©)y) = (1437 ) ™ 2, < 22
RkwIZ(O) -0 asi— A).

Proof. It follows immediately from the fact that w;l(O)wx(w; 2(O)y) = v,, where v, is the function defined
by (3.4). O

The following proposition gives a nice property of the isolated blow-up point, which proof is contained in Propo-
sition 2.2 of [13], up to some minor modifications.

Proposition A.6. There exists some positive constant c, such that,

wi () = cw (0)(1+ 37 wO)y?) ™2 forall |y| < 1/2.
Now, we state the main estimate on isolated simple blow-up points.

Proposition A.7. Assume that 0 is an isolated simple blow-up point of (w,). Then for some positive constant c
independent of A, we have

wy (y) < cwk_l(O)|y|71 forall 0 < |y| < 1/2.
Before giving the proof of Proposition A.7, we first establish the following lemma:

Lemma A.8. Assume that 0 is an isolated simple blow-up point of (w;). Then, there exists o). > 0, o). — O, c’R;2 <
ay, < " log™ (w;.(0)) for some positive constants ¢’ and ¢”, such that

wy (y) < Cwy (0) 2% [y |71 forallry, < |yl < 1/2,

where r) = R), w;z (0) and C is some positive constant independent of \.

Proof of Lemma A.8. It follows from Proposition A.5 that
w; (y) < cw,\(O)R;1 for all |y| =ry. (A.5)

Let w; (r) be defined in (A.4), it follows from the assumption of isolated simple blow-up and Proposition A.5 that
there exists p > 0 such that
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2w, (r) is strictly decreasing forr) <r < p. (A.6)

It follows from (A.5), (A.6) and Lemma A.4 that for r, < |y| < p, we have

1/2 — —1/2
Iy 2w; (v) < elyl 2w (1y1) < er) 2w (r) < cR; 2
Therefore
wi(y) <eR7ZyI™2 forallry < |yl < p. (A7)

Consider the following second order elliptic operator
Lop:=Ap+ wicp + )»df’](p.

Notice that £, w; = 0 and w; > 0. It follows that the maximum principle holds for ;.
For 0 < o < 1, a direct computation yields

L (Iy17* (1 = ad} 1 1y1%)) < —a(I —a)|y[ 27 + wi )y~ < |y 7274 (—a(l — o) +cR; ),

where we have used (A.7) in the last inequality.
Choosing o := ), > cR)Tz, we obtain

Lo (Iy1~** (1 = 2d3 11y1%)) <0. (A8)
Another straightforward computation taking into account (A.7) shows that

Loyl (1= 2d3 1 1y1%)) <O (A9)
Set M) :=maxyp, wy and for r;, < |y| < p, we also set

03.(3) = 2(My.p™ 17 + Awy (0) ™12 [y~ 1Her) (1 — adf | [y]?).

where A > 1 will be chosen later.
First, it follows from (A.8) and (A.9) that ) satisfies £, ¢, < 0 in the annulus r) < |y| < p. Secondly, by the
choice of M, and the fact that d; ; — 0 as A — A(2), we derive that

01 (y) = My, =2 w;(y) forall |y|=
We also have

01(y) = Awp (072 [y 7% > Aw, (O)R; ! forall [y| = 7.
According to (A.5), we can choose A to be sufficiently large and have

0 (y) Z wa(y).
Applying the maximum principle in the annulus, we obtain

wi(y) <@a(y) forallrm <[yl <p. (A.10)
It follows from (A.6) (A.10) and Lemma A.4 that for any r < 6 < p, we have

p' 2 My, < ep'W;.(p) < 02w (0) < 20 (M; 007 + Awy (0) "' T2rg o),

Thus

pl/sz(l _ zcefa)Hrl/Zpa;Lfl/Z) < 2eA0% 2y, (0)~1H20
Choose 6 such that

2¢0/p)" 12 <1/2 and p<O<p
for some positive constant ¢’ independent of A, we derive that

My p® ||~ < Cwp (0) ' T2y forall ry, < |y| < p. (A.11)
Lemma A.8 follows from (A.10), (A.11) and Lemma A.4. O
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Now, we are able to give the proof of Proposition A.7.

Proof of Proposition A.7. The inequality in Proposition A.7 for |y| < r; follows immediately from Proposition A.5.
Lete € R3, |e| = 1/2 and set

w, () =w} ' (wy(y) fory € Bys.
It is easy to see w, satisfies

—Aw, = wi(e)wi +d)%’1)»wl in By3.

It follows from Lemma A.4 and standard elliptic theories that w, converges in Clzoc(Bz/?’ \ {0}) to some positive
function w € C2

1oc (B2/3\ {0}). Notice that w; (¢) — 0 due to Lemma A.8. Now, since d;, ;| — 0, we see that w satisfies
—Aw =0 1in By \ {0}.

In addition, w has to have a singularity at y = 0. Indeed Lemma A.4 and standard elliptic theories imply that, for
0<r <2/3, wehave

1/2

lim  w; 'e)r' 2wy (r) = rV %Wy (),

A=A (£2)

where W (r) = |dB,| ™! f 2B, W- Therefore it follows from the definition of isolated simple blow-up that 2% (r) is
nonincreasing for 0 < r < p, which is impossible if w is regular near the origin. We derive that

wy) =alyl” +bi(y), (A.12)

where a1 > 0 and by is some regular harmonic function in B/3. We first establish the inequality in Proposition A.7
for |y| = 1/2. Namely, we prove that

wj (e) < cw; (0). (A.13)
Arguing by contradiction, we suppose that (A.13) does not hold. Then, we can assume that
wy (e)w; (0) = 400 as A — A(£2). (A.14)
Multiply (A.3) by w{l (e) and integrate on By, we have
i =—w;! Awy, = w;! 4wy ! d; A.15
- | swo=—w'@ [ am=w© [ witwle [ rd . (A.15)
9B12 Bi2 Bi2 B2

On one hand, it follows from Lemma A.4, standard elliptic theories and the harmonicity of b that

9 9

lim —(w,) = —(a1|y|" +b <0. A.16

Jim [ Lwo= [ b +no) (A16
33]/2 3B]/2

On the other hand, it follows from Proposition A.5 that

fwigcw;I(O) and fwkgcrfwgl(oy (A.17)
[yI<ra [YI<ra
It follows from Lemma A.8 that
/ w) <e f (w20) ™ 2y 7)< cw (O R (A.18)
n<lyI<1/2 n<lyl<1/2
and
w, < (w3 0) ™ < ewy ()7, (A.19)

n<lyl<1/2

if we choose a;, such that w;*(0) < c.
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Clearly (A.14)—(A.19) lead to a contradiction. Inequality (A.13) is thus established and therefore by Lemma A.4,
the inequality in Proposition A.7 follows for p < |y| < 1/2. To establish the inequality in Proposition A.7 for r; <
|y| < p, we only need to scale the problem and reduce it to the case |y| = 1/2. Arguing by contradiction, we suppose
that there exists y such that r) < |y| < p and

lim wy (7w (0)]y] = +00.

A= A(2)
Set
(0 = (2151) 2w 2151y).
Then w, satisfies
— Ay, =5 +4rd; ,|5°W;  in Byy3
and we have that 0 is an isolated simple blow-up point of wj. It follows from (A.13) that
BT ((2171)7F) <e.
Thus

lim  w; (Y)w;0)]y| < +o0.
A A(2)

This is a contradiction. Hence our proposition follows. O

Now, we can prove that 0 is in fact an isolated simple blow-up point.

Proposition A.9. We have that

0 is an isolated simple blow-up point of (w;).

Proof. From Proposition A.5, it follows that /2w, (r) has precisely one critical point in the interval 0 < r < ry,
where 1), = R), w;z(O). Arguing by contradiction, we suppose that 0 is not an isolated simple blow-up point of (w,)

and let /; be the second critical point of r1/2w, (r) which is the nearest to the one in the interval 0 < r < r; . We know
that
L.>r, lim [, =0. (A.20)
A—>A(82)
Set
1/2 -1
5O =L""wrly), Iyl <L)~

It is easy to see that &, satisfies
—A& = + /\d,%,ll%& in By/@r,),
Iy[26.(y) < c in By ). (A21)

Notice that r!/2&, () has precisely one critical pointin 0 < r < 1 and
d e o )
d_r(rlﬂg)‘(r))lr:l =0, with&(r)=19B.|"" / £,.
3B,

It follows that O is an isolated simple blow-up point of (£,). As in the proof of (A.12), it follows that there exist some
positive constant and some regular harmonic function b € R3, such that,

£.0&.(y) > h(y) =alyl" +b(y) in CZ.(R*\ {0}). (A.22)

Notice that 4 is positive and we have lim,,_, , ,b(y) = 0. It follows from the maximum principle that b(y) is non-
negative and hence b(y) = b > 0 is a constant.
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Since
E(VI/ZEA(O)éx(V))‘r_l = mmi(r“zéx(r)) _, =0,
r = dr Ir=1
we have, by (A.22), that
%(rl/zh(r))lr=1 =0.
It follows that
b=a>0. (A.23)
Applying now Pohozaev Identity, see Theorem 1.1 of [13], we have for 0 <r < 1/2
)‘dxz,ll%/%z—r/<§+%>= / B(r, x, &, V&), (A24)
B, 3B, 3B,

where B is the operator defined by (3.19).
Notice that, by Proposition A.7, we have for 0 <r < 1/2

di | I3E}0) f £ <crd; |5 -0 ask— A(R), (A.25)
B,
£2(0)r / ES<er™3740) > 0 asa — A(R), (A.26)
9B,
d; 1 [5£7(0) / £ <clidi,—0 asi— A(2). (A.27)
JdB,

Multiplying (A.24) by "g“f(O) and using (A.25)—-(A.27) and the homogeneity of the operator B, we obtain

/ B(r,x,h,Vh)=0. (A.28)
9B,
On the other hand, using (A.22), (A.23) and a direct computation, we find
b3
lim | B(rx,h,Vh)=———3 <0
r—0 2
B,

which contradicts (A.28). Proposition A.9 is thus proved. O
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